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Abstract

This art.icle is de,,·ot.ed t.o the invcstigat.ion of thc deformation (twist
illg) of 1lI0noidai strllcL 11 res , such a$ thc a....sociati \' ity cOllstraint. of the
1Il0noieiai catcgory allel the 1Il0noidal structllre of lllonoidal fUllC:tor. Tbc
sets of twistillgs havc a (Iloll-abelian) coholllological nat.ure. Using this
fact the maps from thc seLs of twistillgs to some coholllology groll!>s
(Hochschilel coholIlology of I\-theory) arc cOllst.rllded. The eX<lmples of
lIlonoidal categories of billlodules over wme algebra, modules aJl(1 COIllOel
nies aver bialgebra are examillcd. vVc spccially conccntl'ate on the case of
free tensor categol'Y.
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1 introduction

Accordillg 1,0 Tallnaka-I<rein thcory [4] a group-like object (group, Lie algebra
eLc.) is in some sellce eq II ivalellt. 1.0 its ca1,egory of representatioll with natu
ral tcnsor proeluet operation plus forget.ful fundor to vedor spaces. Accllrately
speaking 1,0 extrad t,he grOll}) (Lie algebra) from its representations category we
must. regard some extra-struetu res (Illonoidal structures) Oll t,he category allel
the fundor (section 2).
Th rough t his poi n t, of view t he deformatioll (q uallti",at ion) of the groll p (L ie
algebra) is the deformatioll of its represelltatioll category auel forgetful fundor.
In many cases (scmisimple groups allCl Lie algebras) t.he defol'll1atioll does nol,
change t,he category, tensor product Oll it. amI the forgctful fUllCl,Or. So t.he e1e
format,ion consis1,s in a change of the mOlloiclal strudures of the category anel
the fundor.
111 the prescnt. paper we silall deal wi t.h ollly this kind of deformat.iolls.
It, appeal's t hat t 1I is deforn lat ions are presell ted by i\ Lw ist,i ngs 0 f 1l10noidal s t ruc
t, ures by l,he au tomorpli isms of some monoicl al fu netors (sect.ion :3).
The set. of t.wisti Ilgs cau be idcnt,ified wi tlJ t.hc 1I01l-abelian cohomology sets of
thc COSilllplicial complex n<tl.\lra.lIy aHacheci 1.0 t,he 11i01l0idal fundor (scct.ioll
4).
Th ese nOIl- abel iall coho mologies can be abel ian izcd by Illcans of in fi 11 i tesi mal
methoels (sect ion 5) or algebraic I<-I,heory (seetioll ß).
The examples of monoielal cat.cgories of bimoclules (sectioH 7), moelules allel co
moelules ovar bi algebra (section 8) allel free I.ensor catego ry (secLio IlS 9 l 10) are
examineel.

The i\utlJor is pleaseel 1.0 t,hank P.Deliglle, A.Lcvill J A.Reznikov for useful dis
CUSSiOllS allel cspccially Yu.Billl far calling his attention 1,0 the paper [23}.
Thc <llIthor \\'(1S part.ially su pportecl by ISF grant (11 M:~ E:~OO) anel grant of
R.Frn. (11 9:~-OI-1542). Thc allt.llOr is very gratcflll 1.0 t,he Ivlax-Planck-Instit,ut,
für i'vlathematik for st.imulating atmosphere.

2 endomorphisms of functors

Fix a COllll1lllt,at.i vo ri ng ,,~. A 11 ca tcgories allel functars will be k-I incar. 11, lIleans
t,hat. all H om-scts are k-moelulcs a.ncl thc fllndors inetuces "'-linear Inaps betwccll
f/ om-se!.s.
For an associat.ivc k-algebra H wc will eleIlote by R. - 1'"od the cat.egory of leH
R-moclules anel by R - /Hod t,he subcategory in R. - 1H od of finitely gellcrateel
modules. For example if k is a fielcl "hen k - 1\1 od is the category of all vcet.or
spaces over ", a nel k - mac! is it.s subcategory of fi ni t.e-e1 imcnsioll al spaces.
Anot.her clefi niOB of k-li lleari t.y of t.he cat.cgory A cOllsit.s in assigning of the
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which is associative rcspectively tensor product, in k - 1Hod. In this case k
lillcarity of thc fllnctor P bet,weclI k-linear categories means thaI. F preservs thc
aet,ion of k - i"1 od.
It. is easy 1,0 see that, t,he second version of ~:-lineariLy implics t.he first, alld in thc
case of eategories which have infinite (finite) products. The first version implies
tbc existellcc of the acl.ion or t,he category, which is non-canonically cquivalent
1,0 k - i"lod (k - mod).
Here we shall llse l,he second definition of "'-lineari ty.
Suppose that a faithflll (inject,ive on the 11l0rphisJrls) [J 6] k-linear fllndor F :
A -t k - A-Iod have a left (right) k-linear adjoint fUlIdor (,' : k - Alod -t A. 1t,

means thaI, morphisms of fllnctors

are given alld the COillpositions of endomorphisms

F(n) ßF
F-FGF-F

G~GFG~G
are iclentical ({,he defini tion of t,he right. adjoi I1t, cau be obl.ained from t.his by

replacing F by C).
The k-linearity of the functor G involves that

G(V) = E 0 V, V E k - 1Hod

for some objeet E from A. \Vc will caU t,his object, a ge71cr(llol' (cogeTlemtor in
t,he case '\'hen (,' is a r igh t adj oi nt, to F). The (co) genera t.or E is callecl pmject j ve
(illjcdive) if the morph iSlll ß ((l') of t,he corresponcl illg adj und,ion is surject.i ve
(injeCl.i ve).

Pl'oposi tioll 1 Let. 11 : A ---+ B be (J righ/. (left) c:mct fuuetor belwcclI abelicl1l
calegol'ies (md E is (l projediuc generator (injcdive coge11ClYltol). Tllen l/w
hOlllomorphislJl of algelJms

which semls lhe elld01H01]JhislI/. i La zL., specializaUoll iE I is (LU iSO'/ll01']Jllis1II .

ProoL
Suppose that E is a. projedive generator (the proof in t,he case of injective
cogcncrator can be obtaillecl by the inversioll of arrows).
Für any objeet A [rom A consider the coml11ut.at.ive diagralll



The smjeetivity of H (ß) implies thaI, the hOlllolllorphislll

End(lJ) -t Endtj(E)

is injeetivc"
COllvcrselYl cOtlsic!cr j,he lcft exact sequcnce of fundors

o~ H ~~(E)0F~H(E)0 P'K

where I{ is a kernel of ß. The elemcnt l' ofthe cClltralizer CElld~(JI(E)) (Jj (EudA (E)))
c!efincs an enc!omorphisms of 1,\\"0 right. fUllctors of this sequence allel hence a.n
enc!onwrphislll of H. It is obvious t.haL t.he specializat.ioll of this enelomorphism
coirlCieles with 1'.

3 monoidal categories

The (k-lillear) tew,or prodl/cl 9 ~ '}{ of two (k-Iincar) catcgorics 9 ami 1i IS a
category, whose objects are t,he pairs of objects of 9 anel 1i.

XE9,YE1{

alld lllorphisins are tensor proe11let of IIlOrphisll'ls frolll C allel H

The tensor ]Jl'Oduet of fUlletors F : 9r -t 'H r allel G : 92 -t 1i',! is a fundor
F~G: 91 ~g',! -t 1i 1 ~1i',!, which scnc!s Lhe pair (X, Y) 1,0 (F(XLG(Y')). The
mOlloid(l[ category is a catcgory G wi th a bifullctor

(X, Y) t-t X 0 Y

wh ich callecl tellsor (01' numoidal) pl'odllcl. Th is fUlldor lII11st be equ ipeel wi t,h
a fu nctori al colleCl,ion of isOll1orph iSillS (so-callec! a8socia! ivil!J C01IS t.mi 11 t.)

'PX,\',Z' : X\&) (}," 0 Z) -t (X 0 Y) 0 Z

which satisfies Lo Lhe following pelilag01I (13:iom:

thc diagram

for any X, }", Z E 9

x 0 (Y <9 (Z 0 Hf)r~\t.'( 0 Y) 0 (Z 0 \'V)~~((X 0 }'") 0 Z) 0 Hf

Ix0~,".z.", t I~xy.z0hv
"PX.}"(i)Z.W

X 0 ((V (9 Z) 01V) lI< (X 0 (}'" 0 Z)) 01'V
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is COml1lll tal,i vc for any 0 bj cc(.s XI )"1 Z, Hf E g.
Consicler two tensor products of objects Xl, "') X n from 9 with an arbiLrary ar
range [Hen j, of t he braekct,s, The coherellec I, 1I coren 1 [16] s tates t.hat. t.he pentagoll
axiom implies the existence of a unique isomorphism bet,ween thel11, whieh is
t,he compositioll of tllc associativit.y eOllstraints,
An objeet 1 together with Lhc flllletorial isomorphisms

(JX : X 0 1 ---7 X AX: 1 0 X ---7 X

in a 1I10110icl al eategory 9 is ea lied a IlIl it if Al = PI allCI tlla cl iagrams

flX0)'
.Y0(Y01) ) .Y®Y

~~
(X0Y')®1

are commuLativc for any X, Y' E g. IL is easy 1,0 see that, the Ilnit objeet is
ul1iquc up l.o iSOIllorphism.
A mOlloid(ll I/metar bet,ween mOlloiclal ea.t,egorics 9 and 1{ is a funetor F :
9 ----7 'H 1 whieh is equipped wit,h the fUlletorial eolleetioll of isomorphisms (Lhe
so-ealled monoie/al structure)

for any X, ).- E (I

for whieh Lhe following diagram is eommutaLive for any objects X, Y, Z E 9

F(X '9 ().' ® Z))~F(X) ® P(Y ® Z) ~zF(X)0 (F()") CO F(Z))

F(~x:,',z)t ~F(X),F(n,F(Z) t
F((X 0 ).. ) 0 Z) ~zF(X CO Y') 0 F(Z) ~(F(X)0 P(Y)) 0 F(Z)
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A 1110rphisI11 f : F -+ (,' of 11101l0idal functors F alld G is called 111 0110idal if the
diagral11

F( ..'\ 0 Y")~ F(X) 0 F(Y")

Ix",.! Ix0h 1
G(X 0 Y")~ G(X) 0 G(Y)

is coml11ut,ative for any .X, }' E (I.
Denote by A ul0 (F) the group of Illolloidal all tOlllorphisl11s of t.he mOlloidal fu nc
tor F.
J~\'1 onoicla Icategories (i allel 'H. are eqllivulenl (as Illonoidal catcgories) if t.llere are
mutually inverse Illonoidal fUlletors P : Q -+ /H.. ami G : 1l -+ (i with Illonoidal
isol11orphisms FoG::: id'H allCl GoF' ::: idc . 11, is easy Lo see LhaL mOlloiclal
caLegories are equivalent if ilnd only if there is a mOlloiclal fUlletor betwecil t.heln
which is an eqllivalence of catcgories.
Let. lIS denotc by AutO (9) the grou p of lIlonoidal ilU toeq 11 ivalences of t.he 1l101loiclal
category (i ancl by Aut((i, 0) t.he grollp of alltocquivalcnces of the category 9
\\1 hich preservcs t,he t.ensor prod uet '9.
The qllot,icnt 4; 0 'P- 1 of two a.ssociativity constraints 'if; ;·md 'P of (,he fUllctor '9
is Cl n isomorph ism of t.he fu Bctor 0 0 (0 (8] id) = id03

. ThU s we have a Il'l ap

fl'om the dil'ect. square of thc set AI5(9) = AtfS(Q, 0) of aU monoidal structures
of l,he cat.egory 9 with thc tensor proclllct 0 (thaI, is the set of all associal,ivity
const.rai nts of I. he tensor prod ud '9) 1,0 the grou p A!Lt (ir103

) of au tOlllorphisllls
of thc fUlldor id03

.

