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THE DEGREE OF MAPS BETWEEN CERTAIN 6-MANIFOLDS

HANS-JOACHIM BAUES

ABSTRACT. For manifolds M, MI of the form 52 U e4 U e6 we compute the homo­
morphisms H.M -.. H.MI between homology groups which are realizable by a map
F: M -.. M'.

For oriented compact closed manifolds M, M' of the same dilnension the degree
d of a map F : M --+ M' is defined by the equation

F.[M] = d· [M']

Here [M] denotes the fundamental class of M. In a classical paper Hopf [H] consid­
ered such degrees. In this paper we compute aH possible degrees of maps M --+ M'
where M and ]1,11' are 6-manifolds of the form 52 U e4 U e6 and for which the cup
square of a generator x E H 2 is non trivial. For example for such a manifold M
the degrees of lnaps M --+ Mare exactly the numbers d = k3

, k E Z. The result
in this paper answers a question of A. Van de Ven. The author is grateful to Fang
Fuquan for his remarks on Pontrjagin classes.

§ 1 HOMOTOPY TYPES OF MANIFOLDS 8 2 U e4 U e6 AND DEGREES OF MAPS

We consider closed differentiable manifolds M of diluension 6 which are simply
connected and for which the cohomology with integral coefficients satisfies

(1.1)
. {JE for i = 0,2,4,6

H1(lvI) = ° otherwise

Moreover we assume that a generator x of H2 (M) has a non-trivial cup square
x U x =j:. O. We choose a generator y E H 4 (M) such that x U x = 1TI Y where
m E N = {I, 2, ... ,} is a natural nunlberj we also write m = m(M). Moreover
let w = w(M) E Z/2 be given by the second Stiefel-Whitney class. Then the Wu
formulas show that w(M) = 0 if and only if the Steenrod square

(1.2)

is trivial so that (1.2) is determined by w (M) . Any luanifold as in (1.1) admi ts a
homotopyequivalence
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(1.3)

where the attaching map 9 represents m 1]2 E 7r3(S2). Here 1]2 is the Hüpf element
which generates 7r3(S2) = Z. ·Moreover the attaching map f of the 6-cell satisfies

(1.4)

where q : 52 Ug e4 -+ 52 Ug e4/52 = 54 is the quotient map. Here 1]n with n :2: 3
denotes the generator of 7rn +l(5n

) = Z/2. Recall that 7r6(53) = Z/12 so that
7r6 (53) C9 Z/4 = Z/4. We define subsets

(1.5) {
a(M) C Z/4 if w(M) = 0,

ß(M) C Z/4 if 7n(M) is even

as follows. For w(M) = °the suspension E f of the attaching map in (1.3) adlnits
up to homotopy a factorization

(1.6)

where i is the inclusion. Then a(M) consists of all elements /001 E 7r6 (S3 )0Z/4 for
which (1.6) homotopy commutes, that is i.!o = 'EI in 7r6CE(S2 Ug e4

)). Moreover
if m(M) is even then the inclusion i : S3 C E(S2 Ug e4 ) admits a reh'action T. Let
ß(M) be the set üf all elements (r~ f) ~ 1 E 7r6(S3) ~ Z/4 given by compositions

(1.7)

where r is any retraction üf i. Let i 2 : Z/2 C Z/4 be the inclusion which carries
1 E Z/2 to 2 E Z/4.

(1.8) Lemma. For w(M) = °and m(M) even tbe sets a(M) = ß(M) coincide
and consis t of a single elemen t in tbe image of i 2 • In this case let p(M) E Z/ 2 be
given by

i2P(M) = a(M) = ß(M).

IvIoreover we have

a(M) = {1,3} if m(M) =1mod2 and u:(M) = 0,

ß(M) = {I, 3} if m(M) _ 2mod4 and w(M) -1O,

ß(M) = {0,2} if m(M) =07nod4 and w(M) -10.
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For w(M) = 0 and m(M) even the first Pontrjagin dass PI (M) E H4 (M) = Z
of M is divisible by 8 and hence yields by reduction fiod 16 an element in Z/2
denoted by p~ (M) E Z/2; then we have in Z/2 the formula

p(M) + p~ (M) = {m(M)/2} E Z/2

so that the eleulent p(M) in (1.8) is also detennined by the Pontrjagin dass PI (M).
For this compare theorem 4 and the proof of theoreUl 7 in [W] and [Val. For m E N
and w E Z/2 we define the group

{
Z/2,

P(m,7.O) =
0,

if m even and

otherwise

7.0 =0,

(1.9) Proposition. The homotopy types of manifolds (or Poincare complexes)
wl1ich satisfy the conditions in (1.1) are in 1-1 correspondence with tripies (m, w,p)
where 1n E N, w E Z/2 and P E P(m,7.O) SUel1 that mw = O. The correspondence
carries M to the tripie (m(M), w(M),p(M)) defined above.

