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RESOLVING MIXED HODGE MODULES ON CONFIGURATION
SPACES

E. GETZLER

If X/S is a separated scheme over a base S and n is a natural number, let X™/S be
the nth fibred power of X with itself, and let F(X/S,n) be the configuration space, whose
fibre F(X/S,n)s over a point s € S is a configuration of n distinct points in the fibre X, or
equivalently, the complement of the ("2') diagonals in X" /8. Let j(n) : F(X/S,n) — X"/S
be the natural open immersion.

Given a sheaf F of abelian groups on X"/S, we introduce in this paper a natural
resolution £*(X/S,F,n) of the sheaf j(n)ij(n)*F, whose underlying graded sheaf is a
sum of terms of the form i(J)i(J)*F, where i(J) is the closed immersion of a diagonal in
X™/S. This resolution has the property that if F is an §,-equivariant sheaf (where the
symmetric group S, acts on X™/S by permuting the factors in the fibred product), the
resolution is Sy-equivariant as well.

For example, if n = 2, we have the exact sequence of sheaves

(0.1) 0 — §(205(2)°F — F — ivi*F — 0,

where i : X — X?/§ is the immersion of the diagonal.

Let m(n} : F(X/S,n) = S and w(n) : X"/S — S be the projections to S. (We
denote them by the same symbol, since confusion is hardly likely to arise.) The objects
m(nhj(n)*F and w{n)L*(X/S,F,n) are isomorphic in the derived category of sheaves
on §. We use this isomorphism to calculate the S,-equivariant Euler characteristic of
a(nhj(n)*F.

When X/§ is a quasi-projective morphism of varieties over C, it is not hard to extend
our resolution to mixed Hodge modules: in this way, we obtain a new proof of the formula
of [10] for the Serre polynomial of the configuration space F(X,n). (The Serre polynomial
is the Euler characteristic of H3(F(X,n},Q) in the Grothendieck group of mixed Hodge
structures.) The virtue of this new proof is that it applies with no modification to the
relative case. }

A similar spectral sequence has been obtained by Totaro [27], in the casc where § =
Spec(C). Since he works with cohomology, and not cohomology with compact support,
his results depend on the dimension of X and require X to be smooth; however, when X
is smooth, our spectral sequence is equivalent to his.

To extend our resolution from sheaves to mixed Hodge modules, we have to modify it,
gince 7* is not a t-exact functor of mixed Hodge modules (or of perverse sheaves, which
underly mixed Hodge modules), even when 1 is a closed immersion; already for n = 2, it
is well-known that (0.1) must be replaced by an exact triangle. This difficulty is overcome
by introducing Cech resolutions for the sheaves i(J),i(.J}*F, which are constructed using
the property of mixed Hodge modules that f is {-exact for open affine immersions.

If we apply our resolution to the universal elliptic curve, we obtain a formula for the

relative S,-equivariant Serre polynomial of M, /M, ;. Eichler-Shimura theory, which
1 .
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calculates the cohomology of polynomials of the Hodge local system on M 1, then leads
to a formula for the S;-cquivariant Serre polynomial of M ;.

The first value of n for which M, ,, has a contribution from the cusp forms, and hence
"has non-Tate cohomology, is n = 11, for which the (non-equivariant) Serre polynomial
may be calculated by (5.6) to be

e(My ) =L" —330L° + 4575 L8 — 30657 L7 + 12499218 — Sy
— 336820 L5 + 584550 1.8 — 406769 L3 — 865316 L% + 2437776 L — 1814400;

here, L denotes the mixed Hodge structure Q(—1), and S;2 is a two-dimensional Hodge
structure of weight 11, associated to the discriminant cusp form A. (We do not reproduce
the cquivariant Serre-Hodge polynomial eS11(M) 1,) for lack of space: there are 56 irre-
ducible representations of S1j, although not all of these occur.) In particular, M ;; has
Euler characteristic —302400.

The virtual Euler characteristic of the orbifold M, ; equals —1/12. (This is a special case
of the formula of Harer and Zagier [16], but is easy to prove directly, using the standard
fundamental domain for the action of SL(2,Z) on the upper half-plane.} It follows by
induction on n, using the fibrations My , = M ;_1, that the virtual Euler characteristic
of My, equals (=1)"(n — 1)!/12. For n > 5, Mj, is a fine moduli space (that is, no
automorphism of an elliptic curve fixes 5 points), and thus its virtual Euler characteristic
equals its Euler characteristic. The agreement between the resulting formula for x(M; 1;)
and the value which we have calculated provides a (modest) consistency check between
our work and that of Harer and Zagier. We show in Proposition {5.7) that our formula
for the Serre polynomial of M, ,, does give the correct value of x(M, ), for all n > 5.

In a sequel to this paper {11], we show how to sum the Serre polynomials of the strata
of ﬂl‘n to obtain a formula for its Hodge polynomial. For example,

e(Myp) = LY +2037L1° 4 213677 L% + 4577630 L8 + 30215924 L7 + 74269967 L°
— S1g + 74269967 L° + 30215924 L* + 4577630 L® + 213677 L% + 2037 L + 1.

Outline of the paper. In Section 1, we explain the relationship between Arnold’s cal-
culation of the cohomology of the configuration spaces F(C,n) and the theory of Stirling
numbers of the first and second kinds.

Section 2 is devoted to the construction of the resolution in the sixnpler case of sheaves
of abelian group. This is generalized in Section 3 to the cases of perverse sheaves and of
mixed Hodge modules.

In Section 4, we apply the associated spectral sequence to generalize the formula of [10]
for the S,-equivariant Serre polynomial of F(X,n) to the relative casc.

In Section 5, we apply the formulas of Section 4 to calculate the S,-equivariant Serre
polynomial of the moduli space M ,,.
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1. THE COMBINATORICS OF PARTITIONS AND STIRLING NUMBERS

In this section, we recall the cohomology of the configuration space F(C,n) and its
relationship with the Stirling numbers. We give more detail on the theory of Stirling
numbers than is necessary, since it illuminates the combinatorics which we will apply to
construct our resolution.

(1.1). Partitions. A partition J of n is a decomposition of the set {1,...,n} into disjoint
non-empty subsets: for example, the partitions of {1,2,3,4} are
{1,2,3,4} {12,3,4} {13,2,4} {14,2,3} {23,1,4} {24,1,3} {34,1,2}
{(123,4} {124,3} {134,2} {234,1} {12,34} {13,24} {14,23} {1234},
where we abbreviate the subset {i,...,4¢} to i;...7,. We denote the subsets of J by

{J1,...,Jk}, in no particular order. Denote by S(n, k) the set of partitions of n into k
non-empty subsets.

Associated to a partition J of n is an equivalence relation on {1,...,n}, such that i ~j 5
iff 7 and j lie in the same part of J. The set of all partitions of n is a poset: if J and K
are partitions, J < K iff 1 ~; j implies that 7 ~g j, that is, iff K is coarser than J.

