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CRITERIA FOR EQUIDISTRIBUTION OF SOLUTIONS
OF MATRIX EQUATIONS

TATIANA BANDMAN, BORIS KUNYAVSKII

ABSTRACT. We study equidistribution of solutions of word equa-
tions of the form w(z,y) = g in the family of finite groups SL(2, q).
We provide criteria for equidistribution in terms of the trace poly-
nomial of w. This allows us to get an explicit description of certain
classes of words possessing the equidistribution property and show
that this property is generic within these classes.

1. INTRODUCTION

Equidistribution of solutions of various (systems of) diophantine
equations has been remaining one of central topics in number theory,
arithmetic geometry, ergodic theory. It is not our goal to review vast lit-
erature in the area. The reader interested in evolution of ideas in this
fascinating domain of mathematics may find instructive to overview
materials of ICM’s, starting from the foundational address by Lin-
nik (Stockholm, 1962) until impressive contributions of the past two
decades: Margulis, Sarnak (Kyoto, 1990); Dani, Ratner (Ziirich, 1994);
Eskin (Berlin, 1998); Ullmo (Beijing, 2002); Einsiedler—Lindenstrauss,
Michel-Venkatesh, Tschinkel (Madrid, 2006); Oh, Shah (Hyderabad,
2010). Each of the approaches mentioned above assumes its own un-
derstanding of the notion of equidistribution. What most of them share
in common is focusing on certain group actions arising in a natural way
and allowing one to combine methods of number theory and dynamical
systems with group-theoretic considerations.

Let us describe the circle of problems we are interested in. First, we
want to study polynomial matriz equations. In the most general form,
one can consider equations of the form P(A;,..., A, Xq,...,Xy) =
0 where n X n-matrices Aq,...,A,, with entries from a ring R are
given (both n and R are fized, X,..., Xy are unknowns, and P is
an associative noncommutative polynomial). We, however, restrict our
attention to a particular class of equations of the form P(X,..., Xy) =
A where A is a fixed matrix, X, ..., X, are unknowns, and a solution
must belong to a fixed subset M C M(n, R)?. There are several cases
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2 BANDMAN, KUNYAVSKII

where such an equation has a solution for a “generic” A (here R = K
is an algebraically closed field):

o M = G(K)? where G(K) is the group of rational points of
a connected semisimple algebraic group and P = w # 1 is

a nontrivial word (=monomial in X, X;',..., X4, X; " [Bol,
[Lal);
e M = g% where the Lie algebra g of a semisimple algebraic

K-group and a Lie polynomial P satisfy some additional as-
sumptions [BGKP];

e M = M(n, K)? and P satisfies some additional assumptions
[KBMR].

If R = Z, in all these cases we may interpret the situation as follows:
the generic fibre of the morphism P: M% — M of Z-schemes, induced
by the polynomial P, is a dominant morphism of (Q-schemes.

One can ask whether the situation is similar in special fibres of the
morphism P. As the notion of dominance does not make much sense
for finite sets, we would like to formalize the following phenomena:

e all maps P,: (M,)? — M, have “large” images;

e the number #{(A;,...,Ag) € (M,)? : P(A,...,A)) = A}
(where ¢ = p"; p = 2,3,5,...; A runs over a “large” subset of
M,) is, in some reasonable sense, almost independent of A.

(Here M, denotes the set of F,-points of the fibre of the scheme M
at ¢, and P, is the fibre of the morphism PP at ¢.)

Roughly, the conditions formulated above mean that the equations
P(Xy,...,X4) = A, with the right-hand side running, for each ¢, over
“almost whole” set M,, have many and almost equally many solu-
tions in (M,)?, respectively. We shall call such morphisms p-almost
equidistributed, or almost equidistributed (depending on whether p in
the second condition is or is not fixed); the word “almost” will often
be dropped. See Section 2 for precise definitions.

According to [La], [LS], the word map is “fibrewise dominant” for
any w # 1 and any Chevalley group G (i.e., the images of the maps
P, are “large”). Our main result (Theorem 2.14) provides a necessary
and sufficient condition on the word w in two variables under which
the corresponding morphism w: SLg x SLy — SLy is almost equidis-
tributed. This result can be viewed, on the one hand, as a refinement
(in the SLy-case) of equidistribution theorems of [LP], [LST] on general
words w and general Chevalley groups G, and, on the other hand, as a
generalization of equidistribution theorems for some particular words:
[GS] (commutator words on any ), [BGG] (Engel words on SL), [BG]
(positive words on SLs).

Acting in the spirit of [GS], we deduce a criterion for w: SLy x SLy —
SL, to be almost measure-preserving.
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Note that certain word maps are measure-preserving in a much stron-
ger sense. Namely, if w is primitive, i.e., is a part of a basis of the free
d-generated group Fj, then the corresponding word map G¢ — G is
measure-preserving for every finite group G, i.e., all fibres of this map
have the same cardinality. Only primitive words possess this property,
this was proven for d = 2 in [Pu] and recently extended to arbitrary
d by Puder and Parzanchevski. It is well known (see, e.g., [MS]) that
primitive words are asymptotically rare (negligible, in the terminol-
ogy of [KS]). We are looking for criteria for equidistribution for more
general words.

