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TENSOR RANK: MATCHING POLYNOMIALS AND SCHUR
RINGS

DIMA GRIGORIEV, MIKHAIL MUZYCHUK, AND ILYA PONOMARENKO

ABSTRACT. We study the polynomial equations vanishing on tensors of a given
rank. By means of polarization we reduce them to elements A of the group
algebra Q[Sy X Sp] and describe explicitely linear equations on the coefficients
of A to vanish on tensors of a given rank. Further, we reduce the study to the
Schur ring over the group S, X S, that arises from the diagonal conjugacy
action of Sp,. More closely, we consider elements of Q[S, X Sy] vanishing on
tensor of rank n — 1 and describe them in terms of triples of Young diagrams,
their irreducible characters and nonvanishing of their Kronecker coefficients.
Also, we construct a family of elements in Q[Sy X Sy] vanishing on tensors of
rank n — 1 and illustrate our approach by a sharp lower bound on the border
rank of an explicitly produced tensor. Finally, we apply this construction to
prove a lower bound 5n2/4 on the border rank of the matrix multiplication
tensor (being, of course, weaker than the best known one 3n2/2+n/2— 1, due
to T.Lickteig).

1. INTRODUCTION

In this paper we propose an approach to producing equations for tensors of a
given rank with the goal of obtaining lower bounds on the rank. We recall (see e.g.
[20, 23, 4, 11, 12]) that the rank rk(A) of a tensor A € U ®@ V @ W is defined to
be the minimal positive integer r such that there exist vectors u(?) € U, v() € V,
w® eW,i=1,...,r, for which

A= Z u® @@ @ w®,

1<i<r

(Throughout this paper we assume that the vector spaces U, V and W are defined
over an algebraically closed field of characteristic zero.) Clearly, the concept of the
rank of a tensor generalizes the one of the matrix rank. But unlike the matrix rank
the tensor rank is not semicontinuous. That is why one studies the border rank
rk(A) being the maximal semicontinuous function for which rk(A4) < rk(A).

The tensor rank equals the multiplicative complexity of computing a family
of bilinear forms with noncommuting variables [20]. One of the main inspiring
problems in this context is to estimate the multiplicative complexity of n x n matrix
multiplication, that is equal to the rank rk(M,,) of the structure tensor M, of the
algebra of n x n matrices. The best known bounds are

5n? — 3n < rk(M,,) < O(n*38),

we refer to [23, 4, 11, 12] for the development and the history of the upper bound,
and to [2] for the lower bound. In [18] it was established a lower bound on the
border rank rk(M,) > 3n?/2 + n/2 — 1. In [16] the best known current bound
rk(M,) > (2 —¢€) - n? for any € > 0 was proved.
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2 DIMA GRIGORIEV, MIKHAIL MUZYCHUK, AND ILYA PONOMARENKO

Thus, the gap between the upper and lower bounds is big. One of its reasons is
the lack of explicit equations on the variety T, C U ® V ® W of the tensors with
the border rank less or equal to r. There are several approaches in this direction.

Strassen in [21] has constructed explicit equations on the variety T, for certain
r’s in the case dim(U) = 3 and dim (V) = dim(WW) = n. This result was extended in
[14] to more general tensors of order more than 3. Another approach is based on the
general idea of ”embedding” tensors into appropriate matrices (called flattenings)
and estimating the rank of these matrices [15, 13, 6, 16]. A study of the closures of
the GL(U) ® GL(V) ® GL(W)-orbits of tensors was proposed first in [22] and then
developed further in [5].

A similar problem of estimating the rank for the symmetric product (rather than
the tensor product) was studied e.g. in [17] (see also the numerous references in the
latter paper); earlier a method to obtain lower bound for the rank in this situstion
was suggested in [7]. We mention also a topological approach that was proposed
in [8] for a related problem on lower bounds for the complexity of polynomials.

Let us briefly discuss the contents of our paper. In Section 2 we establish a
reduction from general polynomials on tensors A = (A;jx) to the matching poly-
nomials which are homogeneous, and polylinear in a strong sense: the indices of
variables X;;; occuring in any given monomial form a 3-dimensional matching

(1) {G7,i9,i": i=1,...,n}

where n is the degree of the matching polynomial, and f,g,h € S, are permuata-
tions depending on the monomial. One can treat such a matching polynomial on
n X n X n tensors, which vanishes on the rank n — 1 tensors, as a 3-dimensional
analogue of the customary determinant (or more generally, a 3-dimensional sub-
determinant vanishing on tensors of fixed rank r < n). Our reduction is a special
polarization which preserves the property ”to vanish on 7,.” . Subsequently, having
a 3-dimensional determinant D one can pass to a polynomial vanishing on 7T, for
tensors of a smaller size n; X ny X n3 (n1,n9,n3 < n) by means of depolarization
just identifying suitable variables of D. Since the polarization and the depolariza-
tion are transformation being inverse to each other, one may reduce the study of
equations on 7, to matching polynomials.

In its turn the 3-dimensional matchings (1) are in 1-1 correspondence with the
elements (f~1g, f~1h) of the group S,, x S,,. This enables us to identify a matching
polynomial with an element of the group algebra Q[S, x S,]. In Section 3 we
describe explicitly (linear) equations on the coefficients of an element of this algebra
that corresponds to a 3-dimensional (sub)determinant vanishing on tensors of rank
at most 7. Since these equations, and thereby, their space of solutions

Vn,n—r C Q[Sn X Sn]a

are invariant under the (diagonal) conjugacy action of S, the space Vj, ,,—, is
generated as a right ideal in Q[S, x S,] by the intersection V,, ,,—, N A where
A C Q[S,, x S,] is the Schur ring of this action (see Section 4). Moreover,

Vn,n—'f NA= @ Vn,n—r N Aﬂ'

where the direct sum ranges over the irreducible representations of A. Furthermore,
in Section 4 we describe the latter representations in terms of triples of Young
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diagrams and nonvanishing of their Kronecker coefficients. Finally, in this section
we provide the conditions (in terms of the Young diagrams) when the depolarization
does not vanish identically.