In particular each such tripie (M, w,p) is realizable by a manifold as in (1.1)
and the realization is unique up to homotopy equivalence. The case of Poincare
cOlnplexes in (1.9) was proved by Unsöld [U] and by Yamaguchi [V] and [Va]. In
fact, for Poincare conlplexes proposition (1.9) can be easily derived froln the proof
of (1.12) below. In the case of manifolds we can use the result of Wall (theorem
8 in [W]) that each Poincare complex with the properties in (1.1) is homotopy
equivalent to a smooth manifold. Compare also the result of Zubr [Z]; according to
the remark at the end of [Z) the results of Jupp [J] and Wall [W] on the homotopy
classification of simply connected 6-manifold have to be modified.

We now are ready to discuss the possible degrees of maps F : M ~ M' where
M and M' are manifolds as in (1) with generators x E H 2 (M), x' E H 2 (M'). We
say that k E Z is (M, M') -realizable if there exists a continuous Inap F : M ~ M'
with F*(x') = k . x. Moreover we say that k E Z is (M, M') -good if k2 . m(M) is
divisible by m(M') and if

(1.10) 7.O(M) . k
2

• m(M) = W(M') . k . k
2

• m(M)
m(M') 1n(M')

holds in Z/2. One readily checks that any k E Z which is (M, M') -realizable is
(NI, M') -gooel. We define the group

(1.11)
I {Z/2 if w(M) = 0 and m(M') even

G(M, lvI) = o otherwise

Then we have the following result which completely determines all degrees k which
are (M, NI') -realizable.
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(1.12) Theorem. Let k E Z be (M, M') -good then k is (M, M') -realizable if
and only if an obstruction element

CJ(M,k,M') E G(M,M')

is trivial. For w(M) = 0 and 1n(M') even this obstructioll elelllellt is given by the
formula in Z/4

. , k2. m (M)
l20(lvI, k, M ) = k( -0: + (M) ß)

1n '

tvith a E a(M), ß E ß(M') as described in (1.8).

Hence, for example, if k is (M, M') -good and if k is divisible by 4 then k is
(M, M') -realizable. Moreover if M = M' then any k E Z is (M, M) -good and by
(1.12) also (M, M) -realizable. The theorem eomputes aU possible degrees of lnaps
F : M -t M'. In fact, such degrees are exaetly the numbers k 3

. m(M)/m(M') for
which k is (M, M') -realizable.

§ 2 PROOF OF THEOREM (1.12)

For the proof of (1.12) and (1.8) we first consider the homotopy groups 7f n ( C9 )

of a mapping cone Cg = B Ug CA of a map 9 : A -t B where CA is the cone of
A. We assume that A = ~A' is a suspension. Let 1rg : (GA,A) -t (Cg,B) be the
eanonieal map and let i : B C Cg be the indusion. For the one point union A V B
let r = (0, 1) : A V B -t B be the retraction and let

Then we obtain the following commutative diagralll in which the bottom row is
exact.

7r n (CA V B, A V B)
8

) 7f n (A V Bh
~

(2.1 ) 1(7l'g,i). 1(g,l).

1rn B
z.

) 7fn (Cg)
j

7fn (Cg,B)
8

7fn - l B

Hence we ean define the functional suspension operator

E g : kernel(g, 1)* -t 7fn (Cg )/i*1rn B

Eg(E) = j-l(1rg,1)*a-1 (e)

where ~ E 1rn (A V Bh with (g, 1).~ = 0; see 3.4.3 [BO] and n.l1.7 [BA]. Now let
[Cg, U] be the set of homotopy classes of maps C9 -t U. Then the coaction G9 -t

Gg V ~A yields an action + of 0: E [~A, U] on G E [Gg , U] so that G +a E [Gg , U]
is defined. For f E 1rn (Cg) with f E Eg(E) we have by n.12.3 [BA] the formula in
1rn (U)
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(2.2)

where

j*(G +0:) = j*(G) + (0:, Gi)E(

E : 1rn -l (A V Bh -+ 1rn(~A V Bh
is the partial suspension; see [BA).

