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BIG AND SMALL ELEMENTS IN CHEVALLEY GROUPS

E.W. ELLERS AND N.L.GORDEEV

ABSTRACT. Let G be a reductive algebraic group which is defined and split over a field
K. Here we consider the Zariski open subset B of the group G which consists of elements
such that their conjugacy classes intersect the Big Bruhat Cell. In particular, we give a
description of the set B(K) in the case G = GLy, SLy.

1. INTRODUCTION

Let G be a reductive algebraic group that is defined and split over a field K and let
B be a fixed Borel subgroup of G that is defined over K. Further, let G = G(K) and
B = B(K). The groups G and G have Bruhat decompositions

G=|]J BuB, G= ] BiB

wew wew
where W is the Weyl group corresponding to G and  is a preimage of w € W in the
normalizer of a fixed maximal torus of B (we assume @ € G). The question ”when does a
given conjugacy class of G (respectively, G) intersects a given Bruhat cell BB (respec-
tively, BwB)?” is investigated, in particular, in [ChLT], [EG1], [EG2], [K], [Lul], [Lu2],
[St], [V], [VS]. The complete solution of this problem seems to be very complicated. Here
we are interested in the following part of the question ”when is C' N BB # () (respec-
tively, C' N BB # (), where C' (respectively, C) is a conjugacy class of G (respectively,
G) and wy is the longest element of the Weyl group?”, that is, ”when does a conjugacy
class of a Chevalley group intersect the big Bruhat cell?”. However, even this particu-
lar question seems to be difficult to answer. Here we give an answer only for the cases
G =GL,(K), SL,(K). Namely, the conjugacy class C; of an element g € GL,(K) (re-
spectively, g € SL,(K)) intersects the big Bruhat cell of GL, (K) (respectively, SL,(K))
if and only if

rank(g — aE,) > [g] for every a € K~ (%)

(here E, is the identity matrix of GL,(K) and [z] = max{m € N | m < z}). For an
algebraically closed field K this result was obtained in [ChLT]. It is easy to extend this
result to the case where K is an infinite field (see, Theorem 2.3, below). However for
finite fields such extension cannot be obtained by the same arguments.

Here we give a proof of (x) which holds for all fields.
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The proof is based on the following construction. Let ® be a simple root system
corresponding to G and let w,, w € W where w, is the reflection that corresponds to the
root a € ®. Further, let v’ = w,aww,. We say that there is a short descent w — w' if
[(w") < l(w) (here [(w) is the length of w with respect to the set of basic reflections {w, |
a € ®}). A descent w — w' is a sequence of short descents w — w; — -+ — w, = w'.
We say that a short descent w — w' is strict if [(w’) < l[(w). In the latter case we have
two jumps w ~~ waw, w ~ ww,. We say that there is a way w — w’, where w' € W,
if there is a sequence wy,...,w,, € W, such that w; = w, w,, = w’, and for every pair
w;, w;y1 there is a descent w; — w;; 1 or a jump w; ~ w; 1. If w+— w' is a way, then for

a conjugacy class C of G
CNBuwW'B#0=CNBwB #0

(see, [EG2], Propositions 2.2, 2.10; note, that in [EG2] we considered only jumps of the
form w ~» ww,, but the Proposition 2.2 [EG2] shows that we also may consider the
jumps w ~» waw). Thus, to show for a conjugacy class C' of G (with condition (x)) that
C' N BuyB # 0, we construct a way wy — w to an appropriate element of W such that
C N BwB # (). This gives us the sufficiency of (). The necessity of (x) follows from a
simple observation on matrices belonging to wyB.

The problem of describing the elements whose conjugacy classes intersect the big Bruhat

cell can be reformulated as follows. For an element g € G put

B, = g(BuyB)g~' and B, =G\ B,
We define the sets

B = U g(BiigB)g™" and B =G\ B = ﬂ %g,

geq geG
which we call the set of big elements and the set of small elements of G, respectively. The
set 9B is an open subset of G; it consists of the elements ¢ € G such that the conjugacy
class C, of g has a non-empty intersection with the big Bruhat cell BB, and the set B

is the closed subset of G that consists of the elements whose conjugacy classes have no
intersection with the big cell. We also define an open and a closed subset of G

B = U g(BuingB)g™! and By =G\ By = m %g,
9eG geqG

which we call the set of K -big elements and the set of K -small elements of G, respectively.
We shall show that the closed subsets B and B are defined over K , and if K is an infinite
field, B = B . This implies, in particular, if K is an infinite field and = € G, then

grg~t € BB for some g € G < grg~t € BunyB for some g€ G.

We also describe the closed set By for G = GL,, SL,, Spa.
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Throughout the paper we shall use the notation that we established in the Introduction.

We identify the group G with the group of points G(&) for some algebraically closed
field K D K; all fields considered below are assumed to be subfields of K.

