A NON-COMMUTATIVE GEOMETRY APPROACH TO THE REPRESENTATION THEORY OF REDUCTIVE p-ADIC GROUPS:

HOMOLOGY OF HECKE ALGEBRAS, A SURVEY AND SOME NEW RESULTS

VICTOR NISTOR

Version: 1.2; Revised: 04/28/2004; Run: July 26, 2004

ABSTRACT. We survey some of the known results on the relation between the homology of the full Hecke algebra of a reductive p-adic group G, and the representation theory of G. Let us denote by C^∞_c (G) the full Hecke algebra of G and by HP_∗(C^∞_c (G)) its periodic cyclic homology groups. Let Ĝ denote the admissible dual of G. One of the main points of this paper is that the groups HP_∗(C^∞_c (G)) are, on the one hand, directly related to the topology of Ĝ and, on the other hand, the groups HP_∗(C^∞_c (G)) are explicitly computable in terms of G (essentially, in terms of the conjugacy classes of G and the cohomology of their stabilizers). The relation between HP_∗(C^∞_c (G)) and the topology of Ĝ is established as part of a more general principle relating HP_∗(A) to the topology of Prim(A), the primitive ideal spectrum of A, for any finite typee algebra A. We provide several new examples illustrating in detail this principle. We also prove in this paper a few new results, mostly in order to better explain and tie together the results that are presented here. For example, we compute the Hochschild homology of O(X) ⋊ Γ, the crossed product of the ring of regular functions on a smooth, complex algebraic variety X by a finite group Γ. We also outline a very tentative program to use these results to construct and classify the cuspidal representations of G. At the end of the paper, we also recall the definitions of Hochschild and cyclic homology.

CONTENTS

Introduction 2 1. Periodic cyclic homology versus singular cohomology 3 2. Periodic cyclic homology and Ĝ 6 3. Spectrum preserving morphisms 13 4. The periodic cyclic homology of C^∞_c (G) 14 5. Hochschild homology 16 6. Cyclic homology 17 7. The Chern character 19 References 19

Nistor was partially supported by NSF Grant DMS-0200808. Manuscripts available from http://www.math.psu.edu. 1

INTRODUCTION

To motivate the results surveyed in this paper, let us look at the following simple example. Precise definitions will be given below. Let G be a finite group and A := C[G] be its complex group algebra. Then A is a finite dimensional, semi-simple complex algebra, and hence A ≃ ⊕^d_{j=1}M_{nj} (C). (This is an elementary result that can be found in [31]; see also [50]). The Hochschild homology of A is then, on the one hand,

(1) HH^0(A) ≃ ⊕^d_{j=1} HH^0(M_{nj} (C)) ≃ C^d.

On the other hand, HH^0(A) is the space of traces on A, and hence it identifies with the space of class functions on G. Let ⟨G⟩ denote the set of conjugacy classes of G and #S denote the number of elements in a set S. Then HH^0(A) has dimension #⟨G⟩. In other words,

Proposition 0.1 (Classical). Let G be a finite group. Then G has as many (equivalence classes of) irreducible, complex representations as conjugacy classes.

One of our goals was to investigate to what extent Proposition 0.1 extends to other groups. It is clear that the formulation of any possible extension of Proposition 0.1 will depend on the class of groups considered and will not be as simple as in the finite group case. Moreover, this question will not be answered in a few papers and is more of a program (going back to Gelfand, Langlands, Manin, and other people) than an explicit question. Nevertheless, something from Proposition 0.1 does remain true in certain cases. An example is the theory of characters for compact Lie groups.

In this paper, we will investigate a possible analog of Proposition 0.1 for the case of a reductive p–adic group G. Recall that a p–adic group G = G(F) is the set of F–rational points of a linear algebraic group G defined over a non-archemedean, non-discrete, locally compact field F of characteristic zero (so F is a finite algebraic extension of the field Q_l of l-adic numbers, for some prime l). A vague formulation of our main result is as follows.

Let HP_k(A) denote the periodic cyclic homology groups of the algebra A. Also, let C^∞_c (G) denote the space of compactly supported, locally constant functions on G and let Ĝ denote the admissible dual of G with the Jacobson topology. Then the results of [2, 3, 29, 47] give the following result that will be made more precise below.

Theorem 0.2. The groups HP_j (C^∞_c (G)) are explicitly determined by the geometry of the conjugacy classes of G and the cohomology of their stabilizers and they are (essentially) isomorphic to the singular cohomology groups of Ĝ.

One of the main purposes of this paper is to explain the above theorem. This theorem is useful especially because it is much easier to determine the groups HP_j (C^∞_c (G)) (and hence, to a large extent, the algebraic cohomology of Ĝ) than it is to determine Ĝ itself. Moreover, we will briefly sketch a plan to say more about the actual structure of Ĝ using the knowledge of the topology of Ĝ acquired from the determination of HP_j (C^∞_c (G)) in terms of the geometry of the conjugacy classes of G and the cohomology of their stabilizers. See also [1] for a survey of the applications of non-commutative geometry to the representation theory of reductive p-adic groups.

The paper is divided into two parts. The first part, consisting of Sections 1–4 is more advanced, whereas the last three sections review some basic material. In Section 1 we review the basic result relating the cohomology of the maximal spectrum of a commutative algebra A to its periodic cyclic homology groups HP_∗(A). The relation between forms on Max(A) and the Hochschild homology groups HH_∗(A) are also discussed here. These are basic results due to Connes [16], Feigin and Tsygan [20], and Loday and Quillen [33]. We also discuss the Excisition principle in periodic cyclic homology [19] and it’s relation with K-theory. In Section 2 we discuss generalizations of these results to finite type algebras, a class of algebras directly relevant to the representation theory of p-adic groups that was introduced in [29]. We also use these results to compute the periodic cyclic homology and the Hochschild homology of several typical examples of finite type algebras. In the following section, Section 3, we introduce spectrum preserving morphisms, which were shown in [3] to induce isomorphisms on periodic cyclic homology. This then led to a determination of the periodic cyclic homology of Iwahori-Hecke algebras in that paper. In Section 4, we recall the explicit calculation of the Hochschild and periodic cyclic homology groups of the full Hecke algebra C^∞_c (G). The last three sections briefly review for the benefit of the reader the definitions of Hochschild homology, cyclic and periodic cyclic homology, and, respectively, the Chern character.

This first part of the paper follows fairly closely the structure of my talk given at the conference “Non-commutative geometry and number theory” organized by Yuri Manin and Matilde Marcolli, whom I thank for their great work and for the opportunity to present my results. I have included, however, some new results, mostly to better explain and illustrate the results surveyed.

1. PERIODIC CYCLIC HOMOLOGY VERSUS SINGULAR COHOMOLOGY

Let us discuss first to what extent the periodic cyclic homology groups HP(C^∞_c (G)) are related to the topology – more precisely to the singular cohomology – of Ĝ. In the next section, we will discuss this again in the more general framework of “finite type algebras” (Definition 2.1). The definitions of the homology groups considered in this paper and of the Connes-Karoubi character are recalled in the last three sections of this paper.

One of the main goals of non-commutative geometry is to generalize the correspondence (more precisely, contravariant equivalence of categories)

(2) “Space” X ↔ F(X) := “the algebra of functions on X”

to allow for non-commutative algebras on the right–hand side of this correspondence. This philosophy was developed in many papers, including [5, 13, 4, 15, 16, 17, 25, 30, 32, 33, 40, 41, 42, 43, 44], to mention only some of the more recent ones. The study of the K-theory of C^∗-algebras, a field on its own, certainly fits into this philosophy. The extension of the correspondence in Equation 2 would lead to methods to study (possibly) non-commutative algebras using our geometric intuition. In Algebraic geometry, this philosophy is illustrated by the correspondence (i.e. contravariant equivalence of categories) between affine algebraic varieties over a field k and commutative, reduced, finitely generated algebras over k. In Functional analysis, this principle is illustrated by the Gelfand– Naimark equivalence between the category of compact topological spaces and the category of commutative, unital C^∗-algebras. In all these cases, the study of the “space” then proceeds through the study of the “algebra of functions on that space.” For this approach to be useful, one should be able to define many invariants of X in terms of F(X) alone, preferably without using the commutativity of F(X).

