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Ricci Curvature modulo Homotopy

by Joachim Lohkamp

§1 Introduction

In this paper we want to present some results eoneerning metries of negative Ried
eurvature.
We will give some outline of the used arguments and describe relations between
different approaches:
In §2 we will give a sketch of a simple existenee proof for metrics with Ric < 0 on
arbitrary c10sed manifolds, which is also motivated from our second approach to the
subject presented in §3 and diseussed in §6.
This seeond one, whieh was originally diseovered before that in §2, starts from
the teehnieal (but also philosophical) fact that negative Rieei and scalar curvature
is loeal in nature: There is a metric 9n on !Rn with RiC(9r.J < 0 on B1(0) and
9n == 9Eud. outside for n ~ 3.

A proof of this is indicated in §4 and we will use this and certain covering arguments
to check several existenee theorems for metrics with Ric < 0 or S < 0 on arbitrary
manifolds.

Furthermore this method is strong enough to provide a framework for handling
problems like the structure of spaces of metrics with restricted curvature properties
and density results (cf. §3 and 5).
Finally we reformulate this using the language of h-principles in §6, whieh will
partially motivate the approach of §2 as mentioned above.

§2 Existence of negatively curved metries

Thurston theory [TJ implies that each c10sed three manifold M 3 contains a link
L c M such that there are metrics 91,92 with (M\ L, 91) is complete and hyperbolic
with finite volume resp. (M,92) is a hyperbo- lic orbifold branched along L. Each
of these results can be used to prove the existence of a regular metric with Ric < 0
on M:
L.Z. Gao and S.T. Yau [GY] "closed" (M\L,9d such that the resulting Riemannian
manifold is M with a metric 9 with 9 =91 on M \ U, u ~ L a tubular neighborhood,
and Ric(9) < 0 on M. R. Brooks started in [B] from (M,92) and smoothed the



singularities near L to get a metric 9 with 9 =gl on M \ U, U :) Land Ric(g) < 0
on M.

It is unclear whether each manifold Mn, n ~ 4 or non-compact M 3 can admit a
similar hyperbolic structures. Due to this lack the results were not extended to a
broader class of manifolds.

On the other hand there are not really needed hyperbolic structure to get:

Theorem 2.1: Each manifold Mf\ n ;::: 3 admits a complete metnc with Ric < O.

This is done for closed M (the open case can be obtained by simpler approaches,
see below) starting from one of the following two results:

Theorem 2.2: Each open manifold admits ametrie with negative sectional euroa
ture

cf. [Grl] or alternatively we can use cf. [L6] resp. Theorem (3.5.) below

Theorem 2.3: Each open manifold admits a complete metric with Ric < O.

Sketch of proof of (2.1.): Noting the last result (which proof is much simpler than
those of the other results presented in §3) we can restriet our attention to closed
Mn,n ;:::4.·

We start with the following remark: Let B c Mn be a ball then B contains a closed
submanifold lV n - 2 whieh admits ametrie with Ric < 0 and which normal bundle
is trivial. This is easily done in ease n = 4 using the embedding of a hyperbolie
surfaee in m3 c m4

•

In dimension 5 we can use a result of Hirsch (H]: Each orientable closed three
manifold (in particular hyperbolie ones) admits an embedding with trivial normal
bundle into m5

•

In higher dimensions we can use induetion: sn-2, n ;::: 6 admits ametrie with Ric < 0
and we take the usual embedding sn-2 ~ mn-I c mn

Of course these met ries are not induced metries coming from the embedding.

Now ace. (2.2.) resp. (2.3.) we have ametrie with Ric < 0 on the open manifold
M \ N. Using eonformal and warped produet deformations we ean get a warped
product metric on a tubular neighborhood U of Jol with U \ N =]0, r[xS 1 x N
equipped with g/R + p2 . 951 + 9N for same strongly inereasing F E COO(m, m>O).
(JO, r( x SI, 9JR+ p2. 951) looks similar like the spreading open end of the pseudosphere
and we would be done if it was possible to llclose"this with ametrie with Gauß
eurvature k < O. But this is impossible by Gauß-Bonnet.

2



On the other hand we are given the additional factor (/'ol, 9N) and this can be used
to avoid this problem: We can take a singular metric 9sing. with k < 0 on the disk
D such that the metric near the boundary looks like (JO, r[) x SI, 9/R +p2 . 951) with
{O} x SI = 8D(!). Now we can use Ric(9N) < 0 to smooth the singularities of 9sing.
getting a warped product metric with Ric < 0 on D x N and glue it to M\U. Thus
we have closed M again and it is equipped with a metric with Ric < O. Details and
extensions are described in [L6). 0

§3 A Different Approach

In this chapter we start to describe a completely different and new method of attack.
It turns out that this approach yields significantly stronger results and a deeper
insight into' the behaviour of such metries in a natural way. An interesting feature
is that (in conclusion, cf. §6 below) it also motivates the weaker approach of the
previous chapter.

Let us begin with summarizing the results obtained in this way:

I General Existence Theorems

Theorem 3.1: Each manifold Mn, n ;::: 3 admits a comp/ete metnc 9M with

-a(n) < r(9M) < -b(n) ,

fOT some constants a(n) > b(n) > 0 depending only on the dimension n.

Corollary 3.2: Each manifold Mn, n 2::: 3 admits a complete metric with constant
negative scalar curvature.

(3.2.) was proved before by T. Aubin [A) and J. Bland, M. KaHm [BK] in a different
more analytic way.

The next result is motivated from S. T. Yau's theorem [\1 that each complete, non
compact manifold with Ric ? 0 has infinite volume: we get the following alternative
version of (3.1.):

Theorem 3.3: Each manifold A1 n
, n ? 3 admits a comp/ete metnc gM with r(g'u) <

-1 and Vol(Mn, g~) < +00

(3.1.)-(3.3.) are proved in [L4] (cf. also [LI]).
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11 Refined Existence Results

As a matter of faet closed manifolds of negative eurvature eannot be embedded with
"smallll codimension e.g. as hypersurfaces in Euclidean spaees. But we can find a
constant c(n) sueh that (for p.i. =proper and isometrie):

Theorem 3.4: Let (Mn, 90)' n 2: 3 be p.i. embedded into (N,9) and codim 2: c(n)
then there is a metnc 91 on Mn with Ric(91) < 0 and a p.i. embedding 0/ (M, gd
into (lV, g) which is isotopic to the embedding on (M, go) by p.i. embeddings and the
isotopy (and 91) can be chosen lying inside any prescribed nei9hborhood 0/ (M, 92))'
The same conclusions hold for immersions instead of embeddings.

Despite the faet that (3.4.) is proved in [L7) wit hout ret urn to Nash's isometric
imbedding theory, this does not make to much sense without further knowledge of
c(n): Indeed one can show that the eodimension is of lower order than in Nash's
general theory. (For some eharaeterizations of c(n) cf. (L7].)

Dur next result (cf. (L6]) is simpler than (3.1.) or (3.3.). On the other hand it
eontains some new information in the non eompact ease.

Theorem 3.5: Let (Mn, 90) be an open manifoldJ then there is a complete metnc
9 = e2f . 90 in the conforrnal dass 0/ 90 with Ric(g) < 0

(Due to non-existenee results for the Yamabe problem this cannot be refined to give
pinehed Rieci or just scalar eurvature.)

Up to now we have seen that there are no topological restrietions for the existenee
of metrie with Ric < O. But a classical result of Boehner says: Ir (M, g) is closed,
Ric(g) < 0 then I som(M, g) is finite.

This is a geometrie obstruetion, but the only one (cf. [L4]):

Theorem 3.6: Let Mn, n 2: 3 be closed, G C Dif f(M) a subgroup, then:
G = I som( M, g) for some meinc 9 with Ric(g) < 0 <==> G is finite.

It is quite easy to prove the same for surfaces M2 with X(M) < O.

111 Flexibility Results

In this seetion we present results whieh playa eentral technieal roie.
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Theorem 3.7: Fa, (Mn, go), n ~ 3, let SeM be a closed subset and U :> S an
open neighbo,hoodJ and Rie(go) ~ 0 on UJ then there is a metne gl on M with

(i) gl =go on S

(ii) Ric(gd < 0 M \ S

As a simple applieation we get

Corollary 3.8: Let Mn, n ;;:: 3 be compact with boundary B # 0 and 90 any /ixed
metne on B 1 then there is a metne 9 on M with 9 =90 on B, Ric(g) < 0 on M
and each eomponent 0/ B is totally geodesic w.r.t. g.

The next theorem is the philosophical core of this approach and does make eIear that
similar arguments ean not work for positive curvatures due to the positive energy
theorem which implies non-existence of ametrie looking like the one described now
in the positive case:

Theorem 3.9: On mn
, n ~ 3 there is a metne 9n with Ric(gn) < 0 on BI (0) and

9n =9Eucl. outside.

Perhaps it is interesting to note that for each f > 0 we ean find a concrete metric
9n as in (3.9.) with Vol(B 1(0),Bn) < € whieh is also inc1uded in (3.12.) below. For
proofs cf. [U].

IV Spaces of metries

Due to results of Hitchin, Gromov, Lawson and Carr (cf. [LMJ) we know that the
space of metries with positive scalar curvature on a closed manifold M S+(M) can
be quite complicated:
S+(M) ean be empty or 7ri(S+(A1)) # O.

There are no similar .problems in the negative case: More generally denote by
Ric<O:(M) the spaee of metries 9 with r(g) < Q on M, Q E m. (5<0: is defined
analogously)

Theorem 3.10: Rie<O:(M) and S<O:(A1) are non-empty, non-convex but contrac
tible Frechet-manifolds.
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And as an applieation we get using some elementary elliptie theory:

Corollary 3.11: The spaee 0/ metnes 0/ eonstant negative sealar curoature is eon
tmetible

Next reeall from Bishop's comparison theorem that Rie>a(M) eannot be dense in
the spaee of all metries J\..1(1\11) w.r.t. CO-topology: the CO-closure in lvt(lvl) is~
Ric~a(M). On the other hand c~~ hH'" (J ,'"

Theorem 3.12: Ric<O(M), S<o are CO-dense in M(l\1) tor eaeh a E m

Furthermore we have using some more analytie eifort if 90 is non-flat:

Theorem 3.13: Let (Mn, 90), n 2: 3 be Rieci flat resp. sealar flat, then 90 ean be
approximated by meines in Rie<O(M)resp. S<O(M) w.r.t. Cr(-norms.

For proofs we refer to [L2], [L3] and [L5].

V On the proofs

The main ingredients for the proof of the results above are: the existenee of ametrie
9n in !Rn, n ~ 3 with Ric(gn) < 0 on B1(O) and gn =gEucl. outside and a eovering
arguments for arbitrary manifolds giving a" eompatible" eovering by negatively Rieci
eurved balls like (B1(O), gn), whieh yields metries with Ric < 0 on eaeh manifold of
dimension ~ 3. We deseribe some details in the following two ehapters.

§4 Producing negative curvature

Roughly speaking the existenee results of the previous ehapter are obtained from
a suitable series of Ioeal deformations of some nearly arbitrary start metrie. These
deformations turn the metric inside a ball into a (stranger) negatively Ried eurved
one and let it fixed outside.

The first step eonsists in eonstrueting this Ioeal deformation in the flat ease:

Proposition 4.1: On !Rn, n ~ 3 there is a meine 9;; wiih r(g;) < 0 on B1(O) and
9;' == 9Euci. outside.
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Dur (sketch of) proof will present the simplest but not the most powerful eonstruc
tion. The latter ones are needed to prove the results concerning the various spaces
of metries of §3, IV and we refer to [L4], [L3J (and [L51) for these refined versions.

Proof: We start in dimension n = 3: It is simple to find a positive COO-function 1
on m with f =id on m?:.l whieh is symmetrie in 8 E]O, 1[, i.e. I(r) = 1(28 - r) and
fulfills Ric(gIR + /2 . 9S'J) < 0 on ]28 - 1,1 [x 52.
Now consider instead of the Euelidean metric the metrie gIR + /2 .gs'l on [R3 \ Bo(O):
it does have two symmetries. A first one under refleetions RE along planes E c m3

with 0 E E and a seeond "imaginary" one along 8B6(0) coming from the symmetry
of / in 8, in partieular 8B6(0) is totally geodesic. Now choose one plane E and
consider the quotient space of [R3 \ B6(0) under identification along 8B6(0) via
RE. This is ;'canonically" attached with the differentiable structure of !R3 (ace.
Nlilnor's t'smoothing of corners") and the metric on this m3 is smooth outside the
geodesie curve '"'I corresponding to 8B6(O)nE, has Ric < 0 on B 1(0) and is Euclidean
outside.
The singularity along r can be smoothed (with Ric < 0) using warped product
techniques giving a regular metric 93 as claimed.
The ease n 2: 4 can be handled in the same way as described in §2 : vVe choose
a codim 2 submanifold N C mn with trivial normal bundle and which admits a
metric with Ric < O. Next we bend !Rn \ lV "outwards" giving Ric < 0 on B \ lV
for some ball B c !Rn and subsequently we use the same method as in §2 to elose
mn again and obtain the desired metric g; 0

Now we will give some ideas of how to derive the following result whieh proof is
typical for many results of §3.

Proposition 4.2: Each manifold Mn, n ~ 3 admits a complete metne gM with
-a(n) < r(gM) < -b(n) tor constants a(n) > b(n) > 0 depending only on n.

Proof: It is almost trivial to get ametrie on M such that expp : BlOO(O) ~
expp(BlOO(O)) is a diffeomorphism which is arbitrarily near w.r.t. CJc-norms to an
isometry independent of P E M.
Indeed we presently assurne M = (mn, 9Eud,)'

Consider a covering of mn by closed balls B5 (Pi), Pi E A c mn fulfilling the following
conditions:

(i) d(p,q) > 5 for Pt: q E A

(ii) #{p E A I Z E BlO(p)} ~ c(n), e(n) independent of z E !Rn.

and define g(.4, d, s) := rr exp(2 . Fd,1 . h(lO - d(Pl id))) . BA
pEA

with gA = gEucl. on mn \ U B1(p), gA = I;(g;) on B1(p) for Ip(x) = x - p.
pEA
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Furthermore Fd,s := s . exp( -d/id/R), h E COO(m, [0, IJ), h == 0 on m"~9,6, h =1 on
!RS,9,4.

One ean find d, S > 0 such that -a < r(g(A, d, 8)) < -b is fulfilled in eaeh point of
!Rn and eaeh direetion for eonstants a > b > O.
As noted above we ean find a nearly flat metrie g(M) on eaeh manifold, furthermore
we ean eonstruet a eovering fulfilling the same eonditions on eaeh of these manifolds
(a "Besieoviteh eovering").

It is not hard to visualize that (almost ) the same d, S > 0 and pinehing eonstants
a > b > 0ean be obtained for the Rieci eurvature of an analogously defined metrie
g(A, d, s) on an arbitrary manifold starting from g(M). 0

§5 Spaces of Metries

The eovering argument in §4 ean be used to produee as many negative eurvature
as is neeessary to Hhide" eaeh metrie of same eompact family of metries behind a
"veil" of negative Rieci eurvature. Ace. results of Palais and Whitehead (cf. [PD
eontraetibility of a Freehet-manifold Fand 7ri(F) = 0, i = 0,1, ... are equivalent.
Thus if we want to show eontraetibility we will try to extend each con'tinuous map
f : S --+ Ric<O(M) resp. s<a(M)
Hence we start with same extension F : Bm+l -.. M (M) and then we shift iota
Ric<O(M) resp. S<Q(M) by simultaneous producing of negative Ricci resp. sealar
curvature on all of the Riemannian manifolds (M, F(x)), x E Bm+l.

In the case of scalar curvature this can be done using a more classieal approach (cf.
(L2]) without usage of those methods of §4. It should give some good impression of
the more sophisticated case Ric<O(M), therefore we will include a short sketch of
that transparent argument:

Proposition 5.1: S<O(M) is contractible.

Proof: We will show that S<O(M) is path connected, 7ri(S<O(M)) = 0 for i > 0 is
obtained analogously.
Note that Mn and Mn#sn are diffeomorphic and take metric gl, g2 E S<O(M) and
g- E S<O(sn).
Now for each pair A, J.l > 0 the conneeted sum Mn#sn ean be formed such that the
resulting Riemannian manifold M(.A, J.l, Bi) is isometrie to
(Mn\B1(p),;\2 ·gi)U(] -1, 1[xSn- 1, g(.A, J.L, i))u(sn\B1(q), J.l2 .g-) for P E M, q E sn
fixed points, i = 1,2,

. such that the "neck" ] -1, 1(xSn - 1 connecting the two main points does have boun
ded integral s~alar curvature 8g := JSgdVolg independent of .A, J.L and i.
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Hence if we choose a large ).. or Jl then Sg(>.,~) < O. This is due to the simple fact
S n-2 S
m~.g = m . g'

Thus start with (N!,9d and scale it by a large)... Next take the linear path from
(Mn,)..2 . 9d to /v!(A, J,l) for some Jl. If).. was large enough all metrics along this
path have S < O.
Now take a very large il and take the path M(A, (t . jl + (1 - t)) . Jl . 9d (all these
metries have S < 0).
Next connect 91 and 92 linearly (!) I if {1- is large enough all Riemannian manifolds
111(A, jl, t . 91 + (1 - t) . 92) will have S < Q.

Finally we works backwards for g2 and obtain a path of metries connecting 91 and
g2 such that each term has S < O.
Now we can find a continuous family of conformal deformations of these met ries
which yields a path inside of S<O(M). Details cf. [L2J. 0

Finally we will easily see that these spaces of metries are" highly" non-convex. For
notational simplicity we rest riet to S<O(L\Il).

Lemma 5.2: For any 9 E S<O(N!) and each ball BeN! there is a dijJeomorphism
cp with tp == id on lV! \ Band t· 9 + (1 - t)· cp"'(g) tt S~O(lvI) for some t EJO, 1[.

Proof: Using scaling arguments it is enough to obtain a diffeomorphism tp : mn -+

!Rn with cp =id on mn \ B1(0) and t· 9Eud. + (1 - t)tp"' (9Eucl) tt SSO(mn) for some
t EJO, 1[.
We take cp with cp(t, x) = (!(t),x),(t,x) E m+ x sn-1 =mn

\ {O} for some diffeo

morphism f : m+ -+ m+ with f =id on JO, 1~ [UJ 190' +oo[ and f =id+ !~ on J1
5
0' 1~ [.

Now it is not hard to check using warped product formulas: ~. 9Eud. + 2tp"(gEucJ,) tt
S~O(mn). 0

§6 h-principles

Here we want to describe some relations of those resuIts presented in §3 and "homo
topy principlesJl (abbr. h-principles) a concept first introduced in a broacler context
by M. Gromov cf. [Gr1}, [Gr2].

We start with some definitions: Let 7T' : X -+ M be a smooth fibration f over some
manifold LV! and denote be )(K. the space of It-jets of germs of smooth seetions of 1r

(XO=.IY) and the induced fibration over M by 1r,.., 7T',.. : XK. -+ M.
A section cp of 1rK. is called holonomic if there is a section f of 7T' which It-jet is cp.
A differential relation 1l of order It imposed on seetions of 1r is just a subset R c XK.
and a section f of 1r is called solution of R if its It-jet lies on R.
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Finally let 1l'",oe,m denote the canonical projection 1l'",oe,m : X,oe ~ xm for 0 :$ m :$ "',
hence a holonomic section ep lying in R projects to a solution 1l'",oe,a( ep) of R.

The concept of h-principles reHes on the (idea of) solving strategy to construct first
a (possibly non holonomic) section of x,oe lying in Rand then to pass (inside of R)
to a holonomic one: denote by Sol'R. the set of all solutions of R, C(R) the space
of all sections of .,y,oe lying in Rand by J,oe : Sol'R -. C(7(,) the map J,oe(<P) = ",-jet
of ep.

Definition 6.1: R fulfills the

(i) parametric h-principle if J", is a weak homotopy equivalence.

(ii) h-principle for extension if for each subset K C M and each tripie 01 open
neighborhoods K C U1 C Ü1 •.• C Ua C M and each section '{Ja E C(R n
1l'"-I(Ua)) which is holonomic on U2 there is a homotopy '{Jt E C(Rn1l'"-I(Ua)),
t E [0,1] with 'PI ='{Ja on U and 'PI holonomic on Ua.

Definition 6.2: R satisfies the

(i) the h-principle Gm-near a section f ol1l'", m :$ r J il for each '{Ja E G(7(,) with
1rK,O( lpo) = fand each neighborhood U of f there is a homotopy '{Jt, t E [0, 1]
with '{Jt lying in R n 7r~Ö(U) such that 'PI is a holonomic section.

(ii) the cm-dense h-principle il it fulfills the h-principle is Cm-near each section
011r·

Now we speeify ..Y = the bundle of pointwise positive definite symmetrie (2,0)
tensors and we consider differential relations 'R. C X 2 which simply restricts the
curvature of a section of 1r : ..Y -+- /vI (which is just a metric), e.g.

'R = {cp E X 2 I Ric(cp) < O} == Ric < 0 .

Next we want to relate (6.1.) and (6.2.) with those results of §3 eoncerning SoIR.
Therefore we must have a look at C(R) and check the following simple result (cf.
also [Gr2L (4.5.1.)):

Lemma 6.3: The fibers of the fibrations Sec< 0:, Ric < a and S < Cl are non
empty and contmctible. The same holds in case ''> Cl JJ.
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Praof: We have to show contractibility for the space of 2-jets af germs of metrics
near 0 E m" with Sec< Q' etc.
These curvature relations contain the first two derivatives cf the metric. Now there
are two easily verified features:
For each I-jet 'PI of metrics there is 2-jet 'P2 \Vi th 1r2,1 ('P2) = 'PI and S ee('P2) < 0:

etc., secondly the curvature depends linearly on the second derivatives.
This implies the fiber over each I-jet 'PI is non-empty and convex, furthermore the
space of all I-jets is contractible, hence the whole space is contractible. 0

It a well-known results from elementary obstruction theory that fibrations with
contractible fibers always have a section and the space of sections is also (weakly)
eontractible.

Corollary 6.4: C(Sec< 0) ete. are (weakly) contractible

Hence we can reformulate (3.10.) (and (3.7.)) and with some additional but straight
forward considerations (3.12.) and (3.13.) as

Theorem 6.5: On each manifold /vI" l n ~ 3 the differential relations Ric < 0: and
S < QJ /ulfill the parametrie and the CO-dense h-principle. Furihermore they /ulfill
the h-principle 0/ extension and they are Cf( -dense near each Rieci flat resp. sealar
flat metne.

In contrast to (6.5.) we have a "eonverse" approach due to Gromov, cf. [Grl}, [Gr2],
which starts from topology and arrives at geometry:

Theorem 6.6: Eaeh open, diffeomorphism invariant differtial relation 'R on an
open manifold fulfills the parametnc h-principle.

It is obvious that Sec< a etc. are open and diffeomorphism invariant. Hence we
obtain from (6.3.):

Corollary 6.7: Sec< a resp. > 0: ete. fulfill the parametrie h-prineiple on eaeh
open manifolds and in particular each open manifold eames a metne wilh Sec< a
as weil as one with Sec> 0:.

Thus we are led to two (seemingly) opposite points of view :
(6.7.) is obtained from a general topological argument namely the h-principle for
open manifolds (6.6.).
On the other hand (6.5.) is proved by geometrie (and analytic) techniques and does
not rely on h-principles but imply them.
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Thus there arises the question coneerning the purely geometrie status of Ric < 0:

Für instanee the existenee of ametrie with Ric< 0 on a closed manifold should be
provable from same differential topalogical arguments resp. formal prcperties cf the
inequality Ric < 0 substituting (at least same of) the concrete differential geometry
cantained e.g. in the approach described in §4.

This cannot work perfectly since Ric > 0 which at first sight should fulfill similar
formal conditions behaves eompletely different on closed and on open manifolds,
cf.(6.7).

-
But if one takes into aecount at least some geometrie interpretation cf Ric < 0 one
immediately gets approaehes as ir: §2:

Here we made use of the possibility to bend (cf. [L6]) negative Rieci curvature
metries, which turns out. to be a non-trivial geometrie property cf Ric < O.
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Metries of Negative Ricci Curvature

by Joachim Lohkamp

o. Introduction

One of the most natural and important questions in Riemannian geometry is to des
cribe the relation between curvature and global structure of the underlying manifold.
For instance complete manifolds of negative sectional curvature always are aspherical
and in the compact case their fundamental group cau only contain abelian subgroup
which are infinite cyclic. Furthermore there was a general feeling that a (closed) ma
nifold can not carry two metries af different signed curvatures.
This is true for sectional curvature, but wrang for the scalar curvature S, since each
manifold Mn ,n > 3 admits a complete metric with S =-1, cf. Aubin [A] and Bland,
Kalka [BIK].
Hence the situation for Rieci curvature Rie, lying between sectional and scalar curva
ture, seemed to be quite delieate.

Up to now the most gene"ral results eaneerning Ric < 0 were proved by Gao, Yau [GY]
and Broaks [Br] using Thurston's theory of hyperbolic three manifolds:
Each clased three manifold admits a metric with Ric < O. This obtained from the fact
that these manifolds carry hyperbolic metrics with certain singularities and Gao, Yau
resp. Broaks smoothed these singularities, to get a regular ,metric with Ric < O. These
methads extend to three manifold of finite type and certain hyperbolic orbifalds.

In any case, the arguments start from an "almost regular" hyperbolic metric, which
existence is neither obvious nor true in general (in the nan-compact or higher dimen
sional case). Moreover this approach daes not give any insight in the typical behaviour
of metries with Ric < 0 since one is 100 ta a very special metric.