Further,

F is the algebraic closure of a field F;

Y is the Zariski closure of a subset Y C X of an algebraic variety X;

e is the identity of G,

E,, is the identity matrix in GL,;

04w is the zero k X m-matrix;

Cr(z) is the centralizer of an element x in the group I

F, is the field consisting of p elements, where p is a prime.

2. THE SETS %,%K,%,%K

Proposition 2.1. For g € G the closed subset %g of G is defined over K. Moreover,

By(K) = | 9(BiB)g™

wF#wo

1

Proof. Since the map z — gzg~! is an isomorphism of the affine variety G onto itself that

is defined over K, it suffices to deal with the case g = e. Consider the closed subset
B.=G\B. = | J BB
wH#wWo

of G (we assume w € (). For every extension F'/K we have

U BF)WB(F) € B.NG(F), B(F)inB(F) C B.NG(F), (2.1)
wFwo
G(F) = (|J B(F)@B(F)) U (B(F)inB(F)). (2.2)
wFwo

From (2.1), (2.2),
= |J B(F)WB(F), B.NG(F) = B(F)iyB(F). (2.3)

Let F be an infinite field. Since G is a split group, the group B is a connected, split,
solvable group, thus the group B is a unirational varlety ([Sp} Theorem 14.3.8) and
therefore the set B(F) is dense in B ([Sp|, 13.2.6). Thus, B(F) = B and, by (2.3),

B.NG(F) = (| BIFE)WB(F)) > (| B(F)wB(F)) = B.. (2.4)

wF#wWo wF#wo
Thus, if K is an infinite field we may put F' = K and get a dense subset B.NG (K) in B,
(this follows from (2.4)) and therefore the closed set B, is defined over K ([Sp|, 11.2.4,

ii.). Now let K be a finite field and put F' = K. Again (2.4) implies that B, is defined
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over K and B.(K) is a dense subset of B,. Also, the set B,(K) is Gal(K /K)-stable.
Hence, B, is K-defined ([Sp], 11.2.8).
The second assertion of the proposition follows from (2.3). O

Proposition 2.2. The closed subsets EB, B of G are defined over K.

Proof. Let char K = p # 0. Since G is split over K we may assume that G is defined and
split over the prime field F},. For the algebraically closed field & the map v : & — & given
by the formula y(a) = a? is an automorphism of & If ' = (y), then &' = F,

Now we assume that G is a closed subset of G L, () and the corresponding embedding
i: G < GL,(R) is an F,-defined morphism.

Let F,|GL,] be the coordinate ring of the F,-group GL,,. The automorphism

o f—=yl)®f

of RIGL,] = R ®p, F,[GL,], where [ € & and f € F,[GL,], will also be denoted by ~.
Thus, the group I' = () acts on R|GL,]. Consider the map

51 GLo(R) — GLo(R),

such that 4({a;;}) = {aj;}. Since the group G is F, defined,

(@) =G, A(G)cCqG.

Let
Iy ={f € R[GL.] | fis, = 0}

be the ideal of functions vanishing on %g. If g = e this ideal is generated by polynomials
with coefficients in F,. Hence the ideal I, of functions vanishing on ’%g = g%eg*1 is
generated by polynomials whose coefficients are rational functions of entries in the matrix
i(g) € GL,(R). Now v(I,) = Iy, and 7(g) € G (respectively, 7(g9) € G if g € G).
Hence, the ideal I =3~ 5 I, (respectively, Ix = >~ I, ) is I-invariant, and therefore
the ideal I (respectively, Ix) is generated as vector subspace of R|GL,] by elements in
F,|GL,], because 8" = F, ([Sp |, 11.1.4). Since B = V(I) (respectively, By = V(Ix))
and since F, is a perfect field, the set B (respectively, B) is defined over F, ([Hu], 34.1)
and therefore it is defined over K.

Let char K = 0. Then K is a perfect field and therefore the intersection of K-defined
closed sets B, = Ut g(BwB)g™! | g € G, (Proposition 2.1.) is also K-defined ([Sp]
11.2.13). Thus, the closed set By is K-defined.

Further, since By is K -defined, the set B x(K) is dense in B

Now we show the implication

zeBg(K)=2eBnGE). (2.5)
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Suppose ¢ BN G(K). Then z € B N G(K) and therefore gzg~' € BB for some
geqG (by the definition of ®B). Hence the conjugacy class C, of the element z in G has a
non-trivial intersection U, with the open subset BB, and therefore the set U, contains
an open subset of the closure of C,. Hence the subset U, of the conjugacy class C,, has a
non-trivial intersection with any dense subset of C,. But the set V, = {g7'zg | g€ G}
is dense in C;, = {g~'zg | ¢ € G}, because K is an infinite field and, therefore, G is
dense in G ([Bor] 18.3). Thus U, NV, # 0. If g-'azg € U, NV, then z € gBiuyBg™!
where g € G. Hence © € Bk and therefore = ¢ B Kk, which contradicts our assumption.
This confirms (2.5).
Since B C By, the implication (2.5) yields

A

B (K) =8nGK). (2.6)

The set B N G(K) is dense in B (this follows from (2.6) and the density of By (K) in
B D B). Thus B is K-defined ([Bor], AG, 14.4). Now let T' = Gal(K/K) be the Galois
group of the extension K /K. The set By (K) = B N G(K) is T-stable. Hence B is
K-defined ([Sp]. 11.2.8, i). O

Theorem 2.3. If K is an infinite field, then
i. B =B
1. for o € G the following statements are equivalent:
a) gog~' € BuwgB for some g € G;
b) gog=t € BuyB for some g € G.

