‘ON WEAK APPROXIMATION IN
HOMOGENEOUS SPACES OF SIMPLY
CONNECTED ALGEBRAIC GROUPS

Max—Planck—Institut

fiir Mathematik
Gottfried—Claren—Strafie 26
D—-5300 Bonn 3

Federal Republic of Germany

M.V. Borovoi

and

MPI/89-86

The Institute for Applied
Mathematics, Khabarovsk Branch
USSR Academy of Sciences,

Far East Branch

ul. Kim Yu Chena 65

Khabarovsk 680063

USSR






-3-

‘Nelches Versorgungsamt - Erzienungsgeldkasse -
Die Versorgungsdmter in Nordrhein-Westfalen -

Ortiich zustiindig ist das Versorgu

ngaamt,
Haben Sis lhrean Wohnasitz oder gewdhnlichen Aufenthaft im Ausland, .ist das Versorg waarrn

ist fur Sie zusidndig?

.in dessen Bereich Sie als Antragsteller/in ihren Wohnsitz oder gewdhniichen Aufenthalt haben..
Aachen 8rtlich zustindig, wann sich die

lohnzahlande Stalls dea Arbeﬂgobora oder dar obersten Dienstbehtrds in Nordrhein- befindet.
Bareich Zustindiges Versorgungsamt - Bereich Zustandiges Versorgungsamt
die Kreise: Versorgungsamt Aachen . die Kreigse: Versorgungsamt Blelefaid
Aachen, Dlren, SchenkendorfstraBe 2-6 Gotersioh, Herford, Stapenhorststrafe 62
Euskirchen,- 5100 Aachen Hdxter, Lippe, Minden- 4800 Bieletold
Heinsberg; Femruf: (0241) 51070 Ldbbecke, Paderbom; Femruf: (0521) 5991
die kretsfreie Stadt: Aachen die kreisfreie Stadt: Bleletald
die Krolse: Versorgungsamt-Dortmund die Kreise: Versorgungsamt Duisburg’
Ennepe-Ruhr-Krais, Lindemannstr. 78 Kleve, Wesel; Lu orlslmBe 12
Unna; 4800 Dortmund’

\
dle kreisfrelen Stadte:

Bochum, Doﬂmund Hagen,

Fernruf: (0231) 10851

die kreisfrele Stadt:
Duisburg

Femrui‘ {02 0?) 3091

Femmut: (0202) 89810

Heme-
die Kreise: Versorgungsant DGaseidorf die kreisfreien Stadte: Versorgungsamt Essan
Mettmann, NeuB, Vggelsanger Weg 80 Essen, MOlheim/Rubr, KurfOrstenstraBe 33
Viersen; 4000 DOsseidod Obarhausen 4300 Essen

Femruf; (0211) 45841 : Fernruf: (02 01) 22061
die kreisfreten Stadte:
Dossaldorf, Krafeld,
Monchengladbach
der Kreis: Versorgungsamt Galsenkirchen die Kreise: Versorgungsamt Kdin
Recklinghausen; Vattmannstrafe 2-8 Erftkreis, Oberbergischer Krels, Boitenstemstrafe 10

4650 Gelsenkirchan Rheinisch-Berglscher Krods, 5000 Koin

Femruf: (0209) 18 31 Rhein-Sleg-Krels; Fernruf: (0221) 77831
dle kreisfrelen Stidte: ctie kreisfreian Stadte: :
Bottrop, Gelssnkirchen Bonn, Ko!n, Leverkusen:
die Kreise: Versorgungsamt MOnster die Kraisa: Versorgungsamt Soest
Borkan, Coeafeld, Von-Steuben-Strafe. 10 Hochsaueriandkreis; Heinsbergpiatz 13
Steinfurt. Warendorf; 4400 MOn'star Méarkischer Krais, 4770 Soast

Fernruf: (0251) 4911 Olpe, Siegen, Soest; Femrut: (02921) 1071
die kreisfreie Stadt: Minster die kretafreie Stadt: Hamm :
die kreisfreien Stadte: Versorgu Wuppertad
Remscheid, Solingan, Friedrich-Engelis-Alles 78
Wuppertai 5800 Wuppertal

