ELLIPTIC HYPERGEOMETRIC TERMS

V. P. SPIRIDONOV

ABSTRACT. General structure of the multivariate plain and g-hypergeometric
terms and univariate elliptic hypergeometric terms is described. Some ex-
plicit examples of the totally elliptic hypergeometric terms leading to multidi-
mensional integrals on root systems, either computable or obeying non-trivial
symmetry transformations, are presented.
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1. PLAIN HYPERGEOMETRIC CASE
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The definition of the hypergeometric series goes as far back as to Euler and, in

a more general setting, to Pochhammer and Horn [1, 7].

Definition 1. The formal series
Z c(m) = Z c(my,...,my)
meZ™ mez”

is called plain hypergeometric series, if the ratios

clmy,...,m;+1,...,m
( 1 ) ) ) ) n):Ri(ml,u-,mn)
e(my,...,mpy)
are rational functions of my,...,my,.

Suppose that given rational functions R;(m), called certificates, satisfy the con-

sistency conditions

Ri(my,...,mg+1,...,my)Rr(m) = R(my,...,m; +1,...,m,)R;(m).

The general form of corresponding (admissible) plain hypergeometric series was

determined by Ore and Sato (e.g., see the survey [7]).

Lectures presented at the Workshop “Théories galoisiennes et arithmétiques des équations

différentielles” (September 2009, CIRM, Luminy, France).
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Theorem 1. General admissible plain hypergeometric terms c(m) have the form

e(m) = 7 R(m Hz ,

Hj:lr(ej( )—l—aj k=1

where z, a; are arbitrary complex parameters, K = 0,1,2,..., €;(m) = > 1 _, €jxmk,
€jk € Z, R(m) is some rational function of my,...,my, and I'(x) is the standard
Euler gamma function.

Using the inversion formula I'(x)I'(1 — z) = 7/sin7z, some of the I'-functions
can be put from the denominator of ¢(m) to its numerator.
In a similar way one can treat hypergeometric integrals [18].

Definition 2. The integrals

/A(z)da::/ A(zy,...,xp)dxy ... dey,
D D

for some domain of integration D € C", are called plain hypergeometric integrals,
if the ratios

Alxy ..,z +1,..0,2,)
N

are rational functions of x1,...,T,.

The general admissible plain hypergeometric terms A(z) have the form

IS TSy ks + b)) o
A(z) = p(z)R(x) =2 a4
(z) = p(z)R( )H;Ml (Zk 1 €ikTE + aj) 1;[1

where 2y, a;,b; are arbitrary complex parameters, K, M = 0,1,2,..., pj, €5 € Z,
R(z) is some rational function of x1,...,z,, and p(z) = p(z1,...,2z; +1,...,2,)
is an arbitrary periodic function. The plain hypergeometric series can be obtained
from integrals as sums of residues for particular sequences of poles of A(x).

The I'(x)-function can be defined as a special meromorphic solution of the func-
tional equation

I(z+1) =al'(z),

the general solution of which has the form ¢(2)I'(x), where p(z + 1) = p(z) is an
arbitrary periodic function.

For n = 1, definition 2 yields the Meijer function for the choices p =1, R =1
and D one of the contours 1) {—ioco,+ico} separating sequences of equidistant
poles going to the left and to the right of the complex plane, 2) {—co — 14, —oc0 +
iB} encircling sequences of poles going to the left (for some choice of the positive
constants A and B), 3) {400 — iA, 400 4+ iB} encircling sequences of poles going
to the right (for some choice of the constants A and B).

It is worth to remark that a limiting form of the plain hypergeometric terms is
determined by the system of partial differential equations

1 0A(x)
Ax) Oz,
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2. ¢-HYPERGEOMETRIC CASE

g-deformations of hypergeometric functions were introduced by Heine a long time
ago [1].
Definition 3. The formal series
Z C(m) = Z C(m17 s 7mn)
mezn mezn

is called q-hypergeometric, if

elmy...,mi+1,...,my,)
: "= Ri(g™, . 4™)
e(my,...,mp)
are rational functions of ¢, ..., q™, where q is an arbitrary complex parameter.

This is a natural extension of the previous definition and it leads [7] to the
following theorem.

Theorem 2. General admissible q-hypergeometric terms c¢(m) have the form
K n

Hj:1(aj?‘J)w(m) mi
M . L

[[=1 (b5 @)e;m) i

where xi,a;,b; are arbitrary complex parameters, K, M = 0,1,2,..., p;j(m) =
Sory gy and €;(m) = Y"1 _, €jemy, with pjk, €5, € Z, R(¢™) is some rational
function, and

c(m) = R(¢™)

n—1 1
(x’ q)n = Hj_:no (1 - xqi)a . fOT' n>0
[;5:Q—=z¢7)~", forn <0
is the q-shifted factorial (or the q-Pochhammer symbol).

Definition 4. The integrals

/A(a:)dm:/ Az, ..., 2p)dxy ... dEy,
D D

for some domain of integration D € C™, are called q-hypergeometric, if the ratios

Alxy, .o,z +1,.00,2p)
A(zy,...,2p)

are rational functions of ¢**,...,q"".

