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~Nelches Versorgungsamt - Erziehungsgeldkasse - ist tür Sie zuständig?
Die Versorgungsämter in Nordrhein-Westfalen .
Örtlich zuständig ist das Veraorgungaamt..in dessen Bereich Sie aJs Antragstel1erlin Ihren Wohnsitz oder gewöhnlichen Aufent:hatt haben.
Haben Sie Ihren Wohnsitz oder gewöhnlichen Aufenthalt im Ausiand,.ist das Versorgungsamt Aachen örtlich zuatlndig, wenn sich die
lohnzahlende Stelle des Arbeftgebars oder der obersten Dienstbehörde in Nordmein~W8St1aJenbefindet.

Bereich ZUstand toes VerBOtgungsamt
;

Beretch ZUstandlges Versorgunosamt

dIe Kreise: VersorgungsamtAachen dIe Kreise: Veraorgungaamt B1eIefeid
Aachen, DOren, SChenkendorlstraße 2-6 GotersJoh, Herford. Stapenhorststra8e 62
Eusktrchen, . 5100' Aachen HOxtBf. UpP8. Mlnden- 48008ielefekj
Helnsberg; Fernruf: (0241) 51070 LObt>ecke, Paderbom; Fernruf: (0521) 5991

die kr9tstre1e Stadt: Aacht!n die kreisfreie Stadt: Bielefeld

die Kreise: Versorgungsamt.Oortmund die Kreise: Versorgungsamt Duisburg'
Ennepe-Ruhr4<rels. Undemannstr. 78 Kleve, Wesel; Luggeristra8e 12
Unna; 4600 Dortmund' 41 DulabuJ

\ Fernruf: (0231) 1085t Femruf: (02 ) 30 91

die kmlsfrelen Stadte: die krefafre{e Stadt:
Bochum. Oortmund, Hagen. Ou/.sburg
Harne·

die Kreise: Versorgungsamt OOsseIdorf die krelsfrelen Stadte: Versorgungsamt Essen
Mettmann, NeuB, vggelsanger weg 80 Essen, MOlhelrn/Ruhr, KurfOratenstra8e 33
vtersen; 4 OOOsseldorl Obartlauaen 4300 Essen

Femruf: (0211) .. 58 41 Fernruf: (0201) 22061

die krelafrefen StAdte:
DOsseldorf, Krefeld.
MOnchengladbach

der Krels: Versorgungaamt Gelaenkirchen die Krelse: Versorgungsarnt Köln
Reckllnghausen; Vattmannstra8e 2-8 Erltkreta. Oberbergiacher Kreis. Bottenstemstra8e 10

4650 Gelsenklrchen Rhelnisch-6efglscher Kreia. 5000 KOtn
FemnJf: (02 09) -16 31 RheJn-81eo-Kre1s: Fernruf: (0221) 77831'

dIe kretsfraien StAdte: ctIe kretsfreian Stadte:
Bottrop. GelsenkIrchen Bonn. Köln, Leverkuaen,

die Kreise: Versorgungsamt MOnster die Kreise: Versorgungaamt Soest
Bott<.en. Coeafeld, V0cW3teutJen.Stra8e, 10 Hochsauertandkrels.; Helnsbergplatz 13
Stelnfurt; Warendorf; 4400 MOrtster MArktscher Kreis, ..no Soest

Fernruf: (0251) 4911 alpe, Siegen. Soest; ~(02921)1071 ,

eile kreisfreie Stadt: MOnster die kretsfreie Stadt: Hamm

die kreisfreien Stadte: versorou: Wuppemu
Remscheid. Sottnoen. Friedrich gels--Allee 78
WUppertai 5800 WUppertal

Fernruf: (02 02) 898 10

Tabelle über die Höhe des Erziehungsgeldes ab dem 7. Lebensmonat des Kindes

Verhetratete; die,von Ihrem.81egatten: ,. • Andere!Berechtfgte;-nkmtdauemd:getrennt'leben"

,zu berock- . 'zu:berOck-
.. . .

slchtlgendes,., mit mit mtt mit" slchtlgendes, mit, mit· mit
Jahres~o- 1 2~ a 4' Jahre&Netto- 1, 2- 3"
eJnkommen, Kind Klndern;- ,_., Klndernr KJndem , elnkommenl KInd, . . .KlndEtt'1l( KJnderm.