Tabelle Uber die Hohe des Erziehungsgeldes ab dem 7. Lebensmonat des Kindes

Verheiratets,; die-von.ihrem.Ehegatten: . - :
nicht-dauemnd:getrennt leben- ) Andere:Berachtigte:

- 2 bertck- i ‘ » ‘zu; berlck- .

sichtigendes: mit mit mit: mit- sichtlgendes. mit' mit mit

Jahres-Netto- 1 2! 3 4 Jahras-Netto- 1. 2 3

einkommen: Kind Kindem~ |~ Kindem: Kindamy  |. sinkommen: King. " Kindemm: Kinderm.

DM DM: DM: DM: DM DM: DM- DM DM:

29.400: 600 600 600° 800 23.700: 600 600" 600"
30.000 580 600" 600 600 24.000, 590~ 600. 600:
31.200 540 600 600 600 25.200. 550 600 600.
32400 500: 600 600" 600 26.400" 510 600 600
33.800: 460 600 600 600" 27.600- 470 600 600
34.800° 420 560. 600 600 27.800.. 460. 600. 600
36.000 380. 520 600 €600 28.800. 430 570 600
37.200 340 480 600 600° 30.000 390 530 600
37.800: 320 460 600 800 . 31.200 350° 490 600
38.400 300 440" 580 6800- 32100 320 460 600
39.600- 260 400 540: 600 32.400 310 450. 590.
40.800 220: 360. 500: 600 33.600 270 410 550
42.000: 180. 320 480 600 34.800 230 370 510
43.200- 140: 280 420 560 36.000° 190! 330 470
44,400 100: 240 380- 520 37.200- 150 290 430.
45.600 60 200 340 480: 38.400: 110 250 390"
46.200° 40 180. 320 460 39.600 70 210 350
486.800 - 160 300 440. 40.500 40 180 320
48.000 - 120 260 400 40.800 - 170 310
49,200 - a0 220 360 42.000 - 130 270
50.400" - 40- 180 320 43.200 - 90. 230
51.600 - - 140 280 44.400 - - 50: 190 .
52.800 - - 100 240 44.700. - 40 180.
54 000 - - 60 200 45.600 - -- 150
5§4.600 - - 40- - 180 46.800- - - 110
55.200 - - - 160 48.000 - - 70
56.400 - - - 120 48.900 - - 40
57.600 - - - 80 . - -
58.800 - - - 40

Dless Tabelle enthilt das Erziehungsgeld nurin Springen von 10 DM bis 40 DM. FOr eine genauere Barechnung verwenden Sie bitte das Berechnungsschema.
Betrage von waniger ais 40 DM monatlich werden nicht ausgezahit!
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ON WEAK APPROXIMATION IN HOMOGENEOUS SPACES
OF SIMPLY CONNECTED ALGEBRAIC GROUPS

M.V. Borovoi

Introduction. Let K be an algebraic number field and let S be a finite set of its
places. An algebraic variety X over K is said to satisfy the condition of weak

approzimation with respect to S if
(WAQ) X(K) is dense in X(K.) ,
S g v

K, denoting the completion of K at v. We say that X satisfies the condition of weak

approzimation if
(WA) X satisfies (WAg) for any finite S .

Set K¢ = H K ; then X(Kg) = E X(K,) - Let X(K)é denote the closure of
X(K) in X(Kg) .

Let T be an algebraic K~torus. Set Ag(T) = T(K)/T(K)g . The finite abelian
group Ag(T) is the defect of (WAg) for T ;in other words, it is the measure of failure
of (WAg) for T.In particular, T satisfies (WAg) if and only if Ag(T) =10. The
group Ag(T) was studied by Voskresenskii (cf. [Vol],[Vo2]). He related Ag(T) toa
certain group HI(K,Pic V(T)) . This group is a biratonal invariant of T ; as Sansuc later
showed, it can be computed in terms of the arithmetic Brauer group Br,T (cf. [Sa]).