The criteria we are talking about are formulated in terms of the
trace polynomial of the word w. It turns out (see our main results in
Section 2; they are proved in Section 3) that “good” (equidistributed,
measure-preserving) words are essentially those whose trace polyno-
mial cannot be represented as a composition of two other polynomials.
Since a “bad” trace polynomial turns out to be the trace polynomial
of some power word (see Section 4), we conclude (see Section 5) that
within certain natural classes of words a “random” word is “good”
(“good” words, i.e., those whose trace map is p-equidistributed for all
but finitely many primes p, form an exponentially generic set, in the
sense of [KS]).

2. MAIN RESULTS

We start with precise definitions of notions described in the intro-
duction. All schemes under consideration are assumed geometrically
integral and of finite type.

We will follow the approach to equidistribution adopted in [GS]:

Definition 2.1. (cf. [GS, §3]) Let f: X — Y be a map between finite
non-empty sets, and let ¢ > 0. We say that f is e-equidistributed if
there exists Y/ C Y such that

(i) #Y' > #Y (1 —¢);
(i) [/~ (y) — 25| < eZg forally € V.

Our setting is as follows. Let a family of maps of finite sets P, : X, —
Y, be given for every ¢ = p". Assume that for all sufficiently large ¢
the set Y, is non-empty. For each such ¢ take y € Y, and denote

Py ={z e X,: F(z) =y}
(P, may be empty).

Definition 2.2. Fix a prime p. With the notation as above, we say
that the family P,: X, — Y, ¢ = p", is p-equidistributed if there exist
a positive integer ng and a function €,: N — N tending to 0 as n — oo
such that for all ¢ = p™ with n > ny the set Y, contains a subset S,
with the following properties:
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(1) #5, < p(q) (#Y);

(ii) |P, — j;iﬂ < gp(q) j;‘);: for all y € Y, \ S;.

Remark 2.3. Definition 2.2 means that for ¢ = p" large enough, the
map X, — Y, is €,(¢)-equidistributed, in the sense of Definition 2.1.

Definition 2.4. We say that the family P,: X, — Y, is equidistributed
if it is p-equidistributed for all p and there exists a function e: N — N
tending to 0 as n — oo such that for every p and every ¢ = p" large
enough, we have ¢,(q) < &(q).

Remark 2.5. Typically, the situation of Definitions 2.2 and 2.4 arises
for the family of special fibres of a morphism P: X — Y of Z-schemes
(or, more generally, of O-schemes where O is the ring of integers of
a global field) when X, = X,(F,), Y, = Y,(F,). In this situation we
shorten our terminology and say that the morphism P is p-equidistri-
buted (or equidistributed). Note that since Y is assumed geometrically
integral, the condition Y, # () holds automatically if ¢ is large enough.
We have adopted a slightly more flexible setting in Definitions 2.2
and 2.4 which allows broader applications, see Remark 2.16 below.

Let us now consider the case where Y, = G, is a Chevalley group
over F,, X, = (G,)? is a direct product of its d copies (d > 2 is
fixed), and P, = P, ,: (G,)* — G, is the morphism induced by some
fixed word w € Fy: to each d-tuple (g1, ..., gq) we associate the value
w(g, .- gd)-

In the present paper we focus our attention on a particular case
d =2, G, =SL(2,q). Accordingly, we say that w is equidistributed (or
p-equidistributed) if so is the family of maps P, ,: SL(2,¢)xSL(2,q) —
SL(2, q) (or, in other words, if so is the morphism P,,: SLg 7z x SLo7z —
SLy 7 of group schemes over Z).

In such a situation, there is a natural way to associate to a word
w = w(x,y) € Fy its trace polynomial. This construction goes back to
the 19th century (Vogt, Fricke, Klein), see, e.g., [Ho| for a modern expo-
sition: we embed Fy into SL(2,Z) and denote by tr its trace character,
then the trace of w € Fy can be expressed as tr(w) = f,(s,u,t) where
fw € Z[s,u,t] is an integer polynomial in three variables s = tr(z),
u = tr(zy), t = tr(y). We denote by the same letters the induced
morphisms of affine Z-schemes

fuw: AL, =SpecZls, u,t] — AL = SpecZ]z],
of affine Fp—schemes:
fwp: SpecF,[s, u,t] — SpecF,[2],
and also maps of sets of F,-points:

Juwp: AS (E?) - Ai(Eﬂ)

s,U,t
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(here AY = stands for affine space with coordinates 1, ..., zy).

Our criteria for equidistribution of w will be formulated in terms of
the polynomial f,. Some recollections and definitions on polynomials
are on order.

Definition 2.6. Let F be a finite field. We say that h € F[z] is a
permutation polynomial if the set of its values {h(z)}.cr coincides with

F.

Theorem 2.7. [LN, Theorem 7.14] Let ¢ = p". A polynomial h € F,[z]
is a permutation polynomial of all finite extensions of Fy if and only if

h = az?" + b, where a # 0 and k is a non-negative integer.
The following notions are essential for our criteria.