DM' DM, DM,.- DMr DM' DM' DM, DM DM'

29.400: 600 60tJ" 600' 600 23.700~ 600' 600' 6001-
30.000' 580 600· 600 600 24,000. 590~ 600, 600;
31.200 540 600 600 600 25.200, 550 600 600.
32.400' 500: 600 600: 600 26.400·' ~ 510' 600 600'
3:t600' 460 600 600 600' 27;600:· 470~ 600" 600
34.800' 420 560, 600 600' 27.900,~. 460· 600. 600
36.000 380. 520 600 600 28.800, 430 570 600
37.200 340 480' 600' 600' 30.000 390 530 600
37.8001 320 460 6<Xl 600 . 31.200 350' 490 600
38.400 300 440' 580' 50(" 32.100;' 320 460 600
39.600~ 260' 400' 540~ 600 32.400 310 450,_ 590.
4O.S00' 220:' 360. 500: 600 33.600 270 410 550
42.000; 180. 320 460 600 34.800 230 370 510
43.200;, 140: 280' 420' 560 36.000' 190: 330 470
44.400' 100:; 240, 380, 520 37.200' 150 290 430.
45.600 6et. 200' 340 480; 38.400: 110 250 390'
46.200' 40 180. 320 460 39.600 - 70 210 350
46.800 - 160 300 440. 40.500 40 180 320
48.000 - 120 260' 400' 40.800 - 170' 310
49.200 - SO· 220 360 42.000 - 130 270
50.400· - 40' 180 320 43.200 - 90. 230
51.600

_. - 140 280 44.400 - ' SO'- 190.;-
52.800 - - 100 240 44.700, - 40 180.
54.000 - - 60 200 45.600 - _.

150
54.600 _. - 40,. - 180-- 46.800~ - -- 11 O~

55.200 - - - 160 48.000 - - 70
56.400 - - - 120 48.900 - _. 40
57.600 - - . ' - 80
58.800 40

.. - .-- - -
D1eae TabeUe enthMdu Erziehungsgeld nur in Sprangen von 10 DM bis 40 DM. FOreinegensuere Berechnung verwenden SIe bitte dasBef9Chnungsschuma.
Betrage von weniger Bis 40 DM monatlich werden nicht ausgezahltl



ON WEAK APPROXIMATION IN HOMOGENEOUS SPACES

OF SIMPLY CONNECTED ALGEBRAIC GROUPS

M.V. Borovoi

Introduction. Let K be an algebraic number field and let S be a finite set of its

places. An algebraic variety X over K is said to satisfy the condition o/weak

approximation with respect to S if

X(K) ia dense in TI X(K ) ,
vES v

K v denoting the completion of K at v. We say that X satisfies the condition 0/ weak

approximation if

",-,

:~~ (WA)
~.l_.,

X satisfies (WAS) for any finite S.

'"
Set KS = Q Kv j then X(KS) = Q X(Kv) . Let X(K)S denote the closure of

X(K) in X(KS) .
'"

Let T be an algebraic K-torus. Set AS(T) = T(KS)/T(K)S . The finite abelian

group AS(T) is the defect of (WAS) for T; in other words, it is the measure of failure

of (WAS) for T. In particular, T satisfies (WAS) if and only if AS(T) = 0 . The

group AS(T) was studied by Voskresenskii (cf. [Vol], [V02]). He related AS(T) to a

certain group H1(K,Pic V(T)) . This group ia a b~ra~onal invariant of T j aB Sanaue later

ahowed, it can be computed in terms of the arithmetic Brauer group BraT (cf. [Sa]).