In this article we approach negative Rieci curvature in a completely different and
conceptually new way which seems to be a more natural one which will be made
precise in [L2].
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Actually we will prove the following results; in these notes where Rie(g) resp. r(g)
denotes the Rieci tensor resp. curvature of a smooth metrie g:

Theorem A For eaeh mani/ald Mn J n ~ 3, ihere is a campleie meine gM with
-a(n) < r(gM) < -b(n), with eanstants a(n) > b(n) > 0 depending anly on the
dimension n.

From this one gets almost immediately.

Corollary B Each manifold lvtn
, n ~ 3 admits a complete metnc with constant

negative scalar curvature.

This Corollary was proved before in a different way by Aubin [A] resp. Bland and
KaHm [BIK].

There is an interesting alternative general existenee result to Theorem A : Recall from
Yau [V] that eaeh eomplete manifold with non-negative Ried eurvature has infinite
volurne:

Theorem C FOT each mani/old Mn, n ~ 3 there is a complete metne g'u with negative
Ricci eurvatures (indeed with r(g'u) < -1) and finite volume Vol(M, g~) < +00.
Theorem A resp. C teIls us that there are no topologieal obstructions for negative
Rieci eurvature metrics. On the other hand a well-known result of Bochner (cf. [Ko])
asserts that the isometry group of a closed manifold with r(g) < 0 is finite. We will
prove that this is the only II geometrie obstruction ":

Theorem D Let Mn, n > 3 be a closed manifold, G c Diff(M) a subgroup, then:

G = I som(M, g) for same metne 9 with r(g) < 0 <=> Gisfinite

Next we turn to a cut-off Of extension property whieh also extends Theorem C:

Theorem E Let S C Mn be a closed subset 0/ a mani/old Mn, n ~ 3 and U :J S
an open neighborhood, 90 any metrie on U with r(go) < 0 (resp. :$ 0), then there is a
metne 9 on M such that:

(i) 9 =go on S,

(ii) r(g) < -1 on M \ Ü

(iii) r(g) < 0 (resp. ~ 0) on M

(iv) A~l . Vol(W, g) :5 Vol(W, go) < An . Vol(W, g)

for each measurable subset W 0/ M and a eanstant An > 1 depending only on n.
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As a simple application we get:

Corollary FLet be lWn
J n ~ 3 a compaet manifold with boundary 8M #- 0 and go any

/ixed metne on 8M, then there is a metne 9 on A! with:

(i) 9 =go on 8M

(ii) r(g) < 0 on M

(iii) eaeh component 0/8M is totally geodesie

The paper is organized as folIows: after same preliminaries in §l, we will construct and
investigate deformations of foliations in §2. In §3 we prove the existence of metric g;'
on lRn with r(g;) < 0 on BI (0) and g; =gEud. (Euclidean metric) outside for n = 3.
In §4 and 5 we assume the existence of g; for !Rn, n ~ 3 and deduce the other results
quoted above for n-dimensional manifolds. In §6 we get g;;+1 on m,n+l using Theorem
E for n dimensions i.e. the proof is by induction. Finally we collect same elementary
technical results in an appendix.

Most of these results were announced in [LI].

There is also mentioned a result on the space of all metrics with r(g) < O. Recently
the author proved much stronger results on this space of metric, they will appear in
[L2). For another approach to the space of negative scalar curvature metrics cf. [L3).

1. Basic Deformations

In this chapter we perform some preliminary calculations and reeall some useful defor
mation teehniques.
We start with warped products: Let (Mm, gM) and (Nn, gN) be two Riemannian
manifolds and f E Coo (Mm ,m>O), then M x j'J N denotes the product manifold
M x N equipped with the metric g(/) := gM + /2 . gN. The Rieci tensor Ric(g(f))
of g(f) is calculated as follows (cf. [B), 9.106.): (note that our sign convention for
ß, 6.gM =trgu HessgU differs from [BJ)

Ric(g(f))(U, V) = Ric(gN)(U, V) - gN(U, V). [( ~~Mf + (n -1)11 \7; 11

2

) 071"]
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Ric(g(f))(X, Y) = Ric(gM ) ( d1l"(X) ,d1l"(Y)) - Y.HessgM f (d1l"(X), d1l"(Y))

Ric(g(f))(U, X) = 0

where U ,V denote vertical vectors, X,Y are horizontal vectors and 'Ir is the canonical
projection onto M.

Vve will also make use of conformal deformations: Let O\1m+l, g) be a Riemannian
manifold of dimension m + 1 ~ 3 and f E COO(M, R). We are interested in g, = e2! . 9
and its related operators H essgf , a.9f and of course Rie(g,) : Again (and for the last
time) we cite from literature ((BJ, l.J.): Let be F E COO(M, IR) and v E TpM then:

HeS89f F(v, v) = HeS8gF(v,v) - 2 . df(v) . dF(v) + df(\1gF) . g(v, v)

ßgfF = trgfHess9fF = e-2
, . (ßgF + (m -1)· g(\1g1, \1gF))

Now let be r(g, )(v) =11 v 11-2 ·Rie(g, )(v, v) for v :j:. 0 the Ricci curvature in direction
v,for same v with 11 v Ilg= 1 then:

e2! ·r(g,)(v) -r(g)(v) = (rn -1)(1 df(v) 12 -11 \1gf II~) - ((rn -1)· Hessgf(v,v) + ßgf)

In this chapter we make same specific assumption on (Mn+l, g):
j\;fn+l = IRn+l and let Xo = t, Xl, ... 'X'1 be the canonical cartesian coordinates and 9
fulfills the following conditions for same k > l.

(i) gEucl.( lI, v) ~ k2 . g(v, lI)

(ii) 1I 9 lIc3 (Rn +1)< k, in particular g(v, v) < k2
• 9EucJ.(V, v)

gEu.e1.

We adapt the usual notations : gij = g (8~; ,:z;), (gi;): = (gi;) -1 and

r~. := 1 ""'1 grle (89j .,. +~ _ 89ij ) and prove a simple technical,,] 2 L..,.r=O 8:c; 8:c; fh.,.

Lemma (1.1.) Let 9 be a metne whieh fulfills (i) and (ii), then I r7; I< k1 for same
eonstant k1 = k1(n, k) .

Proof: 1grle 1= 11~:~~:;II, gi}' is same minor of (gi;)' From (ii) we get a constant k(l) =
k(l)(n, k) > 0 with 1det(gil) I, I W:: I< k(l) and (i) implies 1det(gij) 12: k(2), for some
constant k(2)(n, k) > 0, i.e.:

I r~. I<~ I grk I· (I 89jr 1+ I 8gir I+ I 8gij I) =5 3· (n + 1)k(1)2 =: k1.D
'1 LJ 8x· 8x·· 8x k(2)r=O ,,] r
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We consider some special conformal deform'ation of gwhich vary only with respect to
t· = Xo: Define Fd ,8 E ceo (IR, IR?:.O) by Fd•6 = S • exp(-1) on IR+ and Fd ,6 =0 on m<o
and !d,6( t, ... ) = Fd,6 (t)
Furthermore ehoose onee and for all H E COO(m., [0, 1]) with H =0 on IR?:.!, H =1 on
IR~o and H:(t) := H(:(t - b)), b > 0, f > 0 and h~ E coo (.fRn+l, [0, 1]) by h~(t, ... ) =
H:(t).
We eonsider 9d,8 := exp(2 . !d,6) . 9 and g~:: := exp(2 . h~ . !d.8) . 9 for ametrie 9 whieh
fulfills (i) and (ii).

Lemma{1.2.)

(i) For each b > 0 .there is a do(b) > OJ such that for d ~ do(b) holds:

(Je) -. ._
Fd,s > 0 on ]0, bJ for k - 0,1,2,3.

(ii) For each m > 0 and b > a > 0 there exists a do(m, a, b) ~ do(b) such thai for
every s > 0 holds: F;;,8 - m . ~,6 > 0 on jO, b[ and ~',s - m . ~,s > s . exp( -~)
on [a, b[, if d > do{m, a, b)

(iii) There is a constant a = a(f, b, k, D), such that for d > D and s E [0,1] holds:
1I g::: - 9 11~Euel. (R"+ 1 ) < 8 . a

(iv) For each € > 0 there exists a Dt; such that for every d > Dt: and each s E [OJ 1}
holds:

]I 9::: - 9 ll~EUCI.(H'+l)< f

Proof: (i), (iii) and (iv) are easily ehecked from the definitions. Thus we only indicate

(ii): F;;.• - m· ~.• = s ((-~ + ~) - m· ~) . exp(-1) =: s 'lPd(t) . exp(-1)
The only quaclratic term with respect to d in <I>d is ~. This term is positive, i.e. for
each c e]O, a] there is a D(m, c) with <I>d > 1 on [c, b[ if d ~ D(m, c)
Now let be d ~ do(b) (acc.(i)) i.e. F:,'8 > 0 on ]0, b[. Since ~,,(O) = °we abtain:

to

~,6(tO) = f F;;,6 dt < F:,lI(to) . to, i.e.F;;,. - m . ~,' > 0 on]O, ~].

°Hence we choose do{m, a, b) := max{do(b), D(m, ~min{a, ~} )}, then for d 2: do(m, a,
b) holds:
~'" - m . ~,11 = S • <Pd(t) . exp(-1) > s . exp( -~) on [a, b[ and " > 0" on JO, b[. 0
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2. Deformation of Foliations

We start with an estimate cf Ricd curvature of gd,,, (resp. g::~) in terms of 9 and fd,,,.
Similar results (with similar rough dependence on the background metric g) hold for
analogous deformations of metrics on m x lVJ for a closed manifold M.

Let 9 be a metric on mn +l which fulfills (i) and (ii) from §1 for some k > 1:

Proposition (2.1.) For each b > a > 0, E > 0 there are constants Cl, C2 > °
which depend only on a, b, k and the dimension, such that for d > C2, 8 e]o, 1] and°1= v E T(lR x !Rn) hold

(i) g:': =9 on lR\]O, b+ E(XiRn and 11 g:': - 9 IIc3 < 8 . Q
, , 11 Eucl.

with a = a(E, b, k, n) > 0

(ii) -8' Cl < exp(2fd,,,) . r(gd,,,)(V) - r(g)(v) < 0 on

(iii) -8' Cl < exp(2fd,,,) . r(gd,s)(V) - r(g)(v) < -8 . e-d/a on

(the upper estimates hold for each 8 > 0)

Proof:' (i) does only collect definitions and (3.1.)(ii). Since r(g)(v) = r(g)(,\ . v) for
each ,\ f:. 0, we can assurne that our v fulfills 11 v 110= 1 we can now use the formula for
the conformal change of the Ried curvatures from §1 to prove (ii) and (iii). We start
with the simple estimate for (I dfd,,(V) 12 - 11 T;Jg fd,,, 11;) :

11 V9h. 11: = Id/d.. I: = 1a~~.. 12 . 1dt I: = I~.• 12 • 1dt I; <

2 tP 2d) 2 1
S • t4 . exp(-T .k (I dt 10 = sUPllvll.=l dt(v) I< SUPllvH.

Eud
. =k I dt(v) 1= k).

Hence (sinee 82 :5 s for S e]O, 1]):

-8 . 2 . k2d2/t4
. exp( -2d/t) :5 -2· 11 \10 fd,,, 11;=1 dfd,,,(V) I; - 11 \19 fd" 11;< °

Now we can turn to the term (n - 1) . H essgf(lI,lI} + ßgf, which estimate is more
complicated.
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Let TV be the geodesic with respect to g with TV(O) = P and 1v(0) = 11 and 7r :

m x mn -+ m the canonical projection and hv := 7r 0 TV'

Hessg!d,6(lI, 11) = (fd,. 0 ')'v)'(O) = (Fd,s 0 7r 0 ')'v)"(O) = (Fd,1I 0 hv)"(O) =

F:,II(hv(O)) . (h~(O))2 + ~,II(hv(O)) . h:(O)

n n

ß gfd,1I = tTgHessgfd,!l = L F~:II(7r(p)), (h~i(O))2 + L F~,!l(7l"(p)) . h~JO)
i=O i=O

eO, ... en denotes on orthonormal bases in Tpmn+1 with respect to g. This yields :

• n n

~',11 • ((n - 1)(h~(O))2 + L(h~i(O))2) + ~,11 • ((n - 1)h:(O) + L h~i(O))
i:;::Q i=O

Lemma (2.2.) There are constants ci", ci > 0 resp ci < 0 and cf > 0, which depend
only on n and k such that tor each 11 LI IIg= 1:

ci :5 Hi(g, LI) :5 ci·

Proof: Note that h~(O) = g(V91r,lI) = d7l"(lI) = dt(lI) and h:(O) = g(\7~V~,lI) since
Iv is a geodesie. Furthe~more I dt(lI) 12 :511 11 II~EW:j.:5 k2

. II v 11;, i.e. I h~(O) 12 :5 k2
.

Let be eo, ... en an orthonormal bases (w.r.t. g) with eo = A. ~ for some ..\ E [k-l, k],
then I h~o(O) 12=1 d1r(..\· :) 12~ k-2

, i.e. k-2 < (n -l)(h~(O)?+E7co(h:JO))2 :5 2nk2
,

thus for

- k- 2 + 2 k2
Cl =: ,Cl =: n

Now we will show [ H2(g, v) I< C(k), i.e. c2 =: -C(k), et =: +C(k) will fulfill the
claim. From h:(O) = g(V'~vg1r, 1I) and the Cauchy-Schwarz inequality it suffices to get
an estimate for 11 V'~ \791r 119'
Let xo , ... ,Xn be the background standard Euclidean coordinates. Their induced deri-
vatives ~i fulfill k- 1 :511 ~i 1/:5 k, i.e. it is enough to control 11 \7 k \7g7r 119 .,
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Now let Vo, ... ,Vn be orthonormal bases in P W.r. t. 9 and Vj = L:::o Ajk 8~Jt these Ajle
fulfills I Ajk I< k and we conclude:

n n n 8
11 \7 (J \791f 11:= L !g(\1 (J \791r ,Vj) 12~ L L A]k I 9(\1 (J \1g1f, -8) 12

lJii lJmi ~ X Je
j=O j=O k=O

n n 8 a 8
$ 2 . e L L(I 8X/(V97r, 8Xk) 1

2 + 1 g(V97r ,V~ OX) 1

2
)

)=0 k=O

= 2 . k2t t(1 8~' (80k ) 1
2 + 1 r?k 1

2
) < 2k2 (n + 1)2k~ k1 from(3.1)O

j=O h=O t

This proof also implies the following statement which we note for later use (§6).

Corollary (from the proof above)(2.3.) Let be F E COO(R, R) with F', pli > 0
and 9 a metnc on JR:1+1 = !R x !Rn which fulfill conditions (i) and (ii)J then there are
constants (ll, (l2 > °depending only on n and k such that: ((lI' F" - (l2 . F) 0 1r ~
ßg(F 0 1f)

Now we finish the
Proof of (2.1.): From (2.2.) and F~h; > 0 on ]0, b] for k = 0, 1, 2, 3 we conclude

I

cl . F;;,6(1f(p)) + ci . F~,,, (1f(p)) ~ (n - 1) . HeSSg!d,,, (LI, v) + ß 9!d,6 ~

ci .F;;,,,(1r(p)) + ct . ~,,,(1f(p))

We collect our results for d 2: do(! ~ I, a, b) (cf. (1.2.)):
1

(1)
)

2 cF- 3d + (d 1 d + d ci-s . 2(n - 1 . k . t4 . e- T - Cl . s· t - 2) t
3

• d· e- 1 - Ci . 8 • t
2

. e- 1 ~

exp(2!d,,,) . r(gd,,)(V) - r(g)(v) < -Cl" . F;;,.(1f(p)) - c2 . ~,,,(1f(p))

Since Cl > 0 and c2 < O,we conclude from d > do that the expression on the right
hand side is "< 0" on ]0, b[ x IR!' and 11 < -8 . exp( - ~)" on [a,b[ x IRn
Now let be (t, d) e]O, b] x m~l and p, q E 7Z>0: ~;aexp( -1) < max{l, tfi} . (1)P+Q .
exp(-1)!!~ 0, therefore we get

t

2 rF 2d + d 1 d
Cl:= sup (2(n-1)·k 't4.e-T)+ sup (cl(--2)t3·d.e-I)

]0, b[, d ~ 1 ]0, b[, d ~ 1 t
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d d+ SUp (ct 2"e- t ), and we conclude
)0, b[, d 2: 1 t

o < Cl < +00 and - 8 . Cl is a lower bound for the left hand side of (1). Thus this

Cl and C2:= max{l, do(! ~ r, a, b)} fulfill our claimes (ii) and (iii). 0
Cl

Next we generalize these results to topologically (trivial) foliations by closed manifolds.
Let iV!" be a closed manifold and 9 a fixed metric on IR x M". j\1n can be covered by
a finite collection of charts fi : Vi -+- IR", Vi e M open, i = 1, ... m such that there are
euclidean balls Bi ce B~ ce fi(Vi) with lvI = Ufi-1(B i )

i

Of course this also yields an atlas of m x 1\1: id X !i : m x Vi ---+ IR x mn . Choose
hi E coo(mn

, [0, 11), such that hl =1 on Bi, hi =0 on mn \ B~ and define hi := hi 07rn ,

where 7rn : IR x mn ~ IRn is the canonical projection.
Considet the metric gi := hi . (id x fi). (g) + (1 - hi) . gEucJ.'
Note that gi depends on the particular choice of charts fi and functions hi . To empha
size and clarify this we introduce a

Definition (2.4.) A set D = {(li, ~,B~, Bi, hi ), i = 1, ... m} as above is called defor
mation atlas 0/ IR x M. 1/ there are constants ki (which in case are chosen minimal)
such that gEud.(V, v) < k;· gi(V, v) and 11 gi IIciEucl.(.Rn+I):5 kiJ than k(D,g) := mrx{ki }

is called the deformation constant 0/ 9 with respect to D.

Notice that k(D, g) depends eontinously on the choice of 9 (w.r.t. uniform norms) and
that if F : (M, g) ~ (M' 1 gl) is isometrie, than F : (M, e2GoF • g) ~ (MI, e2G 0 gl) for
G E COO(M', IR) is also isometrie. This makes (2.4.) useful for our deformation.

Let Fd,s and H be as in §1 (before(1.2.)) tben we define again !d,6 : IR x M -+ IR
by Id,.(t,X) = Fd ,6(t) and h~(t,x) = H(:(t - b)). Furihermore we consider 9d,6 :=

exp(2!d,.) . 9 and g:;: := exp(2h~!d,.) . 9 for a 9 with deformation eonstant k(D, g) for
some deformation atlas D.

Proposition (2.5.) For b > a > 0, f > 0 there are constants Cl, C2 > 0 depending
only on a, b, k(DJ g) and dim M, such that tor d > C2, S E]O, l[ and 0 #- v E T(IR x Mn)
the following claims hold:

(i) g;': =9 on lR\]O, b+ E[ X Mn and,

1I (gi)~': - 9i IIc3 (,Rn+l)$ S • a with a = a(f, b, k(D, g), n) > 0
, ggucL
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(ii) -8' Cl < e2Jd" • r(gd,6)(V) - r(g)(v) < 0 on JO, bJ x Mn

(iii) -8' Cl < e2Jd" • r(gd,a)(V) - r(g)(v) < -8 . e-~ on [a, b[xMn

(in· (ii) and (iii) the upper estimates hold for each s > 0)

Praof: (i) is again a reformulation of the definitions and(1.2). For (ii) and (iii) we use
(2.1.) and (2.4.), i.e. we use D and consider the metries gi. Use (3.1.) for each gi:
gi fulfills gEud.(V, v) ~ k2(D, g) . gi(V,v) and 11 gi llCiEud. (R"+l)< k(D, g) i.e. we get
constants Cl, C2 > 0 depending only on k( D, g), a, band n such that for d > C2 and
o '# Vi E Tmn +l

:

(ii)i - 8 . Cl < e2Jd., • r((gi)d,a)(Vi) - r(gd(Vi) < 0 on ]0, b] x !Rn

(iii)i - 8 . Cl < e2Jd" • r((gi)d,.. )(vd - r(gi)(vd < -8 . e-~ on Ja, b] x !Rn

From the remark after (2.4.) concerning conformal invariance we conclude that with
these constants Cl, C2 the claimed inequalities (ii) and (iii) are fulfilled for d > C2 0

In applications we usually do not go into every detail as to define deformation charts
etc., this is to' avoid to become to technical; we just indicate the scheme: if we want to
use (2.5.) for UR(M) \ Ur(M) where U denotes the tubular neighborhood (triviality is
assumed) of same closed hypersurface M C (N, g) then there are three steps: Define a
map F :]r, R] x M -4 UR \ Ur and take the pull-back metric F>tt(g), next extend this
metric using cut-off functions near r and R to some product metric on m x M outside
of ]r, R] x M and use (2.5.), finally take push-forwards and recall the remark after (2.4.)
to get the desired Ric-estimates on UR \ Ur.

3. Ric< 0 on balls in three dimensions

Dur first application of the techniques described in §l and of the previous results is

Proposition (3.1.) There exists a metne 9; on 01.3 with r(9i) < 0 on BI(O) and
gi =9Eud. outside

This is done in two steps: first we construct a somewhat analogous metric on S1 x
s2#m3and then we get rici of the handle by a specific surgery.

Lemma (3.2.) There is a f E COO(IR, m>O) with f =id on 1R~1 and
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(i) there is a 8 E]O, 1[ sueh that f(r) = f(20 - r) i.e. fis symmetrie w.r.t. 0

(ii) Rie(9R + /2 . 9s2) < 0 on ]20 - 1, 1[ X 52

Proof: From §1 we know that Ric cao be calculated as folIows:

. 2 1 f' ( ]' ) 2 ]"
RZC(9R +] . 9s'J)(v, v) = 7- f - 7 resp. = -2 . f
for vertical v resp. horizontal v with llv 11= 1.
Such a f as claimed above cau be constructed as follows (details are left to the reader).
Take aoy h E COO(IR, m>O) with h =1 id Ion m5.-1 um'2. 1

, h(r) = h(-r) and h, h" > 0
on J -1, 1[' h'f! < 0,1 > h

l > 0 on ]0, 1[. Calculations similar to those indicated in (2.2.)
yield a c > 0 such that f := C~1 h( (c + l)t - c) and 0 := C~1 fulfil the claims.O.

Consider B; := B,.(±3, 0, 0) C !R3 , r > 0 and (cf. (4.2.)) the metric
90 := 9R + ]2(11 (±3, 0, 0) - idR 3 11)· 9s'J on Bt \ Bt ~ [o,3[x52

.

It is Euclidean on Bt \ Bt", thus it can be extended on lR3
\ Bt u Bi by 90 =9Eud..

Now we define

91(d) := exp (2(H:. Fd,d(4-11 (-3,0,0) - id 11) + 2(H~· Fd,d(4- 11 (+3,0,0) - id 11)) . 90

with b = 3+ 1;0 and E = 1~6. Thus we are in standard situation to apply (2.4.): Bt\Bt
interpreted as apart [0, 4[ x S2 of IR x S2 and each of the two conformal deformations
yields a controllable perturbation of Euclidean metric (i.e. the deformation constants
stay bounded for each d ~ 1).
Thus we conclude from (2.4.): for d large enough r(91(d)) < 0 on Bf \ Bt and 91(d) =
9Eud. on m3

\ BI U Bi.
Next we identify aBt with aBi by restriction of i : !R3

-i' !R3
, i(x, y, z) := (-x, y, z).

The resulting manifold is diffeomorphic to S1 x S2#JR:3 and it carries a canonical me
tric g. 9 is smooth from (3.2.)(i).
The line segment from (-3 + 0, 0, 0) to (3 - 0,0,0) in lR3 becomes (under this identifi
cation) a closed geodesie ; with trivial holonomy and length L > 0 which is isotopic to
the S1 - factor and there is a neighborhood U of; in SI x 5 2#lR3 such that Ric(g) < 0
on U.

Now we wa~t to get rid of the handle. Thus let be Ur (7) C U be a tubular neighborhood
of width r > 0 (w.r.t to g). It was proved by Gao ([G], Prop.(2.5.)) that we can choose
<Il E COO(m, [0, 1)) with <Il =1 on ] - 00, R], <Il =0 on [r' ,+oo[ such that for

9~ := <Il(L2 cosh2 dt2 + dr2 + sinh2 rd82
) + (1 - <I»9 on U,.(;)
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Ric(gcfl) < 0 holds again for suitable 0 < R < r ' < r.
This notation of 94J is with respect to Fermi-Coordinates along ,. We will prefer
another notation more adequate to solve our problems:

(URe,) \ ,,941) = (SI x]O, R[x51
, (L'~;8h)2 . 951 + 9R + sinh2r· 951)

(with L9S1 (SI) = L9S1 (51) = 21r, "-" does only indicate a distinction between the
two SI-factors)

Now we will use the following non difficult Lemma of [L5] (which is also easily checked
by the reader) which generalizes similar results by Gao, Yau [GY] and Broaks [B].

L~mma (3.3.): Let be FJ G E COO(]a, b[, 1R>0) for same a < b with P, p', G', Q" > 0
on ]a, b[, then there are constants p < a, (> 0 and f, 9 E COO(]p, b[, IR>O) with j', gl > 0
and j" > 0 on ]p, b( and:

(i) f ={~. cosh(idR _ p) {
G near b

9= sinh(idn-p) near p

(ii) Ric(j2 . 951 + 9n +92
. 951) < 0 on

Now we are ready ta give
Praof: of (3.1.): Lemma (3.3.) gives UB p < 0, c > 0 and ametrie 90 = 92

• 951 + 9R +
j2 . 951 on SI x ]p, R[ X SI and with Ric(go) < 0 such that for some small f > 0:

{

L·coeh { sinh 'an ]R - f, R[
9 = si~h(idR - p) f = L . cosh(idR - p) on ]p, p + f[

i.e. SI x {p +f} X SI can be identified in a canonical isometrie way with the boundary
of the following hyperbolic tube:

(Bl!(O) x SI, 9hyperbol. + (C . cash r)2 . 951) C IH2 X SI

such that SI x {p + f} X {e it } and aBl! x {e it } are identified.
This identification yields a smooth Ricmannian manifold which is diffeomorphic to 1R3 :

the boundary SI x Si cf the complement of a tubular neighborhood SI x B2 of the
geodesie , in SI x S2#IR3 is identified by same identifications with the boundary of
B2 x Si (c.f. Heegard - Splittings of SI x S2 and S3, [H], §2).