For any connected algebraic K—group G one can define the set
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AS(G) = G(KS)/G(K)é . As above, AS(G) is the defect of (WAS) for G . Sansuc [Sa]
has generalized Voskresenskii’s results. He proved that the subgroup G(K)é is normal in
G(Kg) and that the quotient group Ag(G) is finite and abelian. He showed also that it is
possible to compute Ag(G) in terms of the arithmetic Brauer group Br, G (or in terms of
H(K,Pic V(G)), cf. [Sa], Propositions 8.9 and 9.8).

In this paper we consider the case of a homogeneous space. Let G be a simply
connected algebraic K—group and H any connected K—subgroup of G . Set X = H\G .
We define a finite abelian group which we call the defect of (WAS) for X . This group
depends on H only; we denote it by AS(X) ="IS(H) . The group [{S(H) can be computed
from the Picard group H . We can also compute Ag(X) from Br X in the same way as
it was done in [Sa] for algebraic groups. Our obstruction to (WAg) is related to the
Brauer—Manin obstruction that has been constructed by Colliot—Théléne and Sansuc
[CT—Sa] (see also [Sa], 8.13).

Remark 1. The author has recently obtained certain sufficient conditions for strong
approximation for X = H\G (cf. [Brvl]). |
Remark 2. A slightly more general case of X = H\G with G not necessarily

simply connected (e.g. with G adjoint) is considered in [Brv3].

Remark 3. Some results concerning the Hasse principle for homogeneous spaces
were obtained by Rapinchuk [Ra]. Note that this problem is more difficult than that of

weak approximation.

Our constructions and proofs are based on the results of Kottwitz [Kol], [Ko2],
who generalized the duality theory of Tate and Nakayama from the case of tori to that of

all connected reductive K—groups. We use the weak approximation theorem for simply
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connected groups which is due to Kneser [Kn1], [Kn2] in all the cases except Eg and to
Harder [Ha3] in the Eg case; see Platonov [P11], [P12] for a uniform proof. We use the
Hasse principle for simply connected groups which is due to Kneser [Kn3] (see also
[Kn4]) in the classical cases and to Harder [Hal] (see also [Ha2]) in exceptional ones,
except Eg; the proof for the Eg case, initiated by Harder [Hal] in 1966, has been
recently completed by V.I. Chernousov [Ch]. The idea to relate weak approximation to
the Brauer group is inspired by the ideas and results of Manin, Voskresenskii,
Colliot—Théléne and Sansuc.

The final version of this paper was written when I was at the Max—Planck—Institut
fir Mathematik. I am deeply grateful to the Institute for its hospitality and wonderful
working conditions. I am grateful to A.S. Rapinchuk, J.—J. Sansuc , M.A. Tsfasman and T.

Zink for very useful discussions and valuable remarks.

Notation.

K is an algebraic number field, K is an algebraic closure of K. ¥ (resp. Vo
Vf) is the set of places (resp. of infinite places, of finite places) of K . For any finite
SC ¥ weset Kg= "lzg K .Welet A denote the adele ring of K . For an algebraic

K—group H we set

B(K.H) =T THYK H), H{AH)= ® HY(K_H),
(k) = TTE'K,B),  BY(AR)= 6 BU(K,H)

where ® denotes the subset of the direct product, consisting of the families (fv) (where
£, € Hl(Kv,H) ) such that ¢, =0 forall v outside some finite set. We sometimes use
the additive notation instead of the multiplicative one and write 0 instead of 1.

For a finite abelian group A we denote by A" the dual group Hom(A,Q/Z) .

For a connected algebraic K—group H let H" denote its unipotent radical. Set
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ared = H/H" ; it is a reductive group. Note that H is simply connected if and only if
pred is a simply connected semisimple group. We let H®® denote the derived group of
gred , and set HYT = Hred/Hss . Let H®® denote the universal covering of H% . We
have a canonical homomorphism p : g  @%% Hred .

For any K—variety we write X for Xg . For a K—torus T we denote by X(T)

the cocharacter group Hom(G_ g, T) .

1. Main results
We are going to construct the finite abelian group “(S(H) . Set B(H) = (PicH)" .

For v€ ¥ set B (H) =B(Hy ). The canonical morphism Hy —— H inducesa
v v

homomorphism A_ : Bv(H) — B(H) . Let B(S)(H) denote the subgroup of B(H)

generated by the groups im A_ for v £ S, and set B/(H) = (%)

Yy(m) = B’ (8)/B8)H).