For any connected algebraic K-group Gone can define the set
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A

AS(G) := G(KS)/G(K)S . AB above, AS(G) is the defect of (WAS) for G. Sansuc [Sa]
A

has generalized Voskresenskii's results. He proved that the subgroup G(K)S is normal in

G(KS) and that the quotient group AS(G) is finite and abelian. He showed also that it is

possible to compute AS(G) in terms of the arithmetic Brauer group BraG (or in terms of

H1(K,Pic V(G)) ,cf. [Sa] , Propositions 8.9 and 9.8).

In this paper we consider the case of a homogenoous space. Let G be a simply

connected a1gebraic K-group and H any connected K-tmbgroup of G . Set X = H\G .

We define a finite abelian group which we call the defect of (WAS) for X. This group

depends on H only; we denote it by AS(X) =lfS(H) . The group 4S(H) can be computed

from the Picard group H. We can also compute AS(X) flom BraX in the same way as

it was done in [Sa] for algebraic groups. Dur obstruction to (WAS) is related to the

Brauer-Manin obstruction that has been constructed by Colliot-TheIene and Sansuc

[CT-8a] (see also [Sa] , 8.13).

Remark 1. The author has recently obtained certain sufficient conditions for strang

approximation for X = H\G (cf. [Brvl]).

Remark 2. A slightly more general case of X = H\G with G not necessarily

simply connected (e.g. with G adjoint) is considered in [Brv3].

Remark 3. Some results concerning the Hasse principle for homogenoous spaces

were obtained by Rapinchuk [Ra]. Note that this problem is more difficult than that of

weak approximation.

Dur constructions and proofs are based on the results of Kottwitz [Kol], [Ko2] ,

who generalized the duality theory of Tate and Nakayama flom the case of tori to that of

all connected reductive K-groups. We use the weak approximation theorem for simply
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connected groups which is due to Kneser [Kn!] , [Kn2] in al1 the cases except ES and to

Harder [Ha.3] in the ES casej see Platonov [PlI], [PI2] for a uniform proof. We use the

Hasse principle for simply connected groups which is due to Kneser [Kn3] (see also

[Kn4]) in the classical cases and to Harder [HaI] (see also [Ha2]) in exceptional ones)

except ES; the proof for the ES case, initiated by Harder [HaI] in 1966, has been

recently completed by V.I. Chernousov [Ch]. The idea to relate weak approximation to

the Brauer group is inspired by the ideas and resu1ts of Manin, Voskresenskii,

Colliot-TheIene and Sansuc.

The final version of tbis paper was written when I was at the Max-Planck-Institut

für Mathematik. I am deeply grateful to the Institute for its hospitality and wonderiul

working conditions. I am grateful to A.S. Rapinchuk, J.-J. Sansuc , M.A. Tsfasman and T.

Zink for very useful discussions and valuable remarks.

Notation.

K is an algebraic number field, Ir is an algebraic closure of K. Y (resp. Y ,
CD

'f) is the set of places (resp. of infinite places, of finite places) of K . For any finite

S C Y we set K S = g Kv . We let Adenote the adele ring of K . For an algebraic

K-group H we set

I I
H (KS,H) = 11 H (K ,H),

vES v

I IH (A,H) = e H (K ,H) ,
vE r v

where E9 denotes the subset of the direct product, consisting of the families ({ ) (wherev

{v E Hl(Kv,H) ) such that {v = 0 for all v outside some finite set. We sometimes use

the additive notation instead of the multiplicative one and write 0 instead of 1 .

For a finite abelian group A we denote by AN the dual group Hom(A,~/ll) .

For a connected algebraic K-group H let HU denote its unipotent radical. Set
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Hred = H/Hu
j it is a reduetive group. Note that H is simply connected if and only if

Hred is a simply connected semisimple group. We let HSS denote the derived group of

Hred , and set Rtor = RredIH sS • Let Hse denote the universal covering of HSS
• We

h 'cal h hi Hse HSS aredave a canom omomorp sm p: --+ --+ .

For any K-variety we write X for XK . For a K-torus T we denote by X.(T)

the cocharacter group Hom((GmK,T) .

1. MaiD results

We are going to construet the finite abelian group '1S(H) . Set B(H) = (Pie H)N .