It is a remarkable fact that one can give completely algebraic definitions for Ω^q (X), the space of differential forms on X (for suitable X) just in terms of F(X). Even more remarkable is that the singular cohomology of X (again for suitable X) can be defined in purely algebraic terms using only F(X). In these definitions, we can then replace F(X) with a non-commutative algebra A. Let us now recall these results.

We denote by HH_j (A) the Hochschild homology groups of an algebra A (see Section 5 for the definition). As we will see below, for applications to representation theory we are mostly interested in the algebraic case, so we state those first and then we state the results on smooth manifolds. We begin with a result of Loday-Quillen [33], in this result F(X) = O(X), the ring of regular (i.e. polynomial) functions on the algebraic variety X.

Theorem 1.1 (Loday-Quillen). Let X be a smooth, complex, affine algebraic variety. Then HH_j (O(X)) ≃ Ω^j (X), the space of algebraic forms on X.

A similar results holds when X is a smooth compact manifold and F(X) = C^∞(X) is the algebra of smooth functions on X [16]. See also the Hochschild–Kostant–Rosenberg paper [23].

Theorem 1.2 (Connes). Let X be a compact, smooth manifold. Then

HH_j (C^∞(X)) ≃ Ω^j (X),

the space of smooth forms on X.

These results extend to recover the singular cohomology of (suitable) spaces, as seen in the following two results due to Feigin-Tsygan [20] and Connes [16]. For any functor F_j [respectively, F^j ], we shall denote by F_{[j]} = ⊕_kF_{j+2k} [respectively, F^{[j]} = ⊕_kF^{j+2k} ]. This will mostly be used for F^j (X) = H^j (X), the singular cohomology of X.

Theorem 1.3 (Feigin-Tsygan). Let X be a complex, affine algebraic variety and O(X) be the ring of regular (i.e. polynomial) functions on X. Then

HP_j (O(X)) ≃ H^{[j]}(X).

For smooth algebraic varieties, this result follows from the Loday-Quillen result on Hochschild homology mentioned above. See [29] for a proof of this theorem that proceed by reducing it to the case of smooth varieties. For smooth manifolds, the result again follows from the corresponding result on Hoschschild homology.

Theorem 1.4 (Connes). Let X be a compact, smooth manifold and C^∞(X) be the algebra of smooth functions on X. Then

HP_j (C^∞(X)) ≃ H^{[j]}(X).

These results are already enough justification for declaring periodic cyclic homology to be the “right” extension of singular cohomology for the category (suitable) spaces to suitable categories of algebras. However, the most remarkable result justifying this is the “Excision property” in periodic cyclic homology, a breakthrough result of Cuntz and Quillen [19].

Theorem 1.5 (Cuntz-Quillen). Any two-sided ideal J of an algebra A over a characteristic 0 field gives rise to a periodic six-term exact sequence

(3) HP_0(J) � HP_0(A) � HP_0(A/J) ∂ � HP_1(A/J) ∂ �

HP_1(A)

� HP_1(J). �

A similar results holds for Hochschild and cyclic homology, provided that the ideal J is an H-unital algebra in the sense of Wodzicki [53], see Section 5. We shall refer to the following result of Wodzicki as the “Excision principle in Hochschild homology.”

Theorem 1.6 (Wodzicki). Let J ⊂ A be a H-unital ideal of a complex algebra A. Then there exists a long exact sequence

0 ← HH_0(A/J) ← HH_0(A) ← HH_0(J)^∂← HH_1(A/J)

← HH_k(A/J) ← HH_k(A) ← HH_k(J)^∂← HH_{k+1}(A/J) ← . . .

The same result remains valid if we replace Hochschild homology with cyclic homology.

Also, there exist excision results for topological algebras [12, 18]. An important part of the proof of the Excision property is to provide a different definition of cyclic homology in terms of X-complexes. Then the proof is ingeniously reduced to Wodzicki’s result on the excision in Hochschild homology, using also an important theorem of Goodwillie [22] that we now recall.

Theorem 1.7 (Goodwillie). If I ⊂ A is a nilpotent two-sided ideal, then the quotient morphism A → A/I induces an isomorphism HP_∗(A) → HP_∗(A/I). In particular, HP_∗(I) = 0 whenever I is nilpotent.

One of the main original motivations for the study of cyclic homology was the need for a generalization of the classical Chern character Ch : K^j (X) → H^{[j]}(X) [16, 17, 25, 32]. Indeed, an extension is obtained in the form of the Connes-Karoubi character

(4) Ch : K_j (A) → HP_j (A).

It is interesting then to notice that excision in periodic cyclic homology is compatible with excision in K-theory, which is seen from the following result [46], originally motivated by questions in the analysis of elliptic operators (more precisely, Index theory).

Theorem 1.8 (Nistor). Let I ⊂ A the a two-sided ideal of a complex algebra A. Then the following diagram commutes

K_1(I) � � K_1(A) � � K_1(A/I) � ∂ � K_0(I) � � K_0(A) � � K_0(A/I) � HP_1(I) � HP_1(A) � HP_1(A/I)^∂ � HP_0(I) � HP_0(A) � HP_0(A/I).

Let X be a complex, affine algebraic variety, O(X) the ring of polynomial functions on X, X^{an} the underlying locally compact topological space, and Y ⊂ X be a subvariety. Let I ⊂ O(X) be the ideal of functions vanishing on Y . Then the above theorem shows, in particular, that the periodic six term exact sequence of periodic cyclic homology groups associated to the exact sequence

(5) 0 −→ I −→ O(X) −→ O(Y ) −→ 0,

of algebras by the Excision principle is obtained from the long exact sequence in singular cohomology of the pair (X^{an}, Y^{an}) by making the groups periodic of period two [29, 46]. The same result holds true for the exact sequence of algebras associated to a closed submanifold Y of a smooth manifold X.

2. PERIODIC CYCLIC HOMOLOGY AND Ĝ

Let A be an arbitrary complex algebra. The kernel of an irreducible representation of A is called a primitive ideal of A. We shall denote by Prim(A) the primitive ideal spectrum of A, consisting of all primitive ideals of A. We endow Prim(A) with the Jacobson topology. Thus, a set V ⊂ Prim(A) is open if, and only if, V is the set of primitive ideals not containing some fixed ideal I of A. We have

Prim(O(X)) =: Max(O(X)) = X,

the set of maximal ideals of A = O(X) with the Zariski topology. If A = C^∞(X), where X is a smooth compact manifold, then again Prim(A) = Max(A) = X with the usual (i.e. locally compact, Hausdorff) topology on X. We are interested in the primitive ideal spectra of algebras because

(6) Prim(C^∞_c (G)) = Ĝ,

a deep result due to Bernstein [7]. For the purpose of this paper, we could as well take Prim(C^∞_c (G)) to be the actual definition of Ĝ.

In view of the results presented in the previous section, it is reasonable to assume that the determination of the groups HP_j (C^∞_c (G)) would give us some insight into the topology of Ĝ. I do not know any general result relating the singular cohomology of Ĝ to HP_j (C^∞_c (G)), although it is likely that they coincide. Anyway, due to the fact that the topology on Ĝ is highly non-Hausdorff topology, it is not clear that the knowledge of the groups H^j (Ĝ) would be more helpful than the knowledge of the groups HP_j (C^∞_c (G)).

For reasons that we will explain below, it will be convenient in what follows to work in the framework of “finite typee algebras” [29]. All our rings have a unit (i.e. they are unital), but the algebras are not required to have a unit.

Definition 2.1. Let k be a finitely generated commutative, complex ring. A finite typee k-algebra is a k-algebra that is a finitely generated k-module.

