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On a Certain Class of Homogeneous Projectively Flat Manifolds 

by Katsumi Nomizu and Ulrich Pinkall 

Among the manifolds with a flat projective structure the 

homogeneous ones are particularly interesting. So far a general 

classification of such manifolds does not seem to exist. So the 

interest mostly has focussed on special cases. Agaoka [1] stu

died left-invariant projectively flat structures on Lie groups 

in some detail. Also he obtained a complete classification in 

the case where the Lie group action is the same as for an irre

ducible Riemannian symmetric space. Vinberg [12J developed a 

theory for projectively homogeneous bounded domains in 

Here we will obtain rather complete results about another class 

of homogeneous projectively flat manifolds, which we call bihomo-

geneous. 

A differentiable manifold M is said to be bihomogeneous 

if there exists a pair of Lie groups G1 and G2 ' each acting 

transitively on M and transformations from different groups 

commuting with each other. When M has a geometric structure, 

we say it is bihomogeneous if both G1 and G2 preserve the 

structure in question. In this paper we study bihomogeneous 

manifolds with flat projective structures. This class of 

manifolds include s3, the real projective space 3Rpn with 

two hyperplanes removed, and, more generally, the models which 

can be described as follows. 
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Let A be an associative algebra with identity over ~. 

The open submanifold M of the projective space P(A) corres

ponding to the open cone of all units in A is bihomogeneous 

where G1 and G2 are the groups of left and right multipli

cation, respectively. Our first main result is that the universal 

covers of these models exhaust all simply-connected 

bihomogeneous projectively flat manifolds. 

We reduce the problem to the study of biinvariant 

affine connections on Lie groups which are projectively 

flat. We show, in particular, that the only semisimple 

Lie groups admitting biinvariant flat projective structures 

are SL (n, JR) and SL (n, E) ,where E is the field of 

quaternions. From biinvariant flat projective structures on 

SL(n,~) and SL (n, E) we can easily obtain many examples 

of compact homogeneous projectively flat manifolds as quotient 

spaces by cocompact discrete subgroups. 

Now suppose that M is a manifold with a projective 

structure P. We say that a Lie group acting freely on M 

is a translations group if all orbits of 1-parameter sub

groups are geodesics. We shall determine the projectively 

flat manifolds which admit transitive translation groups. 

They turn out to be bihomogeneous and Lheir study is re

duced to the study of Lie groups whose (O)-connections are 

projectively flat. These Lie groups were indeed studied by 

E. Cartan [3). We are going to complete his results, provide 

a simpler proof based on our general method mentioned above, 

and describe our main result here in the following way: 
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The following subsets of mpn admit a transitive trans

lation group. 

where H is a hyperplane. The 

translation group G is abelian or 2-step nilpotent. 

2) Each component of JRpn - (H
l 

U H
2
), where Hl and 

H2 are hyperplanes; the group 8 is solvable but not_ nil

potent and is characterized by an integer p, 0 ~ p ~ (n - 1) /2. 

2n+l 
3):RP - subspace of codimension 2; G is uniquely 

determined. 

G is SO{3). 

5) Each component of mP
3 - Q where Q is a quadric 

of signature (-,-,+,+) i G is PSL(2,JR). 

All projectively flat manifolds admitting a transitive 

translation group are obtained by passing to quotients by 

discrete central subgroups of G in case 1) or by passing to 

arbitrary-covering spaces in the non-simply connected cases 

3) , 4 ) and 5). 

In § 1, we give several definitions and preliminary re-

suits on projective structures, volume elements, equiaffine 

connections, projective curvature t~nsor, etc. Some old re-

suits in Eisenhart [4] and Schouten [9] are reformulated. In 

§ 2 we study bihomogeneous spaces and reduce the problem on 

bihomogeneous projectively flat manifolds to the study of 

biinvariant projectively flat affine connections on Lie groups. 
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This is carried out and our first main result is precisely 

stated in § 3. The case of semisimple Lie groups is treated 

in § 4. In § 5 we show that there is almost no overlap be-

tween the class of manifolds we study here and the class in-

vestigated by Vinberg: we prove that the only bihomogeneous 

bounded domain in ~n is the interior of a simplex. In 

§ 6 we reduce the study of projectively flat manifolds 

admitting transitive translation groups to E. Cartan's 

problem on Lie groups. We give a complete solution of this 

problem using a result from § 3. In § 6 we shall derive 

the geometric description we already mentioned. 

1. Projective structures, equiaffine connections, projective 

curvature tensors 

The notion of flat projective structure can be defined 

in the following way. A differentiable manifold M has a 

flat projective structure if it has an atlas {Ua,$a} where 

~a maps the open subset U onto an open subset V of the a a 

real projective space Epn in such a way that in the non-

empty intersection Uan Us the transformation 

-1 
$S~a: ~a(Ua n U~)~$S{Uan US) is the restriction of a pro-

jective transformation of EPn 

Kobayashi [71. 