Analogollsly, t,lle qout.ient, cl 0 c- 1 of t,wo mOlloidal struct.ures c alld cl of rllllCl,or
F is an isomorphism of thc fllndor 00 (F 0 F) = p02 . Thus t.here is a map

Q : 1"1 S(F) x 1H S(F) ---+ Aut(F02
)

from t,he direct square of thc set AI S(F) of all Illonida] st.rllcLllres or tbe fUlldor
F 1,0 thc grollp Aul(P02 ).

lt. immediately follows frOIll thc definitions timt these maps satisfy the conclitiolls

The map

Q(x,x) = I ancl Q(x, y)Q(y, z) = Q(x, z)

is injcdivc for any associativity cOllstraint 'P of t,he tensor product, 0 of thc cat.
egory G. The image of t,his lllap cOllsists of those isomorph isms (I:' E Aul (id0~)



für \vhich t.he diagram

.1(9 (Y (9 (Z ® Hf))~ (X (9 Y) 0 (Z ® WO)~ ((X (9 F) 0 Z) 0 W'

10~o"1 t~ou01
.-\ 0 ((Y 0 Z) 011V) lpOQ ~ (X 0 p/ 0 Z)) 0 Hl

is cOl1ll1lutativc für any objects X, Y', Z, Hl E 9.
For such 0' we call the ll1olloidal category 9(0') = (91 rp)(cr) = (91 errp) a twisted
f07'111 (lwistiug by 0') of I,he lIlolloidal category (9 1 rp).
Similarly, t,he lIlap

is injecti ve for any ll1onoidal struct,ure (; of t.he fundar I" ancl its image consists
of thüsc iSülllürphisllls 0 E Auf( F0 2 ) for which I,he diagralll

F(X 0 (Y 0 Z))~ F(X) 0 F(Y 0 Z) ~(tF(X) 0 (F(Y) 0 F(Z))

~1 ~1
F((X 0 i/) 0 Z)~ 1"(.1 0 ).. ) 0 F(Z) ~J(F(X)0 F(Y)) 0 F(Z)

is COlllllllltative for any objects ..\, Y, Z E 9.
The pair (F, oe) = (F, e)(O') = 1"(0) will be called a I.wisledfol'1l1 oft,he Illolloidal
ftllletor (I", c).
The notion of the isolllorphislll of lllolloidal flluctors dcfines an eqllivalence
rel at,ion " '" " Oll t,he set. 1\1 S'(F)

c '" cl <:} (F, e) -::: (F, cl)

Denot.e by A'l s( 1") tllc factor of AI8( F) by the relation "'.
The inclllsioll Q (c, ?) ind uces an cqu ivalcllce rel al.ion on its image (emd evell on
the wholc group AUl(P0 :l)):
n '" ß iff I,here is an automorphisIll J of the fundor P sllch thaI, thc diagrall1

F(X 0 ).. )~ P(X) 0 F()")

/1 /0/1
F(X 0 Y)~ F(X) 0 F(i'")

is cOll1l1llltat.ive for any objects X, Y E 9. 11, is easy 1,0 see I.hat. t,his rclatioll on
the group AUl(p02 ) cümes from thc act.ion of thc group Aut(F).
In t he case of the idenLi ty rundor t.he set 111 s ( id(;) has a groll p struct.ure and
cüincidc:'l with the kornel of thc natlll'al map
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is commut.ative for any objeets X, )' E 9. It is easy to see that this relation Oll
t.he grou}) Aut(Ii'02) comes fronl the action of tlle groul' Au/,(F).
In t.he case of the idcnt.i ty fundor tbe set. lvI s( idQ) has a group st,ructUI'C allel
coincieles wi t,h t.he kcmcl of t.he nat.ural lila})

111 a similar way we can defille I.he fador kf 8(9) by t.he eqllivalellce relal.ioll
" :::::: " Oll the set. 1"15(9), which corrcsponds 1,0 I.he equivalellce of lliolloiclal
catcgories. Since j,he definition of tbe relation" :::::: " IlSCS a.ll aut.oequivalcnces
of the catcgory ii. is oft.en difficult 1,0 verify it. H, is useful 1,0 consider a more
weak relat.ion " "'-' II which corresponcls 1.0 t.he eq uivalence by means of idcnti ty
funetor [21].
Namcly, 'P "'-' t/J irr the identity rundor iel;; eall be equipped with a structlll'e of
JI1011oidal flIndor bctween (~/, 0, 'P) alld (9, 0,t/J).
The fador 1H8(9)/ "'-' will bc dCllot.ed by 1'18(9).
Thc co rrespondi ng rel ation on t hc im agc of incilision Q('P, ?) (Oll t 11 e gro 11 p
Aut( id33)) has the form:
0- "'-' ß irf LIIere is an automorphisIll C of the funetor F0'2 sllch that t.he diagram

F(.Y 0 (Y 0 Z))~ F(.Y) (9 F()' 0 Z)~ F(X) 0 (F(}') 0 F(Z))

~'nt ~'ß1
F((X 0 }') ® Z)~ F(X 0 }") 0 P(Z)~ (F(X) 0 F('r')) 0 F(Z)

is COIllIll U ta.ti ve f01' a ny 0 bjeet.s X, y, Z E 9.
Jt, is evident thaI, t.his relation Oll t.he group Attt(id~::J) comes frolll t,he action of

A!lf.(id~'2) on it.
The grollp Aut(Q, 0) acts Oll I.he set. 1H 8(Q) in the following wa)':

F( 'P)x, \',Z = F( 'PF-l (X),F-l (X),F-l (Z))

where tp E 1\1 5(Q) anc! F E Aut.(Q,@). Thc fador of t.his action coincic!es wit.h
the set J\1 s(9).

4 endomorphisms of monoidal functor

The colleet,ion of the enc!01llorphis1l'ls algebras or tensor powers of a ll1onoidal
fundor F can be equippecl wil,h the st.rllct,ure of cosimplicial cOlllplex E(F)~ =
E1/.d(F0~).

The image of t,he coface mal'

i=0, ... ,1I+1
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here 1Ji is the uniquc iSOIllorphism bct,wecn F{ ... (X 10 ... }0..X II+d = p0n+1(XII"" Xn+d
and 1"("'( ..\1 ® ... )0 (Xi 0Xi+l)) 0 ... ) 0'.\I1+tl. The specializaLioll of the image
of the eobollncla,ry lllap

i=0, ... ,1I-1

lS

\Ve lIlay also dcfine the zero cOll1ponenL of this complex as thc endomorphism
algebra of l,he lI11it objcet of t.hc caLegory 'H. whieh eall be regarclecl ClS Llle
cndolllorphism algebra of Lhc fUBetor

1"00 : k - 1H Dd ---+ 1i,

The coface maps

i = 0, 1

has the form

here p ami ..\ are the structural isomorphisIlls of l,he llllit objeet I.
The inverl. ible clemcn ts of t.h is eom plex of algebras fo Tm Cl cosi III plici CI I com plex
of t,he (gencrally nOIl-colnmutaLive) grollps A~(F) = Aut.(F0~). Ncverthetess,
for small 11 the lI-th cohomology of thc cOlllplex A(1")", eall be defined.
Let HS consider the COsilllplieiat eOltlplcx E", of algcbras as a funetor [9J

E : S ---+ k - Alg

from thc catcgory 0 of fillite ol'derccl sets wil,h llollClecreasing maps 1,0 thc eat,
egory k - Alg of k-algebras. In part,ieular, En is t.he value of t.he fUllctor E Oll
tbe ordered set. of 11 + 1 elements (u] = {O, 1, ...Tl} and

Ei = E([;1 }n 11 ,

where
8:1 is t.he jncreasing illject,ion whiclJ c10es not Lake t,he valuc j E [1/.],
u:. is t.he nondecreasing surjeetion which takes twice t,he "alue i E [11].
\Ve say t,hat, t.hc linki1Jg coeffir:irmt. of two nondecrcasillg lllaps T, 11' : [t] -+ [11/.] is
eq 11 al to 1I irr there are decolll posi t ions in to t,he lIonin tersecti ng 11 n iOlls

fm(T) = Al U ... UA", Al< ... < A"

fll/(rr) = BI U ... U Btl BI< ... < Bt

9
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In part.icular the lillkillg coefficicnt. of ä:1 (\lid 8~+1 i::; equal Lo

I, if 11 = 1; 2, if n = 2;

if i > j - I tltCIl tltc lillking coelficient of 8~ allCi 8~ is cqual to

], ifTl=2; 2, if 11 = :~; 2H ~ 5, if 11 ;:: 4.