Definition 2.8. Let F' be a field. We say that a polynomial P €
Flzy,...,x,]is F-composite if there exist Q € Flxy,...,z,],deg@Q > 1,
and h € F|z],degh > 2, such that P = h o ). Otherwise, we say that
P is F'-noncomposite.

Note that if E/F is a separable field extension, it is known [AP,
Theorem 1 and Proposition 1] that P is F-composite if and only if P
is F-composite. In particular, working over perfect ground fields, we
may always assume, if needed, that F'is algebraically closed.

Definition 2.9. Let P € Z[z4,...,x,]. Fix a prime p.

e We say that P is p-composite if the reduced polynomial P, €
F,[x1,...,2,] is F,-composite. Otherwise, we say that P is p-
noncomposite.

e We say that a p-composite polynomial P is p-special if, in the
notation of Definition 2.8, P, = h o QQ where h € F,[z] is a
permutation polynomial of all finite extensions of [F,,.

Definition 2.10. We say that a polynomial P € Z[x1, ..., x,] is almost
noncomposite if for every prime p it is either p-noncomposite or p-
special. Otherwise we say that P is very composite.

Remark 2.11. If a polynomial P € Z[zy,...,x,] is Q-noncomposite,
it is p-noncomposite for all but finitely many primes p [BDN, 2.2.1]. If
P € Zxy, ..., x,] is Q-composite, it is very composite.

Example 2.12. Consider the family of Dickson polynomials D, (z,a).
Denote D, (z) = D,(z,1). We have D,(z) = 27T, (z/2) where T,(x)
is the n'® Chebyshev polynomial. If n is not prime then D, is very
composite (see, e.g., Section 4 below). If n = p is prime, then D,, is
almost noncomposite and p-special since D,(z) = 2P in F,[x].

We can now formulate our main results.

Theorem 2.13. Let w € F,. The morphism Py : SLoz X SLyyz —
SLs 7z is p-equidistributed if and only if the trace polynomial f,, is either
p-noncomposite or p-special.
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Theorem 2.14. Let w € F,. The morphism Py : SLoz X SLayz —
SLoz is equidistributed if and only if the trace polynomial f., is almost
noncomposite.

For a given word w € F, let us now consider the family of groups
G, = PSL(2,¢) and the corresponding word maps wy: Gy X Gy — G,

Proposition 2.15. If the morphism P,: SLyz x SLaz — SLaogz is
equidistributed (or p-equidistributed), then so is the family of maps
wy: Gy x Gy — G,

Remark 2.16. This proposition partially explains our flexibility in
Definitions 2.2 and 2.4: since PSL(2,Z) does not exist as a group
scheme, the family w, cannot arise as the family of fibres of a word
morphism of Z-schemes.

3. PROOFS

Fix a word w in F». We slightly change the general notation, and for
a group I' and g € I" we denote

Wor={(z,y) eI xI'":w(z,y) = g}.

We will omit the subscript I' when no confusion may arise. For I' =
G, = SL(2, ¢) we denote this set by W, , (or just W).

Since #G, = q(¢*> — 1), we will replace, if needed, #G, by ¢* in all
asymptotic estimates.

Proof of Theorem 2.13. Slightly rephrasing Definition 2.2, we are going
to prove that there exist positive numbers ng, A, B, «, (3, all indepen-
dent of g € G, such that for every ¢ > gy = p™ there exists S, C G|,
with the following properties:

(1) #S,/¢° < Ag™;

(ii) for every g € T, := G, \ S, we have

Woo 1)
q3

Indeed, this is enough for proving that w is p-equidistributed: in Defi-
nition 2.2 one can then take £,(q) := max{Aq~®, Bq?}.
Towards this end, we will use the following commutative diagram:

GqXGq L Gq

g Je @

A3, (F) —L AL(F,)

< Bg?

where
m(x,y) = (tr(2), tr(zy), tr(y)). (3)
“Typical” fibres of the maps in this diagram should consist of O(¢?)
elements (for w and ), and of O(¢?®) elements (for tr and f,). Below
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we will show how to attain this with an error term of order O(q~?) by
throwing away O(q~) elements.

We will use an explicit Lang—Weil estimate of the following form: if
HC A%q is an absolutely irreducible hypersurface of degree d, then

[#H(EF,) — ¢*| < (d—1)(d - 2)¢"* +12(d +3)'q
(see, e.g., |GL, Remark 11.3]), or, equivalently, #H (F,) = ¢*(1 + r1)
with
1] < q72[(d = 1)(d = 2) +12(d + 3)"q /7. (4)
(The remainder term r = r1(H), as well as all remainder terms in
the sequel, may depend on the hypersurface under consideration. To

ease the notation, we do not include this dependence in formulas.)
For d > 4 and g > 16, equation (4) gives

Ir| < ¢ Y2(d* + 12 - 24t /4) < d*q V(1) d* + 48) < 50diq 2. (5)

Moreover, if d > 4 and ¢ > 4(50d*)?, then |r;| < 1/2. This remains
true also for d < 3. Without loss of generality, we may and will assume
that the latter inequality is valid.