For vEr set Bv(H) = B(HK ) . The canonieal morphism HK --+ Hinduces a
v v

homomorphism A : B (H) --+ B(H) . Let B(S)(H) denote the subgroup of B(H)v v

generated by the groups im A
V

for v i S , and set B' (H) = B(0)(H) . Now we set

4S(H) = B' (H) IB(S)(H) .

Theorem 1.1. Let G be a simply connected group over a number field K, and let

H be a connected K-subgroup of G . Set X = H\G . Then there exists a eanonical

surjective map X(KS) --+ 'iS(H) whose kernel is X(K)~.

We see that the eondition (WAS) for X is equivalent to the condition 4S(H) = 0 .

In asense 4S(H) is the defect of (WAS) for X = H\G .

Theorem 1.2. There is a canonical exact sequence

where js is the localization map.



-5-

Remark 1.3. One can show that the above exa.ct sequence is functorial in H.

Now set B( w)(H) = n B(S)(H) ,where S runs over all the finite subsets of r. We
S

set ~w(H) = B' (H)/B( w)(H) . It is clear that ~w(H) = 0 if and only if ~S(H) = 0 for any

finite S ( r.

Corollaty 1.5. H\G satisfies (WA) if and only if ~w(H) = 0 .

Corollary 1.6. Set T = Htor . Let L/K be a Galois extension splitting T. Let

So ( r be the finite set of places (ramified in L) with non-eyclic decomposition groups.

Then 4S(H) =4sns (H) . In particu1ar, if snsO=0 then H\G satisfies (WAS)'
o

Corollary 1.7. If Htor splits over a cyclic extension of K (in particular, if

Htor = 1 , Le. H is semisimple), then H\G satisfies (WAS)'

Corollaty 1.8. (Real approximation). If S ( r(J) then H\G satisfies (WAS) for

any connected K-Bubgroup H ( G .

Corollary 1.5 follows immediately from Theorem 1.1. Corolla.ries 1.7 and 1.8 follows

from Corollary 1.6. To prove Corollary 1.6 note that 4S(H) = ~S(T) and

4sns (H) =4sns (T) because of Theorem 1.4. By Theorem 1.2
o 0
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This cokemel is investigated in [Sa] , where the notation 4g is introduced. By Lemmas

1.5 and 1.8 of [Sa] "iS(T) = lfsns (T) . Hence 4S(H) = lIsns (H) . q.e.d.
o 0

Conaider the arithmetic Brauer group BraX (see [Sa]). Set 6S(X) = ker

[BraX -------t n Bra(XK )] ,6(X) =S0(X) .vtS v

Remark 1.10. One ca.n show (cf. [Brv3]) that the group AS(X):= (os(X) /6(X))N

is the defect of (WAS) for X = H\G for any pair of connected K-groups H C G such

that AS(G) = W(G) = 0 ,where W denotes the Shafarevich-Tate group.

2. Resolts of Kottwitz

The group B(H) is computed in [Kol] in terms of a connected Langlands dual

group for H. We prefer to describe B(H) in terIIlB of the algebraic fundamental group

~1(lf) (cf. [Brv2], [Brv3]).

Let temporarily K be any field of characteristic 0, and let H be a connected

K-group. Choose a maximal torus T CHred (defined over K). We write T(sc) for

p-l(T) C HSC (see Notation).

Definition 2.1. ""1(Ir) = X.(T)/P.X.(T<sc)) . If T' C Hred ia another maximal

torus, then there ia a canonical isomorphism
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of Galois modules (cf. [Brv2]). Thus the definition of the algebraie fundamental group

'K1(lf) is eorreet.

One can easily see that ~1 is an exaet funetor !rom the category of connected

K-groups to the category of Gal(K/K)-modules finitely generated over 1l. Ir K = (
then 'K1(H) is the uaua! topological fundamental group ~~op(G(G:)) (cf. [Brv2]); this

justifies the term. For any K there is a canonical isomorphism of Galois modu1es
* A A

'K1(11) = X (Z(H)) ; where Z(H) ia the center of a connected Langlands dual group for H
* A A

and X (Z(H)) is the character group of Z(H) (cf. [Brv2], [Brv3]).

