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For my parents

ABSTRACT. This paper is devoted to a proof of a generalized Ray-Singer con-
jecture for a manifold with boundary (the Dirichlet and the Neumann boundary
conditions are independently given on each connected component of the boundary
and the transmission boundary condition is given on the interior boundary). The
Ray-Singer conjecture [RS) claims that for a closed manifold the combinatorial and
the analytic torsion norms on the determinant of the cohomology are equal. For a
manifold with boundary the ratio between the analytic torsion and the combinato-
rial torsion is computed. Some new general properties of the Ray-Singer analytic
torsion are found. The proof does not use any computation of eigenvalues and its
asymptotic expansions or explicit expressions for the analytic torsions of any special
classes of manifolds.
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Torsion invariants for manifolds which are not simply connected were introduced
by K. Reidemeister in [Rel], [Re2], where he obtained with the help of such invariants
a full P L-classification of three-dimensional lens spaces. These invariants were gen-
eralized by W. Franz to multi-dimensional PL-manifolds in [Fr]. As the result of this
generalization he obtained a P L-classification of lens spaces of any dimension. (These
torsions were the first invariants of manifolds which are not homotopy invariants.)
J.H.C. Whitehead in [Wh] and G. de Rham in [dR3] introduced torsion invariants
for smooth manifolds. G. de Rham in [dR3] proved that a spherical Clifford-Klein
manifold (i.e., the quotient of a sphere under the fixed-point free action of a finite
group of rotations) is determined up to an isometry by its fundamental group and
by its Reidemeister torsions. The Whitehead torsion for a homotopy equivalence
between finite cell complexes was introduced in [Wh] as a generalization of the Rei-
demeister torsion invariants defined in [Rel], [Fr], and [dR3]. (Its values are in the
Whitehead group Wh(m) of the fundamental group =;.) The Whitehead torsion is
connected with Whitehead’s theory of simple homotopy types ([Wh], [{RMK], [Mi],
Section 7). Some modifications of Reidemeister torsions were considered by J. Milnor
in [Mi], Sections 8, 12, and by V. Turaev in [T], Section 3. The scalar Reidemeister
torsion 1s a global invariant of a cell decomposition of a manifold and of an acyclic
representation of its fundamental group. It is an invariant of the P L-structure of a
manifold. The Reidemeister torsion for an arbitrary finite-dimensional unimodular
representation of the fundamental group can be defined as a canonical norm on the
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determinant line of the cohomology of a manifold (with the coefficients in the local
system defined by this representation). It is some kind of multiplicative analog of
the Euler characteristic in the case of odd-dimensional manifolds. (The Euler char-
acteristic of a closed manifold is trivial in the odd-dimensional case.} Formulas for
the Reidemeister torsions of a direct product of manifolds ([KwS]) are analogous to
the multiplicative property of the Euler characteristic.

The Ray-Singer analytic torsion was introduced in [RS] for a closed Riemannian
manifold (M, gar) with an acyclic orthogonal representation of the fundamental group
m(M). It is equal to a product of the corresponding powers of the determinants of the
Laplacians on differential forms DR*(M). These determinants are regularized with
the help of the zeta-functions of the Laplacians. (The scalar Reidemeister torsion also
can be written by the analogous formula, where Riemannian Laplacians are replaced
by the combinatorial ones.) The Ray-Singer analytic torsion is defined with the help
of a Riemannian metric gas but it is independent of gps in the acyclic case. (This
assertion was proved in [RS}, Theorem 2.1.) So it is an invariant of a smooth structure
on M. It has the properties analogous to the properties of the Reidemeister torsion
([RS], Sections 2, 7). The Ray-Singer conjecture ([RS]) claims that for an acyclic
representation p of the fundamental group of a closed manifold M the Reidemeister
torsion of (M, p) (which is defined for any smooth triangulation of M) is equal to the
Ray-Singer analytic torsion of (M, p). This conjecture was independently proved by
W. Miiller in [Miil] and by J. Cheeger in [Ch] for closed manifolds. The Ray-Singer
analytic torsion can also be defined for any finite-dimensional unitary representation
p of = (M). In this case the Ray-Singer torsion is the norm on the determinant line
det H* (M, p). For instance, it is defined for a trivial one-dimensional representation.
So the analytic torsion norm provides us with a canonical norm on the determinant
line of the de Rham complex of a manifold. (The Ray-Singer formula for an arbitrary
finite-dimensional unitary representation p of 71 (M) in the case, when M is a smooth
closed manifold, claims that the Ray-Singer norm on det H* (M, p) is equal to the
Reidemeister norm on det H® (M, p).)

Let (M, gum) be a manifold with a smooth boundary dM and with the Dirichlet and
the Neumann boundary conditions independently given on the connected components
of M. Let Z C OM be a union of the components of M where the Dirichlet
boundary conditions are given. Let F, be a local system with a fiber C™ defined
by a unitary representation p: (M) — U(m). Then the Ray-Singer torsion norm
To (M, Z; F,) is defined on det H* (M, Z; F,). It is independent of gas (if gas is a direct
product metric near M) and it depends on a flat Hermitian metric on the fibers
F, (for a general (M, Z)). A flat Hermitian structure on F, defines a norm on the

line det (F, M, Z) := @ (det F, )'\'(M"'ZQBM"), where the product is over the full set
of representatives F, of fibers of F,, over the connected components M, of M (with
one such a fiber F,, for each My, x; € My, det F := A [, }. The tensor product of
this norm and of T, (M, Z; F,) is a modified Ray-Singer norm on det H* (M, Z; F,) ®
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det (F,, M, Z) and it does not depend on gpy and on a flat Hermitian metric on F,
([V1]). The Ray-Singer torsion norm for the de Rham complex of (M, Z) with the
coefficients in the direct sum of any finite-dimensional local system F, and of the dual

one I is defined in [V2]. In this case the Reidemeister torsion 7o (M, Z,F,® F';’)
(i.e., the one for (M, Z) with the coefficients in F, @ F)) is well-defined, because

the fibers of the line bundle det (Fp ® F;’) have the canonical norm in accordance
with the local system structure. In this case, the Ray-Singer torsion differs from
the Reidemeister torsion by an explicit factor (which is computed in [V2]) but this
torsion does not depend on gps (if gasr is a direct product metric near dM). This
definition of the Ray-Singer torsion norm does not use a Hermitian structure in the
fibers of F,. In [M{i2] another Ray-Singer torsion was introduced for the de Rham
complex of a closed (M, gar) with the coefficients in a local system F),, defined by
a unimodular finite-dimensional representation p of =1(M). This torsion is defined
with the help of an arbitrary Hermitian metric %, in the fibers of F, and it depends
in general on this metric. (For a non-unitary representation p there are no Hermitian
metrics on F,, which are flat with respect to the canonical flat structure.) It was
proved in [Mu2] that in the case of an odd-dimensional M the Ray-Singer torsion,
defined with the help of a Hermitian metric h,, is independent of (h,,ga) and is
equal to the Reidemeister torsion. (The Reidemeister torsion is canonically defined
for any unimodular finite-dimensional representation of 7. In the case of an odd-
dimensional closed M it is independent of a flat Hermitian metric on det F,, since
the Euler characteristic in this case is equal to zero for each connected component
of M.) The Ray-Singer torsion, defined with the help of h,, depends on (h,, gum)
for a general even-dimensional M. The definition of the Ray-Singer torsion for any
finite-dimensional representation p of m;(M) for a closed (M, gp) equiped with a
Hermitian metric 2, (on the fibers of the corresponding vector bundle) is given in
[BZ1], [BZ2]. In [BZ2] the Ray-Singer metric on the determinant line, corresponding
to a finite flat exact sequence (F*,dg) of finite-dimensional flat vector bundles over
M is computed (in terms of gar and of Hermitian metrics on F7).

The Gaussian integral of exp (—(S=z, z)), where S is a positive self-adjoint operator
in a finite-dimensional Hilbert space H, dim H = n, is equal to (27r)"/2 (det S)_l/z.
The Ray-Singer torsion appears naturally in the computations of asymptotic expan-
sions for analogous infinite-dimensional integrals of exp (—:k/{A)), where I(A) pos-
sesses an infinite-dimensional symmetry group G ([Sc], [Wil], [Wi2]). For instance,
the Chern-Simons action

1(A) := (4x) fM Tr(AAdA+2/3AA AN A)

on a trivialized principal G-bundle Fr over a closed orientable three-dimensional
manifold (where G = SUy and Tr is the trace in the N-dimensional geometrical
representation of GG, and where A is a connection form) is invariant under the gauge
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transformations A — gAg~'—dg-¢g~' =: A, for a smooth g: M — G (where A, is the
same connection but with respect to another trivialization of Pg, i.e., with respect to
another smooth section G — FPg). Stationary points of I(A) are the flat connections
Aq (i.e., such that the curvature F(A,) is equal to zero). The asymptotic of an
integral of exp(—ikI(A)) as k — 400, k € Z,, is computed by the stationary phase
method. The principal term of the contribution of a point A, into this integral (in
the case when the flat connection A, is an isolated one) has as its absolute value
the square root of the Ray-Singer torsion of M with coefficients in the local system,
defined by a flat connection A,, with the Lie algebra g of G as its fibers (see [Wil];
[Wi2], 2.2; [BW], 2).

The Reidemeister torsion was essentially used in [Wi2], 4, for the computation
of the volume of a moduli space M of the fundamental group representations for a
closed two-dimensional surface. In this case the Reidemeister torsion is a section of
|det| T*M, i.e., it is a density on M.

This paper 1s devoted to a proof of a generalized Ray-Singer conjecture for mani-
folds with a smooth boundary (and also for transmission boundary conditions given
on the interior boundaries). We suppose that the local system is trivial. The proof
of the Ray-Singer conjecture for non-unitary local systems and for manifolds with
corners will be the subject of a subsequent paper.

Let (M,ga) be a Riemannian manifold with a smooth boundary dM and let
the Dirichlet and the Neumann boundary conditions be independently given on the
connected components of dM. Let gpr be a direct product metric near M. Then
the Ray-Singer torsion of (M, gar) is defined as a norm on the determinant line
det H* (M, Z). (Here Z is the union of the connected components of M where the
Dirichlet boundary conditions are given.) This norm is independent of g (for direct
product metrics gas near OM). The Reidemeister torsion of (M, Z) is an invariant of
the PL-structure of (M, Z) and it is a norm on the same determinant line. The torsion
norms are defined in Section 1. The Ray-Singer norm differs from the Reidemeister
norm on det H* (M, Z) for a general 9M # B. Their ratio is computed in Theorem 1.4
below.

Let (M, gar) be obtained by gluing two Riemannian manifolds (Mj,gMJ.) along

the common component N of their boundaries, M := M; Uy Mz (where N is
a closed smooth manifold of codimension one in M). Let ga be a direct prod-
uct metric near N. Then, as it is proved in Theorem 1.1, the Ray-Singer torsion
norm To(M, Z) on det H* (M, Z) is equal to the tensor product of the Ray-Singer
norms Ty (My, 2, UN) ® To(My, Zo U N) @ To(N) (Z := Z N GM);), where the line
det H*(M, Z) is identified with the tensor product of the lines det H* (M;,Z, U N)®
det H* (M3, Z; U N) @ det H*(N) by the short exact sequence of the de Rham com-
plexes

0— DR*(M;,Z,UN)® DR*(M,,Z,UN)— DRM,Z)— DRYN)—0,  (0.1)
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where DR*(M, Z) is the relative de Rham complex of smooth forms with the zero
geometrical restrictions to Z, the left arrow is the natural inclusion, and the right
arrow is v/2 times a geometrical restriction. For the Reidemeister norm this assertion
1s also true and the identification of the determinant lines is given by the analogous
exact sequence of cochain complexes. However in this case the right arrow is the
geometrical restriction of cochains (without additional factor v/2). Let (M, Z) be
obtained by gluing two manifolds (M, Z,) and (M3, Z;) along the common compo-
nent N of their boundaries, M := M, Uy M,;. Then the ratio of the square of the
Ray-Singer norm and the square of the Reidemeister norm for (M, Z) is equal to
the product of the same ratios for (M;,Z, UN), (M,, Z, U N), and for N with an
additional factor 27X(™ So the assertion of Theorem 1.1 claims that it is possible to
calculate the Ray-Singer norm by cutting of a manifold into pieces which are mani-
folds with smooth boundaries. The main theorems of this paper are consequences of
Theorem 1.1. This theorem provides us with the gluing formula for the Ray-Singer
torsion norms. Such a gluing formula is a new one.

In the case of a manifold with a smooth boundary, the Ray-Singer torsion To(M, Z)
is a function not only of (M, Z) but also of the phase ¢ of a cut of the spectral plane
C (because the zeta-functions (;(s) for the Laplacians A; on DR?(M, Z) are defined
for Re s > (dim M)/2 as the sums Y A~° over the nonzero eigenvalues, and A™* is
defined as A5} := exp (—s logs) ).), where § — 27 < Imlog A < 0, 0 ¢ 27Z). In fact,
To(M, Z; 0) (as well as (;(s)) depends only on [#/27]. The zeta-function regularization
of the det’ (A;) (i.e., of the product of all the nonzero eigenvalues of A, including
their multiplicities) is defined as exp (—3,(;(s)|s=0). The analytic continuation of
¢;(s) is regular at zero. The zeta-function (;(s;m) depends on m := [0/27], 0 ¢ 272,
as follows:

G(sym + 1) = exp(—2wis)((s;m),
det’ (Aj;m + 1) = exp (27i¢;(0)) det’ (Aj;m) .

The number (;(0) is independent of m, and the number {;(0) + dim Ker A; can be
interpreted as the regularized dimension of the space DR?(M). This regularized
dimension depends not only on the space DR?(M) but it also depends on a positive
definite self-adjoint elliptic differential operator of a positive order, which acts in
DR?(M). This dimension is a real number but it is not an integer in the case of
the Laplacians on DR*(M) for a general closed even-dimensional (M, ga). Hence,
det (Aj;m) depends on m for such (M, gar). The number (;(0) is an integer for
a generalized Laplacian on a closed odd-dimensional (M, gar), according to [BGV],
Theorem 2.30, or to [Gr], Theorem 1.6.1. It is equal to zero when M is closed, dim M
is odd, and dimKerA; = 0.

Even in such a simple case as for an interval (7, 87) with the Dirichlet boundary
conditions, the dependence of Ty(M, Z; m) on m is nontrivial. The ratio of the torsion
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To (M, Z;[0/27]) and the Reidemeister torsion norm is computed in Theorem 2.2.

The paper is organized as follows. In Section 1 we deduce a generalization of the
Ray-Singer conjecture from the gluing formula for Ray-Singer torsion norms. This
formula is proved in Theorem 1.1. The proof uses v-transmission interior boundary
conditions on N, where v = (a,f) € R?\ (0,0). These interior boundary prob-
lems give us a smooth in v family of spectral problems on M. Such a problem for
v = (1,1) coincides (in a spectral sense) with the spectral problem for a glued M.
For v = (0,1) or for v = (1,0) it is a direct sum of spectral problems on M; and on
M,, 1.e., the two pieces of M are completely disconnected. So this family provides
us with a smooth process of cutting (in a spectral sense) of M in two pieces M,
and M;. Let M = M; Uy M; be obtained by gluing M; and M; along the com-
mon component N of their boundaries. Then the Ray-Singer norm T (M,, Z) on
the determinant line det H* (M,, Z) for the de Rham complex DR* (M,, Z) with v-
transmission conditions on N is defined. The short exact sequence for DR* (M,,, Z),
similar to (0.1), has the same the first and third terms as (0.1). The homomorphisms
r,: DR*(M,,Z) — DR*(N) are of the form r, = (e} + Bi3) /|v|, where jw; are the
geometrical restrictions to NV for the components w; of w = (w1,w;) € DR* (M,, Z).
Note that (1) = V2. {This is the reason of the appearance of V2" in the exact
sequence (0.1), connected with the gluing formula.) In Lemma 1.2 we prove that the
gluing property for analytic torsion norms (Theorem 1.1) is equivalent to the indepen-
dence of v of the norms oun-det H* (M, 2, UN) @ det H* (M,, Z; U N) ® det H*(N)
induced by T, (M,, Z). (Here the identification of the determinant lines is defined
by the short exact sequence for DR* (M,, Z).) The latter assertion is proved in Sec-
tion 2. First we prove that the norm induced by the Ray-Singer torsion Ty (M, Z)
is locally independent of ¥ in the case when af # 0 (where v = (a, 8)). We do
this in Sections 2.3, 2.5, and 2.6 with the help of explicit variation formulas for the
scalar Ray-Singer torsion T (M,,Z) (if v depends smoothly on a parameter). We
define a family (in ») of homomorphisms to identify finite-dimensional subcomplexes
W2(v) of DR* (M,,Z). (The complexes W2 (v) are spanned by the eigenforms of the
Laplacians with eigenvalues less than a fixed number « > 0. We suppose that « is not
an eigenvalue of A; (M,,Z) for 0 < 7 < n.) Then we compute the actions of these
homomorphisms on the determinant lines. These identifications are not canonical;
we choose some particular (quite natural) identifications for v sufficiently close to v,

such that apfy # 0.

Then it is enough to prove the continuity in v € R?\ (0,0) of the norm on
det H* (M1, 2, U N) @ det H* (M, Z, U N)det H*(N), which is induced by the Ray-
Singer norm Ty (M,, Z). We prove in Section 2.7 that the truncated scalar analytic
torsion T (M,, Z;a), corresponding to the eigenvalues A of A;(M,,Z) which are
greater than «, is locally continuous in ». Then we prove that the norm, induced by
the analytic torsion norm Ty, (W2 (r)) of a finite-dimensional complex W2(v), is locally
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continuous in v. The latter assertion is proved in Sections 2.2, 2.4, and 2.7 with the
use of the cone of the homomorphism R (a): Wi(v) = C*(X,,Z N X) (where R:(a)
is the integration of differential forms from W? over the simplexes of a given smooth
triangulation X of M, and C*(X,,Z N X) is the corresponding cochain complex).
This homomorphism is a quasi-isomorphism for any » € R?\ (0, 0) (Proposition 2.3).
We can conclude that the analytic torsion norm on det H*(Cone R,(a)) = C (for
a fixed v) corresponds to an acyclic finite-dimensional complex and is defined by
the derivatives at zero of the zeta-functions for self-adjoint finite-dimensional in-
vertible operators. So these norms are locally continuous in v. (This is proved
in Section 2.7.) Then the local continuity of the norm induced by T, (W2 (v)) on
det H* (M, Z, UN) @ det H* (M3, Z; U N) ® det H*(N) follows from the continuity
of the norm (on the same determinant line) induced by T, (C* (X,, Z 0 X)) and from
the identity:

To(W2) = To(C* (X0, Z 0 X)) [ 11 omer 7oy -

This 1dentity is proved in Lemma 2.4.

The use of the cone of R(a) allows us to avoid difficulties, connected with the fact
that some positive eigenvalues of the Laplacians A®* (M, Z) tend to 0 as v = (a, f)
tends to vy = (1,0) (or to v, = (0,1)). The dimensions of H*(M,,Z) essen-
tially change when v, off # 0, is replaced by 1. (Only the Euler characteristic
x (H*(M,,Z)) does not change when v is replaced by »,.) It is impossible to find
for a general N the precise asymptotic expressions for the eigenvalues A, which tend
to zero as v — vy, and especially to find the asymptotics of the corresponding eigen-
forms wy of A® (M, Z). So the continuity of the norm induced by Ty (M., Z) (viewed
as a function of v) at the point 1y cannot be proved for a general M (obtained by
gluing two pieces M, and M, along N) with the help of separate computations of
the asymptotic expressions for the scalar torsion T (M,, Z) and for the measure on
det H* (M,, Z) defined by harmonic forms. The proof of the classical Ray-Singer
conjecture in [Ch] and the proof in [Mii2] (in the case of unimodular representations
of m(M)) are based on asymptotic computations of such quantities for a manifold
with boundary M, := M\ S,, where S, is a tubular neighborhood of an embedded
sphere S¥ < M™ as the radius « of the tubular neighborhood (in the normal to S*
direction) tends to zero. (It is also supposed in [Ch] that S, is a direct product on
Sk x D™=* and that gu|s, is a direct product metric on S* x D"*.)

To give a rigorous proof of the assertions above used in the proof of the gluing
formula, it is necessary to prove a lot ol analytic propositions. We do it in Sec-
tions 2.2, 2.6, 2.7, and in Section 3. The theory of (- and #-functions in the case of
v-transmission interior boundary conditions is elaborated in Section 3. The precise es-
timates of the corresponding (-functions in vertical strips are obtained in Section 3.4.
These estimates allow us using the inverse Mellin transform to derive the information
about the densities on M, N, and dM for the asymptotic expansions as t — +0 of
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#-functions from the properties of the densities for appropriate (-functions.

1. ANALYTIC TORSION AND THE RAY-SINGER CONJEGTURE

1.1. Analytic and combinatorial torsions norms. The analytic torsion norm
appears in the following finite-dimensional algebraic situation. Let (A®, d) be a finite
complex of finite-dimensional Hilbert spaces. The determinant of (A®,d) is the tensor
product _
®; (A" AN =: det(A°),

where A™*47 =: detA’ is the top exterior power of the linear space A’ and where
L' is the dual space LY for a one-dimensional vector space L over C. The natural
Hilbert norm ||-||3,, , is defined by the Hilbert norms on A7

The determinant of the coliomology det H*(A) of (A*, d) is also defined and there
is a natural norm on it (since H7(A) is the subquotient of A?). The differential d
provides us with the identification

f(d) : det(A®) ~ det H*( A).

However in the general case this identification is not an isometry of the norms ||-||3., 4
and ||-||§dH.(A). For f(d) to be an isometry 1t is necessary to multiply ”'”?1:11‘!'(.4) by
the scalar analytic torsion of a complex (A®, d), which is defined as

T(A*, d) = exp(S(=1Y,6;(s)ls=0)- (1.1)

Here (;(s) = ¥’ A~* is the sum® over all the nonzero eigenvalues A # 0 (including
their multiplicities) of the nonnegative (i.e.,if A # 0 then A > 0) self-adjoint operator
(d*d + dd*)|A?. The derivative 8,(;(s)],=0 is equal to —logdet’ ((d*d + dd*}| ;) (i.e.,
it is equal to the sumn of (—log A) € R over all the nonzero eigenvalues \).

[t is enough to prove the assertion (1.1) in the case of a two-terms complex d: Fy 2
F,, where dim Fj = 1, ¢j € F;, deg = ey, pp # 0, and where [eo]® = 1 = e
In this case the elemeut ¢; ® e’ € det (F*) is of the unit norm and the square of
the norm of the corresponding element p~! € C from C = det0 = det H*(F) is
equal to |~2|*. If the norm [;~')* is mmltiplied by the scalar analytic torsion for
F*, namely by exp (log det (d*d)) = exp (log det (dd*)) = {u|* then the isomorphism
between det(F*) and C = det 0 (defined by d) becomes an isometry.

This finite-dimensional definition make sense also for the infinite-dimensional de
Rham complex of a closed smooth manifold. In this case the analytic torsion is
the norm on the determinant of the cohomology of this manifold. Let (DR*(M),d)
be the de Rham complex of smooth differential forms (with the values in C) on a
closed manifold M. Tle scalar analytic torsion for a closed Riemannian manifold
(M, gr) is defined by the same formula (1.1), where d* = § (relative to gar) and

1The function A=* is defined as exp (—slog A) where logA € R for A € R,.
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(d*d + dd*)|DR?(M) is the Laplace-Beltrami operator A;. In this case the series,
which defines (;(s), converges for Re s > (dim M)/2. The analytic function (;(s)
can be analytically (meromorphically) continued to the whole complex plane. It is
known that ;(s) has simple poles and that it is regular at zero ([Se2]).