Step 1. Suppose that the polynomial f, is p-noncomposite.

Denote the degree of f,, by d, the degree of the reduced polyno-
mial f,, is then at most d. Consider the corresponding reduced map
Juwp: Ag,u,t(E?) — AL(F,).

Denote by o(fw,) the spectrum of f, ,, i.e., the set of all points
z € AL(F,) such that the hypersurface H., C A2 ,(F,), defined by the
equation f,(s,u,t) = z, is reducible. By a generalized Stein—Lorenzini
inequality [Nal, this set contains at most d — 1 points. The same is true
for each o,(fw) == o(fuwp) NF,. Without loss of generality, we may and
will assume that +2 are inside o,(f,,) (by enlarging #o,(f,) to d+1).

Let z € AY(F,) \ 0(fw,)- Then H, is an irreducible hypersurface and

hence (4), (5) are valid for H,.

Lemma 3.1. Let H C A% (F,) be a hypersurface of degree d. Let

D(s,u,t) = (t* —4)(s* — 4)(s* + t* + u® —ust — 4), and let A C A?
be defined by the equation D = 0. Assume that H ¢ A. Then (see (3))
we have #1 (H)(F,) = #H(F,)¢*(1 + r2), where |ry| < 157d/q.
Proof. We use the following fact (see, [BG, Proposition 7.2]):

#r (s, u,1)(Fy) = ¢°(L+ 0u(s,u, 1)), |01] < 3/q,
if (s,u,t) € A(F,), and
(5, 0,0)(F,) < 26°(1+ 1/g)
if (s,u,t) € A(F,).

Denote HNA by Ha. By Bezout’s theorem, this is a curve of degree
at most 7d, hence #Ha(F,) < 7d(q +1).
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We have
#m (H)(Fy) = #n ' (H \ Ha)(Fy) + #7 ' (Ha)(F,)
< H#(H \ Ha)(Fy)q* (14 an) + #Ha(Fy) g as,
where |a;]| < 3/q and |ag] < 2(1+ 1/¢) < 3. Thus

-1 3 #HAan) #HA(Fq)
#r (H)(F,) = #H(F,)q Kl - #H—(FQ)> (14 a1) + #H—(EI)%

= BHE)(1+ o)
with
| < %(1 +Jau| + fag]) + Jou]
7d(g+ 1)
@ (1+m)
7d-2q-(11/2) 3 157d

+o<—.
q*/2 q q

(1 + Jaa] + [ea]) +[ou]

g

Let S; be the set of all z € F, such that H, C A (see Lemma 3.1).
This set is finite, and #5; < 7 since A is of degree 7 and thus cannot
contain more than 7 irreducible components.

Let 7: G, — A' be the trace map, 7(g) = tr(g). We have #771(2) <
qg+1).

We define S, := 04(f,) U S, and S, := 771(5,). By construction,

q
#S, < (d+8)glg+1) < q?’z(dq+ 8)

According to Lemma 3.1, for any z € T, we have

#nH(H,)(Fy) = #H.(Fy)q* (1 +12) = ¢°(L+11)(1 +72).

On the other hand, all g € G, with tr(g) = z € T, are conjugate, and
there are #771(2) = q(¢ £ 1) such elements. Hence for every such g we
have (see diagram(2))

_#NH)(F) (1 +r)(L+ra)
q(g+1) q(g+1)

#W, (1 +1s3)

with
Irsl < 2] + |raf 4 [raral) < 2[rf + 3.
Recall that ¢ > 4(50d*)?, hence
Irs] <2-50d'qY? +3-157d/q < ¢~ '/*(100d* + 1).
So for ¢ > go = 4(50d*)?, in equation (1) we can take
A=2(d+8),a=1,B=100d"+1,8=1/2. (6)
Thus f, is p-equidistributed.
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Remark 3.2. Note that ¢y and all numbers in (6) depend only on w
(through d, the degree of the trace polynomial f,,) and not on p.

Step 2. Suppose that the polynomial f, is p-composite.

This means that f,(s,u,t) = R(Q(s,u,t)) where R € F,[z] is a
polynomial in one variable of degree d; > 2 and @ € F,[s,u,t] is a
noncomposite polynomial in three variables.

Consider three separate cases.

Case 1. f,, is p-special, i.e.; R is a permutation polynomial of all
fields IF,, ¢ = p". For any z € F, there is a unique = € [F, such that the
hypersurface H, C A3, defined by the equation f,,(s,u,t) = z, coincides
with the hypersurface H,, defined by the equation Q(s, u,t) = x. Since
() is noncomposite, Step 1 implies that w is p-equidistributed in this
case.

Remark 3.3. In this case, the parameters qq, A, B, «, 3 also do not
depend on p. They depend on the word w, this time through the degree
of () which is less than the degree of the trace polynomial of w.

Case 2. R is not a permutation polynomial for F;, ¢ = p". Then it
is not a permutation polynomial for any extension Fym of IF,.