We write r for Gal(K/K). Consider the torsion subgroup (~1(II)r)tors of the

group of coinvariants ~1(If)r .

Proposition 2.2. ([Koi] 2.4.1). B(H) = (r1(lJ)r)tors .

A

Remark 2.2.1. Kottwitz states and proves Proposition 2.2 in terms of Z(H) .

Hereafter K ia again a number field. Consider the homomorphism

A
V

: Bv(H) ----+ B(H) . Set M = 1:1(Ir) . One can show (cf. (Ko2J, 2.5, or [Brv2] ,

Sect. 5) that in terms of r 1(Ir) the homomorphism A
V

is the obvious map

(Mr )tors ----+ (Mr)tors ,where r v ia a decomposition group of v in K (defined up to
v

conjugation). Let A be the image of r in Aut r 1(11) , and let L/K be the Galois

extension of K in K corresponding to ker [r ----+ l!.] • Let l!. be the image of r inv v

A . Then Gal(L/K) = A ,and A is a decompoaition group of v in L.v

Lemma 2.3. The subgroup im A
V

CB(H) depends only on the conjugacy dass of a

deeompoaition group of v in L.
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Proof. The homomorphism ~v is the corestriction (i.e. obvious map)

where M = 'l"l(II) . Thus if v,w E Y and the groups äv and Aw are equal (up to

conjugation), then im ~ = im.,\ . q.e.d.v w

Lemma 2.4. If Htor = 1 ,then .,\ : B (H) -------t B(H) is surjective for anyv v

v E Y.

Proof. Set M = 7r1(lf) . If Htor =1 ,then Hred is semisimple and M is finite.

Hence the homomorphim

is surjective.

In [Ko2] , Theorem 1.2, Kottwitz constructs canonical maps

ß : H1(K ,H) --+ B (H) for vEr: He provesv v v

q.e.d.

Proposition 2.5. (Local non-archimedian Kottwitz theorem, [Ko1] , 6.4, [Ko2] ,

1.2). If v E 'f then ßv is bijective.

Set p, =.,\ 0 ß : H1(K ,H) -------t B (H) -------t B{H) . Definev v v v v
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JJ =\ JJ : H1(A)H) = E9 H1(K )H) --+ B(H)L v v

Jo'(( ev)) = l JJv(ey)
v

Consider the localization map H1(K)H) --+TI H1(K )H) . Since H is
vE r v

connected, one can easily show that the image of this map lies in H1(A,H) = Ei H1(K )H)v

(one can use Lang's theorem and Hensel'slemma). We denote the map

H1(K,H) --+ H1(A,H) by j.

Proposiüon 2.6. (Global Kottwitz theorem) [Ko2] I 2.5) 2.6). ker JJ = im j .

For future needs we set Jo's = l JJv : H1(KS,H) --+ B(H) . The image oI Jo's is

contained in B' (H) . Set

3. The group 4S(H) and the Brauer group.

Proof of Theorem 1.4. First suppose that Htor = 1 . Then by Lemma 2.4 the

homomorphism A
V

: Bv(H) ---i B(H) is surjective for any y Er. Hence

B(H) = B' (H) = B(S)(H) ) and therefore 4S(H) = 0 .

In the general case let Hnt be the kernel of H ---i Htor . We have the exact

sequence
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(cf. [Sa] , 6.11), where the character group X(Hnt) ia trivial. We abtain the exact

sequence

and similar exact sequences far the groups B . We see that in the commutative diagramv

n

---tl B' (Htor) ---tl 0

n

B(Hnt) = B ( S ) (Hnt) ----+ B ( S ) (H) ----+ B ( S ) (Htor) ----+ 0

11

B(Hnt) = B' (Hn t ) ---tl B' (H)

the rows are exact, whence we derive the desired assertion.

