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SUPPLEMENT TO: ON FOLIATIONS OF SEMI-SIMPLICIAL
MANIFOLDS AND THEIR HOLONOMY; THE UNIQUENESS

Grzegorz Andrzejczak

The aim of this supplement to [1] is to give a unique characteriz~
ation of the holonomy groupoid T (of an arbitrary ss-foliation) to-
gether with the corresponding canonical ss~-I'-structure by the universal
property established in [1],III, thm 2.2.

Theorem 1.1. Let F be an arbitrary foliation of an ss-manifold X.

(i) There is a groupoid of germs I'r and an ss~rF~structure N
defining F on X such that for any groupoid of germs T and any
ss-IF-structure w defining F on X there exists exactly one mor-
phism of groupoids I = z%: FF —> ' with the property ﬁ*wF = G

(ii) If fF and &F are any other objects with the universzl pro-
perty (i), then there is exactly one equivalence of groupoids
I Tg -~"—~v~'f'F such that & = I,wg.

Furthermore, the morphisms of groupoids which exist according to
(i) - (ii) come from uniquely defined morphisms of the underlying
pseudogroups of germs.

i

Proof. "(i)" By [1]1,III, thm 2.2 (i), good candidates for rp and
wp are: any holonomy groupoid TF,T of F with respect te an arbit-
rary complete transversal T Ca-Xi, and

the canonical ss~PF’T~structure Wg g on X.

The only thing to be proved is uniqueness of a morphism I: FF,T'“"F
such that X*NF’T = w for a given ss-I'-structure w defining F
on X. Let E — X be an ss-T-bundle representing uw.

By construction of wF,T (ef [1]1,I11,2.3 for the notation}, it is
more convenient to prove the uniqueness in the non-reduced case., 3¢
let us assume that a morphism ZI': FF,T“uTima”r is subject to the con-
dition

E & p',E! = (&'

F,T (Ei,T)n)n20‘

x
FF,TbuTl
In particular,

E, s L' x E 0. ml
0 FFQ,TQUTx FQ,T uT



and we may consider first a simpler, non-semi-simplicial case.
3 3 n ] —
Namely, the restriction ZI" of 1I' to rFa,T°uTl C:FF,T°uT1 re
presents a morphism FFQ o, pt —> I' which describes the TI'-structure
3
on XO represented by EO as the one induced from the canonical
wFo,T°uT1' If PFO denotes the graph of FO, then for the canonical

equivalence J: PFO—A-PFO p0,pl One has
2
J = EFO,T°uT1 - as principal TFD,TguTl—bundles over XO.

Hence

By = " ox J=3I"od
as (left) principal T-bundles over XO.
We know already that FFO acts on E, (ef [1],I,2.4) and it is
evident that this action is the only continuous one. Therefore, the
restriction I" of %' is isomorphic to the composition

(5" 0J) o Jd g J

Fo
and it turns out that the morphism I": FFosTouTl-»-P is unique and
comes from a morphism ¥: GFG,TouTl—A G of the underlying pseudogroups.
It remains to show that I admits a unique extension to rF,T“uTl'

Any extension requires (ecf [1]1,II,3.12)

0 *r

[y,o(x)1-[¢,x] = [w(x),x] in iwj

for arbitrary vy € GF,TQHTI and ¢ € G, and a suitable w(x)é G,
x € domain(y¢). By comparing the targets we see that the only conti-
nuous (left) action of FF,TouTl on |¥| 1is given by the product of
germs. The uniqueness of I = I! o[@Tl as well as its shape are now
completely established.

"(ii)" This is an immediate consequence of (i).

Theorem 1.1 allows us to propose the following definition, evidently
more elegant than def. 1.2, Ch III of [1]. “

Definition 1.2. By a holonomy groupoid of an arbitrary ss-~foliation

F we shall mean every groupoid of germs PF which, together with
some ss-Tp-structure wp, verifies the universal condition (i) of
theorem 1.1. The ss—PF-structure W is then a minimal PF-structure
for F,

1.3 It is sometimes convenient to have a "diagram-to~close" form of



the universal property formulated in theorem 1.1 (i). Such a possibi-
1ity is supplied by the formalism of ss-morphisms:

=
X\
w
(ef [1],IV,prop. 1.5 & 1.8, coroll. 1.8.1). Note that w defines F
on X 1iff the corresponding ss-morphism X — NI' is transverse to
the discrete (pointwise) foliation of NI and F 1is the pull-back
foliation (ef [1],IV, coroll. 2.3.1). We shall call every ss-morphism

NF: X — MPF that corresponds to some minimal ss—PF-structure a trans-
verse projection of X (along the leaves of F),

In view of the unigueness, those statements of [1] which deal with
consistency of the canonically‘constructed objects become now straight-
forward consequences of theorem 1.1. We 1list the most important of
them,

2.1 (ef [1],III, thm 2.2 (ii)) The canonical equivalences PF,T » PF,T
and PF,T % rF,T“uTlv between holonomy groupoids are uniquely charac-
terized as the only morphisms which transfer to each other the corres-
ponding minimal FF—structures. Hence any triangle of the equivalences
commutes.