In order to give an equivalent definition which we shall 

use, we start with affine connections V and V with zero 
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torsion tensors defined on a manifold M (or on an open sub-

set of M). We say that II and II are Erojectively equivalent 

if there is a 1-form p such that 

( 1 ) 
-
1/ Y = 

X 

for all tangent vector fields X and Y. Geometrically, this 

means that both affine connections have the same family of 

curves as geodesics (though the affine parameters may not be 

the same). See Eisenhart (4], p. 87, Tanaka (11], Appendix. 

We say that a differentiable manifold M has a projective 

structure P if M has an open covering {U } I where each U 
a a 

has a torsion-free affine connection V~ in such a way that 

in any non-empty intersection Ua 0 Us the affine connections 

Va and VB are projectively equivalent. We may call such a 

covering {Ua } an atlas for the projective structure P and 

it is obvious when two atlases define the same projective 

structure. 

Proposition 1. If M has a projective structure, we can find 

a torsion-free affine connection V on the whole M such that 

in a neighborhood of each point, " is projectively eguivalent 

to a local affine connection on 

Proof. Choose a partition of unity 

and define a global affine connection 

of the atlas. 

{fa} subordinate to {u } 
0: 

a 
V :: 1: fa" • Note that 

each point x of M has a compact neighborhood on which all 

but a finite number of f 's vanish so that V is locally a a 
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finite convex sum of torsion-free affine connections which are 

projectively equivalent. 

[] 

Proposition 2. Let V be a torsion-free affine connection on 

a manifold M. Given a volume element (i.e. a non-vanishing 

n-form) w on M, there is a unique torsion-free affine 

connection V on M such that 

1) V is projectively equivalent to V ; 

2) Vw = 0 (that is, w is parallel relative to V). 

Proof. It is easily verified that 

(2) p (X) = 1 
n+1 

(VXw) (X
1 

, ••• ,X
n

) 

w(X 1 ,··· ,Xn) 

is the unique choice for the 1-form in (1), where the 

right-hand side is independent of the choice of a basis 

{X
1

, ••• ,Xn } at each point. 
[J 

Proposition 2 can be found in Eisenhart [4], p. 104, 

and Schouten [9], p. 288. 

The Ricci tensor of an affine connection is defined by 

Ric(Y,Z) = trace of the linear map X ~ R(X,Y)Z. 

The Ricci tensor may not be symmetric. 
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Proposition 3. A torsion-free affine connection V has 

symmetric Ricci tensor if and only if it admits locally a 

parallel volume element. If the manifold M is simply 

connected, then a torsion-free affine connection with symmetric 

Ricci tensor admits a global parallel volume element. 

Proof. From the definition of the Ricci tensor and the first 

Bianchi identity for the curvature tensor, we get 

Ric(Y,Z) - Ric(Z,Y) = - trace R(Y,Z). 

If there is a parallel volume element w in a neighborhood 

u, then the holonomy group at x for U is contained in 

SL (T (M» 
x 

so that R{Y,Z) has trace " u • 

Thus Ric is symmetric. The converse can be proved by using 

a well-known theorem on the Lie algebra of the holonomy group. 

An affine connection with zero torsion is said to 

be equiaffine if its admits a globally defined parallel 

volume element. 

Proposition 4. Suppose a differentiable manifold M has 

a projective structure P. For any given volume element w 

o 

on M we can find an equiaffine cc:.mnection (with zero torsion) 

which induces the given projective structure P. Such V is 

unique. 

This follows from Propositions 1 and 2. 
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An affine connection V with zero torsion and symmetric 

Ricci tensor is said to be projectively flat if in a neigh

borhood of each point V is projectively equivalent to an affine 

connection V which is flat, that is, the curvature tensor 

R is identically zero. The following is well-known (H. Weyl). 

Proposition 5. A torsion-free equiaffine connection V is 

projectively flat if and only if 

(a) the projective curvature tensor W defined by 

(3) W(X,Y)Z = R(X,Y)Z - (n 1_n{Ric(y,Z)X-RiC(X,Z)Y} 

is identically 0 and 

(b) the Ricci tensor satisfies Codazzi equation, that is, 

for all tangent vectors X,Y,Z. 

Furthermore, if dim M = n;;;: 3, then (b) follows from 

(a). For n = 2, (a) is automatically satisfied, so (b) 

is a necessary and sufficient condition. 

Remark. The projective curvature tensor W defined b~ (3) 

is the same for all projectively equivalent equiaffine 

connections. 

For Proposition 5, see Schouten [9], p. 289, Eisenhart 

[4], p. 95. It is known that the Levi-Civita connection 
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of a nondegenerate metric g is projectively flat if and 

only if g has constant sectional curvature. 

Finally, a projective structure P defined by an atlas 

{U ,Va} is flat if each local affine connection Va is proa . 

jectively flat. This definition indeed coincides with the de-

finition of flat projective structure given in the first 

paragraph of this section. 

2. Bihomogeneous projectively flat manifolds 

By a bihomogeneous manifold M we mean a manifold 

M with a pair of Lie groups G1 and G2 
acting effectively 

and transitively on i"1 in such a way that the transformation 

by every element a of G commutes with the transformation 

by every element a of G It is natural to denote the 

action of G on 1-1 on the left: 

and the action of G2 on M on the right 

x E M ~ x a2 € M, 

and thus we have 
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Proposition 6. If M is a bihomogeneous manifold with groups 

G, and G2 ' then M is diffeomorphic to a Lie group G in 

such a way that G1 corresponds to the group of left trans

lations of G and G2 to the group of right translations of 

G. G
1 

and G2 are isomorphic to each other. 

