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THE UNIVERSAL COEFFICIENT

THEOREM FOR QUADRATIC FUNCTORS

HANS-JOACHIM BAUES AND TEIMURAS PIRASHVILI

Let X be a simplicial abelian group and let F be a functor which carries abelian
groups to abelian groups so that F X is again a simplicial abelian group. The
homotopy groups 1r*X and 1r*FX are defined as the homology of the corresponding
Moore complexes. Since the work of I(an and Dold-Puppe it is a weH known
problem to compute 1r*F X in terms of 1r*X and invariants of the flll1ctor F. If
F is an additive functor there is a classical solution which is derived from the
universal coefficient theorem for homology groups. We here show that a similar
kind of coefficient theorem also holds if F is a quadratic functor. We use quadratic
modules [1] to formulate explicitly the graded quadratic tensor and torsion products
needed. As an application we compute in §5 the homology [11] in the variety of
groups of nilpotency degree 2. We also compute the quadratic functors [8,9] of EHis
in §6.

§ 1 UNIVERSAL COEFPICIENT THEOREM FOR ADDITIVE FUNCTORS

The Dold-I(an equivalence shows that the category of simplicial abelian groups is
equivalent to the category of non-negative chain complexes. The equivalence carries
X to the Moore chain complex C = N X so that 7T*X = H *C is the homology of
C. Let Ab be the category of abelian groups and let F : Ab -t Ab be an additive
functor which preserves direct limits of direct systems. Then one has for free abelian
groups A the natural isomorphism

(1.1 ) F(A) = A 0 M where M = F(Z).

Moreover, if X consistsoffree abeliangroups then FX = X0M and NFX = C®M
so that one gets the well known universal coefficient theorem given by the following
short exact sequences.

o

o

1r*FX

11

) (1r*X) 0 M
ß ) 1r.(X ® !vI) JJ

(1r.X)*M)

11 I1 11

) (H*C)®M ) H.(C ® M) ) (H.C)*M

---+) 0

---+) 0
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Here the right hand side is defined by the torsion product of abelian groups
A * B = Tor] (A, B). The rows are binatural short exact and split (unnaturally).
The map fj" is of degree 0 and J1 is of degree -1. The bottom row is the classical
universal coefficient theorem for the hOIDology of chain complexes; see for example
[5] and [15].

§ 2 QUADRATIC FUNCTORS AND QUADRATIC MODULES

A functor F : A --+ B between two additive categories is termed quadratic if
F(O) = 0 and if the cross effect

(2.1) F(A I B) = kernel(F(A EB B) -t FA EB FB)

is biadditive. This yields the binatural isomorphism

F(A EB B) = F(A) EB F(B) EB F(A IB)

Moreover , for any object A one gets the diagram

(2.2) F{A} = (F(A) ~ F(A I A) ~ F(A))

where H is induced by the diagonal map A --+ A EB A and P is induced by the
codiagonal A EB A -t A.

(2.3) Definition. A quadratic module in B is a diagram

H P
!v! = (Me ---+ Mee ---+ Me)

satisfying HPH = 2H and P H P = 2P. For example F{A} is always a quadratic
module in B.

Now assume F : Ab -t Ab is a quadratic functor which preserves direct limits
of direct systems. Then one has for free abelian groups A a natural isomorphism
which is the quadratic analogue of (1.1):

(2.4) F(A) = A 0 M where M = F{Z}

Here A ® M denotes the quadratic tensor product in [1] defined as follows:

(2.5) Definition. Let A be an abelian group and let M be a quadratic module
in Ab. Then A ® M is the abelian group with generator a Q9 m, [a, b] ® n for
a, b E A, m E Me 1 n E Mee and relations

(a + b) ® 1n = a 0 m +b® 1n + [a, b] ® Hm

[a, a] Q9 n = a 0 P(n)
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where a C9 m is linear in m and [a, b] ® n is linear in a, band n.

(2.6) Remark. The eategory eonsisting of quadratie funetors F : Ab -+ Ab whieh
preserve direet limits of direet systems and eokernels is equivalent to the eategory
of quadratie modules in Ab. The equivalence earries F to F{Z} with the inverse
earrying M to the funetor A f---1 A 0 M.

