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Abstract

We define 2-crossed module bundle 2-gerbes related to general Lie 2-crossed modules and discuss
their properties. If (L — M — N) is a Lie 2-crossed module and Y — X is a surjective
submersion then an (L — M — N)-bundle 2-gerbe over X is defined in terms of a so called
(L — M — N)-bundle gerbe over the fibre product Y2 = ¥ x x Y, which is an (L — M)-bundle
gerbe over Y2 equipped with a trivialization under the change of its structure crossed module
from L — M to 1 — N, and which is subject to further conditions on higher fibre products Y3,
Y and Yl String structures can be described and classified using 2-crossed module bundle
2-gerbes.



INTRODUCTION

The modest purpose of this paper is to introduce nonabelian bundle 2-gerbes related to 2-
crossed modules [20], simultaneously generalizing abelian bundle 2-gerbes [49], [50], [19] and
crossed-module bundle gerbes [1], [30]. The idea is to describe objects in differential geom-
etry, which would, in the terminology of [10], correspond to the Cech cohomology classes in
HYX,L — M — N), i.e., the first Cech cohomology classes on a manifold X with values in a
Lie 2-crossed module L — M — N. What we want is a theory, which in the case of the 2-crossed
module U(1) — 1 — 1 reproduces the theory of abelian bundle 2-gerbes and in the case of a
2-crossed module 1 — M — N reproduces the theory of crossed module bundle gerbes related to
the crossed module M — N ((M — N)-bundle gerbes). The latter requirement can slightly be

generalized as follows. Let us assume given a crossed module L 2 M. 1f we put A :=kerd and

Q@ := cokerd then we have a 4-term exact sequence of Lie groups 0 — A — L LAY Vg Q—1
with abelian A. Let us assume that A = U(1) is in the centre of L and that the restriction to
U(1) of the action of M on L is trivial. Then we want that an (U(1) — L — M)-bundle 2-gerbe
is the same thing as an (L — M) bundle gerbe twisted with an abelian bundle 2-gerbe [2].

The paper is organized as follows. In section 2, we briefly recall the relevant notions of a
Lie crossed module and Lie 2-crossed module. In section 3, relevant results on crossed module
bundles and on crossed module bundle gerbes are collected. Let us mention that crossed module
bundles are special kinds of bitorsors [27], [26], [7], [10] and that crossed module bundle gerbes
can be seen as a special case of gerbes with constant bands (this follows, e.g., from discussion in
section 4.2. of [10] commenting on the abelian bundle gerbes of [39], the cocycle bitorsors of [52],
[53], and the bouquets of [24]). In section 4, 2-crossed module bundle gerbes are introduced as
crossed module bundle bundles with an additional structure. 2-crossed module bundle gerbes
are to 2-crossed module bundle 2-gerbes the same as crossed module bundles are to crossed
module bundle gerbes. Finally, in section 5, 2-crossed module bundle 2-gerbes are introduced
and their properties discussed, including their local description in terms of 3-cocycles similar to
those of [23] and [9], [10]. The example of a lifting bundle 2-gerbe is described in some detail.
Also, we discuss the relevance of 2-crossed module bundle 2-gerbes to string structures and their
classification (see proposition 4.12 and remark 4.14). For the relevance of gerbes and abelian
2-gerbes to the string group and string structures see, e.g., [5], [17], [16], [30], [41], [48] and [54].
For discussions of abelian 2-gerbes in relation to quantum field theory and string theory see,
e.g., [37], [18], [19], [2].

Let us mention that in [9] and [10] much more general 2-gerbes were introduced in the
language of 2-stacks. These are generalizations of gerbes (defined as locally nonempty and
locally connected stacks in groupoids [26], [38], [10], [7]) and seem to be related rather to
crossed squares than to 2-crossed modules. We hope to return to a discussion concerning a
possible relation of our bundle 2-gerbes and the 2-gerbes of [9] and [10] in the future. Also,
we hope to discuss the relevant notion of a 2-bouquet elsewhere. Our task here is to describe
nonabelian bundle 2-gerbes using a language very close to that of the classical reference books
[34], [29]. This will allow us introduce connection, curvature, curving etc. in the forthcoming
paper [32] using the language of differential geometry. For some further related work see, e.g.,
[45], [46], [47], [44], [25].

In this paper we work in the category of differentiable manifolds. In particular, all groups
(with exception of the string group) are assumed to be Lie groups and all maps are assumed
to be smooth maps. It would be possible to work with (for instance, paracompact Hausdorff)
topological spaces, topological groups and continuous maps too. For this we would have to use
a proper replacement of the notion of the surjective submersion 7 : ¥ — X in the definitions
of crossed module bundle gerbes, 2-crossed module bundle gerbes and 2-crossed module bundle
2-gerbes. For instance, instead of surjective submersions we could consider surjective maps
7 :Y — X with the property that for each point y € Y there is a neighborhood O of 7(y) with
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a section o : O — Y, such that s(7(y)) = y. Such map may be called a surjective topological
submersion.

The present paper is based on my notes [31]. It is a pleasure to thank MPIM for the oppor-
tunity to turn these into the present paper.

Further, it is a pleasure to thank Paolo Aschieri, Igor Bakovi¢, Joao Faria Martins, Roger
Picken, David Roberts, Urs Schreiber, Danny Stevenson and Konrad Waldorf for discussions
and comments. Also, I am grateful to the referee for his insightful comments and suggestions.

1. CROSSED MODULES, 2-CROSSED MODULES

Let us recall the notion of a crossed module of Lie groups (see, e.g., [11],[15],[43]).

1.1. Definition. Let L and M be two Lie groups. We say that L is a crossed M-module if
there is a Lie group morphism 0y : L — M and a smooth action of M on L (m,1) — ™I such
that

RO = 1117 (Peiffer condition)
for I,I' € L, and
o1 (™) = mdr()m~!
for l € L,m € M hold true.

We will use the notation L LY or L — M for the crossed module.

Let us also recall that a crossed module is a special case of a pre-crossed module, in which the
Peiffer condition doesn’t necessarily hold. There is an obvious notion of a morphism of crossed
modules.

a/
1.2. Definition. A morphism between crossed modules L AN and I3 M s a pair of Lie
group morphisms A : L — L' and x : M — M’ such that the diagram

L -2, m

)\l l K
o
L' —— M
commutes, and for any [ € L and m € M we have the following identity

A(™) =R (D).

1.3. Remark. A crossed module of Lie groups defines naturally a strict Lie 2-group C' (see,
e.g., [6]). The Lie group of objects is Cy = {x}, the Lie group of l-arrows is C; = M and the
Lie group of 2-arrows is Co = M x L. The “vertical” multiplication is given on C5 by

(m,11)(01(l1)m, l2) = (m,l112)
and the “horizontal” multiplication is given by
(m1,11)(ma,l2) = (mima, 1 ™12)

See, e.g., [12] and [14] for more details on the relation between crossed modules and strict Lie
2-groups.
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1.4. Definition. The definition of a 2-crossed module of groups is due to Conduché [20]; see
also, e.g., [21], [42], [13], [43], [44]). A Lie 2-crossed module is a complex of Lie groups

LA MEN (1)
together with smooth left actions by automorphisms of N on L and M (and on N by con-
jugation), and the Peiffer lifting, which is an equivariant map {, } : M x M — L | ie.,
"{my,ma} = {"my, "ma} such that:

i) (1) is a complex of N-modules, i.e., 91 and 0; are N-equivariant and 0102(1) =1 for [ € L,
ii) mlmzml_l = 81{m1,m2}82(m1)m2 =: (mq1,ma), for my, mg € M,
iii) (11, lo] := Lol Myt = {011y, O1la}, for 1y, 1 € L,
iv) {mima, m3} = {m1, mamamy 1} %2071 {my ms}, for my, ma, m3 € M,
v) {my,mamz} = mlm?mfl{ml,mg}{ml,mg}, for my,ma, m3 € M,
vi) {01(1), m}{m, 01 (1)} = 192" (1~1), for m € M,l € L, and
wherein the notation "m and ™[ for left actions of the element n € N on elements m € M and

I € L has been used. Also, let us note that ™I := 1{0;(I)~*,m} defines a left action of M on L
by automorphisms. This is a consequence of the other axioms and is proved in [20], [13], where

it is also shown that, equipped with this action, L %% M defines a crossed module.

1.5. Example. Any crossed module (L S M ) determines a 2-crossed module A := ker(d) —
L — M with an abelian A.

1.6. Remark. In addition to the crossed module L LNV , there is another crossed module that

can be associated with the 2-crossed module L 25 M % N. By definition, we see that M % N
is a (special) pre-crossed module in which the Peiffer condition is satisfied only up to the Peiffer

8/
lifting. Hence, M/0;(L) - N, with the induced Lie group homomorphism 95 and with the
induced action of N on M/0;(L), is a crossed module.
There is an obvious notion of a morphism of 2-crossed modules.

- al 8/
1.7. Definition. A morphism between 2-crossed modules L 4 M & Nand L' 3 M' 3 N'is
a triple of Lie group morphisms L — L', M — M’ and N — N’ making up, together with the
maps 01, 97, O2 and 9 a commutative diagram

L -9, 2. N

N ®)

Ll 81 M/ 85 Nl
and being compatible with the actions of N on M and L and of N’ on M’ and L', respectively
and with the respective Peiffer liftings.