= Ri(¢",...,q"")

Define ¢g-gamma functions as special meromorphic solutions of the finite-difference
equation

flutwy) = (1= em2) f(u), (2.1)

where wy,ws € C. Evidently, solutions of this equation are defined modulo mul-
tiplication by an arbitrary ¢(u + w1) = @(u) periodic function. Introducing the
variables

2miu/wa

2miwy Jwa R
/ s z=e€ s

q:=e

this equation can be replaced by

Py(gz) = (1 = 2)Tq(2).



4 V. P. SPIRIDONOV

For |g| < 1 its particular solution, analytic near the point z = 0, is determined by
a simple iteration, which yields

1 1
Ly(2) = = - I (0)=1,
q( ) (Zaq)oo J];[Olfij q( )
which can be considered as a ¢-gamma function for |¢| < 1. More precisely, the
Thomae-Jackson g-gamma function has the form

Pluia) = (1= 0 (5= iy usg) = T (0).

It satisfies the equations

1—q" 27i i
Plutlig) =+ _qq I(u;q),  Dl(u-— loglq;Q) = (1— )5 D(u;q).
For |g| < 1 the ¢-Pochhammer symbol can be written as
(t;9)oo
tq)y = L= ez
4) (tg™; q)oo

For |q| = 1 the equation f(gz) = (1—2)f(z) does not have meromorphic solutions
for z € C*. In this case it is necessary to consider equation (2.1) and search for its
solutions meromorphic in v € C. The modified ¢g-gamma function

e dx
. _ _ ar 2.2
Tl wz) = exp ( /R+i0 (1 —er?)(1—ew>”) ) ’ (22)

where the contour R+i0 passes along the real axis turning over the point z = 0 from
above in an infinitesimal way, solves (2.1) and remains meromorphic for wy,ws > 0
when |¢| = 1. (2.2) is known as the Barnes-Shintani “double sign” function, the
noncompact dilogarithm, or the hyperbolic gamma function (see the survey [14] for
relevant references).

Let Re(wr),Re(ws) > 0. Then the integral (2.2) is convergent for 0 < Re(u) <
Re(wi +ws). Under appropriate restrictions on u and wy 2, it can be computed as a
convergent sum of residues of the poles in the upper half-plane. For Im(w; /ws) > 0
(i.e., for |g| < 1) this leads to the expression

(e*m/1G; @)oo
(627riu/wz ; q)oo

which is continued analytically to the whole complex plane of u. Here

¥(us w1, we) = , (2.3)

q — 67271'1(»2/4«11

is a particular modular transform of q.

The function y(u;wy,ws) is symmetric in wy, ws. Therefore it satisfies the second
equation

Flu+ws) = (1= 2mu/1) f (), (2.4)

Suppose w1, ws are real and linearly independent over Z, i.e. |¢| = 1, but ¢"™ # 1.
Then, equations (2.1) and (2.4) taken together define their solution v(u;wy,ws)
uniquely up to multiplication by a constant. For |g| < 1, there is a functional
freedom in multiplication of v(u;wi,ws) by an arbitrary elliptic function

p(u+wr) = p(u+ws) = p(u).
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For |q| < 1, the general admissible g-hypergeometric term A(z) (integral kernel)
has the form

Hjle(quZ =1 €ikTh ; Q)oo n -
1=

A(r) = p(z)R(q"
() = p(x)R(q )Hle(tjqzzzlwm;q)oo o

1
where z;,t;,w; are arbitrary complex parameters, K, M =0,1,2,..., i, € € Z,
R(¢®) is an arbitrary rational function of ¢**, ..., ¢*", and ¢(x) = ¢(z1,...,2; +
1,...,x,) is an arbitrary periodic function.

If we drop the factor ¢(x), then the function p(¢®) := A(x) satisfies the system
of g-difference equations

where R;(y) are rational functions such that

Ri(y17 s QYks - - - 7yn)Rk(y) = Rk(y17 <o QY - 7yn)Rl(y)

Replacement of linear differences by g-shifts essentially simplifies formulae.

To construct A(zx) for |g| = 1 one needs the modified ¢g-gamma function vy(x; wy, ws).
It is natural to require symmetry of A(z) in w; and ws, i.e., to require fulfillment
of the system of equations

Al 2+ wp,...) = Ry(e¥™ @ /@n  2men /Wit o YA (2),

where i =1,...,nand k = 1,2, wg42 = wg. This yields uniquely up to multiplica-
tion by a constant
M n

. n n
i
A(z) =e ( LTiTE -+ c-x-) ( LT +a-'w,w)
(z) = exp W1W2j;1Mkak ;]J A e asrenca).

j=1 k=1

where €1, ;1 € Z and aj,c; € C.