Let A and B be abelian eategories where A has enough projeetive objects. For
any funetor F : A -+ B one obtains the derived funetors

(2.7)

LnF : A --+ B with

(LnF)(A) = Jrn(F]«(A, 0)).

Here ]«(A, m) is a simplieial objeet in A with projective components such that
1t'mI{(A, m) = A, 1t'iI«(A, m) = 0 for i =f:. m. If F is quadratie and if the projeetive
diInension of A is :S 1 then LnF = 0 for n .2: 3. Moreover in this ease given a
projeetive resolution

(1) do---+ Al ---+ Ao ---+ A ---+ 0

(3)

of A we obtain the ehain eomplex

(2) F(A1 IAl) ~ F(A l ) EB F(A1 I Ao)~ F(Ao)

with 01 = (F(d),PF(d 11)) and 02 = (P, -F(l 1d)) which satisfies

{

cokernelol n = 0

(LnF)A = kernelo1jimageJ2 n = 1

kernel 02 n = 2

If F : Ab --+ Ab is given by F(A) = A ® M we have for A, B E Ab the cross
effect

F(A 1 B) = (A 1 B) &; M = A &; B 0 Mee

and in this ease (2) has the form

Für a,a' E Al, b E Ao, m E Me, n E Mee we obtain 01 and 02 by

01 (a ® m) = (da) ® m

01 ([a, a'] ® n) = [da, da'] ® n

01 (a ® b® n) = [da, b] ® n

02(a ® a' ® n) = -a (9 da' (9 n + [a, da'] ® n
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Now we have (LoF)A = A 0 M and we obtain the guadratic torsion functors [1]

(5) (L 1F)A = A *' M and (LzF)A = A *" M.

The proof of (2.7) (3) is based on 4.23 in [6] since the normalization of FI((A, 0)
in low degrees coincides with (2.7) (2); conlpare also [1] where various examples of
quadratic torsion products are computed.

§3 UNIVERSAL COEFFICIENT THEOREM FOR QUADRATIC FUNCTORS

We introduce the graded quadratic tensor and torsion products needed for the
quadratic analogue of the universal coefficient theorem in §1. Each quadratic func
tor F yields the associated chain complex

(3.1) F*(A) = {F(A) ? F(A I A)~ F(A I A)~ F(A I A)~ ... }

where F(A) is in degree 0 and the differential di is given by d1 = P, dZn = 1 
T, dZn+1 = 1+T for n ~ 1 with T = HP -1. One readily checks that TT = 1 and
dd = O. Now assume the functor F is given by F(A) = A 0 M. Then the quadratic
functor Fn in (3.1) with Fn(A) = F(A I A) for n ~ 1 satisfies

so that Fn{Z} for n ~ 1 is given by the quadratic module

(M (1,1) M ;\,1" (1,1) M )
ee::"""":"" ee EB .H'lee ~ ee

Hence the chain complex (3.1) corresponds by the equivalence in (2.6) to the fol
lowing chain complex associated to M in the category of quadratic modules.

(3.2)
(l,T) C,-T) C,T)

Mee ( A1ee ffi M ee
( -T,1 M ee ffi lvJee

( T,1 M ee ffi M ee (

M. = lt lt lt lt
Me ( M ee ( M ee ( M ee

p 1-T l+T

Clearly A 0 M. = F.(A) for A 0 M = F(A). We can also write

M. = (M: ~ M: e ~ M:)

as a quadratic module in the category of chain c0l11plexes. Here M: is the bottom
row and M:e is the top row in (3.2). For a chain cornplex G in an abelian category
let Z.G be the graded object of cycles with ZnG = kernel (dn : Gn --+ Gn- 1 ). In
particular we shall use in definition (3.4) the graded object of cycles Z*M. of the
chain cornplex M. above. More explici tly one gets for k ~ 1
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H P
Me ---+ Mee ---+ Me

2-HP
I<er p >-+ M ee ---+ Ker P

I<er (2 - HP) ~ M ee !!..!t I<er (2 - HP)

Ker(HP) ~ Mee 2~PI<er(HP)

n=O

11=1

n = 2k

n = 2k + 1

where ~ denotes the inclusion. We also shall use the homology groups H n M;.
The homology Hn M:e = 0 is trivial.