Proof. i. We may apply here the same arguments as in the proof of (2.5). Namely, if
z € B Kk, then the conjugacy class C, of z in G intersects BB trivially (otherwise
we get a contradiction to the assumption z € By as we did in the proof of (2.5)), and
therefore we get x € B. Since B C By we get 1.

#i. The implication b) = a) is obvious. Now we assume a). Then o € B. Hence
o € By and therefore gog~t € BB for some g € G. Since gog* € G = Upew BwB
and B = B(K) C B, the element gog~! can belong only to the Bruhat cell BuyB. This
establishes b). O

3. ExampLE I: G = GL,, SL,

Let G = GL,(K), SL,(K) and let wy € W = S, be the element of maximal length.
Consider the big Bruhat cell BuyB of G. Note, that a conjugacy class C, of g € G

intersects BuyB if and only if it intersects the set wyB, which is the set of matrices of
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the form:

0 o - 0 ain
0 0 Tt Q2p-1 a2n
(3.1)
0 an-12 -+ Gp1p-1 An-1n
an1  Qp2 " Qpp-1 Qnn
Now, if a matrix g € G has the form (3.1), then
rank (g — aB,) > [g] (3.2)

for every a € K*.
In particular, if g is a split semisimple element, the condition (3.2) means that the

multiplicity of eigenvalues of ¢ is less than or equal to ["TH]

Theorem 3.1. For g € G,
CyNBuyB # 0 < rank(g—akE,) > [g] for every a € K*.

Proof. We shall use the following notation:

We denote the symmetric group corresponding to the interval [1,n] by S, and also by
S[1,n] to identify imbeddings of symmetric subgroups of smaller degree. For instance,
the symmetric subgroup Sj of degree k < n can be identified with any subgroup of all
permutations of the subinterval [i, j] C [1,n] where j —i =k — 1. In this case we denote
such subgroup by S[i, j]. Thus, if 1 <i<j<mn, j—i=k— 1 we have the imbedding

We also identify the symmetric group S,, with the Weyl group W,, = W (A,,_1) with the
standard set of simple reflections wq,, Way, - - - , Wa,,_,, Where ® = {a; = €;—€9, ..., a1 =
€n—1 — €} 18 the standard simple root system (see, [Bour|, Table I). We also identify wy,
with the transposition (i ¢ + 1) and for every root a = ¢; — ¢; we write w, = (ij).

We denote the length of w € W, = S, with respect to the generating set
{Ways .-y Wq, ,} by l(w). The number of non-unit eigenvalues of the element w € W,
which is considered as a linear operator in the standard linear representation of W,, = S,
induced by permutations of a basis of the n-dimensional linear space, will be denoted by
i(g). Let

In)2n—1)---( 1+1)ifn=2I
0_{(1 n)2n—1)-- (1 1+2)ifn=20+1.

Then wy is the element of maximal length @ and i(wo) = [5].
Proposition 3.2. Letw € W,,. Ifi(w) > [3], then there is a way wy — w', wherew’ € W,

is an element that is in the conjugacy class Cy, of w in W, and [(w') = min{l(w") | w" €

Cul).



Proof. Now we state the assumption of the induction:
b Let ' € Wy, = S[1,m] = (Way,y ..., Wa,, ,), 1 <m <n, be an element satisfying
the following conditions :
@)i() > [2]
b) Let e be the number of stable points of the permutation w'. There exists an element
w € Sle+1,m|, which is conjugate to w" in Wy, and which satisfies the following conditions:
1. there is a way wj, — w where wy, is the element of maximal length in W, with respect
to the generating set {wa,, ..., Wa,, };
2. w=[[ex Wa where X C {aeq1,...,am_1} and each ws, o0 € X, occurs only once;
3. if w = wiwe - wy 1S the decomposition of w into a product of disjoint cycles of

lengths rq, ..., rq, respectively, then r1 = min{r;} and wy; € S[e + 1,e + rq].
For n =2, 3, and 4 the assumption b can be checked by simple calculation.

We need the following lemmas.

Lemma 3.3. Let 1 < i < j < m . Further, let w = pv € W,,, where p € Sli,j| and
where v € W, is an element that stabilizes every element in [i,j]. If there is a way
w— ' € S[i, j] in the group Sli, j|, then there is a way w — p'v in the group W,,.