According to [Wa], [WSC], there exists a subset U,, C AL(F ) such
that

o R71(s)(Fym) =0 for every s € Uy,.

It follows that f,*(s)(Fym) = 0 for every m and every s € U,,. So the
polynomial 7 o f,, also omits at least (¢"™ — 1)/d; values, and hence so
does wo tr (see diagram (2)), i.e., w(Gym X Gym) contains no elements
g € Gym with tr(g) € U,,. For every s € Fym, s # %2, the group Gm
contains at least (¢™)* — ¢™ elements with trace s. Thus w omits at
least

¢"(q" = Dl(¢" = 1)/di — 2 = (¢")’/da

values. Hence w is not p-equidistributed.

Case 3. R is a permutation polynomial for IF, but not for an exten-
sion [Fgm. Then we can start with F,m and proceed as in Case 2.
Theorem 2.13 is proved. U

Proof of Theorem 2.14. If f,, is almost noncomposite, then, according
to Remarks 3.2 and 3.3, the word is equidustributed.

If f, is very composite, then for some p it is p-composite but not
p-special and, by Theorem 2.13, it is not p-equidistributed. Hence it is
not equidistributed. Il
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Proof of Proposition 2.15. We can assume that ¢ is odd. Consider the
commutative diagram

w1
G, x Gy — G,

ip,x l )
G, x G, —= G,
where p and p’ are natural projections, and wy and wy correspond to
the map (z,y) — w(z,y) on G, x Gy and on Gy x Gy, respectively.
Suppose w is p—equldlstrlbuted Wlth respect to {G } so that for ¢ > qq
we have inequalities (1) with parameters A, B, «, . Define S,
p(Sq); Tg := Gy \ Sy .
For any element ¢ € G, the set p~(g) contains precisely two elements
g1, g2 of G,. Therefore,
o #S5,=#5,/2 = #G4ep(q)/2 = #Gyep(q);
/
hd Wgﬁq =p (Wg1,Gq U W927Gq);
o #Wya, = #Woro, + #Wea,) /4
o for every g € T, we have

#Wg,éq = (#Wy, 6, #Wy,6,) /4 = #Gq(14€,(0)) /2 = #Gq(l‘Fép(Q))‘

Hence, w is p-equidistributed on {@}q with the same parameters as
on {G,}. O

Remark 3.4. In [GS] there is a discussion on relationship between two
close properties of word maps on finite groups: be equidistributed and
preserve the uniform measure. In our context, the proof of Theorem
2.14 allows us to formulate this relationship explicitly.

Corollary 3.5. Assume that a word w has an almost noncomposite
trace polynomial f, of degree d. Let ¢ > 4(50d*)?, and let £(d,q) =
3(100d* + 1)g~ /2. Let G = SL(2,q) or G = PSL(2,q). Then the word
map w: G x G — G is (d, q)-measure-preserving in the sense of [GS].

Proof. According to (6), the word map w is £(d, ¢)/3-equidistributed,
in the sense of Definition 2.1, and hence £(d, ¢)-measure-preserving, by
|GS, Proposition 3.2]. O

4. COMPOSITE TRACE POLYNOMIALS

Our goal in this section is to describe words in two variables whose
trace polynomial is composite.

Throughout this section T, (x) stands for the n'® Chebyshev poly-
nomial, and D,(z) = 2T, (x/2) for the n'* Dickson polynomial. It
is well known (see, e.g., [LMT, (2.2)]) that this polynomial satisfies
Dy(x 4+ 1/z) = 2™ 4+ 1/2™ and is completely determined by this func-
tional equation.
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We always assume that w(z,y) is written in the form
w = xal ybl xarybr (7)

and is reduced (all integers a;, b; are nonzero). We call the number r
complexity of w.

Definition 4.1. We say that two reduced words w = z% g .. 2%y’
and v = ¢y . 2% yd written in form (7), are trace-similar if r =
r’, the array {|a;|} is a rearrangement of {|¢;|}, and the array {|b;|} is

a rearrangement of {|d;|}.

We start with a list of facts we are going to use:

(i) Any two decompositions of a polynomial f(x) in one variable
into noncomposite polynomials

f=p10p0---0@. =10p0--- 0y

contain the same number of polynomials: r = r/; the degrees of
polynomials in one decomposition are the same as those in the
other, except, perhaps, for the order in which they occur [Ri].

(ii) Let m = pips...pr be a prime decomposition of n. Then we
have T,, = T, o--- o T, with any order of py,ps,...,px, and
this is the only decomposition of T, up to composition with
linear polynomials [Ri].

(iii) Assume that two reduced words w = z%y® ... 2%y’ and v =
xey® . aéyd | written in form (7), have the same trace poly-
nomial f,(s,u,t) = f,(s,u,t). Then w and v are trace-similar
[Ho|.

Example 4.2. The words w = 2y and v = zy ! are trace-similar but
have different trace polynomials: tr(w) = u, tr(v) = st — u.

The words 22y~ 'zy and x?yxy~! are trace-similar, have the same
trace polynomial but are not conjugate in F, [Ho].

Further on we will work over the field C.