The fllllcLor E : 0 ---+ ". - Atfl (thc cosimplicial complex of algebras E.) will bc
callecl Il-commuf,ative if

E(T)(a) comllllltes with E(1I")(b) für cycry a, b E E(l),

for any tlolldecreasillg maps T,1I" : [lJ --t [m] whose linking coeflicicnt is Icss or
iqual 1.0 11, if 1/. < 3 ami 21/. - 1, if 11 ~ 3.
For the cosimplicial cOlllplex of grollps A. let, us denoLe by zn (A.) C An Lhc set
of solut.ion:; of the equaitioll

[l:..}!-] 0

II ä"j () II .:-12i+l ( )';+1 Cl = u n +l a

i=O i=(t]

allel by II ....... " Lhc bi Bary relation Oll t.hc groll p All:

a ....... b{:}3cEA Il _ 1

Pl'opOl'li tion 2 If A .. is (I 11-(0111 mut(llive cosimpliciClI comple:/: of algebnls, !hen
1. Am is (l cO/II/nut(ll i vc gmujJ f01' 111 < 11

2.zm (.A.) is Cl SUiJgrvH]J of Am for //1. :S 11

3." ....... :: is (11/ eqllivalellce I'e!at.i()/l 011 fhe glYJUjJ Am (iwluced uy fhe (lcliOl1 01
Am whieh ]J1'CSe1'VS Zm (A.)) f01' m ::; 11 + I

Praüf:
1.1"01' 11I < 11 allel für any a,b E Am (,he COllll1lut,atür [ü:n+l((j),a~i~l(b)] is equal
1.0 zero. So

[a, b] = tT:n([ü:n+1(al, Ü~-:-~l (b)]) = 0

2,;~. Für m ~ 11 and for any a, b E Am

[~] [~] [~]

II D~:+da) II 8~:+1 (b) = TI 8~+1 (ab)

allel

i=O i=O

o 0

II 8~:tt (a) = TI 8;tt (ab)
i=(y] i=[T]

10



2~:3.F'or 1I1:S 11 allel for any a,b E Am

(~J [~] [~]

TI a~:+d(J) rr 0;:+1 (h)::: rr a~+l (ab)
i::O i=O i=O

allel
o 0 0rr a~~t~ (a) rr a~tU(l) = rr ä~ti(ab)

i=[.If] i=[~] i=[.If]

I t immediately follows frolll the elefini j,iOII of the coface maps t,hat. Lhc com
plex of autolllorphisll1s A. (F) or a 1Il0noieiai rundor F is l-colllllllll.ativc.
The group

is thc same as the groll p of monoid al au tomorph isms A ut0 (F) of the fUlldor
P.
The set

z~(F) = {rl E AIlI(p02), aa(Cf)a~(Q) == ag(o~)aj(o')}

coineidcs with thc image of tllc map Q(c,?) : J\1 8(1") --+ Aut.(P0 2 ) allel Lhe
equivalcllce relation""" Oll Z2( F) coillcieles with {,he relation Oll {,he image of
Q (c, ?) which corrcspocls 1,0 l.he isomorphism of 1Il011oidal fUllctorS. So tha sceond
cohomology of mOlloidal fUllctor is isolllorphie 1.0 the set of nlOlloiclal strllet,ures

h~(F) = ::~(F)/,....,= kfs(F).

It. follows frolll thc fUllcLorial iLy of t,hc au tOlllorph isms that. tha eOlllplcx of au
tOlllorphisms A. ( idg ) of the idcllLi t,y f\lllct.or id is 2-collllnu j,aLi vc.
The grou p sI, ruetou re Oll h2 ({I) ::: h'2 (iela) corresponels 1,0 t he eOJ II posi t. ion of
1l10Iloidai fUlldors.
The set.

is nothing alse t.hen t,he image of l,he map Q(c l ?) : 1\18(Q) --+ Au.t.(üI03 ).
The equivalenee relation""" on Z:1(Q) eoincides with thc relation on the image of
Q(c! '1) whieh corrcspods 1.0 the eqllivalenee of mOlloiclal eategories by means of
tbc iclenl,i ty fUlleto)'. So Lhe t.hircl cohomology of the ll1olloiclal category (of t.he
iclent.i t.y ftlnetor) is isomorph ie 1,0 the ~et, of 1Il011oiclal strllct.ures

Il



5 tangent cohomology

Let 1\ bc a k-algebra allel 9 be {\ ,..-linear category.
The subcalegory 0/ J{ -modules 91\ in {I is a category of pairs (XI n) whcre .Y is
an object. of 9 ami 0 : X -+ End~,(X) is a homomorphism of k-algebras. Thc
ll10rphislll from (X, 0') to (}'", ß) in 9K is a morphism f [rolli X Lo Y in gwhich
prescr\'cs the h..·-moclllle struct.ure (f(.l'(c) = ß(c)f for any (; E 1\) ..
The forgetJul fllllctor

has the right.. adjoint

if thc cat.cgory 9 is sllfficicntly largc (e .. g. we can ll111hiply any object by t.he k
moc! ule J{). Anyway we have 110 problem if ]\' is a fini tely generated projecLi vc
A'- m Ocllll e.
A fu Ilct.or F : g -t 1{ incluces the fnncl,or

F(X, 0') = (F(X), F(o'))

sllch thaI, thc c1iagralll of fllnetors

F,...
9K -'HK

t f 1
9 >'H

is COllllllut.ative.

Proposition 3 Lel F : 9 -t 11. is (/ I'ight (!xacl mO/wie/eJl fi/Hel01' lJelweeu
abelia/l 1I10noie/al categories wilh righl bie:J.:acl t.ensor products.
'l'heu J01' ClllY J..:.algeum J-( lhe h01/l01l101'pllism of cosilllplicjell complexes

c (9 "/(X,n) = o(c),,/

is Oll isolHorphislII (where Z(I{) i5 t.he cellte/' 0/ t.he olgebm 1\).

Proof: H. is easy 1,0 see tlnll t.he statement of the proposition follows from the
following fact.:
for tilc right exact. fundor F : 9 -t 'H thc homomorphism of algebras

c (9 '(X,a) = a(c),

is an isomorph ism.
Thc proof of this faet is analogous 1,0 the proof of t,he proposition (I).
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Proposi tiOll 4 The lauge,,/. space of fhe ftlllctor hn (F) of cohol/lologies of
/IIolloidcl! JIHlcl07' F (Jf lhe 1lnd point (fhe dass oJ idetity eudo1ll0l'phism) co
illcides wifh the cohomology lln(F) 01 fhl; coclwin compfe:c associaled wit.h the
cosimplicia[ cO/llp/ex E· (F) oIobeli(1n gro1l]JS (Ihe t(J1Igent cohom%gy 01 1").

Proof
Since E;* (FA.J = .420k E;* (F), any element of the kernel of I,he map An (FA:I) --t

An(F) has the form 1+[0 for some 0 E E;7l(F).

The dired checking shows that the cocycle conditioll for 1+ EO' is the equation
d71 (O') = 0 1 where dn = L~l:Ol(~l)iä:l+l is a cochain differential. The cocycles
I +(0 ancl I + (ß is cquivalent if and only if 0 and ß differs by thc coboundary.

For exarn pie, t he fi rst cocycle lJIod ule Z 1 ( F') of thc t.angen t co III plex eoi neides
wi tlJ t,he 1II0c!nlc of dif{erelllio[iolls of the monoidal fu netor F

Diff(F) = {/ E Bnd(FL/x01' = /x 01)' + Ix 0 11'}

,,,,hieh is a Lie algebra respedively t,he eommul,at,or in t,he algebra End( F). Thc
fi rst. tangent, COhOIllOlogy JJ 1(F) is a fact.oralgebra of thi:-; Lie algebri-l.
The tensor proclllet of elldomorphisms of the funter F

c1efines on E· (P) a strueturc of cosimplicial algebra

Hence I,hc assoeia ted cocllai 1I eom plex (E· (F) ,d) is a d ifferen ti a I graded algebl'a

In particular, the t,angent. cohOlliologies H· (F) form a graded algebra.
Let HS also note thaI. the mul\'iplicatioll i~ skcw-sYll1metric on t.he first. compollellt
H 1 (F), because

0' 0 ß+ ß0 0: =d (- aß),

The ta1lgent cone i11 the I,angent, SPi\.CC aL t.he poi llt x E h(k) to thc rundor
h : k - Alg --t Sc!s is j,he image of the Illap

iud II cecl by t he hOIllOIllor ph iSlll of algebras

Aco = k[[c]] --t k[clc2 = 0] = 11 21



111 111 any cases iI, is ~Il fIi eieH j, (allel 1IlOrc COIlvi 11 ien t.) 1,0 COllsidcl' l.I1C jil'sl (J]JJJl'G:I:

imalioll oI lhe langenl GOHe whiclJ is the image of the map

kC1'(h(A:d ~ h(k)) ~ kcr(h(A~) ~ h(k)),

iuel uceel by I, hc 110 momorph ism of algcbra.'l

6 K-theory

111 [HJ] Q uillen <lssociated 1,0 all abeli all (cxaet) category A a t,opol ogi cal space
BQA sllch timt. exact f\lnctors between categorip.5 elefine the continuolls maps
betweell t,he correspond ing spaccs and isomorph isms of funetors define t,he ho
motopies between t.he corrcspondilJg maps. In otlJer words, Quillcll's spacc is a
2-fu nctor from the 2-category of a bel ian (exact) eategori es (wi t h isomorph iS111s
of functors as 2-morphisms) 1,0 the 2-category of topological spaces.
\Valcl !lauscH [27] provecl tllat the 2-fullctor /\" = fJ BQ is pernlll table (in some
sence) with t.he procluet. Na.mely, he consl,rlleteel t.he eOlltillllOllS nEI]) [{(A) 1\

I{ (B) --+ 1\ (C) for any biexact, fu IIdor A X B ~ C.
The hOlllotopy groups /{. (A) = 1r,. (A) of t.he \Valclhansen space I\(A) are ealled
a/gehmic I(-Lheory of tbc category A.
No\\' we give tbc definit,ion of Hochschilcl coholllology of topological ring SpiKes.
The topological space J.( w it.h a eOll ti n HOll S 111 ap 1I : /\" A /\" --+ J{ is callecl a !'lHg

SJHlce. A ri ng spaee ([{, 11) is (lSSOC j (lfi ve i f t.here is a homotopy bctwccn fI (J /\ lt)

RHeI,t(Jl/\ 1).
A bimodllle over an a8.."iociaLive ring space (I{, It) i~ aspace 1"1 \'ogeLhel' wiLl! Lhc
cont.inuolls maps

v : f{ A 1"1 --7 kl

allel t.hc homotopies

v(l/\ Il) ~ v(v A 1), v(l/\ v) ~ IJ(V /\ 1), v(J /\ v) --t V(fl A I)

For examplc thc space of maps to Lhe ring space is a bimoellile over this fing
spaec.
Dünote by [X, Y] tila set. of hOll1otopy c1as..:;cs of eont.illUOllS maps f1'om X 1.0 Y.
The Hochschild comp/e:L' of a ri ng space [{ with coefficients in a. bimoel nie spa.ce
1\1 is a semicosimplicial cOll'lplex of sets