Proof. Let ¢ — (' = w,,Cw,, be a descent in S[i, j]. We may assume ((qy) # oy (otherwise,
(v — wy,(vw,, = (v is a non-strict descent). Then either ¢(oy) < 0 or ("'(ay) < 0 ([Cal,
Prop.2.2.8). Since v stabilizes every element in [i,j] and v(a;) = «y, either (v(a;) =
C(aq) <0 or (Cv) (o) = Y ay) < 0 and therefore w — p'v is a descent.

Now suppose ¢ — (' = wq,(w,, is a strict descent. Then ( = w,,(1w,,, where 0 <
Gilay) # ap, 0 < Hay) # o ([Cal, Prop.2.2.8). Furthermore 0 < (v(qy) # oy, 0 <
(C'vH(oy) # oy and therefore (v — wa,(rw, = (v is a strict descent and (v ~

Wea, (v and (v ~~ (rw,, are jumps. U

Lemma 3.4. Let w € W, = S[1,m] be an element satisfying the conditions b : b)2, 3.
(here e is the number of stable points of w). If e > 1, then in the group W,,,1 = S[1, m+1]
there is a descent

(I m+1lw—(e ed+r+ 1w,

where @ € Sle + 11 + 2,m + 1] is the product of disjoint cycles of lengths rq, ..., rq.
Moreover,

where X' C {eir12,---,am} and each w,, o € X', occurs only once.
Proof. Let i < e, a; =¢; —€;41. Clearly

(i m~+ Dw|(a;) = €pi1 — €41 < 0=
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= l(wa,[(1 m+ Dw]w,,) <U([(1 m+ 1)w] =

= [(1 m+ 1)w] — wy,[(i m+ Dw|w,, =(i+1 m+ 1w.
Thus
(I m+1lw—(e m+ 1w

is a descent.
Nowlete+rm+2<j<m+1.PutD;={e+r+1,....,5—17+1,...,m+1} (if
j=m+1,then D; ={e+r +1,...,m}).
Suppose there is a descent

(e m+1)w — (ef) w1,

where &' is a permutation of the set D; that is conjugate to wows - - - wq in W,,,. Moreover,
we suppose that &' is a product of transpositions of type w,,, where k # j — 1, j and,
possibly, the transposition (5 — 1 j 4 1) and each such transposition can occur not more
than once. Therefore

[(ej)wlu?’}_l(ej_l —€)=€¢—¢€, l>e, =

= U(wa,_, [(ef)er&Twa, ;) < 1[(ef)un@])
= [(ej)w1@] = wa,_, [(ef)w1@ |wa,_, = (e j — 1)wi@".
Here @" = wq,_,&'w,,_,. Note that among the factors of & only w,,_, and (j —1 j +1)
do not commute with Wey;_y - But
Way Wy yWay, = (J =2 J), Wa, (=1 J+Dwe,, = j+1)=wa,

Hence the element @” is a product of transpositions of type w,,, where k # j — 2,5 — 1
and, possibly, the transposition (j — 2 j), and each such transposition can occur only
once.

Thus we get a descent
(em+ 1w — (e e+ry + Dwi@,
where @ satisfies the condition of the lemma. O

Lemma 3.5. If v = (Im)V € W,,, where v/ € S[2,m — 1] is an (m — 2)-cycle with
m — 2 > 2, then there is a way v — u, where y is an m-cycle and I(p) > m — 1.

Proof. Clearly v(ey — €2) = €, — ¢ < 0 and therefore I(vw,,) < [(v). Further,
(vwa,) e — €) = €n — e < 0. Hence (W, Vwea,) < l(vwy,) and v ~ p = wy,v

is a jump.



Further, the transposition (1m) is the representative of the minimal length of the coset
(Im)S[2, m — 1], because (1m)(ay) = oy for every k = 2,...,m — 2 and therefore [(v) =
[((Im)) + 1(v') ([Ca], Prop.2.3.3). Clearly

(v)=1U({Am))+I1()>2m—-34+m—-3=3m—6>m+ 2.
Hence I(p) > m + 1. d

Lemma 3.6. If u € W, is an m-cycle with [(u) > m — 1, then there is a way p+— fi €
S[2,m], where fi is an (m — 1)-cycle and [(f1) = m — 2.

Proof. Since p — p’ where p’ is an m-cycle with {(¢') = m — 1 ([EG1], Proposition 3.3),
we may assume [(u) = m + 1. Hence
[ = Walt Wa

for some a € ®, where ® = {ay,..., 1} is the standard simple root system and for
some m-cycle ¢/ with [(y') = m —1. Further, there exists a partition & = &; Uy U{a},
where @1, @y £, & NPy =0, a¢ Py, Dy, such that

o= wal T wowa( T w.)u

Bed®y €D,
Note,
Wal( H wg) # (H Wp)Wa, Wal H V) # (H Wy )Wa,
Be®;y Bed, yed2 yED,

because otherwise (1) = m — 1. Hence w,, # (12),(m m—1), and if w, = (1 i+1), i #
1, m — 1, then each set
{wﬁ}ﬁePN {w’Y}’YG‘Pz

contains only one transposition in the set {(i — 1 i), (i+1 i+ 2)} (because only those
simple transpositions do not commute with (i 7 + 1)).