The cohomology H* (DR(M)) are canonically identified (by the integration of the
forms over the simplexes) with the cohomology H*(M) of M. This follows from the
de Rham theorem. The Hodge theorem claims that each element of H? (DR(M)) has
one and only one representative in the space of harmonic forms Ker A;. The natural
norm on Ker A; (defined by the Riemannian metric gp) provides us with the norm
I3, em) o0 det H*(M). For an odd-dimensional M this norm depends on gu.

Definition. The analytic torsion norm To(M) on det H*(M) is the norm

To(M) 1= [ sroqary %P (E(=1)738,5(5)] =) - (1.2)

The main property of this norm is its independence of a Riemannian metric gas.
So it is an invariant of a smooth structure on M. Let us suppose that gpr = gam(7)
depends smoothly on a parameter v € R'. Then the variation formulas in [RS],

Theorems 2.1, 7.3 (or in [Ch], Theorem 3.10, (3.22)), claim that

Z (=1Y50,Gin(8)] _, = 20(=1) (= Tr(exp (=14;4) o) + Te(H;00)) . (1.3)

={

Here H;., is the kernel of the orthogonal projection operator from DR’/(M) onto
Ker A;(M, grm(7)), @ = #5'8y (%) (*, corresponds to gar(7)) and Tr{exp(—tA;)a)’
is the constant coefficient in the asymptotic expansion as ¢t — +0 (n := dim M):

Tr (exp (=t 4) & Zm p T L ( ) (1.4)

The existence of the asymptotic expansion (1.4) follows from [Gr}, Theorem 1.6.1,
or from [BGV], Theorem 2.30. For a family of norms ||-||* (7) on det H*(M) defined
by the harmonic forms Ker (A; (M, gar(y))) the following equality holds for any fixed
i € det H*(M), nr # 0 ({RS], Section 7):

y log ”l'”detH (M) E( 1) T‘ (Hjma) -
Hence, (1.3) involves the equality
A log To (M gar) = 3 (=17 mjn. (1.5)

Since k in (1.4) are integers, we see that the right side of (1.5) is zero for odd n.
For even n, n = 21, the right side of (1.5) is also equal to zero, since m;; = —mqg_;,.
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This fact follows from the equalities

a, (*;1*7) =0, a=—kax !

Tr(exp(—tA;) o) =Tr ((* exp (—tA;) *_1) (—a)) = —Tr(exp (—tA,—;) a),

(since they involve the equalities m;j; = ~m,_;x, where n is even and k € Z, U 0).

The analytic torsion norm can be interpreted (in an intuitional sense) as the norm,
corresponding to an element v € det DR*(M) (v is defined up to a multiplicative con-
stant ¢ € C, |¢| = 1, and its “torsion norm” is equal to one). The space det DR*{ M)
and Ly-norm on it are not defined but the space det H*(M) and the analytic torsion
norm To(M) on it are rigorously defined. For a finite-dimensional complex the an-
alytic torsion norm on the determinant of its cohomology corresponds to the norm
on the determinant of the complex defined by the Hilbert structures on the terms
of this complex. The analytic torsion norm is (in some sense) a multiplicative Euler
characteristic useful for odd-dimensional manifolds.

The same definition of T(M) make sense also in the case when M is a compact
Riemannian manifold with a smooth boundary dM = UN; and with the Dirichlet or
the Neumann boundary conditions given independently on each connected component
N; of M. Let the metric gp be a direct product metric near M. Then To(M) is
independent of ¢ga as in the case of a closed manifold (this is proved below).

Let X be a smooth triangulation of M and let (C*(X),d.) be a cochain complex of
X ( with complex coefficients). Then each C?(X) has the Hilbert structure defined
by the orthonormal basis of basic cochains {8.}, where é.(e;) is 1 for ey = e and 0
for e; # e. Hence the scalar torsion T (C*(X), d,) is also defined.

The combinatorial torsion 7o(X) is defined as the following norm on the determi-
nant of the cohomology H* (C(X),d.) = H*(M) :

(X)) = ||‘||(2|etH-(c(X)) -T(CH(X), de) (1.6)

(where H’ (C(X)) is the subquotient of C(X) and so it has the natural Hilbert
structure induced from C?(X)). The norm (1.6) is invariant under any regular subdi-
visions of X. So this norm is an invariant of the combinatorial structure of M (which
is completely defined by a smooth structure on M). This norm corresponds to the
Hilbert norm on det C*(X), defined by the basic cochains.

Let M be a manifold with a smooth boundary dM = UN;, where N; are the
connected components of JM. Let Z be the union of N; where the Dirichlet boundary
conditions are given. Set V := XNZ. Then (1.6) (where H*{(C(X)) and T (C*(X), d;)
are replaced by H*(C(X,V)) and by T (C*(X, V), d.)) provides us with the definition
of the norm 7o(X, V). This norm is an invariant of the combinatorial structure on

(M, Z) ([Mi], Sections 7, 8, 9).
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1.2. Gluing formulas. The Ray-Singer conjecture claims that for a closed smooth
manifold M the norms 75( M) and Tp(M) on the same one-dimensional space det H (M)
are equal?

16(M) = To(M). (1.7)

How to prove such a formula in a natural way? It is necessary to find a general
property of the analytic torsion which involves the equality (1.7). Such a property
can be formulated as follows. Let (M,0M) be a Riemannian manifold with a smooth
boundary and with the Dirichlet or the Newmann boundary conditions given in-
dependently on the connected components of dM. Let a closed codimension one
submanifold N of M, NNIM =@, divides M in two pieces M; and M, (glued along
N), M = MUy M,, and let a metric gas be a direct product metric near N and near
OM. Let To(My, N) be the analytic torsion norm for M, (with the Dirichlet bound-
ary conditions on N), and let the boundary conditions on the connected components
of OM belonging to @My be the same as for To(M). The following assertion central
in this paper.

Theorem 1.1 (Gluing property). The analytic torsion norm 1y(M, Z) is the ten-
sor product of the analytic torsion norms for (My, Zy U N), (M3, Z3N), and for N

PanTo(M,Z) = To(My, Z; UN) @ To(Ma, Z; U N) ® To(N), (1.8)
where Zy 1= Z N OM,.

The identification ¢,, (in (1.8)) of det H*(M,Z) with the tensor product of the
three one-dimensional spaces:

Pan: det H*(M,Z) — det H* (M, Z, UN) @ det H*(M,,Z, U N) @ det H*(N) =
=: Det(M,N,Z) (1.9)

is defined by the long cohomology exact sequence corresponding to the following short
exact sequence of the de Rham complexes:

OqDR.(Ml,Zl U N)@DR.(ﬁﬂ[z,Z'z U N)—) DR.(ﬁfl'],Z) LDR.(N)—PO (110)

The relative de Rham complex (DR*(My,Z, U N),d) (where d is the exterior
derivative of differential forms) consists of the smooth forms w on M}, having the
zero geometrical restriction to N : tjw = 0 (where ¢,: N C OM; — M) and also
having the zero restrictions to the components of dM N M, where the Dirichlet
boundary conditions are given (i.e., to Z;). The complex (DR (M,,),d) consists of
the pairs (wy,ws;) of smooth differential forms wi € DR® (My, Zi) (i.e., wi have the

2The cohomology H* (DR(M)) and H* (C(X)) are identified (according to the de Rham theorem)
by the homomorphisin of the integration of forms from DR*(M) over the simplexes of a smooth
triangulation X of M.
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zero geometrical restrictions to the corresponding components of M N M}), which
have the same geometrical restrictions to N:

The differential d(wy,w;) in DR* (M, ;) is defined as (dw,,dw;). The left arrow in
(1.10) is the natural inclusion of @xDR* (M, Z; U N) into DR®* (M1, Z). The right
arrow 7 in (1.10) is not a usual geometrical restriction but is the one multiplied by

V2
r{wy,w;) = V2ijwie € DR*(N). (1.11)

To define @, it is necessary to introduce a natural identification of H* (DR(M, 7))
with H* (DR (M, 1, Z)). (The short exact sequence (1.10) provides us with the iden-
tification

@on : det H* (DR (My1,2)) = Det(M, N, Z),

but not with the identification of det H* (DR(M, Z)) with Det(M, N, Z).) We show
in Proposition 1.1 (for any given metric gas) that not only all the eigenvalues with
their multiplicities but also all the eigenforms of the natural Laplacian Ay, on
DR®* (M, 1,7Z) are the same as for the Laplacian on DR*(M,Z). Thus, the oper-
ator A; 1(gar) in a very strict spectral sense is the same as A(gps).

The homotopy operator between the identity operator on DR®* (M7, Z) and the
projection operator from DR* (M, ,,Z) onto Ker®* A;; = Ker* A is obtained with
the help of the Green function G, for the operator A;; (Lemma 1.1). This ho-
motopy operator provides us with the canonical identification of H* (DR (M, 1, 72))
with Ker A} ,. So it defines the identification of H* (DR (M,,,Z)) with KerA* =
H*(DR(M, 7)) (since Ker A® is canonically identified with Ker A} ).

To prove Theorem 1.1 we introduce a family of interior boundary conditions on N
and show that the induced norm ¢, 75 (M,, Z) on Det(M, N, Z) is independent of
v (where v = (o, 8) € R? \ (0,0) are the parameters of interior boundary conditions
on N). Namely

l,DﬁnTU (Mt,, Z) = C(]TU (M17 Zl U N) @ TU (Mg,Zg U N) ® T()(N) (112)

with some positive ¢y which may depend on (M, gps, M) and on the boundary con-
ditions on @M but does not depend on the parameters («,3) = v. Suppose that
the formula (1.12) holds for any gluing two pieces M; and M; along a closed N,
M = M, Uy M,, where the factor ¢y is independent of v. Then it is easy to con-
clude that ¢¢ = 1 (Lemma 1.2). In (1.12) T5(M,, Z) is the analytic torsion norm
for the de Rham complex (DR*(M,,Z),d). This complex consists of the pairs of
smooth forms (w,,w,) such that w; € DR* (A_fk, Z;,.) has the zero geometrical restric-

tions to Z; := Z N IM;> and that the following transmission condition holds for the

3Z is the union of the components of @M where the Dirichlet boundary conditions are given.
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geometrical restrictions jw; of wy to N

The analytic torsion norm Ty(M,,Z) is defined for an arbitrary v = (o,8) €
R?\ (0,0). There is a canonical identification of H’ (DR*(M,,Z)) with the space
of the corresponding harmonic forms Ker(A,|DR? (M,,Z)) (Lemma 1.1). This
identification (similarly to the case of DR®* (M ,, Z)) is obtained by the homotopy
operator, which is defined using the Green function for the Laplacian A,. (This
Laplacian is an elliptic self-adjoint operator by Theorem 3.1.) The boundary con-
ditions for A, on N and M are elliptic (and differential). The Green function
G, for A, exists (and depends smoothly on v # (0,0)) according to Theorem 3.1
and to Proposition 3.1. This identification provides us with the natural norms on
HI(DR*(M,,Z)) =: H (M,, Z) and on det H* (M,,, Z). The scalar analytic torsion
T(M,,Z) is defined by ¢, ;(s) := $'A7* for Re s > (dimM)/2 (where the sum is
over all the nonzero eigenvalues ); of the Laplacian A, ; := A,|DR (M,,Z) with
their multiplicities). These functions ¢, ; can be continued to meromorfic functions
on the whole complex plane with simple poles and regular at zero. (This statement
is proved in Theorem 3.1 and in Proposition 3.1 below.)
The analytic torsion norm on det H* (M,, Z) is the norm
To(M, Z) = | ldes r1+as,. 2y €XP (Z(—l)fja,(,,'j(s)‘ 0) -

3=

The identification ¢2" in (1.12 ) is defined by the short exact sequence of the de

v

Rham complexes (where Z; := Z N dM}):

0 — DR* (M, Z, UN)@® DR* (M, Z U N) = DR* (M, 3,2) =2 DR*(N) — 0.
(1.14)

The left arrow in (1.14) is the natural inclusion and the right arrow 7, g is
rap(wr,wy) 1= (a® + %) 73(Bijw, + aijwsy). (1.15)

For (a,8) = (1,1) we have r; = V2ijwi. This corresponds to (1.11). Hence, @qy, is
equal to 3% for (o, 8) = (1,1).

The complex DR* (M,, Z) for the values (0,1) and (1, 0) of v is the direct sum of the
de Rham complexes of all the smooth forms (with the zero geometrical restriction to
Z) on one of the manifolds M and of all the smooth forms with the zero geometrical
restriction to Z; UN on another piece M; of the manifold M. Thus, the two pieces of
M are completely disconnected with respect to DR® (M,, Z) for these special values
of v. The family of spectral problems on DR* (M,, Z) for v € R?\ (0, 0) provides us
with a smooth deformation between a spectral problem on M (without any interior
boundary conditions) and the direct sum of spectral problems on (M;, Z;) and on
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(M3, Z, U N). So this family of interior boundary problems is (in a spectral sense) a
kind of a smooth cutting of M in two disconnected pieces.

Let (M;, N) be a compact smooth Riemannian manifold (M, gas,) with a smooth
boundary dM; and let N be a union of some connected components of 9M;. Let a
metric gas, be a direct product metric near the boundary. Then (as it follows from
the equality (1.8)) the analytic torsion norm Ty, (M;, N) on det H* (DR (M, N))
does not depend on gp,. To prove this it is enough to take as (M, gp) a closed
manifold M = M; Uy M, with a mirror symmetric (with respect to N) Riemannian
metric gy which coincides with gps, on each piece M; of M (gpy, is a direct product
metric near NV and so gp is smooth on M). Since the torsions To(M) and To(N) are
independent of gy, and of gy = gag, |7 N we see that Ty (M,, N) does not depend on
M, -

It follows from the equality (1.12) with ¢o = 1 that 7o (M,, Z) does not depend on
gn. Indeed, Ty (M;, Z; U N) and To(N) are independent of gar, and the identification
©2" is also independent of gas. (Here M is a manifold with a smooth boundary M,
N N oM = §, the Dirichlet boundary conditions are given on a union Z of some
components of M, the Neumann boundary conditions are given on dM \ Z, and gy
is a direct product metric near M and near N, Z; := Z N 3dM,.)

Since DR® (M, Z) is the direct sum DR* (M, Z,)@® DR®* (M3, Z, U N) of the de
Rham complexes (Z;, := Z N M), we see that the analytic torsion norm Ty (Mo, )
is canonically equal to the tensor product of norms:

T()(A’[U'],Z)=T0(M1,Z1)®T0(J"IQ,Z2UN). (116)
The determinant line in (1.16) is the tensor product
det H* (My,, Z) = det H* (M), Z,) @ det H* (M, Z; U N)

(where H* (M, Z,) and H® (M3, Z; U N) are the relative cohomology).
The formula (1.8) claims for ¥ = (0,1) that

woido (Mo, Z) =Ty (M1, Zy UN) @ Ty (M, Zy U N) @ To(N). (1.17)

It follows from the definition of the exact sequence (1.14) that g7 is the identity on
the component det H* (M;, Z; U N) of det H* (Mp 1, Z). The following theorem is an
immediate consequence of (1.16) and (1.17). Let N be a union of some connected
components of My, let M, be a compact Riemannian manifold with a smooth bound-
ary OM, and let Z; be a union of some connected components of 9M; not belonging
to N. Suppose that the metric gas, is a direct product metric near dM;.

Theorem 1.2 (Gluing of boundary components). The equality holds
(panTo(M],Z]) =T0(M1,Z] UN)@TU(N) (118)
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The identification of the determinant lines in (1.18)
Pan: det H* (M, Zy) = det H* (M, Z, U N) @ det H*(N) (1.19)
is defined by the short exact sequence of the de Rham complexes:
0— DR*(M,,Z,UN) - DR* (M, Z,) - DR*(N) — 0, (1.20)

where the left arrow is the natural inclusion, and the right arrow is the geometrical
restriction.

Example 1.1. Formula (1.18) contains the Lerch formula ([WW], 13.21, 12.32) for
the derivative at zero of the zeta-function of Riemann ((s) (defined for Re s > 1 as

En21 n=*):
asC(S)lazo = —2-1 lOg 27,

Indeed, let M be an interval (0,5] C R with the Dirichlet boundary conditions at
0 and the Neumann conditions at 5. Set N be a point b. Then the formula (1.18)
claims in this case that

To ((0,0]) = To ((0, b)) @ To(h). (1.21)

The cohomology H* ({0,b]) = H*([0,b},0) are trivial. The scalar analytic torsion
T((0,8]) is equal to exp (—3,(,(s; M)|,=0), where {;(s; M) is the zeta-function for the
Laplacian on DR! ((0,b]). This zeta-function for Re s > 1/2 is defined by the series

G(siM) = 3 (((r/2)(2n + 1))
n>0
So (i(s; M) = (w/20)7% (1 —272)((2s) for Re s > 1/2, where ((s) is the zeta-
function of Riemann. Hence, the latter equality between the analytic continuations
of (1(s; M) and of {(2s) holds for all s € C, and 3,(1(s)|s=0 = 2¢(0) log 2.
The determinant line det H*(M) on the left in (1.21) is canonically isomorphic to
C, and the To(M)-norm of the element 1 € C is equal to

”1“;'.,(34) = exp (—(;(0; M)) = exp (—2((0)log 2) = 2.

(Note, that the function 2 ((2s) is the zeta-function for the Laplacian A = (=9?/9x?)
on functions on the circle of the length 27. As the circle is odd-dimensional, then
the value of 2((2s) at zero is equal to —dimKer A = —1. Hence, 2({(0) = —1.)

The scalar analytic torsion T ((0, b)) is equal to exp(—d,(, (s; M,N)), where (y(s;M,N)
for Re s > 1/2 is defined by the series

Gsi MLNY =3 (((/0n)*) ™ = (v /b)2¢(2s).

n>1
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Hence, this equality holds for all s € C, and the scalar analytic torsion is equal to

T((0,0)) = exp(=2¢'(0) + 2((0) log(r/b)) = exp (—log(/b) — 2(’(0)) .

The identification of the determinant lines on the right and on the left in (1.21) is
defined by the cohomology exact sequence

0 — HO(b) = H'((0,b)) — 0. (1.22)

The element 1 € H"(b) (of the norm 1) is mapped by (1.22) to the element (dz/b)
of the norm |ldz/b||* = b~'. The element h = 17! @ (dz/b), corresponding to the
element 1 € C = det H*((0, b]), has the norm b~'. So the equality (1.21) claims that

log2 = —log b~ log(x/b) — 2¢'(0).

Thus the equality ¢’(0) = —27log(2r) is a particular case* of Theorem 1.2.
The natural L,-norm on @;DR* (HJ) is defined by

(01, 01) = /M (01 A #51), (1.23)

where (v; A *7;) is a real density on M, corresponding to vy A *0;.

Lemma 1.1. The Green functions G, for the Laplacians A provide us with the
homotopy operator in the complex DR* (M, Z)

K, :=6G, (1.24)
between the orthogonal projection operator py: DR*(M,,Z) — Ker(A?) and the

v

identity operator on DR*(M,,Z). The following equality holds in DR* (M,,Z) :
dK, + K,d =id —py.

Proof. The Green function for A}, maps the Ly-completion (DR*(M)), of DR*(M)®
into the Dom (A?) (Theorem 3.1). The Dom (A?) is defined as the domain of defi-
nition D (A?) for A? in DR* (M,, Z) completed with respect to the graph topology
norm ”wu;raph = |lw|l? + || Atw|)? for w € D(AL) (where ||w|? := (w,w) is the Ly-
norm (1.23)). The Green function G, maps DR*(M,,Z) into D(A}) (since, by

*In this paper the proofs of the equality (1.18), of Theorem 1.1, and of the equality (1.12) with
cg = 1 do not use the Lerch formula. So we have obtained (by the way)} a new proof of the Lerch

formula.
5(DR*(M)), coincides with the Ly-completion of DR® (M,, Z) and with the L;-completion of
®;DR* M;).
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Theorem 3.1, A} is a nonnegative elliptic differential operator with elliptic boundary
conditions). The definition of the Green function claims that

AG, = id —px, (1.25)

on (DR*(M)), (where Ajw for w € Dom (A?) is defined as lim; Alw; for w; € D (A?),
l|ew — wi";mph — 0). In particular, this equality holds on DR* (M,, Z) C (DR*(M)),.

The D(A}) C (DR*(M)), is defined as follows. The adjoint to d, operator §, in
®;DR* (HJ) is defined on elements v; = (w;,w;), where wy are smooth differential

forms on M, and the linear functional
[“2(‘!}1) =< (lvl,vg >= / (dvl A *‘52)
M

is continuous in DR® (M,, Z) with respect to the Ly-norm (1.23) of v, € DR* (M,,, Z).
For such an element v, = (wy,w,) the form *v; = (*wy, *w,) has the zero geometrical
restriction to M \ Z, and the following transmission condition has to hold on N for
Va:

5":;\7,1(*“’1) = Q’i;\',z(*w2)a (1.26)

where iyx: N C OM; — M. (These boundary conditions for v, are consequences
of Stokes’ formula.)

The domain D (A2) C DR* (M,, Z) is defined as the set of w € DR* (M,,, Z) such
that

weD@,), dwe D), Swe DR (M,,Z). (1.27)

Note that dG,w = G dw for w € DR®* (M,, Z) (this equality follows from Stokes’
formula). Hence the identity (1.25) can be represented on DR* (M,,Z} as

Kd+ dK = id — py.
Thus the lemma is proved. O

Corollary 1.1. The homotopy operator (1.24) defines a canonical identification be-
tween the cohomology H* (DR (M,, Z)) and the space of harmonic forms Ker® (A,).

Let for simplicity gasr be a direct product metric near N. Let the Dirichlet boundary
conditions be given on a union Z of some connected components of M and the
Neumann conditions be given on dM \ Z. Then the following holds.

Proposition 1.1. The eigenforms of A(M, Z;gp) are the same as the eigenforms
Of Al,l'
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Proof. Let v be equal to (1,1). The conditions (1.27) for w=(w;,w;) € DR* (M, 1,2)
are equivalent on N to the following ones:

W = 7:;4,2“’21 i}'v,l(*wl) = ?:;\1’2(*&02), (1.28)
iy (xdw) = i;‘v'g(*dwg), v (¥d ¥ wy) = i}y o (*d ¥ wy), (1.29)

where * is the star-operator for the Riemannian metric gys.

The equalities (1.28) claim that the restrictions to N of the forms w; and w, are
the same (i.e., they are the same smooth sections of A*T*M|y). The equalities (1.28)
and (1.29) are equivalent to the assertion that the following pairs of forms have the
same restrictions to N (as the smooth sections of A*T*M|n):

{dwl,dwg} , {5\’.1)1,5(.02} s {w,,wg} . (130)

Any eigenform for A* (M, Z; gpr) belongs to D (A;,l)' So it is an eigenform for Af .
Let w = (wy,wy) € D (A;,l) be an eigenform for A, ;:

Al \w = (A'wy, A®wy) = Awr, wy). (1.31)

Then® w; are C*-forms on M and (as it follows from (1.30), (1.31)) the restrictions
of the following pairs of forms are the same as the sections of A*T*" M|y (for k =
0,1,2...):

{Afw, Afwy ), {dAPwyddbe ), {8A%w, 8%, ). (1.32)

So w = (wy,wy) is a C®-form on M = M; Uy M,. In fact, it follows from (1.28)
and from the identity of the restrictions to N of Awy and Aw, that (A; ® id)wy
have (for k = 1,2) the same restrictions from My to N. (The Laplacian A is equal
to id; ®An + A; ® idy with respect to the direct product structure 7 x N in the
neighborhood of N =0x N — Ix N — M, 0¢€ I\ dI.) Hence, according to (1.28)
and (1.29), the 2-jets of w; and of w, are the same on N. The identity between the
(2k + 1)-jets of w;, on N follows (by induction) from (1.32). Thus, w is an eigenform
for Aps: Apqw = Aw. The proposition is proved. O

1.3. Properties of analytic and combinatorial torsion norms. One of the
main properties of the analytic torsion norm is as follows. Let M be a manifold
M, x M, with a direct product metric. One of these Riemannian manifolds, for
instance M,, can have a nonempty boundary dM;. In this case let gp, be a direct
product metric near M, and let the Dirichlet boundary conditions be given on the
components Z = Z; X M, of (OM,)x My, = 0 (M, x M;). Let the Neumann boundary
conditions be given on d (M x M)\ (Z, x My) = (M, \ Z,) x M,.