The study of Ĝ as well as that of A = C^∞_c (G) reduces to the study of finite typee algebras by considering the connected components of Ĝ and their commuting algebras, in view of some results of Bernstein [7] that we now recall. Let D ⊂ Ĝ be a connected component of Ĝ. Then D corresponds to a cuspidal representation σ of a Levi subgroup M ⊂ G. Let M_0 be the subgroup of M generated by the compact subgroups of M and H_D be the representation of G induced from the restriction of σ to M_0. The space H_D can be thought of as the holomorphic family of induced representations of ind^G_M (σχ), where χ ranges through the caracters of M/M_0. Let A_D be the algebra of G-endomorphisms of H_D . This is Bernstein’s celebrated “commuting algebra.” The annihilator of H_D turns out to be a direct summand of C^∞_c (G) with complement the two-sided ideal C^∞_c (G)_D ⊂ C^∞_c (G). Then the category of modules over C^∞_c (G)_D is equivalent to the category of modules over A_D . Our main reason for introducing finite typee algebras is that the algebra A_D is a unital finite typee algebra and

(7) D = Prim(A_D ).

Moreover,

(8) C^∞_c (G)) = ⊕_DC^∞_c (G)_D .

To get consequences for the periodic cyclic homology, we shall need the following result.

Proposition 2.2. Let B be a complex algebra such that B ≃ ⊕_{n∈N}B_n for some two-sided ideals B_n ⊂ B. Assume that B = ∪e_kBe_k, for a sequence of idempotents e_k ∈ B and that HH_q (B) = 0 for q > N, for some given N. Then

HP_q (B) ≃ ⊕_{n∈N} HP_q (B_n).

Proof. The algebra B and each of the two-sided ideals B_n are H-unital. Then

HH_q (B) ≃ ⊕_{n∈N} HH_q (B_n),

by Wodzicki’s excision theorem and the continuity of Hochschild homology (i.e. the compatibility of Hochschild homology with inductive limits). Then HH_q(B_n) = 0 for q > N and any n. Therefore HP_k(B_n) = HC_k(B_n) for k ≥ N, by the SBI-long exact sequence (this exact sequence is recalled in Section 6). Unlike periodic cyclic homology, cyclic homology is continuous (i.e. it is compatible with inductive limits). Using again Wodzicki’s excision theorem, we obtain

HP_k = HC_k(B) ≃ ⊕_{n∈N} HC_k(B_n) = ⊕_{n∈N} HP_k(B_n),

for k ≥ N. This completes the proof. □

The above discussion gives the following result mentioned in [29] without proof. For the proof, we shal also use Theorem 4.1, which implies, in particular, that HH_q (C^∞_c (G)) vanishes for q greater than the split rank of G. This is, in fact, a quite non-trivial property of C^∞_c (G) and of the finite type algebras A_D , as we shall see below in Example 2.14.

Theorem 2.3. Let D be the set of connected components of Ĝ, then

HP_q(C^∞_c (G)) = ⊕_D HP_q (C^∞_c (G)_D ) ≃ ⊕_D HP_q (A_D ).

Proof. The first part follows directly from the results above, namely from Equation (8), Proposition 2.2, and Theorem 4.1 (which implies that HH_q (C^∞_c (G)) = 0 for q > N, for N large).

To complete the proof, we need to check that

(9) HP_q (C^∞_c (G)_D ) ≃ HP_q(A_D ).

Let e_k be a sequence of idempotents of C^∞_c (G) corresponding to a basis of neighborhood of the identity of G consisting of compact open subgroups. Then, for k large, the unital algebra e_kC^∞_c (G)e_k is Morita equivalent to A_D , an imprimitivity module being given by e_kH_D. (Recall from above that H_D is the induced representation from a cuspidal representation of M_0, where M is a Levi subfactor defining the connected component D and M_0 is the subgroup of M generated by its compact subgroups.)

In particular, HH_q (e_kC^∞_c (G)_de_k) vanish for q large. The same argument as above (using Theorem 4.1 below) shows that HP_q(C^∞_c (G)_D ) ≃ HP_q(e_kC^∞_c (G)_D e_k), for k large. The isomorphism HP_q(C^∞_c (G)_D ) ≃ HP_q (A_D ) then follows from the invariance of Hochschild homology with respect to Morita equivalence. □

For suitable G and D,

(10) A_D = H_q ,

that is, the commuting algebra of D is the Iwahori-Hecke algebra associated to G (or to its extended affine Weyl group), [9]. The periodic cyclic homology groups of H_q were determined in [2, 3], and will be recalled in Section 3.

In view of Equations (7) and (8) and of the Theorem 2.3, we see that in order to relate the groups HP_∗(C^∞_c (G)) to the topology of Ĝ, it is enough to relate HP_∗(A) to the topology of Prim(A) for an arbitrary finite typee algebra. For the rest of this and the following section, we shall therefore concentrate on finite typee algebras and their periodic cyclic homology.

If I ⊂ A is a primitive ideal of the finite typee k-algebra A, then the intersection I ∩ Z(A) is a maximal ideal of Z(A). The resulting map

Θ : Prim(A) → Max(Z(A))

is called the central character map. We similarly obtain a map Θ : Prim(A) → Max(k), also called the central character map.

The topology on Prim(A) and the groups HP_j (A) are related through a spectral sequence whose E^2 are given by the singular cohomology of various strata of Prim(A) that are better behaved than Prim(A) itself, Theorem 2.5 below. To state our next result, due to Kazhdan, Nistor, and Schneider [29], we need to introduce some notation and definitions.

We shall use the customary notation to denote by 0 the ideal {0}. Recall that an algebra B is called semiprimitive if the intersection of all its primitive ideals is 0. Also, we shall denote by Z(B) the center of an algebra B. We shall need the following definition from [29]

Definition 2.4. A finite decreasing sequence

A = I_0 ⊃ I_1 ⊃ . . . ⊃ I_{n−1} ⊃ I_n

of two-sided ideals of a unital finite type algebra A is an abelian filtration if and only if the following three conditions are satisfied for each k:

(i) The quotient A/I_k is semiprimitive.

(ii) For each maximal ideal p ⊂ Z_k := Z(A/I_k) not containing I_{k−1} := Z_k ∩ (I_{k−1}/I_k), the localization (A/I_k)_p = (Z_k \ p)^{−1}(A/I_k) is an Azumaya algebra over (Z_k)_p,

(iii) The quotient (I_{k−1}/I_k)/I_{k−1}(A/I_k) is nilpotent and I_n is the intersection of all primitive ideals of A.

Consider an abelian filtration (I_k), k = 0, . . . , n of a finite type k-algebra A. Then, for each k, the center Z_k of A/I_k is a finitely generated complex algebra, and hence it is isomorphic to the ring of regular functions on an affine, complex algebraic variety X_k. Let Y_k ⊂ X_k be the subvariety defined by I_{k−1} := Z_k ∩ (I_{k−1}/I_k). For any complex algebraic variety X, we shall denote by X^{an} the topological space obtained by endowing the set X with the locally compact topology induced by some embedding X ⊂ C^N , N large. We shall call X^{an} the analytic space underlying X. For instance, we shall refer to X^{an}_k and Y^{an}_k as the analytic spaces associated to the filtration (I_k) of A. Then we have the following result from [29]

Theorem 2.5 (Kazhdan-Nistor-Schneider). If Y^{an}_p ⊂ X^{an}_p are the analytic spaces associated to an abelian filtration of a finite type algebra A, then there exists a natural spectral sequence with E^1_{−p,q} = H^{[q−p]}(X^{an}_p , Y^{an}_p ) convergent to HP_{q−p}(A).

If the algebra A in the above theorem is commutative, then any decreasing filtration of A (by radical ideals) is abelian, which explains the terminology “abelian filtration.” Moroever, in this case our spectral sequence reduces to the spectral sequence in singular cohomology associated to the filtration of a space by closed subsets.

Every finite type algebra has an abelian filtration. Indeed, we can take I_k to be the intersection of the kernels of all irreducible representations of dimension at most k. This filtration is called the standard filtration.

Example 2.6. Let a_1, a_2, . . . , a_l ∈ C be distinct points and v_1, v_2, . . . , v_l ∈ C^2 be nonzero (column) vectors. Let C[x] = O(C) denote the algebra of polynomials in one variable and define

(11) A_1 := {P ∈ M_2(C[x]), F (a_j )v_j ∈ Cv_j }.

Then A_1 is a finite type algebra with center Z = Z(A_1), the subalgebra of matrices of the form P E_2, where P ∈ C[x] and E_2 is the identity matrix in M_2(C).