Put

wal [T wo)wa( I wy) if (i = 1) € {ws}pear,

BeED, vED2

H1

H wg)wa H Wy )w (1 = 14) € {wy }rew,-

\ BeD1 vED2

Then there is a jump p ~» py, where p is an (m — 1)-cycle in the set {1,2,...,i—1,i +

1,...,m}. Moreover, (1) = m and
— ([T ws)i—1 i+ (][] w).
CISVA YEW,
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where U Uy = U =&\ {601 — ¢ € —€41)}, VU1 NPy = (. By commuting with wg,
where 3 € Uy, we may have a non-strict descent p; — po, where

pp=(i—1 i+1 H we), ()

Cew
Put § = ¢;_1 — €. Suppose i —1 # 1. Then ps(d) = e —€¢; > 0, k < i — 2 (because
among the roots in W there is the root €;_5 —¢;_1), and py ' (6) = ¢ —¢; < 0, 1 > i+ 1.
Hence l(wspows) = U(p2) = m. Put pug = wspsws. We have pg — 3, where
ps = (i i+1 H we) (i —2 )( H wer),
(ew ¢rew
where W' UU”" = U\ {e o — ¢ 1}, ¥ NP’ = (). Similar as in the case of the descent
1 — o We can get a descent pus — pq, where
pa = (1 —2 3)( H Wy ), =m,
XEA
where A = &\ {¢;_o—¢€;1,€6,_1—¢;}. Thus, acting similarly, we can get a descent py — g/,
where 4/ is an (m — 1)-cycle of the form
= (13) [ we.
0>

where X = @\ {€; — €9, €0 — €3}. Let w,, = we,_(,. Then

. def
fi = Woy ' Wa, = (23) H Wy = H We-
Ypen pe@\{(12)}

Obviously, i is an (m — 1)-cycle in S[2,m| and I(1) = m — 2. O

Lemma 3.7. If w = (1m) € W, then for every k with 1 < k < m — 1 there is a way
w p, where p=(k k+1...m).

Proof. Conjugating w successively by (12), (23),...,(k—1 k) we get a descent w — (km).
Now our statement follows from ([EG2], Proposition 4.1). O

Let w € W, with i(w) > [§], and let k be the number of stable points of w. Further,

assume
W= Up - Ug

is the decomposition of w into a product of disjoint cycles. Also, let [y,...,ls be the
degrees of the cycles uy, ..., us, respectively. We assume l; = min{l;}?_,

Case 1: k>1, [} > 2.

Let u} be a cycle of length [; — 1. Put wy = wjus---us. Then the number of stable
points of w; is equal to k + 1 and i(w;) = i(w) — 1 > [%52]. Since the condition of the
Proposition for the element w and the statement concern all elements of the conjugacy

class of w in W,,, we may assume w; € S[2,n — 1] (because k > 1).
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By assumption b there is a way w{, — w2, where wy, is the element of maximal length
in the group S[2,n — 1] and wy is an element in the group S[2,n — 1] that is conjugate to
wy in W, and that satisfies conditions 2. and 3. of b. By Lemma 3.3 there is a way

wo = (1In)wy — ws = (1n)ws,,

where wy = wiws -+ ws € S[k + 1,n — 1] is a product of disjoint cycles of degree [; —
1,13,...,ls. Moreover, wy,...,ws are products of simple reflections w,,, where each such
reflection can occur not more than once. Also, w; is an (I; — 1)-cycle in the set [k + 1,k +
[y — 1]. The element wy satisfies the conditions of Lemma 3.4 (with wy = w, [} — 1 =

ry; li=m1ri, 1>2; s=d, n=m+ 1, e=k). Hence there is a descent
wsg = (1n)w2 — Wy = (k? k + ll)wl(jj,

where @ € S[k +1; + 1,n] is conjugate to wows - - ws and @ € S[k+l; + 1,n] is a product
of basic reflections, where each such reflection can occur not more than once. By Lemmas

3.5 and 3.6 there is a way
(k k4w — wi € Sk+1,k+ 1],
where w] is an [y-cycle and where [(w]) = ; — 1. By Lemma 3.3, there is a way
wy = (k k+lL)wiw — ws =wiw € S[k+1,n).

The process of the construction shows that the element ws satisfies the conditions for w’
of the Proposition.

Case 2: k=0, s> 1.

Claim : i(uy---ug) > ["T_Q]

Proof. We have
-2
z'(u2---u5):(l2—1)+---+(l5—1):n—ll—s+1z”?@nzwﬁs—z).
Since l; > 2, s > 2 and [ = min{/;}, we obtain

n2l15211[<8—2)—|—2]:l1(8—2)+2l122(8—2)+2l1:2(11+8—2)

The same arguments as above yield the way
Wo — (1[1)(;) S S[l,n},

where @ € S[l; + 1,n] is an element that is conjugate to us - - - us and, using Lemma 3.7,
we get the way
(1h)w € S[k + 1,n] — ',

where w' satisfies the conditions of the Proposition.