SAll the eigenforms of A} (for v € R? \ (0,0)) are C™-smooth on My, as it follows from Theo-
rem 3.1.
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The Kiinneth formula for the cohomology claims that
H (M, Z) = @i H (M, Z1) @ H* (M;). (1.33)
So the determinant of the cohomology of DR*(M, Z) is the tensor product
det H*(M, Z) = (det H* (My, Z,))*™M) @ det H* (M,)**2) - (1.34)

Proposition 1.2. The identification (1.34) induces the isomorphism of the analytic
torsion norm To(M, Z) with the tensor product

To(M, Z) = Ty (My, 2,)2M2) @ T, (M,) @XM 2) | (1.35)
where x(My, Z1), x (M;) are the Euler characteristics.

Remark 1.1. It is shown above that the analytic torsion norms Ty(M, Z), T, (M1, Z,),
and Tp (M) are independent of Riemannian metrics gpr, gar, which are supposed to
be direct product metrics near M, dM,. So, if the equality (1.35) holds for a direct
product metric on {M;,0M;) x M, (where gp, is a direct product metric near M)
then this equality holds for any metric gas (which is supposed to be a direct product
metric near dM).

Proof. The scalar analytic torsion T(M) for a direct product metricon M = M, x M,
is equal to

T(M,Z) = T (My, 2™ T (M,)x21) (1.36)

This statement is proved in [RS}, Theorem 2.5, in the case of an acyclic local system
over M,. In the general case, (1.36) follows from the proof of Theorem 2.5 in [RS]
and from the following equality (where A # 0, m(¢, A, M) is the dimension of the
A-eigenspace for Apg, ;, m (7,0, M) ;= dimKer Ay, z, ;)

(=)™ G+ 5)m (6 Ma)m (5,0, M) = (30 (=1) im (i, A, Ma)) x (M1, Z1)

which holds, since the alternating sum over 1 of m(z, A, M3) is equal to zero (for any
nonzero A).

For such a metric on M the following canonical identifications are the isometries
between the natural Hilbert structure on the space of harmonic forms Ker A;(M, Z)
and the tensor products (and the direct sums) of the Hilbert structures on harmonic

forms for A, (M, Z;) and A, (M,):
Ker A;(M, Z) = @i4x=; Ker A; (M), Z)) ® Ker A (M) . (1.37)
These Hilbert structures induce the norms on

det H*(M,Z) = det Ker A, (M, Z; gps), det H* (M, Z,) = det Ker A, (M}, Z1; gu,)



GENERALIZED RAY-SINGER CONJECTURE.I.A MANIFOLD WITH BOUNDARY 21

and on det H* (M,) = det Ker A, (M3, gas,) such that the identification (1.34) of the
determinant lines is an isometry:

2 _ 2 x(Mz) 2
” ) “det KerApy — (” '”delKerAHllzl) (“'”detKerAuz)

The equality (1.35) follows from (1.36),(1.34), and (1.38). O

The following lemma makes it possible to use the variations on v in the proof
of Theorem 1.1. Let (M, gxr) be a compact Riemannian manifold with a smooth
boundary dM and let N — M\JM be a smooth closed codimension one submanifold
of M with a trivial normal bundle (TM|y) /T N such that M = M, Uy M, is obtained
by gluing two its pieces M; and M, along N. Let ga be a direct product metric near
OM and near N. Let Z be a union of some connected components of M where the
Dirichlet boundary conditions are given and let the Neumann boundary conditions

be given on dM \ N.

x(M1,Z))

(1.38)

Lemma 1.2. Let us suppose that the norm "1, (M,,Z) is independent of v €
R2\ (0,0) for any such (M, gy, N, Z)" (where the identification ©°" is defined by the
ezact sequence (1.14) of the de Rham complezes and by Lemma 1.1). Then the factor
co in the gluing formula (1.12) for ¢"T,(M,, Z) is equal to one.

Remark 1.2. Theorem 1.1 is a direct consequence of Lemma 1.2 and of the assertion
that ¢2"To (M,, Z) is independent of v € R*\ (0,0). Indeed, Ty (M1, Z) coincides
with To(M, Z) (according to Proposition 1.1) and the identifications 2" and ¢,y are
the same. Hence the formula (1.12), where cg is equal to one and v = (1,1), is the
gluing formula of Theorem 1.1.

Remark 1.3. The assertion that the norm 2T, (M,, Z) does not depend on v is
equivalent to the independence of v of the factor ¢y in (1.12).

Proof. The factor ¢o in (1.12) lies in Ry. If ¢ is independent of v for (M, gM.r, N, 2)
then

(P‘]]:B To (A’I]r(), Z) = (,08:-11 T() (MO,la Z) . (139)

It follows from (1.39) and from (1.16), (1.19}, and (1.14) that there are the equalities
with the same positive constant ¢o as in (1.12) for (M, gas, N, Z) (where Zy := Z N
GM,.)

Gando (My, Z1) = coTo (M1, 2, UN) @ To(N), (1.40)
! ‘punTU (Mz,ZQ) = CUTU(AI‘Z, Zg U N)@Tu(N). (1.41)
"The equivalent formulation is as follows. Let M be obtained by gluing along N, ie., M —_-

MiUpn My, and let it be equiped with a Riemannian metric gas, which is a direct product metric near
OM and near N. Then it is supposed that the norm 8Ty (M, , Z) is independent of v € R?\ (0, 0).
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We can conclude from (1.40) and (1.41) that the factor ¢g = co(N,gn) is defined by
N, gy and that it does not depend on My, My, M, and g (it is independent also of

v).
Let M, in (1.40) be a manifold M; = N x I with a direct product metric. Then
OM; = NUN and (1.40) claims in this case that

GanTo(N x I) = co(N,gn )} To(N x I, N x 0I) @ To(N)®?, (1.42) .

where the identification ¢,, is defined by the exact sequence (1.20}. It follows from
(1.42) and from the multiplicative property (1.35) that

To(N¥D @ T( T = G To( NP0 @ To(1,81) M) @ Ty(N)?,  (1.43)

where ¢g := co(N, gn) depends on N and on gy only. Then the lollowing equality is a
consequence of (1.43) and of the identification (1.19) (defined by the exact sequence
(1.20)):

To(1)™N) = ¢o(N, gn ) To(Z, 0T XN @ Ty(AT M), (1.44)

Note that To(01) is the standart norm on det H*(91) which is canonically identified
with € (up to a possible factor (—1) in the identification). Namely ||1||§.‘J =1 for
1 € C. An immediate consequence of the equality (1.41) for M, = I, N = 0] and of
(1.44) is the following:

co (N, gn)? = co(8TXM), (1.45)

Hence, it is enough to prove that ¢o(01) = 1, and it will be done now.
Let I be an interval [0,a]. The scalar analytic torsions for I and for (I,01) are
equal: T(1)=T(1,01), since

Gls; 1) = Cols; 1,01, (1.46)
G(s; 1,01 = (o(s; 1,01), (1.47)

(where (;(s; M, Z) is the (-function of the Laplacian on (DR (M, Z),gar)). The
equality (1.47) follows from the identification of the eigenforms, defined by the exte-
rior derivative d, and the equality (1.46) follows from the identification of the eigen-
forms defined by the Riemannian % on 1.

The cohomology exact sequence for the pair (1,91) is

0— H°(I) — H°(8I)— H'(I1,01)— 0. (1.48)

The complex (1.48) is acyclic and so the determinant D of its cohomology is canoni-
cally isomorphic to C. The components of (1.48) are equiped with the natural Hilbert
structures (because they are the spaces of harmonic forms on the interval I C R with
the standart metric). Hence, there is the induced norm ||-||, on D = C. We have to
prove that ||1]]3, = 1 for 1 € C = D. This equality is equavalent, to the assertion that
co(01) is equal to one.
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The norm of the element «=*/%.1 € DR°(I) is equal to 1. (It is a harmonic form
and it represents an element from H®(I)). Its image in H°(3[) is as follows:

—a”12. [0] + a Y7, [“] € HO(E,I) = HO(O Ua).

The norm of the element a=!/? . dxz € DR'(1,01) is equal to 1 in H'(I,81) and an
element —a'/? - [0] is mapped by the differential of the exact sequence (1.48) to the
harmonic form «~'/2dx € H'(I,0I). (The arrows in (1.48) are of the topological
nature. So the latter statement is obtained using

a'l? = j a~V? dx = (a—lﬂd:c, (1,31)) ,
{0.5]

where (1, 0I) is the fundamental class of Hy(I,31).)

The corresponding volume element (—(1.‘1/2[0] + (.-."/2[(1]) A (—(1,1/2[0]) = [0] A [q]
in det H°(81) is an element with the norm one. Hence, ¢o(97) = 1. The equality
co(N,gn) = 1 (for a union N of some connected components of dM;) follows from
the equality co(@1) =1 and from (1.45). The lemma is proved. O

Let M = M, Uy M; be obtained by gluing M; and M; along N (as in Theorem
1.1), and let X be a smooth triangulation of M such that My and N are invariant
under X. Namely X = X, Uw X2, where X} is a smooth triangulation of a manifold
M, with a smooth boundary &M, = N U (8M ﬂﬁk). (Here N C M is a smooth
closed manifold of codimension one in M such that N divides M in two pieces M,
and M; as in Theorem 1.1, NNIM =0,and W:=XNN=X,NN))

Let Z be a union of the connected components of 9M, where the Diriclilet boundary
conditions are given. Set V := X N Z, Z; .= dM N Z, Vi, := Xy N Z;. The exact
sequence of cochain complexes

0 = Bie120°(Xe, WU Vi) = C*(X, V) -5 C*(W) = 0 (1.49)

(where the left arrow is the natural inclusion and the right arrow is the geometrical
restriction of cochains) provides us with the identification

@o: det H'(X, V) = det H*(X, W U W) @ det H*(X,, W U V3) @ det H*(W).

By the definition of the combinatorial torsion norm on the determinant line (de-
termined by the prefered basises of the basic cochains) the following statement holds.

Proposition 1.3. Under the conditions above, the combinatorial torsion norms are
equal:

(PCT()(X, V) = Tg(Arl, 144 U V']) & To()(g, %% U Vg) ® TO(W). (150)

This combinatorial equality is analogous to the gluing formula of Theorem 1.1. But
it is necessary to note as follows.
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Remark 1.4. The formulas (1.50) and (1.8) correspond to the different identifications
¢. and @.n = @]} between one pair of the canonically identified® one-dimensional
spaces
det H*(X,V)=det H*(M, 2),
and the triple tensor products of three other pairs of the canonically identified spaces
det H*( X, WU V,) =det H* (M, NU Z;), det H*(W) = det H*(N).

(Note that ¢, is defined by the exact sequence (1.49), where the right arrow i}, is the
restriction of the cochains. However, in the exact sequence (1.10), which defines @,n,
the right arrow is equal to \/24} for the common geometrical restriction % to N of
pairs w = (wy,ws) of smooth differential forms wy on My such that i} ;w; = i}y ,w2.)

Let X be a smooth triangulation of a compact manifold with boundary (M, dM).
Let Z and Y be disjoint unions of some connected components of dM such that
ZNnY =0. Let V=XNZ, F=XnY. Then the exact sequence

0-C*(X,ZVUF)=C*X, V)= C*(IF)—0
(where the left arrow is the natural inclusion of cochains and the right arrow is the
restriction of cochains) defines the identification

eF: det H*(X,V) = det H*(X,V U F) @ det H*(F).

The following assertion is an immediate consequence of the definition of the com-
binatorial torsion norm.

Proposition 1.4. The combinatorial torsion norm of (X, V) is equal to the tensor
product of the following combinatorial torsion norms:

w.To(X, V) = To(Xa Vu F) ® To(F).

This combinatorial equality is similar to the gluing formula of Theorem 1.2.

Let e(M, Z) be the logarithm of the ratio between the analytic and the combina-
torial torsion norms:

e(M, Z) 1= log, (To(M, Z)/7(X, V))

(where To(M, Z)[7o(X, V) = ||I||%0(M‘Z) /1%, x vy for an arbitrary nonzero element

P

! of the determinant line det H*(M, Z) = det H*(X,V)).

Remark 1.5. 1t is proved above that e(M,0M) does not depend on a metric gpy, if
gar 1s a direct product metric near M.

8The cohomology are identified according to the de Rham theorem by the integration over the
simplexes of X of the corresponding differential foris. The spaces of harmonic forms Ker A, (M, Z)
and Ker A, (M, 1, Z) are canonically identified by Proposition 1.1.
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Lemma 1.3. 1. Let (S,gs) be a closed Riemannian manifold. Then the following
identity holds, if gasxs is a direct product metric near 3(M x §) = 0M x S:

e(M x S,Z x S) = x(M, Z)e(S) + e(M, Z)x(S) (1.51)

(x(M, Z) is the relative Euler characteristic of M modulo Z C OM ).
2. Let Y be a union of some connected components of 3M \ Z. Then

e(M,Z)=e(M,YUZ)+e(Y). (1.52)

Proof. The equality (1.52) follows from Theorem 1.2 and from Proposition 1.4. (In
this case, @. = @u..) The equality (1.51) follows from Proposition 1.2 and from
the multiplicative property of the combinatorial torsion norms. Namely let K be
a smooth triangulation of S and let V = X N Z. Then the identification of the
determinants of the cohomology defined by (1.33) and (1.34) is an isometry of the
combinatorial torsion norms:

7o(X X K,V x K) = 1o(X, VX) @ 7o(K)XXV),

The same identification of the cohomology is the isometry (1.35) of the analytic
torsion norms, if the metric garxs is a direct product metric near d(M x S). Hence,
the identity (1.51) holds for such metrics gyxs. O

Remark 1.6. It follows from (1.52) and from Remark 1.5 that e(M, Z) does not de-
pend on gy for any union Z of the connected components of M (in particular for

Z =9).
1.4. Generalized Ray-Singer conjecture.

1.4.1. Properties of the ratio of the analytic and the combinatorial torsion norms.
Lemma 1.2 claims that Theorem 1.1 follows from (1.12) with ¢y independent of v. So
it is enough to prove that the norm 2"7T, (M,, Z) is independent of v € R? \ (0,0)
(under the same conditions on M, gas, N, and Z asin (1.12) and ir Lemma 1.2). The
latter assertion is proved in Section 2. In the remaining part of Section 1 we prove a
generalization of the Ray-Singer conjecture for manifolds with boundary (and with
the transmission condition (1.13) on the interior boundary) using the gluing formula
of Theorem 1.1. This formula has the following consequence.
Let M = M; Uy M; be obtained by gluing M; and M, along N.

Lemma 1.4. Under the conditions of Lemma 1.2, on (gp, N, Z) the following holds:
C(M, Z) = C(MI,ZI U N) + C(M'),Zg UN) + C(N) — X(N)
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Proof. This identity is an immediate consequence of Theorem 1.1 and of the following
commutative diagram:

det H*(M, Z) LanZeii, Det(M, Z, N)

——

I I|r
H
det H(X,V) 25  Det(X,V,W) =% Det(X,V,W)  (153)

RE [RE2 [RE

detC*(xX,V) 12 DetC*(X,V,W) 2 DetC*(X,V,W)

Here
Det(M, Z, N) := (@xya det H* (My, N U Z;)) @ det H*(N),
Det(X,V,W) := (@r=y 2 det H* (X, W U Vi) @ det H*(W), (1.54)
DetC*(X,V,W) := (®r=12det C* (Xi, WU V1)) @ det C* (W),

Aw = idy 8V2idw € Aut (Br=12C* (Xie, W U Vi) © Aut C*(W),
Afl is the induced by Aw operator on the determinant of the cohomology,
R is the identification induced by the integration of differential forms over the sim-
plexes of X (by the de Rham theorem),
. and (., are the identifications induced by (1.49) and by (1.10) in a view of Propo-
sition 1.1.
The commutativity of (1.53) follows from the commutativity of the diagram

0> @emrz DR (M, NUZ) — DR* (M1, Z) 25 DR(N) =0
[n |n |n

0= @iz C°(Xn,WUV) —  C(X,V) -5co(w)LE cow) —o0

The induced action of V2 id on Iy € det C*(W) is lw — 27XW)/2ly, (where

x(W) = x(N) is the Euler characteristic). So the induced action of Ay and of Af}
onl € Det(M,Z,N) = (Qr=12det C* (X, WU Vi) @ det C*(W) is

| — =Xy (1.55)

(The identification of the determinant lines is defined by f and by d; in the right
column of (1.53).)

For an arbitrary nonzero m € Det(M, Z, N) the following equality is deduced from
(1.55) and from the commutativity of (1.53):

(CanTo(M, Z2)) (m) = 27X (o To(M, Z)) (m). (1.56)
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Theorem 1.1 and Proposition 1.3 claim that

PanTo(M, Z) = To (My, NU Z,) ® To (M2, N U Z;3) @ To(N),

1.57
w1o(X, V) =1 (X1,WUW) @ (X2, WU V2) @ mo(W). ( )

The isometries (1.56) and (1.57) involve the equality
e(M,Z) = log, (To(M, Z)[1(X,V)) =

= —x(N)+ ( D log, (To (M, N U Zi) /70 (Xi, W U Vk))) +log; (To(N)/m(W)).

k=1,2
Thus the lemma is proved. O

Let v = (a,8) € R*\ (0,0) and let (C*(X,,V),d.) be the complex of pairs
of cochains (c1,¢2), e € C*(Xk, Vi), with the v-transmission boundary condition
(similar to (1.13)) on W C 90X between their geometrical restrictions

atyy ¢ = Bigy 0. (1.58)

The integration over the simplexes provides us with a quasi-isomorphism of the
complexes:

R, (DR*(M,,Z),d) = (C*(X,,V),d.)

(i.e., R, induces an isomorphism between the corresponding cohomology).
The morphism of complexes r,.: (C*(X,,V),d;) —» C*(W,d,) is defined by anal-
ogy with the definition of r,. Its value on each element (¢, ¢;) € C*(X,,V) is

Tye (61362) = (0'2 + ﬁ‘l)—l/Z (ﬂi;V,161 + ai;l’ﬂcz) :

The vertical arrows in the following diagram of complexes are quasi-isomorphisms®

0= @®r=r2 DR (M,NUZ,) - DR'(M,,Z) = DR*(N) -0
lR 1R., lR (1.59)

T

0— Brore C (X, WUV) 5 CY(X,,V) 25 C'(W) —0
This diagram is commutative. The left horisontal arrows in it are the natural inclu-
sions. Let ¢¢ be the identification
@%: det H*(C(X,,V)) & det H*(M,, Z) — Det(M, Z,N), (1.60)
defined by the bottom row of this diagram.

®R, is a quasi-isomorphisin according to Proposition 2.3.
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Remark 1.7. The equ-a.lity

e, =" (1.61)
follows from the commutativity of (1.59). But ¢ ; % . (in contrast with the identity
©$ = @an)- According to (1.56) it holds that

PI1 = Pan = Q_X(N)‘Pc-

The space C7(X,,V) is a subspace of @x=12C7 (X, V). The Hilbert structure on
C? (Xk, Vi) is defined by the orthonormal basises of cochains {6.} (parametrized by
j-dimensional simplexes e of X;\V;). So the Hilbert structures on C* (X,, V) and on
det C* (X,,V) are defined. The scalar combinatorial torsion is defined as in (1.1):

T(C*(X,, V) de) = exp (0 (=1) 38,65, (5)]| _,) »

where (£, (s) := Tt ((Aiu)—’) is the sum 3.'A7 over all the nonzero eigenvalues A

of the finite-dimensional operator A%, = (did. + d.d2|C7 (X,,V)) (with their multi-
plicities), d% is adjoint to d. in C7(X,,V) with respect to the Hilbert structure in
C*(X,,V).

The combinatorial torsion is the following norm on det H* (C (X, V))!*

70 (X0, Z) = [ e srooixovy - T(C* (X0, V), de), (1.62)

where the norm on det #°(C (X,,V)) is defined by the Hilbert structures on the
subquotions H? (C (X,, V)) of the Hilbert spaces C7 (X,, V).

Remark 1.8. For each v = (a, ) € R?\ (0,0) the combinatorial torsion 7o (X,, V) is
an invariant of the combinatorial structure defined by a smooth triangulation of the
triplet [(M,dM); Z; N}, where M is a manifold with a smooth boundary M, 7 is
a union of some connected components of M, and N is a smooth codimension one
closed submanifold of M with a trivial normal bundle (TM|y) /TN.

Proposition 1.5. The combinatorial torsion norm 1, (X,, Z) is isometric under the
identification (1.60) to the tensor product of the combinatorial torsion norms:

@it (X, V)= (X1, WUWV) @ 7 (X, WU V) ® ro(W).

1014 is isomorphic to det H* (M,, Z) under the quasi-isomorphism R,.
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Proof. Under the identification (1.60), the Hilbert space C* (X,,V) is isometric to
the tensor product of the Hilbert spaces on det C* (X, WU V,) (for k£ = 1,2) and
on det C*(W). (The Hilbert structures on on C*(X,,V), C* (X, WU V;), and on
C*(W) are defined above.) Indeed, let p,.: CI(W) — C’(X,,V) be linear maps
defined for w € C7(W) by

1/2

puc(w) = (o +82) " (Bw,aw) € C? (X, V) (1.63)

Then 7,¢p,. = id on C*(W), p,. is an isometry between C?(W) and Imp, ., and
Im p, . is the orthogonal complement in C*(X,, V) to the image of the natural in-
clusion j: ®i=1,2 C* (X, WU Vi) — C* (X,,V) (where j is an isometry onto Im j).
So the identification ¢¢ is the isometry of the combinatorial torsion norms. O

The number e(M,,Z) € R is defined as the logarithm of the ratio hetween the
analytic and the combinatorial torsion norms:

e(M,,Z) :=log, (To(M,,2) |7 (X,,V)).
Corollary 1.2. Under the conditions of Lemma 1.2, the equality holds:
e(M,,Z)=e(M,Zi UN) +e(Mz, Z; U N) + e(N), (1.64)
where Z 1s a union of some connected components of M and Z;, = Z N OM;.
Corollary 1.3. ¢(M,, Z) is independent of v € R*\ (0,0).
Corollary 1.4. For an arbitrary v € R*\ (0,0) the equality holds:
e(M,, Z) — e(M, Z) = x(N). (1.65)

This equality follows from Lemma 1.4 and from (1.64).

Remark 1.9. Even for v = (1,1) the number e (M,,Z) differs from e(M, Z) in the
case x(N) # 0.

1.4.2. Ratio of the analytic torsion norm and the combinatorial torsion norm for
spheres and disks. Spherical Morse surgeries. The values of ¢(M) and e(M,9M),
where M is a sphere S™ or a disk D™ (with a direct product metric near 3D = 5™1)
are deduced now from Lemma 1.4.

Lemma 1.5. 1. For all the spheres, e(S™) is zero.
2. For even-dimensional disks, e (D*™) and e (D**,0D*") are zero.
8. For all odd-dimensional disks, e (D***') and e (D™, 0D*™*) are equal to one.
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Proof. A closed interval D! is obtained by gluing two intervals D' = D! U,, D! in
their common boundary point. Lemma 1.4 claims in this case that

e (Dl) = 2e (Dl,pt) + e(pt) — x(pt). (1.66)
Since e(pt) = 0, we see that (1.52) involves the equalities
e (Dl) =e (D’,pt) =e (Dl, aDl) . (1.67)

Hence (1.66) involves e (D'} = x(pt) = 1.
A circle S! is obtained by gluing two intervals, namely S* = D' Uyp D'. So,
according to Lemma 1.4 and to (1.67), we have

e ($) =2¢ (D) +e(aD") —x (9D') =0. (1.68)

Suppose (by the induction hypothesis) that e(S™) = 0 for m < n — 1. The sphere
S™ (for n > 2) is the union (D*! x $')Ugn-2451 (D? X S*~%) = S” Indeed, S™ =
{(ml, sy Tpg1) ERML Yot = 1}, the disk D? in D? x S™? in the decomposition
above corresponds to {(z,2;): 2} + z3 < ¢} and S™% = {(z;) € S", 7, = z; = 0}.
Lemma 1.4 claims in this case that (since x (5"~? x S1) = 0)

e(§")=e(D"! x §',5" x §') + e (D x §"7%, 8" x §”7) +e (572 x §').