Now let Ch be the mapping cone of h : A' ~ B' and let G : Cg ~ Ch be a map
associated to a homotopy comlllutative diagram

A

B

a ) A'

b
-~) B'

Then we call G a principal mapi see [BA]. The functional suspension is natural in
the sense that

(2.3)

This follows from V.2.8 [BA] and diagnull (2.1).
Now let A = 52 and B = 52 so that Cg = 52 Ug e4 • Then we see by 3.4.7 [BO]

or V.7.6 [BA] that (1rg, i)* in (2.1) is surjective for 11, = 6 and is an isomorphism for
11, = 5. Hence we obtain the exact sequence

(2.4) 7I"5(53 V 52h (9,1»_ 1r5(52) ~ 1rS(Cg)~ 1r4(53 V5 2h (9,1»_ 1r4(52)

with 0(0:) = ( if and only if 0: E Eg((). Here 1r5(52) = Z/2 is generated by 1]~ and
we have

1r4(53 V 5 2h = Z ffi Z/2

where Z is generated by the Whitehead product [i31 i2 ] of tbe inclusions i3 : 53 C
53 V 52, i 2 : 52 C 53 V 52 and where Z /2 is generated by i 3 1]3. Using the Hilton
Milnor theorem [H] we see that (2.4) induces for 9 E m 1]2 E 1r3(52) the exact
sequences

(2.5)

(2.6)

o~ 7I"S5 2 Ä 1r5(Cg) ~ 1r4(S3 V S2h ~ 0 if m is even

1rs5 2 i_=? 1rS(Cg)~ Z if m is odd
~

For this we need the fact that tbe Whitehead product [1]2,/"2] = 0 is trivial where
/..2 E 1r2 (52) is represented by tbe identity of 52. We point out that (2.5) is non
split if m _ 2(4) and is split otherwise; compare [Ya].
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For / E 7rs (Gg) we obtain ~ = 0(/) with / E Eg(~). Let X = 8 2 Ug e4 U/ e6

be the mapping cone of f. Then the coholnology ring H* = H* (X) satisfies für
apprüpriate generators x E H2, y E H4, Z E H 6 the fonnulas

(2.7)

(2.8)

x U x = 11~ Y if 9 E 7n't]2

y U x = nz if ~ = n[i3 ,i2 ] + 'W. i 3 1]3

Moreover the squaring operation 8q2 : H 4 (X, Z/2) ---+ H 6 (X, Z/2) is determined
by Wj that is 8q2 =I- 0 if and ünly if W i- O. Hence für a manifold M as in (1.3) we
have f E Eg(~) with 9 E 1n(A1) . 7]2 and

(2.9)

Proo/ 0/ (1.12). We consider lnanifolds M = 8 2 Ug e4 U/ e6 and lvI' = 8 2 Uh e4 Ud e6.
Any map

(1)

is principal and hence associated to a diagram

(2)

where band a have degree k and k2
• 1n(M)/m(M') respectively. We see this by

V.7.4, ... , V.7.9 [BA]. Moreover für maps C, G' büth assüciated tü (a, b) there exists
a E 7r4 (82

) such that

(3)

We 110W consider the diagrarn

85 a' ) 8 5

/1 1d

(4) Gg
G ) Gh

U Ui

8 2 ) 82

b
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where fand d are the attaching maps of the 6-cell in M and M' respectively. The
map G extends to a map F : M ---T lvI' if and only if the obstruction

(5) O(G) = -Gf +da' E 1fS(Ch)

vanishes in 1fS(Ch)' We now assume that a' is a map of degree k 3
• m(M)/m(M')

anel that k is (M, M') -good as in the assulnption of (1.12). Then we see by (2.9)
and (2.3) that

(6)

Hence there exists an element O'(G) E 1fS(S2) with

(7) i*O'(G) = O(G).