Proposition 4.3. Let w(z,y) = z%y> .. .a%y>, A = Y a;, B =
> b;. Assume that either A # 0 or B # 0. Assume that the trace
polynomial f,(s,u,t) is C-composite, f,(s,u,t) = h(q(s,u,t)), where
q € C[s,u,t] and h € Clz], degh < 2. Then h = Dy(z) for some d > 2.

Proof. Taking y = id, x = id, = y~ !, and o = y, we get, respectively

(taking into account that tr(g~!) = tr(g)):
q(s,5,2)) = Dya(s),

fu(s,8,2) = h(q(
fw(2 t,t) = h(q(2,t,t)) = Dip(t),
fuw(s,2,8) = h(q(s,2,s)) = Dja_p|(s),
fuls,s® = 2,5) = h(q(s,s* = 2,5)) = Dyayp|(s).
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These decompositions, together with property (ii) and the condition
deg h > 2, imply that there is a common divisor d > 2 of all the non-
zero numbers from the list A, B, A — B, A + B such that h(z) =

Proposition 4.4. Let w be a reduced word of complexity r written
in form (7). If its trace polynomial f,, is C-composite, f,(s,u,t) =
h(q(s,u,t)) where ¢ € C[s,u,t] and h(x) = px™ + ... is a polynomial
i one variable of degree n, then r = nm and w is trace-similar to
v(z,y)" where v is a word of complexity m.

Proof. First note that the trace polynomial of w;(z,y) = 2%y is linear
in w fi,(S,u,t) = uga; p; (S, ) + ha,p, (S, 1), see [BG]. Moreover,

P,(s,u,t) Zuka s,t) and G,(s,1) Hgal b (S, 1). (8)

k=0
All polynomials belong to Z[s, u, t].
We need the following lemma.

Lemma 4.5. Let w'(z,y) = x%® so that fu(z,y) = ugas(s,t) +
hap(s,t). Then

Diate)(s) = Dja—(s)

ga,b(8> S) = 2 _ 4 ) (9)
2 _2)D,_ — 2Dy,
ha,b<3; S) _ (S ) | 172\(8) | +b|(s>‘ (10)
52 —4

Proof of Lemma 4.5. We have
tr maxib = 2ga,b(57 5) + ha,b(87 S) = D|a—b|<8)7 (11)
tr 2%z’ = (5* — 2)gup (s, 8) + hap(s, ) = Djarp(s) (12)
Computing g.s(s,s), hap(s,s) from (11) and (12), we obtain (9) and
(10). O

We now continue the proof of the proposition.
According to (9), we have

(cos((a + b)) — (cos((a — b)y) _ _ sin(ayp) sin(byp)
2cos2() — 1) sin(g)

ga,b(sa S) -

where 2 cos(p) = s.

Let q(s,u,t) = " uFHy(s,t). Then
=0

k
fuw(s,u,t) = h(q(s,u,t)) = pu™" H (s,t) + ®(u, s, t)
where deg, ®(u, s,t) < mn. Hence r = nm and puH (s,t) = G.(s,t) =

T 9000, (5.) (c£(8).
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Therefore,
Hl sin(a;p) sin(b;p)
pH (s,5) = (—=1)"= ;
(sin?(¢))"

We may assume that |a;| = max{|a;|}. Choose N > max{|b;|} and
consider the word wy(z,y) = w(z",y). Then

wa(Sat) = fw(DN(S)aa(svua t)7t> = h(q(DN<S)7a<Svu7t)>t))
where a(s,u,t) = tr(z™Vy) = ugn(s,t) + hy1(s,t). Thus

q(Dn(s), a(s,u,t),t) =: q1(s,u,t) Zu Fi(s,t)

and
Jon (S, u,t) = h(qi(s,u,t)) = pu™" E (s, t) + O1(u, s, t),

where deg,, ®;(u, s,t) < mn. Hence, since the words w and wy have
the same complexity r, we have

f[ sin(Na;p) sin(b;p)
F(s,) = (-1 =

(13)

(sin*(ip))"
At the point ¢ = Nap» the order of zero of the product is equal to
the number A(a;) of appearances of |aq| in the list |a4|, ..., |a,|. Thus

A(a1) = nmy where my is the order of the zero of F,,(s, s) at the point
s =2cos(m/(Nay)).

We may now divide (13) by (sin(Naj))™ and repeat the same
argument for |a;| = max{|a;| : |a;| # |a1|}.

Repeating this procedure, we conclude that there are aq, ..., a, such
that the list |ay],...,|a,| contains nm; times |aq|,..., nm, times |a,|,

12

and nothing else. Note that > nmy = r = nm, since altogether we

k=1
have r elements in the list.

In a similar way, looking at the word w(x,y™) for M big enough,

we conclude that there are by,...,b, such that the list |bi],...,|b,]

contains np; times |by|, ..., np, times |b,|, and nothing else. Note that
I

S np =r =nm.

k=1

Since Z my = Z pr = m, we may define a word

v(z,y) =a™y™ Ty
of complexity m in such a way that among |7;| there will be m; of |a;],
1 < < v, and among || there will be p; of |b;], 1 <i < p.
By construction, v"(z,y) is trace-similar to w(x,y) which completes
the proof of the proposition. Il
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Proposition 4.6. Let w(z,y) = z* be a reduced word of complex-
ity n such that f,(s,u,t) = D, (5 u t)) for some q. Then w(zx,y) =

(%y®)".