The equalities below are deduced from the induction hypothesis, from Lemma 1.3
((1.52), (1.51)), and from (1.68):

e(D" x §1,5" 2 x §1) = ¢ (D" x §1) —e (5% x ),

e(D? x §77, 8" x §"71) = ¢ (D? x §*7?) — e (§' x 577?),
e (Sl X S""z) =0, e (D"'1 X S‘) 0,

(0557 = x (5 2

Hence the combinatorial torsion norm is equal to the analytic torsion norm for all
odd-dimensional spheres $?™*1;

e($m) =0, T (ST =1 ($*m). (1.70)

It follows from Lemma 1.3 and from (1.68) that e (D?) = e (D?,8D?). It is deduced
from Lemma 1.4 and from (1.68) that e(S?) = 2¢(D?). According to (1.69) the
equality e (S*™) = 0 for all even-dimensional spheres is a consequence of the equality

e(§%) =

(1.69)
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Let (M, gr) be any closed Riemannian manifold of even dimension 2n. Then the
scalar analytic torsion T'(M, gps) is equal to 1. (This equality was proved in [RS],
Theorem 2.1, with the help of the equality

S (-1Y5m(A,5) =0,

where A is an arbitrary nonzero eigenvalue of A; on DR(M) and m(},j) is its
multiplicity. The latter assertion follows from the symmetry relation m(A,j) =
m(A,2n — ), which is obtained applying the operator * for a Riemannian metric
gum to the A-eigenforms for A;.) So (in particular) the torsion norm Tj (S?) is equal
to ||-||§:tH.(S,), where the norm on H* (5?) is the norm defined by gp on the harmonic

forms Ker A®. (The unduced norm ||-||?,CLH.(5.,) does not depend on the metric gs2,

as it follows from the invariance of Ty (M, gar) with respect to gas, proved above.)
Let v be a volume of S? relative to a Riemannian metric gs2. Then the element
h € det H* (5?) defined below is of the norm 1:
1

h = ('u'l"l2 : 152) b (U_l/g(*ls?))- ; ||h||?letH-(5'2) =1

(here 1g: is the constant 1 € DR° (S?) and *lg is the gs2-volume form).
The sphere S? has a cell decomposition!! Xg2: X := D?Uyp2 pt. Hence the element
h € det C* (Xs2) defined below is of the norm 1:

he = (6,)7" @ (6p2)™", ||hc||(2lm.C'(X52) =1

-1

(For this cell-decomposition d. = 0, and so det C* (Xs2) is the same as det H* (S?)
without the d -identification. The cochains &,,, p2 are the basic elements in H° (5%),
H*(5%).)

The integration homomorphism R: DR* (5%) — C*(Xg2) maps L to 6, and *1g
to v-épa. So R(h) =, and we have

e($?) =0, e(s™)=0. (1.71)

The equalities below follow from Lemmas 1.3, 1.4, and from (1.70), (1.71):

0= e(8%) = 26(07, 90" 4 (1) ~x (577),
(D%, 0D) = () = (877) = (D7),
(D", 0D") = 271 (51) = e (D).

Lemma 1.5 is proved. O

11This CW-complex (cell stratification) has a subdivision which is a C-triangulation of §%. So as
the combinatorial torsion is defined also for CW-complexes and as it is invariant under subdivisions,
7 (5?) can be computed from this cell stratification ([Mi], Sections 7, 8, 12.3).
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The equality e (D™ x §") = e (D™ x 5,3 (D™*! x S™)) holds by Lemmas 1.3
and 1.5.

Corollary 1.5. For arbitrary n, m > 0 the equality holds:
e (D™ x ") = (5™ x D). (1.72)

(According to Lemma 1.5, each side of (1.72) is equal to 2 in the case of a pair of .
even numbers (m,n) and it is equal to zero for other pairs (m,n).)

Let M be a compact manifold with a smooth boundary &M and let Z be a union
of some connected components of M. Let M be obtained by some spherical Morse
surgery (with a trivial normal bundle) of M (i.e., there exists a manifold (M, dM,) C
M\OM, M, ~ >~ D™ S* m4n+1 =dim M, w1th OM, = S™xS™, M = MUy My,
such that M = M] M2 is obtained by gluing M1 = 5™ x D"t and M; by a
diffeomorphism f: (?Ml =~ OM,).

Let the metrics gy and gz be direct product metrics near M and oM. (Tt is
proved above that the numbers e(M, Z) and e (H, Z) do not depend on the metrics

guM, 957 supposed to be direct product metrics near M and near 3[‘2)

Lemma 1.6. The number e(M, Z) is invariant under the spherical Morse surgeries
with a trivial normal bundle, ie., the equality holds

e(M,Z)=¢ (A"Zr z). (1.73)

Proof. The metrics gar and gy can be replaced by Riemannian metrics on M and M

which are direct product metrics on dM; x I and OM, x I near OM; C M and near
M, C M (and which are direct product metrics near M and dM). Lemma 1.4
claims in this case that

G(M,Z) = e(Ml,BMl) + B(Mz,aMl U Z) + e(aM[) - X(aMl),

e(M,Z) = e (Ml,aﬁ’f—z) +e (Mz,f?ﬁ?l U Z) +e ((?117[',) —x (3%1) . (1.74)

The smooth closed manifolds &M, and OM, are diffeomorphic. Hence
e(0M) = (M), x(0M)=x(0M), e(My,0M UZ)=e(M, 0MUZ).

Corollary 1.5 and Lemmas 1.3 and 1.5 claim that e (M,,0M;) = e (]\71,01171). So
the equality (1.73) follows from (1.74). O
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1.4.3. Proof of the generalized Ray-Singer conjecture.

Theorem 1.3 (Classical Ray-Singer conjecture). For any closed Riemannian
manifold (M, gar) its analytic torsion norm s equal to the combinatorial torsion norm

TD(M) = TU(M).

Proof. There is a smooth Morse function f on a direct product M x I (i.e., a
function with the nondegenerate isolated critical points with different critical values)
such that the following holds. Its minimum value is equal to zero, f~'(0) = M x 91,
and the zero is not a critical value of f. Its maximum value maxasx; f equals 1 and
the maximum value level is the only one point. Namely f~1(1) is an interior point of
M x (1,01).

As f71(1 — ¢) (where ¢ > 0 is very small) is a sphere S* (n = dim M), there
exists a sequence of spherical Morse surgeries (given by transformations of levels
f~'(z), x € (0,1 — ¢) for = divided by critical values) such that their composition is
a transformation of a manifold"? M UM = M x 01 = f~1(0) into S™ = f~1(1 —¢).

Aa a consequence of Lemma 1.6 in this case we get

2e(M)=e(MUM) =e(S").
Lemma 1.5 claims that 0 = ¢(S™) = e(M). Thus, the Ray-Singer conjecture is
proved. 0O

Let (M, gum) be a compact Riemannian manifold with a smooth boundary @M. Let
Z be a union of some connected components of M and let ¢gas be a direct product
metric near M. The following two theorems are generalizations of the Ray-Singer
conjecture.

Theorem 1.4. Under the conditions above, the following equality holds for a mani-
fold with a smooth boundary:

To(M, Z) = 2XOM/2r (M 7). (1.75)

Proof. Lemma 1.3 claims that e(M,Z) = e(M,0M) 4+ e(OM \ Z). According to
Theorem 1.3, e(OM \ Z) is equal to zero. Hence e(M,Z) = e(M,dM). In the case
of M # { there is a mirror-symmetric closed Riemannian manifold P = M Uy M
obtained by gluing two copies of (M, gar) along M. According to Lemma 1.4, we
have

e(P) = 2e(M,dM) + e(AM) ~ x(IM).

12The manifold M is not supposed to be orientable.
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Theorem 1.3 claims that e{dM) = 0 = e(P). Thus, we get
e(M,Z) = e(M,0M) =27 x(OM),

which is equivalent to (1.75). O

Let (M, Z,gnm) be as in Theorem 1.4. Let N be a codimension one in M two-
sided in M closed submanifold N C M \ M. Let M be obtained by gluing M; and
M, along N. Let gy be a direct product metric near N and let the v-transmission
boundary conditions (1.13) be given on N (where v = (o, 8) € R? \ (0,0)).

Theorem 1.5. The analytic torsion norm is ezxpressed by the combinatorial torsion
norm (in the case of the v-transmission interior boundary condition on N ) as follows

Ty(M,, Z) = 2XOMIxN g (A1, 7).

Proof. The equality (1.65) claims that e(M,, Z) = e(M, Z)+ x(N). So the assertion
of the theorem follows from Theorem 1.4 and from the equality (1.65). O

Remark 1.10. This proof of the generalizations of the Ray-Singer conjecture does not
use any explicit expressions for the scalar analytic torsions of any special classes of
manifolds. The proofs in [Miil], [Ch] of the classical Ray-Singer conjecture essentially
used the explicit expressions for the scalar analytic torsions for spheres and lens
spaces. (The latter expressions were obtained by D.B. Ray in [Ra]. He computed
there the scalar analytic torsion for lens spaces and spheres with homogeneous metrics
by explicit calculations of the (-functions for the corresponding Laplacians using
Gegenbauer’s polynomials.) The proof in [Miil] used the precise estimates of [DP]
for the eigenvalues of the corresponding combinatorial Laplacians. The proof of [Ch]
used the Lerch formula for the derivative at zero of the zeta-function of Riemann
({(WW], 13.21, 12.32). We don’t use this formula. (Its new proof is obtained here.)
Our proof of the generalized Ray-Singer formula is based on a gluing property for
the analytic torsion norms. This property is proved here for a general gluing two
Riemannian manifolds by a diffeomorphism of some connected components of their
boundaries. It is proved without any computations of asymptotics of eigenvalues and
eigenforms for the corresponding Laplacians,

2. GLUING FORMULA FOR ANALYTIC TORSION NORMS. PROOF OF THEOREM 1.1

2.1. Strategy of the proof. In Section 1 the generalized Ray-Singer conjecture
for a manifold with a smooth boundary is deduced [rom Theorem 1.1. Namely it is
deduced from the gluing formula

LpanTU(M, Z) = TU (Ml, Z] U N) ® TU (Mz, Zg U N) ® TU(N), (21)

which holds under the conditions of Theorem 1.1 (where Z, := Z N 9My). The
identification @,, in (2.1) is defined in (1.9) with the help of the exact sequence
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(1.10) of the de Rham complexes. It is proved in Lemma 1.2 that the equality (2.1)
follows from the assertion that under the conditions of Theorem 1.1, the induced
analytic torsion norm!? 2" T, (M,) does not depend on a parameter v of the interior
boundary conditions. The latter statement means that the equality

(PznT()(My, Z) = C{)TO (M], Zl U N) @ Tg (Mg, ZQ U N) ® To(N), (22)

holds with a positive constant ¢o which is independent of v € R? \ (0,0). (However,
it is not supposed in Lemma 1.2 that ¢y is independent of M, N, gy, and Z.)

The strategy of the proof of the equality (2.2) is as follows. First we prove that cg
is constant on each of four connected components

U; CU :={(e, 8) € R®: aff # 0}. (2.3)

Then it is enough to prove that cy(r) is continuous as a function of v for v €
R?\ (0,0). These two assertions provide us with a proof of the equality (2.2).

Let vy € U and let « > 0 be a number not belonging to the spectrum S(1) :=
U; Spec Ai(M,,, gp) C R, of the Laplacians on DR*(M,,Z). This spectrum is
discrete according to Theorem 3.1. In particular, each its eigenvalue is of a finite
multiplicity. Let Wi(v) be a subspace of DR' (M,, Z), spanned by all the eigenforms
wy for A,; 1= A;(M,, gy) with their eigenvalues A < a. Then dWi(v) C Wit (»).
So (Wg(v),d) is a finite-dimensional subcomplex of (DR® (M,, Z),d) equiped with
the natural Hilbert structures on W2 (v) — DR* (M,, Z) (defined by gar).

Let “‘”:etwr:(u) be the induced norm on det W?(v). For v very close to vy it
holds also that a ¢ S(v) (Proposition 3.1). By the definition of W2(v), its co-
homology H? (W2(v)) are canonically identified with the space of harmonic forms
Ker Aj (M., ga). The differential d in W2{v) induces the identification

dy : det W*(v) 2 det Ker Ay (M,, gp1) . (2.4)

According to Lemma 1.1 there is a canonical identification between the harmonic
forms and the cohomology of the de Rham complex (the latter one is independent of

gm):
Ker A; (M,,gp) = H (DR (M,,2)). (2.5)
So there is the induced canonical identification of the determinant lines:

det KerA, (M,,grn) = det H* (DR (M,,, Z) ,d). (2.6)

Let ||-|f3., He(r,) De a norm on det H* (M, Z) == det H* (DR(M,, Z) , d) induced
by the identifications (2.5) and (2.6) from the Hilbert structure on the harmonic
forms Ker A, (M,, gar). (This structure is defined by the Riemannian metric gas.)

13The identification " is defined hy the short exact sequence (1.14),
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The identification (2.4) is not an isometry of the norms ||-}|3, re(M,) @nd 2., W)

in general. The norm H'HzetH’(M.,) has to be multiplied by an additional factor for the

identification (2.4) to become an isometry. This factor is the scalar analytic torsion of
a complex (W?(v), d), defined by the general formula (1.1). We can conclude that the
analytic torsion norm Ty (M,,, Z) on the determinant of H* (DR (M,, 7)) is isometric
(under the identifications (2.4) and (2.6)) to the norm

To (Mo, Z;0) 1= [ faew) xp ((=1)30:0u5(s50)lemo) (2.7)

The zeta-function (,;(s; @) is defined for Re s > (dim M)/2 by the series 3 50 A7%,
where the sum is over all the eigenvalues A of A; (M., gnm)) (including their multi-
plicities), such that A > a. This (-function can be continued meromorphically to the
whole complex plane C and it is regular at zero. The latter assertion follows from
Theorem 3.1 and from the equality (which is obvious for Re s > (dim M)/2):

Coi(sya) = (;(8) — Z A7C, (2.8)
0<Aga

(The series for ¢, ;(s), Re s > (dim M) /2, is the sum over all the nonzero eigenvalues
of A;(M,,ga) with their multiplicities, where A™% := exp(—slogA) and logA € R
for A > 0).

The identifications diy (2.4) and ¢, (the latter one is defined with the help of
(1.14)) provide us (under the conditions of Lemma 1.2) with the identification:

@, (a): det W (v) = Det(M, N, Z) (2.9)

(Det(M, N, Z)" is defined in (1.9)). The assertion that co(v) is independent of v
on each connected component U; of U (2.3) is equivalent to the following one. The
analytic torsion norm 7y (M,, Z;a) is transformed (under the identification (2.9))
into the norm on Det(M, N, Z):

e a)oTo(M,, Z;a)=co(v)To(My, Z, U NYRTo( My, Z, U NYRTH(N), (2.10)

where co(v) is constant on each connected component Us.
The action of ¢ (a) is as follows (by its definition):

(p:u(u)TU (MV7 Z! ”’) = T (AJVJ Z7 (l) (P:n(“') o ””(?let W;[u) ]
where the scalar analytic torsion T (M,, Z; a) is defined as the scalar factor in (2.7):
T(M,,Z;a) :=exp (Z(—l)jja,(,,‘j(s; (L)I_,=0) . (2.11)

Let v(7), 7 € (¢,¢) C R, be a smooth curve in U (2.3) and let »(0) = vo. Let
I1;(vo; a) be an ortogonal projection operator from (DR?(M)), onto Wi(wp) (relative

1470 remind, Z is the union of the connected components of A, where the Dirichlet boundary
conditions are given. The Neumann boundary conditions are given on M \ Z.
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to the natural Hilbert structure (1.23) in (DR’(M)),). Let p; be a linear operator
in (DR*(M)),, mapping (w;,w;) € (DR*(M)), to (w,,0). (Respectively p, maps
(wi,wy) to (0,wq).)

Let v and vy be arbitrary points from U. Then the following isomorphism of the
de Rham complexes is defined (where &, := «/f for v = (a, ) € U):

V=V DR*(M,,,2) 2 DR*(M,,2), v,(wr,wy):=(w1,(k,/ky)-wq). (2.12)
Thus the induced isomorphism is defined:
v.: H*(DR(M,,,Z)) - H*(DR(M,, Z)}).

Let a be a positive number from R, \ S(#). Then for v very close to vy the number
« is also from R, \ S(v) (Proposition 3.1). The complexes W2(v) and W2 (1) are
isomorphic as abstract finite-dimensional complexes (and (2.12) provides us with a
natural but not canonical isomorphism of these complexes). We have to compute
the action of ¢¥, on the norms ||-||3, we(, for v very close to v, However ”‘sz-(u)
are the norms on different complexes. So it is necessary to define some isomorphism
between W2 (i) and W?2(r) and then to compute its action on ||-||3, Ws(wp) 2nd on
the space Det(M, N, Z). The choice (2.13) of such an identification is done below.

For v very close to vy the subspaces W2 (v) and W2 (1) are very close in the Lq-
completion (DR*(M)), of DR* (M,, Z) =: DR*(v), according to Proposition 3.1. So
the following isomorphism of these finite-dimensional complexes is well-defined:

G =15 a) - Vyy - g
W) = (DR (), d) = (DR(0),d) ——s (WE(0),d), (219)

where j,, is the natural inclusion of W2 (vo) and II*(v; a) is the orthogonal projection
operator onto W2(v). Its action on the norm ||-]|3,, Ws(ve) 18 computed by the following
lemma. :

Lemma 2.1. Letl be an arbilrary nonzero element of det W2 (). Then the equality
holds for any smooth variation v(vy) of vy = v(0):

(Z("l)j Tr (Pznj(r/o; a))) . (2.14)

= —20,log(k,)

0y tog 19, 1|3 W2(¥) | =0 v=0

In (2.14) the rank (i.e., the dimension of the image) of the operator p,I1’(vp; a) is
less or equal to dim W2(vp). This operator acts in (DR*(M)),.

Then the following lemma provides us with the variation formula for T (M, Z; «).
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Lemma 2.2. For v =0 the equality holds:
A logT(M,, Z;a) =20, log(k,)

y=0 Z(_l)jbl,j (M, Z;a),

where k, := aff for v = (a,B) € U. Here by ;(M,,,Z;a) is a constant coefficient
(i.e., t°-coefficient q) in the asymptotic expansion as t — +0 of the trace of the
operator below (acting in (DR?(M)),):

Tr (pr {exp (—tA,,5) (1 = W(vg;0)) }) ~ qont ™2 + quapnt™ D2 4 4 got® 4. :
(2.15

Remark 2.1. The operators exp (~tA,, ;) and I17(1; ) acting in the Ly-completion
(DR (M)), of DR (M,,,Z) (which coincides with the L;-completion of DRI (M))
have their images in the domain of definition of the Laplacian D(A,, ;) CDR'(M,,, Z).
The existence of the asymptotic expansion (2.15) follows from Theorem 3.2. The co-
efficients ¢,, with m < —1 in (2.15) are independent of a. The coefficients ¢, of the
asymptotic expansion for Tr (pl exp(—tA,w-)) are equal to the sums of the integrals

over M, and over 3M; O N of the locally defined densities on M; and on OM; (by
Theorem 3.2). However, in the general case we cannot represent Tr (p,I17(vg; a)) as
an integral of a locally defined density (because there are no universal local formu-
las for the eigenforms wy of A, ;). Hence there is no universal local formula for a
coefficient ¢o in (2.15) but there are such formulas for ¢, = ¢, with m < 0.

Corollary 2.1. For an arbitrary nonzero | € det W2 () the equality holds
(T (=1)7 (b1 5( Moy, 2)—dim W), (2.16)

where by ; (M,y, Z) is a constant coefficient (i.e., the t°-coefficient) of the asymptotic
ezxpansion of Tr (p1 exp (—14,, ;) relative to t — +0 and py exp (—1A,, ;) is the op-
erator acting in (DR(M)),.

dylog ||ﬂvl||2To(M,,,Z) =20,(log k,)

=0

Remark 2.2. Note that in the right side of (2.16) there are the Euler characteristic
x(M,,Z) := (1) dim W/ and the alternating sum of the integrals b, ; (M,,, 2)
(over M, and over dM,) of the locally defined densities (Remark 2.1). (Here Z is the
union of the connected components of dA, where the Dirichlet boundary conditions
are given). The number x (M,, Z) is also equal to the sum of the integrals over M,
N, and over dM of the locally defined densities.

Let v(v) be a smooth variation of a point vy € U (2.3). Let I(y) € det W? (v(7))
be a variation of an arbitrary nonzero element I € det W (1) such that 7. (a)ol(y)
is a fixed (nonzero) element of Det(M, N, Z). Then the equality (2.10) (where the
factor co(v) is constant on each connected component of U (2.3)) is equivalent to the
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assertion that for any such a variation I(vy) its analytic torsion norm is independent
of ~:

Oy ||I(7)||TO(M,(_,),Z a) (2.17)

1-0

Corollary 2.1 provides us with the formula (2.16) for a variation of the analytic
torsion norm ”g*’('r)I”%‘o(M.,m.Z;a) (where | € det W?(vp)). The assertion (2.17) is
equivalent to the following identity:

d, log

= 8, log g f1° | _, (2.18)

where f is an arbitrary nonzero element of Det(M, N, Z) (for instance, f = ¢ (a)ol)

gu('y)[

To(Mu(4).Zia) =0

-1
and g,. = ¢*(a)og, o ((,og‘;‘(a)) is defined by the following commutative diagram,
where v € U is very close to vy:

Det(M,N,Z) —— Det(M,N,Z)

Jue
@ [ 1 0 o)
det We(1vy) —— det W (v)
Ju=Q9vig

The norm on the right in the equality (2.18) is an arbitrary Hilbert norm in one-
dimensional space Det(M, N, Z). The value of the expression on the right in (2.18)
is independent, of such a norm.

The action of the isomorphism g, = g, : W () = W2 (v) on Det(M,N,Z) is
described by the [ollowing lemma.

Lemma 2.3. For an arbitrary element f € Det(M, N, Z) the equality holds:
a, log 1. f1I* |,=0 = —20, ( L (=1 by (Mo, Z), (2.19)

where by ; (M,,, Z) is the constant coefficient (i.e., the t°-coefficient) in the asymptotic
cxpansion (relative to t — +0) for the trace of the operator pyexp (—tA,, ;) acting

in (DRj(M))z.

Here p; is the operator py: (wy,w;) — (0,w;) for wy, € (DR (Hk))2.
Remark 2.3. Note that Trexp (—1A,, ;) = ¥; Tr(p;j exp (—tA,, ;)). So we have
—Z ”’21 A’IW:Z):Z( )JI’IJ(M( ,Z) = x(My, Z).
Hence the equality (2.18) follows from (2.16) and (2.19).