3. ELLIPTIC CASE

The key analytic object of the theory of elliptic functions is the theta series
having a convenient multiplicative form due to the Jacobi triple product identity

D PR (=)™ = (pp)octy(2),

neZ
where
Op(z) = (2:0)o (P2 D)or (D)oo = [[(1 — 2p?)
i=0

for any x € C* and p € C, |p| < 1. This function obeys the symmetry properties

Op(z7") = O, (pr) = —2~ 0, (x)
and the addition law

il)

)

9p(xwi17yzi1) — Hp(xzil,ywil) = yw_19p(a:yi1, wz

where x,y,w, z € C*. We use the conventions

k
Op(xr, .. oa) = [[ Oplas),  Op(ta™') =0, (tz, ta™").
j=1
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For arbitrary g € C and n € Z, the elliptic shifted factorials are defined as

0,(z;q)n = H;L:_o1 Op(xq?), forn >0
P H]_:nl 0,(xg™7)~t, forn <0

and 8,(z;¢)o = 1. For p =0 we have 0y(z) =1 — x and 0y(z;¢)n = (2;q)n.
For arbitrary m € Z, we have the quasiperiodicity relations
. m(m-1)
Op(p"x) = (—2)""p” T bp(a),
_mk - mhE=1) _ km(m=1)

Op(p" x5 @)1 = (—x)"™"q P 2 Op(z )k,

 k(k—1)  k(k—1)(2k—1) _ k(k—1)(k—2)
Op(;pg)r = (—2)" 7 0 o (@ ke
Elliptic gamma functions are defined as special meromorphic solutions of the

finite difference equation

Flutwn) = 0™/ £ (w), (3.1)
which passes to (2.1) for p — 0 and fixed u. It is not difficult to see that the double

infinite product
o0 >
1—=2 1p7 lqk 1
Lpq(2) = I |

. , 3.2
jimo LA o

where [pl,|q| < 1 and z € C*, satisfies the equations
Lpq(q2) = 0p(2)lpq(2), T q(pz) = 04(2)Tp 4(2). (3.3)

The second relation follows from the first one due to the symmetry in ¢ and p.
Thus, the function

F) =Ty g(em/e), g = e2rianfes, (3.4)

defines a solution of equation (3.1) for |g| < 1. For fixed z, I 4(2) = 1/(2; ¢) co-

The standard elliptic gamma function (3.4) is directly related to the Barnes
multiple gamma function of the third order [2]. Its special cases and different
properties were investigated by Jackson, Baxter, Ruijsenaars, Felder, Varchenko,
Rains, and the present author (see survey [14]).

Suppose three complex variables w; 5 3 are linearly independent over Z. Then the
well known Jacobi theorem states that if a meromorphic ¢(u) satisfies the system
of equations

p(u+wi) = p(u+ws) = pu+ws) = p(u),
then ¢(u) = const. Define the bases
q= e%i%, p= e%i%, - ezm%
and their particular modular transformations
(—j _ 672711:)—?’ ]—5 _ 67271'iZ—§7 7= 672711:%.
The incommensurability condition for wy takes now the form p™ # ¢, or ™ # ¢,
etc., n,m € Z.

The elliptic gamma function (3.4) can be defined uniquely as the meromorphic

solution of the system of three equations:

Flutwr) = 0,(e>™/“2) f(u),
Flu+ws) = f(u)
Fu+ws) = 04(e™/“2) f(u)

i
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with the normalization condition f(zzzl w/2) = 1.
The modified elliptic gamma function has the form [11]
G(u;w) = T, 4 (€752 . (re” 250, (3.5)
It defines the unique solution of three equations:
fluct wn) = 0T (), fu) = B f )
and equation (3.1) with the normalization f(Zizl wi/2) = 1. Here

By o (ulwy,we) = leQ (u2 — (w1 +w2)u+ @ + (4)12(,()2> (3.6)
is the second Bernoulli polynomial. The function
G(u;w) = e~ F Bastulo)p, _(e=2m5), (3.7)
where |p|, |7| < 1,
3
Bs 3(ulwr,we, w3) = wlcjgwg <u3 _ 37u2 ;wk

3 3
U 9 1
+ 5 Zwk —|—32ij;€ 1 <Zwk> ijwk>
k=1 i<k k=1 i<k
is the third Bernoulli polynomial, satisfies the same three equations and the normal-
ization as function (3.5). Hence they coincide and their equality reflects one of the
SL(3;Z) modular group transformation laws [4]. In general it is expected that the
elliptic hypergeometric integrals to be described below represent some automorphic
forms in the cohomology class of SL(3;Z).
Evidently, one deals in this picture with three elliptic curves with the modular
parameters
w1 Wws Wws
L= — T2 = —, 3= """
w2 w2 w1
satisfying the constraint 75 = 75 /74.
From expression (3.7) it follows that G(u;w) is a meromorphic function of u for
w1/wa > 0, when |g| = 1. Therefore, not surprisingly, for Im(ws /w1 ), Im(ws/wy) —
400 one has

lim G(u;w) = v(u;wy,ws).

p,r—0

For |q| > 1 a solution of (3.1) is given by T, (g te?riu/wa)—1,

gt
We use the conventions

Fp,q(tlv costg) = Fp,q(tl) T Fp,q(tk)a

Fp,q(tzil) = Fp,q(t'z>rp,q(t2_1)a Fp,q(zi2) = Fp,q(zz)rp,q(Z_Z)-

Some useful properties of I}, ,(z) are:

Fp,q(an)
Lpq(z) 7

the reflection equation I}, 4(2)I}, 4(pg/z) = 1, the duplication formula
Dg(2%) = Dpqlz, —2.0"%2,—q"22,p" %2, —p' %2, (pg) /2, - (pa)/?2),

Op(T;q)n =
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and the limiting relation

1
lim(1 —2)[, 4(2) = ——————.
=1 P (75 P)oo (43 @)oo
We skip consideration of elliptic hypergeometric series which are constructed
similarly to the elliptic hypergeometric integrals which we explain now. Also, we
stick to the multiplicative notation, skipping analysis of the additive finite difference
equations for the integral kernels. Let us define the n-dimensional integrals

n
dz;
I(yhvym):/ A(5517~~~,$n5y17~-~>ym)Hij
z€D j=1 €L

where D C C" is some domain of integration and A(z1,...,%n;Y1,...,Ym) 1S a
meromorphic function of z;,yi, where y; denote the “external” parameters. The
following definition was introduced in [11].

Definition 5. The integral I(y1,...,Ym;Dp,q) is called the elliptic hypergeometric
integral if there are two distinguished complex parameters p and q such that the
kernel A(x1, ..., Zn;Y1s---,Ym;P-q) (the elliptic hypergeometric term) satisfies the
following system of linear first order q-difference equations in the integration vari-
ables x;:

A(-quj~-~§y17"'aym;pvQ)
A(xla'"axn;yla"wym;paq)

where the g-certificates hj, j = 1,...,n, are some p-elliptic functions of the vari-
ables xy,.

= hj<x17'"7xn;y17"'7ym;Q;p)7

Let us describe the explicit form of the univariate, n = 1, elliptic hypergeometric
term A. For this we recall that any meromorphic p-elliptic function f(pz) = f(z)
can be represented as a ratio of theta functions

fp(x):zgm, Htkznwk,

where z,t1,...,tN,w1,...,wy € C* are arbitrary variables parametrizing the func-
tion’s divisor. The integer N = 0,2, 3,... is called the order of the elliptic function,
and, in association with the hypergeometric functions [14], the constraint on prod-
ucts of the parameters is called the balancing condition. Since z = 6, (2, px)/0,(pz2, x),
the parameter z can be obtained from the ratios of theta functions by a special
choice of the parameters ¢, and wj; without violation of the balancing condition.
We can thus set z = 1.

The equation A(gx) = fp(z)A(x) determining the elliptic hypergeometric terms
has the general solution for |¢| < 1

N M M M
A = ol TL 225 (o) = TL 9455, Lo =L
k=1 "1 k=1 k=1

he1 p.a(Wrz)’

where p(gx) = p(x) is an arbitrary g-elliptic function of order M. Since

M
L, o(paxx, byx)

o(x) = s = =
() gfpyq(akm,pbkx)
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we see that ¢(x) can be obtained from the I}, ,-factors as a result of a special choice
of the parameters t; and wy (such a reduction preserves the balancing condition).
So, we can drop ¢(z) and get the general univariate elliptic hypergeometric term

N N

I (th) tk
Azity, ... ¢t ; :IlL — =1.
R k=1 Ly q(wix)’ gwk

Note that this function is symmetric in p and ¢. For incommensurate p and ¢, the
pair of equations

A(gz) = fp(@)A(z),  Alpr) = fo(z)A(z)
determines the kernel A(z) up to a multiplicative constant (which may, of course,

depend on the parameters ¢, and wy).
It is easy to see that for |¢| > 1, we have

A(wsty, ... t ) ﬂ Bt (d_una)
Lil1y.- oy IN, W1y - .-, WN;D,G) = —
b1 Fp’q—l(q 1tk£li)

with the same balancing condition. The region |¢| = 1 is considered as in the
previous section — it is necessary to pass to the additive form of the equations
for integral kernels and express the corresponding elliptic hypergeometric terms in
terms of G(u;w)-functions, which is skipped here.

Although there are some ideas and reasonable arguments how the general elliptic
hypergeometric terms should look like in the multivariable setting, we prefer to
state it as an open problem — the formulation of an elliptic (or, more generally, a
theta-hypergeometric [11]) analogue of the Ore-Sato theorem.

4. TOTALLY ELLIPTIC HYPERGEOMETRIC TERMS
The following definition was introduced by the author in 2001.

Definition 6. A meromorphic function f(x1,..., x,;p) of n+ 1 indeterminates
xz; € C* and p € C with |p| <1 or |p| > 1 is called totally p-elliptic if

f(pxh,l‘n,p) == f(xlaapxnap) = f(.]?h...,l‘n;p),

and if its divisor forms a non-trivial manifold of maximal possible dimension.

The neat point of this definition consists in the demand of absence of constraints
on the divisor of the elliptic functions except of those following from the p-ellipticity
(i.e., positions of zeros and poles of f should not be prefixed). For instance, the
Weierstrafl function P(u) with the periods 1 and 7 is not totally elliptic since
the positions of its poles and zeros are fixed. Its linear fractional transform can
be written as a p-elliptic function f(z) = f(pz) = 0,(az,bz)/0,(cz,dz), where
z = 2™ p = e?™MT gh = cd, but it is not p-elliptic for indeterminates a, b, ¢ (if d
is counted as a dependent variable). E.g., the function

. 9p(xwi1,yzi1)
f(x,y,w,z,p) - Gp(aczil,ywil)

is totally p-elliptic. It was conjectured also that any totally elliptic function is
automatically modular invariant.