Thus we obtain ametrie 91 on !R3 with Ric(gl) < 0 inside Bt UBi (using the previous
identifications) and 91 =9Euci. outside.
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Finally we use again (2.4.) for m x 52. This time we interprete B lO (O) \ B1(0) as
(1, 10( x S2 C IR X S2 and obtain a d such that
g2(d) := exp( 2H5:r .Fd,I(10- 11 id 11)) . gl fulfills r(g2(d)) < 0 on BlO (O).
Scale g2(d) by a constant to obtain (3.1.) 0

4. Main Deformation

In this paragraph we cover a given manifold by balls and perform deformations (con
structed from g~) on each them such that the Rieci euryature gets more and more
negative. Note that the covering is a Besicoviteh type covering i.e. .with controlled
interseeting numbers and that this is not only a trick to get pinching constants for Ric
but it is essential even to prove Ric < O.

Since the whole proof works by induetion we ean assume the existence of ametrie g;'
with Ric < 0 on B 1(0) and g; =gEud. on !Rn \ BI (0) in dimension n. This was proved
for n = 3 in §3 and will be proved for n + 1 in §6 using the results (that is in particular
Theorem E) of this and the next ehapter.

Let A C mn be a set with 0 E A and 1I P - q 11> 5 for P i: q E A and choose für eaeh
p E A an isometry 11' on (mn ,9Eud.) with 11'(p) = 0 and define 9Ä := 1;(9;) on B I (p)
for P E A and gÄ =gEud. elsewhere.
Note that 9Ä clearly depends on the choiee of the isometries 11" The effeet of this
choice will be studied now:

Let be F: .IR" \ {O} -+0 m>o x sn-1 the well-known diffeomorphism F(x) = (li X 11, ~).

Now ehoose a fixed deformation atlas Dn on m x 5"-1 and consider gr(f1' Ip E A) :=

h""(gR+9sn-1 )+(1-h.,.)·F.(gÄ) with h.,. E COO(IR, [0, 1]), h.,. =1 on IR'50,IU!R~12+"', h.,. =
oon [120,11 + r] for same r > 0

Lemma (4.1.) There is a constant k~ > 1 with k~ > k(D'T\1 gr(fp 1 P E A)) lor each
A as described above.

Proof: It is enough to check (4.1.) for A = {D,P} with pE B13+r (0) \B3(0). For each p
the set of possible isometries 11' is compact (isomorphie to O(n)). Define I; =idR" - P
and eonsider the following mapping Qr which is eontinuous by definition of deformation
eonstants (cf. (3.4))
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O(n) x B 13+r(O) \ B 3 (O) and its image ImQr are compact. Thus we get an upper bound
k~ of ImQr' 0

Definition (4.2.) Let be (Mn, g) a Riemannian manifold without boundary and
assume existence of a complete manifold (Mn, g) with (M, g) C (1\:1, g) in the Rieman
nian sense. Furthermore assume that for each p E M holds :
expp : BlOO+p(O) ~ M is a diffeomorphism with 11 exp;(g) - gp IlcipB10o+p(O)~ €

(gp denotes 9 1 TpM) for some € ~ 0 resp. p ~ 0 which do not depend on p E M, than
(Mn, g) is called (E, p) - (resp. for p = 0 )ust (E) -) manifold and 9 (E, p) - metne.

Remark (4.3.)

a) Let be (MJ g) = (e, p)-manifold and E, peonstants with € ~ E> 0 resp. E = E= 0
and p > 0, then (l'vlr A2

• g) is (E, p) - manifold if A is large enough. In partieular
one ean reduce to case p= o.

b) For each 8 ~ 0 there is a E~ > °such that each (m, 0) - tensor field T, m = 0,1,2
on a (~) - mani/old fulfilZs:

(1 - 8) 11 T Ilc:(Bgo(p)):511 exp;(T) l1C:p(B~(p))< (1 + 8) 11 T II C1(BDQ(p))

(in particular 11 . lIcl(B~(p)) and 11 exp;(T)(.) II C1(Bgo(P)) are equivalent norms)

Dur next (and last) preliminary result is a covering lemma which is a generalization of
the weIl known Besicovitch covering lemma on IR:' (cf. [FJ J 2.8.). We will indicat.e a
proof in the Appendix.

Proposition (4.4.)

a) Let be (Mn, g) a (1) - manifold, then for each r ~ 0 there are constants c(n, r),
mo(n, r) E 12>0 such that

(i) For each m ~ mo there is a set A = A(m, r) C M with dm 2.g (a, b) > 5 + r
for a #- b, a, b E A

(ii) A = A(m, r) = {(Bs+r(a), m2. g) I a E A} is a (closed) covering 0/ M and
splits into c disjoint families Bj with

-- 2 -- 2(B lO+r (a), m . g) n (BlO+r (b) ,m . g) = 0,



15

ij : B5+r(a) and Bs+r(b) belong to the same Bj .

b) Let be fvln compact without boundary, G c Isom( M, g) a finite and non-trivial
subgroup,

F(G) := {z E M I j(z) = z /or some lEG \ {id}},

then there are constants

To(M, B, G) (> 5 tor F(G) "I 0 and = 0 /or F(G) = 0),

c(M, g, G), mo(M, B, G) E ZZ>O such that

(i) For each m ;::: mo there is a A = A (m, T) C A1 with G(A) = A, dm~.g(a, b) >
5 fora "I bE A and iJ F(G) =1= 0: distm~.g(F(G),A);:::Ta

(ii) A = A (m, A1, B, G) = {(Bs+ro(a), I a E A} is a (closed) covering 0/ 1\1 and
splits into c disjoint Jamilies Bj with

(B lO+ro (a),m2
. g) n (B lO+ro (b) ,m2

. g) = 0if

Bs+ro(a) and Bs+ro(b) belong to the same Bj 0

Now let be (Mn,B) a (1, r)-manifold. We use the notations of (4.3.) and define for
Bi := {z E M I Bs+r(z) E Bi} and A := UBi the following metric on M:

i
Let be m > Tno, B c A an arbitary subset and Ip : TpM ---+ /Rn, p E A a linear isometry
(in case (4.3.)b) with If~) alp = Dip for JE G, pE A) and hE COO(IR,(O,l]) with
h =1 on 1R$.1,5, h =0 on IR~1,6 fixed:

g(B, m, T, d, s) := TI exp(2 . Hg,'f+r . Fd,.(10 + T - dm 2.g (p, x))) . BA in x E M with
pES

{

h(dm2.g(p, x))(exp;~·gP).(I;(g~)) + (1 - h(dm~.g(P, x)) . m2 . Bon U B2(p)
~:= ~A

m2 • 9 elsewhere

(exp;~·g denotes the exponential mapping w.r.t. m 2 . 9 in p E AI)

Since A is locally finite g(B, m, r, d, s) is defined and in case (4.3.)b) it fulfills:
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j*(g(A, m, r, d, s)) =g(A, m, r , d, s) for each j E C.

Now we arrive at one af the most important results:

Proposition (4.5.) There are m1 2: mo, d11 81 > 0 (with dependences (mI, dl , SI) (n, r)
in case (4.3.)a), (mI, d1 , sl)(M, 9, G) in case (4.3)b)) such that for each d 2: d1 , S-l >
811 there exists a m > m1 with m = m(d, s, n, r) resp. m(d, s, lvI, 9, G)) such that

-Cl< r(g(A, m, T, d, s)) < -C2

for constants Cl > C2 > 0 (with Ci = Ci(n, T, d, 8) resp. Ci(1U, 9, C, d, s))

We will present the praaf in amoment, but we first derive Theorems A and C from
(4.5.):

Corollary (4.6.) There are constants a(n) > b(n) > °and for each manijöld lvi", n 2:
3 a complete meine 9, whieh Ricci eurvature /ulfills:

·-a(n) < r(g) < -b(n)

Praof: In the appendix (A 1) it is praved that each j\1" admits a complete (€, P)-metric
for € > 0, P > O. "Thus we can choose in (4.5.):

-a(n) < r(g) < -b(n)

o
Corollary (4.7.) Let be M", n 2: 3 be a closed manifold, G c Diff(M) a finite
subgroup, then there is a metne 9 on M with r(g) < 0 and G = Isom(M, g).

Proof: Choose any G-invariant metric 90 on M, again for ;\ large enough we can apply
(4.5.) to (M, A2 . go) and we obtain aG-invariant metric gl with r(gl) < 0 on M, Le.
Gelsom(lvf, 9d. Now one can perform aG-invariant perturbation of 91 such that
the new metric 9 fulfills r(g) < 0 and G = I sam(M, 91)' For such perturbations of 91
cf.[E] (8.3.). 0

Praof of (4.5.): We start with some remarks con<;erning 9A. Note that the situation
(4.4.) a) and b) are always discussed at the same time, we also adopt the notations of
(4.4.):
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(1.) There is a m(l) ~ rno (m(1)(n, r) resp. m(1)(M, g, G)) such that far each m ~

m(1),p E A c Mn

k(Dnl hr . (gR:- gS~-l) + (1 - hr ) . F.(I;(exp;~·g)*(gA)) < k~ + 1

This is clear from (4.2.) and (4.3.) b) since given € > 0 and a compact K c IRn
one can find a m ~ TnQ(m(n, T, E, K) resp. m(M, B, Cl E, K)) a set A C Mn (as in
(5.4.)) and a second set A(m) C IRn (as before and in (5.1.)) such that for each
p E 1\1 '

11 I; (exp;~·g)*(gA) - g~(m) lIc:
SUC

I. (K) < €.

(2.) This also implies (with (5.4.)) for 8 > 0
there is a m(2) ~ m(l) with
m(2) = m(2)(n, T, 8) resp. m(2)(M, g, G, 8) and

sup 1r(m2
• g)(ZI) I< 8 and J.Ln - 8 < r(gA)(ZI) < 8

O;elJETM

for m > m(2), ZI i= 0 and a J.Ln < 0 which depends only on n.
(3.) According to (4.4.) for m > .11l{) each point of M is contained in at most c diffe-

rent balls B lO+r (a), a E A. Thus for each E E]O, 1( we have from (1), (2.5.) and
(1.2.)(üi) and (iv) da, So > O((do, sö)(n, r, e) resp. (do, sö)(M, B, C, €) such that for
d ~ da, S-1 2:: sö l and each subset B CA:

r'li TI 9 5+r .r;;;' (B) := exp(2Fd,• • HO:l (10 +T - dm~,g(P, idM ))) fulfills
pEB

(i) 11 ~·(B) - 1 IIc3 (M)< €" this implies 1 < F:;;'(B) ~ 2 since € < 1
m~·g

(ü) -an< r(g(B,m,T,d,s))(ZI) < -ßn for 0 i= ZI E TBo,9(a),a E A and an >
ßn > 0 constants which depend only on n.

Define r(j) := r(g(U Bj,m,T,d,s)); now we will calculate r(j +1) from r(j) by (2.5.),
j'5,i.

in particular r(g(A, m, r, d, s)) can be from r(gA) by incluction.
We start with a metric on IR x 5n- 1 for m > mo:
g(k) := hr (9R + gS~-l) + (1 - hr)F• . (I;(exp;,n~,g)·(g(Uj'5.k Bj ,m, r, d, 8)))
this will be examined by the fixed deformation atlas Dn of IR x 5n

-
1

.

According to (3)(i) we can make 11 ~·(A) - 1 Il c9(M) arbitrary small (i.e. < f) by
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choosing suitable Iarge da, sö l
. Therefore we can assurne (since k < c) using (1) that

k(Dn , g(k)) < k~ + 2 for m ~ ma, d ~ do,S-l ~ SOl and each k.

Hence using (2.5.) and remark (4.4.) there is a do(= max{c2, da}) and 80(= min{l, so})
such that for g(k) with a = 1, b= 9,5 +r the following inequaIities < k + 1 > hold:

-8 . Cl ~ F::;'(Bk+1) . r(~ + l)(v) _ r(k)(v) ~ { ~8' e-
d

According to (4.4.) B6+r (a), a E A covers M, in particular

on UaEBh+l B9+r \ Bo,s(a)
on M \ U B9+r (a)

aEBIIl+l

A1 \ UaEA BO,6(a) C UaEA B6+r \ Bo,s(a)

Hence adding the inequaIities < 1 > - < C > (after mul tiplying < k > by (F:;$ ( U Bi)) -1),
i?k

c
since ~ < L F~8( U B j )-l ::; C and 1 ::; F:;;II(B) ::; 2 we obtain for 1/ =1= 0,

k=l i?k

nu E T(M \ UaEA BO!6(a)) :

(*) - s . c· Cl < r(c)(v) - F::;·(A)-l . r(O)(lI) < lI.c
2
-

d

i.e. since T(O) =r(gA) and using (2) we get:

-s· Cl . C - JJ.n - 8 < r(g(A, m, T, d, s))(v) < _1I.e2-
d + 8

for any 8 > 0, m ~ m(2)(8), A = A(m) and d ~ da, S-l > sö 1 note that do and 80 are
independent of 8.

-d
We choose 8 := s . : and according to (3)(ii) we obtain on M for v i= 0:

s . e-d s . e-d

- max{s· Cl' C + JJ.n + 4 ,an} < r(g(A,m,r,d,s))(v) < - mini 4 ,ßn}

Hence we choose d1 := do, SI := SO, ml := m(2)(n, r, 00) resp. m(2)(M, g, G, 00)) with
00 = JQ.e

4
-clo and for each d > dll S-l > sll (and 0 = •.~-d) there is a m ~ ml with

-Cl< r(g(A, m, T, d, s) < -C2



-d -d
1" ._ { S . e }._. {S' e ß}Lor Cl .- max s . Cl . e + fJn + 4 ,an, C2 .- ffiln 4 ,n'

5. Applications
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o

The proof of (4.5.) implies most of Theorem E:

Proposition (5.1.): Let be S C Mn a closed subset 0/ a mani/old Mn, n 2:: 3, U :J S
an open neighborhoods, go any metnc on U with r(go) < 0 (resp. ~ 0), then there is a
metne 9 on Mn with:

(i) 9 =go on S

(ii) r(g) < -1 on 1\1 \ Ü

(iii) r(g) < 0 (resp. ~ 0) on M

(iv) A~l . Vol(W, g) ~ Vol(W, go) ~ An . Vol(W, g)

for each measumble set WeM and a constant An depending only on n.

Proof: We first assume that (Mn, go) is a compact Riemannian submanifold of a COffi

plete (1) - manifold (Mn, g) with distg(M \ U, S) > 50.

Denote {Z E M I distg(z, W) < r} for same W c 1\4 by Ur(W) and consider the sets
A(m, 0) C (M, g) according to (5.4.)a)(ii) and the metrics

g(m, d, s) := m-2
• g(A(m, 0) n U'};()(M \ U), A(m, 0) n U20 (M\U), m, 0, d, s)

For suitable large d, S-l and m we abtain from the proof of (4.5.) adding the inequalities
< 1 > - < c> (in the praof af (4.5.)) for all a E AnU20(M\U): r(g) < -C2 on M\
Ü and 9 =90 on 5, furtherrnare if m is large enough we get from (*) in that proof:
r(g) < 0 on U.

For (iv) we note that obviously exists a constant rn > 1 such that r;l .Vol(W, gEud,) ~
V ol(W, g~) < rn . V ol(W, 9Eucl.) for each. measurable subset of /Rn, when 9Ä is defi
ned as in the beginning of §5 and r n does not depend on the choice of A. Hence
gA(m,O) on (M, g) fulfills the analogaus inequalities for ~ := rn + 1 if m is chosen large
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enough. Finally g(A, m, 0, d, s) differs from gA(m,Q) by a eonformal sealing function f
with 1 :5 I :5 2c , i.e. choose An := 2C

• (rn + 1).

It remains to diseuss the case where (Mn, g) is not a compact Ricmannian submanifold
as above. .
But this can be reduced to this ease by an exhaustion of M by manifolds of the above
type.
The new metries will be defined by induction on the differenee manifold of two elements
of that exhaustion sequence. Henee we do change the metrie constructed before at most
two times. This also allows to prove (iv) in that ease and using inductively larger scaling
factors we also get r(g) < -const. < 0 the resulting limit metric on M \ Ü. D.

(5.1.) implies Theorem D: take U = S = 0 and any eomplete metrie 9M with finite
volume:

Corollary (5.2.) Each manifold Mn, n > 3 admits a complete metnc 9 with r(g) <
-1 and Vol(M,g) < +00.
Furthermore we ean deduee Corollary G from (5.1.):

Corollary (5.3.) Let be lWn
, n ;::: 3 a compact manifold with boundary 8M i:- 0 and

90 any [ixed metne on 8M, than there exists a metne 9 on M with:

(i) 9 =90 on 8M

(ii) r(g) < 0 on M

(iii) eaeh component 0/8M is totally geodesie.

Proof: Let be Nt, ... Nm eomponents of 8M and Ui disjoint neighborhoods of these Ni
each of them diffeomorphie to ]-1, 0] x Ni' Now let be 9i the restrietion of 90 to Ni and
I. E COO(] - 1, 1[, 1R~1) a function with li(r) = li( -r), h' > 0 and li(O) = min li = 1.
The warped product formulas from §1 yield

u ( ')2Ric(gn + 11· 9i)(LI, LI) = Ric(9i) (LI, LI) - !t - (n - 2) ~ ,
11

Ric(gR + 11· gi)(ii, ii) = -(n - 1)ty- Ric(LI, z/) = 0
for vertical 11, resp. horizontal ii with IIv 1/=11 ii 11= 1
From this we conclude: if I;' (0) > 0 is large enough, then Ric(gR + li2 . 9i) < 0 on

] - 3€, 3f[ X Ni far each i and suitable small € > O. Now consider ametrie 9 on M with
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9 = 9n + fl .9i on the subset of Ui diffeomorphic to ) - 2c,0) X Ni. Now we apply
(5.1.) and get a metric 9 on M with r(g) < 0 and 9 = 9 near 8M. Furthermore from
f:' (0) > 0 and f; (0) = 0 we conclude that (Ni ,9i) is totally geodesic. 0

Finally we will briefly indicate a simple proof of Corollary B, which was proved in
different way with more analytic eifort by Bland and KaUm [BIKJ resp. Aubin [AJ

Corollary (5.4.) Eaeh manilold lvIn 1 n ;::: 3 admits a complete metne 01 constant
negative sealar eurvature.

Praof: Accarding to (4.6.) Mn admits a complete metric gM which scalar curvature
SgU is bounded by two negative constants: -c < SgM < -k, for some c > k > O. Now.. .

we want to find a metric 9 = un-~ .gM with Sg =-1, i.e. u must be a positive solution
of the Yamabe equation (cf. [LP]):

A + S 0: 411.-1 n-l
-, . U gU U gM . U = -U 1 '"'( = 11.-2' a = n-2

1 1
Eut -c < SgM < -k implies that ü := kQ-l resp. uO: := CQ-l are positive Sub· resp.
Supersolutions of this equation.
Thus we are left to use the usual standard procedure (cf. [KJ, §3) to get solutions U n

with U- ~ U n ~ u+ on a sequence lvln of compact manifold exhausting M.
Using clc,a a-priori-bounds on each U n from elliptic theory a subsequence of the U n

conver~es to a solution u defined on M. u fulfills u- ~ u < u+, hence it is positive and
9 = un-~ . gM is complete. 0

6. Ric< 0 on

In this chapter we will conclude the existence of g; on IRn+l, n ~ 3 from Theorem E
for n-dimensional manifolds:

Proposition (6.1.): There is a metne g~+1. on lRn+l , n > 3 with r(g~+I) < 0 on
Bl (O) and g;+1 =9Eud. on mn+1\Bl (0).

The praof of (6.1.) proceeds in two steps. We start with the construction of a certain
metric with Ric < 0 on SI x SI X Bn-l c SI X SI X.IRn-l. We write $1 x SI X Bn-l

to distinguish th; two SI-factors. We will use again the functions Fd(t) := exp(-~)
which turned out to be useful in §l and §2 and define on $1 x SI x B;-l \ B~-l
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g(d, d.) := ((Fd(r - 2) + 1)2 . g51 + exp(2FJ(3 - r)) . (gSl + gEuJd.))

with r = r(l, t, X) = dist((l, t, X), SI X SI X {O}) =11 X 1I9EucJ.' d, d > o.

Proposition (6.2.) There are do,do > 0 with Ric(g{do, da)) < °on SI X SI X B3 \ B2

and Ric :::; °on the complement.

Proof: We first consider the second part of this metric:

g{d) := exp{2FJ(3 - r)) . (gs1 + gEud.) =: exp{2FJ {3 - r)) . ge

Let be F : m>o X SI X sn-2 ~ SI X mn - l \ {o} the diffeomorphism defined by
F(r, eit

1 x) := (eit
, r . x) and

gF(d) = 4> . F*(exp(2FJ(3 - r)) . ge) + (1 - 4» . (9R + gSl +9sn -'J)

with cI> E COO(IR, [0, 1]), <I> = 1 on m5:0,5 U IR~5 and 9R,9s1 and 9sn-2 the standard
metrics on these manifolds.

Now fix a deformation atlas D of (IR X (SI X sn-2), gF(d)) and consider the metrics
(gF(d))i on mX !Rn-I , i = 1, ... k, cf. §2. According to (1.2.)(iv) we can find for each
€ > 0 a da such that for d ~ da and 9Ö := cI> • P$(ge) + (1 - cI» . (gR +9$1 +9sn-2) and
each i holds:

Hence for suitable large do there is a k > k(D, gF(d)) for all d > da and we mayassume
that da is chosen such that for each d~ da : exp(2FJ(3 - r)) E [1,2] on [0,6].
Using this we obtain:

(i) from (2.3.) and (1.2.)(ii) on ]2, 5] X mn
: Ag(J)Fdo(r-2) > °for same do(k, n) > 0,

since da can be chosen such that Fdo(r - 2), F~(r - 2) > 0

(ii) acc. formula (*) in §2 (proof of (2.1.)) there are constants Cl, C2 > °depending
only on k and n such that for 11 ii 1190= 1 :

F .. n" n'exp(2FJ(3 - r)) . r((g (d))(ii):::; (-Cl' r J + C2 • r J)(3 - r)

on [1,4] x $1 X sn-2, since r(ga) =0 on this domain. Consequently for d > da :
r(g(d))(lI) :::; (-1" .F:i + C2 • FJ)(3 - r) on $1 X SI X B4 \ BI for 11 ii 1190= 1 :
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Now we are ready to examine g(d, d) using warped product formulas (cf. §1): 51 is
the warped fiber, $1 x B5 \ BI the base space. According to (i) we obtain for vertical
vectors LI i:- 0 and d ;::: da:

. - .6.g{J)Fdo (r - 2) { < 0 on SI x 51 X B5 \ B2
Rzc(g(do, d))(v, v) = - F: ( 2) . gSI(V, v) 0 S-1 51 B- \ Bdo r - + 1 < on x x 2 1

The situation for horizontal v i:- 0 is more complieated:
Let be 1r : SI X 51 X B5 \ BI ~ SI X Bs \ BI the canonical projection as in §1, then we
have to show (cf. §2):

Ric(g(d))(d7r(v), d7r(v)) - H;'S((,J)FdOr - 2) (d7r(v), d7r(v)) < 0
do r - 2 + 1

From (ii) we have for v with go(d1r(v), d1r(v)) = 1:

(**) Ric(g(cl))(d1r(v),d1r(v)) ~ (-~ :F~ +c2'~)(3-r)

. On the other hand using the transformation formulas for conformal deformations of
§1:

Hessg{J)FdQ(r - 2)(d7r(v), d1r(v)) = Hessg.Fdo(r - 2)(d7r(v), d7r(v))

-2 . dFJ(3 - r)(d7r(v)) . dFdo(r - 2)(d1r(v)) + dFd(3 - r)(Vg
• FdQ(r - 2))

Note that H essg• FrJo (r- 2) is positive semidefinite, since Fdo (r- 2) is cylinder symmetrie
on(SI x B5 \ B 1 , 951 + 9Eud.) with Fdo , F;;o ;::: O.

The two remaining terms on the right hand side ean be estimated as follows:

Hence I Fdo (r - 2) + 1 I?: 1, Hessg• FrJo(r - 2) positive semidefinite and (**) imply:
Ric(g(do, d)(v, v) < (-~ .FJ + C2 . FJ)(3 - r) + c(do)' I FJ I (3 - r)

Now (1.2.)(ii) (for b = 2.5 and a eJo, 1[ arbitrary and m > 2 . Cl+~do)) yields for this
inequality:
For suitable large d> da the right hand side is "< 0" on $1 x SI X B3 \ BI and ":5: 0"
on SI x S1 X Es \ B3 choose such a d and denote it (for simplicity) again by do, then
g(do, da) fulfills the claims. 0
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The second step in the proof of (6.1.) consists in finding a suitable embedding of
S1 x 51 X B~n-1):

This is exactly the point where the induction hypothesis, i.e. Theorem E (i.e. Prop.(5.1.))
for n-dimensional manifolds, enters. We get from (5.1.):

Corollory (6.3.)

a) On B4 c mn there is a metne 9 with

(i) 9=9Eud. on Bl \ B~
(ii) Rie ~ 0

(iii) Br contains a subset V isometrie to

(51 x B;-1, (Fdo(r - 2) + I? . 951 + 9EucI.)

b) on $1 x B;-1 there is a metne 9 with Ric ~ 0 and

(6.2.) and (6.3.) imply

Lemma (6.4.) On $1 X !Rn there is a metne 90 with

(i) 90 =9~1 + 9Eucl. on $1 X !Rn \ B~

(ii) Ric(9o) < 0

(iii) Ric(go) ~ 0

on S1 x Bi
:2

Proof: Let be f : (V, g) -+ (51 x B;-I, (Fdo(r - 2) + 1)2 . 951 + 9Eucl.) an isometry,
then F = idS1 X f is also isometrie (w.r.t. product metrics) and we consider the metric
9= (Fdo(r - 2) + 1)2 . 951 + 9 on $1 x 51 X B;-1. This metric 9 equals

9s1 + (Fdo(r - 2) + 1)2 . 951 + gEucl. (in particular it has Ric < 0) anS I x SI x Es \ B3

g(do, do) (withRic< 0) on $1 x 51 X B3 \ B2 and
95.1 +9 (with Ric < 0) on S1 x 51 X B2•

on SI X !Rn \ B;
on $1 X E'4 \ V
on S1 X V
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and consider a diffeomorphisrn h : mn -+ mn with h =id on mn
\ Bi and h(Br;.) ce

_ 2

1-1(51
X Ba \ B2) ce Bi.