Thus Lemmas 2.1-2.3 provide us with a proof of the assertion that the factor co(»)
is independent of » on each connected component U; of U (2.3).
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2.2. Continuity of the analytic torsion norms. To prove that ¢y(v) is inde-
pendent of v € R?\ (0,0), it is enough’® to show that the norm 2" o Ty(M,) on
Det(M, N, Z) is continuous in v € R*\ (0,0). The following norms on Det(M, N, Z)

are the same for an arbitrary « > 0:
wit(a)oTo(M,,Z;a) =" o Ty (M,, Z). (2.20)

Let us prove the continuity of ¢%*T,(M,,Z) as a function of v at a point vy €
R?\ (0,0). (The series of lemmas above provides us with the proof of this assertion in
the case when vq € U (2.3). But now this will be proved at an arbitrary v, € R*\(0,0),
for instance, at vy € R*\ (U U (0,0)).) By (2.20), it is enough to obtain the continuity
in v at v = vy of the norm p2"(a) o To(M,;a) on Det(M, N, Z) for a fixed a« > 0
such that @ ¢ S(v) := U, Spec (A, ;). Since a ¢ S(1), we see that a ¢ S(v) for v
very close to vy. (The latter assertion follows from Proposition 3.1. It claims that
the resolvents G5(v) := (A% — A)”™' for A ¢ Spec(A,,) form a smooth in (A, v) family
of bounded operators in (DR*(M)), and that Spec(A,,) is discrete. As G3(vp) is
bounded in (DR*(M)),, the operator (73(v) is also bounded for v, close to vy, and
so « ¢ Spec(A,,) for such v.} The assertion below claims that the truncated scalar
analytic torsion (2.11) is a locally continuous function.'®

Proposition 2.1. The scalar analytic torsion T (M,, Z; a) is continvous in v at vp.

Thus, the continuity of 21y (M,, Z) (as a function of v) at v is equivalent to the
condition that the norm on Det(Af, N, Z)

@5™(@) 0 e wa v (2.21)

15 continuous in » at v5. The continuity of the norm (2.21) is deduced from the
following finite-dimensional algebraic lemma. Let

S (A% dy) — (V*,dy) (2.22)

be a quasi-isomorphism of finite complexes of finite-dimensional Hilbert spaces. Let
fo: det H*(A) = det H*(W) be the induced identification of the determinant lines.
Let To(A*) and Tp(V*) be the analytic torsion norms (1.2) on the determinant lines
identified by f, : det H*(A) = det H*(V). Let (Cone® f,d), Cone’ f= A7"' @& V7, be
a simple complex, associated with the bicomplex (2.22):

dgope: Cone? — ()0116”1, doone(z,y) =(—daz, fz + dvy) (2.23)

5The factor cy(v) is constant on each connected component U; of U (2.3), and U is dense in
R?\ (0,0).

16This truncated scalar analytic torsion is a continuous function on the set. of » € R?\ (0,0) such
that a ¢ U; Spec (A, ;).
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(for (z,y) € A*'@V7). Then Cone®f is an acyclic finite complex of finite-dimensional
Hilbert spaces (Cone’ f is the direct sum of Hilbert spaces A*+! and V7), H*(Conef) =
0. Hence det H*(Cone f} is canonically identified with C and the analytic torsion
norm for Cone® f is a norm on C. The ratio To(V)/To(A) € R, is defined as the
ratio between the two norms on the one-dimensional spaces det H*(V') and det H*(A)
identified by f..

Lemma 2.4. Under the conditions above, the equality holds:

117y (Gones 1y = To(V*)/To(A%), (2.24)

where the left side is the analytic torsion norm of 1 € C = det H*(Cone f).

Let a > 0 be a number from Ry \ S{wy). Then there exists an open neighborhood
U (a) of vy € U, (a) C R%\(0,0) such that « ¢ S(v) for v € U,,(a) (Proposition 3.1).
The family of complexes (W7 (), d) of Hilbert spaces is continuous on U, (a) in the
following sense.

The operator IlZ(v) := II(v;a) is a finite rank projection operator in (DR’/(M)),
with its image W7 (v):

M (v): (DR (M)), — Wi(v) C DR (M,,2) C (DRI(M)), -

Proposition 2.2. The family of operators TI3(v) is conlinuous in v for v € U, (a)
with respect to the operator norm in (DR*(M)),. The same s true for the families

)

dily(v): (DR*(M)), = DR™'(M,) C (DR (M),
ST%(v): (DR°(M)), —» DR*"'(M,) C (DR"l(M))Q.

These are the families of finite rank operators.

Proof. It follows from Proposition 3.1 that if « ¢ S(w)} then there exists an € > 0
such that (a —e,a +€) N S(v) = @ for v sufficiently close to vy. Hence {A: a —¢ <
|A| < @ + €} N S(v) = B for such v (since S(v) C Ry U0 by Theorem 3.1). Thus,
according to Proposition 3.1, the operators

I (v) = é./r Gy(v)dA

form a smooth in v (for such ») family of finite rank operators in (DR*(M)), (where
the circle I' = {A: |A] = «} is oriented opposite to the clockwise). The operators
dII3(v): (DR*(M)), — (DR**'(M)), form (for such v) a smooth in v family of
finite rank operators (according to Proposition 3.1. O
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Corollary 2.2. For v sufficiently close to vy the family of operators I12(v) identifies
the graded linear spaces W2 (1) = ImII3(vp) and W?2(v). Such an identification
nearly commutes with d in the following sense:

|amz(v)w — T (v)dw |, < (v, o)l (2.25)

(for any w € W (o)), where c(v, 1p) — +0 as v — vy. This identification also nearly
commutes with &:

|6z () — 57 (0)8|, < (v, o) Ifwll,
forw e W2 () (|||, is the Ly-norm in (DR*(M)),).

The estimate (2.25) follows from the continuity (in v} of the families dII2(v) and
[12+1(v) since the following operator norms tend to zero as v — vg:

leI3 (v) - A3 (wo)ll, = +0, | I3¥(v) = 3% (o) |, = +0.
Indeed, for an arbitrary w € W?(v) we have dl2w = dw. Hence the estimates
|+ (v)dw — duw||, < |15+ (v) = T (o), - o]l <
< C- |t ) = I ()|, - leells

are true because the differential d: W?2(vg) — W2+ (1) of a finite complex of finite-
dimensional spaces is bounded (with respect to the Hilbert norm induced from
(DR*(M)),)

For each v € R? \ (0,0) the combinatorial cochain complex (C*(X,,V),d) (with
V=X nNZ)is defined by the v-transmission condition (1.58). A homomorphism of
the integration of forms from W?(v) over the simplexes of X

R,(a): (W2(v),d) - (C*(X.,,V),d) (2.26)

is also defined for all » € R?\ (0,0). For every such ~ the following variant of the de
Rham theorem holds.

Proposition 2.3. R,(a) is a quasi-isomorphism.

Proof. 1. Let R,: (DR*(M,,Z),d) — (C*(X,,V),d) be the integration homomor-
phism of pairs of forms (wy,wz) € DR*(M,, Z) over the simplexes of X; \ V;. Then
R, is a quasi-isomorphism.!7

17This assertion claims that the analogy of the classical de Rham theorem is true in the case of
the v-transmission interior boundary conditions. The classical de Rham theorem for smooth closed
manifolds was proved in [dR1] (see also [dR4], Ch. IV, {W], Ch. 1V, § 29). The explicit isomorphism
between the Cech cohomology for a good cover of a smooth closed M and the de Rham cohomology
of M is defined with the help of the de Rham-Cech complex ([BT], Ch. 11, § 9).
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Indeed, in the commutative diagram (1.59) the left and the right vertical arrows
are quasi-isomorphisms according to the de Rham theorem for a closed manifold N
and for manifolds M; and M; with smooth boundaries. (The proof of the latter one
is given in [RS], Proposition 4.2.) The cohomology exact sequences provide us with
the commutative diagram

25, H*(@p=12DR* (My,NUZ,)) — H*(DR*(M,,Z)) — H*(DR*(N)) —

LT N

_ I L (R, LR,
2y H (@r12C (X, WUW)) — HY(C*(X,, V) 2 e (oow)) —
Je

(2.27)

with the exact rows, where the vertical arrows R. on the left and on the right are
isomorphisms (according to the de Rham theorem) and where dp = . under the
identifications R,. Hence (R,), is also an isomorphism.

The exactness of the top row in (2.27) can be interpreted and proved as follows.
The sheaf F) := DR}, (v = (e, ) € R?*\(0,0)) of germs (w;,w;) of pairs of C*-forms
w; on M; such that'® aijw, = fijw, (here i} are the geometrical restrictions from
M; to N — 0M;) is a c-soft sheaf. (The latter notion means that the restriction

F'(M,Fi) - T (I(,i;\—le) is surjective for any compact ix: K «— M, [KS], Defini-
tion 2.5.5.) The sheaf F), is c-soft since appropriate smooth partitions of unity exist

on M. The sequence of complexes of global sections
0= T (M\N,F}) = T (M, F}) =T (M,in, iz Fy) =0

(here ij: N < M) has the terms which possess the following properties:

1) T(M, F}) = DR* (M., Z),

2) T. (M \ N, F}) is a subcomplex of ®=12DR* (My, N U Z;) and its natural inclu-
sion is a quasi-isomorphism. Indeed, if w € DR* (M, N U Z;) is a closed form then
w = dv in a neighborhood of N in M) (where v is a smooth form with the zero geo-
metrical restriction to N). So w — d(pv) = 0 in some neighborhood of N in My (¢ is
an appropriate cutting function). We have I'. (M \ N, F?) = ' (M, 5ij~' F?), where
j: M\ N < M and j is the direct image with proper supports, j='F ~ DR®|p\n.
The sheaf j;; 71 F* is c-soft, according to [KS], Proposition 2.5.7.

3) F(M,iN,,iﬁle') has a natural homomorphism ¢, := r, o (i1,73) onto DR*(N)
(where 7, is defined in (1.15)) and ¢, is a quasi-isomorphism. In fact, if the form
u=dt Awn(t) on I x N is closed then it is exact, because then dywy(t) = 0 and
so u = d f[fwy(r)dr. (Here t is the coordinate on I and t = 0 is the equation of

181t is supposed that w; has the zero geometrical restriction to Z; (at the points z € Z C 9M).
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N=0xN—IxN,0¢€ I\09l) Hence ¢, is a quasi-isomorphism. (This asser-
tion follows also from the Poincaré lemma.) The sheaf iy .3 F® is c-soft by [KS],
Proposition 2.5.7.

For a compact manifold M the category of c-soft sheaves on M is injective with
respect to the functor of global sections I'(M;.) ([KS], Proposition 2.5.10). The
complex F is a c-coft resolvent of a constructible sheaf ([KS], Chapter VIII) C, on
M, which is isomorphic to Cpp\ny on M\ N and to Cy on N (where Cy is a constant
sheaf on X'), and the gluing map for C, is |u|"1"2 (o, 8): Cy = ix' 7.Canv = CnBCx
(i.e., ¢ = |v|7' (Be, ac)). The complexes 71~ F* and iy in' F* are c-soft resolvents
of constructible sheaves jij7'C, = 7Cpn and of iy.iy'C,. (The latter one is

isomorphic to ¢y .Cx under r,.) So the exactness of the cohomology sequence in the
top row of (2.27) follows from [KS], (2.6.33), Remark 2.6.10.

2. The projection operator py: DR*(M,,Z) — (DR*(M)), — Ker(A?) pro-
vides us with the isomorphiem pr.: H*(DR(M,,Z)) — Ker(A?) (by Lemma 1.1).
So the inclusion i,: (W2(v),d) — (DR*(M,,Z),d) is a quasi-isomorphism and
(i), : Ker(A2) = He (DR(M,, Z)) is equal to (py.)”" (since pni, = id on Ker (A?)).
From an obvious equality R, («) = R,i, it follows that R,(«) is a quasi-isomorphism.
g

Thus the assertion of Lemma 2.4 can be applied to the bicomplex (2.26). The
result i1s as follows.

Corollary 2.3. The equality holds:
T C* (X0, V) 1Mz Coner Rutay = To (W) (2.28)

The identifications 2" (a) (for an arbitrary @ > 0) and ¢%" are defined such that
the following norms on Det(M, N, Z) are equal:

23 (@) 0 I e we) = ©5" 0 To(Wa). (2.29)
Hence, as it follows from (2.28), (2.29), we have

an 2 _ an Ry 2\ =1
(Pu (ﬂ) o ” : Ilclethu'(u) - ((P.U o 71” (C (AU! V))) ° (“l” )To(Conc°(Ry(a))) ’ (2'30)
Proposition 2.4. The factor (”1||§*0(cm.e.-(R.,(a))))_] in (2.30) is a continuous func-
tion of v € U, (a).

Proof. The complex Cone® (R, («)) is acyclic according to Proposition 2.3. Its scalar
analytic torsion

||1||'f"n(onne-(n,,(a))) = exp ( Z —1)'5¢;(0) ) (2.31)

y > —
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is defined as in (1.1) by the (-functions of the “Laplacians” L, = d}d, + d,d} of
the complex (Cone® (R,(a)),d,)." Since the complex Cone® (R,(a)) is acyclic we see
that these Laplacians are positive definite. (So they have the zero kernels.) Their
determinants det(A?) are continuous positive functions of v on U, (e) (and so the
expression on the right in (2.31) is a continuous function of v € U, (a)). The latter
statement is derived as follows.

Proposition 2.5. Let m € Zy and m > mp := 1 + min{k € Zy : 4k > dimM}.
Then there exists a positive constant C = C(M, N, Z, gp) independent of v € R* \
(0,0) (and of m also) such that the following estimate holds uniformly with respect
toxr € H} U-HQ v

Alw

: (2.32)

lwo(z)[? < cil

for all w such that*

w€DR' (M, Z), weDA), AweDAY),...,ATwe D(A}). (2.33)
(Here jw(z)|? is the norm at A*T,M defined by gas and ||||3 is the Ly-norm in
(DR*(M)),.)

Corollary 2.4. If w € W}(v) then w € D(A}) for an arbitrary m € Z,. So the '
following estimate holds uniformly with respect to x € M, UM, and to v € R*\ (0,0)

[o()* < Cy [lwll3, (2.34)
where C) = Cy (M, N, Z,gp) > 0.
The graded Hilbert space C*(X,, V) is isomorphic to the direct sum
CHX,,V)=C*(X,NxUV)a C*(Nyx), (2.35)

where V:= X NZ, Ny ==X NN, C*(X,NxNV)is a graded linear subspace of
C*(X,,V) (with respect to the natural inclusion), and the inclusion j,: C*(Nx) —
C*(X,,V) C @&C*(X;) is defined as j, := (o® + ?) 7" (Bid,aid). The space on
the right in (2.35) is independent of v. Hence (2.35) provides us with the isometric
identification of the graded Hilbert spaces

po: O X, V) = C*(X., V). (2.36)

19The spaces W2 (v) are equiped with the Hilbert structure from ((DR*(M)),, gar). The spaces
C*(X,, V) C C*(X1)®C*(X2) are equiped with the Hilbert structure defined by the basic cochains
in ®C*(Xy) and Cone®(R,) = W™ (v)®C* (X,, V) is the orthogonal direct sum of Hilbert spaces.
29The domain of definition of D(A?) for A} is defined by (1.27) and (1.26).
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Corollary 2.5. Let v € U, (a) be sufficiently close to vy. Let WS(v) be identi-
fied with W3(vy) by TI3{v): W2(wg) = W2(v). Let C*(X,,,V) be identified with
C*(X,,V) by p, (2.36). Then the estimate (2.34) involves that for such v the family

of homomorphisms of the integration over the simplezes of X
Ri(a): (WS(v),d) = (C*(X,, V), d)

is ¢ continuous in v family of quasi-isomorphisms between finite complezes of finite-
dimensional Hilbert spaces.

Let f,: (F*(v),dr(v)) = (K*(v),dg(v)) be a family of homomorphisms between
finite complexes of finite-dimensional Hilbert spaces. Let the trivialization of these
two families of complexes be defined by the identifications of the graded linear spaces

I,: F*(v) — F*(v), . K () = K*(v).

Let these idetifications be chosen such that f, becomes a continuous family of the
homomorphisms

for (F*,dp(v)) — (K*,dk(v))
between the continuous families of complexes with the fixed underlying graded linear
spaces F* := F*(1g) and K* := K*(w). Let the Hilbert structures on F? and K

are continuous functions of  for all 7. In this case, f, is called a continuvous family.
Then the following assertion is true.

Proposition 2.6. Let f, be a continuous family. Then the determinants det(Ll) of
the Laplacians L) = d;d, + d,d;, on (Cone® f,,d,) are continuous functions of v.

Proof. The operator ¢} adjoint to the differential d, of Cone® f, (relative to the
Hilbert structure on Cone® f, = F*"'@K*)* is defined on the whole finite-dimensional
space Cone® f,. Since d, tends to d,, (for instance, in the operator norm??) as v — v
we see that d also tends to dj . Thus L} — L} as v — vy and det L} — det L},
(since the space Cone® f, is finite-dimensional). O

Corollary 2.6. The functions det (L) of v for f, = Rl(a) are continuous and pos-

ilive.

The positivity of det (L)) is equivalent to the acyclicity of (Cone® R, (a),d,) (where

d, := dConc(Rp(a)))-
Proposition 2.4 is proved. O

2'Cone® f is the direct. sum of Hilbert, spaces F*t! @ K* (with the Hilbert structures on F*+!
and K7 depending continnously on »).

22 As Cone® f, is a finite-dimensional space, the weak convergence of the operators acting in it is
equivalent to the convergence with respect to the operator norm.
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Remark 2.4. Propositions 2.2, 2.5, and Corollary 2.5 claim that under the identifica-
tions (2.36) and I1%(v), the Hilbert structures on det Cone® (R, (a)) and the differen-
tials d, in Cone® (R,(a)) are continuous in v at vy. Hence the analytic torsion norms
||-||§~0(Cmc.(Ru(a))) on C = det H* (Cone(R,(a))) = det 0 are also continuous in v at
V.

According to (1.61) we have 2" = ¢, where ¢¢ is defined by the bottom row of
the commutative diagram (1.59). So the continuity of the norm ¢®"(a) o ||||5., Ws (o)
on Det(M, N, Z) can be deduced from (2.30) and from the following lemma.

Lemma 2.5. The norm ST, (C (X,,V)) on Det(M, N, Z) does not depend on v €
Uy (a).

The continuity in v of the norm "7, (M,, Z) on Det(M, N, Z) follows from (2.20),
(2.21), and from the continuity of the norm ¢2"(a)o||-||3., ws(vy (The latter assertion
is proved above.) The equality (1.12) holds with ¢y(») which is constant and posi-
tive on each connected component U; of U (2.3). Because the norm ¢2"To(M,) on
Det(M, N, Z) is continuous in » € R?\ (0,0), the equality (1.12) holds for all such »
with ¢y independent of v. Theorem 1.1 follows from (1.12) and from the assertion of
Lemma 1.2. O

Remark 2.5. 1t is not important for the proofs of Theorem 1.1 and of (1.12) that the
family of finite-dimensional complexes (C*(X,,V),d,) in (2.30) is of a combinatorial
nature. It is enough for the proof to have a family of finite-dimensional complexes
(F},dr) which are defined locally in v (i.e., for v in a neighborhood of an arbitrary
vo € R?\ (0,0)) together with the data as follows. Continuous families of quasi-
isomorphisms f,(a): (W2(v),d) = (F?,dr) and of Hilbert structures h, on F are
defined. A family (F),h,) may depend on « and on vy but it has to possess the
property as follows. The norm ¢** o (f,(a).)™" o To(F2,h,) on Det(M,N,Z) is
continuous in » at vy. (Here f,(a).: det H*(M,, Z) = det H*(F,,dp) is the induced
identification.)

Proof of Lemma 2.5. Let 1, be the identification of the determinant lines defined
by the bottom row of the commutative diagram (1.59):

¥, 1 det C*(X,, V) = (®rei2 det C*(Xi, W U Vi) ® det C*(W) =: DetC*(X, V, W)

(where V is the induced smooth triangulation ZN X of Z C M, Vi := VN IM,
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and W := X N N = Ny). The following diagram is commutative:

det C*(X,,V) —% DetC*(X,V,W)

dcll d;ll

c

det H*(X,,V) —=> Det(X,V,W) (2.37)
Ir I

det H*(M,,Z) —— Det(M,Z,N)

(The determinant lines on the right in (2.37) are defined by (1.54). The identification
d. on the right in (2.37) is a triple tensor product of the identifications induced by d.
on C*(X, WUV,) and on C*(W). The identification R is defined by the integration
over the simplexes of X.) The commutativity of the diagram (2.37) is equivalent
to the definition (1.60) of %. Since the identification d, on the right in (2.37) is
independent of v we see that the statement of Lemma 2.5 is a consequence of the
following proposition.

Proposition 2.7. The identification ¥, in (2.37) is an isometry between the combi-
natorial norm ”'H(zletc-(x.,y) and the triple tensor product of the combinatorial norms

on det C* (X, WU V) (k=1,2) and on det C*(W).
(The Hilbert structures on ®g=1,2C" (X, Vi) and on C*(W) are defined by the or-

thonormal basis of the basic cochains.)
Proof. Let p,.: C*(W) — C7(X,,V) be defined by (1.63). Then r,cp, . = id and
Puc i8 an isometry onto Im(p, ) (relative to the Hilbert structures, defined above).
The subspace Im(p, ) is the orthogonal complement to Im 7 (Be=; 2C* (Xx, W U VL))
in C7(X,,V) and j is an isometry onto Imj. (Here, r, . and j are the same as in the
bottom row of (1.59)).%.

Thus Lemma 2.5 is proved. O

2.2.1. Uniform Sobolev inequalities for v-transmission interior boundary conditions.
Proof of Proposition 2.5. Let I x N C M (where I = [-1,1]) be a neighborhood of
N =0x N C M and let gps be a direct product metric on I x N. Proposition 2.5 is
a consequence of the assertions as follows.

Proposition 2.8. The inequality (2.32) holds uniformly with respect to v € R*\(0, 0)
for allw € DR*(M,) of the class (2.33) and such that supp w C [~4/5,4/5]xN C M.

23This proposition is essentially equivalent to Proposition 1.5, Section 1.
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Proposition 2.9. The inequality (2.32) holds for all w € DR*(M,Z) such that
supp w C M\ ([-1/3,1/3] x N) and such that**

w€eD (AM,Z) ,Awe D (AM,Z) ,... ,ATwe D (AA{.Z) . (238)

The last assertion is well known ([Ch], Section 5).
Let f be a smooth functionon M,0< f <1, f=1on[-1/2,1/2] x N and f =0
on M\ ([-3/4,3/4] x N). The 2m-Sobolev norm on the right in (2.32), defined as

2
2!

ol = 3 Ak
k=0

is equivalent uniformly in » € R?\ (0,0) (i.e., with constants c3,c4 > 0 independent

of v and of w) to the norm?®: ”b.«'”?z,n)'f =Y m, ("Aﬁ(fw)uz + ”Ak ((1- f)w)“:)

&3 9l Gamy < N lliamy.s < calloll(am - (2.39)

It is enough to verify the upper estimate (with ¢4 independent of v) for fw. It is
true for m = 1, since the estimate holds:

1A (f)ll; < Cr- (Al + w3 + lldwll; + 16wl3) < 3/2C (| Auwll; + llwll;) ,

where C) depends on f but it is independent of v. Hence the following estimate holds
forwe D (Ai) (with Cy independent of v and of w):

The upper estimate is done. Thus Proposition 2.5 follows from (2.39) and from
Propositions 2.8 and 2.9.

Proof of Proposition 2.8. The form w on I x N is the sum wy + w;, where
w; is an i-form in the direction of I (where I = [—1,1]). It is enough to prove
the inequality (2.32) separately for wy and for w,. Let us prove it for wy. For
v = (a, f) € R*\ (0,0) the Green function G(v) for the Laplacian A, ; on functions

k
Alw

abafs < e

L farll 4 gel?).

#For w with supp w C M \ N the conditions (2.33) and (2.38) are equivalent. The domain
D (Apz) of Apg,z consists of smooth forms on M with the Dirichlet boundary conditions on Z
and the Neumnann ones on M \ Z.

*5The lower estimafte with c3 in (2.39) is obvious. Note that supp((1— flw) C M\
((=1/3,1/3] x N). Then the upper estimate with a constant ¢} for [|(1 =~ Nllezmy b llwllczm)
is well known ({H&], Appendix B and Proposition 20.1.11).
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on I with the v-transmission boundary condition at 0 € I and the Dirichlet boundary
conditions on @1 = {—1,1} is given by the kernel

B — o2
(GI(V)):‘EI,IQ = Griap + mg-fhza for Ty, T2 € Ql = [_1,0]7
02 _ 52
(G1(¥)), 2y = Izria + 'mg-x,.z, for z,,z; € @, = [0,1], (2.40)
(G;(u))nm = E"%g" =2 for z,, z; from different Q.