(9.4) Definition of qraded tensor products. Let Ab. be the category of graded abelian
groups A with Ai = 0 for i < o. As usual we deHne for A, B E Ab. the
graded tensor product A 0 B with

(1) (A0 B )n= EB A i 0Bj.
i+j=n

>
Let A 0 B be the ordered tensor product with

(2) (A0B)n= EB Ai0 B j.

i+j=n
i>j

We define the graded quadratic tensor product A 0 A1 of A E Ab. and a quadratic
module M in Ab by

if n = 2m,

if n = 2rn + 1.

Hence we obtain for each M the quadratic functor Ab. --+ Ab. which carries A to
A 0 M. Oue readily checks that for A, B E Ab. the cross effect satisfies

(4) (A IB) 0 M = A 0 B 0 A1ee

(5)

yielding a relationship of the graded quadratic tensor product and the graded tensor
product above. Since Ab. has global dimension 1 we can apply (2.7) (2) for the
definition of the graded quadratic torsion products as derived functors of (3):

{
A*'M=Ll(-0M)(A)

A *" A1 = L 2 ( - @ M)(A)

Moreover A 0 M = L o(- 0 M)(A) and L n ( - 0 M)(A) = 0 far n 2:: 3. Given a
bifunctor F on abelian groups like the tensor product 0 or the torsion product *
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one obtains extensions of F to graded abelian groups A, B in the same way as in
>

(1) and (2) so that F(A,B) E Ab. and F(A,B) E Ab. are defined. Let Trp be
the tripie torsion product of Mac Laue; see the Notes on page 393 in [12]. Then
the cross effects of (5) are given by

(6) {
(A I B) *' j\1 = Trp(A,B,Mee ),

(A 1 B) *" M = A * B * M ee .

We can describe the graded quadratic torsion products explicitely by the quadratic
torsion products (2.7) (5) as follows:

if n = 2m,

if 11, = 21TI + 1

(8)
if n == 2m,

if n == 2m + 1

We now are ready to formulate the universal coefficient theorem for quadratic
functors.

(3.5) Theoreln. Let J\. be a simplicial abelian group which is [ree abelian in each
degree and let F : Ab --+ Ab be a quadratic functor given by F(A) = A 0 M wbere
M is a quadratic module in Ab. Moreover assume that M ee is torsion free. Then
tbere is a sbort exact sequence, n E Z,

o

1rn (FX)

11

6. ) 7r n (X 0 M) --4) 0

whic11 is natural in X alld M. Here the left baJld side is tlle graded quadratic tensor
product and tbe rigbt hand side is tbe graded quadratic torsion product in (3.4).
Tbe explicit description of tbe inc1usion map .6. is given in the remark (3.8) below.

If Mee is not free abelian one gets the following spectral sequence.

(3.6) Addendum. Let X, F and M be given as in (3.5). If M ee is not torsion free
there is a homological first quadrant spectral sequence E;q => 1rp+q(X 0 M) with
E 3 = Eoo and with differentials d2 : E;q --+ E;-2 ,q+l' Moreover

E5* == (1r.X) 0 M

Ei. == (7r.X) *' !vI

E~. == (1r.X) *" M
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and E;q = 0 for p ;- 2. The only possible non-trivial differential is d2 : Ei,q -+
EJ,q+l' Trus Addendum and the theorem are consequences of the spectral sequence
in § 7 below.

(3.7) Suspension homomorphism. By Dold-Puppe [DP] one has for any functor
T : Ab -+ Ab with T(0) = 0 the natural suspension homolnorphism of degree +1

a: 7r.(TX) ~ 7r.T(~X)

The suspensions ~X of the simplicial abelian group X is given by the quotient

~X=(Z51)®X/*0X

where 51 is the pointed simplicial circle and ZSI is obtained by applying the free
abelian group functor. The suspension homornorphism is compatible with the uni
versal coefficient theorem (3.5); namely there cxist natural transformations a of
degree +1 together with a cOlnmutative diagrarn of short exact sequences:

0 (7r.X) 0 M
~

7r.(X 0 M) I' (7r.X) *' M ) 0) )

lu lu lu
0 ) (s7r.X)0]1,I! ~

) 7r.((~X) (9 M) Ii (S7r.X) *' M ) 0)

For a graded abelian group A let sA be given by (SA)n+l = An so that thc identity
is a Inap s : A ~ sA of degree +1. Then it is weH known that

7r.(~X) = s{rr.X)

so that the bottorn row of the diagrarn is given by the universal coefficient theorem
for ~X. We now describe explicitly the natural transformations of degree +1

a: A0M --+ (sA) ®M,

a : A *' M --+ (sA) *' M

used in the diagram. We only define a on A ® M; the map a on A *' M is obtained
>

accordingly. The map a is trivial on the direct summand A (9 A <9 M ee of A 0 M.
Moreover on Ai <9 HjM:, i + j = n, i :-- j, let (7 be given by the map

s 0 id: Ai 0 HjM: = {SA)i+l <9 HjM:.