2.2 (ef [1],III, thm 2.2 (iii)) Let T, and i“F be any two ho}onomy
groupoids of F, wp & minimal FF-structure, and &F a minimal TF—
structure. For any ss-I'~-structure o defining F and an arbitrary
morphism of groupoids of germs A: I' —TI'' that comes from a morphism
of,pseudogroups, there is a commuting diagram

W

Z T

/o
XN L A
F NE . ——— W

zl

3

A

in which the two compositions PF —> 't induce from wp the same
ss-T'-gtructure A, w. In particular, the square



r
1t
o Seame
=

commutes.

2.3 (cf [1]1,III,ex. 3.2) If T is an arbitrary groupoid of germs
then the identity ss-morphism

1: NI —> NT

induces on NI' the discrete (pointwise) foliation and evidently veri-
fies the uniqueness property of theorem 1.1 (i). In particular, T' is

a holonomy groupoid of the foliation, and ]1 is a transverse project-
ion.

2.4 (ef [1],IV, thm 3.2) Assume that an ss-morphism f: ¥ —>X is
transverse to a foliation F of X. Then, for any holonomy groupoids
Iy and FF’ of, respect., F and F! = f*F (and any transverse pro-
jections HF and HF’) there is a unique morphism FF,-> FF such
that the square

.,

Y —— NT

f| .

X ————> NT

F!?

F

commutes. In particular, part (iii) of theorem 3.2, ch. IV of [1] is
now an immediate consequence of the uniqueness.

The last paragraph of the supplement is devoted to flags of ss-
foliations and presents a refined version of the uniqueness theorem.

Definition 3.1. A pair (F,F') of foliations of an ss-manifold X
= (Xn) is a flag if for every n the topology Fn is coarser than
F'O

n

Proposition 3.2. Let F be any foliation of an ss-manifold X,

F¢ an arbitrary holonomy groupoid of F, and HF: X —a-NPF a trans-
verse projection along leaves of F. Then, the assignment

F > F' := HF* F



establishes a bijective correspondence between foliations ? of the
nerve NPF and foliations F' of X such that (F,F') is a flag.

Remark 3.2.,1. The minimality of HF: X ~*-NTF allows one to treat
the nerve NFF as a "quotient" of X by the leaves of F. Proposi-
tion 3.2 assures that for any flag (F,F') the foliation F' descends
to a uniquely determined foliation of the "quotient".

We begin the proof with a general lemma.

Lemma 3.2.2. If (F,F') is any flag of foliations of an ss-mani-
fold X and f: Y — X 1is an arbitrary ss-morphism transverse to F,
then f is also transverse to F', and the pull-back foliations form
a flag on Y.

' Proof. The lemma follows immediately from the analogous property

of ss-maps Yu ~— X and from lemma 2.1, ch. IV of [1].

3.2.3 Proof of proposition 3.2. By lemma 3.2.2, the pair (F,HF*ﬁ) is
always a flag. So let F' be an arbitrary foliation of X such that

(F,F') is a flag and let T<»X be a fixed complete transversal

1
for F. We first prove that there 1s a foliation Fé of NFF PO, T1
2
such that F! = H*F% , for the canonical ss-morphism
= g po,pr? X — NTp mo,m

that corresponds to the canonical minimalcss—PF,TouTl-structure w%,T.
Indeed, the restricted foliation Fé]T Tt Tis clearly FF,T”uTl‘
invariant; let Fp  be its unique extension to NrF,T“uTl (ef [1]1,I1,2.72
One needs to compare the foliations F' and H*F% at the 0O-level.

Unfortunately, we still have no cocycle description of the ss-mor-
phism 1.