Here, ¢z, , 1s the Green function for the Laplacian on functions on I with the Dirichlet
boundary conditions on d[:

- {: 1)1 —: —~1 < < <1
Oz, = {C (T2 * )( Tl)’ ST == (2.41)

C(’E1+1)(1_T2), _1S$1Sm2511

where ¢ # 0 1s a constant.

It follows from (2.40) and (2.41) that G;(v) has a continuous kernel on @, x Q,,
and that it is estimated uniformly with respect to v € R?\ (0,0) and to z;, z:

(G1(¥)2,

sup < ¢,. (2.42)

1,32 W

Since suppwyp C (I '\ 8I) x N and since the Laplacian A, ; has the zero kernel on
functions with the Dirichlet boundary conditions on 41, we have

wy = (1dy QIIH(N))wo + Gi(v) @GR ((Av1 @ AR ) wa), (2.43)

where G is the Green function for Ay and where II§(N) is the orthogonal projection
operator in (DR*(N)), onto Ker AY. The operator Gy* on a closed Riemannian
manifold (N, gn) has a square-integrable kernel (relative to the second argument) for
my > (n —1)/4 (where n —1 = dim N) and it has a continuous on N x N kernel for
mq > (n—1)/2.

The following estimate holds uniformly with respect to v € R?\ (0,0) for any
me € Zy, ma > (n — 1)/4. From (2.43), (2.42), and from the Cauchy inequality we
have

fwo()f? < ca (Jwoll? + 1(Avs @ id)woll? + (Anr @ AFwolD) . (244)
Indeed, the following two Banach norms on the finite-dimensional space Ker A}y

413 = max () and (B3
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are equivalent. So we get (where z = (z,zn) € I X N and I =[-1,1]):
1((idr ®IE(N)) wo) (2)* < (TGN )wolz1, )5 < co lwolzi, ¥z n,  (2.45)

2 . .
lwo(z1, #)lz v < 2Zsup |(GI(V))£,,$2 [I(A.,1®id) woll; 5y < 263 [1(Av,r @id)wol; -
(2.46)

The following estimate is obtained by the similar method:
[((G1{(v) ® GR*) (Aur ® AR wo) (&1, an)|* <
(GX*)

2
(A ® AR wold - (247)

2
< 2¢; sw;lp | i
1

Hence the estimate (2.44) holds for wy (even without the first term on the right in
(2.44)), as follows from (2.43), (2.45), (2.46), and (2.47).

Since A, = id; @AyN + A, (f) ® idy and since Ay and A, ; are nonnegative self-
adjoint operators, we have for m, € Z:

1(80r @ AR wull, < AT o], (248)

The inequality (2.32) for wy follows from (2.44) and (2.48). For w, the analogous
to (2.43) equality holds:

wr = (ML) ® (idy =157 (N)) ) + ((ids ~TI(L)) © T3 (N)) wr +
+ (I5(7) @ ;T (NV)) w1 + (G1(v) ® GR) (Aur ® Affwr), (2.49)

where I1§(1,) is the projection operator of (DR!(I)), onto the one-dimensional space
¢ - dzy and G(v); is the Green function for the Laplacian A,; on DR'(1,) (with
the Dirichlet boundary conditions on 87 = {—1,1} and with the v-transmission
boundary conditions at 0). The kernel G;(v), is continuous on -Cjn X -C?rg because it
can be written in a form similar to (2.40). It is written through the Green function
g1 of A; on DRY(I) with the Dirichlet boundary conditions on @I where the kernel
(¢1)2, 2, Of g1 is continuous on I x I. Hence the second term on the right in (2.49)
is estimated similarly to (2.45) and to (2.46). The kernel I1§(1,)s, z, is expressed in
a form analogous to (2.40) through the kernel 27'dzy @ dz; on I x I (corresponding
to II§(111)). So the kernel of IT} (1,) is continuous on @, x @Q,,, and it satisfies the
estimate (2.42) (with the upper bound ¢). The first and the third terms in (2.49) are
estimated as follows:

’(HI(L,) ® (idN —H(','I(N))) cul(::.'l,:l:;\;)’2 <2 sbllp

(G5?)

2 . ma
Yy, r2']\[||(1(:1®A1V )wlllg,M’

|('(5) © M5 (V) wn (@) < 26 o2 -

Hence the estimate (2.44) holds uniformly with respect to v € R?\ (0,0) for any
m € Z,,m > mgy:=1+ min{k € Z;,4k > n}. Thus Proposition 2.8 is proved. O
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2.3. Actions of the homomorphisms of identifications on the determinant.
Proof of Lemma 2.3. The most simple method to compute the action of g,. on
Det(M, N, Z)* is to obtain the expression for the action of v¢, on the determi-
nant line DetC*(X, V, W) (1.54), induced by the identifications of the correspond-
ing cochain complexes v = vf, : C*(X,,,V) — C*(X,,V) (where vi{ci,c;) :=
(c1, (kv /ku)c2) for v,vg € U (2.3)), and then to use Proposition 2.10 below. The
action of v¢, is defined by identifications 1, and ¥,,, where ¢¥,: detC*(X,,V) =
DetC*(X,V, W) are defined by the exact sequence in the bottom row of the diagram
(1.59). The following diagram of the identifications is commutative:

detC*(X,p,V) —2u  detC*(X,,V)

‘f’volz '.bull

DetC*(X,V, W) —2, DetC*(X,V,W) .

Proposition 2.10. Under the conditions of Lemma 2.3, the equality holds:

Gus = Us.p (250)

The proof of the equality (2.50) is done just after the end of the proof of Lemma 2.3.
The expression for the action of ©¢, on the determinant line can be obtained as follows.
Let v € U and let j be the natural inclusion j: @12 C*(Xi, W Vi) = C*(X,, V).
Then vE acts on C*( X, WUV;) as the identity operator and it acts on C*(X,, WUV,)
as the operator (k,/k,,)id. Proposition 2.7 claims that the identification %, is an
isometry between the combinatorial norm on det C*(X,,V) and the triple tensor
product of the combinatorial norms on the components of DetC*(X, W, V). It is
enough to compute the action of v¢, on the component det C*(W) of the tensor prod-
uct DetC*(X, W, V). The inclusion p,.: C*(W) — C*(X,, V) (defined by (1.63)) is
an isometry onto orthogonal complement to Imj and r, .o, = id on C*(W). So the
action of v on this orthogonal complement (Im 7)* (identified with C*(W) by 7, ,
and by r,.) can be expressed as the composition

me (W) — ((ﬁo,ﬂo)/M) m v_.‘,’ ((ﬁo’a"(k"/k"o))/\/ ag +‘B§) m=

Pug e

= ((LR)THRL) m— (\/1 + k2 /|1 +k30) me (W)  (2.51)

?5This action is multiplying by a nonzero factor.
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(Here, the signs are written for positive 8 and f5.7) The expression for v, follows
from (2.51) and from the assertion that v¢ acts on C* (X3, WU V;) as (k,/k,,)id.
Namely

ofl = (k[ M%) (14 82) /(14 82)) (2.52)

for { € DetC*(X, V,W). It follows from (2.52) that the equality holds (for [ # 0):

8, log |z, 11 = —2x(Mz, NUZy)d,log(k,) —2x(N) (1 + k) ™ d,log(k, ). (2.53)

Proposition 2.10 claims that the same identity holds also for the action of ¢,. on
Det(M, N, Z).

The right side in the formula (2.19) (i.e., in the assertion of Lemma 2.3) is de-
fined in analytic terms while the right side in (2.53) is defined in topological terms.
Each b, ;(M,,,Z) on the right in (2.19) is the sum of integrals over My and over
N of the locally defined densities, according to Theorem 3.2. So it is enough to
compute {in topological terms) the expression on the right in (2.19) in the case of a
mirror-symmetric M = M, Uy M, with a mirror-symmetric metric g5 (which is a
direct product metric near 9M and near N ) and with mirror-symmetric boundary
conditions on the connected components of M. In this case, the expression in (2.19)
is the same as for a general M (if the piece My of M, gar|ra,, and the boundary
conditions on M N M, are the same as in the mirror-symmetric case on each piece
M, of M). It is supposed from now on in the proof of Lemma 2.3 that M and all
the data on M are mirror-symmetric relative to N. In this case the kernel £} (v)
(v € R?\ (0,0)) of the operator exp (—tA?) with the Dirichlet boundary conditions
on Z = Z3 U Zy C OM and with the Neumann conditions on dM \ N is expressed
through the fundamental solution £},  for d; + A* on DR*(M, Z) (with the same
boundary conditions on dM)? as follows*":

B, (n)=E:,,+((a® = B2) /(0 + %)) (01 E*)iuy for © € My, y € Mo, (2.54)

Er_ (1) = (2a8/c* + B*) B for z € M),y € M,. 2.55)
tx,y tr,y

Note that the kernel (E, + o} E,),, =: Et"‘;f’: for z, v € M, is the fundamental

solution for d,+ A}, , where A}, is the Laplacian on DR*(M,, Z;) with the Neumann

boundary conditions on N and the kernel (E, — o} E,)sy =: ELS7 is the kernel of

2"The signs are not important. for the transformations of the norm on the determinant line under
the actions of vg,.

281t is proved in Proposition 1.1 that A* on DR*(M, Z) for M obtained by gluing two pieces,
M = M) Un Mz, has the same eigenvalues (including their multiplicities) and eigenforms as A%
in DR*(My 1, Z). The analogous assertion is true for the operators exp(—tA} ) and exp(—tA*) in
(DR*(M)), and for their kernels.

29These formulas are analogous to (2.40).
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exp(—tAjy, n), where A}y y is the Laplacian on DR*(M;, N U Z,) i.e., with the
Dirichlet boundary conditions on N. It follows from (2.54) that the alternating sum
of zero-order terms (in the asymptotic expansions of the traces of the heat equation
operator relative to t — +0) on the right in (2.19) can be represented in the following

form (where m,, := 27! (1 - k;f) / (1 + k;‘uz)):

(= 1ba (Mia, 2) = S2(=1) [ tr (Blaav)” =

e () e et (e () e (i) -

-1
=27 (M, Z) +m, (x(Mz, Z3)— x(My, Z, U N))=x(My, Z,UN) + (l-Hz;oz) x(N).
(2.56)

Hence the expression on the right in (2.53) is equal to the right side of (2.19), and
the assertion of Lemma 2.3 follows from Proposition 2.10. The zero superscripts in
(2.56) denote the densities on M;, N, M, corresponding to the constant terms (i.e.,
the t%-coefficients) in the asymptotic expansions as ¢t — +0 for Tr (p; exp (—tA*®)),
where A* is the Laplacian with appropriate boundary conditions. In (2.56) In, tr(.)°
denotes the sum of the integrals over M;, N, and over 9M; \ N of the corresponding
densities. We use the following equalities to produce (2.56):

do(-1y fM tr( B, ) = x(M,2), (2.57)
Z(—l)jf . br (E{,gzw)u = X(Mz, Z3),

M.
tr (EI20)" = x(Ma, N U Z,).

These equalities are consequences of the analogous equalities without the zero super-
scripts and of the existence of asymptotic expansions in powers of ¢t for the corre-
sponding traces as t — 40 ([Se2], Theorem 3, or Theorem 3.2 below). O

Proof of Proposition 2.10. The identifications

de
DetC*(X,V, W) — Det(X,V, W) — Det(M, N, Z) (2.58)

do not depend on v (the determinant lines in (2.58) are defined in (1.54)). So the
actions of v¢, on Det(X, V, W) and on DetC*( X, V, W) are the same (i.e., they multi-
ply by the same number). To prove (2.50) it is enough to show that the corresponding
operators on Det(M, Z, N) are the same (i.e., that g,. = v¢, on det(M, N, Z)).

The proof of Proposition 2.10 uses the following assertion.
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Proposition 2.11. Let ¢: (F§,dg) — (F7,dF,) be an isomorphism of finite com-
plezes of finite-dimensional lincar spaces. Then the diagram is commutative:

det F3 -%r det F?

ak aa (2.59)
det f'I.(FO) %’ det H.(Fl)

Proof. The identifications det F* 2 det H*(F;) are defined with the help of differ-
entials d = dr,. Hence the commutativity of (2.59) holds. O

The commutativity of the following diagram of the identifications (for » sufficiently
close to vy such that v, is an isomorphism) follows from (2.59):

det We(ve) =% detw, (Wo(ve)) —=  det W2 (1)

a1 ¢ |14 (2.60)
det H*(M,,, Z) — det H*(M,,Z) = detH*(M,,Z)

where the identification j.: H* (v, (W7 (w))) — H*(DR(M,,Z)) = H*(M,,Z) is

defined by the natural inclusion j: v, (W2 (1)) — DR*(M,, Z) of a quasi-isomorphic

subcomplex. The commutativity of the left square in (2.60) follows from (2.59).

The commutativity of the right square in (2.60) also follows from (2.59) because the

operator induced by the projection operator II, on H* (DR(M,, Z)) is the identity
operator.

The commutativity of the following diagram is a consequence of the commutativity

of the diagram (2.60):

det We(m) = detWr () —= detv, (W(w))
dlz d‘l
Gu () | 1 det H*(M,,, Z) — det H*(M,, Z) (2.61)
vi |1 o |

Det(M,N,Z) = Det(M,N,Z) =% Det(M,N,2Z)

—

The action of v,.: H*(M,,Z) — H*(M,,Z) coincides with the combinatorial
action v¢,: H* (X,,,V) — H*(X,,V) under the identification of the cohomology
R: H*(M,,Z) - H*(X,,V) induced by the integration R of closed differential
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forms over the simplexes of X. Hence the commutativity of (2.60) involves also the
commutativity of the diagram:

det W2 (vp) —  detv, (W ()

——

d|1 d |1
det H*(M,,,Z) = detH*(M,,,Z2) — detH'JM,,Z)
de |1 de |1
es,=vin | 1 det C*(X,,,V) — detC*(X,,V) (2.62)
wu,,ll mll
DetC*(X,V, W) — DetC*(X,V, W)
(2.58) l ! {2.58) | l
Det(M,N,Z) = Det(M,N,Z) — Det(M, N, Z)

The equality (2.50) follows immediately from the commutativity of the right bot-
tom square in (2.61) and from the commutativity of (2.62). Proposition 2.10 is
proved. [

2.4. Analytic torsion norm on the cone of a morphism of complexes. Proof
of Lemma 2.4. Lemma 2.4 is a particular case of the following assertion. Let f be
a morphism (2.22) of finite complexes of finite-dimensional Hilbert spaces.3® Then
Cone® f is defined by (2.23). The exact sequence of complexes:*!

0 — V* — Cone® f — A*[1] — 0, (2.63)
r

(where the left arrow maps y € V* into (0,y) € Cone® f and p(z,y) = z for (z,y) €
A1 @ V7) defines the identification of the determinants of its cohomology:

P8 e ;1 det H*(Cone f) = det H*(V) @ (det H*(A))™". (2.64)
Let the Hilbert spaces Cone’ f be the direct sums A7 @ Vi+! of the Hilbert spaces.

Lemma 2.6. The analytic torsion norm on the determinant of the cohomology of
Cone® f is isometric under the identification (2.64) to the tensor product of the an-
alytic torsions norms®:

To(Cone® f) = To(V*) @ To(A®)™. (2.65)

30The morphisin f does nol supposed 1o be a guasi-isomorphism.

31A*[1] is a complex with components A[lY = A’*! and with ds) = —da. There are the
canonical identifications: det A*[1] = (det A*)~" and det H*(A[1]) = (det H*(A)) ™"

32The analytic torsion norm on det H*(A[1]) = det H*(A)™! is the dual norm T(A*)~L.
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Remark 2.6. Let h € det H*(Cone f) be identified by (2.64) with k; ® k3" for hy €
det H*(V) and hy € det H*(A). Namely @coner sh = hi @ k3!, where k' is an element
of the dual one-dimensional space det H*(A)~! such that A7'(hz) = 1. In this case,
the equality (2.65) claims that

AN (coner 5y = 1B1Zyqvey / B2l Zycae) (2.66)

Remark 2.7. The identity (2.65) (Lemma 2.6) and the equality (2.66) also hold under
weaker assumptions. Let the Hilbert structures on A®, V*, and on Cone® f be such
that the identification

©cane ;¢ det Cone® f = det V* @ (det A*)™! (2.67)
(induced by the exact sequence (2.63)) is an isometry. Then the equality (2.66) holds.

Corollary 2.7. Let f : A* — V* be a quasi-isomorphism. Then H*(Cone f) = 0.
Hence det H*(Cone f) is canonically C and 1 € C = det H*(Cone f) is identified by
(2.64) with hy ® hy'. Here, f.hy = hy under the identification induced by f:

for det H*(A) = det H*(V). (2.68)
In this case, the equality (2.66) claims that

l|1||§"o(Cnnef) = ||f'*1||2T°(v-) / “’12“3"0(,1-) = To(V*)/To(A%), (2.69)

where To(V*)/To(A®) is the ratio of the two norms on the same determinant line
(since det H*(V') and det H*(A) are identified by (2.68)).

The equality (2.69) is the assertion of Lemma 2.4.
Proof of Lemma 2.6. The identification (2.67) is an isometry of norms on the
determinant lines. Let u be a nonzero element of det Cone® f and let

OCone® fUl = U @ uz', (2.70)

where u; € det V* and u, € det A®. Let h, by, hy be the images of u, uy, uz under the
identifications (defined by the differentials of the corresponding complexes):

det Cone® f dconets det H*(Cone f),
det A® _da__ det H*(A), detV*® _dv__det H*(V).

—— ——

Then by the definition of ¢, .+ ; we have @H | o (b =1 @ b7
The analytic torsion norm on the determinant of the cohomology of a finite-
dimensional complex is the norm, corresponding to the L,-norm on the determinant
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of this complex defined by the Hilbert structures on its components. Hence the
equalities hold:

”h“2 one® = u”2c one®
To(Cone® 1) ” det{C R (271)

2 2 2 2
||”'1||To(v-) = ”ul”det(V') ' ”h?“Tu(A') = ”u2”det(A')'

Since the identification (2.67) is an isometry, we see that the equality

1l coner 1y = N1l vy / ol ae) (2.72)

follows from (2.71) and from (2.70). O
The equality (2.24) in Lemma 2.4 is a particular case of (2.72) (by Corollary 2.7)
corresponding to the case of a quasi-isomorphism f. Lemma 2.4 is proved. O

2.5. Variation formula for norms of morphisms of identifications. Proof of
Lemma 2.1. The assertion (2.14) of Lemma 2.1 can be deduced from the definition
of g, and from the following proposition.

Proposition 2.12. There is « neighborhood U,,, vo € U, C R?*\ (0,0), such that a
family of finite rank projection operators I1i(v) := Il;(v;a) in (DR (M)), is smooth
onl/,, 3v.

Its proof followa just after the proof of Lemma 2.1. Let I € det W2 (1), { # 0, and
let | = ®,l( ! , where I; € det Wi(my), {; # 0. Then we have
log g e way = 22(=1)"" log 9. lill 3w - (2.73)

Proposition 2.13. For every j the following equality holds (under the conditions of
Lemma 2.1):

Oy 10g (|9l e W2 bymo = 2 0y log(k.) =0 Tr (Pzﬂi(VO)) . (2.74)

Thus the assertion (2.14) of Lemma 2.1 is a consequence of (2.74) and of (2.73).
Proof of Proposmon 2.13. It is enough to prove the equality (2.74) in the case
when ||{; ”delW'(uo) =1, i.e,, when | = ¢; A ... A e, where {¢;} is an orthonormal
basis in W2 () (0 = 1/(0)). In this case, we have

=t (9 (0550:)) | _p» (2.75)

~=0

6 log ||¢ ”Jul”detw’ (v)

¥==0

where a(v) = (a;;(v)) is a mmatrix of scalar products in (DRj (Hl) & DR (—ﬂz) ,gM)

of the images of the basis elements

ﬂ,J( ) =< Gu€is Gut; >
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The formula (2.75) is deduced as follows. Since ||g,/||%, wi) = det a(v), we have
— . aq—l —
dy log det a(t/)l’y___o =tr (6.,0 a (u)) L=0 = tr(a,a)L:O .

The family of the operators I (v) is smooth in v for v € U,, (Proposition 2.12).
Hence the operator d,I12(v) exists. Since I12(v) are projection operators, we have

M =M, 8, I, = (id—I1,)d,L,.

So e; are orthogonal to 9,11,

e; and we get
=0 J g

a.y(L,'j(U)L o = 87 < Hagueiynagvej > L=0 =< B'Y(Hﬂgy)e"ej > L:O +

+ < ei:a'y(nagu)ej > |‘7=U - Bn,(log ku)

120(( mei,e; > + < €, p2€; >). (276)

Since {e;} is an orthonormal basis in W?(1g), we have

tr (< paei, €5 >) = tr (pgﬂf;(uo)) (2.77)

Hence (2.74) follows from (2.75), (2.76), and (2.77). Thus Proposition 2.13 and
Lemma 2.1 are proved. O

Proof of Proposition 2.12. Let U, C R?\ (0,0) be the set of v € R*\ (0,0)
such that the Laplacians A, ; on DR/(M,,Z) (for all j) have no eigenvalues A from
(¢ — €,a+ 2¢) C Ry (where € > 0 is small enough). Then for v € U,, the pro-
jection operator Ili(v) from (DRI (M)), onto a linear space W7(v) (spanned by the
eigenforms of A, ; with the eigenvalues A from [0, a]} is equal to the contour integral

I (v) =z'/27rf

where G{(v) = (A,; — A)7! is the resolvent for the Laplacian A,; and Ty, is a
circle Ig4. = {A : |A\| = a + ¢} oriented opposite to the clockwise. For A € Ty, and
v € U, the operators G}(v) form a smooth in (A, r) family of bounded operators
in (DR (M)),. (It is an immediate consequence of Proposition 3.1 below. Indeed,
Spec(A, ;) is discrete and it is a subset of Ry U0, according to Theorem 3.1. Thus
if (¢ —¢g,a+ 2¢) N Spec(A, ;) = @ then yy, N Spec(A, ;) = B and Gi(v) form a
smooth in v € U,, and in A € T4, family of bounded in (DR/(M)), operators by
Proposition 3.1.) Proposition 2.13 is proved. O

Gi (v)dA,

at

2.6. Variation formula for the scalar analytic torsion. Proof of Lemma 2.2.
First the lemma is proved in the case when a > 0 is less than 47, (v) (where A;(v)
is the minimal positive eigenvalue of the Laplacian A, on (©; DR (M,, Z),gnm)). Let
Ui(a) be a neighborhood of v, vy € Uy(a) C U (2.3), such that for v € Uy(a) we
have a < 27'A;(v). (Such a neighborhood exists according to Theorem 3.1 and to
Proposition 3.1.)
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Let v(v) be a smooth local map (R!,0) = (U(a), v).
Proposition 2.14. Fort > 0 the following variation formula holds®:
8,3 (=1)7j Trexp (A, ;) [1=0 =
= 20, log(k,)| _, Yo(=1V (~t8/8t) Tr (py exp (~tAs,5)),  (2.78)
where k, := a/f forv=(a,B) € U (i.c., for af #0).

Proposition 2.15. Let Re s > (dim M)/2 and let 0 < a < A\ (vp). Then the follow-
ing equalities hold:

Oy [F(s)_1 /:o 1Y (= 1)5 (Tr exp (=tA,,;) — dimKer A, ;) (lt] | =

’y=0

= I(s)" fo T8 (1P (=) Tr (pr (exp (=tAu;) — TE(v0))) dt =

s/T(s —1) Ty 1 (exp (=tAL, ;) — TTi(wo)) ) dt.
o (3T =1y [ (1 (exp (—tA0,5) — T 22)_79)

= 209, log(k.)