Ta prove Theorem 1.9. we need to recall the definition oI the arithmetic Brauer group

(cf. [Sa]). Let Br X denote the Brauer group of X , formed of the equivalence classes oI

Azumaya algebras on X. Set Br1X = ker [Br X ----t Br X] ,

BraX = Brl X/im [Br K ----t Br X] ,where X = XK . For xE X(K) set

*BrxX = ker [x : Brl X ----t Br K] . We have the canonical splitting

Brl X = Br xe Br K ,whence Br X ~ Br X. Now let Br' X be the cohomologicalx x a
2 .

Brauer group, i .e. Br' X = Het(X,Gim) . Set BI iX = ker [Br ' X ----+ Br' X] . Then

BriX = Br1X (cf. [Sa] , (6.1.1)).

For a morphism f: X ----i Y let
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be the eanonieal homomorphisIDB. Then

We set PicIX = ker [Pie X ---+ Pie X] . For a eonneeted K-group H set

BI(H) = (Piel H)'" and define BIy(H) J Bi;)(H) J Bi (H) and ~ IS(H) like

By(H) ... 'fs(H) hut with BI(H) instead of B(H) . Let I: B(lI) ------4 B(H) he the

homomorphism indueed by the eanonical morphism Ir ------4 H .

Proof. Consider the morphisms n ------4 HK - ------4 H . We see that
y

im [,\v : Bv(H) ------4 B(H)] ) im J . Henee B(S)(H)) im I and B' (H) ) im I . We

have BI(H) = B(H)/im I . Hence ~ IS(H) = B i (H)/B~S)(H) ~ B' (H)/B(S)(H) = ~S(H) .

q.e.d.

Proof of Theorem 1.9. The torsor f: G ---4 X under H gives rise to the exa~t

sequenee

Pie G ------4 Pie H ------4 Br I X ------4 Br I G

(cf. [Sa] , (6.10.1). Since G is simply conneeted) Pie G = 0 (cf. [5a] , 6.9). From the

commutative diagram

o------4 Pie H ------4 Br I X ------4 Br I G

1 1 1
o-----+ Pi e Ir ---4 B r I X -----+ B r '1;
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with exact rows, we get the exact sequence

Br f
0--+ PiclH --+ BriX 1 I BrlG

Let x EX(K) be the image of the neutral element e E G(K) . Then

Brlf = Br f fB 1 : Br X fB Br K --+ Br G fB Br K .e x e

Thus the sequence

Br f
0--+ PiclH --+ BrxX __e----+l BreG

is exact. But BreG = BraG = 0 (cf. [Sa] , 6.9), hence BraX = BrxX = Picl H .

Now we see that

Since Bi(H) = B~0)(H) and Ei(X) = 60 (X) , we have B' (H) =6 (X)'" . By definition

~41S(H) = Bi (H)/B1S
)(H) , hence
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By Lemma 3.1 41S(H) = 4S(H) . Thus 4S(H) = (6s(X)/6(X))'" .

q.e.d.

4. Cohomological results

To prove Theorem 1.2 we need

Lemma 4.1. (i) For v E r:f we have im A = im fJ .v v

(ii) For any finite S ( V and any v E V
m

there exists w E Vf -S such that

im fJ = im A = im A ) im fJ .w w v v

(iii) B(S)(H) = B(Sn Yf)(H) = B(SU rm)(H) j in particular H I (H) = B( Ym)(H) .

(iv) 14S(H) =4sn riH) .

Proo[ Hy proposition 2.5 the map ßv is bijective for v E r f , whence (i). Hy

Lemma 2.3 the group im A depends only on the conjugacy dass of adecomposition groupv

fJ. of v in L, where L is defined in Section 2. For vEr the group fJ. is cyclic.
v • m v

Chebotarev's density theorem implies the existence of w E Jl;f --s such that fJ. = fJ. upw v

to conjugation. Then im A = im A by Lemma 2.3. We have im A ) im fJ ; by thew v v v

assertion (i) im A = im Jj . The assertion (ii) is proved. It is dear that (ii) implies (iii)w w

and (iv).