Using the notion of total ellipticity and the results of [11, 13] it is natural to
enrich the structure of elliptic hypergeometric integrals by the following definition.
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Definition 7. An elliptic hypergeometric integral
~dx;
I(ylvu'aym,;p?(l) = / A(xlw",xn;ylw",ym;paq) H —
xeD j=1 Lj

is called totally elliptic if all g-certificates h;j(x1,...,Tn;Y1,. -, Ym; ¢;P), including
the external yi-variables certificates

Az .. qyk -5, q)
h APPIRPN — ’ s Iy
”+k($’y’q7p) A(wh ~>:E’n,;y17'"7y7n;p7q)7

are totally elliptic functions (i.e., they are p-elliptic in x;,yi, and q).

k=1,...,m,

Some of the properties of such integrals are described in the following theorem.
Theorem 3 (Rains, Spiridonov, 2004). Define the meromorphic function
m®

m{ | e (m (@)
A(Z1,. .., Zn;D,q) HI‘pq my :r2 T )( ), (4.1)

where m;a) €Z j=1,....n, a=1,.... K, and e(m®) = e(mga),. m;)) are
arbitrary Z™ — 7 maps with finite support. Suppose A is a totally elliptic hyperge-
ometric term, i.e. all its q-certificates are p-elliptic functions of q and x1,...,xy.
Then these certificates are also modular invariant.

Proof. The g-certificates have the form

A(...qx;...;p,q i (m(®)
hi(: g p) = e QT .., 0.( L)),
(x 1 p) A(l.lv' ey Iny Py q al;[l P (‘1)

The conditions for h; to be elliptic in z; are

(a)

C e K n a)1 —e(m@)ymPm
1:hi(...pxj.'.:.,q,p):H<[_H$7LZ<>} (m2)m; " m;

hz(x7qap) a=1 =1

X q

)

—Le(m@)m{m{ (m g‘”1)p;e(m<a>)m§“>m§.“>(m§“>1))

which yield the constraints

K

Ze(m( ))m(a)m(a)mgl) 0, (4.2)
a=1

K

S elm@)mm® = 0 (4:3)
a=1

for 1 <1i,j,k <n. The conditions of ellipticity in ¢ have the form

_ hi(;pg; p) Le(m @ ym® (m(® _1)
G Al ([ [

a=1

w g e @m (m{® =1 @m{* =1) —Fe(m )m(® (m{® ~1)(m “”2))_
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They add the constraint
K

Z e(m(a))ml(-a) =0, (4.4)
a=1
which guarantees that h; has equal numbers of theta functions in the numerator
and denominator.
Recall the notation ¢ = e?™«1/w2 G = ¢=2miw2/w1  Ip terms of the variable
T = wi/we the full modular group SL(2,7Z) is generated by the transformations
T —7+1and 7 — —1/7. The function ,(z) is evidently invariant with respect
to the first transformation and

eq(e—Zwiu/un )= eTriBz,2(u‘w1,UJ2)9q(eQﬂ'iu/wQ)7

where Bs o(u|wi,ws) is the second Bernoulli polynomial (3.6).
After denoting x; = e2™/w2 and p = e27ws/“2  the conditions of modular
invariance of h;(z; ¢; p) read

- hi(6727ri'y/w3; 6727riw1/w3; 67271'10.12/0.)3)

h; (eQWi’y/wg : e2miw fwa . eQﬂ'iw3 Jwa )

m(®
K —1
= exp Wiz (“) Z Bzz(wll-i-Z’Yg )’W2aw3) )
a=1

and they are automatically satisfied due to the constraints following from the total
ellipticity. O

The classification of the totally elliptic hypergeometric terms and, in particular,
of all solutions m (@), e(m(®) of the Diophantine equations (4.2), (4.3), (4.4) is an
open problem.

The following nontrivial elliptic hypergeometric term with n = 6 and K = 29
was shown to be totally elliptic in [13]

qul I q(tjxil) 6
A(zsty, ... te;p,q) = I , t; = pq,
[y q(z%2) H1§i<j§6 Ly q(tits) lill !

or, after plugging in tg = pq/ H§=1 ts,
5
IT=i Dpg(tsa a*! sty ' Hz 1 ti)
= .
Dy q(2%2, IT, ti a*1)) H1<¢<j<5 Lpq(tit;)
Theorem 4 (Spiridonov, 2000). FElliptic beta integral. If |t;| < 1, then

dx iP)oo (45 9) o0
/A'r tla-- t57p7q) 17 KZ%? (45)

A(x’t177t5ap7q) =

where T is the unit circle with posztwe orientation.