Finally let a on Am @ ZmM., n = 2m, be given by

s (9 q : Am 0 Zm M • --+ {SA)m+l 0 HmM.

where q : Zm!\!J. --+ HmM. is the projection from cycles to homology classes.

(3.8) Remark. Let X be a simplical abelian group and let M be a quadratic module
in Ab. Then one has natural homolllorphisms
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7ri(X) 0 7fj(X) 0 Mee 2, 7fi+j(X 0 M),

1ri(X) ® ZiM. 2t 1r2i(X ® M),

7ri(X) 0 HjM: ~ 1ri+j(X 0 M), i ;-- j,

which are defined on generators by the formulas below. In fact, these homomor
phisms yield in the obvious way the inclusion ~ in the universal coefficient theorem
(3.5). The homomorphism \l is induced by the classical shuffie, that is,

\l({x} 0 {y} 0 n) = 2:: ±[SbX,saY] (9 n.
(a:b)

Here {x} E 1r2X is represented by x and the surn ranges over all (i,j)-schuffies
(a : b); compare for example 5.6 in [4]. Next we obtain '/ for i ;-- 0 by the formulas

'/ ([{x}, {y}] 0 n) = \l ({x} 0 {y} 0 n) ,

l' ({x} 0 m) = 2:: ±[SbX,SaX] 0 m.
(a:b)
al=O

Here the surn is taken over all (i,i) -shufRes (a: b) = (al< ... < a2 : b1 < ... < b2)
which are permutations of {O, ... ,2i - I} with al = O. If i = 0 there is an obvious
map l' : 1ro(X) (9 M --+ 7fo(X 0 A1). Finally we obtain 8 for i ::-- j ::-- 0 by

8({x} (9 {rn}) = 2:: ±[SbX,SaX ] 0m
(a:b)
al=O

where the surn is taken over all (j,j)-shufRes (a : b) with al = O. For i ::--- j = 0
there is a canonical map 8 : 1ri(X) (9 HoM; = 7fi(X) 0 cok(P) --+ 1ri(X 0 jl,1) given
by J({x} 0 {m}) = {x 0 m}. For M = ZS 0 Z/2 the function 8 corresponds to the
operation 8i considered by Goerss in 3.4 [10].

§ 4 EXAMPLES

The classical funetors (8)2, p 2 , A25 2 , r 2 (tensor square, quadratic eonstruetion,
exterior square, symmetrie square, Whitehead's r-funetor [16]) have the following
associated quadratie Z-modulesj compare [1].
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F F{Z} = (F(Z) .!!.-, F(Z/Z) ~ F(Z))

1812 ;;t;0 = (Z ZU Z ffi Z (1,,/ Z)

p2 ZP= (ZffiZ~Z~ZffiZ)

A2 ZA = (0 --+ Z --+ 0)

52 ZS = (Z~ Z---4 Z)
r zr=(z~z~z)

Therefore we obtain easily from (3.2) and (3.3) the following list of associated groups
H. M. and associated quadratic luodules ZnM. which define for M = F{Z} the
graded quadratic tensor product A 0 M in (3.4).

M ZlM. ZzM. Z3 M• Ho(M*)e H1 (M.)e H2 (M.)e H3(M.)e

Z0 Z0 Z0 Z0 0 0 0 0
zP Zh Zr Zh Z 0 Z/2 0
Zh Zr ZA Zr 0 70/2 0 Z/2
Zs Zh Zr Zh 0 0 Z/2 0
Zr ZA Zr ZA Z/2 0 Z/2 0

For all quadratic modules M and ZiM. in this list we have A *" M = 0 since lvfee
is free abelian. Moreover the quadratic torsion A *' M is given by the classical
functors

A *' Z0 = A * A

A *' Zr = R(A) = HsK(A,2)

A *' ZA = S1(A) = H7 I«(A, 3)/(Z/3Z 0 A)

where Rand S1 are functors of Eilenberg-Mac Lane [7] with R(A IB) = S1(A IB) =
A *B and R(Z) = S1(Z) = 0 and R(Z/n) = Z/(2, n), S1(Z/n) = Z/n. Moreover

A *' ZS = A *' zP = A *A/{Tn(a,a), a E A}

has the cross effect A *B and satisfies (Z/n) *' ZS = 0 for n ~ O.