1.8. Remark. A 2-crossed module of Lie groups defines naturally a Gray (Lie) 3-groupoid with
a single object. For the construction and for more details on the relation between 2-crossed
modules and Gray 3-groupoids see [33], [13], [42], [25]. There are two “vertical” multiplications
and one “horizontal” multiplication on triples (3-cells) (n,m,l) € N x M x L. The vertical
multiplications are determined by the crossed module L. — M. The two vertical multiplications
are given by
(TL, m, ll)(na 0 (ll)ma l2) = (n7 m, lll?)

and

(n,ma, 11)(O2(ma)n, ma, l2) = (n,myma, 1y ™13)
and the horizontal multiplication is given by

(n1,m1,l1)(n2, me,l2) = (ning, mi "tma, lH " (™1y))



2. CROSSED MODULE BUNDLE GERBES

Let X be a (smooth) manifold. Crossed module bundle gerbes have been introduced, for
instance, in [30], [1]. These can be seen as generalizations of abelian bundle gerbes [39], [40].

If (L LNV ) is a crossed module of Lie groups, X a manifold and P — X a left principal L-
bundle, we can change the structure group of P from L to M, in order to obtain a left principal
M-bundle P' = M xp, P defined as follows. Points p’ € P’ correspond to equivalence classes
[m,p] € M x5, P with the equivalence relation on M x P given by (m,p) ~ (mdi(l),1"1p).
Obviously, the principal left M-action is given by M x P’ — P', m' x [m,p] — [m'm,p].

2.1. Definition. Let (L N Vs ) be a crossed module of Lie groups and X a manifold. Let
P — X be a left principal L-bundle, such that the principal M-bundle M x5, P is trivial with

a trivialization defined by a section (i.e. a left L-equivariant smooth map) m : P — M. We
call the pair (P,m) an (L — M)-bundle.

2.2. Remark. If we think about the crossed module L — M as a groupoid with the Lie group
of objects M and the Lie group of arrows M x L then a crossed module bundle is the same
thing as a principal groupoid bundle.

2.3. Definition. Two (L — M)-bundles (P,m) and (P’,m’) over X are isomorphic if they
are isomorphic as left L-bundles by an isomorphism £ : P — P’ such that m'¢ = m. An
(L — M)-bundle is trivial if it is isomorphic to the trivial (L — M)-bundle (X x L, d;pry).

2.4. Example. Notice that a general (L — M)-bundle is not necessarily locally trivial, al-
though it is locally trivial as a left principal L-bundle. For instance, for a function m : X — M
such that Im(m) is not a subset of Im(0;) the (L — M)-bundle (X x L, 01pry.mpry) is locally
non-trivial. We will refer to such an (L — M)-bundle as an (L — M)-bundle defined by the
M-valued function m. Two such (L — M )-bundles are isomorphic iff their respective sections m
and m' are related by an L-valued function [ on X by m' = 9;()m. Obviously, compositions of
isomorphisms corresponds to multiplication of the respective L-valued function defining them.

2.5. Example. A (1 — G)-bundle is the same thing as a G-valued function.

2.6. Example. A pair (7,1), where T is a trivial left principal L-bundle and 1 : T — L its
trivializing section, defines an (L — M)-bundle with the section m = 011: T — M. (T.1) is a
trivial (L — M)-bundle.

2.7. Example. Let L be a normal subgroup of M. The adjoint action of M restricted to L
defines a crossed module structure on L — M with ker 01 = 1. Let L be also a closed subgroup
of M and assume M to be finite dimensional. We put G := L/M, so that we have an exact

sequence of Lie groups 1 — L — M T G — 1. It follows that M — G is a left principal
L-bundle over G [34] (hence, admitting smooth local sections).! Moreover, (M — G,m) with
m = idys is an (L — M)-bundle.

2.8. Pullback. Obviously, a pullback of an (L — M)-bundle is again an (L — M )-bundle.
Pullbacks preserve isomorphisms of crossed module bundles, in particular a pullback of a trivial
(L — M)-bundle is again a trivial (L — M )-bundle.

2.9. Change of the structure crossed module. If (L — M) — (L' — M’) is a morphism
of crossed modules, there is an obvious way to construct, starting from an (L — M)-bundle
(P,m), an (L' — M')-bundle (L' x\ P,km) where \ : L — L' and x : M — M’ define the
morphism of the two crossed modules. Obviously, the change of the structure crossed module
preserves isomorphisms of crossed module bundles.

More generally, to assure the existence of smooth local sections of 7 in a short exact sequence of topological
groups 1 — L — M 5 G — 1, we would have to ask the projection 7 to be a Hurewicz fibration.
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2.10. 1-cocycles. Consider an (L — M)-bundle (P,m) and a trivializing covering [[0; = X
of the left principal L-bundle P. Let o; : P|O; — L be the trivializing sections of L and
li; = al-_laj :0; N Oj — L be the corresponding transition functions. We put m; = O1(o;) " tm,
which obviously gives an L-valued function on O;. We have 0;(l;;) = mimj_1 Hence the
(L — M)-bundle (P, m) can be described by a 1-cocycle given by transition functions (m;, l;;),
m; : Oy — M, l;j : Oy = O; N O — L satisfying on nonempty O;;

1

81 (l@]) = mlm;

and on nonempty O;;r, = O; N O; N Oy,
lLijlik = lig
Transition functions (m;,{;;) and (mé,lgj) corresponding to two isomorphic (L — M)-bundles
are related by
m; = 81 (lz)mz
and
L = lilgl;!

We say that two 1-cocycles (m;, l;;) and (m}, I} j), related as above, are equivalent. We will denote
by H°(X,L — M) the set of corresponding equivalence classes. A trivial (L — M)-bundle is
described by transition functions (9;(l;), lilj_l).

On the other hand, given transition functions (m;,l;;) we can reconstruct an (L — M)-
bundle. We define a left principal L-bundle P with the total space formed by equivalence
classes of triples [z,l,i] with € O;, [ € L under the equivalence relation (x,1,i) ~ (2/,1’, j) iff
z = 2’ and I = ll;;. The principal left L-action is given by l'[x,l,i] = [z,{'l,i]. Now we put
m([z,1,i]) = 01(I)m;(z). (P,m) is an (L — M)-bundle.

With the two above constructions it is not difficult to prove that the isomorphism classes of
(L — M)-bundles are 1-1 with elements of H*(X,L — M).

2.11. Lifting crossed module bundle. Let L and M be as above in (2.7). Consider a G-
valued function g : X — G. The pullback ¢*(M,id) of the (L — M)-bundle 7 : M — G is an
(L — M)-bundle on X (the lifting crossed module bundle). It is the obstruction to a lifting
of the G-valued function G to some M-valued function. To go in the opposite direction, we
note that we have an obvious morphism of crossed modules (L — M) — (1 — G). Under
the change of the structure crossed module of an (L — M)-bundle (P, m) to (1 — G), the
section m becomes an L-invariant G- valued function wm on P. Hence, it is identified with an
G-valued function g on X. Two isomorphic (L — M)-bundles give the same function. The two
constructions are inverse to each other up to an isomorphism of (L — M )-bundles.

It is now easy to give a local description of lifting crossed module bundles. Let {O;}; be an
open covering on X. Let P be an (L — M)-bundle described by transition function (I;;,m;).
Since w0y = 1, we have 7(m;) = m(m;). Hence, the collection of local functions {m(m;)}; defines
a G-valued function on X. To go in the opposite direction, let g be a G-valued function on X.
Let {O;}; be a trivializing covering of the pullback principal bundle ¢*(M). The function g can
be now described by a collection of local functions g; : O; — G such that g; = g; on O;;. Hence,
we have local functions m; : O; — M the local sections of ¢*(M ) such that m(m;) = g;, which are
related on double intersections O;; by m; = 01(l;j)m; with L-valued functions [;; : O;; — L, the
transition functions of the principal L-bundle g* (M), fulfilling the 1-cocycle condition Il = ik
on Oz]k

Concerning crossed module bundles, we have the following lemma and proposition (see [1]).
Lemma 2.1. The (L — M)-bundle (P,m) is also a right principal L-bundle with the right

action of L given by p.l = m(p)(l).p forpe P,l € L. The left and right actions commute. The
section my is L-biequivariant.
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Proposition 2.1. Let P = (P,m) and P = (P,m) are two (L — M)-bundles over X. Let us
define an equivalence relation on the Whitney sum P& P = P xx P by (pl,p) ~ (p,1p), for
(p,p) € POP andl € L. Then PP := (PP := (P®P)/ ~, mm) with mm([p, p]) := m(p)m(p)
is an (L — M)-bundle.

2.12. Remark. Obviously, if P = O and P Q then also PP = QQ. The set of isomorphism
classes of (L — M)-bundles equipped with the above defined product is a group. The unit is
given by the class of the trivial bundle (X x L,0;pry). The inverse is given by the class of
(L — M)-bundle (P~ m™!) with P~! having the same total space as P, the left L-action on
P~! being the inverse of the right L-action on P and the trivializing section m~! being the
composition of the inverse in M with the trivializing section m. Let us note that in the case
of an exact sequence 1 — L — M — N — 1 as above (2.7) this group structure is compatible
with the group structure of G = M/ L-valued functions with point-wise multiplication.

2.13. Example. If P = (P = X x L,01pr;.mpry) and P’ = (P’ = X x L,01pr;.m'pry) are
(L — M)-bundles defined by two respective M-valued functions m and m’ on X (2.4) then the
product PP’ is explicitly described again as an (L — M)-bundle defined by the function mm/
by identifying [(x,1), (z,l")] € PP" with (x,l™l') € X x L.