Proof of Theorem 1.2. Consider the sequence
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where Xs is defined at the end of Section 2. First we prove that Xs is sUIjective. By

definition the group B' (H) is generated by the groups tly(Bv(H)) for all y E Y.

However, by Lemma 4.1 (iii) B' (H) = B( Ym)(H) ,i.e. B' (H) is generated by the groups

im tlv = im JJv for v E rf = (Sn Yf ) U ( r18) . We see that

and the desired surjectivity follows.

Proposition 2.6 implies that im(J.LSojS) ( B(S)(H) , hence xsojs = 0 . We must

show that ker Xs = im js . Suppose that ~S E H1(KS,H), XS( ~S) = 0 . Then

J'S( ~8) E B(S)(H) . By Lemma 4.1 (iii) ~S( ~S) EB(SU rm)(H) . Hence there are a ·finite

set ~ ( Yf -8 and an element {E EH
1
(KD H) such that jJS( ~S) + J1-rf.'~ = 0 . Set

'A = 'S x,~x 0 EH
1
(A,H) . Then jJ({A) = 0 . By Proposition 2.6 {A = j( e) for some

e EH1(K,H) . Clearly eS = jS(e) . q.e.d.

5. Weak approximation

To prove Theorem 1.1 consider the orbit spaces: the set of orbits D(X,G,K) of

G(K) in X(K) and the set of orbits D(X,G,KS) of G(KS) in X(KS) =TI X(K ) .
vES v

Any orbit of G(KS) in X(KS) is open, hence any orbit is closed. Since G ia simply

connected r G satisfies (WAS) for any fini te S (cf. [PlI], or [PI2] , § 4). Thus
... "

(x •G(K))S = x' G(K)S = x' G(KS) for any x EX(K) . Consider the map
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iS : D(X,G,K) ------+ D(X,G,KS) induced by the embedding X(K) ------+ X(KS) . We see
1'0

that X(K)S = U 0 where 0 runs over im iS . Thus (WAS) for X is equivalent to the

surjectivity of iS .

The orbit spaces can be described in cohomological terms. Set

1 1k = ker [H (K,B) ------+ H (K,G)] ,

1 1kS = ker [H (KS,H) ------+ H (KS,G)] .

Using the exact cohomology sequences associated with the subgroup H of G (see [Se],

Ch.l, § 5.4, Cor. 1 of Prop. 36), we can identify

D(X,G,K) = k, D(X,G,KS) = kS .

In these terms the map iS : k ------+ kS is the restriction of the localization map

js : B1(K,H) ----+ H1(KS,H) to k. Now it is clear that Theorem 1.1 follows from

Proposition 5.1. Let IIS be the restrietion of XS: H1(KS,H) ----+ S(H) to

kS ( H1(KS,H) . Then the sequence

is exact.

Proof of Proposition 5.1. First we prove the surjectivity of IIS ' Set E = sn Yf . By

Theorem 1.2 XE is surjective, i.e. B(E)(H) + im~ = B' (H) . Since H1(KE,G) = 0 by

Kneser's theorem, kE =H1(KD H) . Hence ~kE) + B(E)(H) = B' (H) . By Lemma 4.1



-16-

(iii) B(E)(H) = B(S)(H) . Since ~k~) ( P-S(kS) , we see that

#S(kS) + B(S)(H) = B' (H) ,Le. vS(kS) =' ~S(H) .

By Theorem 1.2 xsojs = 0 ,hence vSoiS = 0 . We must show that

ker V s= im iS . Assume that ~S E kS and vS(~S) = 0 (Le. XS(~S) = 0 ). We construct

an element ~ E H1(K,H) as in the proof of Theorem 1.2. Then jS( {) = {s . We wish to

prove that {E k . By construction we have jS(~) = {A = (':)vE rE H
1
(A,H) , where

* *
~v = {y for v E Sand ey = 0 for vErQ)-S . Hence

{* E k = ker [H1(K ,H) ------+ H1(K ,G)] for any vEr . By the Hasse principle forv v v y m
G , we have {E k . Proposition 5.1 is proved, and so is Theorem 1.1.
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