In Section 5 we study more closely the case of the rank of n X n x n tensors
equal n — 1, and give an explicit criterion for a matching polynomial to be a 3-
dimensional determinant; this criterion is expressed in terms of the triples of Young
diagrams. Also in this section we show that, unfortunately, if a depolarization of
3-dimensional determinant does not vanish on n; x ny X ng tensors, then n; > n/3
for some ¢ € {1,2,3}. This implies that in order to obtain nonlinear lower bound
on the tensor rank one should consider elements of V;, ,,—, with » < n —1 (perhaps,
with the rank r significantly less than n — 1).

Finally, in Section 5 we construct a particular family of elements in V;, ,_; which
we apply in Section 6 to yield a (2m +1) x (2m+1) x (2m + 1) tensor A such that
rk(A) = rk(A) = 3m. Also as an illustration of our approach we apply in Section 6
the latter construction to get a bound rk(M,,) > 5n?/4 (being, of course, weaker
than the best known bound from [18].

Acknowledgements. This paper was written during the authors visiting Max
Planck Institut fir Mathematik in Bonn. We would like to express our gratitude
to the Institute for hospitality and excellent working conditions.

Notations.

For positive integers m < n we set [m,n] = {m,m+1,...,n} and [n] = [1,n].

The set of all (resp. r-class) partitions of [n] is denoted by A(n) (resp. A(n,r)).
The Young diagram of A € A(n) is denoted by [A].

The set of all Young diagrams with n nodes is denoted by A(n); the subset of
A(n) that consists of diagrams with r rows is denoted by A(n,r).

The Young subgroup of a partition A € A(n) is denoted by S.

The identity of a group G is denoted by eg.

Given a group GG and a set H C G the sum ), _,; h in the group ring QG = Q[G]
is denoted by H.

For a set S the algebra of all rational S x S-matrices is denoted by Matg(Q), or
Mat,, (Q) if S = [n].

2. TENSOR RANK, POLARIZATION AND MATCHING POLYNOMIALS

For the sake of simplifying notations in what follows we will study cubic tensors
(i.e. tensors of order 3), but actually one could study parallelepiped tensors as well.

We observe that the variety T, (see Section 1) is defined over the field Q. There-
fore it suffices to look for polynomials which vanish on 7;. with rational coefficients.
Thus throughout the paper we assume that all the polynomials have rational coef-
ficients.

Let P(n) be the set of all homogeneous polynomials P(X) on n X n X n tensors;
here X = {Xjj1}i jren denotes the set of variables. Our goal is to find those
polynomials P(X) for which P(A) = 0 for all n xn x n tensors A of rank at most r.
The linear space of all these polynomials is denoted by P(n, ). The key point of our
approach to look for elements of this space is the concept of a matching poynomial
introduced below.
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We say that P(X) € P(n) is a (3-dimensional) matching polynomial if it is
multilinear and any of its monomial is given by two permutations of the symmetric
group Sy,; more precisely, P(X) is a linear combination of the monomials

(2) My(X) =[] Xiinin, g€S?
=1

where S2 = S,, x S,,, and g; and go are the coordinates of g. The linear space of
matching polynomials is denoted by M(n).

Polarization. Given any polynomial P(X) € P(n) one can construct a match-
ing polynomial belonging to M(N) for some N > n by means of a series of "local”
polarizations of one of the following types:

k k
(3) l_lle’_’;:u )N | B
s

TeSE j=1

k 1 k
"1_[1Xajibj""—>"'ﬁ ZHXajijwbj e
j=

meSE j=1

k 1 k
..l_llxajbji...H...E ZHXajbjijw e
=

mESE j=1

where the monomial in the left-hand side of (3) contains k variables of the form
Xiap for a fixed ¢ (similar for other two polarizations), and iy, ..., iy are new indices
(each such a transformation increases the number of variables).

Given a monomial M (X) € P(n) denote by u, v and w the nonnegative integer
n-vectors such that ug, vs and wg are respectively the numbers (taken with mul-
tiplicities) of variables X;i, Xisr and X;js that occur in M (X)) when the indices
i, j, k run over [n] . The triple (u, v, w) € Z" x Z™ x 7" will be called the multidegree
of M(X). The sum of all monomials of a polynomial P(X) € P(n) that have the
same multidegree is called a multihomogeneous component of P(X). The polyno-
mial P(X) € P(n) is multihomogeneous if it has exactly one multihomogeneous
component; if, in additiion, Y, u; = >, v; = >, w; =: N, the polynomial P(X) is
called N -uniform.

Lemma 2.1. Let r € [n] and P(X) € P(n,r). Then

(1) each multihomogeneous component of P(X) belongs to P(n,r),
(2) if P(X) is N-uniform, then the polarization of P(X) belongs to P(N,r).

Proof. To prove statement (1) take 3n new variables el with s € [n] and u € [3].
Let us consider

PE(X) = P(o.., Xy = X, j el ePe® ).

as a polynomial in these variables. The coefficient of this polynomial at the

monomial M = ~~(s§“))d<87“> -+ coincides with the multihomogeneous compo-
nent of P(X), the multidegree of which is (...,d(s,u),...) where d(s,u) is the

degree of the variable ¢\ in M. Now, since P(X) € P(n,r), the above coeffi-
cient at M is equal to zero. This implies that the multihomogeneous component
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of P(X) that contains M, vanishes at any n x n x n tensor of rank < r. Thus each
multihomogeneous component of a polynomial P(X) belongs to P(n,r).

To prove statement (2) for the sake of simplifying notation suppose that the po-
larization Q(Y") of P(X) is obtained by a single ”local” polarization of the form (3).
Thus P(X) is defined on n; X na X ns-tensors for some positive integers ny, na2, ns,
while Q(Y) is defined on (ny + k — 1) X na X nz-tensors.