2.14. Product on 1-cocycles. Transition functions (1m;,l;;) of the product of two (L — M)-

bundles described by transition functions (m;,l;;) and (m;,1;;) are given by
m; = m;m;

and

lij = lij ™l

Transition functions of the inverse crossed module bundle are (" 1l;j1 =" 1l;j1, m; ).

2.15. 1-cocycles as functors. The crossed module (L — M) defines naturally a topological
category (groupoid) C with the set of objects Cy = L and the set of arrows C; = M x L. Let
us consider the topological category O (groupoid) defined by the good covering {O;} of X with
objects z; := (z,i|x € O;) and exactly one arrow from x; to y; iff + = y. Then a 1-cocycle is the
same thing as a continuous functor from O to C. Further, if 2B is a strict topological 2-category,
then the category of 2-arrows with the vertical composition is naturally a topological category
B. The horizontal composition in 25 defines a continuous functor from the cartesian product
B x B to B. Thus, in case B = C it defines naturally a multiplication on functors O — C (i.e.,
on transition functions), which is the same as the one defined above (2.1).

2.16. Crossed module bundle gerbes. Let Y be a manifold. Consider a surjective sub-

mersion 7 : Y — X, which in particular admits local sections. Let {O;} be the corre-
sponding covering of X with local sections o; : O; — Y, i.e., mo; = id. We also consider
Y =V xx Y xx Y... xx Y, the n-fold fibre product of Y, ie., Y™ := {(y1,...yn) €
Y™ | w(y1) = w(y2) = ...7(yn)}. Given an (L — M)-bundle P = (P,m) over Y we de-

note by P12 = pis(P) the crossed module bundle on Y Bl obtained as a pullback of P under
pro: VBl - yE (p12 is the identity on its first two arguments); similarly for P13 and Pa3. Con-
sider a quadruple (P,Y, X, £), where P = (P, m) is a crossed module bundle, Y — X a surjective
submersion and £ an isomorphism of crossed module bundles £ : P12Po3 — P13. We now con-
sider bundles P12, Pos, P13, Pa4, P34, P14 on Y4 relative to the projections pio : vl - vl
etc. and also the crossed module isomorphisms £193, £124, £123, €234 induced by projections
P123 : Yy - yBl ete.
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2.17. Definition. The quadruple (P,Y, X, £), where Y — X is a surjective submersion, P is
a crossed module bundle over Y[z}, and £ : P1oP23 — P13 an isomorphism of crossed module
bundles over Y3l is called a crossed module bundle gerbe if £ satisfies the cocycle condition
(associativity) on Y4

£
P12Pa3Pss ——s PraPoy

€| | (3)

P13P34 AL P14

2.18. Abelian bundle gerbes. Abelian bundle gerbes as introduced in [39], [40] are (U(1) —
1)-bundle gerbes. More generally, if A — 1 is a crossed module then A is necessarily an abelian
group and an abelian bundle gerbe can be identified as an (A — 1)-bundle gerbe.

2.19. Example. A (1 — G)-bundle gerbe is the same thing as a G-valued function g on Y2
(2.5) satisfying on Y3 the cocycle relation g12g23 = go3 and hence, a principal G-bundle on X
(more precisely a descent datum of a principal G-bundle).

2.20. Pullback. If f : X — X' is a map then we can pullback ¥ — X to f*(Y) — X' with
amap f: f*(Y) — Y covering f. There are induced maps f () — vl Then the
pullback f*(P,Y, X, £) := (fE*P, f*(Y), f(X), fBI*0) is again an (L — M)-bundle gerbe.

2.21. Definition. Two crossed module bundle gerbes (P,Y, X, £) and (P',Y’, X, £) are stably
isomorphic if there exists a crossed module bundle Q@ — Y =Y xx Y’ such that over Y2 the
crossed module bundles ¢*P and Q;¢*P' Q5 1 are isomorphic. The corresponding isomorphism
l: TP — Q14 P’ Qy L should satisfy on y' 3] (with an obvious abuse of notation) the condition

0130 = €030, (4)

Here ¢ and ¢’ are projections onto the first and second factor of Y =Y xx Y’ and Q; and
Q, are the pullbacks of @ — Y to Y2 under the respective projections from Y2 to Y ete.

A crossed module bundle gerbe (P,Y, X, £) is called trivial if it is stably isomorphic to the
trivial crossed module bundle gerbe (Y x L,d,pr;),Y, X,1). Pullbacks preserve stable iso-
morphisms, in particular a pullback of a trivial crossed module bundle gerbe is again a trivial
crossed module bundle gerbe. If Y = X then the crossed module bundle gerbe is trivial.

2.22. Definition. Let (P,Y, X,£) and (P, Y, X ,2') be two crossed module bundle gerbes and
(Q,£g) and (R,£r) two stable isomorphisms between them. We call (Q,£g) and (R,£r)
isomorphic if there is an isomorphism £ : @ — R of crossed module bundleson Y =Y x x Y’
such that (with an obvious abuse of notation) the diagram
0 *

P — Qi¢"P'Q;!

| | et (5)

q*P ER qu/*p/RQ_I

is commutative.
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2.23. Remark. Let 7’ : Y/ — X be an another surjective submersion and f : Y/ — Y a
map such that 7’ = nf. Then the crossed module bundle gerbes Gy = (f*P,Y", X, f 3}¢) and
G = (P,Y, X, £) are stably isomorphic. This can be easily seen by noticing first that G is stably
isomorphic to itself and then using the obvious fact that pullbacks of crossed module bundles
commute with their products [1]. It follows that locally each crossed module bundle gerbe G is
trivial. For this, take a point x € X and its neighborhood O C X such that there exists a local
section 0 : O — Y of w. Over O we have the bundle gerbe Gp, the restriction of G to O. Now
we can put Y/ := O and 7’ := idp and we have 7o = «’. It follows that G, is stably isomorphic
to Go. However G, is trivial, because of Y/ = O.

2.24. Change of the structure crossed module. If (L — M) — (L' — M’) is a morphism of
crossed modules, there is an obvious way to construct starting from an (L — M)-bundle gerbe
an (L' — M’)-bundle gerbe by changing the structure crossed module of the corresponding
(L — M)-bundle over Y. Obviously, the change of the structure crossed module preserves
stable isomorphisms of crossed module bundle gerbes.

2.25. 2-cocycles. Locally, crossed module bundle gerbes can be described in terms of 2-cocycles
as follows. First, let us note that the trivializing cover {O;} of the map 7w : Y — X defines a
new surjective submersion 7’ : Y’ = [[O; — X. The local sections of Y — X define a map
f Y’ =Y which is compatible with the maps 7 and 7, i.e., such that 7 f = 7/. We know that
the crossed module bundle gerbes Gy and G are stably isomorphic. Hence, we can again assume
Y = J] O;. For simplicity, we assume that the covering {O;} is a good one. Then the crossed
module bundle gerbe can be described by a 2-cocycle (m;j, l;ji) where the maps m;; : Oj; — M
and l;;i : Oyjx — L fulfill the following conditions

MMk = al(lijk)mik on Oijk
and
Lijklit = "mlic on Ok
Two crossed module bundle gerbes are stably isomorphic if their respective 2-cocycles (m;;, l;ji)
and (mj;,l;;;) are related (equivalent) by

!
m;

j = miﬁl(lij)mijm;1 (6)

and
Fke = g M e T (7)
with my . Oz — M and lij : Oij — L
We will denote by H'(X,L — M) the set of the corresponding equivalence classes of 2-
cocycles.
A trivial crossed module bundle gerbe is described by transition functions

mij = mzﬁl(lw)m;1
and
Lijie = "0 ™ e ™ !

Two collections of stable isomorphism data (m;,l;;) and (m;,[j;) are isomorphic if

m; = 01 (lz)ml

lij = lilij mijl;1
Now we briefly describe how an (L — M)-bundle gerbe can be reconstructed from transition
functions (myj,liji). Put Y =[] O;. On each nonempty O;; consider the (L — M)-bundle P
defined by the function m;; : O;; — M as in (2.4). Hence, on Y2l we have the (L — M)-bundle
given by P = ]_[Z-j Pij. Now we recall the explicit descriptions of the multiplication (2.13) and
isomorphisms (2.4) of two (L — M)-bundles defined by their respective M-valued functions.
Using the 2-cocycle relations, it is now straightforward to show that the collection of functions
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l;ji defines an isomorphism of P12P23 and P13 on y Bl satisfying the associativity condition on
Y (compare, e.g., to Theorem 3.1 in [38]).

Further, two crossed module bundle gerbes corresponding to two equivalent 2-cocycles are
stably isomorphic. To show it let us denote, similarly as above, by P and P’ the two (L — M)-
bundles over Y@ defined by the two respective collections of local functions m;; and m;j. Note
that according to (2.4), the local M-valued functions m; in (6) define an (L — M )-bundle Q
over Y = [[O; and that the local L-valued functions ™il;; define on Y2 an isomorphism £ of
the (L — M) bundles P" and Q;PQ; . Finally, the relation (7) tells us that the isomorphism £
fulfils the requested compatibility condition (4) (cf. the last statement in Example 2.4 concerning
the composition of isomorphisms).

Hence, the above discussion of 2-cocycles proves the following proposition.

Proposition 2.2. Stable isomorphism classes of (L — M)-bundle gerbes are in a bijective
correspondence with elements of H*(X,L — M).