Case 3: k=0, I; >2, s=1.
11



Again the same arguments as above yield the way
wo = (1n)(,
where (" € S[2,n — 1] is an (n — 2)-cycle of length n — 3. Thus there is a jump
(1n)¢" ~ ¢ = (12)(1n)¢,
where ( is an n-cycle. Therefore there is a descent
(=

where w' is an n-cycle of length n — 1.

OJ
Proposition 3.8. Let G = GL,(K) or G = SL,(K). If g € G and
rank (g — aF,) > [g] for every ao € K*,
then g is conjugate in G to a block-diagonal matrix
R = diag(Ry, Ry, ..., Ry), (3.3)
where each R; is a cyclic matriz of size n; (possibly, n; =1)
o 1 0 - O
0O 0 1 0--- O
(3.4)
o 0 0 0--- 1
a; Qo as s Q.

(3

and ,
n
> (=1 =[] (3.5)
i=1
Proof. Note, that every matrix in G is conjugate to a matrix of the form (3.3) (we may
take the rational form). We may assume that we cannot join any two blocks R;, R; into

one block of the form (3.4). Suppose

S

> oi—1) <[5 (3.6)

i=1
The inequality (3.6) implies that there is a block R; of size one, n; =1, i.e, R; = a € K*.
Consider any block R;,j # i. If o is not an eigenvalue of R;, then we can join the blocks
R;, R; into one block of the form (3.4), which is a contradiction to our assumption. Thus
« is an eigenvalue of every block R;, and therefore

rank(R — aF,) < zsz(nZ —1). (3.7)

Now we have a contradiction of (3.6), (3.7) with the assumption of the Proposition. [J
12



Now we can finish the proof of the Theorem.

Let g € G be an element satisfying the condition (3.2), and let C;, be its conjugacy class.
By Proposition 3.8 Cy N Bu'B # () for some w' € W, with i(w') > [5]. By Proposition
3.7 there is a way wy — w, where w € W,, is an element in the same conjugacy class as
w’. Note, that in Proposition 3.8 we can take the block diagonal matrix R corresponding
to w. Thus, we may assume C; N BwB # (. This implies C, N BB # 0 ([EG2]; see
also the Introduction). O

Remark. If g € GL,(K) < GL,(K), then
rank (g — aE,) > [g] for every a € K* &

& rank (g — aF,) > [g] for every o € K.
Indeed, if « € K \ K, then a can be an eigenvalue only for blocks of the form (2.4) of size
> 2. Hence the inequality rank (g — af,) > [5] holds for every such a.

In the following proposition we describe the structure of the affine variety B. We
assume here K = R is an algebraically closed field. Let g € B be a semisimple element.
Then Theorem 3.1 implies rank(g —aoE,) < [5] for some oy € K*. This means that g has
n_+3]

2

an eigenvalue «g with multiplicity m = | . Let T be the group of diagonal matrices in

G and let
Tm - {dlag(a, a, ... 7057517 ﬁ?a s 7671—771) | a7ﬁi € K}
———
m—times

Since the semisimple element g has eigenvalue g with multiplicity m, it is conjugate to
an element in 7,,.

Note, that T}, is a subtorus of 7" if m < n or G = GL,(K), that is T}, is a connected
algebraic group. The cases m = n are possible only for n = 2,3, and in these cases the

set B coincides with the center of the group G.

Proposition 3.9. Let K be an algebraically closed field and let G = GL,(K), SL,(K).
If T is the group of diagonal matrices in G, then

B = U 919~ . (3.8)

geG
In particular, if n >3 or G = GL,(K), the set B is irreducible and
. n* —m?+1ifG=GL,(K),
dim ‘B =

n* —m? if G = SL,(K).
13



Proof. Let Hy, Hy < GG be the subgroups consisting of matrices of the form

X | O(nfm)xm
Hy ={ —— | —— | X € GLy—n(K),a € K*}
Omx(nfm) | aEm

(note, that a™det X =1, m < n if G = SL,(K)),

Evm | Y
H, = { N | —— | Y € M(nfm)xm(K)}'
Omx(n—m) ‘ Ep,

Obviously, H; and H, are connected groups and the set H = H1Hy = {hihy | hy €
Hiy, hy € Hy} is also a group. Thus H is a connected subgroup of G. Further, if S is a
maximal torus of Hy, then S is also a maximal torus of H, and the centralizer of S in H
coincides with S. Hence the elements that are conjugate to S are dense in H ([Hu], 2.2).
On the other hand, the torus S is conjugate to 7}, in G (this follows from the definitions
of T,, and H). Thus

Hc | gTng (3.10)

geG

Further, if 2 € B, then the linear operator z satisfies the inequality rank(z — al,) < [§]

for some o € K*, and therefore = has at least m = [”TJF?’] eigenvectors corresponding to

the eigenvalue . Hence the operator x is conjugate to an element in H. Thus

B=|JgHg" (3.11)
geG
Now (3.10) and (3.11) imply
% = U ngg_l‘
geG

The variety G x T,, is irreducible. Hence the closure of the image of the morphism
¢ : G x T, — G, given by the formula ¢(g,t) = gtg~!, is irreducible. Thus B is an
irreducible affine variety.