Moreover by (2.9) anel (2.2) we see that for G' in (3) we have

(8)

Here EE is given by

O(G') = - f*(G + i*a) + da'

= - j*(G) + da' - (a, Gi)EE

=O(G) - (a, ib)E(~)

EE = E([i 3 , i 2 ] +w(M) . i 3 7]3)

= [i4, i2] + i4w(A1)7]4 E 1fS(S4 V S2h

Since the Whitehead product [a, [,2] E 7Ts(S2) vanishes for a E 1f4 (S2) we therefore
get

(9) O(G') = O(G) - w(M) . i*(a 0774)'

We now are able to construct Inaps M ---T M' as folIows. Let k be (M, M') -good.
Then (2) homotopy commutes and hence there exists a Inap G associated to (a, b).
If 1n(M) is odd then (7) and (2.6) show that CJ (G) = 0 and hence G can be extended
to obtain a map M ---T M' associated to (a', b) in (4). If w(M) i= 0 then O(G) Inight
be non zero but by (9) and (7) we find G' such that O(G') = 0 and hence G' can be
extended. Hence we are allowed to put G(M, M') = 0 if 1n(M') odd 01' w(M) i= O.

If m(M') even and w(M) = 0 then we elefine the obstruction in (1.12) by O'(G)
in (7); that is

(10) O(M, k, M') = O'(G) E 1fS(S2) = Z/2.
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Here O'(G) is weH defined since the 11lap i* in (2.5) is injective. We are able to
compute the element (10) by using the suspension of diagrarn (4). We know that
the composite

coincides with the indusion i 2 ; see Toda [T]. Hence O(M, k, M') is determined by

(11 ) i 20(M, k,M') = (EO'(G)) ~ 1 E Z/4

Since m(M') is even we see that Eh == 0 so that there exists a retraction r : ECh --+
53 of i : 53 C "ECh . Hence we get

("EO'(G)) ® 1 = r "E(i*O'(G)) ® 1

= r "EO(G) ® 1

(12) = (-r(~G)(Ef) + 7'(Ed)(Ea')) ~ 1 E Z/4

Here we have by (1.6)

(13)

r(EG)"E/ ® 1 = r("EG)i /0 ® 1

= r ib /0 ® 1

= b/0 0 1 = kO' with 0' E a(M)

On the other hand we have by (1. 7)

(14) (r"Ed)(Ea') 0 1 = degree (a') . ß with ß E ß(M')

By (12), (13), (14) the proofofthe formulain (1.12) is complete.

It remains to prove lemlna (1.8).

q.e.d.

§ 3 PROOF OF LEMMA (1.8)

The proof of (1.8) relies on the foHowing two propositiol1s (3.1) and (3.2). Let
CP2 be the complex projective space with CP2 = 52 Ug e4, 9 E 7]2 E 'lr352.

(3.1) Proposition. Let h : 55 --+ CP2 be tbe Hopf map which is the attaching
map of the 6-cell in CP3 . Then the suspension of h admits up to hOlnotopy a
factorization

S6 Eh) "ECP2

hll Ui

S3 ES 2
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where h' E 1T6(83) = Z/12 is a generator.

As pointed out by the referee a short proof of (3.1) is obtained as foHows. The
complex projective spaee Cp3 is the total space of the 8 2 -bundle over 8 4 with
characteristic element ~ E 1T3 (803) ~ Z being a generator. The J -homomorphism
J : 1T3(803) -t 1T683 = Z/12· h' satisfies J(~) = h'. Hence by a formula of James­
Whitehead we obtain ah = i 0 J(~) = i 0 h'; see [Jam]. We give below a different
proof of (3.1) which does not use the J-hornomorphisrn. Dur proof is related with
the proofs of (3.3) and (3.4) which as weH are needed for the main result in this
paper.

Let J28 2 be the second reduced product of 52 with J282 = 52 Ug e4,g E 21]2 =
[i 21 i2 ] E 'Tr382. We define a map

(3.2)

by p(f) = (r~f) ® 1 E 1T6(53) 0 Z/2. Here p does not depend on the choice of the
retraction r : r.J25 2 -t ~82 of i : r.82 c ~J252.

(3.3) Proposition. The function p coincides with tlle functioll which carries f E

7fs(J252) to qf E 1Ts54 = Z/2 where q : J28 z -+ 54 is the quotient map.