2.26. Remark. Actually, when considering isomorphisms of stable isomorphisms, we have the
respective 2-categories of (L — M )-bundle gerbes and transition functions. The correspondence
between (L — M )-bundle gerbes and the transition functions can be formulated in the frame-
work of 2-categories similarly to [9], but we will not do this here. Further, if we consider the
topological category O defined by the good covering {O;} of X. Then a 2-valued cocycle can
be seen as a continuous normal pseudo-functor from O to the bicategory defined by the crossed
module L — M.

2.27. Lifting crossed module bundle gerbe. Let L — M be a crossed module associated
with a normal subgroup L of M (cf. Example 2.7). We have a Lie group extension

1L E a1

and also the (L — M)-bundle M 5 G.
The following statement has appeared in the literature before. In [5] (cf. Lemma 2) a version
of it is attributed to Larry Breen.

Proposition 2.3. Let L — M 5 G be an Lie group extension. Let us also assume that
the conditions for M being a principal L-bundle over G are satisfied.> Then the isomorphism
classes of G-principal bundles are in bijective correspondence with stable isomorphism classes
of (L — M)-bundle gerbes.

Proof. Let E — X be a (locally trivial) left principal G-bundle over X. As a principal
G-bundle E defines a (division) map g : E¥l — G which gives for two elements in a fibre of
E the group element relating them. The pullback P = ¢*(M,idys) of the (L — M)-bundle
M — G gives an (L — M)-bundle on E®; P is by definition the lifting (L — M)-bundle
corresponding to the division map g (2.11). It follows that the crossed module bundles P12Po3
and Pp3 are isomorphic on EBl. This follows from the above mentioned fact that, in case of
Lie groups L, M and G as above, isomorphism classes of (L — M)-bundles are one to one to
G-valued functions and that this correspondence respects the respective multiplications (2.11).
Such an isomorphism £ fulfills the requested associativity condition because of ker(d;) = 1.
Hence, we have a crossed module bundle gerbe G, which can be seen as an obstruction to a
lifting of the principal G bundle E to some principal M-bundle. Also, it is easily seen that
lifting two isomorphic G-bundle leads to stably isomorphic (L — M) bundle gerbes. On the
other hand, if we have a crossed module L — M with a trivial kernel of 97 and hence fitting the
exact sequence with G = cokerd; we can change the structure crossed module from L — M to
1 — G in a crossed module bundle gerbe in order to get a principal G-bundle on X. These two

2cf. Example 2.4
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constructions are inverse to each other on sets of stable isomorphism classes of (L — M )-bundle
gerbes (with (L — M) as above) and isomorphism classes of principal G-bundles.

2.28. Remark. It is also easy to give a local description of lifting crossed module bundle gerbes.
Let again {O;}; be a good covering of X. Let us consider an (L — M)-bundle gerbe described
by transition functions (m;j;,l;jx). Then @(m4;)m(m;,) = T(m4y). Hence, we have a principal
G-bundle with transition functions g;; = m(m;;). To go in the opposite direction, let g;; be the
transition functions of a principal G-bundle. Since the double intersections O;; are contractible
we can choose lifts m;; of the transition functions g;;. On O;j;, these will be related by m;jm; i =
01(lijr)mi, with L-valued functions [;;; which, because of kerd; = 1, necessarily satisfy the
required compatibility condition on Ojji (2.16).

2.29. Remark. Note that given three principal G-bundles E, E” and E"” and isomorphisms

EL E' FE L B and E" L5 E” such that f'f = f" the corresponding lifting crossed module
bundle gerbes G,G” and G"” will be stably isomorphic, but the respective stable isomorphisms
ff and f” will be only isomorphic in general.

3. 2-CROSSED MODULE BUNDLE GERBES

Let (L — M — N) be a Lie 2-crossed module and G be an (L — M)-bundle gerbe over
X. From the definition of the 2-crossed module we see immediately that the maps L — 1 and
02 : M — N define a morphism of crossed modules p : (L NV ) — (1 — N). Thus, we have
the following trivial lemma (2.5):

Lemma 3.1. u(G) is a principal N-bundle on X. If G and G are stably isomorphic, then u(G)
and u(G') are isomorphic.

3.1. Definition. Let G be an L — M-bundle gerbe such that the principal bundle p(G) over
X is trivial with a section n : u(G) — N. We call the pair (G,n) a 2-crossed module bundle
gerbe.

3.2. Remark. The following interpretation of the trivializing section n will be useful later.
For the (L — M — N)-bundle gerbe (G,n) = ((P,m),Y, X, £),n) the trivializing section n of
the left principal N-bundle x(G) is the same thing as an N-valued function n on Y such that
d(m) =nyny .

3.3. Remark. If we think about the 2-crossed module L — M — N as a 2-groupoid with
objects in L, 1-arrows in L x M and 2-arrows in L x N x M then L — M — N-bundle gerbes
should give an example of the bigroupoid 2-torsors introduced in [3].

3.4. Pullback. If f : X — X’ then we put f*(G,n) = (f*(G), f*n); this will again be a
2-crossed module bundle gerbe.

3.5. Definition. We call two (L — M — N)-bundle gerbes (G,n) and (G',n’) over the same
manifold X stably isomorphic if there exists a stable isomorphism q := (Q,Z) G — G of
(L — M)-bundle gerbes such that n’u(q) = n holds true for the induced isomorphism of trivial
bundles p(q) : u(G) — p(G"). An (L — M — N)-bundle gerbe is trivial if it is stably isomorphic
to the trivial (L — M — N)-bundle gerbe (((Y® x L,d1pr;),Y, X, 1), pry).

Pullbacks preserve stable isomorphisms, in particular a pullback of a trivial 2-crossed module
bundle gerbe is again a trivial 2-crossed module bundle gerbe.



11

3.6. Example. Note that a general (L — M — N)-bundle gerbe is not necessarily locally
trivial, although it is locally trivial as an (L — M)-bundle gerbe. For a function n : X —
N such that Im(n) is not a subset of Im(ds) the (L — M — N)-bundle gerbe (((Y x
L,0ipry), Y, X,1),pry.npry) is locally non-trivial. We will refer to such a 2-crossed module as
the 2-crossed module bundle gerbe defined by the N-valued function n on X. Two such 2-crossed
module bundle gerbes are stably isomorphic iff their respective functions n and n’ are related
by an M-valued function m by n’ = 9(m)n. We will refer to such a stable isomorphism as
being defined by the function m. Further, two such stable isomorphisms defined by respective
functions m and m’ are isomorphic iff they are related by an L-valued function [ on X by
m’' = o (D)m.

3.7. Example. Consider an (1 — G — N)-bundle gerbe (G,n). As a (1 — G)-bundle gerbe
G gives a principal G-bundle P (more precisely a G-valued function g on Y12 satisfying the
1-cocycle relation on Y3 ). The trivializing section 7 then gives an N valued function n (3.2)
on Y such that dsgians = n; on Y2 and hence, a trivialization of the left principal G-bundle
P under the map G — N. Hence, a (1 — G — N)-bundle gerbe is the same thing as a
(G — N)-bundle.

Obviously, isomorphic (G — N)-bundles correspond to stably isomorphic (1 — G — N)-
bundle gerbes.

3.8. Remark. Let 7' : Y/ — X be an another surjective submersion and f : Y/ — Y a map
such that 7 = wf. Then the 2-crossed module bundle gerbes (f*G,n) and (G,n) are stably
isomorphic. This can be shown in a completely analogous way to the case of a crossed module
bundle gerbe (2.23).

3.9. Change of the structure 2-crossed module. If (L - M — N) — (L' - M' — N')
is a morphism of 2-crossed modules, there is an obvious way to construct starting from an
(L — M — N)-bundle gerbe (G,n) an (L’ — M’ — N’)-bundle gerbe (G, n’) by changing
the structure crossed module of G from L — M to L' — M’ and putting n’ = vn where v is
the morphism v : N — N’ entering the definition of the morphism of two 2-crossed modules.
Obviously, change of the structure 2-crossed module preserves stable isomorphisms of 2-crossed
module bundle gerbes.

3.10. Definition. Let ((P,Y,X,£),n) and ((P',Y’, X,€'),n’) be two 2-crossed module bundle
gerbes and (Q,£g) and (R,£z) two stable isomorphisms between them; see (2.21). We call
(Q,€0) and (R, £r) isomorphic if there is an isomorphism £ : Q — R of crossed module bundles
onY =Y xx Y’ such that (with an obvious abuse of notation) the diagram

, oy
P — Q1P O;*
idl l £,0;" (8)

) _
q*P R qu,*P/R2 1
is commutative. Obviously, pullbacks preserve isomorphisms of stable isomorphisms.

3.11. 2-cocycles. Let w: Y — X be the surjective submersion, which was implicitly contained
in the above definition of a 2-crossed module bundle gerbe. Since also for 2-crossed module
bundle gerbes it holds true that 2-crossed module bundle gerbes (f*G,n) and (G, n) are stably
isomorphic if the respective maps m and 7’ are related by a compatible map, we can again
assume Y = [] O;. For simplicity, we assume that the covering {O;} is a good one, in which
case the (L — M — N)-bundle gerbe is characterized by transition functions (n;,m;,lijk),
n;: O — N, mj; : Oj; — M | l;j1, : O, — L fulfilling 2-cocycle relations

n; = Oa(mij)n;
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migmjk = O1(lijr)mik
Lijklitt = "l
on O;j, Oy, and Ok, respectively.