Proof. We show that G1 acts freely on M. Suppose a 1 E G1 

has a fixed point x E M: a 1 x := x. For any y in M there 

exists a 2 E G2 such that y:: xa2 • Then 

showing that a 1 acts as the identity transformation 

on M. Since G1 is effective, a 1 is the identity element 

of G1 • Similarly, G2 acts freely on M. 

By choosing an arbitrary point Xo in M as the origin 

we can define a diffeomorphism f1 of G
1 

onto M by 

f1 (a l ) :: a l x O' Since f
1

(b1a
1

) := (b
1

a
1

)xO = b 1f1 (xO), we 

see that the action of G1 
on M corresponds to the action 

of G1 on itself by left translations. This way we can identify 

M with G" and similarly for M and G2 " 

For each we can find a unique such 

that a 1x O :: x Oa 2 . It is easy to verify that +: a 1 E G1 ~ a 2 E G2 

determined in this way is an isomorphism of G1 onto G2 • 

o 

Now let M and M be differentiable manifolds with 

projective structures P and P, respectively. A diffeomorphims 



-11-

f of M onto M is called a projective transformation is for 

each local connection va of the atlas for M the pull-back 

f*V
u 

is projectively equivalent to every local affine connection 

of the atlas for M. For a manifold M with a projective struc-

ture p, a projective transformation of M onto itself is also 

called an automorphism of (M,P). The group of all automorphisms 

is denoted by Aut(M,P). 

A manifold M with a projective structure P is bihomo -

geneous if the action of each group G., i = 1 , 2 , preserves 
]. 

In this case, M may be thought of as the space of a Die 

group G provided with a biinvariant projective structure, 

namely, a projective structure which is preserved by left 

and right translations. 

We want to reduce the study of this structure to that 

P. 

of a biinvariant affine connection which is projectively flat. 

For this purpose, we prove the following general result. 

Theorem 1. Let G/H be a homogeneous space of a connected 

Lie group G. Assume 

1) G/H admits a projective structure invariant by G; 

2) G/H admits a volume element w invariant bX each 

g E G up to a scalar mul tiple, that J.S, for each g E G there 

is a positive constant c(g) such that g*w = c(g)w • 

Then there is on G/H a unique invariant torsion-free affine 

connection V which is equiaffine relative to w and which 

induces the given projective structure. 
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Proof. By Proposition 4 we can choose an equiaffine connection 

V relative to w which induces the given projective structure. 

For each g E G, the transform g*v of the connection V is 

~affine ·relative to the pull-back g*w = c(g)w and hence 

relative to w. By the uniqueness part of proposition 2 we 

conclude that g*V = 'OJ. Thus V is invariant by every 9 E G. 

The uniqueness of V is clear. 
o 

Remark. A typical situation of a volume element as in 

condition 2) is the usual volume element on the affine space 

JRn regarded as a homogeneous space A (n I JR) /GL (n ,lR) of the 

affine group A(n,ffi). An orientable homogen~ous space G/H 

with compact H, in particular a Lie group G itself with 

H = tel, has an invariant volume element. 

We obtain 

Corollary. Let G be a connected Lie group with a biinvariant 

projective structure. Then there is a unique torsion-free bi-

invariant affine connection which is equiaffine relative to 

a left invariant volume element and which induces the given 

projective structure. 

Proof. Consider G as a homogeneous space G/D, where G= G x G 

and D is the diagonal subgroup of G. A left invariant volume 

element on G satisfies condition 2) in Theorem 1 for the action 

of (a,b) E G, which is xEG ~ axb- 1 EG. In fact, R* -1w is 
b 

left invariant and hence equal to a constant multiple of w. 

o 
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3. Biinvariant project~vely flat affine connections on 

Lie groups. 

Our problem is now to study biinvariant projectively 

flat affine connections on Lie groups. Let g be the Lie 

algebra of a Lie group G. Recall that for any left invariant 

geometric structure on G (such as a Riemannian metric I an 

affine connection, etc.) there is an algebraic structure on 

g. If V is a left invariant affine connection on G, then 

it can be expressed as a bilinear mapping 

(5) 

This transition comes simply by observing that if X and 

are left invariant vector fields on G (i.e. elements of 

y 

g) I 

then so is VxY. See Nomizu [8]. Since the torsion tensor is 

we have 

(6) 

Biinvariance of the affine connection of G leads to the 

invariance of the bilinear mapping (5) by the adjoint mapping 

in g: 

The connection being equiaffine relative to a left invariant 

volume element on G we have 

o 
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for x E g . 

Somewhat more generally, even if the affine connection 

'l is not equiaffine relative to a left invariant volume 

element on G, assume it has symmetric Ricci tensor (that 

is, it admits locally a parallel volume element - see 

Proposition 3). Let y be the normalized Ricci tensor 

y (Y,Z) = Ric (Y ,Z) / (n - 1) I where n = dim G. The projective 

curvature tensor W is given by 

W(X,Y)Z = R(X,Y)Z - {y(Y,Z)X - y(X,Z)Y} , 

which is an algebraic expression in g like (5) ,(6) and 

others. Thus the projective flatness is given by 

(9) R(X,Y)Z = y(Y,Z)X - y(X,Z)Y. 