In addi tion we get the foHowing result:

(3.4) Addendum. For E = 1,2 there exist h f E 'Trs(Jz5 2
) with h 1 E E g ([i 3 , i z] +

[,31]3) and hz E E g ([i3, i 2]), 9 E 21]z, sudl that for an appropriate retraction r the
following diagram llomotopy commutes.

f.h'l 17
'

8 3 ~S2

Here h' is a generator of 1T6 8 3
l""oJ Z/12.

Prool 01 (1.8). Let M = 82 Ug e4 Uf e6 as in § 1. If m(M) is odd (and hence
w(M) = 0) there is a 111ap

G : 8 z Ug e4 -t CPz

of degree m(M) in H4 and degree 1 in H2 . By (2.6) and (2.9) this lnap carries f to

G.! = 1n(M) . h

where his the Hopfmap in (3.1). Henee (3.1) shows that a(M) contain {m(M)} E
Z/4. Henee a(M) = {I, 3} since a(M) is a eoset of i z 7l/2 and m(M) odd.

Next let m(M) be even. In this case we obtain a map

G : 8 z Ug e4 -t Jz8 2

of degree t = 1n(M)/2 in H4 and degree 1 in Hz. By (2.6) and (2.9) the map G
earries f to
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G*f E E2fJ'J(t . (ia, i2J+ t . w(M) . ia1]a)

On the other hand a retraction 7' : EJ2 5 2 ~ 53 yields a retraction r' = r(EG) :
52 Ug e4 -t 5 a so that in 7T6(53) 0 Z/2 we have by (3.3)

(r'Ef) ® 1 = r(EG)(Ef) ® 1

=p( (EG)(Ef))

=q(Gf)

= t· w(M)mod2

This shows ß(M) E i 2 (Zj2) C Z/4 if w(M) = 0 and it yields the formula for ß(M)
in (1.8) if w(M) =1= O. q.e.d.

For the proof of (3.1), (3.3) and (3.4) we need the infinite reduced product J X of
James [Ja] where X is a pointed space. In fact J is a functor which carries pointed
spaces to pointed spaces and one has a canonical natural transformation

(3.5) JX --=-t !lEX

which is a homotopy equivalence since we assurne that X is a connected CW­
complex. Moreover J is a monad in the sense that there are natural nlaps i = ix :
X ~ JX, fl: JJX -+ JX satisfying

(1) f-L J (ix) = 1 and f.-l i J X = 1.

By (3.5) the suspension E can be described by the composite

(2) E : [Y, X] (~~ [Y, J X] ~ [EY, EX]
~

where the isomorphism {) is obtained by (3.5).

Pro%/ (3.1). We consider V = JCP2 and the suspension

(1)

Using 9 = Ern in (2.1) we see that the sequence

(2)

is exact since (1Tg ,i)* is an isolll0rphism for n = 7,6; compare 3.4.7 [BO] or V.7.6
[BA]. Here we have (1]a)*7T654 = E7TS 5 2 so that the following diagram commutes
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7r6(53)
i. ) 7r6 "ECP2

(3) EI 11

7rs5 2 0
7rs V ~ 7rs(V, 52) 8

) 7r4 52 ) 0

The bottom row is exact. The space V is a CW-conlplex in which all cells have
even dimension. Therefore we obtain the exact sequence

(4)

Let Sfv = 5h = 53 and let A = 5fv V 51 be the one point union with inclusions
i w, i H : 53 C A accordingly. Then V 4 is the mapping cone of 9 : A -+ 52 wi th
gi w = ['-2, '-2] and gi H = "72. This shows that

(5)

7r5(V4
, 52)

8
) 7r4(A V 5 2h

~

81 1(9,1).

7r452 Z/2

commutes. The isomorphism is 0-1 = (7rg , i).8-1 as in (2.1). Moreover we have

7r4(A V5 2h = Z /2 iW1J3 EB Z/2 iH"73 + Z[i ~v, i2] + Z[iH, i2 ]

The space V has exactly 3 cells a, b, C of dimension 6. Let

Pa : 52 X CP2 -+ V

Pb : CP2 X 52 -+ V

Pe : 52 X 52 X 52 -+ J 8 2 C V

be the canonical maps given by 52 c CP2 . Then a = Pa (e2 X e4 ), b = Pb (e4 X e2 )

and C = Pe(e2 X e2 X e2) where e2 U* = 52 and 52 U e4 = CP2. We claim that oa
defined by (4) and (5) satisfies the formulas:

(6) {
08(a) = 08(b) = [iR, i 2] + [i w , i2] + iW1J3

Ba(c) = 3[iw, i 2 ]

Moreover we have for j i. defined by (1) and (3)

(7)
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Now (6) and (7) yield by (4) the proposition in (3.1). In fact by (3) and (5) the
group

(8)

is generated by i W1]3, [i H 1 i 2 ], [iW, i2] with the relation e8(a) /"V 0 and e8(c) = 0
where i.h is represented by [ihl i2 ]. Hence i.h in (1) is a generator of 7fs V /"V Z/6.
It remains to prove the formulas in (6). Since Sq2 is non trivial in 8 2 x CP2 and
CP2 X S2 we see that iW1]3 has to be a summand of e8(a) and B8(b). On the other
hand we show below that

(9)

This implies the first formula in (6).
For i = 1,2,3 let 8i = 8 2 be the 2-sphere with 2-cell ei, that is 8i = * U ei.

Moreover let T = SI X S2 X S3 and let

~ i : Si C S1 V S2 V S3 = T 2

be the inclusions. Then the two cell ei x ej in T with i < j has the attaching map
[~i, ~j] which is the Whitehead product of ~i, ~j. Hence T 4 is the lnapping cone of

9 : A = 812 V 813 V 823 -+ 81 V 82 V 83

where 8 12 = S13 = S23 = S3 and glSij = [~i,~j]. Moreover let 1V E 7fs(T4) be the
attaching map of the 6-cell e1 x e2 X e3 in T. Then we know

(10)

where ~ij : Sij C A c A V T 2 and ~i : S2 C T 2 C A V T 2 are the inclusions. Formula
(10) corresponds to the Nakaoka Toda formula [NT], see also 3.6.10 in [BO] 01'

[BI]. Now (10) and the canonical n1ap T -+ JS2 show that the second formula in
(6) holds. For this we use the naturality (2.3). On the other hand we have the
canonical map A : 3 2 x S2 -+ J2 S 2 -+ CP2 which is of degree 2 in H4 . Then (10)
and the maps Pa(1 x A) : T -+ V,Pb(A x 1) : T -+ V show that (9) holds. For this
we again use (2.3). q.e.d.

Proolol (9.3) and (9.4). The space J2S 2 is the 4-skeleton of J 8 2
; let j : J2 S 2 C J S2

be the indusion. Then j induces the exact sequences

0 ) Z 7Ts J2 S 2 j.
7Ts J 8 2

(1) 11 16 16/

0 )z (3,0)
Z EB Z/2

1$1
Z/3 EB Z/2) )

12
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Here 8 is the lnap in (2.5) for 9 = [l.2, l.2]' In the top row 1 E Z is mapped to the
attaching map W of the 6-cell in J 52 for which 8(w) = (3,0) by (10) in the proof of
(3.1) above. Recall that the second coordinate of 8(x), x E 1rs J252, coincides with
q(x) E 1rS5 4 = Z /2. The kernel of 8 is given by the inlcusion i. : 1rs 52 C 1rs J2S2.
We now obtain by the maps in (3.5) (1) the following commutative diagrarn

{}

1r653 "'J 1rs J 52 1rs (J 52)

1i. 1(Ji). r~.

(2)
{} (J j).

1r6(L:J2S2)~1rs(JJ2S2) ) 7rs(JJ 52)

1r. rUl ru~

i. iJ
1r6(53) 1rs (J252) ) 1rs(JS2):::Jr6S3

Here ur, resp. u2, is induced by the inclusion ix : X c JX with X = J25 2 and
X = JS2 respectively. We have t9uIX = L:(x). Moreover we have f-l.U2 = 1. Now
we get for y = r."E(x) E Jr6(53) the equation t9ulx = i.y + z with r.(z) = 0 and
2z = 0 since kernel (1'.) = 7l/2. Now we obtain

(3)

and hence by diagram (2)

(4)

Therefore we get

(5)

j.(x) = J.L.(Jj).UIX

= {)-ly + J-l.(Jj).t9-1Z

where z' is an element of order at 1110St 2. Since the kernel of 8' in (1) is the element
of order 2 we thus derive from (5) the result in (3.3) and (3.4) respectivelYj campare
the definition of 8 in (2.4). q.e.d
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