In terms of 2-cocycles the stable isomorphism (I, mij, ni) ~ (Ij;,, mi;, n;) is expressed by

ijk
relations
m;j == mial (lu)m”mj_l (10)
U = i M il (11)

Two (L — M — N) valued 2-cocycles related as above will be called equivalent. The
corresponding set of equivalence classes will be denoted by HY(X,L — M — N).
A trivial 2-crossed module bundle gerbe is described by transition functions

n; = 82(7711)
mij = mi(?l(lij)mj_l

and

-1 -1
M Lk = lijliely,

Locally, two collections of stable isomorphism data (m;,l;;) and (m/, lgj) are isomorphic if

m; = 01 (lz)ml
=ty ol

An (L — M — N)-bundle gerbe can be reconstructed from transition functions (n;, mij, lijk)
in complete analogy with the case of an (L — M)-bundle gerbe. Starting from (10) and (11)
we can reconstruct an (L — M)-bundle gerbe G as in (2.25). Further, the collection of N-
valued local functions n; appearing in (9) defines a trivial principal N-bundle N' on X with
transition functions nmj_l The relation (9) then guaranties that the principal N-bundle u(G)
is isomorphic to /. Hence, G is an (L — M — N) bundle.

Further, two 2-crossed module bundle gerbes corresponding to two equivalent 2-cocycles are
stably isomorphic. Starting from two equivalent 2-cocycles (9-11) we will construct as above
the two respective (L — M — N)-bundle gerbes G and G'. It follows from (2.25) that G and G’
will be stably isomorphic as (L — M )-bundle gerbes and because of the relation (9) they will
be also stably isomorphic as (L — M — N)-bundle gerbes.

Hence, the above discussion of 2-cocycles proves the following proposition.

Proposition 3.1. Stable isomorphism classes of (L — M — N)-bundle gerbes are in a bijective
correspondence with the set HY(X,L — M — N).

Similarly to the case of crossed module bundles (2.25), we can consider a 2-category of
(L - M — N)-bundle gerbes, with l-arrows being stable isomorphisms and 2-arrows being
isomorphism of stable automorphisms and similarly a 2-category of 2-cocycles, but we will not
use these.

3.12. Lifting 2-crossed module bundle gerbe. Consider a Lie 2-crossed module L — M —
N such that ker(0;) = 1 and ker(d2) = Im(0;). Put G := M/L and @ := N/G. Assume that
the conditions are satisfied for having extensions of Lie groups

1-LAMENTRQ 1 (12)
12T a1 (13)

and
o} -
1-G3N3Q—1 (14)
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such that M ™ G is an (L — M)-bundle and N ™ Q is an (G — N)-bundle (cf. Example 2.7).
Also, we have an exact sequence of pre-crossed modules

1 L -9, ™, g 1
| | B |
1 1 N N 1

where G is a normal subgroup of N and also a morphism of 2-crossed modules

o1 o))

L M N

l TI'IJ/ idl
8/

1 G i, N

Considering the above extension of Lie groups, we have proved the following proposition.

Proposition 3.2. Consider an exact sequence (12) of Lie groups such that the the exact se-
quences (13) and (14) define an (L — M)-bundle and an (G — N)-bundle, respectively.> Then
the stable isomorphism classes of (L — M — N)-bundle gerbes are in bijective correspondence
with the isomorphism classes of (G — N )-bundles.

Proof. Let us first note that given a (G — N)-bundle P = (P,n) on X, the left principal
G-bundle P can be lifted to an (L — M )-bundle gerbe G (2.27), which will be actually an
(L — M — N)-bundle gerbe. This is because of the identity d4m = 02 the trivialization n of
P under 9, naturally defines a trivialization of the principal N-bundle p(G) by putting n:=n
(cf. (3.2). Due to the identification n := n, two isomorphic (G — N)-bundles will lead to
two stably isomorphic (L — M — N)-bundle gerbes. On the other hand, starting with an
(L — M — N)-bundle gerbe (G,n) with the 2-crossed module as above, we can change its
structure 2-crossed module to 1 — G — N in order to obtain a principal (G — N)-bundle P.
The N-valued function n on Y defined by the trivialization n of u(G) will give a trivialization
of 94(P), cf. (3.7). From this it is again easy to see that stably isomorphic (L — M — N)-
bundle gerbes will lead to isomorphic (G — N)-bundles. Lifting an principal (G — N)-bundle
to an (L — M — N)-bundle gerbe followed by the change of structure 2-crossed modules
(L—- M — N)— (G — N) will give back the original (G — N)-bundle.

The local description of the above correspondence is similar to the case of crossed module
bundle gerbes (2.28).

Because of (2.7) we also have the following corollary.

Corollary 3.1. Under the hypothesis of proposition 3.2, stable isomorphism classes of (L —
M — N)-bundle 2-gerbes are in bijective correspondence with Q-valued functions.

Concerning the corresponding cocycles we have the following isomorphisms of sets.
Corollary 3.2. Under the hypothesis of proposition 3.2, we have
HY(X,L - M — N)= H(X,G — N) = H(X, Q)

3.13. Remark. Note that given three (G — N)-bundles P, P’ and P” and isomorphisms P J,

PP L P and P L5 P such that f'f = f” the corresponding lifting 2-crossed module bundle
gerbes will be stably isomorphic, but the respective stable isomorphisms ff' and f” will be
only isomorphic in general.

3cf. Example 2.4
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3.14. Remark. Similarly to lifting crossed module bundles (cf. (2.11)), also lifting 2-crossed
module bundle gerbes can be interpreted as pullbacks. Starting from exact sequences (13) and
(14) we have a lifting (L — M )-bundle gerbe over Q. due to equality 05 = 9oy this will actually
be and (L — M — N)-bundle gerbe 9 over . A representative of class of a lifting 2-crossed
module bundle gerbe over X corresponding to a @-valued function ¢ : X — @) can be obtained
as the pullback ¢*(Q).

3.15. Remark. For an (L — M — N)-bundle gerbe (G,n) = ((P,m),Y, X,£),n) we recall
from (3.2) that the trivializing section m of the left principal N-bundle p(G) defines an N-
valued function n on Y such that d2(m) = nin, ! Let us recall that on the left principal
L-bundle P there is a compatible principal right L-action. Using the N-valued function n
we can introduce a further principal right L-action on P, which will again commute with the
principal left L-action. We will use the notation (p,l) — p.nl for p € P, [ € L for this principal
right action of L and put p.ul := p™2W¥2)] where p lies in the fibre over (y1,12) € Y2 and
n, is the pullback to Y of n under the projection to the second factor of Y2, It is easy to
check that this formula indeed defines a principal right L-action commuting with the principal
left L-action on P.

Let now (G,n) = ((P,m),Y,X,£),n) and (G,n) = ((P,m),Y, X, ¥£), n) be two 2-crossed
module bundle gerbes. Let us again consider on Y2 the Whitney sum P & P and introduce an
equivalence relation on P @ P by

(p'nlvﬁ) ~n (p, lﬁ)
and define P = Pn]3 =P ]5/ ~n . We will denote an element of P.nl’5 defined by the
equivalence class of (p,p) € P& P as [p, P]n in order to distinguish it from equivalence class
[p,p] € PP defined previously in (2.1). Also, put
m=m"m
It is easy to see that P := (P,m) is an (L — M)-bundle on Y2, Let us note that also
dy(m) = nyny on Y with
n=nn
Now on Yl we do have the pullbacks P2, Pia, Pia, etc. An element of PjoPy3 is then given
by ((y1,92,Y3), [P, Plns [P, 7']n]) with (yl, y2,y3) € YB! p e P and j € P in the respective fibres
of P and P over (y1,y2) € Y2, and pePandp € P are in the respective fibres of P and P
over (y2,y3) € cyl, Finally, we define £ : PioPy3 — Pi3 as

€((y1,y2.93), [, Plos [P, B']n)) == ((y1. 920 93), [€([p: ', €[5, 5]]m)
Now it is a rather lengthy but straightforward check to establish the following proposition.

Proposition 3.3. (G,n) := ((P,m),Y, X,£),n) defines an (L — M — N)-bundle gerbe,
the product of (L — M — N)-bundle gerbes (G,n) = ((P,m),Y,X,€),n) and (G,n) =
(P.m),Y, X, £),n).

3.16. Example. If (G,n) = (P = Y& XL, d1pr;),Y, X, 1), pry.npry) and (G, 7) = ((PYZ x
L,0pr;),Y, X,),pry.npry) are two (L — M — N)-bundle gerbes defined by two respective
N-valued functions n and 7 on X (3.6) then their product is explicitly described again as an
(L — M — N)-bundle gerbe defined by the function nn by identifying [(y1,y2,1), (y1,y2,1)] €
PP with (y1,y9,1™®1) € Y& x L). Here (y1,32) € Y2 live in the fibre over z € X.