We filter A_1 by the ideals

I_1 = {P ∈ A_1, F (a_j ) = 0}

and I_2 = 0. We have A_1/I_1 ≃ C^{2k} a semi-primitive (i.e. reduced) commutative algebra with center

Z_1 := Z(A_1/I_1) = A_1/I_1 = C^{2k}.

Then I_0 := Z(A_1/I_1) ∩ I_0 = A_1 and hence no maximal ideal p contains I_0. On the other hand, the algebra A_1/I_1 is an Azumaya algebra, so Condition (ii) of Definition 2.4 is automatically satisfied for k = 1. Similarly, the quotient (I_0/I_1)/I_0(A_1/I_1) = 0, and hence it is nilpotent. Hence Condition (iii) of Definition 2.4 is also satisfied for k = 1. The space X_1 consists of 2l points (two copies of each a_j ) and Y_1 is empty.

Next, Z_2 = Z ≃ C[x] and A_1 = A_1/I_2 is semi-primitive. The ideal I_1 := Z_2 ∩ I_1 consists of the polynomials vanishing at the given values a_j . In this case, X_2 = C and Y_2 = {a_1, . . . , a_l}. The Conditions (i–iii) of Definition 2.4 are easily checked for k = 2. This also follows from the fact that I_j is the standard filtration of A_1.

The spectral sequence of Theorem 2.5 then becomes E^1_{−p,q} = 0, unless p = 1 or p = 2, in which case we get

E^1_{−1,q} = H^{[q−1]}(X_1, Y_1) = � C^{2l} if q is odd 0 otherwise and E^1_{−2,q} = H^{[q−2]}(X_2, Y_2) = � C^{l−1} if q is odd 0 otherwise.

The differential d^1 : E^1_{−p,q} → E^1_{−p−1,q} turns out to be surjective for p = 1 and q odd. For some obvious geometric reasons, the spectral sequence E^r_{p,q} at r = 2 then collapses and gives

(12) HP_0(A_1) ≃ E^2_{−1,1} ≃ C^{l+1}

and HP_1(A_1) = 0. We shall look again at the algebra A_2, from a different point of view, in Example 3.5.

Let us consider now the following related example.

Example 2.7. Let A_2 = M_2(C[x]) ⊕ C^l. Then the standard filtration of A_2 is I_0 = A_2, I_1 = M_2(C[x]), and I_2 = 0. The center of A_2/I_1 is Z_1 ≃ C^l. We have that X_1 consists of l points and Y_1 = 0. The center of A_2/I_2 is Z_2 ≃ C[x] ⊕ C^l. Then X_2 = C ∪ X_1 and Y_2 = X_1, where X_1 ∩ C = ∅.

The spectral sequence of Theorem 2.5 then becomes E^1_{−p,q} = 0, unless p = 1 or p = 2, in which case we get

E^1_{−1,q} = H^{[q−1]}(X_1, Y_1) = � C^l if q is odd 0 otherwise and E^1_{−2,q} = H^{[q−2]}(X_2, Y_2) = � 0 if q is odd C otherwise.

The spectral sequence collapses at the E^1 term for geometric reasons and hence

(13) HP_0(A_2) ≃ E^1_{−1,1} ⊕ E^1_{−2,2} ≃ C^{l+1}

and HP_1(A_1) = 0.

The algebras A_1 and A_2 in the above examples turned out to have the same periodic cyclic homology groups. These algebras are simple, but representative, of the finite type algebras arising in the representation theory of reductive p-adic groups. Clearly, the periodic cyclic homology groups of these algebras provide important information on the structure of these algebras, but fails to distinguish them. At a heuristical level, distinguishing between A_1 and A_2 is the same problem as distinguishing between square integrable representations and supercuspidal representations. This issue arises because both these types of representations provide similar homology classes in HP_0 (through the Chern characters of the idempotents defining them). It is then an important question to distinguish between these homology classes.

Let us complete our discussion with some related results on the Hochschild homology of finite type algebras. We begin with the Hochschild homology of certain cross product algebras.

Let Γ be a finite group acting on a smooth complex algebraic variety X. For any γ ∈ Γ, let us denote by X^γ ⊂ X the points of X fixed by γ. Let

Γ_γ := {g ∈ Γ, gγ = γg}

denote the centralizer of γ in Γ. Let C_γ be the (finite, cyclic) subgroup generated by γ. There exists a natural Γ-invariant map

(14) X̂ := � γ∈Γ {γ} × X^γ × (Γ_γ /C_γ ) → X,

given simply by the projection onto the second component. This gives then rise to a Γequivariant morphism O(X) → O(X̂). Choose a representative x ∈ Γ from each conjugacy class ⟨x⟩ of Γ and denote by m_x the number of elements in the conjugacy class of m_x. Denote by C^∗_γ the dual of C_γ , that is the set of multiplicative maps π : C_γ → C^∗. Recall that ⟨Γ⟩ denotes the set of conjugacy classes of Γ. We are finally ready to define the morphisms ψ_{γ,π} : O(X) ⋊ Γ → M_{mx} (O(X^γ )), where γ runs through a system of representatives of the conjugacy classes of Γ and π ∈ C^∗_γ

(15) ψ = � ⟨γ⟩∈⟨Γ⟩,π∈C^∗_γ

ψ_{γ,π} : O(X) ⋊ Γ → O(X̂) ⋊ Γ ≃ � ⟨γ⟩∈⟨Γ⟩

M_{mx} (O(X^γ ) ⊗ C[C_γ ]) ≃ � ⟨γ⟩∈⟨Γ⟩,π∈C^∗_γ

M_{mx} (O(X^γ )).

The equations above give rise to a map

(16) ϕ = � ⟨γ⟩∈⟨Γ⟩

ϕ_γ : HH_q(O(X) ⋊ Γ) → � ⟨γ⟩∈⟨Γ⟩

H^q(X^γ ),

defined using HH_q (M_m(O(X^γ ))) ≃ HH_q (O(X^γ )) ≃ H^q(X^γ ) and

(17) ϕ_γ = � π∈C^∗_γ

π(γ) #C_γ

HH_q(ψ_{γ,π}) : HH_q (O(X) ⋊ Γ) → Ω^q (X^γ ).

(This map was defined in a joint work in progress with J. Brodzki [11].)

Then we have the following lemma, which is a particular case of the Theorem 2.11 below.

Lemma 2.8. Assume that X = C^n and that Γ acts linearly on C^n. Then the map ϕ of Equation 16 defines an isomorphism

ϕ : HH_q (O(X) ⋊ Γ) → � ⟨γ⟩∈⟨Γ⟩

Ω^q(X^γ )^{Γγ} .

Proof. Let A be a complex algebra acted upon by automorphisms by a group Γ. Let us recall [21, 44] that the groups HH_q (A ⋊ Γ) decompose naturally as a direct sum

(18) HH_q(A ⋊ Γ) ≃ ⊕_{⟨γ⟩∈⟨Γ⟩} HH_q (A ⋊ Γ)_γ .

The components HH_q (A⋊Γ)_γ are then identified as follows. Let A_γ be the A–A bimodule with action a · b · c = abγ(c). Let HH_q(A, M) denote the Hochschild homology groups of an A–bimodule M [38, 39, 52]. Then

(19) HH_q (A ⋊ Γ)_γ ≃ HH_q(A, A_γ )^{Γγ} .

This follows from example from [44][Lemma 3.3] (take G = Γ in that lemma). This will also be discussed in [11, 49].

Let now A = O(X), with X = C^n and Γ acting linearly on X. The same method as the one used in the proof of [15][Lemma 5.2] shows that

(20) HH_q (A, A_γ ) ≃ HH_q (O(X^γ ), O(X^γ )) = HH_q(O(X^γ )) = Ω^q (X^γ ),

the isomorphism being given by the restriction morphism O(X) → O(X^γ ).

A direct calculation based on the formula for the map J in [44][Lemma 3.3] shows that the composition of the morphisms of Equations (19) and (20) is the map ϕ_γ of Equation (17). This completes the proof. □

We now extend the above result to X an arbitrary smooth, complex algebraic variety. To do this, we shall need two results on Hochschild homology. We begin with the following result of Brylinski from [14].