Let ¢(gy X t1) = ¢(ga X t2). Then g, 'g1(t1)g; 'ga = to. Further, since t,,t, € T are
conjugate, ity = t; for some w € W. Hence gy = gicio~! for some ¢ € Cq(t1), and

therefore
dim ¢! (¢(gy x t1)) = dim Cq(t1). (3.12)

Let t = diag(a, o, ..., 51, B2, - .., Buem), Where a # [3; for every i and 3; # ;. The set
————

m—times
of such elements t is dense in 7;,. Therefore (3.12) implies

dim B = dim T}, + dim G — dim Cg(t). (2.13)
14



Further,

n—m+1if G=GL,,
dim 7T, = (2.14)

n—mit G=SL,,
n—m+m?if G =GL,,
dim Cg(y) = (2.15)

n—m-—1+m?if G=SL,.

The formula for dim 9B follows from (2.13)-(2.15).

4. EXAMPLE 1I: Spy(K)

In this section we consider the case & = K and G = G = Spy(K) < GL(V),dim V = 4.
Here ® = ®(Cy) = {1 — €2, 265} is the standard simple root system of the root system
Cy ([Bour], Table IIT). The weights of the representation G < GL(V') are +€;, tey. The
highest weight is €;. We fix the basis e, e5,¢e_5,e_; for V| where e.; is the weight vector

of the weight +¢;. Here the corresponding bilinear form is given by
<€i76—7;> = 17 Z = 1)27 <ei76j> — 0, ] 7£ —Z

The following is a presentation of root subgroups of G :

120 0 10y 0
010 0 010 y
I61—62(x): 00 1 —z ’$61+62(y): 00 1 07
000 1 000 1
100 s 1000
0100 01 ¢t 0
Ba) =L o 1 ol == 6 1 0
000 1 000 1

Further, if char K # 2, there exist the following non-trivial unipotent conjugacy classes
in G:

Creg = {the conjugacy class of regular unipotent elements} =

the conjugacy class of z¢, ¢, (1)22,(1);

Ce,—e, = {the conjugacy class of short root element z., (1)} =

{conjugacy class of u = xy, (1)xae,(1)};

Cse, = {the conjugacy class of the long root element xa,(1)};

C1 = {the conjugacy class of E, }.

Moreover we have the following inclusion:

Cy CChy CCqy C Oy
15



([Cal, p.435; [Spal], Tables.]). Let C' be a unipotent class and u € C; the class of —u will
be denoted by —C.

The group H = (ha, (a), hae,(()) is a maximal torus of G and the presentation of

elements of H by matrices is the following:

a 0 0 0

0 8 0 0
h2€1 (a)h2€2 (ﬁ) = 0 0 5_1 0

00 0 ot

We emphasize the element
ho = hae, (—1)hae, (1),
which is conjugate to —hg = hae, (1)hae,(—1). We denote the conjugacy class of hg by C,.
The general matrix corresponding to the Borel subgroup has the form

B(a, B,2,y,1,8) = hae, () haey (B) T2, (8)Tae, ()T ey —e (T)Tey 45 (¥) =
a ar  ay ac
0 g pt py-—pix
0 0 pt —plz |’
0O 0 0 a~!
where c¢ is a polynomial in «, 3, z,y,t, s such that for every fixed o, 3, z,y,t we can get

every value of ¢ in K changing the parameter s. Further, we choose

0 0 01
. 0 0 10
Wy =
0 -1 00
-1 0 00
Hence
0 0 0 a !
0 -1 _ -1
woB(a, B, x,y,t,8) = b p-w . (4.1)
-5 —=pt —fy+ Ptx
—a —ar —ay —ac
Note,
g € B < g is conjugate to a matrix of the form (4.1).
Thus

g € B = rank(g — aF,) > 2 for every a € K™. (4.2)
Proposition 4.1. Let G = Spy(K). If char K # 2, then
B =+C, UCh, U+Chy,.

Proof.
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Lemma 4.2. If g € G is an element that has no eigenvalues +1, then g € ‘B.

Proof. Let g = gsg, be the Jordan decomposition. We may assume g5 = ha, (@)hoc, ().
Then a, 3 # 1. Also xgsz™! = tinge, g, u for some z € (Xyo ) X (Xion,), u € Xog X Xoe, -
Thus gs € B. If g ¢ B, then g € B. Since B is closed and G invariant, the closure of
the conjugacy class of g is also in B. But g, is in this closure ([Sp-St], IT). This is a
contradiction. Hence g € ‘B.