(H) . Now we set

Theorem 1.1. Let G be a simply connected group over a number field K, and let
H be a connected K—subgroup of G . Set X = H\G . Then there exists a canonical
surjective map X(KS) ——»VS(H) whose kernel is X(K)é .
We see that the condition (WAg) for X is equivalent to the condition l{S(]E{) =0.

In a sense Yo(H) is the defect of (WAg) for X =H\G.

Theorem 1.2. There is a canonical exact sequence
YK H) s B}(K_,H) *s .y (H) ——— 0
] E v? S ]

where jS is the localization map.



Remark 1.3. One can show that the above exact sequence is functorial in H .
Theorem 1.4. Y¢(H) =Y(H'") .

Now set B(w)(H) = rsw B(S)(H) , where S runs over all the finite subsets of 7. We

set Y, (H) = B/ (H)/B{“)(H) . It is clear that { (H) = 0 if and only if Y(H) = 0 for any
finite SC 7.

Corollary 1.5. H\G satisfies (WA) if and onlyif | (H)=0.
Corollary 1.6. Set T = H'OT | Let L/K be a Galois extension splitting T . Let

S0 C ¥ be the finite set of places (ramified in L ) with non—cyclic decomposition groups.
Then Yo(H) =Yoo (H) . In particular, if SNS, = @ then H\G satisfies (WA.).
S SnS, 0 S

Corollary 1.7. If mtor splits over a cyclic extension of K (in particular, if
"Y' = 1 ,i.e. H is semisimple), then H\G satisfies (WAS) .

Corollary 1.8. (Real approximation). If S C ¥ then H\G satisfies (WA¢) for
any connected K—subgroup HC G .

Corollary 1.5 follows immediately from Theorem 1.1. Corollaries 1.7 and 1.8 follows

from Corollary 1.6. To prove Corollary 1.6 note that t{S(H) =qS(T) and
Yene (H) =Yoo (T) because of Theorem 1.4. By Theorem 1.2
SﬂSO Sf'lS0

_ ol . 1 .
Yo(T) = coker [jo:H'(K,T) Ea (K. T)]



This cokernel is investigated in [Sa], where the notation Lls is introduced. By Lemmas
1.5 and 1.8 of [Sa] Yg(T) =Ygg (T) . Hence Yo(H) =Yg o (H). q.e.d.
0 0

Consider the arithmetic Brauer group Br X (see [Sa]). Set ES(X) = ker
[Br,X — "I';g Bra(XKv)] ,B6(X) =bgy(X) .

Theorem 1.9. qs(H) = (ES(X)/E(X))~ .

Remark 1.10. One can show (cf. [Brv3]) that the group Ag(X) := (Bg(X) /6(X))"
is the defect of (WAS) for X = H\G for any pair of connected K—groups H C G such
that Ag(G) =I(G) =0, where III denotes the Shafarevich—Tate group.

2. Results of Kottwitz
The group B(H) is computed in [Kol] in terms of a connected Langlands dual
group for H . We prefer to describe B(H) in terms of the algebraic fundamental group

7 (H) (cf. [Brv2], [Brv3]).

Let temporarily K be any field of characteristic 0, and let¢ H be a connected
K—group. Choose a maximal torus T C pred (defined over K ). We write T(8¢) for
p_l(T) C B5 (see Notation).

Definition 2.1. 7 (H) = X4(T)/psXs(TC%)) . 1t T/ C B is another maximal

torus, then there is a canonical isomorphism

Xe(T’ )/ o1 Xa(T7 (59) 2 Xo(T)/ 04X (T



of Galois modules (cf. [Brv2]). Thus the definition of the algebraic fundamental group
7, (H) is correct.

One can easily see that x, is an exact functor from the category of connected
K—groups to the category of Gal(K/K)—modules finitely generated over Z.If K = C
then ,(H) is the usual topological fundamental group 73°P(G(C)) (cf. [Brv2]); this
justifies the term. For any K there is a canonical isomorphism of Galois modules
Jrl(H) = X*(Z(f{)) ; where Z(ﬁ) is the center of a connected Langlands dual group for H
and X*(Z(ﬁ)) is the character group of Z(I;I) (cf. [Brv2], [Brv3]).