From the previaus constructian it is clear that go := (idsl X h)*(g·) fulfills our claims.
o
Now we are ready to enter inta the
Praaf: of (6.1.): Let be Im : $1 X mn ~ $1 X mn the rn-fald cavering fm(e it ,X) :=

(eimt,x) and 100: m X !Rn -+ $1 X mn, foo(t,x) = (eit,x).
We define go := f:'n(go), i.e.:

{

m 2
. g$1 + 9Eud.

90 = has Ric < 0

has Ric < 0

on $1 X mn \ Br
on $1 x B~

_ 2

on SI X Br
90 and 90 are lacally isometrie via fm.

Now be I'm(t) := m(cos t, sin t, 0, ... 0) E mn+l a drcle of radius m and length 27r . m.
vVe cansider (for large m ~ 5) the diffearmarphism Fm : SI X B~ -+ mn+l onto
Im Fm = U4 (tm) with

Fm ( eit
1 Xl, ... X n ) = m(cos t, sin t, 0, ... 0) + (Xl' cas t, Xl . sin t, X2, ... x n )

Now we are ready ta define the most important metric

g(m) := h(r) . (Fm ).(9o) + (1 - h(r))9Eud.

with r := dist(x, 1m), h E Coo(m, [0,1]), h =1 on !R5:2 , h =0 on IR?3

We will check now that exp(2· Fd ,6 • Hg:~(r - 4)) ·9(m) has Rie < 0 on U4 (1m) and is
Euelidean outside U4(1m) for a suitable choice of m , d and s:
We can examine (SI X JEt, exp(2Fd,6 • Hg:~(r - 4) . 90) by (2.4.):
take Mn = $1 X sn-I, !R X Mn :J IR>O X $1 X sn-l OI! $1 X !Rn \ {O} and consider a
deformation atlas for m x Mn. It is clear from (2.4.): there are dl , sö l such that for
d > dl (since r(9o) :5 0) the following holds:

3,8 { < 0 on SI X B4
r(exp(2Fd ,6Q • HO,l (r - 4))· 90) < _6Q.exP2(-~) on

. $1 X B3,B

and exp(2Fd ,6 • Hg,'~(r - 4)) . 90 =90 otherwise.
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On the other hand (2.4.) yields da ;::: d1 such that for each m > 5, d > da, S EJO, 1[ :
r(exp(2Fd,,, . Hg,'~(r - 4)) . g(m)) < 0 on U4(,m) \ U3,5(,m) (where g(m) is just the
Euclidean metric).

Now define Tm,i(XI I " 'Xi," .xn+d := (XII'" ,Xi +m, ... Xn+l) then T~,2(9(m)) con
verges compactly w.r.t. any Ck·norm to goo := f~(90), furthermore since

100 : (IR x lRn
, exp(2Fd,s . Hg:~(r - 4)) . 900) -lo (SI x mn

, exp(2Fd,,, . Hg,'~(r - 4)) . 90)

is a Riemannian covering we obtain from this and the rotational symmetry oi g(m)
w.r. t. rotation of angle ;: in the Xl - x2-plane: for suitable large m:

r(exp(2Fd,s' Hg,'~(r - 4))· g(m)) < 0 on U3,S(,m),

hence on U4 (,m)'

Now use again (2.4.) for mx sn: take a point P with B1(p) C U4(,m) and a ball BR(p)
with U4(,m) C BR(p) and take the diffeomorphism

f :] - 2, R[x sn -lo BR+2(P) \ {p} c mn +l
, f(t, x) = (R - t) . X + p.

Now consider the following metric g on IR x SI

9 = h· (gR +gsn) + (1 - h)· f·(exp(2Fd ,,, • Hg:~(r - 4)) . g(m))

for h E Coo(lR, [0, 1)), h =1 on mS- 1 u m?R-O,l, h =0 on [-~, R - 0,2].
(2.4.) yields D and § such that r(exp(2FD ,s . H~lo,3) . g) < 0 on [-~, 2, R - 0,2] and
this implies

exp(2FD,s . H~lo,3(11 P 11 - 11 p - id 11)) . exp(2Fd,,, • Hg:~(r - 4)) . g(m))

has Ric < 0 on BR(p) and is Euelidean outside oi BR(p).

Appendix

o
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In this appendix we indieate proofs of some elementary technieal results used in parti
cular in §4 and §5.
(Al:) Let be e > 0, r ~ 0, then eaeh manifold M admits a eomplete (e, r)-metric.

Praof: Onee given E, rand a closed Riemannian manifold (M, g) finds a large ,\ ~ 1,
such that (M, ,\2 . g) is a (e, r) manifold.
Thus we are left to prove the claim for non-compaet M. Such M admits an exhaustion

o _

Mi+l-::J Mi (Mo := 0) by countably many compact manifolds Mi with aMi '1= 0. Now
o _

fix metrics gi on aMi and define a eomplete smooth metrie g(i) on Mi+l \Mi which is
isometrie to (JR+ x aMi,9R + 9i) resp. (JR+ x 8Mi+1 , 9R +9i+l) near the boundary.

o _

'vVe can choose Ai > 1, such that (lVfi+l \iVli,'\r . g(i)) is a (~, r + 1)-manifold. Finally
one has to glue these parts tagether and it is enough to find a cfl i E COO(IR, [0,1]) with
cfl i =0 on m$.o, cfl i =1 on m?Ci for some Ci ~ 1 such that

(m x aMi, gR + (A~ . CPi + (1 - cfl i ) . '\~+l) . 9i) is a (E, r)-manifold

But this is a easily done taking <I>i =<I>(ri . idR ) for same fixed <I> E COO(IR, (0,1]) with
<I> =1 on IR?l and a small r i > O. 0

(A.2): There is an e = e(n, r) > 0 and a constant c(n, r) E yz>o, such that for each ll

dimensional (E, 10 . r)-manifold M, there exists a covering A = {Bs+r(p) Ip E A}, A c
M by closed balls such that A splits into c(n, r) disjoint families Bi' 1 :$ j < c(n, r)
with

(i) B lO+r(a) n B lO+r(b) = 0 for Bs+r(a), Bs+r(b) E Bi

(ii) a ~ Bs+r(b) for a, b in A

Proof: We choose E(n, r) > 0 such that for each n-dimensional (e, r)-manifold inj(M)
> 50 + 5 . r and the sectional curvature K fulfills k E [-1,1).:- Now let SeM be a
eountable dense subset (8 = {ai I i E yz?o) and B := {Bs+r(p) I p E 8}. We define a
map i : 8 ---. yz?o by i(ao) := 1 and:

i(an+l) := { ~in{m I d(a"" lLn+d > 20 + 2r} U {n + I}
if l2n+l E Ui<n B5+r (ai)
otherwise -

and Bj := {Bs+r(am ) E Bj I i(am ) = j}, A := Uj;~:l B, A := {a E S I i(a) ~ I}

It is obvious from this definition, that Bi n Bi = 0 for i =F j and that (i) and (ii) of
(A2) are fulfilled.
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Thus it remains to check that there is a constant c(n, T) independent cf the (€, 10 . r)
manifold Mn such that Bj = 0 for j > c and that A is a covering of M.
Since inj(Af) > 50 + 5 . rand K E [-1,1], we obtain from the comparison theorem
of Bishop: there are constants k1(n) > 0, k2(n, r) > 0 with k1 < VoI M (B2(p)), k2 >
VOlM(B30+3r(P)) for each P E M and we define c(n, r) := ~.

Now assume Bs+r(a) E B c+l, then B lO+r(a) n B10+r(pd 1: 0 for c different Pi E A, 1 :S
i ~ c, i.e. BZ(Pi) C B 30+3r(a), this leads to a contradiction since:

(c + 1)· k1 < l: Vol M(B2(Pi)) +VolM(Bz(a))
= VolM(U BZ(Pi) U B2 (a)) :S VoI M (B3D+3r(a)) :::; k2

Finally A is a covering, otherwise there would be a p E U := M \ UaEA Bs+r(a). But

A is a locally finite, i.e. U is open and there is a q E S n U with Bs+r(q) E A and
p E Bs+r(q) which contradicts aur assumption. 0

Finally we briefly indicate haw to get the "G - invariant"version of (A2), where G
denotes a finite, non-trivial subgroup of Dif f(M) and lvI is a closed manifold:
Let F(G) := {z E M I z = f(z)for a f E G \ {id}} and (Ur,g) := {z E M )
distg(z, F(G)) < r}, then same elementary considerations using Fermi coordinates
yield:

(A3):There is ~ ro = ro(M, g, G) > 5 and a 'T11o(M,g, G), such that for m ~ mo

min{dm:l.g(x, f(x)) I x E (M \ Uro, m Z
• g), f E G \ {id}} >·5

This and the proof of (A2) are the main ingredients to get an analogous G-invariant
covering:

(A4): There are constants ml > mo, c, ml (M, g, G) c(M, B, G) E .7Z>o such that for

each m ~ ml there is a set Am C (M \ Uro, m 2 . g) with G(Am) = Am such that Am
splits inta c disjoint families Bi,m with:

(i) BlO+ro(a) n BlO+ro(b) , if a, b E Bi,m

(ii) a ~ Bs(b), a, b E Am

(iii) M \ Uro C U BfJ(a), M = U Bs+ro(a)
aEAm aEAm

Mathematisches Institut, Universität Bonn, Germany
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The space of negative scalar curvature metries

Joachim Lobkamp
Mathematisches Institut, Beringstrasse 4, W-5300 Bonn, Federal Republic of Germany

1 Introduction

The topology of the spaee of positive sealar eurvature metries S + (M) on a closed
manifold M has been studied by Hitehin, Gromov, Lawson and Carr (cf. [LM, IV,
§9]) and it turned out that the topology of S + (M) is quite complicated; there are
manifolds M such that the ith homotopy group tt{(S + (M)) is non-trivial for some
(probably arbitrarily great) i ~ 0 and even the "moduli space" S + (M)jDiff(M) can
have infinitely many path components.

In this paper we will have a look at the natural counterpart: the topology of the
space of negative scalar curvature metncs S - (Mn) on a closed manifold Mn of
dimension n ~ 3.

We will prove that S - (M) (which always is non-empty by [A] resp. [KW]) is
always connected and aspherical:

Theorem 1 tti(S - (M)) = 0, i = 0, I, 2, ....

By Theorem I using a general result of infinite dimensional topology due to Palais
and Whitehead (cf. [P, Theorem 15 and corollary]) we get a eomplete insight iuto
the topology of S - (M):

Theorem 2 S- Ud) is contractible.

From this we get the same information for the spaee of metries with constant
negative scalar curvature = - I denoted by S -1 (M).

Corollary. S -1 (M) is contractible.

Note that on the other hand .S-(M) and S_ dM) are never convex (cf. [LI]).

2 Continuous extension

We are only eoneemed with closed C co-manifolds and C 'Xl-Riemannian metnes
defined on them. Onee given a manifold M we fix some reference metrie gM on
M and consider the space of all Cco-metrics o///(M) on M equipped with the usual
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COO-topology whieh is the Freehet topology defined by all the Ck-norms 11"llk
on 1\1.11" Ilk is defined with respect to gM, but the topology does not depend
on gM'

Now letf: Si ~ S- (M) be a eontinuous map, we are looking for an extension
of f on B i + 1 := B6 (O) c IR i+ 1. Si == 8B6 (O), i.e. a eontinuous map F: B i + 1 ~

S - (M) with FIS' =f
We start our construction of F by some trivial extension F 1 of f defined as

follows: Let 90 be any fixed metrie on M and (x, t) E Si X [0, 6J/S i X {O} == Bi + 1

(polar coordinates) then we define

F( )
._{(1-t)"go+tOf(X) onSix[O,IJ/Six{O}

1 x, t . - f . {(x) on Si x [1, 6J/SI x O}.

Obviously F 1 is a eontinuous map with image lying in .JI(M). Our goal will be to
find deformations of F 1 inside of Si x [0, 5J/S i x' {o} such that the image of the
defonned map lies in S - (M).

3 Main deformation

Let Ni, i = 1,2 be closed manifolds of dimension n::::: 3, Pi E Ni fixed base points,
9i and Bi metries on NI, gi with injectivity radius inj(N h gi) > 5. Now we define for
Ai > 1 new metries on N i \ {pd by

hE COO(IR, [0, IJ) with h == 1 on lR ~3, h =0 on IR?;4 and GA./: = ft(gR + gsn-I)
wheref;'j: Bs(pd\ {pd -+ JO, 5[ X 5"-1 is a diffeomorphism defined as follows: Fix
a linear isometry I i : ( TPi N (, gi) ~ (lR", 9eukl.) and eonsider the usual polar coordin
ates on IR"\{O}:P:lR"\{O} ~ 1R.>OXS"-I, P(z)=(llzll,z/llzll) and define
IA.,(z):= P(i.i"(Iio(exp~)-I(z))) where exp~ denotes the exponential map in Pi for
h '"2t e metne )"i "gi.

By definition a(N 1 \Bdpd) and 8(N 2\B dpz)) equipped with these metries
are isometrie and ean be identified by the orientation preserving isometry
i(Ä 1 , Ä2 ) := f;/olA.1 yielding NI #jN 2 together with a smooth metrie denoted
by

Now we specialize to NI = M, gl = gM (a fixed referenee and base metrie, with
inj(M, gM) > 5), g; = 9 (varying metries), )"1 = )", PI = P and N 2 = sn, 92 = g*
(a fixed metric with inj (S", g*) > 5), 9z = 9" (a fixed negative sealar eurvature
metrie on sn, A2 = IJ, P2 = q.

From the eonstruetion above it is clear that there is a family of diffeomorphisms
F()", p): M -+ M # sn with F(tl, IJ) =id on M\B 3 (p) which ean be chosen such that
the metries G(g,i..,J-l) := F(),.,J-l)*(g(),.,gM,g)#i(A..~)g(p,g*,g"))depend continu
ously on ),. and IJ.

Now we are ready to define for Ao ~ 1, J1.1 ~ Po ~ 1, (x, t) E B{+ 1



on Si x [4, 6J/S i x {O}
on Si x [3, 4J/S i x {O}
on Si x [2, 3J/S i x {o}
on Si x [1, 2J/S i x {O}

on Si x [0, IJ/Si x {O}.

The space of negative scalar curvature metries

F2( Ao, J.lo, J.ll' X, t): =

f(x)
((4 - t)o).a + (1 - (4 - t)))of(x)

(3 - t) ° G(f(x), Ao, flo) + (1 - (3 - t)) ° i.5 °f(x)

G(f(x), i.o, (2 - t) °!J.l + (1 - (2 - t)) ° Po)

G(Fdx, t), ;'o,,ud

We claim

Proposition 1. There are ).0, 1l0,,u1 such that (F 2(X, t): = )F2()'0, flo, Jll' X, t) is
a continuous extension 0/f with

(i) F2 (x,t) =f(x) on Si x [4,6J/S i x{0}
(ii) !/(M, F2(X, t)) < 0 on B i + 1 (where !/(U, g): = Sv SgdVolg).

Proof The continuity of F 2(x, t) and (i) follow directly from the construction
above. It remains to show (ii) for appropiate Ao, ,uO,,u1, which is trivial on
Si x [3, 6J/Si x {O}.

The following estimates are easily checked noting !/(U, Ä2 ° g) = Ä"-2 ° !/(U, g),
A > 0 (Br ( p) with respect to A. 2. gM):

(1) there is a flo > 1, independent of ). f; 1, x E Si, such that
!7(B4 (P), G( f (x), )., p)) < °fo r Jl ~ Po

(2) given k > 0 there is a Ä(k) ~ 1 such that for x E Si:
!/(M\Bs(p), Ä2(k) °f(x)) < - k

(3) there is c > 0, independent of ). ~ 1 and (x, t) E Si X [2, 3J, such that
!7 (B s(P), (3 - t) ° G(f (x), Ä, ,uo) + (1 - (3 - t))· A2 f(x)) < c

(4) given K > ° there is a p(K) ~ Po independent of ). ~ 1 such that
!/(Bs(P), G(F 1(x, t), A, p(K)) < - K for each (x, t) E ßi+ 1.

Now we verify (ii) on Si x [0, 3J/S I
X {O} for Po as in (1), i.o : = ).(2c), PI :=

!J.( Iml + 1), where m: = rnaXBI+ I Y(M \Bs(p), ).5 ° F dx, t)): on

Si x [2, 3J/S i x {O}: !/(M, (3 - t) ° G(f(x), ),0, /lo) + (1 - (3 - t)) ° ).6f(x))

= !7(Bs(p), ... ) + Y(M\Bs(p), ... ) < ~ c < 0, by (2) and (3)

on

Si x [1, 2J/S i x {o}: 9'(M, G( f(x), ).0, (2 - t)P1 + (1 - (2 - t)) ° /lo)) < °
by (1) and f(x) E S - (M), on

Si x [0, IJ/S i x {O}: .5fJ(M, G(F dx, t), Äo, pd)

~ m + .5fJ(Bs(p), G(Fdx, t), i.o, .ud) < - 1 by (4). 0

4 Eigeovectors of the Conformal Laplacian

The scalar curvature So transforrns under conformal deformations 91 = U
4
/"-2 ° g,

dirn M = n ~ 3, according to (cf. [K, (3.2)]:

n-l n+2
Lgu= -yoL1gu+Soou=SYlou:X, }'=4--, 0:=--.

n-2 n-2

We are interested in the linear operator L g which is sometimes called "conformal
Laplacian".
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Recall from [K, 3.A], that the first eigenvalue Adg) of L g , which fulfills

Adg) = inf S (y oll Vu 11 2 + 5g • u2)d Vg!Ju2
• dVg == inf JIl(u),

ueC'" (M). u ~ 0 M M

has a one dimensional eigenspace generated by a (unique) eigenvector v(g) E

COO(M) with v(g) > 0, max v(g) = 1.
For completness we will show the following hardly surprising fact, which is

hard to quote explicitly from literature:

Proposition 2 If gn -+ 9 with respect to the COO-topology, then Ädgn) --... Adg) and
v(gn) -+ v(g) also with respect to the C OO-topology.

Proof From the definition of Jg(u), we get for e > 0 same no, such that:
(1 - e)1 Jg (u)1 ~ IJg(u) I ~ (1 + e)IJgn(u)l for n ::: no and each U E COO(M)\ {O}. This
implies Al tgn) -+ Al (g). Furthennore 0 < v(gn) ~ 1, gn -+ 9 in the C OO~topolagy and
Lg"v(gn) = A(gn)' v(gn) imply by standard elliptic theory 11 v(gn) 11 c: .. < Cb Ck indepen~

dent of n. From Al (9n) -+ Adg) and the Arzela-Ascoli-Theorem we obtain converg
ing subsequences (by iteration) in 11 '11" and we take the diagonal sequence of these
subsequences. This converges in C 00 to VE C 00 (M), with Lgv = ,{1 (g)' v, v ~ 0, max
v= 1 (from [K, 3.A], we conclude again v> 0). But this i5 has to be the unique
eigenvector v(g), which implies that a fortiori v(gn) converges. 0

5 Final deformation

Now we are ready to complete the proof of our theorem. Since Y(M, F2(X, t)) < 0,
(x, t) E ßi+ 1, we conclude from Al (gr = inf Jg(u): )"1 (F2(X, t)) < °on ßi+ 1. We define

l
f(X) on Si x [5, 6]/Si x {o}

F (x, t) = ((5 - t)· v(!,.(x} + (1 - (5 - t)))n~ 2 'f(x) on s: x [4, 5]/SI X {O}

v(F2(x, t))n=-!· F 2(X, t) on SI X [0, 4]/SI X {o}

and we claim

Proposition 3. F is a continuous extension off: Si -+ S - (M) with F(ßi+ 1) C S- (M).

Proof Propositions 1 and 2 imply the continuity. Now we verify F(x, t) E S - (M):
On Si x [5, 6]/Si x {O} there is nothing to prove, on Si x [4, 5]/Si x {o} we calcu
late:

SF(X.l)· ((5 -~ t)· v( f(x)) + (1 - (5 - t)))el = Lf (x)((5 - t)· v(f(x)) + (1 - (5 - t)))

= (5 - t)· )"l(f(x))' v(f(x)) + Sf{x)' (l - (5 - t)) < °
on Si x [0, 4J/S i

X {O} we obtain:

SF(x.r) ° v(F2(X, t))el = LF2 (x. r)v(F2(X, t)) = )'1 (F2(X, t)) ° v(F 2(X, t)) < O.

Since ( ... )(Z > 0, we conclude SF(x. t) < O. 0

6 Constant scalar curvature

Finally we will show that S_dM) is contractible (which implies
7tj(S_ dM)) = 0, i = 0,1, ... ), this can be deduced from:
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Proposition 4_ There is a continuous map p: S - (M) -+ S- dM) with PIs _dM) == id.

Proof Let gE S -(M) and u a positive solution of the Yamabe equation
- y w Agu + S9 •U = - ur!.

We assert
(i) u is unique
(ii) p(g) := U4/n - 2 • 9 fulfills the claims.

(i): Let v be a second positive solution, u4
/
n

- 2 • 9 and v4
/
n

- 2 • 9 have scalar
curvature == - 1. write v =w· u for some w > 0, W E C 00 (M). Then w fulfills the
Yamabe equation for gl = u4/n - 2. g:

-"IJ·A W-W= _W::I
I 91 ,

now assurne w =1= 1: since (J. > 1 we get Ag1 W > 0 or the maximum of W or Ag1 w < 0
in the minimum of W, which yields a contradiction.

(ii): From (i) PIs _ dM) == id, so it remains to show gn -+ 9 in C co implies
Un -+ u in C co (un, u denote the solutions of the Yamabe equation of gn, g):
- K 1 < Sg" < - K z for some K 1 > K z > °independent of n yields

0< Ki- a < (minISgJ)l-a < Un < (maxISgJ)I-a < Kt-::z.

Now using both bounds one can proceed as in Proposition 2 to get C k
_

estimates independent of n. Again uniqueness of u as shown in (i) implies conver
gence of ull • 0

Now let H: S - (M) x [0, IJ -+ S - (M) be a contraction to a 90 ES - dM), i.e.
H(·,O) == id, H(-, 1) == go. Consider po H ls _dM) x [0, IJ -+ S _ dM). po H is con
tinuous by Proposition 4 and po H(·, 0)15 -I (M) == id, po H(-, 1) == 90 ES -1 (M), i.e.
S - 1(M) is contractible.
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Curvature h -principles

by Joaehim Lohkamp

§ 1. Introduction

Let us start with the following intuitive question which will be subject of this paper: If 9 is
ametrie on some manifold and fulfills certain geometrie conditions, to what extend will 9
be special in the set of all metries ?

There are two obvious subquestions:

A. If 91 and 92 fulfill the same conditian, will 91 and g2 be more or Iess equal or if
not, does the space of these metrics have an interesting internal structure ?

B. If 9 is an arbitrary metric, can we find ametrie 9' fulfilling the condition which

shares at least same geometrie properties with the "model metric" 9 ?

We will give an answer in the cases where the conditions on 9 are as follows: r(9)(v) < 0'

resp. s(g) < 0', a E R, where r(g)(v) resp. S(9) denote the Ricci curvature in direction

v # 0 resp. the scalar curvature of 9 which is defined on some manifold j\tfn of dimension

n ;::: 3. Usually it is assumed that M is closed, but that is only for practical not far principal

reasons, since the actual problems will arise locally.

Theorem A. The space ofall metries with r (9)(v) < Q resp. s(g) < er denoted by Ric<0 (M)
resp. S<O(M) is a contraetible Frechet·manifold.

Recall from [L2] and [L5] that these spaces are always non..empty and (highly) non-convex.

Hence we can salve problem A: There is "exactly" one typical metric up to homotopy.

Theorem B. Ric<O(M) and S<O(M) are dense in the space of all metries M(M) with

respect to CO -topology and Hausdoiff-topology.

(Co implies Hausdarff-density, but we present different arguments far philosaphical reasons.

Theorem B (abviously) and Thearem 0 belaw also hold if " < " is exehanged by" ::; ".)

Thus (e<:>neeming question B ) we ean preseribe the geometrie shape of our manifold and
realize it in Ric<o (M) far arbitrarily strong negative er !

There are also local versions: let gO be ametrie on a manifold Mn, n ;::: 3, SeM a

clased subset, U :> S an open neighborhood, then we have

Theorem C. If- 91 is a second metric on lv/ and 90 =91 on M \ S anti r (gi) (v) < er (resp.
s(gd < 0 ), then there is a continuous famiZy 01 metrics gt, t E [0,1] with r(9t)(v) < 0

(resp. 3(g,) < a ) anti 9t == 90' =gl on M \ U.