Proof of Proposition 2.15. To produce the second row of (2.79) from (2.78), it 1s
enough to prove ([Bo], I1.26, Proposition 7) that for Re s > (dim M)/2 the integral

foo (=) Tr (py exp(—tA, ;) dt = fco " Tr(mA,jexp(—tA, ;) dt (2.80)
0 0

converges uniformly in » for v from a small neighborhood U, of 11 and to prove the
convergence of the integral

/ “ VT (exp(—tAu, ;) — dimKer A, ) dt (2.81)
1]

together with the uniform convergence in v for an arbitrary v, € U,, (as v — v;) of
the function

AR Z( —l)jTr(p] A, jexp(—tA, ) — f.’“Z(—l )jTr(pl A, jexp(—tA,, )
(2.82)

for t from any closed finite interval ¢ € I C (0,+00). (To apply the theorem from
[Bo], quoted above, it is useful first to do the transformation Ry 3¢ — h =logt € R,
dt — tdh.)

33The operator exp(—tA, ;) acts from (DR/(M)), into the domain D (A, ;) of A, ; defined
by (1.27). The operators exp(—tA, ;) and pyexp(—tA, ;) are of trace class. Their traces are
equal to the integrals over the diagonal of the traces of their kernels restricted to the diagonals (by
Proposition 3.8).
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The following estimates are satisfied

ITr (p1As,j exp(—=tA, ) < Tr (B, exp(~tA, ;) <
< AL exp(—tA, ;/2)|l, (Tr (exp(—tA, ;/2) —dimKer A, ;)), (2.83)

185 exp(—t8y,;/2)]l; < max (Aexp(=1)/2)) = 2/(te), (2.84)

(where |||, are the operator norms in (DR/(M)),). The first estimate in (2.83)
follows from the Mercer theorem. (The applying of this theorem here is similar to its
applying in the proofs of Propositions 3.8 and 3.9 below.)

Let ty be any positive number. Then for ¢t > 2ty and for v sufficiently close to ¥
we have the following uniform with respect to v estimate

Trexp (—tA,;/2) — dimWi(v) < C exp(—e;t), (2.85)

where C and ¢, are positive constants. Indeed, according to Theorem 3.2, for any
o > 0 there is a constant L > 0 (depending on 1) such that the inequality

Trexp(—toA, ;/2) < L.

holds uniformly with respect to » € R?* \ (0,0). So for all v € U sufficiently close to
vo and such that A;(v) > 2, the estimate (2.85) is true for ¢ > 2¢y with C' = L and
¢ = afd:

Trexp(—tA,;/2) — dim Wi(v) < Lexp(—ta/4). (2.86)

The uniform convergence (with respect to v) of the integral (2.80) for Re s >
(dim M) /2 follows from the asymptotic expansion (2.15) in powers of t as t — +0 and
from the estimates (2.83), (2.84), and (2.85). The convergence of the integral (2.81)
for Re s > (dim M)/2 follows from (2.85) and from the existence of the asymptotic
expansion of the trace as t — +0 (by Theorem 3.2):

Trexp(—tAu ;) = f-amumt™E 2 4 fi_ g qgt 7B/ 4y
+ fit*? + 0 (14102) | (2.87)
where k € Zy and f; := fi(v;7) are smooth in » € R*\ (0,0). This asymptotic
expansion (2.87) is differentiable with respect to v, according to Proposition 3.2.
The uniform convergence of (2.82) for t € I C (0,00) (if s is fixed and Re s >

(dim M)/2) follows from Proposition 3.8 and from the uniform convergence (with
respect to v} of the functions of ¢

240, | TeElL () - 70, | trE], (n)
M, M)

for t € I. (The latter assertion follows from Proposition 3.2 and from Theorem 3.2.)
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The last equality in (2.79) is true for Re s > (dim M)/2 according to the asymptotic
expansion (2.87), to the estimate (2.86), to the absolute convergence of the integral
(2.80), and to the following estimates (where 0 < a < A;(p)):

0<Tr (pl (exp (—tA,;) — I‘Ii(ug))) <Tr (exp(—tAmlj) - Hf;(uo)) . (2.88)

(These estimates are deduced from the Mercer theorem the same way as in the proofs
of Propositions 3.8 and 3.9.) Thus Proposition 2.15 is proved. O

Proposition 2.16. For 0 < a < A(v) the assertion of Lemma 2.1 is true, i.e., it
holds:
. . 0
dylogT(M,, Z)L=0=28.Ylog(ku) 7=Oz(—1)JTr(pl (exp(—tAm,j)—Hi(uo))) (2 )

(The zero superscript denotes the constant coefficient in the asymptotic expanston
as t — +0 for the operator trace.)

Proof. The equality (2.79) claims that for Re s > (dimM)/2 and for 0 < a <
A1(v0)/4 we have

0y (3 (=1Y5¢i(9)) | _ =

=0

=20,log(k,)|__, (s/T() 2 (=1)’ /0 oot"lTr(pl (exp(=tA,, )~ T (va))) de. (2.90)

The final expressions in (2.90) and (2.79) are analytic functions of s for Re s >
(dim M)/2 according to (2.88), (2.86), and to (2.15). The meromorphic continu-
ation to the whole complex plane € 3 s of this function of s can be produced
with the help of the asymptotic expansion (2.15) (or of the expansion (2.91) below
for Tr(p) (exp (—tA, ;) — [12(14)))) using the estimates (2.88) and (2.86). Let the
asymptotic expansion as t — +0 for the trace of the operator below be as follows

(n:=dim M):

TI‘(P] (CXP ("’tAvo,j)—Hf;(Vn))) =@t T gt @t Gt Py (1),
(2.91)

where 7 ;(t) is O (?‘.(Hlm) as & — 40 and 7y ;(#) is a C¥%.smooth function of
t € [0,1].% Then the analytic continuation to Re s > —(k + 1)/2 of the integral on

3%This asymptotic expansion exists and is differentiable with respect to ¢ by Proposition 3.2.
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the right in (2.90) is given by the expression

jooo 1Ty (p1 (exp (—tAL, ;) — Hﬁ(uo))) dt =
= @n/(=n/2+ )+ qnnr [(=0/24 /2= 8) 4+ qofs+ 0 /(124 5) + ..

+qk/(k/2+s +/ A A a’t+/ e ]Tr(pl(exp( tA, ) — H’(uo)gz)gcg)

The latter integral in (2.92) is an analytic function on the whole complex place C € s
(according to (2.88) and (2.86)). The integral of ry; in (2.92) is an analytic function
of s for Re s > —(k 4+ 1)/2. The asymptotic expansions (2.87) for Trexp (—tA, ;)
can be differentiated with respect to v according to Proposition 3.2. They provide
us with the analytic continuation of 3-(—1)77(, ;(s) to Re s > —(k + 1)/2 as follows:

S 1565(8) = () (Fon/(=/2+ )+ -+ B/ (k[2 4 5) +
+ _/Olt’_lmkl,,(t)dt + /lmt’_] S (—=1)7j Tr(exp (—tA, ;) —dimKer A, ;) dt), (2.93)

where Fy := 3,;(—=1)7 (fi(v,7) — oxdimKer A, ;) and the functions my,(t) are
C™/%_smooth in t € [0,1] and in v (for v € R?\ (0,0)) and are such that m,, =
0 (t(k“)/’) uniformly with respect to v as t — +0.

The latter integral in (2.93) is an analytic function of s € C. We obtain its
derivative with respect to v taking into account (2.78), (2.86), and (2.88):

8, f t’*lz 15 Tr (exp (~ tAV,J-)—dimKerAv.f)dt|,=o=

=20, log(k, =0{s-/; ¢! z ) Tr (pl (exp( —tA,;) — H;’;(uo))) dt'+

+ DD Te (1 (exp (~Bum,) ~ () |

3
where 0 < a < A1(15).*® Using (2.87), (2.93), and (2.92), we get the equalities (where
qx(J,v0) := gx for k <0, ¢i(7,v0) := §i for k > 0 and ¢4, i are from (2.91)):

0, _, =20, log(k,)| _(~1/2) Z(~1Y qi(s,vo),
Oymi,(8)] ) =28, log(k,)] _ (=1)3 32(=1)mis(0)-

(2.94)

35For such a the operator TI(vo) is the projection operator from (DR/(M)), onto the space of
harmonic forms Ker (A, ;).
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Hence the equality (2.90) holds on the whole complex plane € 3 s. In particular, we

obtain _
-0 Z(—l)Jflo(j, vo).

dylogT (M., Z)| _ =28, log(k,) .
y=
Thus Proposition 2.16 is proved. [0

Remark 2.8. A consequence of (2.94) is as follows. For any smooth local map v(7) :
(R',0) — (U,0) (where U is defined by {2.3)) the identity d,F, = 0 holds according
to (2.94). Hence the function on U

Fy(v) = Z( l 7 (fo(v,7) —dimKer A, ;)

is independent of v. The dimension of Ker A, ; is independent of v for v € U as
it follows from the cohomology exact sequence in the top row of (2.27). Indeed, for
v € U the dimension of Imdp (where dp: H'(N,C) — @y H P (M}, Z, UN;C) is
a differential in this exact sequence) is independent of v because for different v = vy
and v; from U the maps dp (v): H'(N,C) = H*Y (M, NU Z;; C) for fixed k = 1,2
(and for a fixed ¢) differ by the nonzero scalar constant factor (depending on vy and
v1). Hence 3(—=1)7; fo(v,7) is a constant function on U,

Proof of Proposition 2.14. Let £}, (v) (where t > 0) be the heat kernel of the
operator exp (—t4A, ;). By the Duhamel principle, a variation in v of E}_ (v) can be

written as follows. Let (E{] z,0(11), Et.:.-,y("))M =: i B L (n)AxE] , (v)bea
scalar product (1.23) (with respect to the variable z). We have

EL, () = Bioylw) = Jim [ ar0far (B, (), B, ,(w)) =
= lim [ [(<ALE L 0), Bl () + (B 0], BB )] (295)

Stokes’ formula claims that for any two smooth forms w;,w, € DR’(M,) on a mani-
fold M; with boundary we have

(dwr,wa)pt, — (@i, 6w)ag, = (rws, Awn)ang, = /aM rwr A *oas Aws,  (2.96)

where the density rw; A ¥5pr Awy on @M, =: N and the operators r and A are defined
as follows. Let any local orientations be chosen on TM|y and on TN. Then the
following forms on N are locally defined:

rwy = [N M)y pwr,  Awp = *}_Vli‘N,Ml *pp Wa, (2.97)

where 1% 5y, : DR*(M,) — DR*(N) is the geometrical restriction to N (and [N: M;] =
1if N is locally oriented as dM; and [N: M| = —1 in the opposite case). The lo-
cally defined form rw; A %35, Aw;, is a globally defined density on N = dM3%. So the

381t does not depend on a local orientation on TM and if a local orientation on TN changes to
the opposite then this local form changes its sign.
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equality (2.95) can be written in the form

BLoy0) = Bloy0) = lim [ dr 5 ([(<08).B5 .0, ABL ()., +

e=+0Je k=1,2

(4B 0, (00)- By (0) ] + [((AD- B2 0), B, () ,,, =

= (P B opl0), (AEL (), ]), - (298)

where r = r, A = A; are the corresponding operators for pairs (Mg, OM).

Let any local orientations be chosen on TM|nx and on TN. Then the conditions
(1.27) for the domain D (A!) claim that for the kernels E*(v) and E*(11) (where
v = (a,f) and v, = (e, /1) are from R?\ (0,0)) the following equalities hold on N:

arZ(Mll )oEt.a:z(U) —ﬁf‘ (MQ!N)OE;.::( )
IBAZ(MD )OEt.a:z( )_OfA (M21N)°Et.:r:z( )
ar,(Ml,N) 0é Et.mz(y) = _ﬁrl(MZ)N) o Et.:cz( )
BA (M| ,N)od.E}, (v)=caA. (Mg, N)od.E]_.(v),
The analogous equalities hold for E(v,) (where (o, ) are replaced by (e, £)).
Hence the equality (2.98) for » € U(a) C U can be written in the form

t:t:y(‘u) t::y( )_

t—T1

= el—i-ur-{-lﬂ £ dr [- (]‘ - (kU/kVo)) ((T’fS) T,T, t(u)’ A'E:—fv-.v(uo))am +

(1= (ko /R)) (A B3 (), (r8). By ()., +
+ (1= (o B)) (Al B2 (), By () 1, =

= (1= (B k) (7B (), A B 0),, |- (2100)
The kernel E}

rey(V) 15 smooth in v € R?\ (0,0) as a smooth double form on

M, x M,, (where the limit values on N C OM, are taken from the side of M,)
according to Proposition 3.2. So we can conclude from (2.100) that

(2.99)

0,500, o dim [ dr[ (8B 0), AL 0))
+ (A2 (), (r8). B, 1 y(00),,, + (AduE2 L (v0), 7B, L (W), +

b (0B A B0

= 0y log(k,)

aM}], (2.101)

where the limits of the kernels are taken from the side of M;.
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By Proposition 3.8, we have the equality

Trexp (—tA, ;)= 3, _L ih, Bl 21 22 (V0), (2.102)

r=1,2

where the exterior product of double forms on the diagonals 2,4, : M, o M, xM,
are implied.

We deduce from the semigroup property for the kernels of the operators exp (—tA,, ;)
that

(Q1,81 E(J) +I,21 (VO)‘) Q2.22 E{z,l;,l’(uo)) M =
= fM QI.ZI EtJl 1T Z1 (VO) AT *TQ2)32E{3,22,2(V0) = Ql,z1 Q2,23E31+t2,22|21 (VO)‘J (2'103)

where @); ,, are differential operators acting on differential forms, #; > 0 and the
integration is with respect to the variable z. We deduce the following variation
formula from (2.101) using (2.102) and (2.103):

c';‘,TreXp(—tA,,,,-)LI:0 =20, log(k, =Ot[(A,,(M1,N)d,lr,,(Ml,N)E,{,h,,(uo)) +

N

+ (An (My, N)ray (M, N)S, B, ,,,(Vo))N] (2.104)

where the summands are the integrals of the densities on N (as it is defined in (2.96)
and (2.97)). For instance,®

(An dy T Eg,z;.zz(VO))N = / (An day A *lz.erzE{,n.n(Vo)) . (2.105)

The local forms Fy = (i3, *z, deyds, B, ., (%)) and Fy = (iry, %5, 62, ds, E2EL,, (v0))
are smooth on the diagonal iagy ! Ml «— My x M. (The limit values on N C M, of
these double forms are taken from the side of M; and the exterior product of these
double forms is implied.) The local form i}y *p ., A, d; 7., E, (1) is a smooth
density on the diagonal N C My, iy : N — N x N. Hence we can apply Stokes’
formula (2.96) to the expression on the right in (2.104). The result transformed with

the help of the equality d.E7_  (v) = 8§, E}$}(v) is as follows:
d, Trexp(—tA,;) 1-,:0 =

=0t[ (6 d E{ZI 12( ))M + (dzl 631 E{,—:ll,zz(yo))Ml +

+ (4B By (), = (600 B, ’7(V0))M1]’ (2.106)

= 20, log(k,)
¥

37We imply {but do not write) the restriction to the diagonal N <= N x N in (2.105).
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where the summands in (2.106) are the integrals of the densities of the type:

(8udu B2, (), = le i, %22 6y B . (V0) (2.107)

(and the exterior product of double forms is implied in (2.107) and (2.106)).
The formula (2.78) is an immediate consequence of (2.106) if we take into account
the equalities

—OyEly Eioy

= E;

t,u,T

BE;,, = —AEp

t,x y
and use the formula (3.67) in Proposition 3.8. Thus Proposition 2.14 is proved. Hence
Lemma 2.2 is proved in the case of a < 471A(1p). O

Let now a > 0 be an arbitrary number such that a ¢ U; Spec(A,, ;). Then for any
nonzero element ! € det W?(vp) we have by Lemma 2.1 that

E( 1) Tr (PzH’(Vo))

where g, = IISv, is defined by (2.13). We know that under the identifications (2.4)
and (2.6), the analytic torsion norm Tp{M,, Z;a) on det W?(v) transforms into the
analytic torsion norm Ty (M,,, Z) on det H*(M,, Z), ”gVI”To(M.,,Z = (g1 )H”Ta(M., 2)
(Here, (g,0)y € det H*(M,, Z) corresponds to g,! under these identifications.) Let
(9,1)y be fixed. Then the analytic torsion norm of g,! € det W?(v)

19010t 2y 1= NPty T(Mar Z5.0) (2.108)

is independent of a > 0. Let vy = (g, So) € U (i-e., apfp # 0). Then using (2.108),
(2.89) we obtain {y := 9, log(kl,)l o)
Y=

0 10g 19 e ooy | = —2 O log(k

O, logT(M,,Z;a = lim 3., logT(M,,Z;e)| +
v e—+ =0

=0

+2p (— !irno E(— ¥ Tr (pQHJ (vo ) + E ) Tr (pgﬂi(ug))) =

=2u [Z 7 (Tr py exp(—tA,, ;))° — Y (—1) TrIli(vo) + Y (~1) Tr (ngJ(VQ)gJ
(2.109)

Note that for arbitrary ¢ > 0, a > 0 we have

S (—1Y Te T (vo) = X(Mug; 2) = Y (=1) Tr ((p1 + pa) I (w)) .

So the final expression in (2.109) is equal to

20, log(ky)| _ S2(=1) Tr (p1 (exp(~tAu,;) — TTi(v0)))

Thus Lemma 2.2 is proved for an arbitrary a > 0 such that a ¢ U; Spec(A,, ;). O
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2.7. Continuity of the truncated scalar analytic torsion. Proof of Propo-
sition 2.1. Taking into account the definition (2.11) of the truncated scalar analytic
torsion T'(M,, Z; a), we see that Proposition 2.1 is a consequence of the assertion as
follows. For Re s > (dim M)/2 the truncated (-function (2.8) for A, ; is defined by
the integral®

¢i(s;a) =T(s)7! /Ooo ' Tr (exp (—tAy;) (1 - Hg(u))) dt (2.110)

Proposition 2.17. For a > 0 the truncated determinant for the v-transmission in-
terior boundary conditions

det (A}; a) := exp (—3/33(’”,.(5; a)|'=0)
is a continuous function of v for v € R?\ (0,0) such that a ¢ Spec(A}).
Proof. Let E}

tzy(¥), t > 0, be the kernel of exp (—tA}). According to Proposition 3.8
we have

Trexp (~tA)) = >, —% tr (*mz’ZE;',,lm) , (2.111)
k

k=1,2

where i: My < M x M are the diagonal immersions. (The exterior product of the
restriction to the diagonal of double forms is implied in (2.111).) Set I = [—-1,1)]. Let
I x N C M be the inclusion of the neighborhood of ¥ = 0 x N into M and let gas be
a direct product metricon I x N. Let A} be the Laplacian on DR*(I x N) with the
v-transmission boundary conditions on N = 0 x N and with the Dirichlet boundary

conditions on 91 x N. Let E}_  (v;0),t > 0, be the kernel of exp (—t/_\;;o). The

t,z,y
equality analogous to (2.111) holds also for Trexp (—tl_\.;;o) (where M} is replaced
by Qx x N, Q1 :=[-1,0], @z :=[0,1]).
Let vy # (0,0) and let a ¢ Spec (A;D) be a fixed positive number. Then from

Theorem 3.2, Proposition 3.1, and from the estimate (2.86) it follows that for an
arbitrary ¢ > 0 there are a neighborhood Uj(e) of vg and T > 0 such that for
v € Up(€) and for t > T the estimate holds

|Tr (exp (—tA2) (1 = I12(v)))| < e exp(—at/2). (2.112)

To prove the continuity of det (A?) in v at v = vy, it is enough to obtain the
following estimate.®® For a given b,1 > b > 0, and for an arbitrary € > 0 there exists

38The analytic continuation of this integral from Re s > (dim M)/2 to the whole complex plane
coincides with the meromorphic continuation of , ;(s; a).

39The integrals (2.110) for the values vy and v of the transmission parameter have the analytic
continuations from Re s > (dimM)/2 to the whole complex plane. It follows from the estimates
(2.113) and (2.112) that the difference of these integrals multiplied by I'(s) is an absolutely conver-
gent integral for Re s > —1. Hence this difference is an analytic function of s for such s and it is
equal to the difference of the analytic continuations of the integrals (2.110) for v and vy.
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a neighborhood U, 3 vy such that the estimate holds for v € U,, —(1 — b) < s < 1:

t*"ldt <. (2.113)

fo T|Tr(exp(—m;)(1-n;(y)))_Tl.»(exp(—m,;,)(l-H;(Vo)))

The spectrum Spec(A?) is discrete and it depends continuously on v (by Propo-
sition 3.1). Since @ ¢ Spec(A}) we see that TrII3(v) = TrII(v) (= tkII}) in a
neighborhood of vy and that the following estimate is satisfied uniformly with re-

spect to 5, —1/2 < s < 1 and to v for v sufficiently close to vy:

) |
/D ITr (exp (—tA3) TI2(v)) = Tr (exp (~tAL,) M) | £t < £/2 (2.114)

The inequality

f: |Tr exp (—tA}) — Trexp (——tA'w)

t*=1dt < /2 (2.115)

for v sufficiently close to vy and for ~1/2 < s <1 is obtained as follows. According
to Proposition 3.1, Trexp (—tA?) is equal to the integral over UM; of the density
defined by the restriction to the diagonal of the corresponding kernel. So it is enough
to estimate in (2.115) the integrals of the difference between the densities defined
by exp (—A}) and by exp (—tA:b) separately over a fixed neighborhood U of N =
O0x N — M and over M\U. The estimate of the integral over U D N is obtained with
the help of the kernel E}_ (v;0) of exp (—tA;.'D). Sete;, (v) = E}, (v)-E; . (v;0)
forz,ye I x N.

Proposition 2.18. For an arbitrary m € Z, there is a neighborhood of vy such that
for all z,y € Mi_yj21p9) := [—1/2,0] x NU[0,1/2] x N — M, U M; and for t € (0,1}
the estimate is satisfied uniformly with respect to v € R? \ (0,0)

B, ()| < ent™, (2.116)
(where ¢y, 1s independent of t and of v).

Proposition 2.19. The following estimate holds uniformly with respect to s for
—(1 —=b) < s <1 and to v for v sufficiently close to v,

T
/ =1t
0

/ tr (*i;e:'s1|zg(u)) —tr (*i;e:__,:hz?(ug)) <efd4. (2.117)
M[—l/2,1]2]
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Remark 2.9. For z,y € [—1,1] x N the equalities hold (analogous to (2.54), (2.55),
(2.40)):

Et 1Y sﬁz a /ﬁ2 + Ct (G;E.)tzy for T, Y € Ql X N

E, (v;0) =SB, + (a* — ﬁ2/ﬂ2 +a?) (o1E*),,, forz,y € Q2 x N,
(2aﬂ/a + ﬁ’) ey for z,y from different Qr X N.
(2.118)
Here, E7 ., is the kernel of exp (—tA*) on I x N with the Dirichlet boundary condi-

tions on @I x N and o, is the mirror symmetry with respect to N = 0 x N acting
on the variable z of the kernel. So we get

/M[_m'm]tr(*mi;e:,m,m(V))= /M[_mm't t(*ayit (Bl 2y (V) = Blpyay) - (2:119)

From this equality and from the estimate (2.117) it follows that the integral over
M{_y/2,1/2 of the difference between the kernels for v and for v gives the term in

(2.115) which is less than /4.