We write T for Gal(K/K) . Consider the torsion subgroup () (E)p)yopg Of the

group of coinvariants ., (H)p .

Proposition 2.2. ([Kol] 2.4.1). B(H) = (71'1(H)1-.)tors .
Remark 2.2.1. Kottwitz states and proves Proposition 2.2 in terms of Z(ﬁ) .

Hereafter K is again a number field. Consider the homomorphism
A, : B (H) — B(H) . Set M = #,(H) . One can show (cf. [Ko2], 2.5, or [Brv2],
Sect. 5) that in terms of #,(H) the homomorphism A_ is the obvious map

(MI‘v)t ors —— (Mp)iore » Where T is a decomposition group of v in K (defined up to

conjugation). Let A be theimageof I' in Aut rl(H) ,and let L/K be the Galois
extension of K in K corresponding to ker[I' — A] . Let A, betheimageof T in
A . Then Gal(L/K)=A,and A is a decomposition group of v in L.

Lemma 2.3. The subgroup im "v C B(H) depends only on the conjugacy class of a

decomposition groupof v in L.



Proof. The homomorphism A_ is the corestriction (i.e. obvious map)
(MI‘v)tors = (MAv)tors (Mp)tors = Mp)iors

where M = xl(H) . Thus if v,w € ¥ and the groups Av and AW are equal (up to

conjugation), then im A_ =im A_ . q.e.d.

Lemma 2.4. If H'* =1 , then A_: BV(H) —— B(H) is surjective for any
vE V.

Proof Set M= (H).If H' =1, then H™ is semisimple and M is finite.

Hence the homomorphim

Ay B (H) = (MPv)tors = Ml"v — Mp = (Mp); s = B(H)
is surjective. g.e.d.

In [Ko2], Theorem 1.2, Kottwitz constructs canonical maps

B, B'(K H)— B_(H) for v € ¥. He proves

Proposition 2.5. (Local non—archimedian Kottwitz theorem, [Kol], 6.4, [Ko2],
1.2).If vE ¥; then ‘Bv is bijective.
1
Set p, =X of :H (K H)— BV(H) — B(H) . Define



p=Yu, :H(AH) =08 (K H) — B(H)
s((€) =) u,(£,) -

Consider the localization map HI(K,H) — T | HI(KV,H) . Since H is
vEY
connected, one can easily show that the image of this map lies in Hl(A,H) =@ Hl(Kv,I-I)
(one can use Lang’s theorem and Hensel’s lemma). We denote the map
HY(K,H) —— HY(AH) by j.

Proposition 2.6. (Global Kottwitz theorem, [Ko2], 2.5, 2.6). ker g =im j.

For future needs we set pg = 2 by HI(KS,H) — B(H) . The image of bg 8
contained in B’ (H) . Set

Xg = #g mod B(5). HI(KS,H) ——rqS(H) :

3. The group l-IS(H) and the Brauer group.

Proof of Theorem 1.4. First suppose that H'T — 1. Then by Lemma 2.4 the
homomorphism A_ : Bv(H) — B(H) is surjective for any v € ¥ . Hence

B(H) = B’ (H) = BO)(H) , and therefore Yg(H) = 0.

In the general case let H* be the kernel of H —— H'®" . We have the exact

sequence
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X(E™*) —— Pic H**" — Pic H — Pic H™

(cf. [Sa], 6.11), where the character group X(Hnt) is trivial. We obtain the exact

sequence

B(H™) —— B(H) —— B(H'") —— 0
and similar exact sequences for the groups B, . We see that in the commutative diagram

B(E™) = B(S) (™) — B(S8) (@) — B(S)(mtory ¢

n n

B(E*Y) = B/ (H*') —— B’ (H) —— B/ (H'°T) — 0

the rows are exact, whence we derive the desired assertion.