We now prove 

Lemma. Let 'l be a biinvariant torsion-free affine connection 

on a Lie group and consider its Lie algebra expression on the 

Lie algebra g. If 'l is flat (that is, R = 0), then g be

comes an associative algebra over ~ with respect to multipli

cation X,Y = 'lxY. 

Proof. R = 0 gives 

and hence 
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(10) x. (Y.Z) - Y. <x.Z) - (x.Y - Y.x}.z = 0 • 

On the other hand, biinvariance of V leads to 

that is, 

(x.Y - Y.X).Z + Y.(X.Z-Z.X) =X.(Y.Z) - (Y.Z).X. 

Combining this with (10) we get Y. ,(Z.X) = (Y.Z) .X, thus 

proving associativity of the multiplication. 

Conversely, let A be any associative algebra over ~. 

Then A can be made into a Lie algebra g by setting 

[x I y] = X. Y - Y.X. Also the bilinear mapping (X, Y) !--?-- 'ilxY 

is biinvariant and flat. Hence the simply connected Lie group 

G with g as its Lie algebra will have a biinvariant, torsion-

free, flat- affine connection. 

For the study of left-invariant complete torsion-free 

flat affine connections on Lie groups, see Auslander [2]. 

Next we prove 

Theorem 2. Let G be a biinvariant torsion-free affine 

connection on a Lie grouE G. Assume V has s~etric Ricci 

tensor and is projectively flat. Then the Lie algebra g 

can be enlarged to a Lie algebra "] = g e lRe which admits 

a biinvariant torsion-free flat affine connection 



-16-

that Theorem 2 applies and becomes an associative 

algebra with identity e). If furthermore V is assumed to 

be equiaffine relative to a left-invariant volume element, 

then 9 can be recovered in as 

( 11 ) 11 = {u E g ; trace { v E g ~ u. v E g} = o. 

Proof. In the direct sum 11 = 9 ED JRe I as a Lie algebra, 
,..., 

we define a bilinear mapping V: 9 x g ---7 9 by 

(12 ) 

and 

( 13) = V X = X e for 

for X, Y E 11 

Z E 9 and V e = e. e 

We now wish to verify that V corresponds to a biinvariant 

torsion-free flat affine connection on a Lie group with Lie 

algeora 11. 

First, the torsion tensor is 0, namely v v·- V u = [u,v] u v 

for all u,v E g. The only non-trivial case is for X, Y E g 

because of the symmetry of y. 

,.,., ,..."" #"f¥ ,.", ,.." ".", 

The curvature tensor R(X,Y)Z = VXVyZ - VyVXZ--V(X,y]Z 
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can be computed as 

~(X,Y)Z = R(X,Y)Z - y(y,Z)X + y(X,Z)Y 

The first three terms on the right hand side give 0 because 

of (9). We have 

Since projective flatness implies Codazzi equation for the 

Ricci tensor (4), we have (Vxy) (Y,Z) = (Vyy) <X,Z). Thus we 

find R(X,y)Z = o. 

The remaining verification of "" f'J R(X,Y)e = 0, R{X,e)Y = 0 

'" and R(X,e)e = a, where X,Y E g I is straightforward. We have 

thus R = ,0. 

Biinvariance of V can be checked as follows. For 

X, Y, Z E g , we have 

since 

y([X,y),Z) + y(Y,[X,ZJ) = 0 
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because y is biinvariant, like v and R. On the 

other hanell 

Thus biinvariance of V on g leads to 

It is now easy to complete the verfication of the 

biinvariance of V. 

By the lemma, g becomes an associative algebra with 

multiplication U.v = V v. We get 
u 

X.e = X = e.X and 

e.e. = e, so that e is the identity for the algebra. 

Assume condition (8) for V in g. For X E g we 

have 

X.Y = VXY - y(X,Y)e and X.e = X, 

so 

trace {u E S ~ X.U t g} = trace {YEg t--:;>VxY t: g} = 0 

by assumption. Obviously, trace {u € 9 ~ e.u € g} :=. dim 9 . 

Hence we have (11). 

o 

Conversely, we may start with an associative algebra A 

wi th identity over E • Let dimE A = n + 1. As we already 

know, we can make A into a Lie algebra g by defining 
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[ u , v] ::: uv - vu and obtain a biinvariant torsion-free 

flat affine connection by v v = uv. Let 
u 

T (u) ::: trace {v E 9 H>- uv E g} 

We have T (e) = n + 1. We see that 9 coincides with 
,..., 

{u E 9 iT(U) ::: O} and g is the direct sum 9 ED R e as 

Lie algebra. For X,Y in 9 , define VxY to be the 

g-component of VxY' We can verify that this defines a bi

invariant torsion-free affine connection in g which is 

projectively flat. 