Proposition 2.9 (Brylinski). Let S be a multiplicative subset of the center Z of the algebra A. Then HH_∗(S^{−1}A) ≃ S^{−1} HH_∗(A).

A related result, from [29], studies the completion of Hochschild homology. In the following result, we shall use topological Hochschild homology, whose definition is similar to that of the usual Hochschild homology, except that one completes with respect to the powers of an ideal (below, we shall use this for the ideals I and IA).

Theorem 2.10. Suppose that A is a unital finite type k–algebra and I ⊂ k is an ideal. Then the natural map HH_∗(A) → HH^{top}_∗ (Â) and the k–module structure on HH_∗(A) define an isomorphism HH_∗(A) ⊗_k k̂ ≃ HH^{top}_∗ (Â) of k̂–modules.

We are ready now to prove the following theorem.

Theorem 2.11. Assume that X is a smooth, complex algebraic variety and that Γ acts on X by algebraic automorphisms. Then the map ϕ of Equation 16 defines an isomorphism

ϕ : HH_q (O(X) ⋊ Γ) → � ⟨γ⟩∈⟨Γ⟩

Ω^q(X^γ )^{Γγ} .

Proof. Let Z := O(X)^Γ = O(X/Γ).

Then the morphism ψ of Equation (15) is Z-linear. It follows that the map ϕ of Equation (16) is also Z-linear. It is enough hence to prove that the localization of this map to any maximal ideal of Z is an isomorphism. It is also enough to prove that the completion of any of these localizations with respect to that maximal ideal is an isomorphism. Since X is smooth (and hence the completion of the local ring of X at any point is a power series ring) this reduces to the case of X = C^n acted upon linearly by Γ. The result hence follows from Lemma 2.8. □

Let us include the following corollary of the above proof.

Corollary 2.12. The map ϕ_γ : HH_q (O(X) ⋊ Γ) → Ω^q(X^γ ) of (17) is such that ϕ_γ = 0 on HH_q (O(X) ⋊ Γ)_g if g and γ are not in the same conjugacy class and induces an isomorphism ϕ_γ : HH_q (O(X) ⋊ Γ)_γ → Ω^q(X^γ )^{Γγ} .

Let us apply these results to the algebra A_1 of Example 2.6.

Example 2.13. Let Γ = Z/2Z act by z → −z on C. Chose l = 1 and a_1 = 0 in Example 2.6. Then O(C) ⋊ Γ ≃ A_1, and hence

HH_q (A_1) ≃ � � � O(C)^Γ ⊕ C if q = 0 O(C)^Γ if q = 1 0 otherwise.

In particular, HH_q (A_1) vanishes for q large. Also, note that O(C)^Γ = C[x]^Γ = C[x^2] ≃ C[x].

Let us see now an example of a finite type algebra for which Hochschild homology does not vanish in all degrees.

Example 2.14. Let A_3 ⊂ M_2(O(C)) = M_2(C[x]) be the subalgebra of those matrices P = � P_{11} P_{12} P_{21} P_{22} � =: P_{11}e_{11} + P_{12}e_{12}P_{21}e_{21} + P_{22},

with the property that P_{21}(0) = P^′_{21}(0) = 0. For a suitable choice of v_1, this is a subalgebra of the algebra A_1 considered in Example 2.13. Let V_1 := A_3e_{11} and V_2 := A_3e_{22}.

Then M := V_2/V_1 ≃ C[x]/(x^2). The modules V_1 and V^τ_2 := e_{22}A_3 can be used to produced a projective resolution of A_3 with free A_3–A_3 bimodules that gives

(21) HH_q(A_3) ≃ � � � C[x] ⊕ M if q = 0 C[x] ⊕ C if q = 1 C otherwise.

3. SPECTRUM PRESERVING MORPHISMS

We shall now give more evidence for the close relationship between the topology of Prim(A) and HP_∗(A) by studying a class of morphisms implicitly appearing in Lusztig’s work on the representation of Iwahori-Hecke algebras, see [34, 35, 36, 37].

Let L and J be two finite type k-algebras. If ϕ : L → J is a k-linear morphism, we define

(22) R_ϕ := {(P^′, P) ⊂ Prim(J) × Prim(L), ϕ^{−1}(P^′) ⊂ P}.

We now introduce the class of morphisms we are interested in.

Definition 3.1. Let ϕ : L → J be a k-linear morphism of unital, finite type k-algebras. We say that ϕ is a spectrum preserving morphism if, and only if, the set R_ϕ defined in Equation (22) is the graph of a bijective function

ϕ^∗ : Prim(J) → Prim(L).

More concretely, we see that ϕ : L → J is spectrum preserving if, and only if, the following two conditions are satisfied:

(1) For any primitive ideal P of J, the ideal ϕ^{−1}(P) is contained in a unique primitive ideal of L, namely ϕ^∗(P), and (2) The resulting map ϕ^∗ : Prim(J) → Prim(L) is a bijection. We have the following result combining two theorems from [3].

Theorem 3.2 (Baum-Nistor). Let L and J be finite type k–algebras and ϕ : L → J be a k–linear spectrum preserving morphism. Then the induced map ϕ^∗ : Prim(J) → Prim(L) between primitive ideal spectra is a homeomorphism and the induced map ϕ_∗ : HP_∗(L) → HP_∗(J) between periodic cyclic homology groups is an isomorphism.

We also obtain an isomorphism on periodic cyclic homology for a slightly more general class of algebra morphisms.

Definition 3.3. A morphism ϕ : L → J of finite type algebras is called weakly spectrum preserving if, and only if, there exist increasing filtrations

(0) = L_0 ⊂ L_1 ⊂ . . . ⊂ L_n = L and (0) = J_0 ⊂ J_1 ⊂ . . . ⊂ J_n = J

of two-sided ideals such that ϕ(L_k) ⊂ J_k and the induced morphisms L_k/L_{k−1} → J_k/J_{k−1} are spectrum preserving.

Combining the above theorem with the excision property, we obtain the following result from [3].

Theorem 3.4 (Baum-Nistor). Let L and J be finite type k–algebras and ϕ : L → J be a k–linear weakly spectrum preserving morphism. Then the induced map ϕ_∗ : HP_∗(L) → HP_∗(J) between periodic cyclic homology groups is an isomorphism.

The main application of this theorem is the determination of the periodic cyclic homology of Iwahori-Hecke algebras in [2, 3]. Let H_q be an Iwahori-Hecke algebra and J the corresponding asymptotic Hecke algebra associated to an extended affine Weyl group ^W [36] (their definition is recalled in [3], where more details and more complete references are given). Then there exists a morphism ϕ : H_q → J of k–finite type algebras, k = Z(H_q) that is weakly spectrum-preserving provided that q is not a root of unity or q = 1. Therefore

(23) ϕ_∗ : HP_∗(H_q ) → HP_∗(J)

is an isomorphism. The algebra H_1 is a group algebra, and hence its periodic cyclic homology can be calculated directly.

The above theorem also helps us clarify the Examples 2.6 and 2.7.

Example 3.5. Let us assume that v_j = v ∈ C^2 in Example 2.6. Let e ∈ M_2(C) be the projection onto the vector e. The morphism ϕ : C[x] ∋ P → P e ∈ A_1 ⊂ M_2(C[x]) is not weakly spectrum preserving. However, ϕ : C[x] → I_1 is a spectrum preserving morphism of C[x]–algebras. Combining with the inclusion I_1 ⊂ M_2(C[x]), we see that ϕ_∗ : HP_∗(C[x]) → HP_∗(I_1) is an isomorphism and HP_∗(I_1) is a direct summand of HP_∗(A_1). The excision theorem then gives

HP_q (A_1) ≃ HP_q (I_1) ⊕ HP_q (A/I_1) ≃ HP_q(C[x]) ⊕ HP_q(C^l) = � C^{l+1} if q is even 0 otherwise.

The case of the algebra A_2 of example is even simpler.

Example 3.6. The inclusion Z(A_2) → A_2 is a spectrum preserving morphism of Z(A_2)– algebras. Consequently,

HP_q (A_2) ≃ HP_q (C[x]) ⊕ HP_q (C^l) = � C^{l+1} if q is even 0 otherwise.