Using the list above one obtains readily by (3.5) the universal coefficient theorem
for 1rn (FX) where F = 0 2 , pZ, AZ, S, r. For example for F = A2 we have the short
exact sequence
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with

EB { A( 7T" m X ), n = 2m, 1n evell

r(?TmX), n = 2n~, m odd

{
f2(7T"mX), n - 1 = 21n, m even

EB R('TrmX), n - 1 = 2m, m odd

Here (Z/2)odd is the graded abelian group which is Z/2 in odd degrees ;::: 1 and
trivial otherwise.

(4- 2) Remark. We point out that the universal coefficient sequellce (4.1) for A2 is
split (unnatllrally), also the coefficient sequences for 0 2, p2, 52, rare split (un
naturally). To see this it is enollgh to consider only 'TrnF j((A,1n) for such functors
F since X is a surn of such ]{(A, m). Then the canonical rnap I : j{(A, m) --T

]('(A, m) yields the retraction. Here j(' (A, m) is the simplicial group for which the
normalization is concentrated in degree m and (N j('(A, m))m = A.

§ 5 HOMOLOGY IN THE VARIETY OF GROUPS OF NILPOTENCY DEGREE TWO

The homology in varieties of groups is studied by Leedham-Green (11]. We here
compute this homology if the variety is the category Nil of groups of nilpotency
degree 2. Let C E Nil and let ]«(C,O)Nil be a simplicial object in Nil such that
each grollp ]{(C, O)Nil, n ;::: 0, is a free object in the category Nil and such that

?TO ]{(C, O)Nil = G and 'Tri j«(C, O)Nil = 0 for i;::: l.

Let H) : Nil --+ Ab be the abelianization functor. Then the homology of G
in the variety Nil is defined by

(5.1)

For any free object F in Nil one has the natural central extension
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which yields a short exact sequence of simplicial groups

(5.2)

with X = H I K (G l 0) Nil. Hence the long exact sequence of homotopy groupS asso
ciated to (5.2) determines for n ~ 2 the isolnorphisms

(5.3)

where the right hand side is embedded in the universal coefficient sequence (4.1).
We obtain the following result which can be used to compute the groups H:: il (G)
completely.

(5.4) Theorem. Let G E Nil. Then one has

Ht' il (G) = H I (G) = abelianization of G

Hfil(G) = !(er (A2HI (C) ~ (C, GD

where w is the commutator map. Moreover for n ~ 2 Olle bas the split sbort exact
sequence

Here H.+I is the graded object with (H.+I)n = H n+I . Inductively the sequence
determines all groups H n = H:: i I ( G). For exampIe one gets the following split
exact sequences.

o--7 H 2 0 H I --7 H 3 --7 fl(H I ) --7 0

0--7 H 3 0 H I EB r(HI ) --7 H 4 --7 H 2 * H I -t 0

o--7 H 4 ~ H I EB H 3 ® (H2 EB Z/2) -t Hs -t H 3 * H I EB R(Hz) ---7 0

§6 UNIVERSAL QUADRATIC FUNCTORS OF ELLIS

Let G be a group. In [8,9] Ellis introduces the groups r nG and JnG, n 2: 2,
which are related with the homology HnG by an exact sequence

(6.1)

Moreover one has rzG = r(HI G). We now describe r nG for n ~ 2 in terms of the
homology of G. Let !«(G, 0) be a free simplicial group with 7ro]«(G, 0) = G and
7rn K(G,O) = 0 for n ::-- O. Then the homology of G is given by
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(6.2)

Moreover for n 2:: 2 the group rnG is given by

(6.3)

so that we can apply the universal coefficient theorelll for the functor r. For this
we use the last row in the second table of §4 and theorem (3.4). For example oue
gets for H n = HnG the following short exact sequences which are split.

o ----t H2 C9 (H1 EB Z/2) ----t r 3c -7 R(H1 ) -7 0

o ----t H3 C9 (H1 EB 7l/2) EB A2 H2 ----t r4 c ----t H2 * (H1 EB Z/2) ---+ 0

o ----t H4 C9 (H1 EB Z/2) EB H3 C9 H2 ----t rsG -7 H3 * (H1 EB Z/2) EB r!(H2 ) ---+ 0

From the first sequence one gets the group

r 3 (Z/mZ) = R(Z/ntZ) = Z/(2, m)

which was also considered in (9] (where this group was calculated incorrectly).