Take any (n1+k—1) Xny x ng-tensor A of rank < r. Then there exist (n;+k—1)-
dimensional vector X (%), ny-dimensional vector Y and ngs-dimensional vector
ZW 4 =1,...,r, such that

(4) Aagn = XYz
u=1

for all a, 3,~. For each index u and a nonempty set I C [k] denote by X(*)(I) the
n1-dimensional vector which is obtained from X (*) be removing its i, . . ., ij-entries
and taking > el X l(Ju) as the i-entry, Then it is straightforward to check that

1 _
(5) Q) =4 > (=)L PA(D),

T QAICK]

where
Al = ZX(u)([) Y1) 2T
u=1
is the n1 X na x ng-tensor (cf. (4)). Since obviously rk(A(I)) < r for all I, and
P(X) € P(n,r), the right-hand side in (5) is equal to 0, and we are done. .

Depolarization. Given a matching polynomial P(X) € M(n) and partitions
A1, A2, Az € A(n,m) we define the (A1, Ao, A3)-contraction of P(X) to be the poly-
nomial

(6) ID>\1’)\2’>\3 (Y) = P( .. 7Xij]€ = Kl(i)cz(j)cg(k)’ .. )

where Y = {Yijx}; j kepm) and cq(b) is the number of the class of the partition A,
that contains b. Thus, P**223(Y) € P(m).

Lemma 2.2. In the above notations P € P(n,r) = P 223 € P(m,r).
Proof. Given an m x m x m tensor A set
(AM2222); 5k = Aoy (i)ea().es(hys 623 K € [n].
Then A*A2:23 is an n xn xn tensor, and it is easily seen that rk(A) = rk(AMA2:23),
On the other hand from (6) it immediately follows that
PAiA2:As (A) = P(A>\17)\27>\3)
and we are done. "

Since for any multihomogeneous polynomial P(X) the result of its polarization
with a subsequent appropriate depolarization coincides with P(X), any multihomo-
geneous polynomial from P(n,r) can be obtained as the depolarization of a certain
matching polynomial from P(N,r) where N is as statement (2) of Lemma 2.1.
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3. A REDUCTION TO THE GROUP ALGEBRA OF S, X S,

Thoughout the section we fix a number d € [n]. Under a defect d cubic determi-
nant we mean any matching polynomial belonging the set P(n,n — d). This name
is justified since such a polynomial vanishes at any tensor of the rank less or equal
to n — d (generalizing polynomials in matrices). A transition from M(n) to the
group algebra QS2 is provided by the linear space isomorphism

Fp:M(n)—QSE Y alg)My— > alg)g.
g€eS? geSs2
Lemma 3.1. Let x € QS2 and P = F;'(x). Then P is a cubic determinant of
defect d if and only if x is a solution of the following system of linear equations:
(7) S3x=0, AeAn,r)
where S2 = Sy x S\ and r =n —d.

Proof. To prove the sufficiency suppose that x is a solution of system (7). Take an
n x n x n tensor A of rank < r. Then there exist n-vectors X, V(%) and Z(®),
u=1,...,r, such that

Agr =Y XMV Z0, ik e n).
u=1
Without loss of generality we can assume that the elements of the vectors X (#), Y (w)
and Z are independent pairwise commuting variables. Then P(A) is a polynomial
in these variables, and for any monomial M,(X), g € SZ, of the polynomial P(X)
we have (see (2)):

M, (4) = [T (X xvizi)).
v=1 wu=1
This implies that any monomial of the polynomial M,(A), and hence any monomial
of the polynomial P(A), is uniquely determined by a map 6 : [n] — [r], in terms of
which this monomial can be written as follows:

M(g,0) = H X(e(”))Y(fl(U))Z(%v)).
v=1
Though not all of these monomials are distinct, we have
(8) P(A) = (F ' 00)A) = > Y. x(9)M(g,0)
gES2 0:[n]|—[r]

where x(g) is the coefficient of x at g. In fact, two monomials M (g, 0) and M (¢', ¢’)
can be equal only if § = #’. Denote by A the partition of [n] with 7 non-empty
classes 07 1(i), i € [r]. Then r' <r, A € A(n,7’), and M (hg,6) = M(g,0) does not
depend on h € S%. This shows that

M(g,0) = M(¢',0) <= 4 € S3g.
Thus given a right S3-coset C' in the group S2, the monomial M (g,6) does not

n?

depend on g € C; we denote it by M(C,\). Then by (8) we obtain that

PA) =YY S x@MECN =YY (D x| M.

NEA, CECy geC AEA, CeCy \geC
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where C) is the set of all S3-cosets in SZ, and A, is the set of all partitions of [n]
into at most r classes. Thus, to prove that P is of defect d it suffices to verify that
given A € A, and C € C) we have

(9) > xlg) =o0.
geC

First, we note that for any partition A € A,. one can find a refinement \" € A(n,r)
of it. By the hypothesis of the lemma we have

0=S% x=5%-> x(9g= >, (Z x(h)> c'.

ges Cc’eCy \hec’

Therefore

Z x(g) =0 forall C" e Cy.

geC’
Since S3%, is a subgroup of S%, each S3-coset C is a union of S3,-cosets C' € Cy/.
This implies (9), and hence the sufficiency. The necessity can be proved in a similar
way. "

Lemma 3.1 shows that all cubic determinants of defect d are in 1-1 correspon-
dence with the solutions of the linear system defined by (7). The set of all of them
is denoted by V =V, 4. Clearly, this set is a right ideal of the algebra QS where
S = S2. Lemma 3.2 below enables us to reduce the system (7) to a single linear
equation by means of the element

(10) C = Cn,d = z ﬁi
AeA(n,n—d)

Obviously, given g € S and u € S,, we have g € S% if and only if g* € S%, where
g* = (g%, 9%). Therefore the coefficients of ¢ are constant on the orbits of the
coordinatewise conjugacy action of .S, on S.