3.17. Remark. The above product defines a group structure on stable isomorphism classes of
(L — M — N)-bundle gerbes. The unit is given by the class of the trivial (L — M — N)-
bundle gerbe (((Y1 x L,81pry),Y, X,1),pry). We will give an explicit (local) formula for the
inverse later. Let us note that the relation between the stable isomorphism classes of lifting (L —
M — N)-bundle gerbes described above (3.12) and @-valued functions (and stable isomorphism
classes of (G — N)-bundle gerbes) is compatible with the respective multiplications.
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3.18. Product on 2-cocycles. The product formulas for the corresponding transition func-
tions (2-cocycles) of the product G = GG of two 2-crossed module bundles are given by
n; = n;n;
Mij = mij "1
Liji = Ligr ™ {mge ™", g} M
The inverse (n;, m;j, lijk)_l is given by

-1
(ni_l’ n;

mi_jlv ngl{mj—kl’ mz‘_jl -1 n:ll@_ﬂlg)

3.19. Remark. Let us forget, for the moment, about the ”horizontal” composition in the Gray
3-groupoid corresponding to the 2-crossed module I, — M — N. The two ”vertical” composi-
tions define a strict 2-groupoid (a strict topological 2-category), which we will denote as 2C. Let
us again consider the topological O category defined by the good covering {O;}. A 2-cocycle is
the same thing as a continuous, normal pseudo-functor from O to 2C. Now we can use the fact
that the horizontal composition in a topological Gray 3-category defines a continuous cubical
functor § : 2C x 2C — 2C from the cartesian product 2C x 2C to 2C [22]. We may use the
following property of cubical functors, which follows almost immediately from definition. If F
and G are two continuous normal pseudo-functors from O to 2C then §(F,G) is a pseudo-functor
from O to 2C. Hence, we obtain a product on 2-cocycles, which is the same as the one given
above (3.3).

4. 2-CROSSED MODULE BUNDLE 2-GERBES

Consider again a surjective submersion 7 : Y — X. Let, as before, p;; : YB — Y denote
the projection to the i-th and j-th component, and similarly for projections of higher fibred

powers Y[ of V. Let L L VS be a 2-crossed module.

4.1. Definition. A 2-crossed module bundle 2-gerbe is defined by a quintuple (&,Y, X, m,£),
where & = (G, n) is a 2-crossed module bundle gerbe over Y12,

m: G263 — G13

is a stable isomorphism on Y Bl of the product &12B93 of the pullback 2-crossed module bundle
gerbes &12 = p1,® and Bo3 = p33® and the pullback 2-crossed module bundle gerbe &3 = p738,
and

£ mi24migzy — My3amo3
is an isomorphism of the composition of pullbacks of stable isomorphisms pj,,m and p3s;,m and

the composition of pullbacks of stable isomorphisms pjy3m and pjs;,m on Y. On YD), the
isomorphism £ should satisfy the obvious coherence relation

£1345€1235 = £1234€1245€2345.

4.2. Abelian bundle 2-gerbes. Abelian bundle 2-gerbes as introduced in [49], [50], [19] are
(U(1) — 1 — 1)-bundle 2-gerbes. If A — 1 — 1 is a 2-crossed module then A is necessarily
an abelian group and an abelian bundle 2-gerbe can be identified as an (A — 1 — 1)-bundle
2-gerbe.

4.3. Example. Consider an (1 — G — N)-bundle 2-gerbe (8,Y, X, m,£). The (1 - G — N)-
bundle gerbe on Y2l gives a (G — N)-bundle P on Y[, The stable isomorphism m : &192G93 —
&3 gives on Y Bl an isomorphism g : P12P23 — P13 satisfying on Y4 the associativity condition
91249234 = g1349123 since the first Lie group of the 2-crossed module (1 — G — N) is trivial.
Hence, a (1 — G — N)-bundle 2-gerbe is the same thing as a (G — N)-bundle gerbe. Obviously,
stably isomorphic (1 — G — N)-bundle 2-gerbes correspond to stably isomorphic (G — N)-
bundle gerbes.
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4.4. Pullback. If f: X — X' is a map then we can pullback Y — X to f*(Y) — X’ with a
map f: f*(Y) — Y covering f. There are induced maps f [l () — Yl The pullback
f(8,Y, X, m,0) = (f&, f(Y), f(X), fBF*m, fl%¢) is again an (L — M — N)-bundle
2-gerbe.

4.5. Definition. Two 2-crossed module bundle 2-gerbes ((8,Y, X, m,£) and (&' Y', X, m/, )
are stably isomorphic if there exists a 2-crossed module bundle gerbe Q — Y =Y x x Y’ such
that over Y2 the 2-crossed module bundle gerbes ¢*® and Q;¢"*®’ Q5 L are stably isomorphic.
Let m be the stable isomorphism 1 : ¢*®& — 9;¢*®'Q;'. Then we ask on Y (with an
obvious abuse of notation) for the existence of an isomorphism £ of stable isomorphisms

Z : m/ﬁl23’l’h12 — 7h13m
fulfilling on Y14

7 7 7 y, /
£12344124€234 = £134€123€793,4

Here ¢ and ¢ are projections onto first and second factor of Y =Y xx Y’ and 9; and Qy are
the pullbacks of Q to Y2 under respective projections p1, p2 form Y2 to Y, etc.

A 2-crossed module bundle 2-gerbe (8,Y, X, m,£) is called trivial if it is stably isomorphic to
the trivial 2-crossed module bundle 2-gerbe (7,Y, X, 1,1), where 7 is the trivial 2-crossed mod-
ule bundle gerbe (((Z 2l L,y pr L), 2, vy, 1),pry)). Pullbacks preserve stable isomorphisms, a
pullback of a trivial 2- crossed module bundle 2-gerbe is again a trivial 2-crossed module bundle
2-gerbe.

If Y = X then the 2-crossed module bundle 2-gerbe is trivial.

4.6. Definition. Let (&,Y, X,m,£) and (&',Y’', X, m', £') be two 2-crossed module bundle 2-
gerbes and (9, Mg, £4) and (R, gy, £y) two stable isomorphisms between them. We call these
two stable isomorphisms stably isomorphic if there is a stable isomorphism m : Q — R of
2-crossed module bundles on Y =Y xx Y’ such that (with an obvious abuse of notation) the
diagram

’ﬁ’L * —
¢ 978!

idl l m,m,*

m —
q*® R mlq/*®/m2 1
commutes up to an isomorphism of stable isomorphisms

£:mamim, ! — mx

on Y, fulfilling on Y3l
29&3 = £12£2329%

4.7. Remark. Let @’ : Y/ — X be another surjective submersion and f : Y/ — Y a map
such that 7’ = 7 f. Then the 2-crossed module bundle 2-gerbes (f*®,Y’, X, fBlEm, f[4]*£) and
(,Y, X, m,£) are stably isomorphic. It follows that locally each 2-crossed module bundle 2-
gerbe is trivial. The arguments to show the above two statements are completely analogous to
the case of a crossed module bundle gerbe (3.8).

4.8. Change of the structure 2-crossed module. If (L - M — N) — (L’ = M' — N') is
a morphism of crossed modules, there is an obvious way to construct, starting from an (L —
M — N)-bundle 2-gerbe (&,Y, X,m,£), an (L' — M’ — N’)-bundle 2-gerbe (&",Y, X, m’ £)
by changing the structure 2-crossed module of & from L — M — N to L' — M’ — N'.
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4.9. 3-cocycles. Let m : Y — X be the surjective submersion, which was implicitly con-
tained in the above definition of a 2-crossed module bundle 2-gerbe. Let us recall (4.7) that
also for 2-crossed module bundle 2-gerbes it holds true that 2-crossed module bundle 2-gerbes
(f*&, Y’ X, fBlm, fl4+¢) and (&,Y, X, m,£) are stably isomorphic if the respective maps
and 7" are related by a compatible map f. Hence, we can again assume Y =[] O;. For simplic-
ity, we assume that the covering {O;} is a good one, in which case the (L — M — N)-bundle
gerbe can be described by transition functions (n;, mijk, lijri) nij : Oij — N, myji - O — M
and ljjg : O;ji — L satisfying

nignjk = 02(mje) ik
. mijkmigt = O (lijk) "I mgemige (15)
Lk ™% (Lijim) " kim = " Liggm{mage, "m0 (L)
We shall not give explicit formulas relating transition functions (3-cocycles) of two stably iso-
morphic 2-crossed module bundle 2-gerbes. We introduce the notation H'(X,L — M — N)
for the equivalence classes of 3-cocycles. We just give the formulas for transition functions
(nij, Mijk, lijir) of a trivial 2-crossed module bundle 2-gerbe:

n; = ni_lag(mij)nj
"imgz = 31(@;1@) MKy, (16)
il =R D ™ g {mag, mgy (1)
We introduce the notation H*(X,L — M — N) for the corresponding equivalence classes of
3-cocycles.

Now we briefly describe how an (L — M — N)-bundle 2-gerbe can be reconstructed from
transition functions (nij,mijk,lijkl). This is analogous to the case of an (L — M)-bundle
gerbe (2.25). Put Y = [[O;. On each nonempty O;; consider the (L — M — N)-bundle
gerbe &,;; defined by the function n;; : O;; — N as in (3.6). Hence, on Y2 we have the
(L — M — N)-bundle gerbe given by & =[], ; Gij. Now, we recall the explicit descriptions of
the multiplication (3.16) and stable isomorphisms (3.6) of two (L — M — M)-bundle gerbes
defined by their respective N-valued functions. Also, recall the description of isomorphisms
of stable isomorphism in case of such (L — M — M)-bundle gerbes. Using the 3-cocycle
relations, it is now straightforward to show that the collection of functions m;;;, defines a stable
isomorphism of &15B93 and B13 on y Bl satisfying on Y1 the associativity condition up to the
an isomorphism defined by the collection of functions /;;z;, which fulfils the coherence relation
on Y. Tt is now clear that, in a complete analogy to the case of a crossed module bundle gerbe
(2.25), starting from two equivalent 3-cocycles, we obtain stably isomorphic 2-crossed module
bundle 2-gerbes. This is however a tedious check and we shall omit it.

Hence, we can summarize the discussion in the following proposition.