Another way of viewing this situation is to consider 

the group U of all units (i.e. invertible elements) in 
l\ 

the associative algebra A. The quotient group G = U/~*e I 

where JR* is the multiplicative group of all nonzero reals, 

be considered as an open subset of the real projective 
A 

space A/lR*e. Thus G admits a natural flat projective 
A 

structure in such a way that the group G acts on the left 

as well as on the right as projective transformations. We may 

summarize this as follows: 

Theorem 3. Every bihomogeneous proi~ctively flat manifold is 

equivariantly projectively diffeomorEhic to a Lie grouE with a 

biinvariant projective structure. Every such Lie grouE G can 

be obtained as follows: Take the group of units U in the 

corresEonding associative algebra with identity and form 

U/:R*e • Take the universal covering grct;p 
A 
G of U/1R*e 
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and take the quotient G = G/r , where r is a central 

discrete subgroup of G. 

Remark: The connection between associative algebras with 

identity and commuting pairs of transitive projective group 

actions on domains in Epn was already known to E. Study 

(10]in 1890. 

Corollary. There is a natural one-one correspondence be

tween 

(a) simply connected bihomogeneous projectively flat 

manifolds uE to equivariant Erojective diffeomorEhismi 

(b) associative algebras with identity over ~ ~ 

to algebraic isomorphism. 

Study [10] classified all associative algebras over R 

of dimensions 2 and 3. For higher dimensions, see Happel 

[5]. Vinberg [12J studied projectively homogeneous bounded 

domains in En using a certain kind of non-associative 

algebras. 

Remark. In order to emphasize the fact that bihomogeneity 

is not only the manifold but also a choice of a pair of 

groups G, and G2 acting on it, we mention the following 

example. 

The ordinary affine space m3 may be considered as a 

(projectively, in fact, affinely) flat space with G, and G2 
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as usual translations: X E R ~ a + X = X + a I a E G1 :;; G2 • 

Or we may identify the points (x,y,z) E E3 with the elements 

[

1 x Z] 
o 1 y 

001 

of the 3-dimensional Heisenberg group H and regard G 1 

as H acting on itself by left multiplication and G2 by 

right multiplication. In this case, G1 and G2 are non

abelian. The Lie algebra h consisting of all matrices 

[

0 x Z] 
o 0 y 

000 

is enlarged to the associative algebra A = h consisting 

of all matrices 

x z 

a y a E lR • 

o a 

We may also consider two other projectively flat 

manifolds PSL(2,m) , which is bihomogeneous with a unique 

choice of the pair (G
1

,G2), and Rp3 I which is bihomogeneous 

where the choice of (G 1 ,G2 ) is unique up to conjugacy within 

the automorphism group. 
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4. Semis imp Ie Lie groups: 

In this section, we prove 

Theorem 4. Let G be a semisimple Lie group that admits a 

biinvariant torsion-free equiaffine connection which is pro-

jectively flat. Then its Lie algebra is isomorphic to $l(n,~) 

or to $1 (n, E) , where E is the quaternion field. 

,.... 
Proof. By Theorem 3 we obtain an associative algebrC!- 9 = 9 e :R e. 

,..., 
By the lemma below, we see that this associative algebra g 

is semisimple if the Lie algebra g is semisimple. The structure 

theorem of Wedderburn implies that splits as 
...... 

where each ni is isomorphic to gl(n,m) ,gl(n/~) or 

gl(n,E} . (See van der Waerden [13), p. 54}. If there were more 

than one summand, then z = m2 e
1 - m

1
e 2 I where e i is the 

identity 
iW ,..., 

1 ,2, would be in the of !!i and m. = dim Si for i = 
~ 

center of S. In fact, for each x € g, written x = x 1 +x2+···+xk 

with 

We still have to show that z E g. This can be done by 

checking that 

trace {u t it I---+- zu E it} = 0 

Therefore we conclude that is either g 1 (n,JR) or 

gl(n,~) or gl(n,E). The case gl(n,~) must be excluded 



-23-

because the element ie is in the center of 9. 

If 9::;!J1 (n,m) , then we get 9::; s1 (n,JR) . 

If g::; 91 (n,]H) , then 9 is the Lie subalgebra 

consisting of all X E gl (n, E) I which as a real linear 

transformation of the real 4n-dimensional vector space has 

trace O. This is s1(n,lli) known to be semisimple. See 

Hausner und Schwartz .[6] I p. 186. 

[J 

We now prove 

Lemma. If g is semisimple, then the associative algebra 

'" g is semisimple, that is, g does not contain any nonzero 

nilpotent two-sided ideal. 

Proof. Let I be a nilpotent two-sided ideal of the 

associative algebra g. If a E I I then left multiplication 

by a is a nilpotent linear transformation and has trace O. 

Thus a E g.. Hence I is a nilpotent ideal of the Lie algebra 

9 and I::; {OJ, because 9 is semisimple. 

Example. For 9 = s 1 (n ,11) I 

(I : identity matrix) 
n 

defines a biinvariant torsion-free affine connection which 

is projectively flat. The normalized Ricci tensor is given by 

y(y,Z) ::; - trace (YZ)/n 
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and the curvature tensor by 

R(X,Y)Z = y(Y,Z)X - y(X,Z}Y, 

as can be directly verified. Note that the Ricci tensor 

is a constant multiple of the Killing-Cartan form. 