C.(J{, JH), CII (!"'-, 1"1) = [K AJI ,1H]

wi th the coface m aps a:~ :C'l- J (1\", 1H) --+ C'1l (/"(, Al) elen lIed as f01l0\vs

{

u(I A /), i = 0
a;l (J) = J(1 A ... A Jl A ... A 1),

IJ(j A iel), j = 11 + 1

14
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I f lI/I is a loop space t. hell C. ( I..: 1 1"1) is a com plex of gro II ps allel these grollps Cl re
abelian if IV! is a c!ollble loop spa.ce. In thc setolld case t,he COhOlllOlogy of the
coch ai 11 com plex associ atecl wit.II C'~ (1\", An wi II be catlec! 11oelJsclJiid eah omoi
ay!! (H H ~ (1\', 111)) or rillg space 1\" wi th coclHciellt in t.he bi Illocl ule Iv!.
A ring (bimoclule) strudure Oll a spacc indllCc...:; a gradccl ring (billloclulc) struc
t.ure on its hOl11otopy groups.
The natural map C'~ (/(, j\1) 1,0 t.IIe I-Iochsch ild com plex C'* (rr. (1\" L rr. (/11)) of the
ring iT.. (!\') with coefficients ill tbe billloclule rr*(kf) inclllcc'S thc hOll1omorphism
or Hochschilcl cohomology

11 H" (1(, 1"1) --t II I1 .. (rr.. ([( ), iT .. ( kf )),

P rap os i tiOll 5 Let F : 9 -7 '1l be an eJ:act 111 olloidai juudor bel.wee" alJe1iall
l1Ionoidal cateyorie.s with bieJ:acf l.ellSOI' products, Thell thcl'C is a lIWP oj scmi

cos i 111 plici (11 co 111 ple3:es 0J9 ro!lps

which dcfi1lcS (he lIWPS

Prüor:
The map Aut( F0~) ---+ C.. (!{ (9) ,n [-( ('H.)) seneIs tlle aut,olnorphism 0' E Aul (P0n )

1.0 the cl ass or the corresponcli ng <tu tohomotopy or the 111 ap l'( ( F'0 11
) ,

Tlte zero eomponenl, or tbe prcvious Ill<lp

ud mi ts a more expliei t cleseri brioH.
For an all t.omorphism Q E Aut (P0 n

) the cl ass [ClX 1, ... ,xJ E 1"'-1 CH.) c1CPCllCls
only or thc classes (Xd, "'1 [.-\,,] E /\"0(9). Incleecl, t.hc exact scqllellce

call bc extelldecl \'0 thc diagr(l.1ll with exacL rows

which is eomllllltati ve by t.he fUIlct,orial it.y or CL Bellee
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wh ich mcailS th at [0' X I, ... , X n] dcpencls 0nly of thc cl asscs [.Yd, "', [.Y,,] and call
be regareleel as an element, a of 11 0111 (J'i." 0 (9 )ßIn , gl (1i)). Now the direct checkillg
shows thaI. the maps

eomlllutes with the coface operators:

[lxI 0 ox2 , •.. ,X n + I ] [Xdo([X2L... ,[Xn+d) }
[OX1, ... ,X;@Xi+I, ... ,X,,!I] a([Xd, ... , [Xi](Xi+d, ... , [Xn+d)

[oxl, ... ,x n ® JX"+I n([.Yd"", (..Yn])[Xn+d

:;:: a;l+l (a)([Xd, ... , [Xn +1])

'rhlls we Il<lve a Illap

whieh asscrt.s 1,0 t.he au1.o111orphislll 0 thc class [0].

7 bimodules

Abimodu[e ove!' all associa Live alge br<-l R is a J.'- mod ule /ltJ w it.h Lhc len, ft nel
right R.-1ll0cl 1I Ic st!'lIcturcs

R (9 /ltf --t /ltf "(91/1 H 1'111

17/ 0 l' H 1111'

(leH allel righ t. k-IllOcl ule sI, rud II res coi nsi des) sueh th at,

,.( 17/5) :;:: (1'/71)5 for allY 1', sE R, 11l E Nt.

A homolllorphism (H011lR_R(JH, N)) from Cl,. bimoclule 1'" t.o a bimodllle N is a.
h'-lill ea r map wh ieh preserves boLh left, ami righ t n.-modul c st.ru ctll res.
For exalll pIe, Lhe encioIllorph ism algebra E 11 cl H _ H (H 0k R) of thc bim odule
R C:9k R is isomorphie 1,0 1,hc algebra HUp C:9 n (HQP is 1,he algebra w il,h opposi te
Illultiplicatioll). AlIY element x E HOP (:9 R defines t.he homomorphisln Ir (for
decomposible x:;:::: r®s f.:: sencls p0q from H.·0k R 1,0 ]J1'0sq). COllversely the
val II e 0 r all cndolllorph iSIll I 0r t.he bi lllodule n 0k R Oll t,he clellleil t 1 0 1 lies
in R.0kR.
Thc catcgory R - 1"1od - n or bimodules ovcr H. is an lllonoidal eategory wit,h
respccl. 1.0 tensor proclud 0n of billwcllIlcs allCl trivial assoeiativi1,y eOllstl'aitlt.
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Proposition G The cOTll]JleJ.: 01 elU/omol'phisms

E. (R. - Alod - R) = End(id~~Mod_R)

of f,he identif,y ftmdor of f,he c(lf,egory of himodules R - /1.1 od - l? is i,'iOlIlO'l'}Jhic
1,0 Ihe complcl: Z( R.0p+l) whose cofacc 1na]Js

(Ire iwlw:cd by fhe !lom011l0f]Jhisms 0/ algebras

wh ich sell(/s fh e ew/omoI'ph ism to its special izalioH ou lhe objeets R.@k R., ... , H.®k
J?1 (md

Z(R0 11 +1
) -t ElId(id~~Mod_R)

which associaf,es '.0 (111 element I' = Li 1'~ 0 ... 0 1':1 'he e1l(lomorph is 111 (.1 (1')
wh ose speciali;;afioll 011 '.he objeets iH1, "', AIn E R. - /l,1od - R. i..,

0(1');\1) ''''''\.!n (1111 0 .. ·0 17I n ) = L 1'b 11l 1 1'i 0 ... 0 mnr:}.
i

Proof:

Thc billloclule n0k n is a projedive generator in thc categol',Y n - /1,,[ od - R.
Indeecl the fu netor

k - 1H od -t n - 1\"od - R

is a right acljoillt of thc forgct.full fUllctor J? - /I.'i od - R. ---+ k - /l.10d. Thc
aclj lind ion lS gi VCIl by thc 1110 rp 11 lSIllS

R 0k 11'1 0k R --+ /11 l' 0111 0 S f---t 1'1IIS,

v --+ H 0k V 0k R v H- 1 0 v ® 1,

Thus t,he cnclolllorphism algebra E1H1( id~~ Mod _R) is isomorphie LO the central
izer of tbc slIbalgebra EndH-u(R. 0k R) 0R fl in thc algebra EndH _ H (H0/rn+l).
It is easy 1,0 see Lhat t,he endomo rphiSlll J from End H-ll (1"(0 pl+1) wh ieh COll1

mutes with the subalgebra EndR_n(R (9k R) 0R n is c1efillecl by d.s "allle J(l (9

." (9 1) E R,0 n +1. Incleecl, si 11 ce J COIllIll U t.es wi j,h Jr0~ 1 we Il ave

J(1'1 0 .. ·0 1'n+l) = J((1'l 0 1) 0n '" 0n (rn 0 1'n+t}) =
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f((fri01 ®U ... ®R Jr .. er"+i H( I ® I) ®R ®R (10 I)) =
(fri01 0H ... ®H fr"er,,+i Hf( I ® (9 1)).

Fimdly, R-polylinearit,y implicc that f( I ® ... ® I) lies in Z( U011 + 1 ).

Since t.he algebrns End( irl2~Mod_R) are cOll1ll1l1tat,ive t the COhOlilOlogy IJn (R.
1\1 od - H) = hn (idR-/lJod- R) is elel1neel for any 11 alld coincieles with thc co
homolog)' of t.he cochaill complex associateel 1,0 the CO:'lilllplicial cOlllplex of
groll ps of i II verl,i ble elemen ts of the algebras Z ( R.0n+1 ). In t, he case of COlll
Illut,ative algebra R this cOIllplex is calleel t.hc A mitsIll' campleJ: of t.he algebra
Rand its COhOlllOlogy (J-lA*(Rlk)) t.he Ami/.su,. cohomology [20). In particu
lar IJ 1( R. - /l.40d - H) is isomorph ic Lo l,he rel ati ve Picard grau p P ic( HI k) anel
h~ (n - 1I40d - R) 1.0 thc relati ve Brauer grou p 131'( HI k).
USillg t,he rest riet iOll !I n (/? - A'l od - n.) --+ !In (R. - mod - I?) ami the hOlllolllor
phis m fWill the COhOillOlogy of t.he identi ty fu netor to the Hoehseh iJel eoho mology
of the I\-t.heory 'we call clcfillc lohe following maps

HAII
( Rll.) --+ lllJll( f{o(R. - 11/.od - R), f{l (R - mari - R))t

for t,he commutative algebra H.
111 the case of a Galois ex tension of neids J{ lkw ith thc Ci alois gro 1I p G [1] thc
previolls homomorphism is idelltical:

Indeed, thc cat,cgory of bi moel nies R. - mari - R. over Ci al Oi8 ex!'ell ~iOll f':: I k is
semisim pie, it,s si m pIe object,s being paramet,rizecl by t,he elelllel1t,~ of c.\ whctlcc

8 modules and comodules over bialgebra

A bialgevm [24] is an algebra H togeLher with a homomoprhisills of algebras

~ : 11 ---+ 11 ® H (coproduct,)

e : II --+ k (collllit)

for which
(~ ® l)~ = (/ ® ~)~

(e® l)~ = (l®f)L1 = J

(coassociat,i vil,y) t

(axiom of COllili t).

For exalilple, t,he group algebra k[G] of Cl group G is abialgebra, where

~ : qG] --+ k[G] (9 qG]

18
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for which

E:H-+k

(~ 0 1)6. == (/0 D.)n

(E 0 l)tl = (1 (9 c)n == I

(counit)

(coassociativi t.y),

(axiom of cOllnit,).

For example, t.he grollp algebra k[G] of a grollp G is a bialgebra l wllere

.0. : k[G] -+ k[G] 0 k[G] D. (g) == 9 0 g,

E : k[G] -+ k c(g) == 1 gE G.