Proof. According to Proposition 4.4, every such w is the product of
syllables z*oy*®

Assume that by cyclic permutation and exchanging roles of x and y
one can modify w to a word v = vy ...v,, v = T, k=1,...,n,
containing repeated syllables, i.e., such that for some i < j we have
v; = v;. Then we consider the word

v =V;...05...001...0i-1.
The word v will be called a convenient form of w. Note that either
fu(s,u,t) = fs(s,u,t) or fu(s,u,t) = f3(t,u,s). If this procedure is
impossible, we say that w is already in a convenient form. First consider
the case where a =0 = 1.

Lemma 4.7. Let w(z,y) = zy... 25y = w;...w, be a word in a

convenient form, where w; are syllables of the form x*ly*!.

Let u = tr(xy), s = tr(z),t = tr(y). Then
fu(s,u,t) = eu™ — emstu™* + -+ g(s,1)

is a polynomial of degree n in u such that

e the coefficient at u™ is € = £1;
e m is a non-negative integer, and m = 0 if and only if w = (xy)";
o the coefficient at u™ 1 is emst;
o the coefficient f,(s,0,t) at u® is a polynomial g in s,t of degree

strictly less than 2n.
It is important here that we defined u as the trace of the first syllable.

Proof of Lemma 4.7. First consider the case when there are no re-
peated syllables.
n=1: tr(zy) = u.
n=2: e tr(zyry ') = —u® +ust —t* + 2,
o tr(zyrly™l) = u? —ust + > + 5% — 2,
o tr(zyx~ly) = tr(yzryr™!) = —u® + ust — s* + 2.
n=3: e the words a; = zyx lyx 1y~ ! ay, = xyxy 'z 'y and
az = xyz~ly xy~! are not in a convenient form;
o for ay = vyzy tr~ly~!, we have

tr(ay) = fo,(s,u,t) = (ust — u? — t* + 2)u — tr(z3y)
= (ust — u? — t* 4+ 2)u — u(s* — 2) + (st — u)
= —u® + stu® + u(3 — t* — s%) + st;

e the word a5 = zyz 'y '2z~'y may be modified to as by
cyclic permutation and exchanging roles of x and y, thus
tr(as) = tr(ay);
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e ag = xyxr ‘yry ! may be modified to a4 by cyclic permu-
tation and changing roles of y and y !, thus

tr(ag) = Pu, (s, st—u,t) = v’ —u’st+u(s*t? +1>+5>—3) +st(4—t*—s%).

1 1

n=4: e b =xyxy oy o7ty and by = ryxtyx "ty lay~
are not in a convenient form;
o for by = zyzy 'z lyzly~! we have

tr(bs) = fo,(s,u,t) = (ust — u® — t* + 2)* — tr(z?y2z’y )
= (ust —u? —t* +2)* — [(us — t)(s* = 2)t — (us — t)? —t* + 2]
= u* — 2ulst + uhy + uhy + (12 — 2)* + 12(s* — 2) + 2% — 2,

where hq, hy are polynomials in s, ¢;

o by = zyrlyzy~lz~ly~! may be modified to bs by cyclic
permutation, and substituting « by y~! and y by 27 !;

o by = xyr 'y lzy 'z 'y may be modified to bs by cyclic
permutation, and substituting by y and y by z;

o by = xyxr ly txr lyzy~! may be modified to bs by cyclic
permutation, and substituting x by =! and y by y~!.

Note that these substitutions do not change u, and the coef-

ficient m is not zero in convenient words.

Any word of complexity > 5 must have repeated syllables. The case
with repeated syllables will be proved by induction on the complexity
n. Assume that for all words in a convenient form of complexity k < n
the statement of the lemma is valid.

Consider w(z,y) = wy...w, where w; = zy, w; = oyt =
2,...,n,wjt1 = w, 0 < j <n—1. Thus w = vyvy where v = wy ... wj,
Vg = Wjy1 ... Wy. Denote vz = 1111)2_1, it is of complexity n — 2 since its
first syllable is zy and the last is (zy)~!. By induction hypothesis,

tr(v) = e/ — eymystu? ™t 4 -+ + g1, deg g1 < 27;
tr(vy) = €u™ ™ — egmastu™ It 4 4 gy, deg go < 2(n — 7).
The word vz may not be in a convenient form. This means that u =

tr(zy) may not be the trace of the first syllable of v3. Anyway,

2

tr(vs) = e30™ 2 — e3masti™ > + - + g3, deg g3 < 2(n — 2),

where @ is either v or st — u. In both cases its degree in u is at most
n — 2 and the coefficient at u° is of degree at most 2(n — 2). Therefore
tr(w) = tr(vy) tr(ve) — tr(vs)
= e160u” — €16a5t(my + ma)u" " + -+ + g1g2 — gs.