Let us notices that by considering the action of the natural morphisms

C[x] → Z(A_1) ⊂ A_1, A_1 → M_2(C[x]), C[x] → Z(A_2) ⊂ A_2, orA_2 → M_2(C[x])

on periodic cyclic homology, we will still not be able to distinguish between A_1 and A_2. However, the natural products HP_i(C[x]) ⊗ HP_j (A_k ) → HP_∗(A_k ) (see [26, 27]) will distinguish between these algebras.

4. THE PERIODIC CYCLIC HOMOLOGY OF C^∞_c (G)

Having discussed the relation between HP_∗(C^∞_c (G)) and the admissible spectrum Ĝ = Prim(C^∞_c (G)), let us recall the explicit calculation of HP_∗(C^∞_c (G)) from [47]. The calculation of HP_∗(C^∞_c (G)) in [47] follows right away from the calculation of the Hochschild homology groups of C^∞_c (G). The calculations of presented in this section complement the results on the cyclic homology of p–adic groups in [45, 48].

To state the main result of [47] on the Hochschild homology of the algebra C^∞_c (G), we need to introduce first the concepts of a “standard subgroup” and of a “relatively regular element” of a standard subgroup. For any group G and any subset A ⊂ G, we shall denote

C_G(A) := {g ∈ G, ga = ag, ∀a ∈ A} , N_G(A) := {g ∈ G, gA = Ag} ,

W_G(A) := N_G(A)/C_G(A), and Z(A) := A ∩ C_G(A). This latter notation will be used only when A is a subgroup of G. The subscript G will be dropped from the notation whenever the group G is understood. A commutative subgroup S of G is called standard if S is the group of semisimple elements of the center of C(s) for some semi-simple element s ∈ G. An element s ∈ S with this property will be called regular relative to S, or S-regular. The set of S-regular elements will be denoted by S^{reg}.

We fix from now on a p-adic group G. (Recall that a p–adic group G = G(F) is the set of F–rational points of a linear algebraic group G defined over a non-archemedean, non-discrete, locally compact field F of characteristic zero.) Our results will be stated in terms of standard subgroups of G. We shall denote by H_u the set of unipotent elements of a subgroup H. Sometimes, the set C(S)_u is also denoted by U_S , in order to avoid having to many paranthesis in our formulae. Let Δ_{C(S)} denote the modular function of the group C(S) and let C^∞_c (U_S )_δ := C^∞_c (C(S)_u) ⊗ Δ_{C(S)},

be C^∞_c (U_S ) as a vector space, but with the product C(S)-module structure, that is

γ(f)(u) = Δ_{C(S)}(γ)f(γ^{−1}uγ),

for all γ ∈ C(S), f ∈ C^∞_c (U_S )_δ and u ∈ U_S .

The groups HH_∗(C^∞_c (G)) are determined in terms of the following data: (1) the set Σ of conjugacy classes of standard subgroups S of G; (2) the subsets S^{reg} ⊂ S of S-regular elements; (3) the actions of the Weyl groups W (S) on C^∞_c (S); and (4) the continuous cohomology of the C(S)–modules C^∞_c (U_S )_δ. Combining this proposition with Corollary 2.3, we obtain the main result of this section.

Also, recall that U_S is the set of unipotent elements commuting with the standard subgroup S, and that the action of C(S) on C^∞_c (U_S ) is twisted by the modular function of C(S), yielding the module C^∞_c (U_S )_δ = C^∞_c (U_S ) ⊗ Δ_{C(S)}.

Theorem 4.1. Let G be a p–adic group. Let Σ be a set of representative of conjugacy classes of standard subgroups of S ⊂ G and W (S) = N(S)/C(S), then we have an isomorphism

HH_q(C^∞_c (G)) ≃ � S∈Σ C^∞_c (S^{reg})^{W (S)} ⊗ H_q (C(S), C^∞_c (U_S )_δ).

The isomorphism of this theorem was obtained by identifying the E^∞-term of a spectral sequence convergent to HH_q (C^∞_c (G)), and hence it is not natural. This isomorphism can be made natural by using a generalization of the Shalika germs [47] .

The periodic cyclic homology groups of C^∞_c (G) are then determined as follows. Recall that our convention is that HH_{[q]} := ⊕_{k∈Z} HH_{q+2k}. An element γ ∈ G is called compact if the closure of the set {γ^n} is compact. The set G_{comp} of compact elements of G is open and closed in G, if we endow G with the locally compact, Hausdorff topology obtained from an embedding G ⊂ F^N . We clearly have γG_{comp}γ^{−1} = G_{comp}, that is, G_{comp} is G-invariant for the action of G on itself by conjugation. Also, we shall denote by HH_{[q]}(C^∞_c (G))_{comp} the localization of the homology group HH_{[q]}(C^∞_c (G)) to the set of compact elements of G (see [8] or [44]). This localization is defined as follows. Let R^∞(G) be the ring of locally constant Ad_G-invariant functions on G with the pointwise product. If ω = f_0 ⊗ f_1 ⊗ . . . f_n ∈ C^∞_c (G)^{⊗(n+1)} = C^∞_c (G^{n+1}) and z ∈ R^∞(G), then we define

[zω](g_0, g_1, . . . , g_n) = z(g_0g_1 . . . g_n)ω(g_0, g_1, . . . , g_n) ∈ C^∞_c (G^{n+1}).

Let χ be the characteristic function of G_{comp} (so χ = 1 on G_{comp} and χ = 0 otherwise). Then HH_{[q]}(C^∞_c (G))_{comp} = χ HH_{[q]}(C^∞_c (G)).

Theorem 4.2. We have

(24) HP_q(C^∞_c (G)) ≃ HH_{[q]}(C^∞_c (G))_{comp}.

Let S_{comp} be the set of compact elements of a standard subgroup S, then

(25) HP_q (C^∞_c (G)) ≃ � S∈Σ C^∞_c (S^{reg}_{comp})^{W (S)} ⊗ H_{[q]}(C(S), C^∞_c (U_S )_δ ).

The Equation (24) follows also from the results in [45].

It is conceivable that a next step would be to study the “discrete parts” of the groups HH_q (C^∞_c (G)), following the philosophy of [6, 28]. This can be defined as follows. In [47], we have defined “induction morphisms”

(26) ϕ^G_M : HH_q (C^∞_c (G)) → HH_q (C^∞_c (M))

for every Levi subgroup M ⊂ G. We define HH_q(C^∞_c (G))_0 to be the intersection of all kernels of ϕ^G_M , for M a proper Levi subgroup of G and call this the discrete part of HH_q (C^∞_c (G))_0.

Assuming that one has established, by induction, a procedure to construct the cuspidal representations of all p–adic groups of lower split rank, then one can study the action of the center of C^∞_c (G) corresponding to the cuspidal associated to proper Levi subgroups on the discrete part of HH_q (C^∞_c (G)), which would hopefully allow us to distinguish between the cuspidal part of HH_q (C^∞_c (G))_0 and its part coming from square integrable representations that are not super-cuspidal.

5. HOCHSCHILD HOMOLOGY

We include now three short sections that recall some of the definitions used above. Nothing in this and the next section is new, and the reader interested in more details as well as precise references should consult the following standard references [10, 5, 16, 17, 25, 33, 32, 51].

We begin by recalling the definitions of Hochschild homology groups of a complex algebra A, not necessarily with unit. We define b and b^′ define two linear maps

(27) b, b^′ : A^{⊗n+1} → A^{⊗n}.

where A^{⊗n} := A ⊗ A ⊗ . . . A (n times) by the formulas

(28) b^′(a_0 ⊗ a_1 ⊗ . . . ⊗ a_n) = n−1� i=0 (−1)^ia_0 ⊗ . . . ⊗ a_ia_{i+1} ⊗ . . . ⊗ a_n,

b(a_0 ⊗ a_1 ⊗ . . . ⊗ a_n) = b^′(a_0 ⊗ a_1 ⊗ . . . ⊗ a_n) + (−1)^na_na_0 ⊗ . . . ⊗ a_{n−1},

where a_0, a_1, . . . , a_n ∈ A. Let

(29) H_n(A) = H^′_n(A) := A ⊗ A ⊗ . . . A (n + 1 times ).