To compute the element ¢, 1, we note that every partition A € A(n,n — 1) has
exactly one class of size 2 and n — 2 singleton classes. Therefore S3 is a Klein group
whose non-identity elements are (¢,t), (1,,¢) and (¢, 1,) for some transposition
t € S,, where 1,, is the identity permutation in S,,. It follows that

2

where Cy = Diag(T x T), Cy = {1,} x T and C5 = T x {1,,} with T' = T,, being
the set of transpositions in S,.

(11) Cng = (n>1n +C,+Cy+Cy

Lemma 3.2. In the above notations V.={x € QS: ¢-x =0}.

Proof. Clearly, (- x = 0 for all x € V. Conversly, let x € QS be such that -y = 0.
We have to verify that S35 - xy = 0 for all A € A(n,) where r = n — d. However,

(12) C-x=0= (C-x;x)=0 = > (83-xx =0

AEA(n,r)
where (-,-) is the standard scalar product in QS. Since S% is a subgroup of S,
the quadratic form (S3 - x, x) is positive semidefinite. Hence the right-hand side
equality in (12) implies that (S} - x, x) = 0, and hence S5 -x = 0 for all A € A(n, 7).
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We complete the section by giving a necessary and sufficient condition for a
matching polynomial to have a nonzero contraction in terms of the Young subgroups
of the corresponding partitions. Below we will use the group monomorphisms from
S, into S defined by

(13) Al :gH(gmg)? AQZQH(galn)a A?)g'_)(lrug)

Each of them is linearly extended to the ”coordinate” embedding of the algebra QS,,
into QS. In what follows we will denote the corresponding algebra monomorphisms
also by A1, Ay and As. For an element x € QS set

X/\I’/\Q’/\3 =A1(8y,) - x-A2(8,y,) - AS(ﬁxs)'
This element will be called the (A1, A, A\3)-contraction of x.
Lemma 3.3. Let P € M(n), x = F,,(P) and A1, 2, A3 € A,,. Then
Pridzds £ yAvA2ds £
Proof. By the definition of the mapping F,, we have
P(X) =" x(g)My(X).
geSs

Let us define the equivalence relation ~ on the group S by setting g ~ h if
and only if g € C), = Diag(Sx,,z,) R Sx, xs- It is easily seen that the monomial
(MA1A2:23) (YY) does not depend on the choice of g in an equivalence class C' of
this equivalence relation. Denote this monomial by Mx(Y). Then

P)\l)\z,ks(y) — Z Z X(g) Mc(Y)

C geC

where C runs over the equivalence classes of ~. Therefore PA1:*2:43 £ 0 if and only
if 3> yec Xx(g) # 0 for some equivalence class C. However, obviously,

Z Z X(9) | h=A1(8y,) - x - A2(8y,) - As(S),)-
hes \geClhn

This implies the required statement because {C), : h € S} is the set of classes of
the equivalence relation ~. .

4. A DECOMPOSITION OF THE CUBIC DETERMINANT SPACE VIA A SCHUR RING

Throughout this section we fix positive integers n and d € [n], and set V =1V, 4.
The group G = G,, = S2 has two subgroups G = S,, and Sy = S2, defined by

Go = Diag(S?) and Sy = {1,} x S2.

Since G = G- Sy and the right Gg-cosets are in the natural 1-1 correspondence with
the elements of Sy, the action of G on the right Gg-cosets induces a permutation
group on S = S2. In this action we have

(GO'(1n7x7y))(1n’gyh) = GO'(lna 'Ig7yh) and (GO'(1H7$7y))(gygyg) = GO'(lna 'Ig7yg)

for all x,y,g,h € S,,. Therefore after identifying in a natural way Sy with .S the
group G becomes a permutation group on .S, in which the subgroup S acts on itself
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by the right multiplications, and the subgroup Gy acts by coordinatewise conjuga-
tion. In particular, G is transitive, and the stabilizer of the point es = (1,,1,)
in G is equal to Gg. The action of GG on S defines a permutation representation of
G defined by

(14) R:G — Matg(Q), g— P,

where P, is the permutation matrix of g: (Py)gy = 0g0y for all z,y € S. In
particular, (3~ azx)Py =) azx? for all a, € Q.

Lemma 4.1. In the above notations the linear space V' is a G-invariant. In par-
ticular, it is the direct sum of G-irreducible subspaces.

Proof. The set V is S-invariant because S acts on itself by the right multiplications,
and V is a right ideal of the algebra QS. Next, it was mentioned just after the
definition (10) that the coefficients of the element ( are constant on the orbits of
the coordinatewise conjugacy action of S, on S. So by Lemma 3.2 the set V is
Gy-invariant. Thus V is a G-invariant and we are done. u

Denote by A = A,, the linear subspace of the algebra QS spanned by the set
S/Gy of all orbits of the permutation group Gy < Sym(S),

A =Spang{X : X € S/Go}.

Then since S is a regular subgroup of G, the subspace V' is also a subalgebra of the
algebra QS, see [24, Chapter IV]. In terms of the latter book, A is the transitivity
module of the group Sy, and hence the Schur ring over the group S, that corresponds
to the permutation group G. In particular, {X : X € S/Gy} is a linear base of A
that contains 1g and is closed with respect to taking inverses, X — X -1

Denote by Irr(A) the set of all Q-irreducible characters of A. As we will see
below (Lemma 4.3) these characters are absolutely irreducible. By the Wedderburn
theorem this implies that

(15) A @ A
wElrr(A)

where A, is a simple algebra isomorphic to Mat,_(Q) with n, = w(lg). The
following statement shows how the space of cubic determinants of defect d can be
constructed from spaces V N A, where V =1V, 4.