Anol,her example provided by the universal enveloping algebra U[g] of the Lie
algebra 9

D. : U[gJ -+ U[gl 0 U[g] Ö(f) = 101 + I ® I,

E : U [g] -+ /... E(f) = OIE g.

The coprodud all O\\'$ to defi ne t,he s j, rudure of H -modu le on the tensor prod uct,
kr ®k N of j,wo H -modules

h * (1/l. 0 n) :::: Ö(h)(l11(9 n) hEIl I 11/. E M, 11 E N.

'fhe coassociativi t,y of coprodud im plices thai, the standarl, associati"i ty COI1

st rai Jl {, for 11 nelerly ing k- moel ul es

rp : L (9 (lH 0 N) -+ ([, (9 !VI ) (9 N 9(l0 (11/. 0 71.) = (10 11l) 0 71

illduces an associativi ty for this tensor proelud.
T he COlilli t elen!les t he structure of IJ -mod ule on the grau nd ri ng k wh ich (by
coullit axiom) is an unit object respectively 1,0 the tensor produc(,.
By anot.her words t,he categol'Y of (Ieft,) /1-modules H -/110<1 is a Illonoidal
category. 1t. is follows frolll thc c1cfini tion of tensor proc!uct in /1 - 1\1 od (,hat
the forgetful funetor F : fJ -/1,/ od -+ k - JH od is a monoiclal fundor witb trivial
Illonoicl als j, ructu re.

Proposition 7 I. The comple.1: 0/ ewlo7llo/phis71Is E~ (1") = E71d( p0-) 0/ /01'
get[uL [llllct07' 0/ lhe calego7'y ofmorlttlcs II - Alod ove/' bi(llgcbm H is isomo'l'phie
to the bw' compleJ: H0k* of H (the cofoce IIlOPS

!ws fhe f01'11I

i = 0
l$iS;ll
i=n+l

HJ



which aS80ciClle lo the elemelit :1.: E 1I0n the elldomol'phism 01 1IwUiplyiug by x.
2. The complex 01 elldomol'phisms E. (IJ-1H od) = EHd( id~~Mod) 01 the idelltity
IUlldol' 01 ihe cCltegOI'Y H - Alod is isomorphie to the subcolllple:L' 01 val' eornpLe3:
01 }j which cOllsisls 01 Il-illVClricllli ele1llenl." (ihe sulx:omplc:L' 01 cClllmLizcl's
C1l0 " (.6. (H)) of tlwi1llagcs of diagoTlaL elllbeddillgs).

Proof:
,\Tc will proof IIlore gClleral st,atell1CIIL.
Let / : F ---+ H bc a homoll1orphisll1 of bialgebras (it mcans that / is a
homomorphism of algebras anel .6./ = (/ 0 f).6.). Thc restrietion flmetor
f· : H - 1\1 od ---+ F - 1\1 od is monoidal allel the cOlllplex of it.s enelomorphisms
eoi neieles with the su beo1l1plcx CH 0' (.6. (/(F)) in the bar tom plex of the bi al
gebra H. Thc proposition follows from this fact, because t,he forgetflll fuoetor
from thc ea1.egory II - 1Hod is thc rC:-Jt.rict.ion rUIIdor, whieh correspollds to
the llIIit. cmbeeleling k -+ H, ancl t,he ielentit.y funcLor is thc restrietion fundor,
which corresponds to l,he ident.ity map H ---+ H.
The forget,ful fUllcLor from t,he eategory H - 1Hod ha\'c a right. adjoint.

whieh endolllorphism algebra eoincides wit.h an algebra of clldolnorphisms of
Il-moelule H allel is isomoprhie 1,0 l1 0p (t1le element h E HOp defiBes thc cnclo
morphislll I'h of right. ll1u\t,iplying by h).
Thlls t.he encloll1orphislll algcbra EIH/( (f* )0n

) is isomorph ie 1,0 t.he ecntralizer
of B'l(IH (H )011 in t.he algebra E1/(!p(H0 1l

).

It is follows from the direet. checking thaI. an elemcnt, f of t,h is cent.ral izer is
definecl by its "alue f( 1 0 ... 0 1) E /Iem. IllClcecl, sillce f comlHutcs wit.h right
1l11l1 tiplieatiolls by element.s of 11 wc have

The com posi t.iOII of endolllOrphislllS frolll C'Bndp (lf0,,) (Elld lJ (H )0n
) corresponels

to the mlllt.iplication of it.s fallics in f[0 1l

fg(1 0 ... 01) = /(!I(l0 ... 0 I)) = /(L hi,l 0 ... 0 hi ,lI) =
i

f(10 ... 0 IH2::: hi,I 0 .. ·0 !Li ,lI) = /(10 ... 0 l)g(1 0 ... (1).
i

Fimdly, F-polylinearit.y of f mea.lls that f( 10 ... 0 I) lies in the ce(.ralizer of the
image of diagonal embidding .6.(1") in 110n .

The first. cohomology hI(F) = zl(F) of thc forgetful functor F : Jl - 1\1od---+
k - Alod coilleicles wit.h the groll]) of illvertiblc grottp-like elements of t.he bial
gebra H [24]

G(H) = {y E H, ~(.q) = 9 0 g}.
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Thc elcllleut~ of h'2 (F) corrcsponcls Lo t.he twistillgs of the coproduet i11 the Hopf
algebra 11 [G]. Namely~ the acljullction

D,X(h) = x~(h)J:-l, h E H

of t,he coproduet. ~ by t.he elcmcnt. from

Z:! ( F) = {x E (!I 0:! )" ~ (1 0 x) (I 0 ö) (;,;) = (x (9 1) (~ 0 I) (;I; ) }

also satisfies 1,0 t.hc coassociat.ivity axiom.
If x also sat,islles t.o the cOllditioll

(E@J)(X) = (/0E)(X) = 1

(which may be at,t.aincd by the subst.itut.ion of x by some eqllivalellt loo it.), thcll
lohe tripie (1l~~,l',E) is abialgebra (t.wlst.edfoI'TII ofbialgebra H).
I t is follows from t.hc defin itions t1laL l.hc com plex of endolilorphisl1ls of t,he
l,wistecl fonn F(x) of forgetful fUlldor F coillcides wit.h t,he bar complex of t.he
twisted form (H ~ ~.r ~ €) of bialgebra H.
The set, h'2(F) acccpts also allotlJCI' c!escribtion. Namely, h'2(F) coillcides with
the set, of Calois 11-lllodule coalgebras C'ah-coalg( HL whieh is isolllorphic 1,0

H as H-modules [26].
The H -modtlle coalgebm is a coalgebra L whidl copl'Ocluct is a homomorplJislll
of H-moc!llics. The H-mocllllc coalgcbra L is Galois [2] if the lIlap

h ® 11-7 (h (9 I)~(l)

i~ an isollLorphislll.
\Ve havc CI mal'

1/'( F) -t Gah-coalg (II),

which sends t,he cl RSS of coc)'cl e ;I; E .::! (F) Lo t,he ca Iss of coalgebra (H l D..r ),
where ~.r(h) = ~(h)X-l, "E H.
The first coholllOlogy ,,1 (11 - /l.lod) = :: t (id}f _Mod) of lohe idelltit,y funetor co
illcides wi loh t,he cellLre of lohe groll P of iuverti ble group-like elements of Lhe
bialgebra 11

Z(G(J-1)) = {y E Z(J-1)" l ~(y) = 9 0 y}.

The kernel of the map of pllllet.llred scts

(the stabilit:er of t,he action of thc groll p 11 2 (J-1-1\1 od) Oll the set 11 '2 (F)) coi neides
wi th Lhe kernel of 11 at \l ral hOllloll1orphiSJl1
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from t.he group OUlbialg(lJ) of outer automorphisms of bialgebra H (the faetor

of t he groll p of an tOl'llOrp hism of bi alge bra H II10dulo cOllj ugat ions by g rou p-I ike

elemellts of II) 1.0 j,he group OUlaly(H) of outer automorphisms of the algebra

H. Incieeel I an elernen j, of fiecollcl kernel is a cOllj ugation by an element, h E Ir
such tha\, !J = D.(h)(h 0 11.)-1 lies in thc ecntndizer C11 0'.J(D.(H)). Hellee, Y
represcnts the element of h2 (H - lHod) whieh tri vialiscs in h2 (F).
For example j in the ease of thc group bialgebra k[G] the first coholllology ,,1 (P')
of forgetful fll netor is isolllOrphic 1.0 the grou p G. The secolld coholllology h2 (F)
coincicles wit,h the set Gah(G) of Galois G-extension of k. The kernel of the
map

h2 (k[G] - "'fad) -+ h"2(P)

coi tlciel es (i 11 tlte case of fi Il itc grou p G and the fielel 1... such th a I, eh U1' (k) VI G I)
wi t.h thc fad.orgroll p of [ocaliy-i1l1le1' atl tOl11orphislIls of c: (an au tornorphisllls
which not moves 1,11 e eonj ugac)' classes) I1l oclllio in lIer.
The cohomology of forgetful allel ielelltity fllndors in t.he case of thc univer

sal cllyeloping a.lgebra U[g] of the Lie algebra (over the filel k) are tri via\. It,
follows [rom the absence of nOIl-tri vial illvert.i blc elements i 11 U[g], \v hieh ei-l.n

be c1eclllced from Poincare- ßirk Ilofr- \Vi tt t,heorem. But non-trivial inverti ble
elements appears if we ext.enel t,he scalars (ground ring J...). For example, the

tangeIlt. coho1l1olOgJ' of forgetJul allel ielent.ity fUllct.ors are non-trivial in general.
ft, was shown in [6] Umt thc natural homomorphislll

indllceel by tlle 1l1ultiplicatioll ill Fr (P) is an isomorphisll1. Thc first, approxi
lllatioll of the ta.ngent. cOlle iII 1I '2 (F) is gi ven by t.he eq ua tioll

[[0 ,0]] = 0,

w here ([ I ]] is a COlll po 11eil t 0 f t.he Lie S11 pera Igebra strllct1I re on 1\''' g [,5)

L( -1 )i+j[:l:j, Yj] /\ Xl /\ ... /\ Xj /\ ... /\ x .. /\'/11 /\ ... /\ fh /\ ... /\ Yt j

i,j

where -= means that. Z IlOt acc;ollrs in the produet. .

lt. follows from t he resul t of [7] t.hat the La ngen t. COlle iIl fI 2 ( F) coi neides wi t. h
its fi rst approxi llIation.
In part ieu Iar, for any earta Il SI1 ba1gebra ~ the space A"2 ~ (the so-called i11

fi 11 it,esi mal Swlbery J{lmily) lies in lohe first approxi mation anel in the tangent

cone [8, 22].
I I, ean be deduceel [rom thc dcscri pt,ion of H ~ (F) thaL tbe tangent coholllology of

tlte ielent.ity funetor /1'" (U[g] - Alod) coillcides with g-invariant, elements in "'" g.
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There is i.lnot.her t.ype of mOlloidal eategories whieh can be a."sociatecl 1,0 the
biatgebras, munely cat.ego ries of eOlllod ules.
A (right) r;o1/JodlJle ave]' abialgebra }j [24J is a k-l1loclule A1 with t.hc hOl11ol11or
phism .ljJ : 1\'/ ---t 1\'1 0 }j stich thaI.