Proposition 4.1. Stable isomorphism classes of (L — M — N)-bundle 2-gerbes are in a
bijective correspondence with the set H'(X,L — M — N).

It might be interesting to examine possible 3-categorical aspects of the above constructions.

4.10. Lifting 2-crossed module bundle 2-gerbe. As before (cf. (3.12)), consider a Lie 2-
crossed module L — M — N such that ker(d;) = 1 and ker(d2) = Im(0;). Put G := M/L and
@ := N/G. Assume that the conditions are satisfied for having extensions of Lie groups

1-L2MENRQ 1 (17)
1-LAM™ a1 (18)

and
1-GENTZQ -1 (19)
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such that M ™ G is an (L — M)-bundle and N ™ Q is an (G — N)-bundle (cf. Example 2.7).
Also, we have an exact sequence of pre-crossed modules

1 SR e 1
oLl e ]
1 1 N N 1
where G is a normal subgroup of N and also a morphism of 2-crossed modules
L -2 -2, N
[T
1 ¢ 2. N

Proposition 4.2. Consider an exact sequence (17) of Lie groups such that the the exact se-
quences (18) and (19) define an (L — M)-bundle and an (G — N)-bundle, respectively.* Then
the stable isomorphism classes of (L — M — N)-bundle 2-gerbes are in bijective correspondence
with the isomorphism classes of Q-bundles and hence also with (G — N)-bundle gerbes.

Proof. Recall that in accordance with (3.14) from the 3-term exact sequence 1 — L Gy Y
G — 1 and the right principal (G — N)-bundle N — @ (given by the 3-term exact sequence

1—-G % N 3 Q — 1) we can construct a lifting (L — M)-bundle gerbe on Q. This lifting
bundle gerbe will actually be an (L — M — N)-bundle gerbe & (3.12). If now P is a left
principal Q-bundle over X then we can use the corresponding division map d : P2 — G to
pullback the 2-crossed module gerbe & from G to PRl It follows that the 2-crossed module
bundle gerbes 12893 and &13 are stably isomorphic on PBl. This follows from the above
mentioned fact that, in case of Lie groups L, M N, and @) as above, stable isomorphism classes
of (L - M — N)-bundle gerbes are one to one to @-valued functions (3.1) and that this
correspondence respects the respective multiplications. Such an stable isomorphism in general
fulfills on P¥ the associativity condition only up to an isomorphism, which however, due to
ker(9;) = 1, will fulfil the requested coherence condition on P!, Hence, we have obtained 2-
crossed module bundle 2-gerbe, the so called lifting 2-crossed module bundle 2-gerbe. Starting
from an isomorphic principal @Q-bundle P’ we obtain a stably isomorphic (L — M — N)-bundle
2-gerbes. This follows from the fact that on P12, where P := P x x P’ the pullbacks of respective
division functions d and d’ are related by d(p1,p2) = d(p1)d’ (p1,P2)d(p2) ! with some Q-valued
function d on P. To finish the argumentation, we refer again to the 1-1 relation between stable
isomorphism classes of (L — M — N)-bundle gerbes to Q-valued functions (3.1) and the fact
that this respects the respective multiplication.

Going in the opposite direction, let us consider an (L — M — N)-bundle 2-gerbe (&, X, Y, m, £)
with the 2-crossed module (L — M — N) as above. Changing the structure 2-crossed module
tol — G — N, we obtain a G — N-bundle gerbe (G,n) on X. After changing its structure
crossed module to 1 — () we obtain a left principal ()-bundle on X. Since all steps in the con-
struction preserve the respective stable isomorphisms and isomorphisms, starting from stably
isomorphic 2-crossed module bundle 2-gerbes we will obtain isomorphic @-bundles.

It is a rather tedious task to check that staring from a principal @-bundle, constructing
the lifting 2-crossed module bundle 2-gerbe and going back will result in the same principal
Q-bundle.

Corollary 4.1. Under the hypothesis of the above proposition,
HYX,L - M — N)= H'(X,G — N) =2 H(X,Q)

def. Example 2.4



19

4.11. Remark. We can also reinterpret the above described lifting 2-crossed module bundle
2-gerbe as follows. We start again with a principal Q-bundle P as above. Let us consider the
corresponding lifting (G — N)-bundle gerbe 9. This in particular means that on P we have
a (G — N)-bundle P which can be lifted to an (L — M — N)-bundle gerbe & on P2 (3.12).
It follows that the 2-crossed module bundle gerbes 1293 and &3 are stably isomorphic with
a stable isomorphism m. This follows, again, from the above mentioned fact that in case of Lie
groups L, M, N and @ as above stable isomorphism classes of (L — M — N)-bundle gerbes
are one to one with @-valued functions and that this correspondence respects the respective
multiplications. Again, such a stable isomorphism m fulfills the associativity condition on PH
only up to an isomorphism fulfilling the coherence relation on PP because of ker d; = 1. This
way we obtain an 2-crossed module bundle 2-gerbe stably isomorphic to the lifting 2-crossed
module bundle 2-gerbe (4.10).

4.12. Twisting crossed module bundle gerbes with abelian bundle 2-gerbes. Twisted
crossed module bundle gerbes as discussed here were introduced in [2]. A more general concept
of twisting has been introduced recently in [47].

Let us consider a 2-crossed module A — L 2 M associated to the crossed module L — M
(1.5). Recall that in this case A is necessarily abelian. Putting @) := cokerd we have an exact
sequence

O—>A2>L£>M—>Q—>1

Assume, similarly to (4.10), that extensions of Lie groups

1-42 10061 (20)
and
1-GEMBQ -1 (21)

define an (A — L)-bundle and (G — M)-bundle, respectively (cf. (2.7)). However, now we
have an exact sequence of crossed modules

1 A2, -, @ 1
I
1 1 M M 1
As before, we have a morphism of 2-crossed modules
A2 2. M
el
1 ¢ 2 M

Hence, starting from a principal @-bundle P we can construct a lifting (A — L M )-bundle
2-gerbe (recall that according to (4.2) there is a 1-1 correspondence between stable isomorphism

classes of (A — L oM )-bundle 2-gerbes and isomorphism classes of principal @-bundles). Let
us further assume that what we have here is a central extension of L by A, and that M acts
trivially on A. Let us assume that the lifting bundle 2-gerbe G) is described locally, with respect
to a good covering, by a 3-cocycle (mij, lijk, Gijki)

migmji = 6 (Liji) Mg
lijilitg = 0(aijrr) ™9 Lkl (22)
A5kl Ai5imAjklm = QiklmQijkm-
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The collection of A-valued functions a;;,; on the quadruple intersections represents a Cech class
in H3(X, A) (which in the case A = U(1) would correspond to a class in H*(X,Z)). We may
think of it as representing an abelian bundle 2-gerbe A. If we assume that A is trivial, we have

PP o |
Aijkl = QijhkQikl Qg Qg -

Also, we see that we have a 2-cocycle (I;;x0(a;jx) ™", mi;) representing a possibly non-trivial
(L — M)-bundle gerbe G. Obviously, the (A — 1 — 1)-bundle 2-gerbes represented by non-
trivial classes in H3(X, A) represent obstructions to lift a (G — M)-bundle gerbe (and hence also
a @-bundle) to an (L — M)-bundle gerbe. Further, if d;;, and a;;;, represent two trivializations

of a;ji then a1 (@ ; k)_l represents a Cech class in H? (X, A). We may think of it as representing
an abelian bundle gerbe, i.e, the (A — 1)-bundle gerbe, A. We can summarize the above
discussion in the following proposition.

Proposition 4.3. Let A — L S M be a 2-crossed module originating from the crossed module

L 2 M5 such that the extensions of Lie groups (20) and (21) define an (A — L)-bundle and
(G — M)-bundle, respectively.® Let us also assume that (20) is a central extension of L by A
and that M acts trivially on A

i) A principal Q-bundle on X can be lifted to an (L — M)-bundle gerbe if and only if the
corresponding obstruction (A — 1 — 1)-bundle 2-gerbe A is trivial.

i1) If non-empty, the set of stable isomorphism classes of those (L — M)-bundle gerbes, which
are liftings of Q-principal bundles from the same isomorphism class, is freely and transitively
acted on by the group of stable isomorphism classes of (A — 1)-bundle gerbes.

Corollary 4.2. Under the assumptions of Proposition 4.3, there is an exact sequence
HY(X,A—1—-1)— H(X,L - M) — HY(X,Q)

The above proposition and corollary remain true also in case when the principal Q-bundles and
their isomorphisms classes are replaced by (G — M )-bundle gerbes and their stable isomorphism
classes (cf. 2.27).

4.13. Remark. Of course, the above lifting always exists when the 4-term exact sequence 1 —
A— L — M — @Q — 1 corresponds to a trivial class in H3(Q, A) [36],[11], the third Q-
cohomology with values in A. The above lifting also trivially exists when X doesn’t admit
nontrivial (4 — 1 — 1)-bundle 2-gerbe, i.e., when [X, B2A] is trivial.