Lemma 4.2. The linear space V is generated (as a right ideal of the algebra QS)
by the linear space V-0 A. Moreover,

(16) VA= P VnA.
melrr(A)
Proof. By Lemma 4.1 the linear space V is the direct sum of G-irreducible sub-
spaces. Let U be one of them. Then
U = Spang{uP, : g€ G}

for all nonzero vectors u € U. Therefore to prove the first statement it suffices to
verify that U N A # {0}. For this purpose we note that U = QSE for some (not
necessarily central) idempotent matrix £ such that EP, = PyE for all g € G. Then
for u=1gF and g € Gy we have

ng = (15E)Pg = (lspg)E = 15E = Uu.
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This implies that u € A. Besides, u # 0, because otherwise by the transitivity of G
we have 0 = uP, = (1gE)P; = (1sP,)E = gFE for all g € S which is impossible.
Thus 0 # u € U N A. To prove the second statement we note that V' N A is a right
A-ideal. Therefore (16) immediately follows from (15). .

Given a character 7 € Irr(A) denote by e, the central primitive idempotent of the
algebra A that corresponds to w. Then A, = e, - A. Therefore to study the linear
space V N A, we find the explicit expression for the idempotent e, in terms of the
irreducible characters of the group S,,. For this purpose let us fix some notations.
First, given p € Irr(S,) we denote by e, the central primitive idempotent of the
algebra QS,, that corresponds to p.! The rationality of p implies that

(17) €, = p(i!") Y pl9)g.

gESn

Second, given any two irreducible characters p, v € Irr(S,,) we have p-v = Zp ki Lo
where p runs over the set Irr(S,) and kf, , is a nonnegative integer called the Kro-
necker coefficient [3].

Lemma 4.3. Giwen a character m € Irr(A) there exist uniquely determined char-
acters p, i, v € lrr(Sy) such that kf, , # 0 and ex = e, ., where

(18) €p,u,l, = Al(ep) . Ag(eu) . Ag(e,,).

Proof. Denote by Z(G, S) the centralizer algebra of the group G < Sym(S); this
algebra consists of all matrices A € Matg(Q) such that AP, = P;A for all g € G.
Then by [24, Theorem 28.8] the linear mapping A — 1, A is an algebra isomorphism
from Z(G,S) onto A. Therefore given a character 7 € Irr(A) there exists an
irreducible character 7" of the algebra Z(G, S) such that

(19) er =1g€n.

Next, the algebras Z(G,S) and R(QG) where the representation R is defined
by (14), have the same central primitive idempotents. So e,/ is also a central
primitive idempotent of the algebra R(QG). Therefore there exists a character
mo € Irr(G) such that e = R(en,) where e, is the central primitive idempotent
of QS that corresponds to mg. Since G = S2, by [9, Theorem 4.21] there are
uniquely determined characters p, p, v € Irr(S,,) such that mo(g) = p(g)u(g)v(g) for
all g € Sp,. Due to (17) we obtain that

=Rl = B S o

U, WES,

where g(u,v,w) is the permutation of S that is the image in G of the element
(u,v,w) € S3. However, g(u,v,w) = g * gy * g Where

Gu :9(U7 1n71n)7 9o :g(lnavaln)a Jw :g(lmlnaw)'

Therefore
Z P(U)M(U)V(W)Pg(u,v,w) = Z p(’u)Pgu : Z M(U)Pgu : Z V(w)Pgw =
u,v,WESy, ueSy, veS, weSy

Here and below we are working in the algebra QS,,, because the irreducible representations
of Sy, over Q are absolutely irreducible.
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(Zeer X)) (Suer T o) (Svor £ )

C ueC C vel C weC

where C' runs over the conjugacy classes of S, and p(C), u(C) and v(C) are re-
spectively the values of p, 4 and v on an element of C'. Besides, from the definition
of gu, g» and g, it follows that 15P,, = (1g)9% = (u~',u~!) , and similarly,
1P, = (v,1,) and 1gP,, = (1,,w). Therefore

1lg (Z.Pu) = Al(Q), lg (ZP”> = A2(Q)7 1g (Z Pw> = A3(Q)

ueC veC wel

(here in the first equality we used the fact that C~! = C'). Together with (19) these
equalities imply that

x = ( ) 5~ p<C>A1<c>> - (ﬁl,’ ) M(C)AQ(C)> - (ﬂz,) ) u<c>A3<c>> -
= Aq(ep) - Aaley) - Aszlen) = €ppw
as required. To complete the proof we have to verify that &7, , 7 0. For this purpose

let us compute the trace Tr(e;) of the linear map u — e u, v € QS. The matrix of
this linear map coincides with e, and so

(20) Tr(ex) = Tr(ew) = |S| - (ex), = (n))* - (ex),

where (e;), is the coefficient of e, at 1g. Using (17) for p = p, u, v, (18) and (13)
we obtain that

(n!)?*

21) —————(eq), = plx)pz" Dv(z™) =nl - (p, ) =n! - kP .
B gy ) = DA ) =l ) =l
Now from (20) and (21) it follows that Tr(e,) = p(1n)p(1n)v(1,)kf, ,. On the other
hand dim(Ay) = Tr(e;) because e, is idempotent. Thus &, , # 0. .

Let us consider the contraction of a cubic determinants (see Section 2 and
Lemma 3.3). For this purpose denote by A, the Young diagram corresponding
a character p € Irr(S,,), and for a partition A € A(n) by 7 the permutation char-
acter of the group 5,, acting on the right cosets of Sy by multiplications. Then by
[10, Corollary 2.2.22] we have

(22 (mp) 20 & A
where > denotes the partial order on A(n) in which A > p (A dominates p) if and
only if for all i the inequality >>°_; A; > 327, p; holds.
Lemma 4.4. Given p, A\, i € Irr(S,) and A1, A2, A3 € A(n) set e =e, ., and set
Ai={Ni€Aln): N]=XN},i=1,2,3. Then
(1) if XM BB, or Ao B X, or Az B Ay, then x 12223 =0 for all x € eQS and
all \; € A,

(2) if M B> A, and A > X, and A3 > A, and kf,, # 0, then ex122:23 £ 0 for
some \; € A\;.