(coassociatj vi t.y of comoclille st.ruct,u re),

(eoll [I itarit,y).

For cxal1lple, t.he groullci ring k has l.he cOl1loclule st.ructure

k---tk0H=H, C!-4c@l=cl.

Anol.hcr cxample provides by the bialgebra }/ with thc coproduct. .6. regardecl
as Cl cOlllocl u le strlleture.

A 1/Jorphis//I of r;Olll odllies (1"1, Ij;) and (.N, r:P) is a k-l i llear lllap f : M ---t N
whieh prescrves t.he eOl1loclule st.rHcture:

4J! = (f@ !)Ij;.

\Ve will c1ellot.e t.he set. of lllorphisl11s of COlllOclllles by H omfl (kl, N). For exam
pie, the cncloll1orph iSlll algebra EndI! (II) of cOllloclu le H is isolllOrphic to thc
H omdH, k) (dual algebm 1,0 II) with the ll1ultiplicaLioll (collIJoltdiOlI)

p*q=(p@q).6., p,q E HomdI/,k).

Indecd, an enclomorphisl1l J E E/Hil/ (H) dcfines Cl map Pj = cJ E H omk (H, k).
COllversely, a linear map ]J : H ---t '" c1efines an cnclolllorphisl11 Jp = (p 0 !)D...
The prodllct. 1/ : II @ H --;. H of t.he bialgebra H allows to define a comodule
st.r\lctll rc Oll t.hc tensor produd (over I... ) of aIIY two comod ules (1"1, ljJ) and (N, 1jJ)

I ; 111 0 N --;. AI @ N 0 II,

The associativity of t.he procluct p implices thai the (trivial) a,"isocociativit.y
COllst,ra i 11 t of ullder! iIlg k-mocl H les is an associ at iv ity for tensor pl'oclllcl, ®k i 11

the category of cOlnodules COllwd - H. It. is cmmideat.ly follO\\'s from the
defLll it.iollS Uwt. the comod ule k is a ulli t. object. of t.his catcgory alld thc forgetJlI1
fllnctor F ; Gonwd - H --;. k - 114 ml is a 1ll011oiclat funetor with tl'ivial llIonoidal
s1.ruct.ure.

Pl'opo:-;itiou 8 J. The compleJ: 01 emJol1lorphisms E. (F') = End( p0-} oJ Ja 1'

geiful JUllclGl' oJ fhe cat.egory oJ cO'/llodules G'o1llod - J1 over biaJgebm H is
iSOlllOl'phic 1,0 fhe colmr eOll/ple.'/,' J1 O1l1k (HO. , k) oJ H (with co/ace /lU/pS



which (lre i1J(/uced by fhe h01l/.omorphisills d~ : HOll --+ H0n-1

i = 0
l::;i::;H
i=lI+1

codege Ilem! io 11 lIIap8 are illduced ()y (h e flOm omorph iSIll,s s:J : 11 0n ---7 lJ @n+ I

The is0 111 orph ism is reofized by two /litt! ieJl!y i1l ve1'SC IIUlpS:

which 8(!1J(!S fhe cm!o/l/o1'phislIl lo ils specializalio1J 071 lhe objecls H: ... , 11 -' (md

which associale fo fhe elc1IICld x E H 0111 ( 11 0n , k) tlw ewlo1/tOl1Jhism oJ COIWO

IIltiOIJ /fIi th x.

2. The complel: oJ elldolllol'phis1Il." E. (Col/lOd - 11) = End( id~~mud_JI) 01 fhe

idellfify ftJllcl07' 01 the category Comod - Ii is iso1HOl1Jhic to fhe subcomplel:

01 the cobol' cOlllp/ea: 0/ II which COllsisls 0/ H -coinval'ialJl elell/elds (fhe sub
co 111 ple.1: 01 celilmlize1's ClJ om(lJ@" ,k) (0 (11 0111 ( 11 , k))) 01 lhe inwges of diag01la{
embf;ddillgs oJ HOl1l(H, k)).

Proof:
A8 in t.hat. casc of Inoduh.....s o\'cr bialgebra wc can proof more general staLement.
Let J : 11 ---7 F is a homomorphislll of bialgcbras. The corest,ridioll fundor

/ * : H - Alod ---7 P - 1"1 od,

is a lllolloielal allel t,he cOlllplcx of its elleloillorphisms coincieles wi th the Sll b
complex CJfolll (H0. ,k) (t5(J( 11 0111,( F, k))) in "he cobar cOIllplcx of t.he bialgebra
H. The proposition follows from t.his fact, bccause thc forgetful fundor from t.he
cat.egory H - 1Hod is the corest.rict,ioll fllnctor which corresponels 1,0 the cOllllit
H ---7 J.- anel the iclent,ity fUlldor is t.hc corest.rictioll funetm which correspollels
to the id en t.i ty ma p /-I ---7 H.
Tbc forgctflll fundor from tlte catcgory G'o1ll0d - Ii have a left, acljoi llL

k - 1Hod --+ Comod - 11 V t--7 V ®k H

which cnclomorphism algebra coilleieles with the algebra of encloillorphisms of
cOl11oelule }f.

Thus l.he endoll1orph ism algebra Bnd( (J* )0n
) is isomorphie to the ccntl'alizel'

of EmlJ/ (H )0 71 ill t.he algebra Bnd F (f-{0n ).

It, is follows from lohe direcI, checking tha" the element (} of I,h is cClILralizer is



defined by {,he lIIap Po. = (e @ ... @ e)! E Hom(H0 n
). IL is easy Lo see Lhat,

I, he COI IIposi Lion of t,he endon Iorph iSI ns Cl' and ß from C'Efld p (J[0 n ) (EHd11 ( H) 0n )

corrcsponds t,o Lhe cOllvolut.ion of Po ancl ]Jß. Finally, F-polylinearit,y of 0 lIleallS
t,hat Pu lies in t.he cel.rali;t,er of lohe il1Iage of cliagollal clnbiclcl ing 6(H O/ll( 1") /,.. ))
in 11 0 11l(/"/0 71 , k).

For a coco 11111111 tat ive bi algebra {-f (COCOIllIll U tat,i vi t,y means t,h a,t t D. =D., where
/. is apermutation of fa.ctors) t.he cobar complex is oo-comuta.tive. In pa.rticular,
the coholl'lology 11 11 (F) of forgetrlll fllcLor P : C'o1Tlod - H ---+ 1\" - 1H od coincicles
with (,he cohoIIlology of ident.ity fundor 11 71 (Co17lod - H) ami is weil dcfined for
any 1/.

This cohomology wa.s considered by Sweecllcr [25]. He provecl t.hat. in I,he case of
groll p bicdgebra of the groll p G' the coholllology of forgetJull fUllctor is isomor
phie to thc grollp cohomology of G with coefficient.s in thc (trivial G-niodulc)
of illverti ble elements of the groun ring J...

1171(FComod-k[Gj):= J-Ifl(G,k·)

anel ill thc case of universal enveloping algebra. U[g] of the Lic algebra g the
coholIIology of forgetfull fundor coincides wi t,h the cohomology of Lie bialgebra
g wit.h cocfTicients ill the gro\lll ring k

Let lIS note thaI. far thc category of comodules over group algebra of t,he grollp
C l,he hOIIJOJIIorphism [rom thc cohoIIIology of the forgetful funetor 1,0 UIe
Hochschilcl cohomology of I\-theory

is iden I, ieal.
It follows from the facL that the category Comod - k[G'] (the eategOl'y of G
graded vedor spaces) is a semisimple ancl all its simple objects are invertiblc
(ami paramet,rized by C).

9 free tensor category. unitary R-matrices

Let HOW 1.. is a field. The free k-linear (abelian) tensor eategory Tk [4) IS a
cartcsiall prodllct.

x k[80 ]- nlod
n~O

of thc categories of finite-dimcnsional represenLat.ions of tbc symmct.rie grOIIjJS
Sn-
For the field of characteristic zero Ti. is a sem isi 111 pie category \V hose si III pie
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or the eat.cgories of finite-dimensional representatiolls of the symmetrie grollps

5n .

For tbe fjeld of charaeteristic ;"ero T;. is a selnisiIllple cal.egory wlIose simple
objects correspond 1.0 t.he partil.iOJls. \Ve will denoLe by 5}l X the silnple object
of~ labeled by the part.ition IJ.. Speeifically, the object 1 = 5(0) X corresponcling
to the (trivial) partition or 0 is a unit objeet in ~ anel the objeet X = 5(l)X
which eorresponels Lo thc (trivial) part.ition or 1 is a tensor generat.or in 7k (any
o bj ee!, of 0. is a d ireet su III n llln cl of sOlne s IIlll of tensor POWCI'S of X). Not.e
t,hat,

n = rH

11 i= m

It was pointed by Yu.1. rvl anin [I :-{] thaI. a Illonoidal ru neLor frolll thc eategory
~ Lo l,he cat.cgory or k-vcdor spases k - JH od is no(,hing as a IInitary solu
tion or thc quant 11m Yallg-lJm:l.el' r:quat.ioll (Imit.ary qU(Jutlllll R-II/(JI.ri:v) , i .e. i.tll

au t.omorph ism R. E A ui. ( V 0 2) or t.cnsor sq 11 are of som e vector space \l such t hat.

2R = 11

where R1 = R. @ I\' and R2 = 1\'0 R. are all au tOlllorph isms or tensor q II be or
v.
Indcecl 1 the value F (T) of the mOlloiclal ru lIetol' F Oll the au tOHlorphislil T E
Aut.(X0 :l) (tbc gcnerator or S2) i..., a 1I1litary quant,lIm R-Illatrix on t,he vedor

s pace \l = F (X). The conel ition F{2 = 1 is 0 bvious ancl q \l an t IIIlI Yang- Ba x ter
equation follO\\'s from Coxeter relat.ioll in 53. The pair (F(X), F(T)) is defillcd
thc functor F bccause the category 7k is gellerated by thc objeet X allel the
morphisll1 T.