Theorem D. If r(go)(v) < er (resp. s(go) < 0 ) on M \ S, thenfor each c > 0 we eanfind

a metric g~ on M with r(g~) < er (resp. S(9~) < 0 ), g~ =go on M \ U and

Ilg~ - goll~(M) < c.

Notiee that the Theorems fall for Ric>O(M) resp. S>O(M) (with 0 ;::: 0 in Theorem A

and Cl. s>a(M) usually has a complieated topalogy: 1I"i(S>O(M)) # 0 far eertain i 2: 0
(cf. [LM]) and Ric>a(M) is never CO -dense in J\.1(M) acc. Bishop's comparison theorem.



There is some conceptual point of view, which can be recognized as an application as

weH as a motivation of the preceding results. Namely the theory of h -principles (=

homotopy principles) for partial differential relations as introduced by M. Gromov (cf. [Grl]).

We roughly describe this notion (details, cf. [Grl] Chap. 1): A solution of a differential

(in)equality can be viewed as a section of some fibre bundle over the underlying manifold,

which k -jet fulfills this relation imposed on the k -jet bundle of jets of germs of seetions.

Now we could start from a section of this k -jet bundle which pointwise fulfills the (in)equality

and try to get an actual solution from this "fonnal" solution by a path of sections in the k -jet

bundle consisting (at least) of "formal" solutions and the endpoint is a real solution.

More generally, we could embed the space of solutions into the space of formal solutions and

asked whether the first space is retract of the bigger one (with some deviation from [Grl]),

which reduces the problem to algebraic-topological obstruction theory.

If this is true we will say the relation fulfills the h -principle. This sounds fairly strange from

the point of view of general P.D.E.' s and one expects that the h -principle is not fulfilled

in all non-trivial cases. But indeed there are some important and geometrically significant

differential relations which obey the h -principle (cf. [Grl], Chap. 1, for examples).

In this paper we get from our Theorems an unexpected new "class" of differential relations

which fulfill this principle:

Corollary E. r{g){v) < a and 3{g) < a considered ar differentiaL relations imposed on the
2-jet bundle 0/ germs 0/ metrics fulfill (all senseful fanns af) h -pn·nciples.

There are some remarlcs in order: There are different versions of h -principles; here we get

the parametric and the CO -dense h -principle as weIl as the h -principle for extensions (cf. §

6 and [Grl] for these nations).

Next we give an outline of the paper: It is divided into three parts. The main part (part I =
§ 2-6) contains the proof of Theorems. Part II = § 7-8 resp. part m = § 9-10 are devoted

to the proof oi some technical results used in part I.

In § 2-3 we will obtain three results: the Hausdorff-density, the Ca -density (using results

of part III) and certain defonnations which will prepare the metric for our main construction

in § 4: Here we will produce negative (Ricci) curvature, i.e. defonn the metric continuously

into some more negatively Ricci curved ODe. This is the philosophical eore oi Theorem A
and C which are obtained in § 5 and makes possible to derive the h -principles in § 6.

Part II contains a method to concentrate negative (sectional) curvature inside a ball of negative

Ricci curvature. In Part rn we consuuct eertain metrics on Rn used in § 2: In § 9 we refine

our construction presented in [L2] to get metrics on Rn, n ;::: 4. § 10 covers this construction

on R3 .

Remarks.

1. In [L3] we gave a proof of contractibility of s<a (M) using completely different

(namely analytic) techniques. It 'should be helpful to study that paper before reading

this ODe, since it is very transparent and will be instructive to understand the main

problems.
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2. Tbe Hausdorff-density result was already announced in [LI], the other Theorems in

[L2] and [L3].

Part I. Proof of Theorems
§ 2. Standard Defonnations and Density

First we recall some results from [L2] often used in the current paper. Then we will give

proofs of our density results.

1. Let 9 some metric on R x Mn, n > 2, Mn closed and equipped with some fixed
reference metric 9M and assume that 9 fulfills

(i) (9R + gM )(v, v) :5 K2 . g(v, v), V E T(R X M)

(ü) IIgllc3 :5 !(

for some constant K > 0 and the C 3 -nonn of the iterated covariant derivative

w.r.t gR +gM on R x M denoted by 11·110' Furthennore consider Fd,3 : R -+ R2:0

far d, s > 0 defined by Fd,3 =0 on RSo, Fd,3(t) = s . exp (-d/t) on R~o.

Proposition (2.1) (cf [UJ): For each b > a > 0 there is a constant e > 0 depending only

on a, b,K, (1\{,9M) anti n such that/or d> e and any s > 0, v =I 0 :

2F ( 2F ) { 0 on ]0, a[ x Me d,I. red,• . g (v) - r(g)(v) < _!.
-s·e a on (a,b(xM

2. Next we will get Besicoviteh type coverings not only on a fixed Riemannian manifold

(M,go) but on a compact family K C M(M) : There is a radius r(K) > 10 and

for each 5 > 0 some mo(5, K) such that far each m 2: mo there is a discrete subset. '1
A(m, K) C 1\1 and a constant eCK) such that for each g E K and exp; .g =
exponential map in p w.r.t m 2 . 9 :

'1
(i) exp;'9 is a diffeomorphism af BlOOO•r'1(k)(O) C (TpM, m2 . 9p) onto its image

and 11 (exp;'1·9)· (m 2 • g) - m2 . gpll ! < 5, independent of p E M
cm'l.9p (B1oo.r '1{K)(O»)

(and 9 E K and m ~ mo )

(ü) dm '1. g(a, b) > 10 . r(K) for a =I b E A(m, K)

(üi) U (B lO .r '1(K)(a), m 2
• g) = M

aEA(m,K)

(iv) #{ a E A(m, K)I(Bso.r '1(K)(a), m 2 • g) 3 z} :5 eCK), independent af z E M, m >
mo and 9 E 1(.

The proof relles on some simple combinatorics and is contained in the Appendix of [L2].

3. Recall.from [L2] that the various existence results of metrics with Ric < 0 were

sponsored from the following
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Proposition (2.2) On Rn, n ~ 3, there exists ametrie 9n .with r (9n) < 0 on BI (0) and

9n =9Euc/. outside.

This is enough to prove the Hausdorff-density (see below), but the CO -density will rely on

Proposition (2.3) For each c > 0 there aists ametrie 9n
l
e on Rn, n ~ 3 with r(9n,e) < 0

on BI (0), .9n l e =9Euc/. outside and 1I9n t e - 9Euc/.II~811d. (Rn) < c.

The proof is presented in part m.
4. Combining 1.-3. we can recall the construction of metrics with Ric < 0 of [L2]

in a presentation designed for density as weil as for con~ctibility results: Hence
let K C M(M) be compact and 90 E K, then we can define for each subset
B c A(m, K)' (from 2.):

{

(I - h(dm 2 'go (p, id) )) . (exp;2.go ) • (1; (9n te)) + h(dm 2 .go (p, id)) . m 2 . 90

G(gO,gn,e, B, IB, m) := on B2(P),P E B
m2 . 90 elsewhere

with h E COO(R, [0, IJ) with h == 1 on R~I,6, h =0 on R~1,5 and IB =
{Iplp E B} where Ip is same linear isometry Ip : TpM -+ Rn. From this we get
the central metrics (r E [0,50 . r2(K)[) :

9(90, 9n
t
e, B, IB, m, r, d, s) := TI exp (2Hr • Fd,,, (2 +r - dm 2.go (p, idM )) ).G(90,9n,e, B, IB, m)

pEB

with Hr(id) = H(id - r) for some H E COO(R, [0, 1]) and H == 0 on R?;I,9, H = 1
on R~I,8.

Proposition (2.4) (cf. [12]): There are do, So > 0 (depending on c ) such that for

each d ~ do, s-1 ~ sö1 there is a mo(K, gn,e, d, s) such that for each m 2::
mo, r(g(gO,gn,e,B,IB,m,r,d,s)) < -cforsome c= c(d,s) ~ 0 independentoJ K,

c > 0 in (i) ( c = 0 in (U)) if Q!1!.. 0/ the jollowing conditions is fulfilled:

(i) K c M(M), B = A(m, K),go E K, r = R(K) :~ 20 . r2(K), or

(ii) K c Ric<o(M), B c A(m, K), go E K and r E [0, R(K)].

s. (2.3) and (2.4) almost irnmediately irnply

Corollary (2.5) Ric<O(M) and therefore S<O(M) an CO ~dense suhsets 0/ M(M) for
each a E R.

ProoC: Let 90 E M(M) any prescribed metric and 0 > 0 given. Then we can find from
(2.3) (and (9.1» same suitable small c > 0 and large m such that:

11
~2 G(gO,gn,., A(m, {go} ),!A, m) - g011 < ~.

C1A1 (M}
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Furthennore acc. (2.4) we can find for each 1] > 0 a small s > 0 such that for m ~

mo ({go}, 9n,~, do, s) :

(i) 1< n exp(HR({go})·Fdo,$(2+R({90})-dm:logo(p,idM))) :51+1]
pEA(m, {go}) °

(ii) r(~. g(gO,gn,~,A(m,{9o}),IA,m,R({go}),do,s))(v) < -c· m 2 , v f: O.

Hence for suitable small 1] > 0 we have

II ~' 9(90,gn,~,A(m,{90}),IA ,m,R({go}),do,s) - 90 11 < 6.
m ~M(M)

Furthennore the smaller 6 > 0 is chosen the stronger negative gets the upper bound in (H).

o
This argument easily extends to the following Ioeal version:

Corollary (2.6): Let 90 be a metric on lVI, r(9o) < Cl: on M \ S for some closed subset
SeM, U ::> S an open neighborhood and c > 0 given, then we can find a metric 9~ on

M with r(9~) < a on M anti 9~ =90 on M \ U anti 1I9~ - 9011~(M) < e.

For the proof one roughly takes U n A(m, {9o}) instead of A(m, {go}) and argues as in

(2.5), to get the precise argument (which also works in the non-compact case by exhaustings)

combine Theorem E of [L2] and its proof with (2.5).

The interesting fact is that (2.3) is not needed to prove the following weaker approximation

result:

Proposition (2.7) Ric<O(M) and S<O(M) are dense in M(M) w.r.t. Hausdorjf-topology

tor each a E R.

Reeall that the Hausdorff-distanee dH between two metrie spaces MI, M2 is defined as
dH(M1 ; M2 ) = Infimum for all metrie spaces M and isometrie embeddings fi : Mi --. M
of

inf {fi(Mi) Ce - neighborhood of fj(Mj), i,j = 1,2}.
~>o

Now use the following lemma whieh obviously implies (2.7) for closed M from (2.4) (i).

In the non-compact case one adels some exhausting argument

Lemma (2.8)

(i) Let be 9 some metric on M, f E Coo (M, R2:0
), then we can find tor each c > 0

a 6(diam(M,9),e) > 0 such that/or supf < 6, 91 = e2/ and 92 = 9 fulfill

dH ((M, 91 ), (M, 92)) < €.

(ii) Let be 9 and 9R,r metrics with Inj(M,g) > R > 5· r > 0 anti such that tor

each pair (R, r) there are jinitely many balls (Br (Pi),9), r > 0, Pi E IR,r with
distg(Br(pj), Br(Pi)) > R tor Pi =I- pj anti diamg.t,r(Br(pj),9) < c· r tor some
c = c(M, 9) > 2 with 91 =92 on M \ UBr(Pi). Then there exists tor each c > 0

i
some constant p > 0 depending only on M,9, c anti €, such that for i < P and

91 =9R,r, 92 =9 : dH ((M,91), (M,92)) < C.
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Proof: In both cases we can use explicit embeddings into (R x M,9R + (h . g1 + (1 - h) . g2))
for some h E COO(R, (0, IJ) with h =1 on R:5a , h =0 on R~2a. If h =h(o) resp. h(p)
and 0 = 0(<5) resp. o(p) are chosen suitable (namely: a2 = (e 25 - 1) .diam( M, g)2 resp.

0 2 = ß2 + 2 . ß . (71" + 2) . diam(M,g) for ß = ! .c· P . «71" + 2) . diam(M,g) + 1) as is

obtained from simple calculations) we can take f1(Z) = (O,z), /2(Z) = (3a,z) and check

that the fi are isometrie (in the sense of metric spaces) and a --+ 0 for <5 resp. p --+ O.

(i) is quite obvious,

(ü) relles on the fact that the distance between two points on (M, gR,r) converges to the

distance on (lVI, g) if p > 0 is tending to zero. Details are left to the reader.

Hence: in (i) and (ii): dH(!l«M,91)),!2«M,92))) ~ 40 --+ O.

o
The philosophy of these approximation theorems is that metrics in Ric<a(M) can be

crumpled (cf. also "bendings" in [lAD such that even positively curved metrics can be
approximated. It is worth to recall that the Ricci curvature gets the negativer the better

we approximate.

On the other hand it is clear from Bishop's comparison theorem that metrics. in Ric>a (M)
cannot be "uncrumpled" to approximate negatively curved ones.

§ 3 Nest-Building

Here we will prepare given metrics with Ric < 0 to "produce" negative Ricci curvature
namely we will build same kind of nest.

Proposition (3.1) Let T : Sk --+ Ric<o(B) a continuous family of metrics on same

n -dimensional ball B and p E B. Then for each R > 0 we can find a homotopy
TR : (0,1] x Sk --+ Ric<o(B) with:

(i) TR(O,X) = T(X) on B for each x E Sk and TR(t,X) = T(X) on a suitable

neighborhood of aB

(ii) there are A, r > 0 and a continuous family of isometries Ix, Ix: (ET (p), TR (1, x)) --+

(BT (0),A- 2(hA(9hyp.))) with I:J:(p) = 0 such that r'A > R and Br(p) C B. (
h). denares the homotety h).(x) = A . x on Rn ).

(ln other words the defonnation yields Ric < 0 - metrics on B such that B contains (after
scaling by A2 ) an arbitrarily large hyperbolic ball.)

The proof is based on two main ideas:

1. Choose suitable coordinates near P and use the linearity of curvatures of 9 in the

second derivatives of 9. This mainly uses a method due to L.Z. Gao invented in [0]
and yields (3.1) without estimates on the radius of the desired hyperbolic ball

2. Therefore we make a subsequent defonnation (Uconcentration negative curvature"

cf. part 11) starting from an arbitrarily small hyperbolic ball Bro (0) C Hn
, and get

for any R > 0 a continuous family 9t, 0 :$ t ~ 1 on BTo (0)

6



(i) RiC(9t) < 0 on Bro (0)
(ü) 90 == 9hyp on Bro(O) and 9t =9hyp. near aBro(O)
(iii) (B,A 2

. 91) is isometrie to (BR(O),9hyp.) for some ball B C B~(O).

Details are presented in part II = § 7 and 8. Thus we are left to make precise the first point:

Here we mainly have to check the following simple

Lemma (3.2) Let F : SI. ~ M (Mn) a continuous map, 9M same reference metric on M

and p E M, then there is a radius ro = ro (p, 9M , F (Sk)) such that there are defined n

functions Xi : (Bro (P),9M) ~ R with xi depending continuously on x E SI. (for fixed F
) such that:

(i) Xi(P) = 0 for each x E SI. anti i = 1,"', n

(ii) 9fi = F(x) (k, k) = Dij for each x E SI. in p

(üi) ~~~ = 0 in p. 1 ::; i,j, k ::; n tor each x E SI..

(In other words there are defined geodesic coordinates for each metric F(x) on Bro (p)
depending continuously on x. )

ProoC: Let U be any coordinate neighborhood, Yi : U ~ R, 1 ::; i ::; neoordinate

functions with Yi(P) = 0 and (BR(P),9MJ C U, then there is a ro E]O, R[ such that

Zi := Yi +t2: r{k(x )YiYk are coordinates with Zi(P) = 0 on (Ero (P),9M) for each x. Here
. i,k

rik(x) denotes the Christoffel-symbol w.r.l metric F(x) and the coordinates Yi.

Denote by Gi; := 9 (Lib f.;-), then Gi; fulfills aa~:i = 0 in p for each x E Sk, 1 :s
i, j, k ::; n (as is easily checked).

Thus we are left to malre linear transfonnations (which depend continuously on x ) of these

coordinates to alter Gi; to a diagonal matrix (namely the identity matrix). This is possible due

to the fact that Gi;. is positive definite and symmetrie. These coordinates fulfill the claims.

o
Now we can combine this with the calculations of Gao in [G], to get

Lemma (3.3) Let T : Sk ~ Ric<o(B) continuous, B C Rn an open ball, p E B. Then we

can find a homotopy T : [0,1] X Sk ~ Ric<o(B) with

(i) T(O,x) = r(x} on B and T(t,x) = T(X) on a suitable neighborhood of aB.

(ii) there exists some ro = ro (T (Sk)) > 0 such that (Bro (p), T(l, x)) is isometrie to

Bro (0) C Hn
, the isometry depending continuously on x.

Proof: Using (3.2) we can look at the push-forward metrics P(x) of T(x) w.r.L the

coordinates Xi = Xi(X) eonstructed in (3.2) on Bro(p). Now take some Euclidean ball

Br(O) C Rn constructed in the image of (x},, .. ,xn ) for all x and notice that the Cartesian

coordinates are geodesic coordinates in 0 E Br(O) for each metric P(x).

Therefore we can use the estimates of Prop. (2.5) and its proof in [0] 10 conelude completely

analogously:
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on R~s x sn-l

We can find same R I < R2 E]O, ![ and a cut-off function 1/J E Coo(Br(O), [0, 1]) with

tf; == 1 on BR1 (0) and 1/J =0 on Br(O) \ BR2 (0), Rb R2 and t/J independent of x, such

that for each t E [0,1] and x E Sk Ric(t. tf; . 9hyp. + (1 - t) . t/J . P(x)) < 0 on Br(O).

Finally we take the pull-back metrics w.r.t. the coordinate charts (Xl,"', Xn ) and obtain

the desired homotopy.

o

§ 4 Producing Negative Curvature

The leey ingredient in our proof of Theo~ms A and C is

Proposition (4.1) Let 9 be any metric on BI (0) c Rn, n ;:: 3 with r(g) < 0 and R > 0, then

we find some r E]0, ![ independent 0/ R and m > ~ and a continuous /amily 9t, 0 :5 t :5 1
0/ metrics on BI (0) with r(gt} :5 0 and

(i) 90 =9 on BI (0) and 9t =9 on BI (0) \ B1(O)
2

g1 = ~2 exp (2HR· Fd.• (2 + R - dm2.g (O,idB .(o»))) . G(g,gn, {O}'!o,m).

Here we ean use (3.1), (2.1) and (2.4) (ii) which obviously imply that (4.1) ean be reduced to

Lemma (4.2) There exists an R > 3 such that (BR (0), 9hyp) can continuously be de/ormed

by some Jamily 9t, t E [0,1] with 90 == 9hyp., 9t =9hyp on BR(O) \ BR-l(O) and
Rlc(9t) :::; 0, 91 == 9 for the following metric 9 :

9 = 9R + 12
. 9sn - 1 on BR(O) \ B1(0) = [1, R[xSn

-
1 for some f E

Coo (R2:1 , R2:0), f == id on [1,2], f == sin h on [R - 1, R[ and j" 2: 0,

9 = 9n on B1(O) =[0,1] x sn:-l/{O} X sn-l

Proof: Let us start with same implieation for / E Coo (R>o, R>O) whieh is trivially dedueed

from [B]:

(*) / ;:: id, f' ;:: 1, 1]- ;:: c ~ 0 implies r(9R + /29sn- 1 ) < -co

Now take same fk E Coo(R>o, R>O) with Ik =id on ]0, 12], f~ ~ 1, f; > 0 on
"

R>o, 1t ;?: k on [14, 18] and fk =sinh on R2:R- 1 for same suitable large R = R(k) > 20.

Thus we get: RiC(9R + (t . sinh +(1 - t) . /k)2 . 9Sn-1) :5 0 for each t E [0,1] and on

R>o x sn-l. Next eonsider

(k d)'- {exp (2H . 3 . exp (-6)) . (9R + ff .95n - 1 )

9 ,3, .- 9R+r2'9Sn-1 on [0,5[xsn - 1

with H E Coo(R, [0, 1]), H =1 on R:515 , H == 0 on R~16.

Ace. (2.1) we can find some do > 0 sueh that for each d ~ do and s ;?: 0 :

Ric(exp (2H . 3 . exp (-d/ t - s)) . 9EuclJ < 0
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on R>o \ [15,16} x sn-I.

This and (*) yield for each d ;::: do and s ;::: 0 we can find some ko = ko(d, s) > 0 such
that Ric(g(k, d, s)) $ 0 on R>o x sn-I, k ;::: ko on [0, 12} UR~14. On [14, 16} x sn-2 we

recall from the fonnulas for conformal deformations [B] (1.159 d) it is enough to note:

Hess (9R +ff .gsn-'J) (exp (-d/t - 5))(v, v) ;::: HesS(9Eucl.)(exp (-d/t - 5))(v, v)

which is c1ear from [L2] (3.1), since obvious1y (1r 0 Ii)" (0) 2: (1r 0 IV)" (0), (1r 0 Ii)' (0) =
(7r 0 IV)' (0), where 7r is projection on R, T~ and TV are geodesics w.r.L 9R + fl .95n - 1

resp. 9Eucl. with i'i(O) = 1'v(O) = v.

Now consider for tl, t2 E [0,1] the following continuous family g(tt, t2) of metrics on

B12(0) C Rn : g(tr, t2) := tl . 9Eucl. + (1 - tl) . ~~ (gn), with Tt• := idRn + t2 . 10 . e for

some fixed e E Rn with Ilell!1EQcI. = 1. Combine our previous result (again) with (2.1) to

get: There are d ;::: do, s > 0, k ~ ko such that

{
tk - d\ R>12 sn-lG t t k - d'- gv", s, U) on - X

( }, 2, , s, d).- exp (2H .s' exp (-d/t - 5)) . 9(tl
l
t2) on ]0, 12[ x sn-l

fulfills Ric(G( tI, t2, k, s, d)) $ 0 on R>o x sn-l for (tl, t2) E {O} x [0,1] U [0, I} x {l}.

Finally we patch together all these defonnation on BR(O) for R = R(f) as above:

gt :=

9R + (St. fI+ (1- 5t)· sinh)2. 9sn - 1 ,

9 (k, S(t - -k) .8, d) ,
G(1-S. (t- ~),1,k,s,d),

G(O,1- 5· (t - t),k,s,d),

{
g(I,( l-S{t-t) ).'i,d) on BR(O)\B.(O) }

gn on B.(O) ,

tE [O,t]
t E [t,~]

t E [%,~]

t E [~,~]

t E [t, 1]

o
Remark (4.3): Here we will mention a different approach: Let us assume the existence

of metrics g(e, k) on Rn, n ~ 3 with IIg(e, k) - 9Eucl.llc" < e, g{e, k) == 9Eucl". on

Rß
\ Bl(O) and Ric(9(e, n)) < 0 for each e, k, n > O.

If we choose k = 2 and a suitable e > 0 it seems as if we do not need to "concentrate

curvature" since the above argument applies io the same way to Br(O) for small enough

e > O.

But there is a drawback: r cannot be estimated from below, hence we get no lower bound

for e > 0 and this destroys the argwnent of the proof of contractibility on Ric<O(M) in

§ 5 below.

On the other hand we can preserve the philosophy of "concentration" using 9{e, k) as

folIows: produce iteratively disjoint balls U (B1{O),g(e, k))" for some possibly small but

fixed e > O. Scale the balls to get place enough to produce as many balls as are necesary

to hide t . 9n + (1 - t) . 9Eucl. behind a Ric < 0 - veil consisting of these balls, Le. we
can defonn 9Eucl. ioto 9n in Ric<o(M) analogous1y as in (4.2) above. Subsequently (for

t = 1 ) we can work backwards and remove these auxiliary balls and arrive at the same

metric as in (4.1).
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Of course we should say that the existence of g(e, k) is a non-trivial (but doubtless solvable)

problem on itself. Therefore it is left to the taste of the reader whieh is the beUer or nieer

way: In this paper we perfonn the concentrating argument

§ 5 Contractibility of Ric<Cl ( M)

Ric<a(M) resp. s<a(M) are open subsets of M(M) w.r.t Coo -topology. Hence they

are Frichet-manifolds. Acc. aversion ofWhitehead's second homotopy theorem due to Palais

(cf. [P], Theorem 15 and Corollary) eontractibility of Frechet-manifolds and the vanishing of

all homotapy groups are equivalent eonditions.

Therefore we start with any map f : SI; --+ Ric<a(M) and eonstruct an extension, i.e. a map
F : BI;+l --+ Ric<O(M) with F =f on ßBk+1 = SI;.

This problem can be reduced to the case Q = 0 as follows: Assume Q > 0 and take any

extension F : B k+1 --+ M (M) of f. Scale F by a large constant and join for each x E
Sk, f( x) and c2. F(x) linearly. This yields a map P : Bk+l U Sk X [0, 1]/ .....,-+ Ric<o (M)
if cischosen large enough ( ....., means identification of ßBk+l = Sk and Sk x {O}
which yields again B k+1 ). Hence we get our desired extension by same reparametrizations.

Thus the result is trivial for a > O. Next assurne Q < 0 and presume contractibility of
Ric<°(1\1) : Start with f : Sk --+ Ric<a(M) C Ric<o(M). Thus we can find an extension

F : Bk+l --+ Ric<o(M). But now we can use the same scaling argument as above (far same
small c > 0 ) 10 get P : Bk+l --+ Ric<O(M). Hence it is enough to prove

Proposition (5.1) Each continuous map f : Sk --+ Ric<o(M) admits some continuous
extension F : B k+1 --+ Ric<o(M).