Proof. To prove statement (1) suppose that Ay ¥ X, or Ao B2 A, or A3 B2 A,.
Then by (22) for any partitions Ay € A1, Ay € Ay and A3 € A3 we have

(Ta,p) =0 or (ma,,p) =0 or (m,v)=0.
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Notice that an irreducible representation 7 of a group Y appears in a decomposition
of a permutational representation 1% of a group X <Y if and only if

ZT(m)zO — X-e,=0.
reX

Thus one of the elements Sy -e,, Sy, -eu, S, - € is equal to 0. Together with (18)
we obtain that for any g = (¢1,92) € S

(e- g2 = Ay(Sae,) - Aa({g1} - Snaen) - Aa({ga} - Snger) = 0

(here we used the facts that the elements As(X) and A3(Y') commute each to other
for all X,Y € QS,, and that the elements e,, ¢, and e, belong to the center of the
algebra QS,,). Now, statement (1) follows from Lemma 3.3.

To prove statement (2) suppose that Ay > A, and Ay > A, and A3 > X,. Then
again as above from (22) it follows that

E Sx, c€p = a1 -ep, g Sro s €y = a2 - ey, E Sxs €y =az - ey,

A1EA A2€A2 A3€EA3

for some non-zero rational numbers a1, az,as. Since kj , # 0 by Lemma 4.3 we
have

0 # arasag - €332 = " A1(Sy, - €p) - Ao(Shy €)Y Ag(Shy - €).
A1 A2 A3

Since any element of the form A (S, -e,)-Aa(Sy, €,) Az(S);-€,) is an idempotent
in QS, at least one of them is not zero, and we are done. "

It is easily seen that any (A1, A2, A3)-contraction of the element €p,u,v 1S a NONEg-
ative multiple of an idempotent of the algebra QS. Therefore under the condition
of statement (2) of Lemma 4.4 the sum of all (A, A2, A3)-contractions of e, ,, . is
not zero. Thus, summing up the results from Lemmas 4.2, 4.3 and 4.4 we come to
the following statement.

Theorem 4.5. The linear space V,, q is generated as a right ideal of the algebra
QS2 by the sets

Vouw ={X € Appuw t Cnyd - €ppuw - X =0}

where p, ju, v run over the set Irr(Sy) with kf , # 0. In particular, Vy, ., = Ay o if
and only if e, ., € Vi, a. In the latter case the sum of all (A1, A2, A3)-contractions
of the element e, is not zero whenever the partitions A1, Ao and A3 have the
same Young diagram and this diagram dominates the diagrams X,, A, and X,. =

Given a Young diagram A denote by r(A) the number of rows of A. Then it
is easily seen that A > p only if #(A) < r(u). Therefore the following statement
immediately follows from statement (1) of Lemma 4.4.

Corollary 4.6. Let p,pu,v € lrr(Sy,) and A1, Ao, A3 € A(n). Then any cubic deter-
minant in M(n) that corresponds to an element of V, ,, ., has a nonzero (A1, A2, A3)-
contraction only if r(A1) < r(X,), r(A2) <r(Ay) and r(As) < r(Ay). .
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5. CUBIC DETERMINANTS OF DEFECT 1

In this section we refine Theorem 4.5 for the case d = 1. To compute the elements
¢-eqr with ( = (,,1 and 7 € Irr(A) we need the following auxiliary lemma.

Lemma 5.1. Let C and p be a conjugacy class and an irreducible character of Sy,
respectively. Then

(1) C- 6pf‘g(‘f)epf0ranygec

(2) Ai(Q) - Aj(ep) = Ajlep) - Ai(C) fori,j =1,2,3.
Proof. To prove statement (1) we note that the element C belongs to the center
of the group algebra QS,,. Therefore x := C -e, = a- e, for some a € Q. After
comparing the coefficients in both sides of the latter equality at 1,,, we get that
= x(1n)/ep(15,). However, by (17) we have

(1) =122 and e, (1,) = L2

where g € C. Thus a = |C|p(g)/p(1,) and we are done.

Statement (2) is obvious whenever {i,j} C {2,3} or i« = j = 1. Suppose that
i=1 and j = 2 (the remaining three cases are proved in a similar way). Then

ALC) - Daley) =Y D plh)(g.gh) =D > plg™'Wg)(g.h'g) =

p( ”) geC hes, geC h'ES,,
n!
SN p(W)(g.hg) = —=Dale,) - AL(C)
geC h'ES, p(ln)
whence the required statement follows. n

Below given three irreducible characters p, u, v € lrr(S,) we set

_p20) | p(20) |, v (20)
qa(p, p,v) = p(1,) + w(ly) * v(1,)

where 2,, = (1,2) is the transposition in S,.
Theorem 5.2. Let V =V, 1 and A= A,. Then
VA= P A

Tier €V
Moreover, ex = e, ., €V if and only if ¢(p, p,v) = —1.
Proof. Set { = (,,1 and T =T,,. Then by (11) we have

c= @1 + AL(T) + Ao (T) + Ag(T).

By Lemma 4.3 given a character 7 € Irr(A) there exist characters p, u, v € lrr(S,,)
such that e, = Aq(e,) - Az(e,) - Ag(e,). Now by Lemma 5.1 we have

C-ex= ((2>1 + A1(D) + Ao(T )+A3(T)> “Aq(ep) - Aole,) - As(e,) =

(Z) extA1(Ley)-Aaley)Azlen)+A1(ep)Az(Tey)-Azlen)+A1(ep) Az(e,) Az(Le,) =

2Although this statement is a direct consequence of (7.11), [1], we give here a direct proof to
make the text self-contained.
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W, T2 Tl [TC0)_ (o .
(5)er = e+ S+ g e = (3) 4 st

This proves the second statement, and by Theorem 4.5 also the first one. "

As an immediate consequence of Theorem 5.2 and Lemma 4.3 we obtain the
following statement.