It, is natural to ask whcn t.hc rllllctOrS FR allCI Fs , COl'responcling to the quant,ullI
R-Illatrices R, ancl S are isomorph ie as ftlllctors (are twisted form~ of cach al,her
as l1lonoiel al fUllct.ors).
It is easy 1,0 see tllat, two aclcli(,ivc funetors F anel G bct,Yecn selllisimple cate
gories A (lml B are isolllOrp hic if allCl on Iy ir t.hey inelllces thc sarnc hOlllomor
phism betwecn Grothenclieck group'"

In t,he ease of charaderist,ic zero Lhe Grothenel ieck ring of t,he free tensor ca1.egory

~ caincieles wit.h the free "\-ring (gellcrat.ing by one element x = [Xl) anel is
isolllOrphic (as a ring) 1,0 t.hc ring of polinomials of infini tely man,Y variables [12]

• 2 3
1\ 0 (7k) = ?l [x,"\ x,"\ :1; 1 ••• ],

where ,,\":1; = [A" ..'\] is Cl dass of the simple objcct. An.-\," corrcsponding 1.0 t.he
!lon-trivial ollc-dimellsional I'epresclltal,ion or 5". The hOlllOlnorphislll f rrom
f{o(~) 1,0 Z = b,,'o(k-mod) is defined by it,s val lIes f(,,\n x ) or by the formal series

11J(t.) = L'I~O f(,,\11 x)i n (HilbeI'! sCl'ies of 1). This tenn comes rrolll the fact
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thaI, A" X = EBn>O All X is a graclecl algebra in (appropriate eXLcllsioIl of) the
category 'Ti: (e:del-io1' (llgebm 0f X). For an)' ll1onoidal funetor P : 'Ti: --+ k - mod

P(A .. X) is a grad ed algebra allel }/ K 0 ( F) (f.) co ineides wi t.h il,~ HiIhert. series.

Proposition 9 Two R-/lwlrices n a1J(1 S (over lhe jield k of clwmd(!l'islic
zero) defilles isomorphie monoidal fWIf;tol's

FR, Ps : 'Ti: --+ k - nwd

if (Oul onLy if ils HiUlerl series fI H(l) = Jj FR (I. L11s (l) = li Ps (t.) coineides.

The fu Iletor F : 9 --+ 'H betweell lIlolloidal categories is called quasimolloidal if
it. preservs the tellsor procllld

P(X 0 Y') :::: P(X) 0 P(VL for allY ..\, Y E 9.

For thc quasill1olloidal funetor P : 'Ti: --+ k - 11/od the nonegntivity of valllcs
of l{o(P) on the dasses of simple objects SIL.Y implies some conclitions Oll the

Hilbert serie.." H Ku(F) (t).

Pl'oposi tion 10 Let k i8 (lll algebmically dosed fldd of clwmclerislic zero. The
homoIlI or]Jhism J : 1\"0 ('Ti:) --+ ::E is (I c!oss 1.....0(F) 0/ some qtWSilllOllOidol jllndor
F : Tk -+ k - IlIodij ami ol/ly ij thel'e are real positive (li, bj , i = 1"."" I j =
1, .. " 11/ S llr;h lIl(Jl

Proof:
H, is not. harcl to verify that t.he homoll1orphislll F : [{o(A) ~ l\·u(B) be
twecn c: rot.hendieck rings of selll isilllpie k-I inear mOlloidal categories wi th filii tc
d imcnsiolla1 spaces of llIorhisllls is a dass of some quasimonoidal fUllctor F :
A -+ B ifr !,he values of J Oll the c1asses of simple objects of A are lIoIl-negative
(has non-negative coefEcicnts in cxprcssiolls via thc c1asscs of simple objects of
B).
Thc dass sl-J x of t,he object. SI' X flS all element. of Ko(Tk) can be written as
polillolllial of N~x, Namcly [12, 15]

si'x = det ("V<-i+ j x ) ,
1:S j ,j:S 11

whcre 11,1 = (j/~, "'l/t:ll ) is a dual partitioll for partit.ion It (Iti = IUl JI'i ~ nl).
Hellce the non-ncgat,ivif,y of vallIes of thc hOllloll'lorphism J : Ko('Ti:) --+ ::E Oll

si' x for all parti t.ions p means total posi t.ivi t.y of thc scqllcnce {J( All x)} (by
defi 11 ition lotal positivity [10) of the seq llellce {(in} is nOIl-negati vi t.y of all finite
minors of I,he illfiuite Tepliz matrix

(

(/0

~
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Jj, is knowII [10] j,hat the gcnerat.ing fUlletioll Ln2: oan of the tot.al positive
sequcllce {(In} have t,he form

for somc real positivc (/i, bj1 c such thaI. Li (li + bj < 00.

Hence the generating fllHet,ion is 1I1cl'omorphie in {l,lll :S I} allel has finiLly
mallY zeros allel poles in this circle. Olle theorem of Salem [2:1) impli!cs t.hat
t his fll nctioll is ration al.

The Hil bert series of l?-matrix can be expres.'5ecl iIl terms of some i ts symbolic
i 11 var i fl.n ts.

Proposi t ion 11 [14j COllsider lhe se ries

\lIu(t) = (dimV)f. + L 17·(R1 ,,·RC/I-d lo

n2::!

JOl' lhe H-II/alri;j,' H. TheH

(J WR(-t.) )
J-I R(t.) = exp l dt

Proof:
The objcd AnX is a image of j,he iclempotcnt.

HellCC the cl imcllsion of Fu (An X) call be expressecl III terms of Lhe Lraces of
same proelucts of R-matrix R.

I
dimFn(AnX) = TI'(Fn(P,\"x)) = - '" 8ign(er)Tl'(R(7),

111 ~
(7ES..

where Ro = Fn(er). Since an)' permutation er is similar Lo thc procluct of
indepcnclcnt cydes Tl ... Tk (of lengh I, 111 ... , lk respcetivel y), then

Tbe IIl1mber of perlllut,ations i 11 Sn w hieh has t.he cycl ie sLructu rc eorresponding
to thc partition p = (/1'1, """,11m) E Pli of thc lllllnber n. (L i/li = 1/.) cquals
TI 1l! . _. The sign of these partitiollS is (-1 )"+11I, where 111 = '" Iti. Hellce

;/I;!tl', i...J
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allel

On thc other siele,

L (-1)" TI (-;hr l~!
/IE'P.. I I

EXaIllple 1 Ir R. is a ullit.ary /?-lllatrix, t.hcll S = -R. is also llnij,ary R.-ll1atrix.
Since

then

\lJ 5(1.) = dimV l - L lr(H1 ...Rn-t)( -t.t = - \}! n(-I.)
n~2

anc!

(J tliS(-f)) (J Wu(t) ) 1Hs(l.)=exp l dl =cxp - -t-eLt =HR(-t.)-.

So t.he set of R.-lllatrices wi t.h H iIbcrt serics H (t) is isomorphie to thc set of
H-lllat.riccs with Hilbert series H (_t)-l_

EXHlupie 2 Let. A be a cOlllmutativc algebra, a E A 0 A an element such t.hat
al(a) = 1 (t. : A0A ---t A 0A is H pGrmlltnt.ion or the radors) allcllH a A-lIlOcllIle.
Thcn

R = R(A, CLll"') = L(a)t E Aut(JltI 0 Pd)

is a uni tary /?-mat.rix on t.he vector space /'I'! (here L(a) is il operat.or of tef!,

mul Liplying by ({). Illdccd,

L(a12 t l (a23)/.\ t 2(al'2))t}/.2 t \ = L(a12{l13Q,23)ltt2f.\

On the ot.her halld
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Hencc tbc qll3nt,ulII Yang-Baxtcr cqllatioll for R. follows frolll cOl11tllutat,ivity of
A@3 a.llCl Coxe1.er relatioll for the perl11l1t,atioll I.. The IIn it.ari t.y of 11. follows frolll
tbe condition al.(a) = 1.
Define some invariant, of elements a E A 0 A for which ol(a) = 1. Since algebra
A is COlllll1l1tat.ivc , lohen the lllllitiplicat.ioll J1 : A 0 A -t A is a hOll1oll1orphism
of algebras ancl

1 = /I(al(a)) = /I(a)fl(f.(a)) = (fl(a))2.

So Jl ((l) = ± l.
Now we call calculate thc Hilbert, series of H. Since

L(a12t 1((1,23) ... f.l ... ln-l((lll-ln))f.l ... /n-l = L(a12···(1,11l)1.1 ... l n-ll

tlten
IT(R.1... Rn -d = ll'(L(a12 ... a ln)ll ... tn -tl =
1.1·(Jl ((1,12" .(ll n )1. 1" .1 11 - 1) = (/l( (l)) n-1 dinuH.

Hellce

L ( '1 ( 11 dim.lIn
\{1 R(l) = dinlJH p(a)) l- -t) = ( )

1 - jJ. a t.
"2::1

allCl

(J dimA1 ) ( )d' AiHR(l) = exp , cU = (1 + fl(a)t)1-l a Hll .

t - p,(a)t

10 free tensor category. Hecke algebras

Th is sec (,ion is devotcd 1.0 thc i11 VCS t igat.ioll of the Illonoida I struetures Oll t.he
categol'Y TJ..
\Ve begin wit.h the cla.··:;sificatioll of (qllit.."i)nlOtloidal iUltocqllivalclIccs of t.!Ie cat
egory 7k.

Proposition 12 Lel J is Cl Yl'wJed IlOlIIOlllOfphisllJ ]\"o(7J.) -t }{o(7J.) J01' whieh

l'hen J 15 idel1lical.



Proof:
Let lIS prove the lemma by the induction on tohe c1egree.
Suppose t1lat. J{Sll;1:) =Stl ;1: for any partit.ion 1I E 'Pm where m ::; 1/.