Also, let H(A) := (H_n(A), b) and H^′(A) := (H/_n(A), b^′). The homology groups of H(A) are, by definition, the Hochschild homology groups of A and are non-zero. The nth Hochschild homology group of A is denoted HH_n(A). By dualizing, we obtain the Hochschild cohomology groups HH^n(A).

If A has a unit, then the complex H^′(A) is acyclic (i.e. it has vanishing homology groups) because b^′s + sb^′ = 1, where (30) s(a_0 ⊗ a_1 ⊗ . . . ⊗ a_n) = 1 ⊗ a_0 ⊗ a_1 ⊗ . . . ⊗ a_n. Therefore, if A has a unit, the complex H^′(A) is a resolution of A by free A-bimodules.

Recall that a trace on A is a linear map τ : A → C such that τ(a_0a_1 − a_1a_0) = 0 for all a_0, a_1 ∈ A. The space of all traces on A is then isomorphic to HH^0(A).

An algebra A such that H^′(A) is acyclic is called H-unital, following Wodzicki [53]. Clearly the groups HH_n(A) are covariant functors in A, in the sense that any algebra morphism ϕ : A → B induces a morphism ϕ_∗ = HH_n(ϕ) : HH_n(A) → HH_n(B) for any integer n ≥ 0. Similarly, we also obtain a morphism ϕ^∗ = HH^n(ϕ) : HH^n(B) → HH^n(A). In other words, Hochschild cohomology is a contravariant functor. It is interesting to note that if Z is the center of A, then HH_n(A) is also a Z-module, where, at the level of complexes the action is given by (31) z(a_0 ⊗ a_1 ⊗ . . . ⊗ a_n) = za_0 ⊗ a_1 ⊗ . . . ⊗ a_n. for all z ∈ Z. As z is in the center of A, this action will commute with the Hochschild differential b.

6. CYCLIC HOMOLOGY Let A be a unital algebra. We shall denote by t the (signed) generator of cyclic permutations:

(32) t(a_0 ⊗ a_1 ⊗ . . . ⊗ a_n) = (−1)^na_n ⊗ a_0 ⊗ . . . ⊗ a_{n−1} Using the operator t and the contracting homotopy s of the complex H^′(A), Equation (30), we construct a new differential B := (1 − t)B_0, of degree +1, where

(33) B_0(a_0 ⊗ a_1 ⊗ . . . ⊗ a_n) = s n� k=0 t^k(a_0 ⊗ a_1 ⊗ . . . ⊗ a_n).

It is easy to check that B^2 = 0 and that [b, B]_+ := bB + Bb = 0.

The differentials b and B give rise to the following complex

� � � b b b

A^{⊗3} � A^{⊗2} � A B B

� � b b A^{⊗2} � A B

� b A FIGURE 1. The cyclic bicomplex of the algebra A.

We notice that columns the above complex are copies of the Hochschild complex H(A). The cyclic complex C(A) is by definition the total complex of this double complex. Thus the space of cyclic n-chains is defined by

(34) C(A)_n = � k≥0 H_{n−2k}(A),

we see that (C(A), b + B), is a complex, called the cyclic complex of A, whose homology is by definition the cyclic homology of A, denoted HC_q (A), q ≥ 0.

There is a canonical operator S : C_n(A) → C_{n−2}(A), called the Connes periodicity operator, which shifts the cyclic complex left and down, explicitly defined by

(35) S(ω_n, ω_{n−2}, ω_{n−4}, . . . ) → (ω_{n−2}, ω_{n−4}, . . . ),

where ω_k ∈ H_k(A), for all k. This operator induces the short exact sequence of complexes

0 → H(A)^I−→ C(A)^S−→ C(A)[2] → 0,

where the map I is the inclusion of the Hochschild complex as the first column of the cyclic complex. The snake Lemma in homology [38, 39, 52] gives the following long exact sequence, called the SBI–exact sequence

(36) . . . → HH_n(A)^I−→ HC_n(A)^S−→ HC_{n−2}(A)^B−→ HH_{n−1}(A)^I−→ . . . ,

where B is the differential defined above, see [16, 33] for more details. The periodic cyclic complex of an algebra A is the complex

C^{per}(A) := lim_← C(A),

the inverse limit being taken with respect to the periodicity morphism S. It is a Z/2Zgraded complex, whose chains are (possibly infinite) sequences of Hochschild chains with degrees of the same parity. The homology groups of the periodic cyclic complex C^{per}(A) are, by definition, the periodic cyclic homology groups of A. A simple consequence of the SBI–exact sequence is that if ϕ : A → B is a morphism of algebras that induces an isomorphism on Hochschild homology, then ϕ induces an isomorphism on cyclic and periodic cyclic homology groups as well. Here is an application of this simple principle.

Here is an application of this lemma. Consider

(37) T r_∗ : H_q(M_N (A)) → H_q(A), q ∈ Z_+,

the map defined by T r_∗(b_0 ⊗. . .⊗b_q) = T r(m_0m_1 . . . m_q)a_0 ⊗. . . a_q, if b_k = m_k ⊗a_k ∈ M_N (C) ⊗ A = M_N (A). Also consider the (unital) inclusion ι : A → M_N (A) and ι_∗ be the morphism induced on the Hochschild complexes.

Proposition 6.1. The map T r_∗ commutes with b and B. Both ι_∗ and Tr_∗ induce isomorphisms on Hochschild, cyclic, and periodic cyclic homologies and cohomologies such that (ι_∗)^{−1} = N^{−1}T r_∗.

The cyclic and periodic cyclic homology groups of a non-unital algebra A are defined as the cokernels of the maps HC_q (C) → HC_q (A^+) and HP_q (C) → HP_q (A^+), where A^+ = A ⊕ C is the algebra with adjoined unit.

More generally, cyclic homology groups can be defined for “mixed complexes,” [5, 24, 27, 29].

7. THE CHERN CHARACTER

We shall use these calculations to construct Chern characters. By taking X to be a point in Theorem 1.3, we obtain that HC_{2q} (C) ≃ C and HC_{2q+1}(C) ≃ 0. We can take these isomorphisms to be compatible with the periodicity operator S and such that for q = 0 it reduces to HC_0(C) = HH_0(C) = C/[C, C] = C.

We shall denote by η_q ∈ HC_{2q} (C) the unique element such that (38) S^q η_q = 1 ∈ C = HC_0(C).

For any projection e ∈ M_N (A) is a projection we obtain a (non-unital) morphism ψ : C → M_N (A) by λ → λe. Then Connes-Karoubi Chern character of e in cyclic homology [16, 17, 25, 32] is defined by (39) Ch_q ([e]) = T r_∗(ψ_∗(η_q )) ∈ HC_{2q} (A).

This map can be shown to depend only on the class of e in K-theory and to define a morphism (40) Ch_q : K_0(A) → HC_{2q}(A).

One can define similarly the Chern character in periodic cyclic homology and the Chern character on K_1 (algebraic K-theory). For the Connes-Karoubi Chern character on K_1, we use instead Y = C^∗, whose algebra of regular functions is O[Y ] ≃ C[z, z^{−1}], the algebra of Laurent polynomials in z and z^{−1} (this algebra, in turn, is isomorphic to the group algebra of Z). Then HC_q (O[Y ]) ≃ C, for any q ≥ 1. We are interested in the odd groups, which will be generated by elements v_k ∈ HC_{2k+1}(O[Y ]), which can be chosen to satisfy v_1 = z^{−1} ⊗ z and S^kv_{2k+1} = v_1.

Then, if u ∈ M_N (A) is an invertible element, it defines a morphism ψ : C[C^∗] → M_N (A). The Connes-Karoubi Chern character of u in cyclic homology is thus defined by (41) Ch_q ([u]) = T r_∗(ψ_∗(v_q )) ∈ HC_{2q+1}(A).

Again, this map can be shown to depend only on the class of u in K-theory and to define a morphism (42) Ch_q : K_1(A) → HC_{2q+1}(A).

Both the Chern character on K_0 and on K_1 are functorial, by construction.