To prove Theorem 1.9. we need to recall the definition of the arithmetic Brauer group
(cf. [Sa]). Let Br X denote the Brauer group of X , formed of the equivalence classes of
Azumaya algebrason X . Set Br,X =ker[Br X — BrX],
Br X = Br;X/im[Br K — Br X] , where X= Xg - For x € X(K) set
Br X = ker [x* : Br;X — Br K] . We have the canonical splitting
Br,X =Br X ® Br K , whence Br X = BraX . Now let Br’X be the cohomological
Brauer group, i.e. Br'X = H2,(X,6_) . Set BrX = ker[Br’X —— Br’X] . Then
Br{X =Br,X (cf. [Sa], (6.1.1)).

For a morphism f: X — Y let

Brlf : BrlY —_— Brlx . Brxf: Brf(x)Y — BrxX
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be the canonical homomorphisms. Then
Brlf = Brfo 1: Brf(x)Y ®BrK — Br X ®BrX .

Weset Pic X = ker [Pic X — Pic X] . For a connected K—group H set
B,(H) = (PiclH)~ and define B, (H), ng)(H), B (H) a.ndqls(H) like
B (H) ‘{S(H) but with B,(H) instead of B(H).Let A: B(H) —— B(H) be the

homomorphism induced by the canonical morphism H —— H .

Lemma 3.1. Y4, o(H) =Yg(H) .

Proof. Consider the morphisms H —— Hy » H . We see that
v

im[A, : B_(H) — B(H)] Jim X . Hence B()(H) Jim X and B'(H)im X . We
have B,(H) = B(H)/im X . Hence Y o(H) = B/ (H)/B{5)(H) 2 B’ (8)/85)(5) = y(m) .

q.e.d.

Proof of Theorem 1.9. The torsor {: G —— X under H gives rise to the exact

sequence
PicG —— PicH—— Br’'X—— Br’'G

(cf. [Sa], (6.10.1). Since G is simply connected, Pic G = 0 (cf. [Sa], 6.9). From the

commutative diagram

0 —— PicH—— Br’X——Br’G

[

0—— PicH——B:tr’'X——Br'G
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with exact rows, we get the exact sequence

Br. f

0 —— Pic;H — Br{X —L—Br,G .
Let x € X(K) be the image of the neutral element e € G(K) . Then
Brlf= Brefel : BIXXQBIK——»BreGGBrK .

Thus the sequence

Br ef
0—— Pic1H _ BrxX S S BreG

is exact. But Br G = Br,G =0 (cf. [Sa], 6.9), hence Br,X = Br X = Pic/H .

Now we see that

B{S)(&) = coker [V?SBIV(H) — B,(H)]
= coker[ @ (Pic Hy P (Pic1H)~]
v{S v
= ker [Pic,H — El Pic,Hy 1
v v
= ker [BraX — m BraXKv] ~

= Es(x)N

Since BY(H) = B{°)(H) and B(X) = Gg(X) , we have B’(H) =5 (X)" . By definition
Yy 5(H) = Bi(H)/Bgs)(H) , hence
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Y15(8) =B (X)"/Bg(X)" = (Bg(X)/EX)" -

By Lemma 3.1 Y, o(H) = Y(H) . Thus Y(H) = (5(X)/6(X))" -
g.e.d.

4. Cohomological results

To prove Theorem 1.2 we need

Lemma 4.1. (i) For v € 7; we have im Ay =imp .

(i) For any finite SC ¥ andany v € ¥ thereexists w € %;—5 such that
im 4 =im Aw=im Av)im,uv.

Gii) BG)(m) = BN 7P(@) = BY ¥o)(H) ; in particular B’ (8) = B{ Yo)(H) .

(iv) qs(H) =an yf(H) .

Proof. By proposition 2.5 the map ﬂv is bijective for v € 7, whence (i). By
Lemma 2.3 the group im Av depends only on the conjugacy class of a decomposition group
Av of v in L, where L is defined in Section 2. For v € . Vm the group Av i8 cyclic.
Chebotarev’s density theorem implies the existence of w € 7ff—S such that Aw = Av up
to conjugation. Then im "w =im "v by Lemma 2.3. We have im A v Jim o by the
assertion (i) im A;ﬂ =im g . The assertion (ii) is proved. It is clear that (ii) implies (iii)

and (iv).