§ 7 A SPECTRAL SEQUENCE FüR QUADRATIC FUNCTORS

Let A be an abelian category with enough projectives. Für any biadditive functor
G : A x A -+ Ab we denüte by L.G the total derived bifunctor [3]. Recall
that L.G(A,B) = Hn Tot(G(P.,R.)) where P. -T A and R. -t Bare projective
resolutions. Let Gl:i. : A -t Ab be the diagonal of C, that is Cl:i.(A) = G(A, A).
Then it is weH known that

(7.1 )

This is a consequence of Eilenberg-Zilber-Cartier theorem [6] (2.9). Given a qua
dratic functor F : A -T Ab we obtain the biadditive functor G as a cross effect of F
and one gets LnF(A I B) = (Ln G)(A, B). Moreover we have by F the chain COIll

plex F.(A) as in (3.1) which yields the functors A I-t HiF.(A) and A M ZiF.(A)
by thc homology and cycles respectively.

(7.2) Theorenl. Let F : A -t Ab be a quadratic fUllctor and let X be a
component-wise projective simplicial object in A. Then there is a spectral sequence

E;q ==? 1rp+qF(X)

witb differentials dr : E;q -t E;-r,q+r-l' More0 ver the E2 -term is naturally given
by tbe fOITllula

12



E;q = EB [Lp (HjF*)( 1riX) EB Lp F( 1riX l1rjX)]
i+j=q
i>j

Proo{- Gase 1. First we consider the case when X = ]{(Q,n) = ]('(Q,n) is given
by a projective object Q. Here ]('(Q, 11,) is just the simplical object in A with
normalization concentrated in degree 11, and NnI«(Q, 11,) = Q. By definition we get
for n = 0

(1)

with (LoF)(Q) = F(Q) and (LiF)(Q) = 0 for i;-- O. In fact, for n = 0 the simplicial
object K(Q, 0) and F ]«(Q, 0) are both constant simplicial objects. If 11, ::-- 0 one
has by 4.23 in [6]

(2) 'TriF K(Q, n) = 0 for i;-- 211, or i < n.

Moreover for n ;-- 0 one has the isomorphisIllS

(3)

(4)

1rn+iF]«Q, 71,) ~ (HiF*)(Q) for 0:::; i < n,

7r2nFK(Q,n) /'V (ZnF*)(Q).

For a proof of formula (3) see §4 in [14]; compare also [2]. For a proof of (4) we
first observe that

7r2nF(K(Q,n) I ]«(Q, 11,)) = F(Q IQ)

and the operators Hand P of the cross effect F( I ) yield homomorphislns

7r2nFK(Q,n) ~ F(Q I Q) ~ 7fzn FI«(Q,n).

By 8.8 in [6] ßZn+Z is a monomorphisln with

(5) iluage (ßZn+Z) = kernel (Cl:z n).

This shows that formula (4) holds. Using (2), (3) and (4) we see that for X =
]«(Q,12) we have 1r*F(X) = E5* and hence the theorem holds for such X since Lp
vanishes on projective objects for p ;-- O.
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Gase 2. Now consider the case when X has homotopy groups 7rn X which are pro
jective objects in A. Then X is of the form X ~ ffiK(Qnl n) where Qn is projective
so that Qn = 7rnX. Then using the decomposition of FX by cross effects we obtain
the theorem also for such X.

Gase 9. For general X we use proposition 17.1.2 in [3] which shows that there is a
bisimplicial projective resolution Qu --+ X such that the induced map

(6) vertical(Q ) --+ X
7rn ** 7rn

is again a simplicial projective resolution. Hence the theoreln now follows from the
spectral sequence for FQu by the computations for case 2 above.

q.e.d.
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