Proor: Let Bk+l =Bs(O) C Rk+l, Sk =8Bs(O) and F1 : B k+1 --+ M(M) the following

trivial extension: Fix same metric go E M(M) and define for z = r·x, x E Sk, r E [0,1] :

Fl(Z) := { (1 - r) ·90 +T . f(x), z E Bl(O)
f(x) on Bs(O) \ B1(0)

Now (4.1) and (2.4) will be used to shift F1 into Ric<o(M) :

~ . g(Fl(Z),gn, A(m, Fl (B2(O»)), IA, m, R(Fl (B2(0»)) , d, s)
on B2(0)

~ . 9 (f(x), gn, A (m, Fl (B2(O»)) , IA, ffi, (11zll - 2) . 2 +(3 - lIzll}'R(Fl (B2(Ü»)) , d, s)
on Ba(O) \ B2(0)

E Ric<o(M) on B4 (0) \ Ba(O), see below

f(x) on Bs(O) \ B4 (0)

Tbe definition on B4(O) \ Ba(O) is acc. (4.1):

Use it on each ball Bs(p) C M, p E A (m, F1(B2(0»)) for f(x) E RiC<O(l\1) : Notice

that F2(z) =f(x) on Bs(p) \ B4(p) C M for z E ßB3(O) C B k+1 and join F2(Z) with

f(x) acc. (4.1). Finally we have F2(Z) E Ric<o(M) on Bs(O) \ B4(0) by definition and

using (2.4) we can assume d, s and m chosen such that Ric(F2(z» < 0 on B3(0).

o
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Again (cf. (2.6)) the corresponding local (one dimensional) version is easily obtained from

partial coverings:

Corollary (5.2): Let go anti gl be metrics on M with r(gi) < 0 and go == g1 outside some
closed subset S, U :> S an open neighborhood, then we canfuul a continuous path gt joining

90 anti gl with r(gt} < 0 and gt =90 =g1 on M \ U for each t.

Same extensions (5.3): I.The same arguments work for scalar curvature, i.e. the contractibil

ity of s<a(M) can be derived along exactly the same lines. On the other hand this result

was proved in [L3] in a much shorter analytic way. This should emphasize the importance

of a (currently missing) strang analytic theory for Ricci curvature.

2. Let G c Diff( M) be a finite subgroup, then the proof above can be perfonned in a

G ·invariant way and yields: Ric<a(Jvi) n Sc(M) is contractible,

with Sc(M) := {gig == /*(g), / E G} =set of G ·invariant metrics for G 1: {id}

and S{id}(M) := {gjg =/*(g) => f =id} =set of asymmetrie metries.

3. The above arguments can be adapted to the space Ric>a(M) n Ric<o(M), i.e. those

metries g whose Ricci curvature is pinehed by 0 and 0 (0 < r(g) < 0) :

Ric>a(M) n Ric<o(M) is eontraetible (but not CO -dense in M(M) ).

One can probably show the contractibility of Ric>a(M) n Ric<ß(M) for some 0 < ß < 0

with large quotient ~ > c(n), on the other hand for J -+ 1 there definitely occur additional

problems, since even the existence of such metrics does not hold in general.

§ 6 Curvature h ..principles

As indicated in the introduction differential relations which fulfill the h -principle can be

understood from solvability problems in algebraic topology. This unusual behaviour of

analytic inequalities turns out to occur for Ric < 0 and S < Q.

We start with some general remarks and notations: Let us denote for some smooth fibration
1r : X ~ M, Xl; the space of k -jets of germs of smooth seetions of 1r and 1r1; : Xl: --+ M
the induced fibration.

A holonomic section c.p of trI; is a section of trI; which is k -jet of same section f of tr.

A subset Tl c X k is called differential relation and a section of 1r is called a solution of

Tl if its k -jet belongs to R.

Definition (6.1) Denote by Sol(R) resp. C(R) all solutions of n resp. all seetions of 1r1;;

lying in 'R (= formal solutions) anti 11; : 801(1<.) ~ C('R.), JI;;(/) = k -jet of /. R fulfills
the (parametrie) h -prineiple, if 11;; is a weak homotopy equivalence.

In particular if R fulfills the h -principle, then each fonnal solution can be defonned to

some solution (and the path also consists of fonnal solutions). Sometimes it is of interest 10

preserve same properties of the prescribed formal solutions:

Definition (6.2) 'R. fulfills the CO -dense h -principle if for any seetion . / of 1r and any

c.po E C(R) with 1i"1;('f'O) = / we canjind afamily of seetions c.pt E C('R.), t E [0,1] with:

(i) c.pl is holonomic

(ü) c.pt lies in R n 1l"k"1 (U) for some prescribed neighborhood U of f.
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Obviously restricting conditions on the curvature can be considered as differential relations
imposed on the space of 2-jets of genns of metrics.

1t is quite easy to analyze the spaces C('R.) for 'R. =2-jets which (formally) fulfill curvature

< a (resp. > a ) (cf. [Or2]):

Lemma (63) The space C('R.) is weakly contractible and non-empty.

Hence we see from Theorem A. since each map between (weakly) contractible spaces is a
wea.k homotopy equivalence.

Corollary (6.4) Ric < Q and S < a: fuLfill the (parametrie) h -principle.

On the other hand there are manifolds which do not admit ametrie with negative sectional

resp. positive scalar eurvature. Hence Sec< 0, Sec> 0, Ric > 0 and S > 0 do not fulfill
the h -principle acc. (6.3) on these manifolds.

But there is a striking result of Gromov [Or2] which makes clear that these curvature relations

are less restrictive in the non-compact (hut non-complete) case:

Proposition (6.5) On any open 11U1nifoLd aLl the ahove reLations 'R. fulfill the (paramem'c)
h -principLe.

The philosophieal difference between (6.4), which also holds for closed manifolds and (6.5) is
the "local" nature of Ric < Cl' resp. S < Cl' which makes possihle to compensate the positive
curvature arising from deformations (cf. proof of (5.1)) used to obtain 7T"i(Ric<O'(M)) = O.
In the open case these unpleasant by-products can be shifted to Uinfinity", which allows to

prove (and believe) (6.5).

Next we will came to a problem which even more makes use of the local nature of Ric < Q

and S < Q, namely the CO -dense h -prlnciple: Sec< 0, Sec> 0, Ric > 0 and S > 0
do not fulfill this h -principle: Indeed standard arguments like Bishop's comparison theorem
prevent e.g. Ric > 0 -metries 10 approximate a negatively curved one. this is true for open
and closed manifold. On the other hand we get

Proposition (6.6) Ric < Q anti S < Cl' fulfiLl the CO -dense h -principle.

Proor: Let 90 be any metric on M, U any open neighborhood of 90 in r(0 2T* M)
equipped with usual CO -vector bundle topology. Furthermore let <pO be a section of 'R.
(i.e. <PO E C('R.) ) with 7T"2(<po) = 90 and consider its projection 4>0 = 1r2,l (<po) into the
I-jet bundle. Acc. Theorem B we can find some 9 E Sol('R.) with 9 E U and we take
tP! := (1-3)' 4>0 + 3 . I-jet (9), .,.1.0.,. U. if (6r\V~)(.

It is easy to find for each (single) I-jet i1 of a genn of a metric near some point p E M a

2-jet i2 with 1l"2,l (j2) = jl and j2 E R.

This is due to the linearity of Ric and S in the second derivatives of the metric, which also

implies that the space of these 2-jets fonn a convex set.

In particular we can find for each oS E [0,1] and each p E M a j2(3, p) E R with

7T"2.1(j2(3, p)) = tP". Indeed we can assurne j2(.9, p) to depend continuously on the parameters
since elementary obstruction theory implies the existence of global seetions of fiber bundles
with contractible (namely convex) fibers. Finally we take \l1 t = (1 - t) . <Po + t . j2 (0, p) and

\1f t = (1 - t) . j2(l,p) + t . 2-jet (9) which also belong to C('R.) due to the linearity in the

second derivatives. Combine the paths to get the claim.
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o
Remark (6.7). We have omitted the so-called h -principle for extensions which can be

checked in the same way. We refer to [Grl], Chap. I for these notions and leave their

verification to the reader.

Part 11 Concentrating Negative Curvature

In the next two chapters we will present a teehnique to obtain those nests used as start
metrics for producing negative curvature in part 1 This cannot work in dimension n = 2
acc. GauB-Bonnet.

§ 7 Bending of curves in Ric < 0

Effective deformations, as used in our context eannot be obtained by general analytic argu

ments. Therefore we will start with deformations leading stepwise to additional symmetrics.
These struetures ean be used to perfonn eoncrete (induetive) construetions.

We will often eome across the following situation: we are given an open set U, a small

open neighborhood V of au and a eontinuous family 9t, t E [0,1] of metrics defined on
U which fulfill the following eonditions:

(i) gt =go on V for all t E [0,1]

(ü) Ric(g,) :::; 0 (resp. < 0) on U for all t E [0, 1].

In this situation we will just say:

9t is a Ric :::; 0 (resp. < °)-family defined on U (anti fixed on V ).

Notice that a Ric:::; 0 -family 9t on U (fixed on V ) with Ric(go) < 0 on U can easily be

defonned into a Ric < 0 -family 9t on U fixed on V and 90 =go on cf. [L2] § 2. This
will be used here and in § 8 without further comments.

Now let us start from a c~le i E Hn
, n > 3. We will bend a tuhe around I making it

geodesie preserving Ric < 0 :

Proposition (7.1) Let B3r (O) C Hn
, n 2:: 3, ; C 8Br (O), (r > 0) a plane closed circle, then

we can find a Ric < 0 -family gt, on Bar (0) fixed on Bar(O) \ B2r (0) with

(i) gO =9hyp. on B3r(0),

(ü) 91 = L 2 • cosh2 r ·9s1 + 9R + sinh2 r . 9sn - 2 jor some L > 0 on a small tube
U = SI X [0, Ro[xSn - 2 / rooJ around i (in particular I is geotlesic).

The presented proof relies on a (relative) stabilization process for eurves which alre~y are

geodesie. The geodesie eurvature of I above will be handled as perturbation which can be
overcome if we use the process in a suitable way.

We start again from Gao's deformation already used in § 3 to defonn Ybyp. restricted to a tube
V C B2r(O) C Hn, V =SI X B3p (O) C SI X Rn-l of 1(= SI x {O}), P E]O, i[ as follows:

Lemma (7.2) For each e > 0 there is a Ric < 0 ·family 9t on V with 9t = 9hyp.

on SI x B3p (O) fixed on SI x Bap(O) \ B2p (O) anti 119t - 901100 < e such that 91 =
ghJp.
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(

n-l ) 2
CO + Cl . Xl + C2 . i~ X~ . gSI + gR + r

2
. 95n - 2 on SI x B 3R(O) for some R E]O, ~[and

some suitable constants CO, C2 > 0, Cl E R.

(7.2) clarifies Dur problem: Namely the presence of Cl • Xl which corresponds to the

(unchanged) geodesic curvature of I. The proof of (7.2) is again easily obtained from [0].

Dur actual bending starts with the base metric 9Eucl.. The following result will be useful:
n-l

Lemma (73): Let f = CO + Cl . Xl +C2· E x~ defined on B3R(O) C Rn
-

l

i=l

(j.e. Hess (9Eucl.)! = 2C2 . 9Eucl,), then there is an c > 0 such that for each metric 9 on

B 3R(O) with 119 - 9Eucl.llcl < e
~Ild.

Hess(g)f(v, v) ;::: C2 . 9Eucl.(V, v).

Moreover there exist constants k(n), e(n) > °depending only on the dimension n such that
if e E [0, e(n)[:

IHess(g)(cI . xt}(v, v)1 ::; ICII· k(n) . 9Eucl.(V, v) . c.

Proof: We can consider each monomial separately (since Hess is a linear operator)

1. Hess( CO) =0 in any case, thus look at Cl ,xI : Hess(g)(Cl . Xl) = (Cl' Xl 0 IV)" (0) =
. Cl . ('tl"t (IV))" (0) = (where 11"1 denores the first projection Rn -+ R, IV is the

geodesie w.r.l 9 with 711(0) = v) = Cl . g(\lv 'J 1I"t}, since 111 is geodesie.
Now a simple calculation (cf. [L2], § 2) yields (for some constant kn > 0 )

Ig(V'1I V' 11"1, v)1 ::; kn . I: Iffi l . YEucl.(V, v).
i,i,k '

For e(n) small enough we can conclude from Iig - 9Eucl.lICl < e with
gEoel.

e E [0, c(n)[: [frj I < kn . c, hence define k(n) := kn · kn and obtain

JHesS(9)(CI . xd(v, v)1 ::; ICII . k(n) . 9Eucl.(V, v) . c.

2. Now look at C2 • xr :
Hess(g ) (C2 • x~) = C2 • ( 11"i 0 IV) 2

) " (0) =

= 2C2 • ( 11"i 0 I V)I ( 0))
2 + 2C2 • (1r i 0 I V)(0) . (11" i 0 IV)" (0) ;:::

;::: 2C2 . 9(V'1I"i, v)2 - 2C211ri 0 iv(O)I·jk(n) . 9Eucl.(V, v) • cl ;:::
> 2C2 .jd1ri(V)1 2 - C2 • kl(n)· c· 9(v, v), for some kl(n) > 0, (R fixed).

3. Now add the monomials to get for some constant k2(n) > 0 Hess(g)f(v, 1I) ;:::
2C2· 9Eucl.(V,lI) - (Je] I+ IC2I)k2(n)· 9Eucl.(V,V)· e.

o
We examine a special defonnation of the base metric 9Eucl. :

Lemma (7.4) For each c E]O, ~[ there exists a h = h~ E COO(R, [0, 1]) with h = 0 on
R:5 0 U R~2R, h = 1 on [~, RJ such that lor each s E [0,1] :

(i) 119R + (r + s . h . r 2
)

2
. 98n - 2 - 9EUcl.11 ::; k· s for some constant k > 0

C~ I (B3R (O»
independent 01 s anti c. . QC.
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( h is only used to prevent the metric from getting singular in 0, the interesting pan is s· r 2 )

ProoC: Define some funetion F E C lXl (R>o, R~O) with the following properties: F(r) = 2r
. .

on R~t, F =°near 0, F I 2: 0, F(r) :S 4r, JF(r)dr = (~)2 and ehoose h(r) =
o

;\- (m 2
- !F(r)dr) and some fixed hl E COO(R, [0, 1]) with hl =1 on R::5 R

, hl =0

on R2:2R and define h := h .h I , h fulfills (il) by definition, thus we are left to prove (i):

11
9R + (r + s· h· r 2)2 .9Sn-'J - 9EUcl.11 =

C~lIc1. (BJA(O»

11 (2shr
3 + s2 h

2
r

4
)9sn _'J Ilcl (BJA(O»:S

~ucl.

sup 12shrl + sup Is2
. h2r2

1 + supl2shl + supl2.s2h2
. rl + sup 12.sh'rl + sup[2.s2h'r2 j

( sup =supremum on [0,3R] ) ~ k . s, for same k > 0, since Ihl ~ 1, Ihlrl ~ 4R (we

can assume R < 1 ) and h I is fixed.

o
Later on we will use some scaling by M2 and perturbation of CO therefore we combine (7.3)

l
and (7.4) as follows (note r = (xi + ... + x~) 'J ):

(

n-I ) 2 2
Corollary (7.5): i t: M:= ß· Co +it .Xl + }t. L X: . 9S1 + 9R + (r + .s . ht: . r2) .

, I .=1
95n -'J dejines lor each c > 0, M 2: 1, ß E]t, 2[ a continuous lamily 01 metrics (in s ) with

(i) 9~,t:IM =91 0/ (7.2) tor 09 = °or .s E [0,1] and r > 2R

(ii) r(9~,t:IM) < -1ft on SI x B3R(0) tor 3 E [0, so] and each e E]O, f[ tor some

suitahle small So = so(M, CO, Cl, C2) > 0 and some c = C(CO, Cl, C2) > 0 with
r(90,t:,1) < -6C ( 30, C independent oi e )

Proof: (*) r (9R + (r + sht:r2)
2

. 9Sn-'J) ~ 0 on [0, R] x sn-2,
since (r + sht:r2 )1 2: 1, (r + sht: r2 )" 2: 0 (cf. [B] (9.106».

2 n-l
Now let us abbreviate 9R+(r + s· ht:' r 2) '95n -'J by G(s,e) and ß·CO+Jt·Xl +itr· L x:

i=1
by Pp (co, 13, irr) or often just by P.

(*JII) IIG(3, e) - 9Eucl.II C3 ([li 3R] x5n-'J) -+ °
9Eucl. :l I 6-0

as is easily seen from the definition. (*), (**) and (7.4) imply (7.5) as folIows:

From (7.3) we get on B3R(0) :
C2 1

(***) Hess(G(S,e))(P)(V, v) ~ M2 . 9Eucl.(V, v) = '2 Hess(DEucl.)(P)

for eaeh s E [0, sa], e E]O, ~ [ and suitable Sa = Sa (]1, W-) > o.
Thus the submersion fonnulas (cf. [B] 9.106) for the Riemannian submersion 1r :

(Si X B3R(0), p 2 • 981 +G(s, e)). -Jo (B3R(0), G(s, e)) imply for vertical resp. horizontal

v # 0 (v':= d1r(v)/lId1r(v)lI) :

(i) r(!! )(v) = _ß(G("t))(P) ~ _!ß(9Eucl.)(P) ~ _~
",t:,M 2 P m-
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( ß )() (G( ))(d ()) Hess(G(s,e))(P)(, ')
r 9!'~IM v = T S, e 1r v - P V J v

Cii) :s r( G(s, c))( d1l"( v)) _ ~ Hess(YE;cl.)(P) (V', V')
3 c c

~ r(G(s,e))(d1r(v)) - '2 M2 ~ - M2

(i) holds for s E [0, Sa]~ (ii) holds for s E [0, so) for same small So e]O, sa] such that

Ir(G(s, e))(d1r(v)) I < !w ace. (**) if d1r(v) E T ~B3R(0) \ B~ (0)). For this So the same

conclusion holds on BR(O) since r(G(s,c:)) (d1r(v)) ~ 0 acc. (*) and Hess fulfills (***).

o
Thus we can start from some metric p 2 . 951 + G(s, e) and we will use the new base metric

G( s, e) to perfonn defonnations of the SI -metric: we define for Cl = °and 8 e]O,~] for

same ra E]O, ~[ (and In = logarithm):

{

Co + t .r 2 on R>ro

P:!.6(r) :-:- c - r",:r on [8, TO]
d + Fr .r 2 on [0,61

C and (afterwards) d are chosen (uniquely) such that F!:!5 gets continuous. Furthennore

there are some mo(co, w) > 0 and 8(m) > 0 such that for m 2:: mo and 8 e]O,8(m)] :
d c > 0 (*) 2-a. . 8 < - 105+1 _!!!!cl! < 2c . r and FM > d, , M ~ m' m 2 0 m,5 - .

Now it is completely elementary to find smooth functions F!:!.5,11' P E]O, f[ such that:

M -M .
(i) Fm,5,11 == Fm,5 outsIde of ]8 - p., 8 + p.[U]ro - p., ra + Jl[,

(iii) If ra is small (whieh can always be assumed) and mo is large enough (both

depending on P ) then: CO - P :5 F!:,5'11; c - r";:r; C; d :5 CO +Jl.

Lemma (7.6): Additionally we can choose Fm,5,11 such that:

Hess(G(.s,e))(FM )(v,v) > {HesS(G(.s,e))(c- r.:r)(v,v) on ]ro -p,ro+p[xS
n

-
2

m,!,11 - Hess(G(.s,e))(d+ W .r2 )(v,v) on ]o-p,8+p[xSn- 2

Proof: Let 1 be a smooth radially symmetrie function on Rn, r(x) = !lxII the Euelidean

distance from 0, then we get for V with llvllG( !,~) = 1 : for the radial function F on R.

Hess(G(s, e) )(/)(v, v) = Hess(G(.s, e) )(F 0 r)( v, v)

= F"(r(x)) . ((r 0 (&I)'(0))2 + F'(r(x)) . (r 0 (&I)"(O),

where (&I denotes the geodesic w.r.t G(.s, e:) with 1'&1(0) = v. From (7.4) (ii) we immediately

get (r 0/&1)"(0) 2: O. On the other hand we get from (*): for each p. E]O,!r we can find a

smoothing with F:~,/, 2: F:~ on R \ {b, ro} and

p'M > { (c - r'!:r)/ on ]ro - Jl, ro + Jl[
m,5,/, - /

(d + irr .r2
) on]8 - p, 8 + Il[
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I

which iInplies (7.6).

o
Lemma (7.7): On Bro(O) \ Bt(O), tor .9 E}O,I( and m = -t we have:

(( )
2 )r . Inr .9

r c - m . 951 + G(.9, e:) (LI) :5 - 2 . r

ProoC: The Ricci curvature will be estimated for the three eigenspaces corresponding to

R : (1), SI : (2) resp. sn-2: (3). Abbreviate: F = c - r.:::r, G = r + .9 . r 2 :

F" G" F" G" "(1) -7 - (n - 2) . 7.T :5 -7 - lr' since G ;=:: 0

F" G' F' F" G' E'-- "(2) -7 - (n - 2) . 7J' . "y :5 -7 - 7i . T' since F, G ~ 0

G" (I_(G')2) G' F ' G"
(3) -71'" + (n - 3)· G2 - 7]' . 'Y :5 -(T' since G' ;::: 1, F' 2: °

Thus using CO-f' :5 F::; cO+f', F' = -c,i"(Inr + 1), F" = -~":' G' = 1+2.9·r, G" = 2·.9
we get:

(1) < ;:; - 2" <..!. _ 2" < _ "
- co-p r+"r2 - 4r ~ - 2T

(2) < ;:; - -T{Inr+I) . (1+2"r) < (L + L(Inr +1)) < _L
- C(J-p eo+p r+.JT2 - 4r 8r - 2r

(3) < -2" < "r+.sr2 - - 2r

o

Next scale (SI X BR(O), ( CO + Cl . Xl + C2 • :t: X~) .98' + 9R + r
2

. 98"-') by some con

stant M > 0 and consider SI x BR(O), RasweIl as the Euclidean coordinates W.f.t the

(

n-l ) 2
new metric, i.e. SI x BR(0) equipped with M2. co +Jt .x I + ffr . ~ xr .951 +9Eucl..

1=1
Now we take the geodesie curvature of ; corresponding to Cl • Xl into account:

Lemma (7.8) There are some Zarge M anti small .90 > 0 such that tor each .9 E}O, .90}, 8 E

]0,8(c~,,)( ,f' E]O,~[ ,t E [0,1] :

r((:'.X!+F(S,tJr·98dG(s,e)) <0

with F(.9, t) := t· F!f. 6 + (1- t)· (co + itr· r2
).

c",' ,/J

Prool: We use again the fonnulas for Riemannian submersions 1r : SI x BR(O) ~ BR{O) in

[B]. 9.106 10 calculate this Ricci curvature for vertical resp. horizontal LI # 0 with IIvll = 1
resp. 11 d1r( LI) 11 = 1 und get:

(1)
-~(G(",!»{]t,xl+F(",t»). . al

E1. F() , lor vertlc LI
Ai ':1:1+ ",I

(2) r(G( s, e))(d1r( v)) _ Hesa(G(.,.» c '.::~~~~,l~ (d..(,,),d*», for horizontal v.
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Now we ean substitute F in the numerators by t· (c - r~~:r) +(1 - t)· (co + ~ . r 2)

and get this way (ace. (7.6» the following upper estimates of (1) and (2):

_......;."""...,.......,-l~~1 - ~ . t . s - (1 - t)~ for M > Mo(c}, R), using (7.5)

< t . (2n. Ict!.k(nj'k." - n-l . s) < 0 for M >_ MI independent of s- (Co-li M 2 -

(2) ~ t . (2 1Hess
0 'X, ~~~(v),d,,(v))1 _ 4~r) + (1 - t) . r(G(s, e))(d11'(v))

-(1 _ t) . Hess P CQ,]},-8- (dlr(v),(d..-(v))
,xl+F(",t}

< t . (21c1 1 . k( n) . k . s _ ~) _ (1 _ t). c < 0
- (co - p) . M 4r M2 - ,

using (7.3), (7.7) and (7.5) (where F ean be considered as P (co l 0 l ~ ) with

perturbated Co (for some ß » for M ~ M2l M2 ~ MI independent of s.

o
Summarizing we obtain the

Proof of (7.1): For some large M and if s > 0, P and 8 > Dare ,small enough, then

F(s, 1) + T does have a minimum zo E BR(O), i.e. SI x {zo} is geodesie and we
can find a 51 -equivariant isotopy i t : 51 X BR(O) -+ SI X BR(O) with it == id near

51 x 8BR(O), in = id and il (SI X {O}) = 51 X {zo} such that the pull back metrics via it

yield the final defonnation necessary to make , geodesic (namely for i 1 ).

To get the desired fonnal structure on a tube U around " again we use Gao's defonnation

which gives a defonnation to U = (SI X (0, Ro{x sn-2 , L 2 . cos h2 r . 9S1 + 9R + sin h2 r . gsn-'J)
for some small Ra > 0 which completes the proof.

D

§ 8 Expanding tubes

In § 7 we have hent our metrie such that I became geodesic. This additional symmetry

makes our problem much simpler and accessible for some induction scheme. The latter one

uses the following remark:

Rn, n ~ 3 contains a closed embedded hypersurface N n - l C Rn which admits a (non

induced) metric 9N with Ric(gN) ~ 0 and there exists a p E N such that (B2 (p ), 9N) is

isometrie to (B2 (0), 9Eucl.) C Rn-l :

Namely for n = 3 : take a large Bat torus T 2 and for n ~ 4 use Theorem E of [L2] which

says that each manifold of dimension ~ 3 admits such a metric. Thus take e.g. sn-l C Rn.
The normal bundle v of N C Rn is always trivial and we take the following metric on

v = R x N (which has Ric < 0 ): gn + cos h2 r . 9N. Now identify J - 5,5[xN c v
with some tube U around N C Rm and assume N c U C BR(O) C Hn • Using induction
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(Theorem C in dimension n ) we can deform the hyperbolic metric on B3R(O) continuously

(letting it fixed outside BR(O) ) such that all metric have Ric < 0 and the final metric 9/

fulfills: 9, = 9R+ cOS h2r'9N on U =]-5, 5[xN. The existence of 9' comes from Theorem
E in [L2]. In dimension n + 1 we will use this, start from (7.1) and can easily deduce:

Lemma (8.1) There is aRie :5 0 -family 9t on SI x BR(O) C 51 X Rn, n ;:: 3 fixed near
51 X 8BR(O) and

(i) 90 = cos h2r . 981 + 9hyp.