Proof. [13] The partial ¢-difference equation for the kernel
Alxiqly,ta, ..o tsipq) — Alasty, ... 1530, q)
=g(g o)A st tsp,q) — () Aty 3, q),

where

> z) Op(ta 1Y 1
g(x)z Hgn:lep(tm ) (t H] t) L,

=2 Op(trtm) 9p(9627$1_1j:1 tj) &
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and its partner obtained after permutation of p and ¢ show that the integral of
interest is a constant independent of the parameters t;. Giving to ¢; special values
such that the integral is saturated by (i.e., its value is given by) the sum of residues
of a fixed pair of poles, we find the needed constant. O

For p — 0 followed by the t5 — 0 and

ti=q" "2 b= ="t = g1 2t = =g, g1

)

limit, equality (4.5) reduces to the classical Euler beta-integral evaluation

1@—1 _ \B-1 _ T(@)l'(B) e(a). Re
/Ot (10t = 52 Re(a). Re(9) > 0

An elliptic analogue of the Gaufl hypergeometric function 2Fi(a,b,;c;z) has the
form [11, 14]

Fp,q(tjxjﬂ) dz

[T )
V(tlu"th;paq):K// 5 o tj :(pq)27 (46)
T L) q(2%2) z j1;[1 ’

where |t;] < 1. For t7ts = pg (and other similar restrictions), it reduces to the
elliptic beta integral. This function obeys symmetry transformations attached to
the exceptional root system E; and satisfies the elliptic hypergeometric equation, a
second order difference equation with some elliptic coefficients (reducing in a special
limit to the standard hypergeometric equation).

5. MULTIDIMENSIONAL INTEGRALS

Let us introduce the meromorphic function

2n+2m+4 +1
Au(ztipg) = [] : ﬁ et~ Dt
n\<y by ) - +1_+1 +2 )
1<i<j<n a2 Z; ) j=1 anq(zj )

and associate with it the following multidimensional elliptic hypergeometric integral
(type I integral for the BC,, root system)

n

dz;
Iy(lm) (tlv s 7t2n+2m+4) = Kn An(zat;pv q) H 7]a
Tn - '
j=1

where [t;] < 1,

2n+2m—+4
T 6= o, - BRREO
J 9

e " 2np)(2mi)n

Theorem 5. [3] The integral m satisfies the 2(2”Zi_”;+4) -set of (n + 2)-term
recurrences

n+2 t
Z 12 19 (ti il)lflm)(tla s qtic oy tantomta) =0, (5.1)
i=1 LLj=1, jzi Up(tit;

where [[27%" 4 t; = (pg)™p.
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Theorem 6. [10] Ift; - - - tomionia = (pg)™ g, then we have the following 2(2":;24:’?4)—

set of (m + 2)-term recurrences for i

(tla teey qiltk cee 7t2n+2m+4) =0.

Z Il i3<i<ontomea On(tite/a) (m)
1<k<m+2 2 HlSiSmH;i#k Op(ti/tx) "

Using these two sets of recurrences, for each variable tj it is possible to define
the fundamental matrix function M;; o I,(Lm)( cey D My g7 ), satisfying
the two ("F™) x ("*™)-matrix equations

M(qtr) = A(te) M (te),  M(ptx) = M(tx)B(tx),
for some matrices A(ty) with p-elliptic entries and B(tx) with g-elliptic entries.
Taken together with the condition of meromorphicity of M in each variable t;,
this set of equations determines the matrix M uniquely up to multiplication by a

constant [10].
It can be easily checked that

11 T, (tts) ISV (\/Piq’” NG )

t Ut
1<r<s<2n+2m-+4 1 2n+2m+4

satisfies the same recurrences as L(lm) (tl, .. ,t2n+2m+4) (the recurrences are just

swapped after replacing L(lm) by this expression). But there is only one solution
of the above system of equations, hence, these two expressions are proportional to
each other and the constant of proportionality is found by residue calculus.

Theorem 7. [9] The integrals m satisfy the relation

IS (. tongamea)
- 11 Fpﬂ(t,.ts)lg)(\/pq,..., VP > (5.2)
1<r<s<2n+42m-+4 t tantomt4

The main new results of the present paper are described in the following two
theorems. They represent a natural extension of some of the results of [13] and
[10].

Theorem 8. The ratio

_ An (23t p,q)
p(z,y;t;p, Q) = H Fp,q(trts) ! : :
I<res St amid A (y/ /P /PA/t: P q)
is a totally elliptic hypergeometric term.
Proof. Explicitly,
(et 0) H 1 IhcicjemTra (ypZJ SRR ?;TJ)
P2 Y0P, q) = T1_+1
1<r<s<2n+2m-+4 Lp.a(trts) H1§i<j§n Dy q(2; Z; )
2
m Yi pg
[Ti=1 Toa (qu’ yf) 2n+ﬁn+4 H?:l prq(trzjil)
n +2 . :
Hj:l FILQ(Zj ) r=1 H;n:]_ Fp7q (%7 tszj)

This term contains elliptic gamma functions with non-removable integer powers of
pq in their arguments showing that ansatz (4.1) is not the most general one. After
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substitution y; — /pqy;, we see that the p-function becomes equal to a ratio of
the kernels of integrals in (5.2).
The zp-variable g-certificate is

p(---qzk- - YD, q)
p(z,y;t;p,q)
1.—2

_9 — _ n 1 - n+2m+4
_ (a5 ) I1 Op(a 2 2) 2 +f_[+ _ Op(trzk)
0,(qz3, 23) 0p(zkziﬂ) 9p(q*1trzk_1)

W (2t ;) =

i=1,#k r=1

The equality hE:)(. Lpzp...) = h;z)(z;t;q;p) for I # k is automatically true, and
for [ = k it requires the balancing condition

W (. pzi...)  (pg)?m+?