4.14. A remark on string structures. Let () be a simply-connected compact simple Lie
group. Associated to ( Q@ there is a crossed moduk:\L — M of infinite dimensional Fréchet Lie
groups with L := Q@ and M := FyQ, where QQ is the centrally extended group of based
smooth loops in @ and Py@ is the group of smooth paths in @ that start at the identity [4].
Hence in the notation of (4.12) we have A = U(1), and G = QQ). Let us note (see [51], [4], [28])
that, in the situation as above (4.12), the classifying space BU(1) = K(Z,2) can be equipped
with a proper group structure and a topological group String(Q) can be defined fitting an exact
sequence of groups 1 — K(Z,2) — String(Q) — Q — 1. Also, it is known [30], [5] that the
categories of (L — M)-bundle gerbes and principal String(Q)-bundles are equivalent. A string
structure is, by definition, a lift of a principal @-bundle to a principal String(Q)-bundle and
hence equivalently a lift of a (G — M )-bundle gerbe to an (L — M)-bundle gerbe. Thus, the
above discussion applies to the existence of string structures and their classification as well.

5cf. Example 1.5
Gcf. Example 2.4
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4.15. Remark. A crossed square (L — A) — (B — N) [35] of Lie groups gives a 2-crossed
module, namely L — A x B — N (see, e.g., [42]). A definition of a crossed square bundle
2-gerbe could possibly be read of from [8], [10] [9]. It would be interesting to compare these
bundle 2-gerbes with L — A x B — N-bundle 2-gerbes defined in this paper.

(1]

REFERENCES

P. Aschieri, L. Cantini, B. Jurco, Nonabelian Bundle Gerbes, their Differential Geometry and Gauge Theory,
Commun.Math.Phys. 254, 367 (2005)

P. Aschieri, B. Jur¢o, Gerbes, M5-Brane Anomalies and Es Gauge Theory, JHEP 0410, 068, (2004)

1. Bakovi¢, Bigroupoid 2-torsors, Ph.D. thesis, Ludwig-Maximilians-Universitdt Munich, 2008

J. C. Baez, A. S. Crans, D. Stevenson, U. Schreiber, From Loop Groups to 2-Groups, Homology, Homotopy,
and its Applications Vol. 9 (2007), No. 2: 101- 135

J. C. Baez, D. Stevenson, The classifying space of a Topological Group, in N.A. Baas et al. (eds:), Algebraic
Topology, Abel Symposia 4, Springer-Verlag Berlin Heidelberg 2009, 1-30

J.C. Baez, A.D. Lauda, Higher dimensional algebra V: 2-groups, Theory and Applications of Categories,
Vol. 12, No. 14, (2004), 423-491

L. Breen, Bitorseurs et cohomologie non abéliene, in The Grothendieck Festschrift I, Progress in Math. 86,
Birkh&auser, Boston (1990), 401-476

L. Breen, Théorie de Schreier supérieure, Ann. Scient. Ecole BreenSchrNorm. Sup. (4) 25, (1992) 465-514
L. Breen, Classification of 2-gerbes and 2-stacks, Astérisque 225 (1994), Société Mathématique de France
L. Breen, Notes on 1- and 2-gerbes, In: Towards Higher Categories, J.C. Baez et J.P. May (eds.), The IMA
Volumes in Mathematics and its Applications 152, 193-235, Springer (2009)

K. Brown, Cohomology of Groups, Graduate Texts in Mathematics 50, Springer Verlag, Berlin (1982)

R. Brown, P.J. Higgins, The equivalence of 2-groupoids and crossed complexes, Cah. Top. Geom. Diff. 22,
(1981) 371-386.

R. Brown, N. D. Gilbert, Algebraic models of 3-types and automorphism structures for crossed modules.
Proc. London Math. Soc. (3) 59, (1989), no. 1, 5173.

R. Brown, C. Spencer, G-groupoids, crossed modules and the fundamental groupoid of a topological group,
Proc. Kon. Ned. Akad. v. Wet, 79 (1976), 296302.

R. Brown, Groupoids and crossed objects in algebraic topology, Homology, Homotopy and Applications,
Vol. 1, 1999, No. 1, pp 1-78

J.-L. Brylinski, D.A. McLaughlin, The geometry of degree-four characteristic classes and of line bundles on
loop spaces. I. Duke Math. J. 75(3), 603638 (1994)

U. Bunke, String structures and trivialisations of a Pfaffian line bundle, arXiv:0909.0846

A. L. Carey, S. Johnson, M. K. Murray, Danny Stevenson, B.-L. Wang, Bundle gerbes for Chern-Simons
and Wess-Zumino-Witten theories, Commun. Math. Phys. 259 (2005), 577

A.L. Carey, M.K. Murray, B.L.. Wang, Higher bundle gerbes and cohomology classes in gauge theories,
arXiv:hep-th/9511169

D. Conduché, Modules croisés géneralisés de longeur 2, J. Pure Appl. Algebra 34, (1984) 155-178

D. Conduché, Simplicial Crossed Modules and Mapping Cones, Georgian Math. J. 10, (2003) 623636

B. Day, R. Street Adv. Math. 129 (1997) 99-157 Monoidal Bicategories and Hopf Algebroids

P. Dedecker, Three-dimensional Non-Abelian Cohomology for Groups; In Category theory homology theory
and their applications II, Lecture Notes in Mathematics 92, (1969) 32-64

J. W. Duskin, An outline of non-abelian cohomology in a topos (1): the theory of bouquets and gerbes,
Cabhiers de topologie et géométrie différentielle XXIIT (1982)

J. Faria Martins, R. Picken, The fundamental Gray 3-groupoid of a smooth manifold and local 3-dimensional
holonomy based on a 2-crossed module, arXiv:0907.2566

J. Giraud, Cohomologie non-abéliene. Grundlehren der mathematischen Wissenschaften 179, Berlin,
Springer Verlag, 1971

A. Grothendieck, Séminaire de Géometrie Algébrique du Bois-Marie, 1967-69 (SGA 7) I LNM 288, Springer-
Verlag, 1972

A. Henriques, Integrating L-infinity algebras, Compositio Mathematica (2008), 144: 1017-1045

D. Husemoller, Fibre bundles, 3th edition, Graduate Texts in Mathematics 50, Springer Verlag, Berlin
(1994)

B. Jurco, Crossed Module Bundle Gerbes; Classification, String Group and Differential Geometry
arXiv:math/0510078

B. Jurco, 2-crossed module bundle 2-gerbes. See: http://branislav.jurco.googlepages.com/

B. Jurco, Differential geometry of 2-crossed module bundle 2-gerbes, See:
http://branislav.jurco.googlepages.com/



33]
34]

35

w w
N

e

[35]
[36]
37]
[38]
39]
[40]

= o
o ©

[54]

22

K.H. Kamps, T. Porter, 2-groupoid enrichments in homotopy theory and algebra. K-Theory 25, (2002)
373-409 .

S. Kobayashi, K. Nomizu, Foundations of Differential Geometry, Volume I, Wiley-Interscience, New York
(1996)

J.-L. Loday, Spaces with finitely many homotopy groups, J. Pure Appl. Alg. 24 (1982), 179-202.

S. Mac Lane, Homology, Springer-Verlag, Berlin-Heidelberg-New York, 1963

J. Mickelsson, From gauge anomalies to gerbes and gerbal actions, arXiv:0812.1640

I. Moerdijk, Introduction to the language of stacks and gerbes, arXiv:math.AT /0212266

M. K. Murray, Bundle gerbes, J. Lond. Math. Soc. 2, 54, 403 (1996)

M. K. Murray, An Introduction to Bundle Gerbes, In: The Many Facets of Geometry, A Tribute to Nigel
Hitchin Edited by Oscar Garcia-Prada, Jean Pierre Bourguignon, and Simon Salamon, Oxford University
Press. To appear June 2010 arXiv:0712.1651

M. K. Murray, D. Stevenson, Higgs fields, bundle gerbes and string structures, Commun.Math.Phys. 243,
(2003) 541-555,

A. Mutlu, T.Porter, Crossed squares and 2-crossed modules arXiv:math/0210462

T. Porter, The Crossed Menagerie: an introduction to crossed gadgetry in algebra and topology. (Notes
prepared for the XVI Encuentro Rioplatense de lgebra y Geometra Algebraica, in Buenos Aires, 12-15
December 2006), http://www.math.ist.utl.pt/ rpicken/tqft/tim-porter/menagerie.pdf

D. Roberts, U. Schreiber, The inner automorphism 3-group of a strict 2-group, J. Homotopy Relat. Struct.
3 (2008), no. 1, 193244

H. Sati, U. Schreiber, J. Stasheff, Fivebrane Structures, Rev.Math.Phys. 21 (2009), 1197

H. Sati, U. Schreiber, J. Stasheff, L-infinity algebra connections and applications to String- and Chern-
Simons n-transport, In: Recent Developments in QFT, eds. B. Fauser et al., Birkhauser, Basel (2008)

H. Sati, U. Schreiber, J. Stasheff, Differential twisted string and fivebrane structures,
arXiv:math.AT/0910.4001

D. Stevenson, The string gerbe, Oberwolfach Report No. 38/2005

D. Stevenson, Bundle 2-gerbes, Proceedings of the London Mathematical Society, 88 (2) (2004), 405-435
D. Stevenson, The Geometry of Bundle Gerbes, arXiv:math/0004117

S. Stolz, P. Teichner, What is an elliptic object?, Topology, Geometry, and Quantum Field Theory, Proc.
Oxford 2002, Oxford Univ. Press (2004)

K.-H. Ulbrich, On the correspondence between gerbes and bouquets, Math. Proc. Cambridge Phil. Soc.
108, (1990), 1-5

K.-H. Ulbrich, On cocycle bitorsors and gerbes over a Grothendieck topos, Math. Proc. Cambridge Phil.
Soc. 108, (1990), 1-5

K. Waldorf, String Connections and Chern-Simons Theory, arXiv:0906.0117