Lemma 3.2.4, Let U = {Ua; a € A} be an open covering of X

1 0

» ak A,
along leaves of FO. Then the transverse projection HF POyl admits
>
a representant vy: X,, — NFF POl such that vy, is the map
3

such that there exist holonomy projections Ha: Ua e TOLIT

u

0 1
Lajua 9 (a,x) — Ha(x) ET LT,

Assuming the lemma we see that the induced foliation YS(F&’TOLJTl)
is exactly the localization of Fé, and thus conclude that
Y*Fp = (F')u. This means precisely N*Fy = F'. Furthermore, any foli-
ation F" of NPF,T°uT1 which induces F' must verify the same



condition y*F" = (F')u. By comparing the two foliations at the O0-le-
vel, one immediately gets F" = F%.

In order to transfer the above existence and uniqueness of the
desired foliation to the general case Mp: X ~¢-NPF it now sufficies
to consider the uniquely determined equivalence J: PF PF LI

which induces on NI, the only foliation F such that H;F = F1,

3.2.5 Proof of lemma 3.2.4. The holonomy projections give rise to
local sections
o

a
Uy ¥ x —=— [H,,x] € By qo,m € Ep g

where (EF,n)nzo 1is an ss-PF’TcuTl—bundle representing the minimal
w; P (ef [1]1,III,2.3). The collection of sections yields a PF oL
3 3
cocycle {yab} such that Y22°Ng = Ha for a € A. Since the only
extension of the cocycle to an ss-map vy: X, — NT 0. miacts on
u F,T%T

(Xu)0 as the map L_Jyaaono (ef [11,IV,(1.1.1)), we are done.

Theorem 3.3, Let (F,F') be any flag of foliations of an ss-mani-
fold X. For every holonomy groupoid PF of F, any minimal ss—PF-
structure we on X, and an arbitrary ss-T-structure w defining the
foliation F', there exists exactly one morphism of groupoids

I PF —~ ' such that o = Z*wF’ ie the the triangle of ss-morphisms .

== |
Ta—

NT

commutes.

Proof, Clearly, it sufficies to consider the particular case
wg = wi’T where T J;xl is a fixed complete Fransversal for F. Si-
milarly, we fix a principal ss~-T-bundle E — X representing uw.
Suppose there is a morphism of groupoids I: PF PoLpL T T such
that E*wF o T W The ss-morphism determined by I is transverse to
the dlscrete (pointwise) foliation of NI' (as such is the composition
X — NPF o, 7l —» NI ef [1],IV, coroll. 2.3.2); by proposition 3.2,
the follatlon it induces on NPF ol is exactly F}). This implies
that the principal T'~bundle I —r TOuTl (we forget the action of
PF po p1) defines on ™u 1 the foliation FriT O 1t, Consequently,
I admits a canonical form ¥ (ef [1]1,I,1.11),which consists of all



germs of the distinguished submersions for I, ie of the maps B o 0,
where o ranges over local sections of I and B 1is the target map
from I to the units of T (it is convenient to assume that T, a
groupoid of germs, acts from the left). We claim that the submersions
B o 0 are restrictions to TOL;Ti Ce—XO of the distinguished sub-
mersions for Eg — X (which defines the foliation Fé of XO).
Indeed, the equality X*wg’T = w yields an ss~I'~bundle isomorphism

L. E}L = E 3
*TF,T
in particular,
E, 2 I X E
z I

X E 9. mle
TFO,TOUTI Fo,T uT

Therfore, for any local section ¢ of I and an arbitrary holo-
nomy projection H: U —» TO
section

L:Ti along leaves of FO’ there is a

x —» (Hx) [H,x]

of the I'-bundle isomorphic to EO‘ As any isomorphism preserves the
target map B, we conclude that the composition B8 o oH is a distin-
guished submersion for EO' For an arbitrary t in domain ¢ and
a suitable holonomy projection H , one has H{TOLJTi = id over a

neighbourhood of t, and thus

1

Bo = (B o cH)lTOLjT around t.

Since ¥, as a manifold of germs, is closed under the action of T,
it must coincide with the (left) principal I'-bundle of all the germs
of the distinguished submersions for EO restricted to the trans-
versal TOLJTl <> Xy. By continuity, the (right) action of Te mo i
on I induced from the analogous action on I is unique and m&st
be the standard product of germs. This completes our proof of unique-
ness of the morphism

»

(Z: T pogpr —~T) = (Z: Tg qogypr —T).