If a = (a, | n > 1) is a sequence of natural numbers, let |a| = 3777 | nap.

Lemma (1.2). The ezponential generating function of the number p(a) of partitions of
|a| into a; subsets of size §, § > 1, is

B = oy = (L 7).
a J=

Proof. Indeed, p(a) is the number of automorphisms of the set with |a} elements divided
by the number of automorphisms of such a partition, namely

pla) = lal! / T] ta;,

from which the lemma follows. ||

Let f be a power series
o fit*
k=1

Define the partial Bell polynomials B, ; by the generating function

[o0]

exp(zf(0) = 3

=0

n

2 > Bar(fi,- .., fn)z*.
k=0

n!
Setting t; = z#’ f; in the generating function B(t) of Lemma (1.2), we obtain the explicit
formula

k
(1.3) Bui(fiy - fn) = Z Hfiu’-'l'

JES(n,k) 1=1
(See Ex. 2.11 of Macdonald [19].} In particular, the partial Bell polynomials have positive
integral coeflicients.

Proposition (1.4). If g is the inverse power series to f (that is, g(f(t)) = t), then the
matrices Fyp = By i (f1,..., fa) and Gup = By, p(g1,...,9,) are inverse to each other.
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Proof. The matrix F is the transition matrix between the bases (t¥/k! | k > 0) and
(F()%/k! | k > 0) of Q[t]. Its inverse F~! is thus the transition matrix between the bases
(f&)5/K! | k > 0) and (¢5/k! | k > 0). Changing variables from ¢ to g(t), the result -
follows. a

(1.5). Stirling numbers of the first kind. The Stirling number of the first kind s(n, k)
may be defined as (—1)?~* times the number of permutations on n letters with & cycles.
A permutation of the set {1,...,n} is the same thing as a partition of n, together with a
cyclic order on cach part of the partition. Since a set of cardinality ¢ has (¢ — 1)! cyclic
orders, we see that

(1.6) stk = > H N (WA 1
JeS{n,k) i=1

Applying (1.3) with fr = (- )k Lk = 1)1 (or f(t) = log(1 + t)), we sec that

[= SR tn.’L‘k
n=1 k=1
In particular, for n > 1,
(1.8) Y snk)z* =z(z-1).. (z-n+1)
k=1

(1.9). Stirling numbers of the second kind. The number S(n, k) of partitions of n
with k parts (i.c. the cardinality of S(n, k}) is called a Stirling number of the second kind.
The special casc of (1.3) with f(¢) = €' — 1 (and hence fi = 1 for all k) shows that the
Stirling numbers of the second kind have generating function

(1.10) ZZSnk”’ =erle'=1) _ 1,

n=1 k=1

For the reader’s edification, we display the first few rows of the matrices of first and
second Stirling numbers:

1 0 0 0 0 0 10 0 0 0 0

-1 1 0 0 0 0 1 1 0 0 0 0

‘= 2 =3 1 0 0 0 and S = 1 3 1 0 0 0
-6 11 -6 1 0 0 1 7 6 1 0 0

24 ~50 3 =10 1 0 1 15 25 10 1 0O

Applying Proposition (1.4) to the functions f(t) = e — 1 and g(t) = log(1 + t), we sec
that the matrices s and S formed from the numbers s(n, k) and S(n, k) are inverse to cach
other.

Proposition (1.11).

o8]
S sG,m)8(n, k) = 5, )

n=1
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We may rewrite (1.8) in the form

n

Zs(j,n)m'” =zl —x)...(1-(j —a).

7=1

From Proposition (1.11), it now follows easily that

;cS(n,k)x" = (1 _7;)(1 _21‘)(1 —kﬂ.’:),

or equivalently,
Snky= > ik
1€i1 €Kiy <n
This is also not ditficult to prove directly, by induction on n.

(1.12). The cohomology of the configuration spaces F(C,n). Let H*(F(C,n),Z)
be the cohomology of the configuration space of the complex line. Given distinct j and
kin {1,...,n}, let w;x € H'(F(C,n},Z) be the integral cohomology class represented by

the closed differcntial form
O = _1_.d(zj - Zk)_ .
2wtz — 2
By induction on 7, Arnold shows in [1] that the cohomology ring H*(F(C,n), Z} is gener-
ated by the classes wjg, subject to the relations wjr = wy; and

(1.13) Wijwjk + WikWgi + Weiwij = 0.

The action of the group S, on the configuration space F(C,n) induces an action on the
cohomology ring H*(F(C,n),Z), which permutes the generators, by the formula

0 Wij = Wo(i)a(s)-
Using the above presentation of H*(F(C,n),Z), Arnold shows that H* *(F(C,n),Z)

is a free abelian group of rank (—1)"~*s(n, k). This motivates the definition of a graded
Sp-module s(n, k), with

s(n, k)* = HY(F(C,n),Z), i=n—k,

0. otherwise,

We may think of s(n, k) as a lift of the Stirling number s(n, k} to the category of graded
S,-modules.

Denote by L(n) the graded Sp-module s(n,1). More generally, if n is a finite set of
cardinality n, let L(n) be the graded Aut(n)-module defined in the same way as L(n)
but with the set {1,...,n} replaced by n. It is isomorphic to L(n), but to obtain an
isomorphism, we must choose a total order on n.

The following theorem is proved by Orlik and Solomon for general hyperplane arrange-
ments [21] (see Theorem 4.21 of Orlik [20]). See also Lehrer-Solomon [18] for the special
case which we consider.

Theorem (1.14). There is a natural decomposition

(1.15) s(n, k) = @ s(n, J),

JES(n k)
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together with natural isomorphisms

k
s(n, J) 2 (X L(J:).

=1
Proof. The graded Sp-module H*(F(C,n), Z) is spanned by monomials in the generators
wij. To such a monomial, we associate a forest (a graph each of whose components is a
tree) with vertices the set {1,...,n}, and with an edge between vertices i < j if and ouly
if the gencrator wi; occurs in the monomial. Such a forest determines a partition of the
set {1,...,n}. Let s(n,.J) be the span of the monomials associated to the partition J.

Since all of the forests relatéd by application of one of Arnold’s relations (1.13) give rise

to the same partition, we see that s(n, J) is well-defined. If .J has k parts, its associated
forest has n — k edges, and hence s(n, J) is a subgroup of H*~*(F(C, n),Z). In particular,
if J is the unique partition in S(n, 1), we see that s(n, J) is generated by all trees with n
labelled vertices, modulo the Arnold relations. From this, it is easy to sce that

k

s(n, J) = Q) s(Ji,1). O

i=1

The characters of the Sp,-modules L(n) have been calculated by Hanlon [13] and Stanley
[24]. From their formula, one may calculate the characters of s(n, k) for all k.

Lemma (1.16). The equivarient Euler characteristic of the graded S,-module L(n), eval-
uated at 0 € Sy, is given by the formula

1
—M(—d)"/d(n/d)!, if 0 has n/d cycles of length d,

Xao ( L (71)) = n
0, otherwise.