= 2nt2mtd 5
W (ztgp) LT
The equality hgj)(. coptiye,pTi L) = h,(f)(z; t; ¢; p) is valid automatically. Most
non-trivial is the ellipticity in ¢ since the balancing condition contains the multiplier
g™, Assuming that t; = (pg)™ !/ [I25*" ¢, we find

2n+4+2m-+4
W (2™ a3 pg; p) _ 1 ﬁ _ nJﬁl —P9%k
W (2t ;) O O

(_q—ltlzkfl)mpm(m—l)/Q

(_tlzk>m+1pm(m+1)/2

Taken together, these conditions guarantee that h;cz) is invariant with respect to
all transformations z; — p™z, t, — p™ t,, ¢ — qu such that n;,m,, N € Z and
SR i, = N(m + 1).

The yg-variables g-certificates are equivalent to hgcz). Therefore it remains to
consider the ¢;-variables g-certificates

(oo qtiy o q g )
p(2, 95t 0, q)

hi (2t 0:p) =

_ 2"*12—’[”*4 Oula1ut) by (tiz) i Opa "t "y 0t y7 ")
- .

Op(tit1) b(a 2y ) 0 Op(paty 'y; )

1=1,2ik

The ellipticity in z; and y; is easy to check. The invariance of hl(-z) with respect to the
transformations t, — ptq,ty — p~ 'ty for various choices of the indices a and b is also
verified without difficulties. Finally, assuming that t, = (pg)™*!/ HiZTQ;ZJA ty,

where s # i, k, we find

hgz)( pmT i Dq;P) (_tits)m+1pm(m+1)/2

h) (23t 4;p) (—q Ltyt,)mpm(m=—1)/2
2n+2m—+4 n 9 9 m
—tet YT P7¢ 1
s H rq H t2 H tity 1,
1=1,#i,k,s j=1 'k =17

and a similar (though even more complicated) picture holds for s = i or s = k,
which completes the proof. [
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As mentioned already, sums of residues of particular sequences of the integral
kernel poles form elliptic hypergeometric series. Under special constraints, exact
computation or symmetry transformation formulae for integrals reduce to partic-
ular totally elliptic functions identities [14]. An analogue of the total ellipticity
requirement for elliptic beta integrals was (implicitly) found in [13]. The value of
the above theorem consists in the first extension of the latter property to an in-
tegral transformation formula. In general, this “ratio of integral kernels” criterion
provides a powerful technical tool for conjecturing new relations between integrals.

Indeed, an analogous result can be established for the following type I elliptic
hypergeometric integral for the A,-root system [11]

n

Iﬁbm) (813 <oy Sndm425 tla e atn+7n+2) = Hn An Z S, t; D, q H
'JT’!L

where

n+1n+m+2

H H p.q SlzJ,tlz b,
j 1 I=1

An(zstipg) =[]

1<j<henil 1P Q(zizk ) %5
and [t 1s;] < 1,
n+1 n+m-+2

=1 t = (pg)™ ! _ r)a(aa)s.
1;[121 ) 11;[1 Sty (pQ) ) o (n+ 1)l(2mi)"

We denote T' = Hn+m+2 tj, S — Hn+m+2 5, SO that ST = (pq)m+1’ and let all
Itel, |skl, |T’"+1/tk‘v |S’"’+1/sk| < 1. Then [9]

n+m+42
Iflm)(sl, ey Snma2i t oo tnmt2) H p,q t iSk)
7,k=1
1 1 1 1
I(n) Sm+1 Sm+1 ) Tm+1 Tm+1 5.3
x I e, ; ey . (5.3)
S1 Sn4+m+42 tq tn+m+2
Theorem 9. The ratio
An(zsitipg) T L

p(z,y;8,t:p,q) =

Am(yss~tpat=p,q) 2 Tpalsitr)’

1
where H 125 =1, H] 1Y; =S, is a totally elliptic hypergeometric term.

Proof. Explicitly,
2 +1 -1
ey H?=1 Fp,q(srzjatrzj )

1
pzystpa) = ] o) 11 TR

—1 —1, -1
1<k,r<n+m-+2 Lpq r=1 j=1 pa(Sr Y. paty Y; )

-1 -1
y H1<i<j<m+1rpq(yi Yi» YiY; )

1 —1y -
H1<z<j<n+1FP»Q(Z’ ZJ7ZZZJ )

After substitution y; — S/ (m*y, we see that p becomes equal to the ratio of
kernels of the integrals occurring in relation (5.3).
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The zp-variables g-certificates have the form

Q2. 2 1, 0,(q 22 Y2ni1,q b2 Lz
h,&z)(z;s,t;q;p):p( qzi »d n+1,Y pQ): p(q k An+1,9 & n+1)