5. Bihomogeneous bounded domains in mpn 

In order to show the relationship of our work to that 

of Vinberg [121 we prove that the interior of a simplex is 

the only projectively bihomogeneous bounded domain in En. 

The proof is more natural in terms of projective spaces. 

So we first give the following definitions. 

By a bounded domain n in JRpn we mean a domain n 

which avoids a neighborhood of a hyperplane H. If H is 

taken as the hyperplane at infinity, then n c JRn = ]Rpn - H 

is bounded. A bounded domain n is called an open simplex 

if it is the interior of a simplex in mn = lRpn - H. In 

suitable homogeneous coordinates it can be described as the 

set of all points 

We shall prove 

x. > 0 
~ 

for all 

Theorem 5. An open simplex is the only bihomogeneous 

bounded domain in lRPn. 

We prove two lemmas 

1. 
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Lemma 1. Let n C JRpn be a bihomogeneous domain and 

1T: JR n+1 --> JRpn be the canonical projection. Then ]Rn+1 

can be given the structure of an associative algebra in 

such a way that n = 1T (UO)' where Uo is the identity 

component of the group of units. 

Proof. Let f be an identifying map from the simply 

connected covering n of n onto the simply connected 

covering (in the manner of Theorem 3). 
'" 

If is the projection of 
A A 
GO onto GO' then P2 0 f is 

a development (i.e. a map which is locally a projective 

diffeomorphism) of n into peg) I as is the projection 

p,: Q ~JRpn. Thus there exists a projective transformation 

f JRpn 
g 0 onto peg) such that P2 0 f = g 0 P1' So we 

A 

get gW) = GO 
Q 

Lemma 2. If a bounded domain n c 1Rpn is bihomogeneous, 

then the corresponding associative algebra A does not 

contain elements 

x with x 2 = O. 

x with x 2 = -1 nor nonzero elements 

Proof. If x 2 = -1 ,then Ae + ~x with A2 + ~2 = 1 has 
A 

an inverse Ae - ~x. So G = U/JR*e C JRp n contains a whole 

projective line through e I which L.: a contradiction because 

g(n) = ~o by Lemma 1 and n is bounded. If x 2 = 0 and 

x ~ 0, then e + ~x has an inverse e - ~x for all ~. Thus 
A 

GO contains a line minus a point, which is again a contra-

diction. 

Q 
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Proof of Theorem 5. The associative algebra A corresponding 

to a bihomogeneous bounded domain n c IRP
n (in the manner 

of Theorem 3) is semisimple, because if it had a nonzero nil-

potent ideal, it would have an element x ~ D such that 

2 x = O. By the theorem of Wedderburn and by the fact that A 

contains element with 2 -1, conclude that A no x x = we 

is the direct sum ]Re) E. ED ... e JR. The identity component 

in the group of units in A consists of all points 

(xO' ... , X n ) , where all Xi > O. We thus obtain the con-

elusion that n is an open simplex. 

[J 

6. Projectively flat manifolds with transitive translation 

groups. 

Let M be a differentiable manifold with a projective 

structure P. A Lie group G acting freely on M is called 

a translation group for (M,P) if every orbit of each 1-para

meter subgroup of G is a geodesic. We shall determine all 

projectively flat manifolds (M,P) which admit transitive 

translation groups. 

LEMMA. Suppose G is a translation group which is transitive on 

a manifold M with a projective structure P. Then (M,P) is 

projectively diffeomorphic to (G,PO) , where Po is the 

biinvariant projective structure on the Lie group G which is 

determined by the (D)-connection of G. Here the (O)-connection 

of G is the biinvariant affine connection on G which is 

9iven by 
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V
O 

Y = (X,Y]/2 
X 

For the (O)-connection, see Nomizu [0]' Every I-parameter 

subgroup at of G has orbits at x 

(right action) which are geodesics. 

(left action) and x at 

PROOF. Choose an arbitrary point Xo as the origin of M and 

define a diffeomorphism q,: G -> M by q,da) = a (xO) for each 

a E G • Also choose a torsion-free affine connection 'i/ which 

determines P. Then the pull-back r/:J* 'i/ and the (0) -connection 

'i/O have the same geodesics and thus they are projectively 

equivalent. This means that ~ is a projective diffeomorphism 

between (G,Po) and (M,P) • It also follows that the given 

translation group G is contained in Aut(M,P} and that 

(M,P) is bihomogeneous (corresponding to biinvariance of 

P a on G). 

o 

Now E. Cartan (2J already considered the problem of 

determining all Lie algebras of Lie groups whose (O)-connec-

tions are projectively flat. We shall clarify and complete 

his work by using a method from §3. We shall prove the following 

theorem which is due to Cartan, excp~t that his statement is 

somewhat vague on the last three cases. 

THEOREM 6. If the (a)-connection on a Lie group G is Ero

jectively flat, then the Lie al~ebra g of G is isomorEhic 

to one of the following Lie algebras: 
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1) g is abelian or 2-step nilpotent (this is the case 

if and only if the (O)-connection is flat). 