(1.17). A differential on H*(F(C,n),Z). We now study the differential
d: H*(F(C,n),Z) — H* '(F(C,n),Z)

of the algebra H*(F(C,n),Z) associated to the diagonal action of the multiplicative group
C* on F(C, n); it is given by capping with the fundamental class of the circle U{1) € C*. 1t
follows fromn the definition of w;; that Ow;; = 1. One can easily check that & is well-defined,
by showing that the differential of the relation (1.13) vauishes:

O(wijwjk + wikwii + wriwij) = (Wik — wij) + (Wi — wie) + (wWij — wis) = 0.

The following lemnma reflects the fact that the action of C* on F(C,n) is frec if n > 1, and
that the resulting principal fibration is trivial.

Lemma (1.18). Ifn > 1, the complez (H*(F(C,n),Z),8) is acyclic.

Proof. Let H denote the operator of multiplication by wig. Since dwip = 1, we see that
J- H + H - d equals the identity operator, proving acyclicity. O

If J € S(n,j) and K € S{n, k) are partitions of {1,...,n}, denote by 8,k the component
of & mapping from s(n,J) to s(n, K'); thus, d;x vanishes unless k = 7 -+ 1.

Lemma (1.19). The differential 35 vanishes unless K < J.
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Proof. Let o be a monomial in the generators w;; of H*(F(C,n),-Z). By the definition of 9,
Jo is a sum of terms, in each of which one of the factors w;; occurring in ¢ is omitted. Such
a term corresponds to partition of {1,...,n} in which ¢ and 7 are no longer equivalent: in
other words, the partition associated to the new monomial is a refinement of the partition
associated to cv. g

2. RESOLVING SHEAVES ON CONFIGURATION SPACES

Before turning to the construction of resolutions of sheaves over configuration spaces,
we explain by an informal argument why one expects Stirling numbers to arise in the
construction.

Let X/S be a separated scheme over a base S, and let X™/S be the nth fibred power
of X with itself, defined inductively by X°/§ = S and

X"H/8 =(X"/S) x5 X.

Denote by w(n) : X*/S — S the projection to S.
The scheme X™/S has a stratification, with strata indexed by the posct of partitions .J
of {1,...,n}: the stratum associated to a partition J is given by

F(X/S,J) = {(z1,...,20) € X" /S | @i = z; iff i ~; 5}

A stratum F(X/S, K) lies in the closure of F(X/S,J) if and only if J < K; the closure of -
F(X/S,J) is the diagonal

XIS ={(zy,...,20) € X*/§ | zi = zj if i ~; j}.
If J € S(n, k), denote by i(J) : X’//8 <+ X™/8S the diagonal immersion. If F is a sheaf
on X"/S, denote by F(J) the sheaf i(J)i(J)*F on X"/S.

If J € S(n, k), F(X/S, J) is isomorphic to F(X/S, k); thus, we may represent the above
stratification of X*/S (in)formally as

X"/S = H S(n, k) - F(X/S, k).
k=1

Proposition (1.11) leads us to expect that there is a “virtual stratification” of F(X /S, n),
of the form

(2.1) F(X/S,n) = ﬁ s(n, k) - X*/8.

k=1

Rewritten in terms of generating functions, this becomes

i ﬂ[F_(X/S_,n)l _ i log(1 + ¢)*[X™/S] =1+ t)[f\’lsl,

n! n!
n=0 k=0

where we think of the symbol [X"/S] as the nth power of [X/S], as indeed it is in the
Grothendieck group of motivic sheaves on S.

We may make sense of (2.1) in the following way. Let j(n) : F(X/S8,n) =& X"/S be
the open immersion of the configuration space in X™/S. There is a natural resolution
LHX/S,n, F) of j(n)ij(n)*F, whose underlying graded sheaf has the form

(2.2) LHX/Sn,Fy= @ Hom(s(n,J), F(J)).
‘ JES(n k)
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For example, if n = 2, we recover (0.1) while if n = 3, we obtain the resolution
0= 5(3)j 8y F = F(1,2,3) — F(12,3) & F(13,2) & F(23,1) - F(123) @ F(123) — 0.

In the special case that F is a constant sheaf, we may interpret F(J) as a copy of the
diagonal X7, which is isomorphic to X* when J € S(n, k); replacing the S,,-module s(n, J)
by its Euler characteristic and bearing in mind (1.15), or its numerical version (1.6), we
are led to (2.1).

(2.3). Construction of the resolution. If J < K are partitions of {1,...,n}, denote
by #(J, K) the inclusion XX /S — X7/8, and by i(J,K)* : F(J)} - F(K) the induced
map of sheaves. Let £°(X/S,n, F) be the complex of sheaves (2.2), with differential

(2.4) d=Y" 0k, ®i(J,K)".
J<K
For example, £L9(X/S,n, F) = F, while L1(X/8,n, F) is the dircct sum

~

cNX/SnF)= P Fkil,... k... 1L...n),
1<k<i<n
since dims(n, J) = 1 for all J € S(n,n — 1). In particular, 5*£L1(X/S,n, F) = 0.
Denote by 7 : j(nhj(n)* = Id the unit of the adjunction between j(n): and j(n)*;

it induces a map, also denoted by 7, from j(n)ij(n)*F to F = L£°(X/S,n,F). The
composition of arrows

§)d(n)"F s LO(X/S,n, F) = L1(X/S,n, F)
is zero, showing that 7 : j(n)ij(n)*F — L£*(X/S,n,F) is a morphism of complexes.
Theorem (2.5). The morphism 7 : j(n)ij(n)*F = L(X/S,n, F) is a quasi-isomorphism.
Proof. We apply the following lemma.

Lemma (2.6). Let X be a stratified space with strata {X;}, and let §(.J) be the locally
closed tmmersion of the stratum X in X. Then a map of complezes of sheaves n: F; —
Fy on X is a quasi-isomorphism if and only if n @ j(I)WF(I)*F1 = j(I)j(J)*Fy is a
quasi-isomorphism for all strata.

Proof. 1f there is ouly one stratumn, the lemma is a tautology. We now argue by induction
on the number of strata. Let X; be an open stratum of X, and let Z be its complement
in X, with closed immersion ¢ : Z — X. Counsider the diagram

0 —— J’_"(J)!J'(J)*fl » Fi et 0
7}1 nl ﬂ[
0 —— J(JI)i(J)* F2 Fi » hi* 0

Since the rows are exact, we conclude by the five-lemnma that n : F| — F5 is a quasi-
isomorphism if and only if 5 : §(J)j(J)*F1 = J(J)g(J)*Fo and 5 : 42" F) — 60 F, ave.
By the induction hypothesis, n : i*F — #¢*Fy is a quasi-isomorphism if and only if
1 J(K)Wj(K)*Fr, = J(Khj(K)* Fy are for all K # J; this proves the induction step. [
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If J is a partition of {1,...,n}, let (J) : F(X/S,J) <= X" /S be the inclusion of the
locally closed subscheme F(X/S, J}). By the base change theorem, .

j(n)j(n)*F, if J is the unique partition in S(n,n),

14

(I () 5(n)g(n)* F
0, otherwise.