(ü) 91 = /2 , 981 + 9R + CQS h2r . 9N on SI X] - 4, 4(xN for some / E coo(R, R>O)
with f(r) = f( -r), j" > O.

These preparations make possible to handle with all dimensions ;:: 3 by the same method,

cf. (8.3) and we will get:

Lemma (8.2) For Zarge m > 1 we canfind a Ric :5 0 -family 9t on SI x (-3,3] x N n - l , N
as above for n +1 ;::: 4, resp. on SI x (0,3] X SI for N = 51 anti with radial identijication
of 51 X {O} in dimension 3, with:

(i) 90 = /2 . 9S1 + 9R + cos h2r . 9N on SI x] - 3, 3(xN
90 = cos h2r . 951 + 9R + sin h2r '951 on SI x]O, 3(xS l

(ü) 9t = 90 near SI x {-3, 3} x N resp. SI x {3} X SI

(üi) 91 = R2 . cos h:mr . 951 + 9R + sin ~'J'Jmr . 951 on SI x ]0, 2,: (X SI resp.

91 = R2 . eX~'Jmr • (981 +9N) +9R on 51 x]~, ~[xN.

This immediately implies:

ProoC oC (3.1) For dirn = 3 (8.2) obviously implies (3.1). For dirn ;::: 4 we recall from

[BN] that 91 (in (ili» is hyperbolic with curvature =-mo Furthennore the domain contains

a ball of radius ;::: ~, which proves the claim.

D

Tbe proof of (8.2) relies on the following "expanding of tuOOs", which is the heart of the

concentration argument

Proposition (8.3) Let 90 = a 2 ·r2 '951 +9R+ß2 .r2 '9N, a, ß > 0 be dejined on SI x]O, r[xN,
then we canjindfor each pair 1'1 ;;::: a, 1'2 ;;::: ß a Ric :5 0 -family 9t fixed near 51 X {r} X N
such that:

(i) 9t =ai-r2 '981 +9R+ß;'r2 '9N for same at E [a, ,d, ßt E [ß, ,2] on SI x]O, e[xN

(ii) 91 =,r .T
2

. 951 + 9R + ,~ . r 2 . 9N on SI x ]0, e[ x N, for some suitahle e > O.

We will use an auxiliary

Lemma (8.4) For each k E Z>O there is afunction <p == 'PI; E coo(R, R~O) with 'P =0

on R\]5, a(, <p > 0 on ]5, a( for some a > 6 with I<pI ~ tlidl and: IJ~Ak.L/,1p < It·~'t~ in
If

those points where <p =f 0

for fJ E]0, 1[, .-\6 := fJ / (fJ + 1).
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Proof: Let p, Pa E Coo (R>O, R~O) ( a > 6 defined below) with p > 0 on J5, 5+ l~ {, Pa > 0

8 ( t'1 )on Ja - l~' a[ and p resp. pa =0 elsewhere, such that o:(s) := -L -L p(tI)dtl dt2

+00 (+00 )and ß(s):= J J Po(tl)dtl dt2 fulfill 0:(5.5) = m.5.5, ß(a - !) = m.(a - !).
~ t'1

Then we have: 0: (resp. ß )is linear with 0:' > 0 on R>S,l (resp. ß' < 0 on R<a-io
), 0: > k~l idR (resp. < 1"\.1 idR ) on R>S'S (resp. on ]0,5.5[ ) and ß > k~l idR (resp.
< midR ) on R<a-t (resp. on R>a-t ). Thus we can find exactly one p E]5.5, a - t[
with o:(p) = ß(p) and we can choose a such that o:(p) = ß(p) = f. Take h:= min {o:, ß}
and note h :5 t .id and equality precisely holds in p (on R>o ). Take the interval I around

p where h > kll .id and define our desired 'I' as a Coo -smoothing of h with:

(i) 'I' =h on R \ I
(ü) k~l· id < 'I' < hand '1''' < 0 on I.

Finally we briefly check (8.4): namely the claim is obviously equivalent to t+t~celt) <
t - k . b~ 1 . i.p (t ) for 'P" > 0 (" > " for i.p" < 0 ) and is the same as (k + 1) . 'I' < t
resp. u > U for r.p" > 0 resp. U < " which is true from our definitions.

o
Proof of (8.3) It is enough to check (8.3) für 0: = ß = 11 = 1, r = a + 5 and prove the

existence of some 12 = (1 + 7]), 7] > 0 such that (8.3) works. This is due to the scale
invariant and (essentially) symmetrie (w.r.l SI and N ) situation: any arbitrarily Iarge 12

ean be obtained by iteration as 12 = (1 + 7])m subsequently one exchanges mIes Of;l and
;2, details are left to the reader.

First of all Ric(/2
. 951 +9R +92

. 9N) :5 0 is equivalent to three inequalities:

(I) f + (n - 2)f 2: 0,

(2) f + (n - 2)f . ~ 2: 0

(3) f+(n-3)(~r +f'~ 2: 0

/ = id, 9 = id da obviously fulfill (1)-(3). We perturbate / and 9 ace. (8.4):

Consider /6 := 1- (n - 2)· A6' tp, 96 := 9 +8· '1', 8 E [0,80], <p = <t'n-2 for some 80 E]O, 1[.
If 80 is small enough 16, 96 fulfill (1)-(3): (2) and (3) are dear from the fact that for small

I' ""
8 > 0: 1:- ~ ~ ~ ~, *~ ~ ~ ftt with le61 arbitrarily small for small 8 > 0 on }5, a[
(1) is obtained from (8.4):

"" " "
/6 +(n_2)96 = -(n-2)·A6·i.p +(n-2) 8·rp >0
16 96 id - (n - 2) . A6 . rp id + 8 . 'I' -

and (1) - (3) > 2c > 0 for S = 80 on some small interval ]p - c,p +c[C]I[. This is used
in our main defonnation:

Define Fp E Coo(R, R) by Fp := Jl . h . idR + (1 - h) . idR for some h E Coo(R, [0, IJ)
with h =0 on R~+~, h =1 on R:5p-e. Obviously Fp --+ id on R+ w.r.L global CI:_

nonns for Jl -+ 1. Henee ace. (1)-(3): Ric(flo ' 9s1 + 9R + (FJJ • 960 )2 . 9N) ::; 0 for each
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J.l = 1 + 11, 11 E (O,110J, 110 > 0 small enough 11-0 := 1 + 110. Thus take

._ { lit.&J . 951 + 9R + 9~t'60 . 9N, t E [O,!]
9t .- 2 2 1160 • 951 +9R + (F(2t-l)~ . 960 ) • 9N, t E b" 1]

and notice that

9t = r2
• 951 +9R +ßl· r2

• 9N on Sl x ]O,4(xN

with ßt = 1 on [O,!], ßt = (1 + (2t - 1) . 110) on t E [!' 1].

o
We can easily deduce (8.2) from this expanding defonnation:

Proof of (8..2) Ta appIy the preceding teehnique we perform some appropriate defonnations:

1. We take a Ric ~ 0-family Gt fixed near SI X {r} X N defined on SI x]O, r[xN with

Go == 91l 91 as in (7.1) and:

Gt = fl . 951 + 9R + g; .9N on SI x]O,e[xN for some e > 0, !t,9t E
00 >0 I I >0 I

C (R, R), It,9t > ° on R , I t ,9t ~ 0 on R- and 9t(0) > 1 for n =
11 11 • •

3, ft, 9t ~ ° 11 =c· Id, 91 =d . Id for some c, d > 0 near O.

This family Gt is obtained as folIows: in dimension n = 3 we can use those "methods to

smooth singularities" as in [IA], which already implies the existence of GI as above. It is

not hard to adjust that construction to give the compiete family Gt , details are left to the

reader. In dimension n ~ 4 we can easily find fi E Coo(]c, r[, R>O), i = 1,2 for same
• I 11

C < °Wlth fi > 0, li ~ 0 and

11 = {f 12 = {COSh on [!,r[
a·(id-c) ß·(id-c) on ]c,fJ

In particular we get Ric(fl· 951 + 9R + li .9N) ~ 0. Thus define

G ._ { (2t . f + (1 - 2t) . 11)2
. 951 + gR + (2t . cash +(1 - 2t) . 12)2

. 9N , t E [O,!]
t·- D;(fr' 951 + [IR + fi. .9N), tE [t,l]

where Dt , t E [!' 1] is an isotopy of SI X R X N with Dl =id and
~

D ( ) _ { (8 , P, x) for P > i
t 8, P, X - ( ) f r

8, P+PO, x or P < 8"

für same Po = Po(t) =5 0 with po(!) = 0, po(l) = c.

2. Thus we start from GI to perfOllD the desired "concentrating of curvature" byexpanding

of GI. We take the Ric =5 0 -family of (8.3): 9t on SI x JO, e[ X N with 90 = GI and

91 = ,r .r 2 . 951 + [IR + li . r 2 . 9N on SI x]O, 8(xN, for some a= a(,}, '2) E]O, ~[ and

arbitrarily large 11l ,2'
3. Next we obtain from Gt and 9t aRie :5 0 -family ht of regular metrics defined on

SI X Br(O) für n = 3 resp. on SI X] - 5, 5[xN for n ~ 4 with

ht =cosh2
r . 951 +9R + sinh2 r . 951 resp. 12 . 951 +9R + cosh2 r . 9N for t = 0 and für

t E [0,1] on a neighbürhood of SI X 8Br (O) resp. SI X {-p, p} X N such that für same

suitable small J.l > 0 and prescribed 11, 12 ~ 1 :

h l = 12
. 9s1 +9R +9

2
. 9N

21



with

{
li' id

/-
- 1'1·1- {

12 . id on ]!' N (
9 = J! . ] J![ ] J!(1'2 . 3 resp. Id + c on 0, 4 resp. - c, 4

for n ~ 4 resp. n = 3, /(I;),g(k) ~ 0, k = 0,1,2, C > 0.

This is checked as follows: all the metries Gt and 9t are of the fonn /2. g51 +9R +g2 . 9N

on 51 x ]0, Jl( x N for Jl small enough.

Thus take F, G E Cco ([0, Jl(, R>O) with F(k), C(k) ~ 0, k = 0, 1,2 and F =

{
/ G _ {g on ]~, Jl(
/(1j-) - g(i) resp. 9(1) +id -1 on ]O,i[ resp. ]~ -g(i),i[

for n 2:: 4 resp. n = 3.

It is obvious that F and G can be chosen depending eontinuously on Gt resp. gt for

varying t and yield our ht (Tbe domain ]1- g( i), i( is ehanged into ]0, t( by pull-back

arguments). Furthermore we ean assume for n 2:: 4, that ht is symmetrie w.r.t reflections

along SI x {O} XlV.

4. Notiee again the irnportant fact that the metrie of (8.3) is seale-invariant, i.e. after sealing

we ean assume p. to be arbitrarily large. We take Jl := 10R.

5. Thus we are left to defonn hl (defined on 51 x BJ.I(O) resp. SI x] - Jl, p.(xN) into

our claimed metric:

Consider / as extended on R<J.I by / =11 '! on R:50 and notiee that we can find a very

large 1'1 = 11 (R) and some F E Cco (] - p, Jl[, R>O), p < -3R with:

{

lI . icl near jJ. =10 . R
F = R . exp (id +p) on ]R, 4 . R(

R'cosh(id+p) on ]p,p+2R[

and F', F" 2:: 0, for some small 8 > O. That is also true for 9 (,2 = /1) and n ~ 4, and

yields G = F. Combine to get Ht := (t· F + (1 - t) . /)2'951 +9R+(t . G + (1 - t) . g)2'9N
on ]p, p+2R[ which Uextends by reflection" to ]2p - 2R, p[ to our desired Ric ~ 0 -family

defonning h1 , into the elaimed metric of (8.2) (up to pull-back) in dimension n ~ 4.

In dimension 3 we will take sinh instead of cosh :

oo( >0), {'2 .id near Jl
Take G E C ]p, p + 2R[, R Wlth G = 'nh ('d ) ] 2R[

SI 1 + p on p, p +
This time we will get metrics on SI x ]p, P+2R[ X 51 but again pull-back to SI x ]0, 2R[ X 51
yields the desired deformation.

o

Part 111. Approximation of flat metries

Here we will construct metrics gn,e on Rn, n. ~ 3 with Ric(gn,e) < 0 on BI (0), gnle =
9Eucl. outside and 119n,e - 9Eucl.ll~ (Rl) < e. In dimension n 2:: 4 this is a refinement of
Dur inductive construction in [L2]. f!~r n = 3 we adapt this idea to singular metries which

are smoothed by a "mild" procedure. Thus we begin for expository purpose with n ~ 4

(and presume n = 3 ).
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§ 9 Scale-invariance of CO

We will use the following simple scale-invariance of CO -nonns (which was also mentioned

and used in previous chapters) whieh is easily checked:

Lemma (9.1) Let 91,92 be /Wo (2,0) -tensors (e.g. metrics) on a nu:mifold M, 9M some
fixed reference metric anti ..\ > 0, then

We will assume Theorem 0 in dimension n ;::: 3 to prove it as weIl as Theorem B in

dimension n + 1.

Denote by 9 (S, d, 1) the following metric on SI x SI X B~-1 \ B~-1 C SI X SI X Rn-l

9L (s, d, J) := L2
. (F!,d(r - 2) + 1)2 .951 + exp (2F!,J<3 - r)) . (951 + 9EUcl.)

for s, d, d > 0, L ;::: 1 and F!,d(r) := S • exp (-dIr) on R>o, F!,d =0 on R::50
, r =

r(t,I,x) = IlxIlEucl., (t,I,x) E SI X SI X Rn-I.

Ace. [L2], § 6 we can find da, da > 1 and .so > 0 such that for d ~ da, J;::: da, s E]O, so{:
r(gL(s,d,~) ~ 0 and u< 0" on 51 x SI x B;-1 \ g;-l.

Furthennore we obviously have for suitably large d(s), d(s) (for c3 =C;SI+9s1+9EUcl. (SI X SI x B;-1
)

(1)

In partieular we ean eompare the metric g(L) on the tuhe TL,S of radius 5 in Rn around a

plane circle of same large radius 2
L
7f with 9L ( s, d( s )) = L2 . (F! ,d(r - 2) + 1) 2 . 951 +9Eucl.

(length SI w.r.t g51 = 1 ): For each e > 0 we can find SI E]O, so{, La > 0 such that

(2) IIg(L) - gL(s,d(s))lIC3 (SlXB;-I) < e

for s E]O, SI {, L > La (where 9(L) is meant to be the pulI-back of the Euclidean metric via

same Fermi coordinate map SI x Es --+ TL,S ). We obtain from Theorem 0 (for r(g) ~ 0

) in dimension n and (2):

Corollary (9.2) For each e > 0 we canfuul some So > 0 such !hatfor each s E]O, so{ there

is a circle ; C Rn and a metric g~ on Rn with: (i) RiC(9~) ~ 0, (ii) 119~ - 9Eucl.lICO < c,
(iii) 9~ is isometrie to 9L(S,d(s)) on TL,SC/,) anti 9~ =9Eucl. outside some ball Bp(O).

Next we use the n -dimensional Theorem D to get a metric with Ric ~ 0 CO -near to

Ysl + 9~ on SI x E2p(O) : Take

{

9L (.9, d(s), d(s)) on sI x TL,5 \ TL,2

9 = 9pro + L2 . 951 on SI x TL 2
1 '

951 + g~ on S x B2p(O) \ TL,S

where 9pro is a prolongation defined on TL,3 with 119pro - (951 .+ 9EuclJ!l co <
c, Ric(gpro) 5 0 and 9pro == exp (2F!,J<3 - r)) . (951 + 9EUcl.) on TL,3 \ TL,1 which
is possible for s small enough acc. (I).
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Again we can find a large plane circle r M C Rn+l (of length M ) such that the metric on

the tube of radius 2p UM around rM gets CO -near to the product metric M 2 . gSI + 9Eucl.

on SI x B2p(O) via Fenni coordinates.

This time we take the Riemannian coverings of 9 to approximate this metric w.r.l CO (since
- -1

9 is no warpe<! product): namely we consider fk : S X B2p(O) -+ S X B2p (O) defined by

fk (e it , z) = (e ikt , z). Thus we can consider for integer M fM(g) on SI x B2p(O) and
acc. (6.5) in [L2] we can uembed" (SI x B2p(O), fM(g») as UM inta Rn +I.

Again from [L2], § 6 we can find a CO -small deformation of some ball containing UM to

get after scaling:

Corollary (9.3): On Rn, n ~ 4 we can find ametrie gn,e with Ric (gn,e) < 0 on

BI (0), gn,t: =9Eucl. on Rn \ B1(0) and lIgn,e - 9Eucl.llco < c.
o

It is interesting to iterate this argumen4 i.e. choose an exhausting sequence of balls in Rn j this

yields metrics g(n, e) on Rn with Ric (g( n, e» < 0 on Rn l Ilg(n, e) - 9Eucl.lICO < e and
Ilg(n,e) - gEncl.IICk < c(k) for same finite c(k) > o. Now notice that CO is scale invariant
(cf. (9.1» but the higher derivatives decrease acc. rn-I; if we scale by rn 2 , i.e. we get:

Corollary (9.4): The flat metric gEucl. on Rn can be Coo -approximated by metrics in
Ric<O(RR).

o
Recall that gEncl. cannat even be CO -approximated by metrics in Sec<O(Rn), theyalways

have infinite distance to 9Eucl. .

§ 10 Mutual ReguIarization

We want to prove the existence of g3,e on R3 along the lines described in § 9. But obviously

we cannot start with a metric g2,t: on R2 ace. Gauß-Bonnet On the other hand we ean find

analogous metrics, singular in only one poin4 and the additional idea consists in using the

negative (sectional = Rieci) eurvature of the one of the two perpendicular planes to smooth

the singularity of the other one. More precisely we can find for each e > 0 a metric gt: on

R2 (regular outside of the origm') with:

(i) Ric (ge) < 0 on B1.(O) and gt: =9Eucl. on R2
\ B2(O)

(ü) g~ = 9R + SiD
a
hj

2
r . gSI on BI (0) for same suitable er > 1

(ili) I!gt: - gEucl.11 C0
1Eucl

. (R2) < e

Using this metric we can perfonn the compiete eonstruetion of § 9 and get:

Lemma (10.1): For each e > 0 there is ametrie g(e) on ] - 5, 5[xSI X SI with:

I -1
(i) Ric (g(e» ::; 0 on ] - 4, 4[x S x S and g(e) == 9R +g51 + 9"§1 outside

(ü) lIg(e) - (9R + g51+Ys1) lico < e
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... { (a +ß . r)
2

. 9SI + gR + ,2 . r 2 . 95; on S I X BI (3, 0)
(ll1)g(e)= 2 -1

,2 . r 2 . gs~ +9R +(0 + ß· r) . 951 on B1( -3,0) x S

tor some a,ß'1 > O.

( Si denotes the SI -fiber in the base-disk BI (p) =[0, 1[x SI ).

o
Thus we are left to smooth those singularities of (üi) 10 same regular Ric < 0 -metric. If
we do not need CO -estimates we can apply the techniques of [L2] and [L4] and easily get a
smooth Ric<D-metric with properties (i) and (ii), which is of same use on its own in [L4]. By
the way we also obtain a new existence proof of metrics on RJ with Ric < 0 on BI (0) which
are Euclidean outside and it is the first one wtllch completely avoids any kind of surgery.

But we also want to preserve the small CO -deviation from the product metric (as in (ii)).
Therefore we will use the following refinement of (iii) which is obtained from nearly the
same cons1rUction carried out more carefully. We give an ouiline below and note that a
generalization appears in [L6].

(ili) * for same , < 1 near 1:

Now it is easy to derive

Corollary (10.2): On R3 we can find for each e > 0 a regular metric g3,~ with Ric (g3,~) <
o on B l (O), g3,~ =gEucl. on R3

\ B1(0) and Ilg3,~ -9Eucl.llco < e.

Proof: We will smooth g(e) to a metric 12 . gSI +gR +92 . gs~ with Ric::; 0, i.e. with

.f!.- + .L > 0 r:... + f .ti.. > 0 .L + .l . ti.. > O. Take7 g-'7 g-'g 7g-

on R2:1

{

I - 3(1- / ) + (1 -I) . r

1=
const. (~ 1 - 3(1 -,))

{

" r
g=

r on ]O,o[

and I" = -g/l > 0 on ]0,1[. Now norice the trivial but essential fact: 1(1) < g(1). This
implies that for small 0 > 0, 1 and 9 can be chosen such that the quotients in the above
inequalities, which contain f dominate those of 9 and yield Ric::; 0, furthermore the new
metric is CO -near to the old one.

Finally we take the uusual" arguments of § 9 to smoothly embed ] - 5, 5[ X SI X SI into
R3 and get the claim.

o
Remark (10.3): To put things inta same perspective we mention that additional symmetries
sharpen the results (cf. [L6]): In (10.1) we only took into account two singular curves related
to the two SI -factors, but if we identify the two boundary components of ] - 5, 5[ X SI X SI
to get T 3 we can also introduce a singularity along the new SI -factor. Then we can fonn
a metric analogous to (10.1) + (iii)*, but this time we get (using the argument of (10.2) a
natural COO -approximation (!) of 9fla.t on T 3 by metrics of Ric<o (T3

).
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To get an idea of how to obtain those special value for a, ß,., (of (10.1) (iü)) in (iii) * we

present (a sketch) of a suitable modification of that construction on T 3 just mentioned:

Consider ] - 5, 5[xSl with 51 = [-1, 1]/{-1, I} and cut out one of the following pieces

P;: P::={(x,y)El-3,5[xSl IIYI<a.(x+3)}, Qt:=]-5,5[xSl \P:, 0>0
small. P;, Q; analogously start at (3,0), now identify aQ~ acc. (x, y) I"V (x, -y) and

again analogously Q; / I"V •

This yields two cylinders c~ which have exactly one interior singular point at (±3,0), ac;
does also have a singularity but this will be "cut-off' finally and will be ignored here. Next

imitate the construction of § 9 resp. (10.1) and build same metric on ] - 5, 5[xSI X 51 using

c~ : the metric "along" ] - 5, 5[ X 51 X {O} resp. ] - 5, 5[ x {O} X 51 is defined by same

identification with C:- resp. C;.
Now this metric already looks like that of (10.1) (ili) *, at least near the segments ]2, 3[x {O} x
{O} resp. ] - 3, -2[x {O} x {O} of B l (±3,0). But one has to "wind up" (that is in effect

scaling SI, which destroys higher C k -estimates) the 51 -factors to make this metric radially

symmetrie on BI (±3, 0). Finally if a > 0 is small enough we can slightly bend those

cylinder-metrics to ensure Ric :5 0 which yields (10.1) + (ili) *.
For details conceming these methods we refer to the more thorough exposition in [L6].

o
We conclude with a concrete conjecture suggested from all these results

Conjecture (10.4): Let (Mn, 90), n ~ 3 be a manifold, B C M a ball, then there is a

metric 91 and a Coo -continuous path 9t, t E [0,1] on M with:

(i) r(gt}(v) < r(go)(v) on B, t > 0

(ü) 9t = 90 on M \ B

(10.4) (which is very likely to hold) implies resp. simplifies the Theorems of this paper as weil

as of [L2]. Furthermore it yields many new results like "Universal C k -dense h -principles"

for lower Ricci curvature approximations.
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Negative Bending of Open Manifolds

Joachim Lohkamp

Max-Planck-Institut für Mathematik, Gottfried-Claren-Str. 26, 5300 Bonn 3, Germany

§1 Introduction

In this paper we will have a new look on general existence theorems for metrics with neg

ative Ricci curvature, which is motivated from several related results. We will mention

the most significant oues:

1) A general feeling expresses that bending of metric yields (or preserves) negative

curvature iff we hend outwards. Bending is used as an intuitive collective noun for .

deformations which e.g. enlarge or smaller the metric near same boundary. (Think of

the growth of spheres in hyperbolic relative to Euclidean space.)

The if part will be supported hy a simple construction of complete metries of Ric < 0
on each open manifold, hut we will disprove the only if part: namely we also find hendings

"inwards" for Ric < 0, which yields existence results for c10sed manifolds.

2) The"classical" existence proof for metrics with negative scalar curvature S < 0
on closed manifolds (cf. [A], [KWJ) starts from some metric with negative integral scalar

curvature, and the integral condition suffices to find conformal deformations to get a

metric with S < o.
The metries constructed here concentrate a huge amotmt of negative Ricci curvature

in one small hall (which is the basic way to ensure analogously negative "integral" Rieci

curvature). And indeed a "far-reaching" conformal diffusion yields Ric < 0 on the whole

manifold.

3) In [LI] we already gave aseries of existence theorems for Ric < 0 by same

"covering" by loeal defonnations whieh had to be made compatible.

This major teehnieal problem disappears in this paper and we get a much shorter

and new argument for general existence results.

4) In [L3] we proved by geolnetrie arguments that Ric < 0 fulfills so-called h
principles, i.e. the partial differential inequality Ric < 0 "blows down" to a simple
algebraic inequality.



2 Negative Bending of Open Manifolds

This means that the geometrie content of Ric < 0 is much smaller than expected.