In order to prove that a morphism I with the required property
does exist one ought to check that the collection ¢ of submersions



7l 5 U, -9 5 NgT

which are locally restrictions of the distinguished submersions for
EO — XO is closed under compositions with elements-of the holonomy

pseudogroup G o, m1+ There are two essential cases:
F,T%uT

1° For any path ¢ connecting two points of TOLlTl C’XO in a

leaf of FO, the holonomy hé_l (" * " means: with respect to Fé)
acts on the canonical form ED of E, by the formula (ef [11,1,2.4)

(ng_3To,e(DD)|Ty = [(o]1)0 hy 7f,e(0)]

where Ti stands for any local transversal (for Fé) at e(i), 1 =

0,1. If one choses Ty inside T'wT' and defines T3 ¢ T0u T as |
the image y(Té) of Té under the holonomy translation vy = hC g“uTl
(with respect to FO), then evidently hé gé = y]T , and thus

[Col2%uTho y]Tg,e(0)] = hl_1[4,c(2)1]T}

H

y]Tgy,e(0)]

for some dlstlngulshed submersion ¢. Since Té is also a transversal
for FO[T L,Tl, and both the maps wlT LJTl and (¢ITOLJT1)Y are
locally constant on leaves of FJ|T 0L 1!, we conclude that

(o]t urhyy = thOL;T over a nbhd of c(0) € T0u T}

In other words, & is closed under composition with elements of
the pseudogroup GFO,T°uT1.
2° By definition, GF ol is generated by the above holonomy
. 3
pseudogroup of FO and by the identification map iad: TO — Ti. We

claim that for any distinguished submersion ¢ one has locally
ol o ia¢ = §|1°

where ¢ is another distinguished submersion. Indeed, by reasoning
as in [1},III,2.6, we obtain what follows:

If t 1is an arbitrary element of T such that elxt € domain ¢
and ¢ 1is any distinguished submersion for Eq defined over a
neighbourhood of eoxt, then there is a local diffeomorphism ¥y € G

(6 - the pseudogroup underlying T) such that

(el,n)';([¢,eitt},1t) = [y,¥eqtld (ao,ﬂ)'i([w,scxt},xt)



in Ei’ ie

[oeqgs1t] = [y,veqit] [Yey,1t]

in the canonical form ﬁl (ef [1]1,I,1.12). This implies that e, =
(y o w)eo over a neighbourhood of 1t, and thus ¢ = y¢ is the de-

sired distinguished ‘submersion. Clearly, the analogous property of

idj: ' — ™ can be obtained in the same way.

By 1°-2°, the principal TI'-bundle |®]:= {[¢,x1; ¢ €&, x € U¢}

admits a natural action of the holonomy groupoid TF Ol ¢ It remains
3

to prove that the morphism I = |&}: —~ T has the required

FF,TouTl

property w = E*w# e
3 ~

We define an isomorphism (on the canonical form EO of EO)

IO: EO

— | 2]

*EF,O =

by the formula

s 0 .1 «
(0,61 —% [y 00l 6] [H_,x]  for [4,x] € B,

where c¢ stands for any path connecting x toa t ¢ TOL;TlcaLXO
in a leaf of Fo» and [Pp,1t] = hc[¢,x]. By (2.4.1), ch. I of [11],
the right-hand side does not depend on the choices involved.

In view of coroll. 3.6, ch. II of [1], IO admits an extension to
an isomorphism of ss-T-bundles E — ]@l*E%’T iff the diagram

= 1
EZO*EQ - El - EO
(IOX1d) l . j IO
1 B

commutes. So, let the pair ([¢,eox],x) denote an arbitrary element
of sO*EO.
¢so = $el over a neighbourhood of x € Xi(such a ¢ exists by the
earlier part of proof) and ¢ is any path connecting x toa t &T
in a leaf of Fl’ then the maps that compose the diagram act on the
arbitrary element of eO*EO according to the following scheme

If ¢ is a distinguished submersion for E, such that

E ~
({‘b:aOX},x) ——— [q)EO:X} = {551,}{] "'"""‘1""" [(b,ElX]
% Lol

}

(

hEgC



.

+ 31
h€°c[¢,e X]‘To idg (Helc,eix].

The fact that the resulted two elements of l@l*EF 0 coincide
>
follows from the relations

1t

*+ 3l +al
haoc[¢,eox] po idd hc[¢€O’x]¥T id

i

hc[$ei,x]lT ig?t

1"

helc[¢’€1X]1T1

where 1id' means the suitable germ of the identification map pl — T.

This concludes our proof of the theorem.

Corollary 3.4. If (F,F') is a flag of foliations of X and
HF: X ~A-NFF (resp., nF,: X — NFF,) is any transverse projection
along leaves of F (resp., of F'), then the only ss-morphism ey f
3
which closes the triangle

i
X\ LHF’;F
Tem~yr

is a transverse projection of NFF along leaves of the only foliation
irduced by F'.

F'
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