2a) g has an abelian iaeal k of codimension 1 such 

that g = Xo $ k , where [Xo,X] = X for all X E k 

-2b) g has two ideals k+ and k such that 

+ -g = Xo e k CI> k , where 

[XO,X] = X for all X E k+ 

-
[XO'X] = -X for all XEk 

+ -k = k ek abelian, 

and 

O<dim k- ~ dim k+<n-1. 

3) g = Xo ~ k, where k is an abelian ideal with a basis 

{X1 , .•• ,X ,y , .•• ,Y } 
P 1 P 

and 

4) g = $1(2,JR) 

5) g = 0(3) • 

such that 

- X. 
1. 

for 1~i~p. 

Conversely, a Lie group with such a Lie algebra is projectively 

flat relative to the (D)-connection. 

Proof. We first note that the curvature tensor R of the 

(D)-connection is 

R (X I Y) = - ad ([ X, Y) ) /4 

and the Ricci tensor is 

Ric(Y,Z)= - B(Y,Z)/4, 
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where B is the Killing-Cartan form B(Y,Z) = trace ad(Yjad(Z). 

Thus Ric is symmetric. The flat case (1) is obvious. 

Assume that the (O)-connection is projectively flat but 

not flat. The normalized Ricci tensor y = Ric/n-1 is not 0 . 

Take Xo such that y(XO,Xo) ; 1 or -1. We first deal with 

the case 

By Theorem 2 we can construct the associative algebra 

9 ; g Ell R e, in which we have 

Let 

k = {X E 9 

Since y = - B/4{n-1) is biinvariant, we have 

and hence .[XO'X] E k for every X E g. In particular, we 

can consider the linear endomorphism e of k defined by 

Since 2 
X = e o in '" g I we see that e is involutive. Thus 

e has eigenvalues 1 or -1 or both. 

If 1 is the only eigenvalue, then we get 9 = JR Xo \l1 k I 

where [Xo ' X ] = 2X for every X E k • By replacing 

Xo by XO/2, we get the Lie algebra described in 2a) • 
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If -1 is the only eigenvalue, then replacing 

Xo by -XO/2, we get the same Lie algebra structure as above. 

Now suppose that both 1 and -1 are eigenvalues of e. 

Then changing Xo to XO/2 we get g = lR Xo ED k + • k

[ Xo' X ] = X for X E k + and [X
O

' X] = - X for X E k-

Assume + X,Y E k • We show that [X, Y] = 0 • We have 

= - [X, -Y] - [Y,X] = 2[X,Y] 

Ifwewrite [X,Y]=AXO+U+V, with UE:::k+,VEk-

while the above shows that 

[XO' [X,Y]] = 2AXO + 2U + 2V. 

where 

then 

Hence A = 0, U = 0, V = 0 I that is, [X,Y] = 0 for + X,Y E k • 

Similarly, [X,Y] = 0 for X,Y E k-

Now let X E k+ and Y E k From 

we get [X, y] = A Xo for some A E lR. We now repeat Cartan I s 

argument. Let {X 1 ' .•• ,X
m

} be a basis of 

{Xm+ 1 '··' ,Xn - 1 } a basis of k-

k+ and 
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From what we have seen already, we have the following informa-

tion about the structure constants of the Lie algebra g 

(0 ~ a,P ~ n-1): 

for 1 ~ i ~ m I m+1 $ j ~ n-1 

i cOi ::' 1, a c
Oi 

:: 0 for a *i, 0 cij =0 for all 0- f if 1 <. . < 
= ~, J = m 

C j - -1 cO - 0 for 0* j, a for all if m+1;;i i, j ~ n-1 OJ - f OJ- c .. =0 o , 
~J 

c ~ j == 0 for all 0 * 0, if 1:;; i ~ m and m + 1 ~ j ~ n -1 . 

Using all this information we can compute the Killing-Cartan 

form a for Xi and X. I 1 ~ i ;;; m, m + 1 ~ j ~ n - 1 : 
J 

B(X.,X.) :: trace (ad (X . ) ad (X . ) ) :: I c.O 
~ J ~ J a,p ~p 

:: 0 j i 0 0 0 c .. c jO + ciO c .. :: C .. - c;i l.J J~ l.J ..J 

For the normalized Ricci tensor we have 

y(X.,X.) :: - c.?/2(n-1) 
l. J ~J 

On the other hand 

o = - c .. Xo/2 (n-1) 
~J 

Hence 

== 

o c .. /2(n-1) = 
l.J 

o 
Cij /4 . 

:: 

0 
C. 

Ja 

2 0 c .. 
l.J 
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o c :;:: 0, 
ij If n # 3, this implies 

1 :;;; i :;;; m, m+ 1 :;;; j :;;; n-1. If n= 3, 

but may be a nonzero number. 

that is, [Xi,X
j

] :;:: a for 

o we might still have c ij :::: 0, 

When o c .. :;:: 0, 
~J 

we have the Lie algebra structure described 

in 2b), including the case n = 3. We may assume 

- + dim it :;;; dim k. without loss of generality. 

When n:;:: 3 and this means we have a basis 

{X
O

,X
1

,X
2

} of 

Or by taking 

g such that [XO,X
1

] = X1, txo ,X2 ] = -X2 and [X1 ,X2] = XO' 

Y1 = (X
1 

+x
2
)/12 and Y2 = (X 1 -X2)/!2, we 

have 

Thus we get g = $1 (2 I JR) in 4). 