Proof of Theorem 1.2. Consider the sequence
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B(K,H) s, ' (Kg,H) s, Yg(H) ——— 0

where Xg is defined at the end of Section 2. First we prove that Xg is surjective. By
definition the group B’(H) is generated by the groups A J(B,(H)) forall vE 7.
However, by Lemma 4.1 (iii) B’ (H) = B( 7. )(H) i.e. B/(H) is generated by the groups
im A_=imp_for vE€ ¥;=(8n7) U (¥-S). We see that

im [sg : BY(Kg,B) — B(E)] + BOXE) 3 im g, vt BS) ) =B/ (W) ,

and the desired surjectivity follows.

Proposition 2.6 implies that im(,uso jS) C B(S)(H) , hence Xgoig =0 . We must
show that ker o =im jg . Suppose that £ € Hl( K, H), xS(fs) = 0. Then
pg(€g) € B(S)(H) . By Lemma 4.1 (iii) pg({g) € (U7, )(H) Hence there are a finite
set X C ¥;—S and an element {y, € HI(KE,H) such that us(fs + uz(fz) =0. Set
{pa=E€g* Epx0E Hl(A,H) . Then p({A) = 0. By Proposition 2.6 £, = j(€) for some
¢ € H'(K,H) . Clearly £ = ig(£). g.ed.

5. Weak approximation

To prove Theorem 1.1 consider the orbit spaces: the set of orbits D(X,G,K) of
G(K) in X(K) and the set of orbits D(X,G,Kg) of G(Kg) in X(K T_g X(K,)

Any orbit of G(KS) in X(KS) is open, hence any orbit is closed. Since G is simply
connected, G satisfies (WAS) for any finite S (cf. [P11], or [P12], § 4). Thus
(x*G(K))g = x* G(K)g = x* G(Kg) for any x € X(K) . Consider the map
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ig : X,G,K) — D(X,G,KS) induced by the embedding X(K) —— X(KS) . We see
that X(K)S = Uo where o runs over imig . Thus (WAg) for X is equivalent to the
surjectivity of ig .

The orbit spaces can be described in cohomological terms. Set

k = ker[H}(K,H) — HY(X,G)] ,
kg = ker [H!(Kg,H) — B'(Kg,G)] -

Using the exact cohomology sequences associated with the subgroup H of G (see [Se],

Ch.1, § 5.4, Cor. 1 of Prop. 36), we can identify
iD(X,G,K) - k ) D(X,G,Ks) = ks .

In these terms the map iS ck— kS is the restriction of the localization map

jg - HY(K,H) — H'(K H) to k. Now it is clear that Theorem 1.1 follows from

Proposition 5.1. Let vg be the restriction of xg : H'(Kg,H) — g(H) to
kg C HI(KS,H) . Then the sequence
Is

k y k

‘ VS - qS(H) —_—0

i8 exact.

Proof of Proposition 5.1. First we prove the surjectivity of vg . Set ¥ =8N ;. By

Theorem 1.2 xy» is surjective, i.e. B(E)(H) +im py = B/(H) . Since HI(KE,G) =0 by
1 )

Kneser’s theorem, ky, = H'(Ky,H) . Hence py(ky) + B( )(H) = B/(H) . By Lemma 4.1
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(i) B () = BO)(E) . Since pg(kgy) € puglicg) , we see that
ng(kg) + BO(E) = B/ (H) , ice. wg(kg) = YglH) .
By Theorem 1.2 Xg° jS = 0, hence usois = 0 . We must show that

ker vg = im is . Assume that £¢ € ks and vs(fs) =0 (ie. xs( fs) = 0 ). We construct
an element £ € Hl(K,H) as in the proof of Theorem 1.2. Then js({) = {g - We wish to
prove that ¢ € k . By construction we have jo(§) = 5 = ((;’:)ve y € HI(A,H) , where

* *
£, = fv for v€S and £v=0 for v € ‘Vm—S.Hence

*
£, €k, =ker [Hl(Kv,H) — Hl(Kv,G)] forany v € ¥_ . By the Hasse principle for

G, we have £ € k. Proposition 5.1 is proved, and 8o is Theorem 1.1.

References

[Bo] Borel A. Automorphic L-functions. Proc. Symp. Pure Math, 33, AMS, 1979,
Part 2, 27—61.