Let the parts of J be {J1,...,Ji}, in no particular order, and let n; be the cardinality
of J;. Applying Theorem (1.14), we see that

(I (I) LX) S n, F) = Hom(@ s(n,K),j(J)gj(J)"f)
K<J
k
o Hom(® H™™*(F(C, n;), Z),j(J);j(J)*]—') .
i=1
The differential on this complex of sheaves is induced by the differentials on the factors
H™~*(F(C,n;),Z), and hence by Lemma (1.18) is acyclic if n; > 1 for any 1.
We see that the hypotheses of Lemia (2.6) are fulfilled: if J is a partition of {1,...,n},
7 (I F = j(I)3(J)* L(X/S,n, F} is a quasi-isomorphism, since the two com-
plexes are equal if J € S{n,n), while they are both acyclic otherwise. O

3. MACKEY 2-FUNCTORS

In this section, we axiomatize those properties of the 2-functor associating to a scheme
its derived category of mixed Hodge modules which will be used in constructing the ana-
logue of the resolution £*(X/S,n, F). It turns out that these axioms define the natural
analogue for 2-functors of Dress’s Mackey functors [8].

Impatient readers may skip to Section {3.5): all they need to know about the Mackey
2-functor underlying the theory of mixed Hodge modules is that the usual properties of
the functors fi and f* for locally closed iminersions hold, such as the base change theorem
(in particular, we make no use of Verdier duality). In Section (3.5), we impose sufficient
additional hypotheses on these functors to allow us to construct Cech-type resolutions of
#13*F when j is an open immersion and of 217* F when 7 is a closed immersion. The analogue
of L{X/S,n,F) for mixed Hodge modules is defined by replacing the sheaf i(J)1i(J)* F by
this Cech complex.

(3.1). Mackey functors. Mackey functors were introduced by Dress (8] as an axiomati-
zation of induction in the theory of group representations. The motivating example is the
functor G — R(G) on the category of finite groups, which assigns to a group G its virtual
representation ring. Given a morphism f : G = H of finite groups, there is a contravari-
ant map f*: R(H) — R(G), pull-back along f, and a covariant map f, : R(G) - R(H)
generalizing induction:
£V =(CGa e Wi
These functors satisfy the Mackey double cosct formula, which says that given a Cartesian
square of finite groups

¢ —1— a,
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we have the equality g*%, = s.f".

(3.2). Mackey 2-functors. The group of virtual representations R(G) is the Grothen-
dieck group of the category Proj(G) of finite-dimensional projective representations. The
2-functor G — Proj{G) satisfies axioms which are the natural analogue for 2-functors of
the definition of a Mackey functor; we call a 2-functor satisfying these axioms a Mackey
2-functor.

This concept is not new: it was introduced by Deligne in Exposé XVII of SGA 4 [2]
(though not under this name).

Definition (3.3). A Mackey 2-functor from a category C to a 2-category T consists of a
pair of 2-functors D* : C° — T (where C° is the opposite of C) and D, : C = T, such that
(i) if X is an object of C, the objects D*(X)} and D.(X) are identical — we denote this
object by D(X), and if f : X = Y is a morphism of C, we denote the l-morphism
D*(f) : D(Y) = D(X) by f* and the l-morphism D.(f) : D(X) — D(Y) by f.;
(ii) (additivity) there are 2-morphisms of bifunctors « : D*(X [[Y) = D*(X) & D*(Y)
and 8: D (X []Y) = De(X) ® Do(Y), such that

axy = Bxy DX ]]Y) = D(X) @ D(Y);

(iii) (basc change) to each Cartesian square

X1 TN Xa
9

Y — Y,

in C is associated a natural 2-morphism ¢ : g*f, = s.f", such that given a diagram
each square of which is Cartesian

X] —“"f X2 “"‘“'f ’X3

s t

i A ,
the 2-morphism ¢ associated to the top (resp. left) pair of squares is the 2-composi-
tion of the 2-morphisms associated to the squares from which it is formed.

The Grothendieck group Ko(D) of a triangulated category D is the abelian group gener-
ated by the isomorphisin classes of objects of D (where we assume that these form a set);
we impose the relation [V] ~ [U]+[W] for all exact triangles (U, V, W} in D. For example,
if D is the derived category Db(Ab) of bounded complexes in an abelian category Ab, then
Ky(D) may be identified with the Grothendieck group Kp(Ab) of the abelian category Ab,
which is the abelian group generated by the isomorphism classes of objects of Ab, with
the relation [V] ~ [U] + [W] whenever V is an extension of W by U. Although we will not
need it, the following result goes some way towards justifying our introduction of Mackey
2-functors.
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Proposition (3.4). The composition of a Mackey 2-functor D with the functor Ky is a
Mackey functor K on C.

(3.5). Exact Mackey 2-functors. Let Var be the category of quasi-projective varietics
over C, with morphisms the locally closed immersions. Let T be the 2-category defined as
follows:

objects: {-categories (Beilinson-Bernstein-Deligne [4]);

l-morphisms: right #-exact functors possessing a right adjoint;

2-morphisms: natural isomorphisins.

Definition (3.6). An exact Mackey 2-functor on Var is a Mackey 2-functor with values
in T such that

(1) for closed immersions 7 : Z — X, i* has right adjoint ., and 1, is fully faithful;
(ii) for open immersions j : U — X, j, is fully faithful, and has right adjoint is 7°*;
(iii) if ¢ : Z — X is a closed immersion, and j : U < X is the open immersion of the
complement J = X \ Z, there is an exact triangle (j.7°V, V,1,i*V) for each object
V of D(X).
(iv) if 7 is an affinc open immerston, the functor j. is t-exact.

We have in mind three examples of exact Mackey 2-functors.

Example (3.7). The 2-functors X +— (D% X), f, = fi, f* = f*) assigning to X the
derived category of sheaves of abelian groups with the usual ¢-structure.

Example (3.8). The 2-functors X —— (PD%(X), f. = fi, f* = f*) assigning to X the
derived category of bounded complexes of sheaves with constructible cohomology, together
with the t-structure associated to the middle perversity p (axiom (iv) is Corollaire 4.1.3

of [4]).

Example (3.9). The 2-functors X +— (D*(MHM(X)), fo = £, f* = f*) assigning to X
the derived category of mixed Hodge modules with the natural #-structure.

(3.10). Cech complexes. Let j : I/ < X be an open immersion and let i = {Uihi<i<a
be a finite cover of U by affine open immersions j; : U; — X. For example, we might take
the U; to be complements of Cartier divisors in X. Using these data, we now define a Cech-
type resolution of j,j7°F, where D is an exact Mackey 2-functor. (See also Proposition
2.19 of Saito [22] and Section 3.4 of Beilinson [3].)