Corollary 5.3. The linear space V,, 1 is generated as a right ideal of the algebra
QS2 by the set of all elements Aq(e,) - Ao(e,) - Az(e,) where p,p,v € Irr(Sy,) are
such that kf, , #0 and q(p,p,v) = —1. .

Example: The symmetric group Sy has 5 irreducible representations; denote
them by x;, ¢ = 1,...,5. The values x;(2,) and x;(1,,) for all i are given in the
following table (here and below we use tables from [10]):

7 1 2 3 4 5
Xi(2n) 1 1 0 -1 -1
A direct check shows that ¢(x;, x;,xx) = —1 for 1 < i <j<k<5onlyif (i,7,k)
is one of the following triples: (1,5,5), (3,3,5), (2,4,5) and (4,4,4). In all these
cases kXt 71 Thus
Vit = Vigs®Vs15@ Vs51@

3

V335 @ Vss53® V533D
Vou5 D Vas4®Vias®Viso®Vs24® V5420
Viaa

where V; ;1 is the right ideal ey, y, y, Q(Ss x Si). The dimensions of the ideals in
the first row are 1, in the second - 4, in the third - 9 and in the fourth - 27. "

We make use the remark given in the proof of Theorem 3.5 of the paper [19].
Let p € Irr(S,,) and A = A,. Then

o E()-()

K2

where A; (resp. ;) is the size of the ith row (resp. the ith column) of A. The
negative part of the sum in the right-hand side of this equality is more or equal
than the ratio ,)\1 /n: this bound is obtained by maximizing . (A;)? provided
that Al > A, > -+ >0 and Y, A\] = n. Applying this bound to each summand of
q(p, p, v) we come to the following statement.

Lemma 5.4. Given p, p,v € lrr(S,,) we have q(p, u,v) = —1 only if at least one of
the diagrams X,, A, A, has at least |n/3] rows. .

It is not so difficult to construct infinite families of triples p, u, v € lrr(S,,) for
which ¢(p, u,v) = —1. For example a straightforward computation by formula (23)
shows that if all the diagrams A,, A,, A, are hooks (resp. rectangles), then an
infinite family is defined by the condition r(p) + r(u) + r(v) = 2n + 1 (resp. the
conditions 7(p) = (1) = n/2 and r(v)(r(v)—3) = n). However, even in these rather
simple cases almost nothing is known on the Kronecker coefficients &}, , (see [3]).
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We complete the section by giving an explicit construction of a family of cubic
determinants of defect 1. Take an arbitrary partition [n] = I U J U K, and denote
by Ar, Ay and Ax the partitions of [n] into |I| + 1, |J] + 1 and |K| 4+ 1 classes
containing as a class respectively the complements to the sets I, J and K. The
following lemma shows that the cubic determinant corresponding to the element

(24) D(I,J,K) = Ai(x,) - Aa(x,) - As(x,)
with
X, = Z (—1)sgn(g)g’ X, = Z (_1)Sgn(9)g’ Xx = Z (_1)sgn(g)g’
gESK, gESA, 9ESA

is of defect 1. (It is not difficult to check that this element is not zero.)

Lemma 5.5. For a partition [n] = ITUJUK set x = D(I,J,K). Then
(1) X € Vn,l;
(2) x*1>223 =0 for all A\, A2, A3 € A(n,r) with r < 2n/3.

Proof. By the definition of V,, 1 to prove statement (1) it suffices to check that
given a transposition t = (i,7) € S, we have
Ao(T) - As(L) - x =0

where T' = {1,,t}. Suppose first that {i,j} ¢ J U K, say i does not belong to
J U K. Then given a permutation f € Sy, the element j is not contained in one of
the sets J/~ or K/~ '. In the former case, {i,j}N.J = 0, and hence (f +tf)x, =0,
whereas in the latter case {i,7} N K = (), and hence (f 4+ tf)x, = 0. Thus in any
case

As(T) - As(T) - Ar(f) - Aalx,) - Aslxx) = Do((f +tf)xs) - As(f +tf)xkx) =0

for all f € Sy,, and we are done. To complete the proof of (1) let us assume that
{i,j} € JUK. Then by a direct computation we obtain

As(T) - As(T) - x; =X+ AT - x,) =0,
because of T - x; = 0 where X' = (1,,,1,) + (¢, 1,,).

To prove statement (2) suppose that A1, A2, A3 € A(n,r) are partitions such that
x 222 £ 0. It is easily seen that

X rzrs = A1(§A1 XI) : AQ(XJE)\Q) . A3(XK§)\3)’

and hence

(25) 5/\1 "X 7é 07 X '§A2 7é 0) Xk - §>\3 7é 0.

On the other hand, let a transposition ¢ and the set T" be as above. Then obviously
T-x;, =X, T =0 whenever {i,j} NI = (. Since in the latter case Sy, = Sy, T, we
conclude by (25) that at least one of any two distinct elements 4, j from the same
class of the partition A\; belongs to the set I. It follows that a class of A\; of size a
intersects the set I in at least a — 1 elements. Therefore r(A;) > n — |I|. Similarly,
one can prove that r(A2) > n — |J| and 7(A3) > n — | K|. This implies that

3r=r(\)+r(X) +r(A3) >3n— (|I|+|J|+ |K]|) = 2n.
Thus r > 2n/3 as required. "
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6. APPLICATIONS TO THE BORDER RANK OF A CUBIC TENSOR

In this section we return to the questions discussed in the introduction. The
following metascheme (based on Lemmas 2.2, 3.1 and 3.3) provides a tool to prove
that given a positive integer r the border rank rk(A) of a cubic n x n x n tensor A
is at least 7:

choose a positive integer N > n,

find x € V; _, such that y*1:*2:2s # 0 for some A1, A2, A3 € A(N,n),
set P = (Fy'(x)) 2 (depolarization),

if P(A) # 0, then rk(A) > r + 1.