REFERENCES

[1] P. Baum, N. Higson, and R. Plymen, Representation theory of p-adic groups: a view from operator algebras, The mathematical legacy of Harish-Chandra (Baltimore, MD, 1998), 111-149, Proc. Symp. Pure Math. 69, A. M. S. Providence RI, 2000.

[2] P. Baum and V. Nistor, Periodic cyclic homology of Iwahori-Hecke algebras, C. R. Acad. Sci. Paris 332 (2001), 783–788.

[3] P. Baum and V. Nistor, Periodic cyclic homology of Iwahori-Hecke algebras, K-theory 27 (2003), 329–358. [4] M-T. Benameur and V. Nistor, Homology of complete symbols and noncommutative geometry, In Quantization of Singular Symplectic Quotients, N.P. Landsman, M. Pflaum, and M. Schlichenmaier, ed., Progress in Mathematics 198, pages 21–46, Birkhäuser, Basel - Boston - Berlin, 2001.

[5] M. Benameur, J. Brodzki, and V. Nistor, Cyclic homology and pseudodifferential operators: a survey. [6] J. Bernstein, P. Deligne, and D. Kazhdan, Trace Paley-Wiener theorem for reductive p–adic groups, J.

Analyse Math. 47 (1986), 180–192.

[7] J. N. Bernstein, Le “centre” de Bernstein, Representations of reductive groups over a local field (Paris) (P. Deligne, ed.), Hermann, Paris, 1984, pp. 1–32.

[8] P. Blanc and J. L. Brylinski, Cyclic Homology and the Selberg Principle, J. Funct. Anal. 109 (1992), 289– 330.

[9] A. Borel, Admissible representations of a semi-simple group over a local field with vectors fixed under an Iwahori subgroup, Invent. Math. 35 (1976), 233–259.

[10] J. Brodzki, An introduction to K-theory and cyclic cohomology, Advanced Topics in Mathematics. PWN— Polish Scientific Publishers, Warsaw, 1998.

[11] J. Brodzki and V. Nistor, Cyclic homology of crossed products, work in progress. [12] J. Brodzki and Z. Lykova, Excision in cyclic type homology of Fréchet algebras, Bull. London Math. Soc.

33 (2001), no. 3, 283–291.

[13] J. Brodzki, R. Plymen, Chern character for the Schwartz algebra of p-adic GL(n), Bulletin of the LMS, 34, (2002) 219-228.

[14] J.-L. Brylinski, Central localization in Hochschild homology, J. Pure Appl. Algebra 57 (1989), 1–4. [15] J.-L. Brylinski and V. Nistor, Cyclic cohomology of etale groupoids, K-Theory 8 (1994), 341–365. [16] A. Connes, Noncommutative differential geometry, Publ. Math. IHES 62 (1985), 41–144. [17] A. Connes, Noncommutative Geometry, Academic Press, New York - London, 1994. [18] J. Cuntz, Excision in periodic cyclic theory for topological algebras, In: Cyclic cohomology and noncommutative geometry (Waterloo, ON, 1995), 43–53, Amer. Math. Soc., Providence, RI, 1997.

[19] J. Cuntz and D. Quillen, Excision in bivariant periodic cyclic cohomology, Invent. Math. 127 (1997), 67–98. [20] B. Feigin and B. L. Tsygan, Additive K–Theory and cristaline cohomology, Funct. Anal. Appl. 19 (1985), 52–62.

[21] B. Feigin and B. L. Tsygan, Cyclic homology of algebras with quadratic relations, universal enveloping algebras and group algebras, in K-theory, arithmetic and geometry (Moscow, 1984-1986), 210–239 Lect. Notes Math. 1289, Springer, Berlin, 1987.

[22] T. G. Goodwillie, Cyclic homology, derivations, and the free loopspace, Topology 24 (1985), 187–215. [23] G. Hochschild, B. Kostant, and A. Rosenberg, Differential forms on regular affine algebras, Trans. AMS 102 (1962), 383–408.

[24] John D. Jones and C. Kassel, Bivariant cyclic theory, K-Theory 3 (1989), 339–365. [25] M. Karoubi, Homologie cyclique et K-théorie Asterisque 149 (1987), 1–147.

[26] C. Kassel, A Knneth formula for the cyclic cohomology of Z/2-graded algebra, Math. Ann. 275 (1986), 683–699.

[27] C. Kassel, Cyclic homology, comodules, and mixed complexes, J. Algebra 107 (1987), 195–216. [28] D. Kazhdan, Cuspidal geometry of p-adic groups, J. Analyse Math. 47 (1986), 1–36. [29] D. Kazhdan, V. Nistor, and P. Schneider, Hochschild and cyclic homology of finite type algebras, Selecta Math. (N.S.) 4 (1998), 321–359.

[30] M. Kontsevich and A. Rosenberg, Noncommutative smooth spaces, The Gelfand Mathematical Seminar, 1996–1999, 85–108, Birkhäuser Boston, Boston, Ma, 2000.

[31] S. Lang, Algebra, Revised third edition, Springer, New York, 2002 [32] J.-L. Loday, Cyclic Homology, Springer-Verlag, Berlin-Heidelberg-New York, 1992. [33] J.-L. Loday and D. Quillen, Cyclic homology and the Lie homology of matrices, Comment. Math. Helv. 59 (1984), 565–591.

[34] G. Lusztig, Cells in affine Weyl groups, In “Algebraic Groups and Related Topics,” pp. 255–287, Advanced studies in Pure Math., vol. 6, Kinokunia and North Holland, 1985.

[35] G. Lusztig, Cells in affine Weyl groups II, J. Algebra 109 (1987), 536–548.

[36] G. Lusztig, Cells in affine Weyl groups III, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 34 (1987), 223–243. [37] G. Lusztig, Cells in affine Weyl groups IV, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 36 (1989), 297–328. [38] S. Mac Lane, Homology, Springer-Verlag, Berlin-Heidelberg-New York, 1995.

[39] S. Mac Lane and I. Moerdijk, Sheaves in geometry and logic. A first introduction to topos theory, Universitext, Springer-Verlag, Berlin-Heidelberg-New York, 1994.

[40] Yu. Manin, Topics in noncommutative geometry, M. B. Porter Lectures, Princeton University Press, Princeton, NJ, 1991, viii+164pp.

[41] Yu. Manin, Real multiplication and non-commutative geometry, Lectures at M.P.I, May 2001. [42] Yu. Manin and M. Marcolli, Continued fractions, modular symbols, and noncommutative geometry, Selecta Math. New Ser., 8 (2002), 475–521.

[43] V. Nistor, Group cohomology and the cyclic cohomology of crossed products, Invent. Math. 99 (1990), 411–424.

[44] V. Nistor, Cyclic cohomology of crossed products by algebraic groups, Invent. Math. 112 (1993), 615–638. [45] N. Higson and V. Nistor, Cyclic homology of totally disconnected groups acting on buildings, J. Funct. Anal.

141 (1996), 466–495.

[46] V. Nistor, Higher index theorems and the boundary map in cyclic homology, Documenta 2 (1997), 263–295.

[47] V. Nistor, Higher orbital integrals, Shalika germs, and the Hochschild homology of Hecke algebras of p-adic groups, Int. J. Math. Math. Sci. 26 (2001), 129–160.

[48] P. Schneider, The cyclic homology of p-adic reductive groups, J. Reine Angew. Math. 475 (1996), 39–54. [49] S. Dave, Equivariant yclic homology of pseudodifferential operators, Thesis, Pennsylvania State University, in preparation.

[50] J.-P. Serre, Linear representations of finite groups, Translated from the second French edition by Leonard L. Scott, Springer, New York, 1977.

[51] B. L. Tsygan, Homology of matrix Lie algebras over rings and Hochschild homology, Uspekhi Math. Nauk., 38 (1983), 217–218.

[52] C. Weibel, An introduction to homological algebra, Cambridge Studies in Advanced Mathematics 38, Cambridge University Press, Cambridge, 1994.

[53] M. Wodzicki, Excision in cyclic homology and in rational algebraic K-theory, Annals of Mathematics 129 (1989), 591–640.

PENNSYLVANIA STATE UNIVERSITY, UNIVERSITY PARK, PA 16802 E-mail address: nistor@math.psu.edu