Definition (3.11). The Cech-complex Co(X,U, F) is the graded object of D(X)
Ck(fY:u'; f) = @ (jio...ik)o(jio...ik).fl

1< - <dy,

where jj, ., is the open immersion of Us,. ;, = ﬂ?:o U; in X. Its differential is the sum

of maps
k
0= (~1)!: Ce(X,U, F) — Cxo1(X,U, F).
=0
Here, 9 1 (Jig..ip)e(Jioin)'F = (Jig..iy...it Jo (Jig..5;...ip )*F is induced by the adjunction

44" = Id associated to the open immersion g : Uy, i, = Uiy 5.4, -

If D is a t-category, let H%(D) be its heart. Recall from Section 3.1.9 of [4] the realization
functor
real : D*(H°(D)) — DY
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this is an exact functor mapping bounded complexes C,(H®(D)) to objects real(C,) in DY

Proposition (3.12). Let D be an ezact Mackey 2-functor, let j : U — X be an open
immersion, let i : Z — X be the closed immersion of the complement Z = X \ U, and let
U = {Ui}oci<a be a cover of U by affine open immersions j; : Uy — X. Then

(i) real{Co(X,U,F)}) € Ob D(X)[-40 is isomorphic to j,j*F;

(ii) real(cone(Co(X,U,F) = F)) € Ob D(X)[=4-10 is isomorphic to 1,i°F.

Proof. Note that (i) is implied by (i) and the five-lemma: in the diagram

0 > F > 141" F Joi*F[1] —— 0
0 » F cone(Co(X, U, F) — F) — Co(X, U, F)[1] — 0

the top row is exact by axiom (iii) for exact Mackey 2-functors, and the bottom row is
obviously exact.

We now prove (i) by inductionon d: for d = 0, Co(X,U, F) = j.5°F, and the proposition
is a tautology.

The open subset U? = Ule U; of X has cover UY° = {Uit1<ica- Let 4% and jo be the
open immersions of U% and Uy in X, and define F? = (59),(5°)*F and Fy = (Jo)e (jo)*F.
Let p be the locally closed immersion of U\ U® = Uy \U? in X. We now form the diagram

0 » FO » Jegt F pep" F > 0

1 |

0 —— Co(X,U°, F) = Co( X, U, F) = cone(Co(X, U N Up, Fo) = Fo) —— 0

The lower row is defined by dividing the summands (ji,.. i, ) (Jio...i, )*F of C(X,U, F) into
two classes:

(i) if i > 0, the term (Jig.. i, e (Jig...;, )" F is a summand of Co(U°, (5°)4 (°)*F);
(ii) ifip = 0, the term (Joi, .4, Je (J0iy..4, ) *F i a summand of coneg (Co (UM, Fo) = Fo).
In particular, the bottom row is exact.
The top row is exact by axiom (iii) for exact Mackey 2-functors, applied to the closed
immersion of U \ U® in U, while the outer vertical arrows are quasi-isomorphisms by the
induction hypothesis. The proposition now follows by the five-lemma. O

(3.13). The resolution £},(X/S,n,F) for mixed Hodge modules. Using the Cech-
complexes Co (X, U, F), we now construct a resolution of 517*F, where F is a mixed Hodge
module. The functor ¢* is not f-cxact on mixed Hodge modules for general closed im-
mersions z; for this reason, our construction depends on the choice of an auxiliary cover
U of F(X/S,2) by affine open immersions j; : U; = X. (If X/S is a smooth family of
curves, we may take the cover to have one element U = {F(X/S,2)}, since in that case,
the diagonal in X2/S is a Cartier divisor.) We will actually construct the resolution in
the more general setting of exact Mackey 2-functors.

For k,L € {1,...,n} with k # [, let m; : X*/S — X?/S be the morphism which
projects onto the kth and [th factors. Define a cover U(J) of the complement of the
diagonal i(J) : X7/ /S < X"/S by

UT) = {7 (U) | k ~y Land U; € U}
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The open immersions w‘;l(Ui) — X"/S are affine, since affine open immersions are pre-
served under base change (EGA 11, 1.6.2 [12]).

By Proposition (3.12), the realization of the complex cone(Co(X™/S,U(J),F) — F) is
quasi-isomorphic to i{J)ei(J)*F. If J < K, the morphism

(J,K) s i(J)et(J)"F — (Kt (K)*F
is induced by an inclusion of complexes
i(J, K)7  C(XM /S, U(J), F) — Co(X7 /5, UK), F),

which exists because the cover (K} contains the open cover U(J).

As in the case of sheaves, our resolution of 7.5°F is a sum over partitions (2.2); unlike
that case, the result is a double complex, and we must take the realization of its total
complex to obtain an object of D(X™/S). Let

LRI (X/Sn,F)= €D Hom(s(n,J),cone;(Co(X"/S,U(J), F) — F)).
JeS(n,k)

There are two differentials: the analogue of differential (2.4),

d= Y 0%, ®i(J,K)",
J<K
and the Cech-differential Ez_k’_j(X/S,n,f) — Eu”k’lkj(X/S, n, F).
We may identify ﬁg"(X/S,n,}") with F; thus, there is a natural coaugmentation

N:Jej ' F — Cg"(X/S,n,.'F).

If o is a permutation, the cover U(J) is carried into U(o - J) by the action of o, s0
that o maps Co(X™"/S,U(J), F) isomorphically to C,(X™/S,U(c - J), F}). The differential
of £;;°(X/S,n, F) is invariant under the action of o, showing that £J;°(X/S,n, F) carries
an action of S;. It is clear that the coauginentation n is S,-equivariang.

We now come to the main result of this paper; we omit the proof, since it is essentially
identical to that of Theorem (2.5).

Theorem (3.14). Let D be an ezact Mackey 2-functor. If m : X — S is ¢ morphism of
quasi-projective varicties over C, F is an object of D(X) and U 13 a cover of F(X/S,2) by
affine open immersions, the coaugmentation v : j,5*F — L5;"(X/S,n, F) induces an S,-
equivariont quasi-isomorphism in D(X™/S) between j,j*F and real(Tot £;"(X/S,n,F)).

4. THE §,-EQUIVARIANT RELATIVE SERRE POLYNOMIAL OF j(n),j(n)*E®"

. {(4.1). The relative Serre polynomial. Let D be an exact Mackey 2-functor, and let
7 : X = § be a morphism of quasi-projective varicties over C. If F is an object of D(X),
the relative Serre polynomial es(X,F) of F is the class of mF in K(S5).