1'0 prove t.ha\' J{SII;1:) = S'I;1: for Il E 'Pn +1 it is sufficient Lo show thaI, J(;\,11+1 x) :::::
;\,n+l x . 11, follows from thc partial case of the Lit,tlewoocl-Richarclsoll forlllula

x . Sll X = L SV x

II C v, I11\ J.J I=1

that

The summand J(S(Il,l):./:) cau not. equal to zero, bccause in this case

",'lx· ;\,n:./:::::: J(s2 a:)J(;\,Il:./:) ::::: J(s'2 a:. ;\,Il X ) ::::: J{ L SV:./:)::::: O.
vC(71,l) ,

13)' another siele t.hc expressioll of J(s(71,l)X) call not cOlltain ;\,71+1 x , because tlle
righ 1, (an cl hence left,) side of 1, he cq11 ali 1.,y

!(S(II,l)x) + !(S(II-1,1,I)x) + f{s(n-1,2):./:)::::: f(x. S(tl-l,l)x)::::: a:. s(n-l,l):./:::::::

not cOlltain it.
Hellce !{,.,(Il,l):r.)::::: S(Il,l)x a.JlCI f{;\,1l+1:./:)::::: ;\,n+l;.r:.

Usi ng t,he previous proposi Lion wc ca n dcscri be thc (q uasi) mOlloid al all toeq uiv
alellces of 0..

P rop osi t iOll 13 The re is 11 1I iq/l e 11011- ident icaL (quasi) mOHO idoL a /I t.oequ ivalellce
F 0/ t.he cotegory 0. which is dejilled by the seling

F(X) ::::: X, F(T) ::::: -T.

Proof:
Let, G is a qUCl.simolloiclal all\'oeqllivalence of t.hc category ~.

Pir:'>Ll)' let. w:; show thaI, t.he autol1lorphislll h,"o(G) of t.he Grothcndieck ring
K 0{0.) ci ther idcntical or coincicles wi th [(0(F) which sencls ."1/1 ;1: Lo Si!' ;1: (where
tt' is a elual partition to 11).
It. is easy Lo see that t,he qllasimolloidal autoeqllivalence must, scnd thc simple
objcct 1,0 thc simple. In partieular, G(X) ::::: ..'(, sillce X is ulliqlle objed of
~ whosc square is a Slll1l of l.wo simple objecl.s. For (,'(1\2 X) t.hcre are l,wO
posibilit,es 1\2.1 ami 5 2

.-,\. Ir G{A:?X) ::::: 52X we may replace G by FG, so
we can assume thaI. G{A 2 .,\) ::::: A:!X. HCllcc /\"0(C:) is idcntil,y by l,he prcviolls
proposi tion.



The case of monoiclal autoequivalcnce is Illore easy. From the previous COll

sideratioll follows th at. such all toeq1I iva lens sends the gener CI tor X 1.0 itsel f alld
the direct, checking 5hO\',r5 t.hat. t,llere are only t.wo 501utioliS in End(X 0 'J) of t,he
eqllatiolls

(1 = 1,

Namcly, t.hc 5tandart l = T alld I =-7.

Now we will COllstruct of the map

CI : Al s (TN) --+ k.

Let Jj; some associativity constraint of thc ca.tegory~. Consider two homomor
phisms of algebras

here X 03 means X <9 (X <9 X).
As an algebras

allel

here ('2, I) is a part.ition of thc lllllllber ;L
Sillce

A02 X <9 X ~ A03 X EB S(2,1)X

the illla.ges Pi = fdp) of the projector P E BndT (.y 0 'J) Oll the N:9'J ..\ havc thc
decompositions (1, Pj,O) E kttJ lH',!(k) EBk. In addition t.he projecLors Pi E 11'!:J(q
has rank I, hence

for 50llleo = 0(1/;) E k.

EXflluple 3 A Hecke algebm Hn(q), (/ E h· is an a.lgebra \vith generat.ors li, I ==
I, ... , 11 ~ I alld defi ning rel ations

ljlj = fjlil li - JI > 2,

(li + 1)(t.i - q) = 0, i = 1, ... ,11- I.

It is knowll [;~, 17] th at i11 t,lle case \\' IJ eu q is not, a root. of II 11 ity the a Igc
bras J-I n (q) are sem isi m pie for any " and it5 irred uei ble represen tat,ions are



parametrizecl by the partitions.
A free heckiall categoqJ gelleraled f)y Olle objecl ~ ,q is a ca.rt,esian prodllct

~,q = xlI~oHn(q) - //lod,

(here IJ0 (lJ) = H 1 (q) = k) wi th {,he tensor prad uct, which is iud uced by the
ho lllOI110rp1I iSI I IS of algebras

\Ve will denote by I, X the objeets of ~)q which corresponds 1.0 thc IInique
Ollc-eI ilnellsioll al represclltal,ioIIs of 11 0(q), JJ1 (q) allel by A~ X t.he objeets corrc
sponeling (,0 the one-cl imcIlsional represent.atiolls of Hn (q) wll ich seneIs lj (,0 -l.
The term frcc heckian category is explained by the fact t,hat. the category Tk,q
is generated (as a Illolloida] category) by t,he object, X a.nel t,he autolllorphism
t. E ElHIT,/(X0'.!.) such t,hat. (t.+ IHf, - q) = 0 ami tlt2t.1 = t2t}t2, whcrc as
lIsually 11 =1® I, l2 = I 0l E EndTq (.X 03 ).

I t is kUOWlI Lha" (for the case of charact.erisLic zero) the Li Ulewood- R.ieharelson
coeffieien t.s of t.he category Tk ,q coi Ileides \Vi th t,he Li t tlewooel- H.icharelsoll coef
ficients of thc category ~, Hence the Illonoielal category 7k ,q is the category ~
wit.h anothcr associativity const,f<lillt lpq.

LeL HS note [:~, 17) thaI. A~ X is a image of thc projector

(here 1(0'") = m allcl l(1 = li! ... li m , if 0'" = Ti! .. ,Ti", is an ullcaIIcelied decolllpo
si tion of t.he permutat.ion (T iIl thc prod uct of Coxeter generators). Usi ng this
fact. it is 1IOt. !Iarel Lo vcrify Lhat, a(<pq) =~,

Exalllple 4 The cl'yslal [li] is a set, IJ with the Inaps

whcre .; E l~, for whieh

for any u,v E 13,

alld the fUllctiolls
-I.f/Ji(U) = nl(l:l;{~-' 2: 0, Ji'(v) ::j:. OL

6'i ( tt) = m ax {k 2: 0, e~ Cu) =j. O}

has finite vaille for any 11 E B.
Thc mOl'phislll f of cryst,als 131 ancl JJ2 is a Illap of the sets f : B} --+ 13'1. U {O}
stich thaI.



The category of crystals will be dcnoted by CI'!Jslal s.
A teliSot' produd BI 0 B 2 of crystals BI ami B'2 is the set. BI x 13'2 \vit.h the
lIlaps

1,(,,0 v) = {

",(" 0 v) = {

]i(It)0u,
u0 idv)'

edu) (9 v,
/I 0 ej(v),

~i(U) > Edu)
4Jd u) :::; Ed v)

rPi(U) ::; Ei(V)
tPi(U) < [du)

I~

It, is easy 1,0 see thai, the tensor produCI, of t.wo crystals is also a crist.al and t.hat.
l,!te eategory Crllstal s is 1l1011oiclal wi tlJ iden Lieal associat,i vity cons1.raint,.
The elemcnt. bEB is callecl high es/. weight if cdb) = 0 'V i. The se!, of
highest weight elemcnt.s of tha crysLal JJ will be c1enoted by B h . I t follows froln
definit.ion of t,he tensor proclucL tll<lt.

Let lIS co lIsicier the crysta I X = {Xi, i E N} w ith the In aps

11. is easy 1.0 verify t.hat. a ny conncctecl COillponcnt of X 01l conl.ains ollly Olle

highcsl, weight eleIllcnl. ami I.wo eOll1pOllents 8 1 anel 13'2 are isonlOrphie irr

I I, eall be proved by t.he illcl uetion tha1. tbe scquence {tP( b)} I wlJeJ'c b E (X0n ) h ,

satisfies Lo the cond iLion Li i rjJ (b) =n.
In other \'o'Orcis iIlclecomposi bIo objeds of the Illonoiclal::>\1 beR tegory Ta in Crys(.al s
generated by the object X are parametrized by lohe parti1.ions. 11.. follows from
I,he rcsll!ts of [18] thaL t.hc Li tt,elwoocl-Ilicharcisoll coelHeiellts of tensor product.
in Ta coineides with I,he stalldart..
The "'-linear envelope Cl'yst.alsk of t.he category of crystals is a category wit.h
folie sallle objects ancl whose 1JI0rphisltlS are (finite) k-lillcar cOlllbillatiolls of t.he
morph isms of CI'yst.aL s

The category C1'yst.alsk is a semisimple mOlloidal ca\'cgory. 111 part.icular, t,he
k-lillcar ellvelope 7;.,0 of (.he subcategory Ta in Crys/als is a category ~ with
anot.her associat.i vi ty eonstrai 11 1. 'Po.
I t. caB be ve ri fied cl ireetly I usi Ilg t.hc iden ti ficat.iolls

\
tl \" _ {' . . ,r0n. . }

1 o· - XII 0···0 XI" E .. 1 11 < ... < ln 1

thaI. a(<po) = O.



Propositioll 14 Let k is (J fielel 01 clwmderistir; zelYJ. The fibres 01 tlw lIWP

a : J.\1 s(Tk) -t k

aue,. k~ \ { 2(CQB(la l+ I) ,oE Q'"} COTl8ists 01 olle point.

Proof:
Let 1; is a associ ati \' ity COllstrai Il1, for t.he category Tk.
'The elireet eheeking shows that the cndomorphism /. = ql -(q+l)p E BndT(X02 ),

where~ = a allel jJ is a project.or o\'er A2 X) satisfies to l.he equat.iolls

IlIdecd, I,he first cql1atioll follow8 from I,he condition ]12 =P allCl the sceond from

Pl]J2]l1 =a]Jl, P2]JIP2 = ap'2'
Using the freedom propert.)' of thc eat.egory Tk,q we ean deHne t,he monoidal
fllndor

Fq : Tk,q -t (T;.,Ij;),

which sellds Llte gellcrator of thc Heckc algebra 11'2(q) to thc eueiOlnorphism t.
'This fllnctor seneIs t.he objcct.s X allCl A~X of Tk,rj to .Y allCl ).\2 X respecLivcly.

Ifa(l/;) = a E k'" \ {2(cos(lnl+ 1)'O E Q'"}, then q is not a nOllt.l'ivial root, of

11 II it.y allel the Grothenclieck ring b:0 ('Tk ,q) coi ncides wi th 1""-0 (Tk). The fllllct.or
l"q illclllces the homomol'ph iSill K0 (7k) -t K0 (7k L wh ieh preservs :t: allCl ,\'2 x.
Hcncc it is all cquivalcllce by the proposition 12.
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