Let us apply this metascheme to the two following concrete examples. The first
one shows, in particular, that the bound from the second statement of Lemma 5.5
is attained, whereas the second one gives a low bound for the border rank of the
matrix multiplication tensor.

Example 1. Given a positive odd integer n = 2m + 1 we define an n x n X n
zero-one cubic tensor A = A,, such that A; ; , = 1 if and only if (¢, j, k) € Q,, where

Qn = {(nii): 1<i<m}u
{(kak’n): m<k<7l}.
We claim that
(26) KMAﬂ):rMAn):3W,:§Q%;})

Indeed, according to our metascheme take r = 3m — 1 and N = 3m. Then by
statement (1) of Lemma 5.5 (with n = N) the linear space Vy y_, = Vi1 contains
the nonzero element x = D(I, J, K) where

I={1,....m}, J={m+1,....2m}, K={2m+1,...,3m}.

For i =1,2,3 set \; to be the partition in A(3m,2m + 1) of the shape [m, 12™] the
unique nonsingleton class of which coincides with the set I, J and K respectively.
Then to prove that rk(A) > r 41 it suffices to verify that P(A) # 0 where P(X) is
the (A1, A2, As)-contraction of the matching polynomial Flgl(x). For this purpose
choose the indices of the variables X, of the polynomial P(X) so that

, n, itiel, k, iftkeluld,
(i) = { cs(k) = {

i—m, ifie JUK,’ n, ifkekK,
and
7, if j €1,
c2(j) =4 n, if j€J,

j—2m, ifjeK,

where ¢,(b) denotes the number of the class of the partition A\, that contains b
(see (6)). Due to (2) and (6) the polynomial P(X) can be written in the form

27)  PX)= ) x(@My(X),  My(X) =[] Xer(i) eation) ealion):

ges?, i=1
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where x(g) € {0,%1} is the coefficient of y at g. It immediately follows from
the definitions of the tensor A and the numbers ¢, (b) that M,(A) # 0 only if the
permutations ¢g; and go leave the sets I, J, K fixed (as sets) and

gi=9s g@=1;, g =1k

where 1; and 1x are the identical permutations of J and K respectively. Denote
the set of all such permutations by H. Then the latter conditions imply that (a)
the coefficient x(g) is nonzero and does not depend on g € H (see (24)), and (b)
the monomial My (X) does not depend on g € H, and hence My(A) = 1. Therefore

P(A) = x(9)My(A) = x(go)| H| # 0
geH

where gg is an arbitrary element from H. According to our metascheme this means
that rk(A) > 3m. The converse inequality holds because rk(A4) < rk(A), and rk(A)
does not exceed the number of nonzero entries of A that is |Q,| = 3m.

Example 2. Set M, to be the structure tensor of n x n-matrix multiplication.
As it was mentioned in the introduction rk(M,,) > (2 — €) - n? [16]. At present we
can not improve this bound, but we can easily apply our metascheme to obtain the
lower bound

5 9
(28) k(M) = Y

Without loss of generality we can assume that n = 2m is even. Set r = bm? — 1
and N = 5m?. By statement (1) of Lemma 5.5 (with n = N) the linear space
VN .N—r = Vv contains the nonzero element x = D(I, J, K) where

I=1{1,...,m%}, J={m?+1,...,3m?}, K={3m?+1,...,5m*}.

Now, to prove inequality (28) it suffices to find some partitions Aj, Ay and A3
in the set A(5m? 4m?) such that P(M) # 0 where M = M, and P(X) is the
(A1, A2, A\g)-contraction of the matching polynomial F&l(x). In fact, it is enough
for our purposes that \; € A(5m? n}) for some n; € [4m?] (in this case not all
variables X5 occur in the polynomial P(X)). To construct the partitions choose
arbitrarily three bijections:

g1: [4m?] — [2m] x [2m],
g2 [3m?] — [2m] x [m] U [m] x (m,2m],
gs3: [Bm?] — [2m] x (m,2m] U (m,2m] x [m)],

and define three maps f; : [5m?] — [2m] x [2m], i = 1,2, 3, such that

ho = JELIGD, el

a1(4), ifie JUK,
. fmmiy rizmiy) it e g,
f2(4) = 4 .mW[mU L
92(7), ifjelUK,
k—3m> , k—3m? , if ke [(7
g~ JUEERL ),
g3(k), ifkelulJ,

For a = 1,2,3 we define the required partition A\, € A(5m?) by the condition that
x,y € [5m?] belong the same class of )\, if and only if f,(z) = f,(y). From the
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definition it immediately follows that

A1 € A(5m?,4m?) and ] = [(m + 1)m™, 14m*=m],

Ao € A(5m?,3m? +m) and o] = [(m + 1)™, mm, 13m*—m],

A3 € A(5m?,3m? +m) and [As] = [m2m, 13m%).
Due to (2) and (6) the polynomial P(X) can be written in the form (27). It
immediately follows from the definitions of the tensor M that given g € Sy X Sy,
we have M, (M) # 0 only if (¢1(4), c2(i91), ¢3(i92)) = (uv, vw, wu) for some elements
u,v,w € [2m] where uv = (u,v), vw = (v,w) and wu = (w,w). In this case the
above triple obviously belongs to one of the following sets:

{(uwv,vu,un) : wv € [m] x [2m]},
{(wv,vv,vu) : wv € (m,2m| x [2m]},
{(vu, vw,wu) : vw € [m] x (m,2m]}.

Now, denote by H the set of all g € S%; for which M, (M) # 0. Then the argument
as in Example 1 shows that (a) the coefficient x(g) is nonzero and does not depend
on g € H, and (b) the monomial M,(X) does not depend on the element g € H.
Therefore P(M) # 0, and hence rk(M) > 5m?.

Remark. The above proof shows that the structure tensor of the 2m x 2m-
matrix multiplication contains a 4m? x (3m? 4+ m) x (3m? + m) subtensor the
border rank of which is at least 5m?.
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