This terminology is motivated by the special case in which D = D*(MHM) and § =
Spec(C). If we apply to (X, F) the augmentation & : K(MHM(Spec(C)}) — Z[t] defined
by

e(V) = Z(—l)i dimgr} Vitk,
ik
we obtain the Serre polynomial of F,

(X, F) =Y (1)} HiX, F)it.

ik

H
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Now suppose a finite group I" acts on X and Y, and the morphism 7 is I-cquivariant. If
F is an object of D' (X), the equivariant relative Serre polynomial eg(X,F) is the class of
7o F in KF(8), where K'(X) is the Grothendieck group of [-equivariant objects in D(X).

When D is defined over a field k of characteristic 0 and the categories D(X) have tensor
products, the associated Grothendieck groups KT (X) are A-rings, by the arguments of [10).
If in addition the action of " on X is trivial, the Peter-Weyl theorem (see Theorem 3.2 of
[10]) implies the isomorphism of A-rings

KI'(X) = R(I) ® K(X),

where R(T') is the virtual representation ring of [' (the Grothendieck group of finite-di-
mensional k[I']-modules).

In this section, we calculate eg"(F(X/S, n),j(n)*E®"). We obtain a generalization of
Theorem 5.6 of [10], which is the special case new result where D = MHM, S = Spec(C)
and £ = 1 is the unit of D(X).

(4.2). Green 2-functors. The reader interested only in the case of mixed Hodge mod-
ules may omit this section, whose réle is to axiomatize the projection axiom.

If G is a finite group, R(G} is not only an abelian group, but also a commutative ring:
furthermore, the functor f*® preserves this product, and we have the projection axiom,
which says that if f/ : G — H is a morphism of finite groups, therc is a commutative
diagram

R(G)® R(H)
R(G) ® R(G) R(H) ® R(H)
R(G) P R(H)

where the vertical arrows are multiplication in R(G) and R(H). Dress calls a Mackey
functor with these additional structures a Green functor. ‘

As in [10], a rring is a symmetric monoidal category R with coproducts, denoted Aé B,
such that there are natural isomorphisms

(ABB)C=Z(AQC)®(BRC) and A®0=0

satisfying the coherence axioms of Laplaza [17]. Let RING denote the 2-category whose
objects are all rrings, whose 1-morphisms are all symnetric monoidal functors, and whose
2-morphisms are all natural isomorphisms of these.

Definition (4.3). A Green 2-functor from a 2-category C to the 2-category of rrings
RING is a Mackey 2-functor on C such that:
(i) the 2-functor D* has a lift to a 2-functor D* : C° — RING, and the 2-isomorphisin
of bifunctors v : D*(X []Y) = D*(X) & D*(Y) is a 2-isomorphism of rrings.
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(ii) (the projection axiom) given a morphism f : X — Y in C, there is a natural 2-

morphism
D(X)®D(Y)
D(X) ® D(X) s, D(Y) ® D(Y)
D(X) 7 — D(Y)

This must satisfy the condition that for any pair of composable arrows X —f) y %z ,
the 2-morphism 1,y equals the 2-pasting of the following diagram:

D(X) ® D(Z}
1®q* 1®fe
D(X) ® D(Y) = \D(Y) ® D(2Z)
l®f* fo®1 1®g* a1
D(X)® D(:X)/ A7N \DEY) ® D(i’) Yo, \022) ®@D(Z)
D(JX) D(JY) - D(JZ)

Je e

Definition (4.4). An exact Green 2-functor is a Green 2-functor whose underlying Mac-
key 2-functor is an cxact Mackey 2-functor.

All three examples of exact Mackey 2-functors which we gave above are exact Green
2-functors, with respect to the usual tensor product.

(4.5). A formula for eg" (F(X/S,n),5(n)*€®"). Let D be an exact Green 2-functor. If
m: X — 5 is a morphism of quasi-projective varieties and & is an object of D(X), we
define

ERM = mE® ... @7 € ObDS*(X"/S),
where 7; : X™®/S — X is the ith projection.

In calculating 2" (F(X/S,n), j(n)*E®"), we make free use of the results of [10], in par-
ticular the relationship between the ring A of symmetric functions and representations of
symmetric groups. Recall from loc. cit. that if R is a complete A-ring, with decreasing
filtration F;R, ¢ > 0, there is an operation
o0

Exp(z) = 3 on(e) = exp( %1&,,(:1:)) IR — 1+ F\R
n=0 1

n=

an analogue of the exponential, with inversce

Log(z) = Z #?) log(¥n(z)) : 1+ 1R — F1R.

n=0

Hcre, o, is the nth g-operation on R, and 1, is the nth Adams operation.
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For example, if R = Z[¢] has its standard A-ring structure, then
Exp(aiq+aq® +asg® +...) = (1 - g} (1 —¢})™ (1 - ¢*)7% ...

The ring of symmetric functions A may be identified with the free A-ring on one gener-
ator by, such that o, (h) = hy, is the nth complete symmetric function, and v, (h1) = p,
is the nth power sum. It is a complete A-ring. If V' is an §,-module, denote by ch(V) € A
its Frobenius characteristic; this is the degree n symmetric function given by the explicit
expression

1
ch(V) = = E Try(o)ps,
’ UESn

where p, is the monomial in the power sums obtained by taking one factor p; for each
cycle of o of length k.
If R is a A-ring, denote by A®R the complete tensor product of A with R.

Theorem (4.6). Let D be an exact Green 2-functor, and let w : X — S be a morphism

of quasi-projective varieties over €. If £ is an object of D(X), the following equality holds
in AQK(S):

S e (FX/S 50" = Exp(z

Proof. By Theorem (3.14), we know that

X/S log(1 +pn®8®”))).

e (F(X/8,n),j(n)*E%8) = f;(Xﬂ/s F(n)ej(n)* €8

k=1 JES(n,k)
?

= D chistn, )Y) @ es(X/S, (1)) € Au ®K(S).
k=1 JeS(n,k)

We may replace s(n, k)Y by s(n, k), since any S,-module is isomorphic to its dual. Applying
Theorem (1.14), we obtain

Z D Hch i) ® es (X, £9M1),

k=1 JeS(n,k) i=1

where the product is taken in the ring A® K(S). Summing over n gives

Ze (X8, (n)ej(n) EB") = Exp(ZCh ) ®es(X, 8®’1))

n=1

The theorem now follows from the character formula of Lemma (1.16), which may be
rewritten as

h(L() = = 3 (=14 (@

dln
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We see that

Rnyy - n/d 1 n Qn
Do L) ®es(X,E8M) =3 "~ pld)py es(X,£9M)
n=1 n=1 d|u
o0 (e e]
j{d -1)e- de
=y D EUT e eo)
d=1 e=1
o0
d
=Z%es(}(,log(1+pd®€®d)). O

a
n

Remark (4.7). Rewriting Exp in terms of Adams operations, Theorem (4.6) becomes

oo -1
Zes (X/S,m),(n)" SE")~exp(Z y =) Zu(n/dm(es(x,EW“)))-
=1

n=1 dln

For example, with the notation e(n) = es{X,£®"), we have
T (FX/S,n),(n)°EB) =3 s, ® Dy,
An
where ®1n = g (e(1)), while the other ¢ are as follows for |A| < 4:
¢, = e(l)) —€ 2)1
By = og(e(l)) —e(l)e(2), P9 =on (e(l)) —e(1) e(2) + e(3),
D4 = 04(e(1)) — o2(e(1)) e(2) + o12(e(2)),
P31 = o31(e(1)) — o2(e(1)) &(2) — o11(e(1)) &(2) + (1) e(3) + o2(e(2)) — e(4),
By2 = 0y2(e(1)) — o2(e(1)) e(2) + (1) e(3) + 0y2(e(2)),
Po12 = 0912(e(1)) — o12(e(1)) &(2) -+ (1) e(3) — e(4)

Note that the operations @) of [10] are the specializations of these polynomials obtained
on setting e(n) = e(1) for alln > 1.