We now proceed to the case where we have y(XO'XO) = 1 . 

In g we have 

X 2 :;:: a - e . 

If k. = {x E g ; Y (Xo' X) = a} , then k. is invariant by the 

endomorphism 0 induced by u ~XO.u as before. Since 

0 2 is -I, we have a basis in k of the form 

We complexify g and write Q!t = a: Xo 6) kCl: 
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Extending G to k(i!, we have G (Zj) = i Zj and G(Zj) = - iZ. 
J 
. 

We write k<I! k+ i 
EB R -i , the direct sum of the eigen-may = 

spaces k+ i for i and k- i for -i . We have 

d' k + i ~m . = dim k -i . We can now repeat the argument in the 

case of + -g = JR X + k + k essentially in the same way in a 
order to conclude that unless n = 3, k<I! is abelian, so 

that k is abelian. We get the Lie algebra structure 

described in 3) by simply replacing Xo by XO/2 . 

If n = 3 and k is not abelian, we have a basis 

Thus g = 0(3) as in 5) . This completes the proof of 

Theorem 5. 

IJ 

Remark. For·the Lie algebras in 2a), 2b) and 3) we can deter-

mine all biinvariant affine connections and show that they are 

projectively flat. On the other hand, each of sl(2,JR) and a(3} 

has a unique biinvariant torsion-free affine connection. 

7. Geometric models for Theorem 6. 

We now wish to construct geometric models for all projectively 

flat manifolds admitting a transitive translation group. Accor-

ding to Theorem 3 we can proceed in the following two steps: 
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1) Determine the group of units U in the associative 

algebra 9 corresponding to each Lie algebra listed in 
A 

Theorem 6 and consider the identity component 

jectivization G = U/IR*e 

GO of its pro-

2) Determine the discrete central subgroups r of the 

universal covering group G of 
A 

G . Every Lie group with Lie 

algebra 9 is then obtained as G = G/r . 

We distinguish the following cases as in Theorem 6. 

Case 1): 9 is abelian or 2-step nilpotent. Since the 

Ricci form Y vanishes identically on g I the associative 

product X.Y in for X, Y E 9 is simply given by 

(X, Y]/2 E g. An element z = Ae + X, X E 9 I in g is a non-unit if 

and only if there exists lle + Y, Y E g, in such that 

o = (Ae + X) (f,le + Y) ::: Af,le + AY + llX + [X,Y]/2 

Considering the cases f,l = 0 and II 1 0 seperately we see 

that A has to be 0 Conversely, A = 0 clearly implies 

that z is a non-unit. Thus the units in 9 are exactly the 
,., 

elements Z = Ae + X with A ~ O. The projection G of the 

group of units U to the projective space P(g) is the comple

ment of a hyperplane. G is simply connected and we therefore 

obtain the most general Lie group with Lie algebra 9 by passing 

to the quotient G = G/r I where r is a discrete central sub-
A 

group of G. 
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Cases 2a) I 2b) and 3): g is one of these in Theorem 6. 

'" Using the notation in the proof of Theorem 5 any element z € g 

can be written as z = Ae + ~XO + X, with X€ k. A computation 

similar to that in Case 1) shows that z is a unit if and only if 

in case 2a) and 2b) 

or 

in case 3) • 

Thus the group of units in i projects to the complement 

of two hyperplanes in P(g) in case 2a) and 2b) and to the com
A3 

plement G of a subspace of codimension 2 in case 3) . 

A2 
GO is the unique connected Lie group with Lie algebra g, 

because it is simply connected and has trivial center. To see 

that has trivial center one can use the following matrix 

representation of the Lie algebra '" g: 

A+~ 

o 
o 

Similarly, 
A3 
G has trivial center as can be seen from the 

following representation of the Lie algdbra of case 3): 



Thus 

A -jl 

jl A 

A-jl 

jl A 

o 

0 
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x 1-z
1 

z1 x
1 

x2- z 2 

z2 x
2 

1 0 
o 1 

the center of the universal covering group G Of 

corresponds exactly to the fundamental group of "'3 G , which is 

isomorphic to Z • Therefore the most general group with Lie al-

gebra in case 3) is given by an arbitrary covering of 

Case 4: 9 = $ 1 ( 2 ,lR) • 
,... 

Here n is isomorphic to 

.... 3 
G . 

9 1 (2 IE) 

and z E gl (2, JR) is a unit if and only if det z ;. O. The de-

terminant is a quadratic polynomial on gl(2,JR) of signature 

(-,-,+,+) • Thus the image G of the group of units is the 

complement of a quadric in peg) = lRp3 • 

A 

As in case 3) we can use the fact that the identity componentof GO 

has trivial center to show that an arbitrary connected Lie group 

" with Lie algebra $1 (2, JR) is a covering of GO = PSL (2, JR) • 

Case 5): 9 = a(3). 
,... 

Here n is the quaternion algebra 

and every nonzero element is a unit. The image of all the units 

in peg) is therefore the whole of peg) = ~p3 The only further 

connected group with Lie algebra a(3) is S3. 
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