Moreover h~principles (cf. [GrD are usually obtained by much less differential ge

ometry and this led to the problem how to minimize the geometrie effort to get the

existence of metrics with Ric < 0 (cf. [L4]).

This origina1Iy motivated this paper, despite the fact that "bending of Ric < 0" still

contains some amount of geometry.
Now we fonnally state the main theorems, which are obtained by "negative bend

ings" becoming elear in the course of the paper.

Theorem 1 Let Mn, n ~ 2 be an open manifold, go an arbitrary metne on M, then

we ean find a .!mooth funetion f with:

9 = e2f
• go i.J a eomplete metne with Rie(g) < O.

Notice that this cannot be refined to give pinched Ricci (or just scalar) curvature in

each conformal elass aecording to non-existence results of Ni [N} (cf. also [AM]).

While Theorem 1 is obtained using bending "outwards" we additionally use bending

"inwards" to get:

Theorem .2 Each elo8ed manifold Mn, n ~ 3 admit" ametrie with Rie < O.

This cau be loealized:

Theorem 3 On IRn, n > 3 there exi"tJ ametrie gn with Ric(gn) < 0 on BI (0) and

9n =9Eucl. out8ide.

Finally we give an outline of the paper: In §2 we construct conformal deformations of

any prescribed metric on open manifolds leading to Ric < O. In principle the conformal

factor cau be calculated explicitly. The next two chapters axe devoted to perform a re

fined construction on the (open) complement of certain lower dimensional submanifolds

of cl~sed manifolds to obtain in addition a suitable structure near the boundary.

This is used in §5 in dimension n ~ 4 : Here we elose these manifolds again and get
Theorems 2 and 3.

An extra argument is needed to get Theorem 2 in dimension 3 (§6), it also uses some
results of [L3]. Thus the previous methods are not as adequate in this situation as in

higher dimensions. But the general philosophy remains, therefore we include a sketch of

proof in this case.

Finally in §7 we will briefly compare the proof of contractibility of the spaces of

metrics with S < 0, [L2] resp. with Ric < 0, [L3] in light of the present constructions.
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§2 Conformal bending

A striking differential topological (!) result of Gromov (cf. (Gr)) implies that each open

manifold admits ametrie with negative (as weIl as one with positive) sectional curvature.

But these metries are not complete.
Indeed there are known obstruction to get complete negative sectional as weil as

positive scalar curvature metries in dimension n ~ 3 resp. n ~ 5 (cf. (GL]).

Therefore there is no hope to find global "outward bendings" for Sec< 0 as are now

presented for Ric < 0 by confonnal changes on some arbitrary open manifold Mn of

dimension n ~ 2 :

Proposition 2.1 Let 'go be any metric on Mn, then there ezutJ a f E COO(M, IR) Juck

that 9 = e2
/ • 90 iJ complete and Ric(g) < O.

o _

Proof. Let be M(M n+1 :> Mn, Mo = 0) an exhaustion of M by compact manifolds with

smooth boundaries and choose for an increasing sequence Cn of real nwnbers a function

F E COO(M, R) with F =Cn near 8Mn and C n ~ F ~ Cn+1 on Mn+1 \Mn. If the C n are
chosen suitably then 9 = e2F . go ,i~. complete, hence we can assume 90 to be complete.

Now using paracompactness of M we find a locally finite covering of balls Bi, i =
1,2, ... , together with diffeomorphisms fi : B 6(O) --+ Bi, (B6 (O) eRn) with Ui fi(B4 (O» =
M and fi(B2 (O» c fi+1(B4 (O)\B3 (O» hence Ui fi(B4 (0)\B2 (O» = M and we define
for di , Si> 0, i ~ 1 :

. g(O) := go, gen) := II exp(2 . Fd . go, g(oo) := II exp(2 . Fi) . go
iSn i

with Fi = Si . exp( -d/5 - lIfi- 1(Z)ID . h(lIfi- 1(z)ID for z with IIfi-
1(z)1I < 5 and Fi =0

otherwise. .

11·11 denotes the Euclidean norm on B6 (O), h E COO(R" (0, I]) with h =0 on aS1 , h =
1 on IR~2. '

Using lemma (2.2) below we can find for each n ~ 1 a dn > 0 such that (for fixed,

di, Si > 0, i < n, if n > 1) and each(!) Sn > 0 :

exp(2 . Fn ) • r(g(n))(v) - ,tig(n))(tt7 - r'(g(n - l)(v)

< {O _on fn(Bs(O)\B4 (O))
-Sn' e-d

" on .fn(B4 (0)\B2 (O»,

where gen - l)(v, v) = 1. Thus starting from n = 1 we get by induction d i , Si > 0 for

each i ?: 1 such that regen)) < 0 on (Ui~n fi(B4 (0)\ B2(O)))\fn(B2 (0)). This yields
rege(0) < 0, since B n n !( = 0 for each compact K C M and n ~ n(K) large enough..

Furthermore g(di , Si li < 00) is conformal to go with a pointwise conformal factor ~ 1.
Hence i t is complete.

o
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Lemma 2.2 Let 90 be any metric on lV X IR for Jome cloJed manifold N, then there

exi3tJ a da > 0 such that for all d ~ da, S > 0 :

.!! d {O onNx]O,1]exp(2· S • e- t ) • r(exp(2 . S • e- T • go)(v) - r(go)(v) < -d
-s . e on N X [1, 10]

for v E T(N X IR), lIv1l9o = 1 and (x, t) E N X IR.

The elementary proof of thi" technicallemma a130 .appeared in [L1J(S.5} (in a differ.

ent context) for n 2:: 3, but the (3implijied) calculation3 aLJo apply to n ~ 2. Hence to be

"hort we omit further detaiLJ.

o

§3 Opening of Manifolds

Ta prove the existence of metries with Rie < 0 on closed manifolds of dimension n :?: 4

we first ·notice.

Lemma 3.1 RU, n :?: 4 contairw a clo3ed manifold Nn-2 with trivial normal bundle and

which admitJ a metne with Ric < O.

Proo/. n = 4 : Each closed orientable surface F admits an embedding in 1R3 and hence in

IR.4. In this situation the normal bundle is trivial since F C IR3 is a hypersurface, which

always fulfills this condition. Thus take a surface of genus 2, this admits a hyperbolic

metric.

n = 5 : Again each closed orientable three manifold lV3 admits an embedding in }R5

with trivia! normal bundle (cf. [H], Cor. 4). Thus take some orientable hyperbolic three

manifold or alternatively take 53 C R5 and use the existence of a Ric < O-metric on 53
(cf. §6).

n 2:: 6 : We can use induction: In §5 we will prove that each Nn-2 admits a metric
with Ric < 0, thus we take sn-2 C Rn.

o

Now the proof of Theorem 2 (and 3) proceeds as follows: we choose a ball B C

j\t/n, n ~ 4 and Nn-2 C B ace. the previous Lemma and consider M\N. This an

open manifold and admits ametrie with Ric < 0 acc. (2.1). Next (in §3-5) we ·use the

conditions on N to bend Af\N to get a Rlemannian structure with Ric < 0 which has

M as natural metric completion.

Thus let Mn, n ~ 4 be an arbitrary manifold, B C lvfn a ball and Nn-2 C B as in

(3.1), denote by V, W open tubular neighborhoods of N with V eWe IV c B. We

will introduce a second bending (additionally to (2.1), this time for standardization of
the boundary structure.
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Proposition 3.2 Let 90 be a metric on 1\ll\lV with Ric(90) 5 O. Then there i" a metric

9 on M\N with 9 =90 on M\ W, Ric(g) < 0 on W\N and juch that (V\N, 9) i"
i"ometric to (JO, I[ X 51 X IV,9R + sinh

2 ;Jr+p
) • gSI + ",2 . gN), where gN ~ ametrie with

Rie(gN) < O,m E Z>O,p ~ O,;c ~ O.

Proof. Using the triviality of the nonnal bundle of N we get a diffeomorphism ip from

] - 2, 12[ X 51 x IV into B\lV with 4'(]0, 12[ x 51 x N) = W\lV and 4i(]3, 12[ x 51 X N) --.
V\N and whieh admits a continuous extension with p( {12} x 51 x N) = N.

Thus take the following metric on a>-2 x 51 x IV :

for same h E COO(IR, [0, 1]) with h == 0 on IR 2:3 ,h == 1 on 1R$:2 j ace. (2.2) we get a da such

that for s > 0, v E T(IR X 51 x N), IIvl191 = 1, (t,z,x) E IR X 51 X N

~ !2.exp(2· s· e- c ). r(exp(2· s· e- t ). gl)(V) - r(gl)(v)

{
0 on ]0, 1] x S I

X IV
< -s' e-do on [1, lO[xS l x N

!2. 1Hence for s large enough we get r(exp(2 . s . e- t ) • 91)( v) < 0 on ]0, lO[ x 5 x N and

(]5, 10[x51 x N, exp(2.s.e-~)·gdis isometrie to (]a, ß[xS l x N, gR+F2 ·(gSl +9N» (via

same isometry <p = (<PR, idsl XN); 'PR is uniquely determined) for some Q' < a + 5 < ß
and F E COO(]a, ß[, IR>O) with F', FU > 0 (obtained by resealing IR) :
namely F' > 0 is independent of scaling IR. and F U > 0 is clear from the warped product

formula (cf. [B]):
o > RiC(9R + F2

• (951 + 9N )(v, v) = -(n - 1) . ~' . Ynl(v, v), for v tangent (i.e.
horizontal) to R).

We can assume maxr(gN) = -1, then there are (ace. (4.1)(i) below) J,9 E
COO(]o', ß[, R>a) with Ric(BR + J2 . 9s1 + 92 . 9N) < 0 and f =9 =F near 0', J( t) =
sinh :(t-c) resp. 9 = K. > 0 on ]ß - 1, ß[ for some m E Z>o, x: > 0, C E]O', ß - 1[. Now

define a diffeomorphism r/> :] - 2, 12[--.] - 2, 10[ with r/> =id on ] - 2, 1[, r/>(]2, 12[) =]5, 10{
and 'PR 0 r/> is linear on ]3, 12[ with <PR 0 4>(]3, 12[) =Jß -1, ß{. Now we are ready to define

92 := {(<p ~ (r/>,idSl.XN»·(ga + f2~gSl + g2. 9N) on ]2, 12[xS1 x N
(r/>, zdsl xN) (exp(2· s· e- t ). 9I) on] - 2, 2(xS I X N

In particular 92 =91 on ] - 2,1] X 51 X N and RiC(92) < 0 on ]0, 12[xS1 X N. Thus
define the push-forward metric 9 := 4'.(92). It is easily checked that 9 fulfills the claim.

o
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§4 Smoothings and Warpings

This chapter is a service·center for deformations used in §3 as weil as in §5 to smooth sin

gularities. They are done using certain warped product arguments. This also generalizes

results in [GY} and [Br], cf. (5.3) below.
Thus we consider (}a,b[xS l x Nn-2,9R + /2 . g51 + 92 ·9N) for some /,g E

COO(]a, b[, IR>O). If maxr(gN) = -1, then r(gR + /2 . 951 + 92 . 9N) < 0 is easily seen to

be equivalent to the following three inequalities (1) - (3):

(n - 3) . 1+(g')2 + L + L . L > 0 (n - 2) . L + .L. > ° (n - 2) . i. . f... + L > 0 .
g2 9 7 g' 9 T' 9 f f

Proposition 4.1

(i) Let F =G E COO(]a, b{, a>O) be with F', Fit > 0 then there are /, 9 E COO(]a, b{, IR>O)
with Ric(gfR +12 .951 + 92 . 9N) < 0 and for 30me m E Z>O, K> 0 :

{
pet)

J( t) = sinh :( t-c)
t _{G(t) neara

1 g( ) - K near b, for Jome c E]a, b[

(ii) Let F =!lj~h, Q' > 1, G == m > Obe defined on ]0, ro [ for Jome ro > O. Then there are

J, 9 E COO(]p, ro [, IR>0) for some p < 0 with Ric(gfR + /2 . g51 + g2 . 9N) < 0 and fOT

Jome K > 0

{

!Iinh t
/ t = -0-

( ) sinh(t - p) g(t) = { ~
near ro
near p

Proof. We construct I, gwhich fulfill the "boundary conditions" and (1) - (3) glueing

together functions defined on disjoint intervals: we will use the following simple obser

vation:

(*) H 11, 12 E COO(]a:, ,[, IR>O) fulfill 11 (ß) = 12(ß) for some ß E]o, ,[,0 < I~ < I~,

and Ir', Ir ~ 0 (resp. > 0) then there is a function h E COO(]a:, ,[, IR>O) with h =11

resp. 12 near Q' resp. , and h' > 0, h" ;::: 0 (resp. h" > 0).

(i)

b p

(ü)
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(i) We choose K. := G(b) + 1, then we can find ag with 9 == G on ]a,b - 3e[,g == K. on

[b - e, b(, g' > 0 on Ja, b - e[, g" > 0 on Ja, b - 2e[ for some small f > 0, 10· e< Ib - al.
For m large enough (say ~ mo) we can find a Cm E)b - 4f, b - 3e{ such that there
is exactly one t m Elc m , b - 3e{ such that sinh m(~m -Cm) = F(t m ) and near t m : 0 <
F (IC) < (sinh m(t-cm ) )(IC) - 1 ry

m ' '" - , .....

Now we use (*) to get a function Im E COO(]a, b(, IR>O) with l:n, I~ > 0 and Im =F
oear a, fm =sinh m~t-Cm) on]b - 3€, b{. Thus for each 1n ~ mo (3) is fulfilled on Ja, b[
for Im and g.) (2) and (3) are fulfilled 00 Ja, b - 3e].
Furthermore ILI, ILI < K. and J;. = m 2 , k 2:: ~ on]b - 3€,b[~·

9 9 1m J;;;
Hence (2) is fulfilled on ]a, b[ for m 2 > (n - 2) . /\'.

Finally to get (1) we notice ILI < 1~1 on ]b - € - 28, b[ for some small EJ > 0 and
9 9

I~ I > ",' on ]b - 3e, b - € - 8[, thus (1) is fulfilled on ]b - 3e, b[ for each m 2:: mo with
m· ",' > K..

Hence define I = Im, C = Cm for some m ~ max{mo, :', (n - 2) . K.} + l.

(ii) We start from F =~i~h, a > 1, G =m > 0 on ]0, ro[ which (obviously) fulfill (1)
- (3). For 1 > 0 define a function G., E COO (]t., , ro [, IR>O) with t-r = - ~ + !f- and

G., = ;' (t - T) +m on ]t." T[, G, = m on )!~Q., ro[ and G~ > 0 on ]7' T(' H; > 0 is
small enough G., can be defined such that F and G.., fulfill again (1) - (3) on ]0, ro[.

Fix such a ; > 0 and G..,. Now we define a function f E COO(]t"Y - 3, ro (, IR>O) with

f' > 0 on ]t; - 3, ro[, I" > 0 on ]t"Y - 1, ro[ and

{

sinh t on ]!2. r [
J(t) - Q 4' 0

- sinh( t - (t"Y - 3)) on ]t.., - 3, t., - 3 + 4EJ[ for small EJ E]O, 110 [ •

Next we consider g(K, m) := max{G.." sinh m(t;{t,-3»}.

For each m E Z>O we can find a K = ",(rn) E Z>O such that there is a unique

t E]t O( 'th G (t ) - sinb m(tm -(t, -3» cl G' > (!Iinb m{ t-{t, -3»),. t S'
m ;' W1 ., m - lC(m) an., lC(m) In m' lnce

(.)" of both functions is non negative we can find, using (*) twice, a function gm E

COO(]t.., - 3,ro(,lR>O) with g:n,g~ 2: 0 and g:n > 0 on ]t., - 3 + o,ro( and

{

G~

(t) = sinh m( t-{ t, -3»
gm lC(m)

Km

on ]0, ro[
on ]t., - 3 + 3b, t..,[
on ]t"Y - 3, t"Y - 3 + 8[ for same suitable Km > 0

Now we will choose a large m such that f and gm fulfill (1) - (3):

(1) is always fulfilled. (2) and (3) are fulfilled on ]t"Y - 3,t; - 3 + 3EJ[U]t"Y -1,ro[.
, "

Sioce 1m. 2:: m, ~ = m 2
00 ]t~ - 3 +28, t., - -2

1
[ for large rn and f' > 0 on ]t.., - 3, ro[ wegrn grn

find (3) fulfilled on ]t"Y - 3 + 2EJ, t~ - ~[ for these m. Finally r; > -c for some c > 0,
" F"hence (n - 2) . 2m. + L-

f
> 0 for great m, which yields (2),

gm

Hence we choose these f and 9 = gm, '" = Km for same large m.
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§5 Closing of Manifolds

We refonnulate (2.1) and (3.2) in our context for c10sed Mn, n 2:: 4 and Nn-2 C B c Mn

and ametrie 9N on N with RiC(gN) < O. We obtain metries on M\N with Rie < 0 and

some nice behaviour near the boundary:

Corollary 5.1

(i) Mn\Nn-2 admits a meirie 9 with Ric < 0 and there i" a tube V 0/ N 3ueh that V\N
i3 ~ometrie to (]O, 1[ X51 X N, [IR + ,ioh 2 :::J r+p) . 951 + c2 . 9N), for "orne C, p, m > O.

(ii) IRn\Jv n
-

2 , n 2:: 4(B = BI (0)) admit3 a meiric 9 with Ric(g) < 0 on W\N, (W c
B l (O)),9 = 9Eucl. on IRn\Wand there M a tube V 0/ JV 3'Uch that V\N i.J i30metric

to (]O, l[xS I X lV,gR + sinh
2

:\(r+
p

) • g51 + c2 . 9N) tor 30me c,p,m > O.

Now we will "bend inward" = "elose" Mn\N resp. IR.n\JV to get ametrie with

Ric < 0 on M resp. on BI (0) C IRn using the following

Closing Lemma 5.2 For each pair m, R > 0 there ~ a metric g(m, R) on 52 x N with

Ric < 0 and a 3ub"et D R x N canonically i30metric to

(BR(O) X Nn-2, 9hyp. + c2 m 2 . gN) C (1HI2 , 9hyp.) x (Nn-2, c2m 2 . 9N).

We prove (5.2) in amoment, but we first derive the

Praa/of Theorem 2 and 3: Seale the metrie 9 of (5.1)(i) resp. (ii) by m 2
• Now the

tubular neighborhood V\N is isometrie to

(]mp, m +mp[xS I x N, 9IR +sinh2 r· 9s1 + c2m 2gN) = (Bm+m.p(O)\Bmp(O) x N, 9hyp. +
c2m 2

gN,

Thus choose in (5.2) R = m+m·p and glue (52 x N\DR X N,g(m,R» and Mn\N

resp. IRn \N along their (isometrie) boundaries.

This yields Mn equipped with ametrie Ric < O.

On IRn we obtain ametrie gn which fulfills Rie(gn) < 0 on W and 9n =gEucl. on

Rn\W. Now we consider as in (2.1) a diffeomorphism j : B6(0) --+ B2 (O) with j(B5 (O» =

BI(O) and j(BJ(O) c W and define g(8, d) = exp(2 . s . exp( -diS - lIj-I(z)lI) . h
(11/- 1 (z )11») . gn on BI (0), (= 9n otherwise) for suitable d > 0 and small s > 0 we have

r(g(s, d)) < 0 on BI (0), g( s, d) =gEucl. outside. Thus take 9n = g( s, d).

o

Proof 0/ (5.2): Consider B 2R(O) C 1HI2 and a compact, convex geodesie polygon P

with B 2R(0) C P and a second copy P'. Now we glue P and P' along their common

boundary and obtain 52 with a singular hyperbolic metric g- : there are only finitely

many singularities (corresponding to the vertices of P). Near the singular points the

metrie can be written w.r.t. polar coordinates:
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([0, r[ X 51, dr2 + ~in:j2 r de2 ) for same a > 1. Take ro < ~ and start with (52 x

N,g- + c2 m 2 • gN) :

We mayassume that Bro(pd n Bro(pj) = 0 for Pi i: Pj E ~, now we will smooth

the metrie on B ro (pd x N as follows:

&lUG P aad P'
M 1t

\ V
xiV

aec. (4.1)(ii) we can find a p < 0 and /, 9 E COO(]p, ro(, a>O) with:

RiC(gR + /2 . gS1 + g2. 9N) < 0 on ]p,ro[xSI x lV and:

{

~inb rf= -a-
- sinh(r - p) {

cm > 0 near ro
, 9 = I'i. > 0 neu p .

This is a smooth metrie identica1 to g(m, R) near 8Br (Pi) x N and we substitute
([O,ro[x51 x N,dr2 + si~/rd82) by ([6,ro[xS l x N,fJR+r 'gS1 +g2 'gN) and get

a smoath metrie with Rie < 0 on S2 x N which contains a. set eanonieally isometrie to

(BR(O) x N,9hyp. + c2 m 2
• gN).

o

Remark 5.3

L R. Braaks proved in [Br] that each hyperbolie orbifold of order;:: 12 admits ametrie

with Rie < 0 using estimates on the width of tubes around the singular set. The

proof above also extends this to arbitrary orders and without using such estimates.

2. The argument above can be used to prolongate arbitrary Rie < 0 metrics defined on
a subset to the whole manifold.
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§6 Closed three manifolds

The only elosed codiInension 2 sublnan.ifold of a three manifold is SI, hence we cannot

argue as in the higher dimensional case where we have used that the corresponding

submanifold admits ametrie with llic < o. On the other hand closed three manifold
are subject to Thurston's hyperbolic Dehn surgery and this was already used to derive

Proposition 6.1 Eaeh closed three mani/old admi~ a metne with Rie < O.

Namely Gao and Yau [GY] resp. Brooks [B] pointed out that each of these manifolds

admits a hyperbolic metric which is regular outside same elosed curves and they man

aged to smooth these singularities to get metries with Ric < O. Moreover the author

gave an elementary proof in [LI] (but at least if we are only interested in (6.1) it is fairly

Iengthy).

For these reasons we will restriet to an outline of a short proof of (6.1), but the

reader (familiar with (LI] and [L3]) will easily fill in the details .

. The proof starts with some outward bending as before, the problem occurs if we try
to elose the manifold: here we mainly use two constructions of [L3].

Step 1: The proof of (3.2) also includes the following result for a three manifold M
and 51 X Br(O) C B C .A/, B a ball, 51 X Br(O) a (trivial) solid torus:

Lemma 6.2 J.VJ\SI X Br(O) and 51 X Er(O) admit metrie", 91,92 with:

(i) 9i = gR + ,2 .r 2 • (95" + 951) on ]1, 2[ X 51 X 51 == neck 0/ the bou.ndary,

tor some possibZy Zarge, > O.

(ii)Rie(9i) < 0 elsewhere

Step 2: We would like to glue M\SI X Br(O) and 51 X Br(O), but these metrics
do not fit together. We can reduce this problem arbitrarily weil: here we will use a

(non-obvious) warped product argument of (L3], §8:

Lemma 6.3 For eaeh c > 0 there iJ an a = a(c) 2:: 3 and a metrie g~ on J1, a[ x 51 x 51
with

(i) Ric (9~) ~ 0

( .") _ { glR +,2 . r 2
• (951 +9s 1 )

n 9~ - 2 2 ( )91R + c . r . gSI + 951

on ]1, 2[xSI x 51
on Ja - 1, a(xSI x 51

After minor modifications this can be refonnulated in a more convenient way:

"near the boundary" g~ looks like 9R + (1 + C • r? . (9s1 + gSI) on ]1, 2[xS l x SI and
we can make c > 0 arbitrarily small.
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Step 3: On ] - 2, 2[ X Si X 51 we can easily find (cf. [L3] ) ametrie g- which is a

product metric near the boundary and has Ric < 0 otherwise.

Step 4: This can be used to link 1\1\51 X Er(O) and 51 X Br(O) : Take some h E

COO(IR, (0, 1]) with h = 0 on R\[-l - 26,1 + 26], h =1 on (-I - 6,1 + 6] for some small

6 > 0 (fixed). Consider g(e) = h· g- + (1 - h)· ge as defined on ] - 2, 2(xS l X 51 (ge ia

defined on ] - 2, -1( by obvious reflection). Using (2.2) we can deform g(e) to have Ric

< 0 if e is small enough.

This implies (6.1) and also as in the higher dimensional cases:

Corollary 6.4 On IR3 there i.s ametrie g3 with Ric(g3) < 0 on B l (0). and g3 = gEue!.

o'Ut"ide.

§7 Concluding Remarks

In the case of scalar curvature it is possible to deforrn any given metric on a closed

manifold Mn, n 2:: 3 inside a ball iota some metric with negative integral scalar curvature

S = J SgrNolg < 0, and this can be refined to show that the space of metries with S < 0
M

is contractible (cf. (L2]).

It is easily seen that a conformal change using the first eigenfunction of the conformal

Laplacian yields ametrie with S < 0 and adding same standard elliptic theory this

implies:

Theorem ([L2]): The space 01 metncs with S < 0 ~ contractible.

Now look at Ric < 0 : We can change the point of view and interprete our presented

construetions as deformations of arbitrary metri~ inside a ball giving some metrie which

can be deformed by eonformal change into same metric with Ric < O.

Thus we are led to believe in a similar philosophy as above: H the "integral" or

"average" Ried curvature is negative we can make same standard (e.g. eonformal) de

formation leading to a Ric < O-metric. This is additionally supported by the following

result which would be provable along the argument of (L2] if we had a useful notion of

average for Rie.

Theorem ([L3]): The space of metncs with Ric < 0 i" contractible.

But at this point we have to note that the proof in (L3] follows different lines: namely

due to the (eurrent) lack of a sharp and senseful measure for that average of Ric we have

to produce negative Ricci curvature directly by same subtle (but conerete) procedure,

which allows to avoid the intermediate use of metrics which only have a kind of averaged

negative Rieci curvature.
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