H

Applying Theorem (4.6) with £ cqual to the unit object 1 of D(X), and using that
19" = 1 for all nn, we obtain the following corollary. Here, we abbreviate eg(X,1) to
es(X).

Corollary (4.8). Z e (F(X/S,n)) = Exp(Log(l + p1) es(X))
n=0

Theorem (4.6), and its corollary, generalize immediately to the equivariant situation,
in which a finite group I acts on X and S, and the morphism 7 : X — § and £ are
G-equivariant. The calculations now take place in the complete A-ring AQ K'(S), and the
formulas do not change.

(4.9). The configuration spaces of group schemes. If G is a group scheme over
S and n > 0, the scheme F(G/S,n) is an $,-equivariant G-torsor, and we may consider
the quotient scheme G\F(G/S,n). Imitating the above proof, we now calculate its §,,-
equivariant relative Euler characteristic. There is also a I'-equivariant gencralization,
when a finite group T’ acts on all of the data; however, it is forinally identical, so we
simplify notation by only treating the case I' = 1.



18 E. GETZLER

Theorem (4.10). If in the setting of Theorem (4.6} X = G is a group scheme, then

o~ s, _ Exp(Log(l +p1) es(G)) — 1
2 &5 (G\F(G/S,n)) = @

n=1

Proof. We must first choose a G-cquivariant cover U of F(G/S,2) by affine open immer-
sions. Observe that the automorphism (g, k) — (g, g~ "h) of G? /S identifics F(G/S,2) with
Gx s Gy, where Gy is the complement of the identity section of G. Under this identification,
the action of G on F(G/S, 2} corresponds to left translation in the first factor of G x g Gy.
We now choose a cover {U;} of Gy by affine open immersions j; : U; = Gy; the cover U
of F(G/S,2) is the pullback of this cover by the projection from F(G/S,2) = G x5 Gy to
Go. (Here, we use that to be an affine open immersion is prescrved under base change.)

If n > 0, the morphism j(n) : F(G/S,n) — G"/S is an S,-equivariant immersion of G-
_torsors. On quotienting by the action of the group scheme G, we obtain an S,-equivariant
immersion

j{n) : G\F(G/S,n) — G\(G"/S).

(Note that G\G™/S is isomorphic to G*~!/S; however, this isomorphism obscures the
action of the symmetric group S,.) Since the cover U of F(G/S,2) is G-equivariant, the
resolution £7,(G/S, 1,n) is S, X G-equivariant, so descends to an S,-cquivariant resolution
G\L}(G/S,2,n) of j(n).j(n)*1. The theorem now follows by a proof which is entirely
parallel to that of Theorem (4.6) (in the special case that £ = 1), provided wc observe
that

€37 (G\(G"/S),G\L, *(G/S,1,n)) = D ch(s(n, k) es(G)*
k=1

1
=me%"(G"/S,L"““(G/S,]l,n)). O
Note that if G is a family of elliptic curves, the proof of Theorem (4.10) simplifies, since
we may take for the cover U of F(G/S,2) the canonical choice {F(G/S,2)}. In fact, this
is the case of Theorem (4.10) which we apply in the next section, to the universal family

E(N) of elliptic curves over the modular curve Y (N).

5. THE S,-EQUIVARIANT SERRE POLYNOMIAL OF THE MODULI SPACE M,

Let My n(N) be the fine moduli space of smooth elliptic curves of level N > 3 with n
marked points; it is a smooth quasi-projective varicty. The finite group SL(2,Z/N) acts
on My (N}, with quotient M, , the coarse moduli space of smooth elliptic curves. '

Let Y(N) be the modular curve My (N), and let E(N) — Y(N) be the univer-
sal elliptic curve of level N. The relative configuration space F(E(N)/Y(N),n) is an
SL(2,Z/N)-equivariant E(N)-torsor with base Y (N).

Denote by H the mixed Hodge module R! fiQ on Y (N); it is of course an SL(2, Z/N)-
equivariant local system of rank 2, known as the Hodge local system. The sub-A-ring
which it generates in KSHZZ/N(MHM(Y (V))) is isomorphic to the Grothendieck group
of polynomial representations of the algebraic group GL(2); this is the polynomial ring
Z[H,L], with o3(H) = (1 — tH + #?L)~! and (L) = (1 — £tL)~!. In this notation, we have

M B(N) =1 -H+L.

We may now apply the SL(2,Z/N)-equivariant version of Theorem (4.10), obtaining the
following formula.
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Proposition (5.1).

(1 -l-pk)]]c' Tk “(k/d)(l—lﬁd(H)_}.Ld)} _,

——
fam]:

o0
Vi M) =

n=1

I1—H+L

Denote the nth symmetric power of H by Hy; it is a rank (n+1) SL(2, Z/N)-cquivariant
local system on Y(N), given by the Chebyshev polynomial of the second kind*
H, = Un(H/2).

The following table gives ef,lg‘)z/N)xs"(Ml,n(N)) for n < 5. This table was calculated

using J. Stembridge’s symmetric function package SF [25] for maple.

n | ey ™S (M (V)

1| Hg

2 | HpLss — Hysp2

3 | Hol%s3 — H,(Lso; — s3) + Hosya

4 | Hp(L® = L)sq — Hy(L2%s31 — L{84 + 531) + 592) + Ha(Lsg,2 — s31) — Hzs44

5 | Ho(L's5 — L*(s5 + sa1) + Lsaz)

- Hl (LBS41 hnd L2(55 + Ss41 + S_';g) — L(832 + 5221) + 5312)

+ H2(L23312 — L(s41 — s32 — 8312) + (S5 + S32 + $921)) — Hz(Lsg s — 5312) + Hysys

(5.2). The Eichler-Shimura isomorphism. Let S¢(N) be the spaces of cusp forms
of weight £ for the congruence group I'(N) = ker(SL(2,Z) —» SL(2,Z/N)). It is an
SL(2,Z/N)-module, and its invariant subspace S; = Sg(1) is the space of cusp forms of
level 1.