Here the degree of the polynomial ¢, g2 — g3, which is the coefficient at
u®, is less than 2j +2(n —j) = 2n. Moreover, m; +my may be zero only
if my; = my = 0, which means, by induction hypotheses, that v; = w{,
vy = w7, sow = wh. O



16 BANDMAN, KUNYAVSKII

We continue the proof of Proposition 4.6: assume that w(z,y) =
wy ... wy, where wy = 2%°, w; = xT%y*, is written in a convenient
form, and f,(s,u,t) = D,(q(s,u,t)). We denote z = 2%, v = 1°, i.e.,
w(zx,y) = w(z,v), and @ is a word of the type considered in Lemma 4.7.
Let § = Diy(s), t = Dy (t), and @ = tr(z?y") = ugap(s,t) + hap(s, 1),
where g5, hap are polynomials in s, ¢t and g, Z 0 (see [BG]). Since ¢ is
of degree 1 in u, we have ¢ = a(s, t)u+ (s, t), with rational coefficients
« and (. According to Lemma 4.7, we have

fo(s,u,t) =et” —emsta" " + -+ g(5,8) =¢" —ng" > + ...
= (a(s, 1)+ B(s, )" — n(als, t)ia + B(s, )" + ...
It follows that

(14)

5t 5t
&(s,t) =« = const, " =¢€, and 6(5’t) __fms - = _mas _
nan— n

Substituting ¢ = aii — mast/n into (14), we get:
fw(s,u,t) = ei™ — emsta"* + -+ g(3,1)

= (a@ — mast/n)" —n (ot — 'rrwzéf/n)n_2 +...
Thus, the coefficient at (@)° is a polynomial in 5t of degree n, hence
it is a polynomial in 5, of degree 2n, which implies, by Lemma 4.7,
that =0 and w = (zv)". O

Remark 4.8. The statements of Propositions 4.3, 4.4 and 4.6 remain
valid if we replace C by (the algebraic closure of) a sufficiently big
prime field F,, and “composite” by “p-composite” (p > py depending
on w).

5. GENERIC WORDS

In this section, we address the following question: picking up a
“generic” word w, should we expect that it is equidistributed? There
is a large body of literature dedicated to the notion of genericity, and
there are several different approaches to this notion. We mostly follow
the setting adopted in [KS].

Definition 5.1 (cf. [KS]). Denote by R some set of reduced words
w € Fy written in form (7). For a word of complexity r, let {(w) =
> iy (Jail + |b;]) denote the length of w. Let S C R. Set

p(n,S) =#{we S: l(w) <n},

p(n,S)
wn,S) = —=.
(. 5) p(n,R)
We say that S is
e generic if
lim p(n,S) =1,

n—oo
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e cxponentially generic if it is generic and the convergence is ex-
ponentially fast,

e negligible if this limit equals 0,

e cxponentially negligible if it is negligible and the convergence is
exponentially fast.

Evidently, S is (exponentially) generic if and only if the complement
R\ S is (exponentially) negligible.

Recall that the abelianization homomorphism F; — Z2 is defined
by taking a fixed basis of Fj; to a fixed basis of Z¢. Denote by C, the
kernel of this homomorphism. Define R := {w : w ¢ Cy}. The class R
includes many natural classes of words (say, positive words, words of
odd length, etc.). Further, define R as the set of words in R of prime
complexity.

Proposition 5.2. The set of words w € R’, such that the correspond-
ing word morphism w: SLaz X SLyz — SLoyz s p-equidistributed for
all but finitely many primes p, is exponentially generic in R.

Proof. Let w € R'. As w € R, it satisfies the hypotheses of Proposi-
tion 4.3. Suppose that w does not satisfy the assumption of our propo-
sition, i.e., there exist infinitely many primes p such that the trace
morphism f,, , is not p-equidistributed. Then by Propositions 4.3 and
4.6, taking into account Remark 4.8, we conclude that w = (z%")".
It remains to refer to [AO] where it is proven that the property of a
word to be a proper power of another word is exponentially negligible.
Hence the set of words satisfying the hypotheses of the proposition is
exponentially generic in R’. O

Remark 5.3. We believe that with some more effort, one can signifi-
cantly strengthen Proposition 5.2 by dropping the primality restriction
on r, and maybe even by extending R to the class of all reduced words.
We leave this to experts in word combinatorics.

6. CONCLUDING REMARKS

It is tempting to generalize our results in the following directions:

(i) extend them from words in two letters to words in d letters,
d>2;
(ii) keep d = 2 but consider arbitrary finite Chevalley groups;

(ili) combine (i) and (ii).

Whereas in case (i) one can still hope to use trace polynomials, which
exist for any d, to produce criteria for equidistribution, cases (ii) and
(iii) require some new terms for formulating such criteria and new tools
for proving them.

One can try yet another direction: consider equidistribution prob-
lems for matrix algebras and for polynomials more general than word
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polynomials (see Introduction). Even the case of 2 x 2-matrices is
completely open.
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