Il

Lemma 4.3. If u = o, (1)z2,(1) and if g € G is an element that is conjugate to
du, +hou, then g € °B.

Proof. The same arguments as in the proof of Lemma 4.2. O
Lemma 4.4. If a # +1, then hoc, (@) hae, (£1)9,(1) € B.

Proof. The same arguments as in the proof of Lemma 4.2. O
Lemma 4.5. If u is a reqular unipotent element, then u € B.

Proof. This follows from Lemma 4.3 and the inclusion Cy, C C,, (see also [K]). O
Lemma 4.6. hg € B,

Proof. Consider the natural surjection ¢ : Spy(K) — SO;5(K). Consider the natural
representation of SO5(K). One can easily check that ¢(hy) = diag(—1,—1,—1,—1,1).
Also, ¢(Bsp,) = Bso, (here B, and B o, are the variety B for Sp,(K) and SO5(K),
respectively) and if g € Bgo,, then rank(g + F5) > 2. O

Lemma 4.7. If ), t € K, § # +1, t #0, then
h261 (5)h2€2(i1), :i:hofEQEQ (t) € 8.

Proof. Let g, and ¢g_, be two matrices of the form (4.1) (i.e., g4, € woB) with the
following values of parameters a = =1, t =2, y=x, c = 2 — 2°
0O 0 0 1
0 0 1 —T
=10 -1 —2 o |

-1 —z —x 22-2

anda=08=1,t=-2, y=—z, c=a%>—2

0 0 0 1

o 01 -
== -1 2 -
-1 —x z 2—2a?
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Consider the matrices

1 0 0 1 -1 0 O 1
0 1 1 — 0 -1 1 —x
+E, = : _ B, =
Jo 7 0 -1 -1 =z o 24 0 -1 1 —=
-1 —x —z z22-1 -1 —x = 1— 22

It is easy to see that rank(g, + F4) = 2 and rank(g_, — E;) = 2. Hence the set of
eigenvalues of g, is {—1,—1,0,67'} and the set of eigenvalues of g, is {1,1,d,67'}.
Varying the parameter x we can get any value for tr g4, and, therefore , we can get any
value for 9.

If 0 # £1, then g1, are semisimple elements (otherwise the elements gy, are conjugate
t0 hae, (0)hae, (£1) 22, (d) for some d # 0, and then rank(gy, + 1) > 2). Thus, if 0 # £1,
there are semisimple elements gi, of the form (4.1) (i.e. g+, € B) that are conjugate to
hoe, (0)hoe(£1).

Now we put = 2 and get tr g, = 0. Then the element go has eigenvalues {—1,—1,1,1}
and therefore the semisimple part of the Jordan decomposition of g, is conjugate to
ho. Since hy ¢ B (Lemma 4.6) the unipotent part of g, is not trivial. There are two
possibilities: g, is conjugate to +hoxae,(t) or to £hou. But in the latter case rank(g, +
E,) = 3. Hence there is only the possibility that g, is conjugate to thoza,(t). O

Now we can prove our statement. Obviously, +C; = {+E,} C B. Further, if g € +C.,,
then rank(g 4+ F;) = 1. Hence £Cy,, C B, and, by Lemma 4.6, Cj,, C B.

Now let g € B and let g = gsgy be its Jordan decomposition. By Lemmas 4.2 and 4.7,
the eigenvalues of the element g, can only be 1 or —1. Thus, g; = £F, or g, is conjugate
to hg. In the latter case g, = 1, by Lemma 4.7. If g, = +F, then Lemmas 4.3 and 4.5
imply that the unipotent part g, is either trivial or it is conjugate to xae,(1).

Now the proposition has been proved. Il

Now we consider the case char K = 2. Here we have the following diagram of unipotent

conjugacy classes
Creg

l

0261 2€9

N\
051—52 0262
NS
Ch

where Ch o, is the conjugacy class of zg, (1), (1) and where C, — Cj means C, C C,

([Spal], Tables).
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Proposition 4.8. Suppose char K = 2. If G = Spy(K), then
B = Cy U Che, UC, .

Proof. Let g € G and let g = gsg, be the Jordan decomposition. If g # 1, then g, ¢ B
(the proof is the same as in the case char K # 2). Thus we need to check only the
unipotent classes. The same arguments as in the case char K # 2 show that Ch o, C
B, Creg C*B, Oy, C B. If Ce,—e, C B, then ¢ = wou for some ¢ € C¢, _,, u € U. Since

¢ = 1 we have

1 = (woutig) u = u=1=> ¢ =t = e, Wae,, Wa, = W5, = L.
——
Sis
The involution xa, (1) is conjugate in (X 1o, ) to w,, and the involution zy, (1) is conjugate
in (X4o.,) to we,. Hence the involution ., (1)xa,(1) is conjugate to c¢. Therefore ¢ €
Coer9¢55 and ¢ € C¢,_,. This is a contradiction and therefore C¢,_., € B. g
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