Let E¢(N) be the space of Eisenstein serics of weight £. If £ > 2, this is isomorphic as
a SL(2,Z/N)-module to the induced representation

ZN) = Ind?}z%zm) Xt

where P(N) C SL(2,Z/N) is the parabolic subgroup of upper triangular matrices, with
gencrators T' = [}) {] and —1, and xg is the character of P(N) which equals 1 on T and
(=1)¢ on —1.

The space E3(N) is smaller than E2(N): it is isomorphic to Ho(SL(2,Z/N), £5(N)).

If £ is even, (N} is the permutation representation of SL(2,Z/N) on the set of cusps,
and the SL(2, Z/N)-invariant subspace is one-dimensional; the corresponding subspace of
E¢(N) is spanned by the level 1 Eisenstein series Eg. If £ is odd, there are no SL(2,Z/N)-
invariant elements of E (N}, reflecting the fact that there are no level 1 Eisenstein series
of odd weight. In all cascs, Z¢(N} has dimnension

k? _
SL(2,2/N) : P(V)) = 5 [ (1 =p™)
plk
equal to the number of cusps of the congrucnce subgroup ['(V).

*These polynomials have generating function Y07 (#*Un () = (1 — 2wt + ¢2)71.
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Eichler and Shimura have calculated the cohomology of the sheaves H,. This calcula-
tion is explained in Verdier {26] and Shimura [23]. The mixed Hodge structure on this
cohomology may be calculated by the same technique that Deligne uses in [5] to calculate
the action of the Frobenius operator on the étale cohomology groups. Define the Hodge
structure Sp+2(N) to be gr)l HI(Y (N), Hy).

Theorem (5.3). The vector spaces grl¥ H(Y (N),H,) associated to the weight filtration
on the cohomology groups HI (Y (N),H,,) vanish, with the exception of

g‘l‘é‘ J:Ic1 (Y(N)a Hn) = Eﬂ+2(N):
grey HY (Y (N),Hy) 2 Spio(N), and
gry HX(Y(N),Hp) ='L.

The Hodge filtration of Spy2(N) has two steps: 0 C F%S,.5(N) C S,12(N), and the vector
space FUS,.o(N) is naturally isomorphic to Spipa(N).

Corollary (5.4). The equivariant Serre polynomial
eSHZE/NSn () 1 (N)) € KSEEZ/N)(MHM(Spec(C))) ® An
is obtained from the eguivariant Serre polynomial
eyt N VS My () € KSLEENMHM(Y (V) @ A,
by the substitution Hy, — 65 0(L + 1) — Z,42(N) — Spp2(N).
We may now descend to level 1 by applying the augmentation
£ : KSLZ/NYMHM(Spec(C))) — K(MHM(Spec(C))),

given explicitly by £(S¢(N)) = S¢ and

E(THN)) = Q, Zeven,

0, £odd.

The following table gives the Sp-equivariant Serre polynomial eS+(M 1,n) for n <5, to-
gether with the underlying Serre polynomial e(M) ) and Euler characteristic.

n | eSn (M ) e(Mi ) x(Min)
1| Ls; L 1
2 | spl? L2 1
31543 — 83 P —1 0
4 | s4L? — 54L2% — 55121 + 83 L' —12-3L+3 0

5 .5'5L5 - (.5'5 + S41)L3 -+ (.932 - 3312)L2 LP—5L% —L2+15L—12 | -2
+ (841 + 932 + s392)L

— (Ss + 832 + 8921 + Sls)
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Corollary (5.4) may be expressed in closed form:

[(Hz‘;m 4 ) T M/ 1)

(55) > eS™(My ) =Tes

n=1

l-w—L/w+L

o0

X (Z (%)w% —~ 1) (w— L/w)dw] .
k=1

where resg is the residue of the differential form at the origin. This is an easy consequence
of the Weyl integration formula for SU(2), in the form

() (L) ] s

To obtain a formula for the non-equivariant Serre polynomials, we replace p,, n > 1,
by 0, and expand in p;, which gives

E(Ml,n 1) _ L—w—L/w > Sotao+1
(56) —— = resol( . ) (;(-—L;;T)w?k - 1) (w- L/w)dw].

From (5.6), we can calculate the Euler characteristic x (M) ) directly. The following
proof was shown to the author by D. Zagier.

Proposition (5.7). Ifn > 5, x(Mi,) = (—1)*(n — 1)!1/12.
Proof. If in (5.6), we replace L = 1 and Siy9 by 2dim(Sy.0), we see that

X(Ml‘"“)—res l—w—w! (1-—w2—2w4—w6+w5)g
n! -0 n 1+ w?)(1 - wb) w |

The poles of this differential form are all simple, and are located at w = 0 and w = 00,
and at values of w such that w +w™! is an integer in the interval [—2,2] (the latter poles
are on the unit circle). Since it is invariant under w — w™!, its residues at 0 and co arc
equal. By the residue theorem, it follows that

| —w—w! w2 — 9t — Wb 8Y duw
S T et £
" z€{k1,t4,4p,4p2} " w i w

where p is a primitive sixth root of unity.
The residues of this differential form on the unit circle arc as follows:

1/6, |z+z7' =2,

(58) s |

1—w? - 2w - +u®)]
(1 + w?)(1 — wb) =93y-1/3, lz+z27Y =1,
-1/2, jz+z7 Y =0.

At each of these poles except w = 1, the binomial coefficient (l_“’;“’ﬁl) vanishes for n > 4.
This leaves the residue at 1, which equals (—1)"*1/12. O

We close the paper with a calculation of the Serre polynoials of the spaces My /S,
If we substitute =™ for p, in (5.5), we obtain the generating function for the S,-invariant
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parts of the local systems eS»(M) ,/M, ;). By Corollary (5.7) of [10], we have

cQ
oo T] (1 + ™) Sam sn/0-wf sty _ g
Z HO (Sn: eS"(Ml,n/Ml,l))mn _ n=l

n=t

l—w—-L/w+L

_ 1 {(1 —wz)(1 - Le/w)(1 — 22)(1 — Lz?) 1}
Tl-w-Lw+L (1 -2)(1 - L)1 - wz2)(1 — Lz?/w)

- 1-Lz? 1
B l1-Llz / 1 —(w+L/w)z? + Lz?
k=0
Applying the functor HJ(M,, —), we obtain the following result.

Proposition (5.9).

s n 1~ Ll‘a ad 4k
D oMy /Sy =x 1z Y e(Mi, Ha)z

k=0

n:]

Applying the augmentation ¢ : Ko(MHM) — Z, we obtain the following corollary:

o0 e ]

ZX(Ml,n/Sn)ib‘" = (z + 2%+ z%) Z x (M1, Ho)a™

n=1 n=0

(1 =zt~ 228 — 212 4 £16)

= (z 4+ 2 + x°) =0 =25

The corresponding formulas in genus 0 are e(Mg /8,) = L™ and x(Mo,/Sn) = 1, for
alln > 3.
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