P(Zayﬁ;pa‘Z) gp(qzk‘z;—il-hzkzrt—il-l)

— — 1 _— +m+2 _
> ﬁ Hp(q Zizkzlaq 1Zi lzn+1)nﬁ GP(ST'Zk’tTZn-ll-l)
0

1
0 (2L -1 1 1y —1\°
p(zi Zk7zlazn+1) p(q SrZn+1,q" trzy, )

i=1,£k r=1

Direct computations yield

hl(cZ)("'pzla--'7p_1zn+1--.) _ (pq)m+1 _ l;ék
hi (25,1 ;) s, ’

hch)(-~-pzk7~--,p_1Zn+1 ) - (pq)Q(m+1)

= = 1,
hi? (215,85 p) L2 szt
h;cz)(...psa,...,p_lsb...) _ hgj)(...psa,...7p_1tb...) _1 (5.4)
hi? (215,85 p) hi? (28,1 4;p)
The most complicated is the verification of the equality
W Cop™ M spgp) ()™
(2) - n+m-42 =1
hi (258, ¢;p) [[=0 sete

The yi-variables g-certificates are equivalent to h,(f). Therefore we can pass to
the ¢;, sp-variables g-certificates (reduced by their permutational symmetry)

p(...qti,--~7q_1tl'-')

p(2, 58,40, q)
TR st T Gtz ) 0 )
= H 0, (skt;) ]1:-[1 ap(qfltlzj*l) j]':‘[l ep(pqtflyjl)'

WD (z,y; 5,8 q;p) =

k=1

This function is automatically invariant with respect to the replacements t, — pt,

for any a and fixed other variables, ¢ — pg (without touching other parameters) as

well as sq — PSa, Sp — P~ Sp.

The mixing g-certificates have the form

(oo QUi s qSs, - q My, )
p(z, Y58, t:p,q)
_ Hfiﬂl;f Oplasett) ﬁ Op(sizn) 17 Oola sy 'yr)
I 0 (sit) o Oula ez ) (D, Oppaty )
T 0t ) 6, (e )
T2 07 Op(sr ' w) 2y On(a i )

hf-?[s’t)(z, y; s, q;p) =
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The invariance of this function with respect to the transformations described for
other certificates is verified in a direct way. E.g., the most complicated case is

PG e pap) T (gt e/
WG zystigp)  TLETE (g tsety)mpmim=1)/2
x ﬁl "D N ey
k=1,76 (pg)™+ts;t; k=1, Ik

To summarize, all g-certificates have the symmetries
= D™k, Y — Py, s — s, t— P, q— Vg,
where ng,mj,oq, 5;, N € Z and Zk e = 0, ZmH j = ;:rlmH oy, and
"2y + ) = N(m +1). This completes the proof of the theorem. O

In the univariate case, n = 1, both type I A,, and BC),-integrals coincide with
the V(t1,...,ts; p, ¢)-function described in the previous section. The corresponding
symmetry transformations are mere consequences of the E7-root system transfor-
mation found in [11]. The simplest p — 0 limit of the arbitrary rank integrals
reduces them to the Gustafson integrals [8].

In joint work with Vartanov [15, 16] we gave a large list of known simple trans-
formation formulae for elliptic hypergeometric integrals related to the Weyl groups
(including the cases of computable integrals). There are about seven proven differ-
ent multiple elliptic beta integrals associated to root systems and a similar number
of proven symmetry transformations for higher order elliptic hypergeometric func-
tions. Additionally, there are about fifteen conjectures for new elliptic beta integrals
and a similar number of new conjectured transformation formulae for integrals with
a bigger number of parameters. In particular, there are interesting examples of el-
liptic hypergeometric terms having fractional powers of pg in the elliptic gamma
function arguments. In such cases the total ellipticity condition should be modified
— it is necessary to consider dilations by appropriate powers of ¢ (or p). Using the
preceding two theorems as a starting point, for all these relations we have checked
validity of the following conjecture.

Conjecture. [16]. The condition of total ellipticity for elliptic hypergeometric
terms is necessary for the existence of exact evaluation formulae for elliptic beta
integrals or of nontrivial Weyl group symmetry transformations for higher order
elliptic hypergeometric functions (emerging in the “ratio of integral kernels” spirit,
as described above).

Most of the new relations for integrals were inspired by the Seiberg dualities
for N' = 1 four dimensional supersymmetric field theories, where elliptic hyper-
geometric integrals play the role of superconformal (topological) indices with an
appropriate matrix integral representation. For further details, see [16]. A few
more identities are conjectured in recent interesting papers by Gadde et al [5, 6] as
a consequence of known dualities for A/ = 2 four dimensional superconformal field
theories. Here it should be stressed that there are actually infinitely many symme-
try relations for elliptic hypergeometric integrals generated in a recursive way from
some canonical exact formulae, see [12] for a tree of identities following from the
univariate elliptic beta integral and its root system generalizations following from
the integral transforms of [17]. Therefore, many identities are, in fact, relatively



18

V. P. SPIRIDONOV

simple consequences of some universal relations, whose enumeration would be of
most interest.
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