[Brvi] Borovoi M.V. On strong approximation for homogeneous spaces. Dokl. Akad.
Nauk Belorussian SSR, 33 (1989) N 4, 293—296 (Russian).

[Brv2] Borovoi M.V. The algebraic fundamental group and abelian Galois
cohomology of a reductive algebraic group. Preprint. Max—Planck—Institut fiir
Mathematik, 1989.

[Brv3] Borovoi M.V. On weak approximation in homogeneous spaces of algebraic
groups. To appear in Soviet Math. Doklady.

[Ch] Chernousov V.I. On the Hasse principle for groups of type E8 . To appear in
Soviet Math. Doklady.



[CT—Sa]

[Hal]

[Ha2]

[Ha3]

[Kn1]

[Kn2]

[Kn3]

[Kn4]

[Kol1]

[Ko2]

—17-

Colliot—Théléne J.—L., Sansuc J.—J. La descente sur les variétés rationelles.
In: Journées de géométrie algébrique d’Angers, 1979, éd. A. Beauville, Sijthoff
& Noordhoff, Alphen aan den Rijn, 1980, 223—237.

Harder G. Uber die Galoiskohomologie halbeinfacher Matrizengruppen. I.
Math. Z., 90 (1965), 404—428; II, Math. Z., 92 (1966), 396—415.

Harder G. Bericht iiber neuere Resultate der Galoiskohomologie halbeinfacher
Matrizengruppen. Jahresbericht d. DMV, 70 (1968), 182—216.

Harder G. Eine Bemerkung sum schwachen Approximationssatz. Archiv der
Math., 19 (1968), 465—471.

Kneser M. Schwache Approximation in algebraischen Gruppen. Colloque sur
la théorie des groupes algébriques, CBRM (1962), 41-52.

Kneser M. Starke Approximation in algebraischen Gruppen. I. J. fiir die
reine und angew. Math., 218 (1965), 190—203.

Kneser M. Hasse principle for H1 of simply connected groups. Proc. Symp.
Pure Math. AMS, 9 (1966), 159—163.

Kneser M. Lectures on Galois cohomology of classical groups. Lectures in
Math., 47, Bombay 1969.

Kottwitz R.E. Stable trace formula: cuspidal tempered terms. Duke Math.
J., 51 (1984), 611-650.

Kottwitz R.E. Stable trace formula: elliptic singular terms. Math. Ann., 275
(1986), 365—399.



[P11]

[P12]

[Ra]

[Sa]

[Se]

[Vo1]

[Vo2]

—18 —

Platonov V.P. The problem of strong approximation and the Kneser—Tits
conjecture for algebraic groups. Izv. Akad. Nauk SSSR, 33 (1969) 12111219
= Math. USSR Izv. 3 (1969), 1139—1147; Supplement to the paper "The
problem of strong approximation ...". Izv. Akad. Nauk SSSR, 34 (1970)
775—777 = Math. USSR Izv., 4 (1970), 784—786.

Platonov V.P. Arithmetic theory of algebraic groups. Uspekhi Mat. Nauk, 37
(1982), N 3, 3—54 = Russisan Math. Surveys 37:3 (1982), 1-62.

Rapinchuk A.S. On the Hasse principle for symmetric spaces. Dokl. Akad.
Nauk Belorussian SSR, 31 (1987), N 9, 773—776 (Russian).

Sansuc J.—J. Groupe de Brauer et arithmétique des groupes algébriques
linéaires sur un corps de nombres. J. fiir die reine und angew. Math., 327
(1981), 12-80.

Serre J.—P. Cohomologie Galoisienne. Lect. Notes in Math. §,
Springer—Verlag, 1970.

Voskresenskii V.E. Birational properties of linear algebraic groups. Izv.
Akad. Nauk SSSR, 34 (1970), 3-19 = Math. USSR Izv. 4 (1970), 1-17.

Voskresenskii V.E. Algebraic tori. Moscow, Nauka, 1977 (Russian).

Institute for Applied Mathematics,
Khabarovsk Branch
USSR Acad. of Sci., F.E. Branch
ul. Kim Yu Chena 65
Khabarovsk 680063

USSR