Proposition 2.20. The following estimate holds uniformly with respect to s, —(1 —
b) < s < 1, and to v for v sufficiently close to vy:

[ b (ayi* By () = 0 (32 B, 2y ()

The estimate (2.115) is a consequence of (2.117), (2.119), and (2.120). The estimate
(2.113) follows from (2.114), (2.115). The estimate (2.115) together with (2.112) gives
us the continuity of A® (v;a) in v at 5. Thus we get the proofs of Propositions 2.17
and 2.1. O
Proof of Proposition 2.18. The following equality is obtained similarly to (2.98)
by using of (2.99):

dt <ef4.(2.120
/M\M[—lp,l/z] / ( )

-

cumalv) = = Jim [ dr0)or [ (6B u(v), ABL o (50))

+ (nB2 ) (AD. B, (50), ] (2120)

where the operators r and A correspond to the pair (/ x N,81 x N). So the estimate
(2.116) follows from the analogous estimates for the kernels

r Et.:r:z(y)i (r6)ZE:,x,z(V)’ A Et.z y(u; 0)) (Ad) Etzy(u;o)’ (2122)

where 2,y € Mi_121/9 and z € I x N = {-1,1} x N — M. Such estimates are
derived with the help of Proposition 2.5 for A} and A}, as follows.
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Let m € Z, be taken large enough. Then there is an approximate fundamental

solution P*(™}(v) for (('), + A,’,'x) which is the sum of an interior term Pm(: ™) and of

terms, defined near the boundaries @M and N. The kernel P*(™)(v) is a good approx-

imation for E}, (v) for small ¢ > 0. Its interior term is defined as follows. For any
o(m)

closed Riemannian (M, gas) there is a locally defined parametriz p, ., (i.e., an approx-

imate fundamental solution for (&; + A},)) such that the difference (p’("‘) - E.):
|z|y

(where E}_ is the fundamental solution for (9, 4+ A},)) is a C*-double form for ¢t > 0

and such that the following estimates hold uniformly with respect to (z,y) € M x M
and to t € (0,T):

p:(zmv) E;I " < c‘r"t"-fllz"‘ﬂ‘l"'i ,

(A (11 = B2,,)| < mtn/24ms1>

|(8¢ + A].\/I)pt.(:r:my)| < eyt T,
(A2)* @+ A3,) i)
([RS], Proposition 5.3, [BGV], Theorems 2.20, 2.23, 2.26, 2.30). Such a parametrix

can be represented in the following form (n := dim M):

<o )t-—n/2+m—k (2.123)

o) = (4mt) ™ exp (=d(z,y)?/4t) f (d(z,y)) 3 t'®i(z,y),  (2.124)
1=0
where d(z,y) is the geodesic distance between z and y, f € CP(Ry), f(r) = 1 for
0 <7 <cand f=0for > 2. The injectivity radius i (M, gas) is supposed to
be greater than 2e, i.e., the exponential map exp, B,, is a diffeomorphism on its
image for any © € M (where By, := {€ € T, M, |£] € 2¢}). The coefficients ®;(z,y)
in (2.124) are smooth double forms on M x M whose germs on the diagonal M —
M x M are unique. The principal term ®4(z,y) is the kernel of the parallel transport
in A*TM along the geodesic line eXpy £ = z from y into = (and it 1s defined for
d(z,y) < 1(M,gar)). Each &;(x,y) is “determined L]lrough ®;_1(z,y) in differential
geometry terms and it is well-defined for d(z,y) < i (M, gnm) ([RS], Sect. 5, [BGV],
Theorem 2.26, Lemma 2.49).
Let 0 x N — I x N — M be a neighborhood of N = 0 x N — M, where the
metric gas is a direct product. The fundamental solution for (8, + A%) on I x N (with
thie Dirichlet boundary conditions on 9/ x N) is

Pv)= 3 Ej(v)®EN, (2.125)
1=0,1

where E},(v) is defined by the formulas completely analogous to (2.40) and (2.118).
(Here, E} ; is the fundamental solution for (J, + A} ). The operator corresponding
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to the kernel Ej,(v) ® EX; acts on DR/(I,01) @ DR*™(N). The kernel Ej (v)
corresponds to the Laplacnan on I with the Dirichlet boundary conditions on @/ and
with the v-transmission boundary conditions at 0 € I. The term in (2.125) with
¢ = 1 is equal to zero for ¢ = 0.)

The parametrix E'S,";)(u) for (0y + A2) on M is defined by

P () = 4Py, (e + hipt) (1 = ). (2.126)

Here, ¢ = @(11), ¥ = ¥(z1) (in the coordinates (zq,z') = x and (y1,¥’) = y of points
in I x N), o, € C°(1,81); ¢, 2 0, o(y1) = 1 for || < 271 + ¢, (1n) = 0
for |11 = 5/8, ¥ = 1 in a neighborhood of suppg, and ¢ = 0 for |z,| > 3/4,
P € CP(M\N), 1,01 = | in a neighborhood of supp(1 —¢) C M \ M[_,/51/5- Hence

the parametrix Pt ) is equal to zero for y € Mi1j21/2, T €M \ ([—3/4,3/4] x N).

The term 'gblp'("‘)(l — ) in (2.126) is defined from now on as Pm, ), (In the case of

OM # @ the terms, completely analogous to Pe(v) for v € {{0,1),(1,0)}, have to be.
added to P*™), Their supports are in ([0,1] x IM)* <& M x M and gy is a direct
product metric on [0,1] x M)

Proposition 2.21. 1. The boundary condition for Pt'(m)(v) on N and on OM and
the boundary condition for (A;)k P;g;)( ) (k € Z,) are the same as for E}, (v) and
for ( Al ) Ef, (v). Namely P,"m:)(u) is a smooth int > 0 and in (z,y) € M;, x M,
kernel, Ak Pt(zil,( ) C D(A},) for fized y, t > 0, and for any k € Zy U0. Here
D (A;‘r) C DR*(M,,Z) is the domain of definition of A}, on pairs (w,w;) of
smooth forms on M ;. It is defined by (1.27)).

2. The following estimates (analogous to (2. 123)) hold for 1 € (0,T] uniformly
with respect to v € R?\ (0,0) and to (z,y) € M, 52 (with Cy,, Cp, i independent

of 1):
(0 + As,) P25 ()| < Gt/ (2.127)

(a1.)" (@ + a2,) P w)

The kernel It( )( ) = (3, + A7, )P'( Yv) is smooth in (z,y) € M X M; and its

< Copt ™M™ =E, (2.128)

Lz,
C¥-norm on M x M; is estimated through cm gt~ For any linear differential
operator F of order d = d(F'), acting on double forms on M x M;, and for any
T > 0 the kernel Fort"(;;)(u) satisfies the estimate as follows when t € (0,T). It hold
uniformly with respect to (x,y) € M x M; and to v € R?\ (0,0)

‘F o 1':I(J;:L)(u)| < C(F)t_("""d)/z"'m. (2.129)
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8. For 0 < k < [-n/2] + m — 1 the following condition is satisfied uniformly with
respect to v € R?\ (0,0) and to (z,y) € M;, x M;,:

lim (A:,)" (E* - P

t—r4-0

(v) =0. (2.130)

LTy

Corollary 2.8. 1. Fork € Z,, 0 < k < [-n/2]+ m — 1 the following estimates of
Ly-norms (with respect to the variable x) of the kernel (P'(’")(v) - E'(u))t hold
|x|y

for t € (0,T) uniformly in y € U;=, . M; and in v € R?*\ (0,0), where C,, and Cpp s
are the same as in (2.127) and (2.128):

<Cu(-n/2+m+ 1)1/ mt

txy

SCap (-nf24+m+1— k)_lt‘"/g'i'm-i-l—k.
2 (2.132)

1wy

’A[k/,t (E'(u) — P'("‘{t/))

2. The following estimate for E}, (v) holds for t € (0,T] and for an arbitrary
q € Zy uniformly with respect to v € R*\ (0,0), to z € M \ ([-3/4,3/4] x N), and
to Yy € M[_1/2;1/2].'

|2, (v)] < Cot=/2e, (2.133).

6o,y

It holds according to (2.131), (2.132), and (2.32). (Indeed, for such z,y and for
an arbitrary m € Z, we have E}, (v) = (E"(V) - P'(”‘)(u)) . Hence m can be

tz,y t, o,y

chosen large enough to get (2.133).)

The estimate (2.131) is a consequence of (2.127) and of the following equality

(E' - P'("‘))t (v) = lim /:_c drd, (E,'_T'I'_(u), (E' - P'(m))f‘*’y (u))M =

WY e—+40
t—e
= lim. / dr (E,‘_T_x‘,,(u), (0. +az.) (B2 =Py (:/))M. (2.134)

This equality follows from the assertions that (E' - P'(”‘))]E (v) = 0ast — 40
T3y
and that (E' - P'(m)) (v)eD (/_\; x) with respect to the variable x. ‘
lely v
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The estimate (2.131) is a consequence of (2.134), (2.127), and (2.135), since the
operator exp (—tA?) for ¢ > 0 is bounded in (DR*(M)), and its operator norm is
less or equal to one:

lexp (~tAD)]l, < 1. (2.135)

(This inequality follows from Theorems 3.1 and 3.2. They claim that A? is a nonneg-
ative self-adjoint unbounded operator in (DR*(M)), and that exp (—tA}) is a trace
class operator.)

The inequality (2.132) for 1 £ k € [-n/2] + m — 1 is a consequence of (2.127),
(2.135), and of the following equality (which is a generalization of (2.134)):

Ak, (B —P™)  (v)=

i,y

= lim, [ o (E;_,,,;‘,(u), (a1.)5 @, +B,,0) (B - P’(m))T'*’y(u))M.

g—+40

This equality holds since A%, (E' - P'(’"))t (v) > 0ast — 40 (for 0 < k <

e
[-n/2] + m — 1) and since (A;’x)k (E' - P'("‘))“c (v)e D (A:‘I) for fixed y and
t>0. o

The proof of Proposition 2.21 is preceded by the proof of Proposition 2.18.

The estimates analogous to (2.133) (with ¢t € (0,T] and ¢ € Z,) hold also for

the kernel E?_ (v+;0) = P}, of exp (—t.A;;O), where z € (I'\:[-3/4,3/4]) x N, y €

M_1/2,1/2- Indeed, such estimates are true (n is replaced by 1) for (E} t(y)) with
! 1Y

zy € 1\ [-3/4,3/4] and y € [-1/2,1/2], and the kernel (E;V_i)zr y is O (f.—("—l)ﬂ)

for t € (0,7).
The desired estimates for (r§) E*(v) and AdE*(v;0) are obtained from the estimates
(2.131), (2.132), and from the generalization of the inequality (2.32) as follows. Let

K be an arbitrary first order differential operator acting on DR* (H_,) Let w €

DR?® (M,, Z) obeys the conditions (2.33) with my; = 1 + min{l: 4/ > dim M + 1}.
Then the inequality is satisfied uniformly with respect to w and to z € M, U Mg:

|[Kw(z)|* < Ck Y

0

Al (2.136)

)
i=

where Cx > 0 is independent of » € R?\ (0,0). The proof of (2.136) is exactly the
same as the proof of (2.32) given above except the kernel (G;(v) ® G§*), , has to be
replaced by K, (G;(v) ® G*),,- Thus Proposition 2.18 is proved. O

Proof of Proposition 2.21. 1. For = from a neighborhood of N = 0x N — M,

where ¥, = 0, the parametrix P{")(v) is equal to 'P;m)(z/)w(*). So P;Sf:)(u) €
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D ((A;'I)k) with respect to the variable z, since P, (m)( JED ((A:vr)k) fork e Z,.

2. The estimates (2.127) and (2.128) hold for the term ¥P*(v)y of P*")(v) with
an arbitrary m € Z,., since ((9, + A:,z) P*(v) =0 (for z € (I \ 1) x N) and since
MiNg, e A MiNy, esuppe (|T1 — Y11, |21 + 11]) > 6 > 0 (where A := supp (9;,%) and the
number § > 0 is fixed). For z; € A and y; € suppp the estimate (2.133) (n is
replaced by 1) holds with an arbitrary ¢ € Z, for the fundamental solution (E; :)
of (0, + A}) with the Dirichlet boundary conditions on dI. The same estimate for
such z,,y; holds for the kernels (cr1 E,‘,) 1 and (E', t(u)) . So this estimate
holds also for the kernel (P*(v)) ., .., y)y(deﬁned by (2. 126)) since the kernel
(E;,,t)x’ y is O (t“("‘l)”) uniformly with respect to (x',3") ([RS], Proposition 5.3,
[BGV], Theorem 2.23). By the analogous reasons, for such ;,y, the estimate (2.133)
with an arbitrary ¢ € Z4 holds for the kernel (¥ o P*(v}))(,, 21.41.4)» Where F is a
linear differential operator of finite order d(F') on M x M, acting on double forms on
M;, x Mj,, and n in (2.133) is veplaced by n + d(F).

So the estimate (2.133) with an arbitrary ¢ € Z,. is satisfied by (3: + A;'z) (pPp)

and by (A2,)" (9 + AL,) ($P*) with k € 2.

The estimates (2.127) and (2.128) hold for #;p*™)(1 — ) = : PU™ | since they
hold for 7’:.(;:;) and since the distance on M between the closure B of B (where
B = {z: d;3) # 0}) and the support supp(l — ) is greater than a positive number
6. Hence the uniform with respect to (z,y) € B x supp(l — ¢) estimate (2.133)

(with an arbltlaly q € Z,) is satisfied by pt( ™ This estimate holds also for the

kernel pry, where F' is a linear differential operator of finite order d(F), acting
on the smooth kernels, defined on M x M. (For instance, the function f(d(z,y)) in

the definition (2.124) of p:(,:':, can be chosen such that f(r) = 0 for 7 > §. These
estimates follow also from [RS], Proposition 5.3, estimates (5.5), and from [BGV],
Theorem 2.23(2).)%

3. The difference (E' — P'("‘))
ogous to [BGV], 2.4):
oy W)=

P-(m) {m) (m) 9137
f-’-‘u f(m m)E M,UM,) ""“I"”I(V)T"”-Vlvw(”) rﬂztvey( ), ( )

l>l """

t () can be written as the Volterra series (anal-
V1:|y

(B - P°('"))

4CFor the sake of brievity the proof of Proposition 2.21 is written in the case of M = §.
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where A; = {(00,...,01): 0<0; <1, T 0;=1}*"and rf':)y( )= (A,z+0:) ,',(:"; (v) (a

scalar product tr(w; A*w,) with its values in densities on M is implied in (2.137)). The
assertion (2.130) follows from the convergence of the series (2.137) in the topology
of uniform convergence of smooth kernels on M;, x M, together with their _partial
derivatives of orders < 2k on M; x M;, (i.e., in the C*-topology on M; x M},).

Indeed, the definition of P:i";) (2.126) involves that the kernel rt(:z) (v) is equal to

’y
zero for z from a fixed (independent of ¢, v, and m) neighborhood of N = 0x N — M

in M. So rw,(u) is a smooth kernel on M x M;, and the inequalities (2.129)
claim that the C%*-norm of rgj;'.)y( ) is O (t‘“/2+”‘ k) for t € (0,7 uniformly with
respect to v € R?\ (0,0). Tt is O(f) for 0 < k < [-n/2] + m — 1, and the series
(2.137) is convergent in the C**-topology for such k, since the volume of A, is (I!)™?

and since the following assertion is true. For any 7 > 0 the parametrix P;iw(v)
defines a family of bounded operators from the space of smooth forms DR®*(M)

(equiped with a C?**-norm) into the space @;-, ;D R* (-MJ) (equiped with a C**-norm
on DR* (ﬁ,) ). These operators are bounded uniformly with respect to ¢t € (0,7 and
to v € R?\ (0,0). This assertion for the operators, corresponding to P,-:l(t'::), is proved
in [BGV], Lemma 2.49. It is also true for the operators corresponding to G,ZJ'P:(m)(V)go.
Indeed, it holds for the operators exp (—tA%) in DR*(N) (equiped with a C%*-norm)
and for the operators ¥ exp (—tA}) ¢ in DR*(I) equiped with a C**-norm. (Here A}
is defined on forms with the Dirichlet boundary conditions on 91.) It holds also for
the operators with the kernels () ( 1E7 ,) cp(yl) acting from smooth forms on

I into smooth forms on [0, £1] (where the Dmchlet boundary conditions are implied
on dI and oy is the mirror symmetry with respect to 0 € I).

The C**-norm of the kernel (P'("' - Ey t) on Nx N is O (t""(""l)/z"") for

t € (0,T], where P'(” and EY, are the parametrix of the type (2.124) and the fun-
damental solution f01 (0: + A¥) ([BGV], Theorem 2.30). The operators in DR*(N)

corresponding to PNt ") are uniformly bounded for ¢ € (0, T] with respect to a C?-
norm ([BGV], Lemma 2.49). So the operators exp (—{A%) in DR*(N) are uniformly
bounded for ¢+ € (0,7] with respect to a C*-norm. The convergence of the series
on the right in (2.137) with respect to C*-norms (k < [-n/2] + m — 1) for the
kernels on M; x M, involves also a proof of the equality (2.137) (in the case of
m > —[-n/2] + 2). Indeed, we have?*

(2 +A,) (ﬂ""")w = (7™ + 1‘?_£T))t'x'y, (2.138)

UHere 0; = tiy) ~ i for 1 i<k =1,00=1;, o = 1 —tx. The volume of Ay with respect to
the density dt; ...dt; is equal to 1/k!
42The proof of (2.138) is analogous to the one given in [BGV], Lemma 2.22. Tt follows from the

formula for 9, j;: f(=z, t)ds.
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where (=1)™ P is the term with the number ! in the right side of (2.137), (—l)mr,'(m)
is the same term in which P.0" is replaced by r2{™), p3(™) .= p*(m)  For any fixed

y and £ > 0 and for any & ;MZ+ U 0 we have (XE'T,) (Pt.(m))”y cD (A:.w)' The

series P = ZIZU(—l)"‘Pf('") for m > [-n/2] + 2 is the fundumental solution for
(9, + A?) since (at + A:’m) P? = 0for t > 0 and since the operator corresponding

to 2™ tends in a weak sense to the identity operator in (DR*(M)), as t — +0

(e, PP™w > wast — +0 for w € (DR*(M)),). The latter assertion holds for
Pt",(:;)(l — ¢)w and for P*™ew. Proposition 2.21 is proved. O

Proof of Proposition 2.19. Proposition 2.18 involves the following conclusion. For
any € > 0 there exist a § > 0 and a neighborhood U := U(rg,¢) C R?*\ (0,0) of

such that the estimate holds uniformly with respect to v € / and to s, —1 < s < 1:

)
/ oL St (xigel(v))] < €/20.
0

Mi_12,1/3) k=12

So it is enough to prove the existence of a neighborhood U, of v such that for any
v € Uy the following estimate holds uniformly with respect to s for —(1 —0) < s < 1
(b, 0 < b < 1,is fixed):

T
/ ALY
&

For e(v) and e{w) the equalities (2.121) hold. So the estimate (2.139) takes place
for v sufficiently close to 1 since the convergence

Lo X (i (i (v) = b (sizei ()

f—1p20/2) k=12

<e/10.  (2.139)

B}, (v) > Ef,,(v0) (2.140)

LTy

is uniform with respect to t € [6;, T] (where &, >0 is fixed), to z € M\ ((—3/4,3/4) x N},
and to y € M[_1/2,1799. The convergence of the kernels

(le;'T_'y
is a uniform one for such (#,x,y). All the double forms in (2.140) and (2.141) are
uniformly bounded on the set of such (¢, z,y) and their norms at (¢, z,y) satisfy the
upper estimate for ¢ € (0, 8;] (obtained in Proposition 2.18 above) through c,,t™ with
an arbitrary m € Z, and with ¢, independent of v. The uniform convergence of the
kernels in (2.140) and (2.141) on the compact set of (f,z,y) defined above follows
from the continuity in ¢, =, y, and v for (z,y) € M; x M;, of the corresponding

double forms. (See Proposition 3.2, where it is proved that these double forms are
C*°-smooth in t, z, y, and v for Re t > 0 and v # (0,0).) O

(v) = d B}, (), &:E, ,(v)— 6:E, (v) (2.141)

t,z,y L,y



78 S.M. VISHIK

Proof of Proposition 2.20. If (ag,f) = v € U (ie, if ap - fo # 0) then we
can suppose that v € U in (2.120). In this case, the identity (2.100) holds for the
difference

(E%(v) — E* (o))

Let vy € R*\ (U U(0,0)). For example, let vy := (ap,0), @g # 0. Then the
identities (2.98) and (2.99) claim in the cases of ¥y and of v := («, 3) that (2.142) is
equal to

(2.142)

tyry,ry

ﬁ . t-e . .
(E zl—l’TO/; dT [-—' (r"aA"QaET.rl ,-(V)'J A'-BMI Et—‘r,t,:g(yo))N +
+{Ae B gy o (V)s ooty 8By (10)) N+ (A nty e B 1y (), Tty B o 2 (v0)) N—
- (T"-aMzE:.zl,t(u)! A".aMld‘Et'—-r,-,:vg(UU))N] - (2143)

The factor k' = /o in (2.143) tends to zero as v tends to vy. The factors
(1 — k,/k,,) and (1 — k,,/k,) in (2.100)) also tend to zero as ¥ — vy In the case
vo,v € U. The estimate (2.120) follows from (2.143) and (2.100). Indeed, there are
the uniform with respect to v upper estimates (analogous to (2.116)) for the kernels
(2.122), where z,y € M\ M_1/21/9 and z € N = 0 x N C 0M;. These estimates
follow from (2.32) and their proofs are completely analogous to the proof of (2.116).
The main step in these proofs is using of the parametrix P(™** and of the estimates

(2.127), (2.128), and (2.132) for t € (0,7]. O

2.8. Dependence on the phase of a cut of the spectral plane. The analytic
torsions as functions of the phase of a cut. Gluing formula for the analytic
torsions. The scalar analytic torsion (2.11) depends not only on (M, gas, Z,v) but
also on the phase 8 of a cut on the spectral plane C 3 A. A zeta-function (,4(s;8)
is defined for Re s > n/2 (n := dim M) as the sum of absolutely convergent series
> m(A;)A745, where the sum is over nonzero A; € Spec(A}) and m(};) are the multi-
plicities of A;. The function Aj7 := exp (—slog(ﬂ) ,\j), 8 > Im(logg A;) > 0 — 27, is
defined for 8 ¢ arg \; + 27 Z. (For positive self-adjoint operators this condition means
that 6 ¢ 2xZ.) All the results for the analytic torsion norm are obtained above in
the case of 0 < # < 27 (for instance, for 8 = 7).

The zeta-function (, .(s;0) does not depend on 8 ¢ 27 Z, if [#/27] does not change.
However we have ‘

Cuo(5;0 4+ 2m) = exp(—2mis)(,4(s5;0) for Re s > n/2. (2.144)

43The parametrix P(™)* (1) for E*(v) can be chosen such that P,(:,’,),"(u) =0forz ¢[-1/3,1/3]x
NoMandz€[-1/6,1/6]x N — M.
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Since €, ¢(s;7) can be meromorphically continued to the complex plane C 3 s (The-
orem 3.1 below), we see that (,,(s;#) for § ¢ 27Z also can be meromorphically
continued to C with at most simple poles at s; := (n — 5)/2. The continuation of
Cre(s;0) is regular at s; for (—s;) € Z, U0. So the equality (2.144) holds for all
0 ¢ 2rZ, s € C. Hence for such # we have

Cue(8;0) = (o) exp(—2mism}, (2.145)

where (,o(8) 1= (,o(s;7) and m := [0/27], § ¢ 27Z. From now on this (-function
will be denoted as (,,4(s; m) with m = [0/27]. The value {,.(0,m) is independent of
m (according to (2.145)).

The dependence of the scalar analytic torsion (2.11) on m is given by

T(M,,Z;m)=T(M,, Z)exp(=2mimF (M,,2),) (2.146)

where* F(M,,Z) := £ (—1) j(,e(0)(mod Z) and T (M,,Z) := T (M,, Z;0), i.e.,
T (M,,Z) corresponds to § = = and it is the scalar analytic torsion defined by (2.11).
Here Z is the union of the connected components of 3M where the Dirichlet boundary
conditions are given. The Laplacian A? is defined on w € DR*(M,, Z) with the v-
transmission boundary conditions (1.27) on N, with the Dirichlet and the Neumann
boundary conditions on Z and on dM \ Z. The equality (2.146) is obtained by using
of

0500 (8; m)l 0= =27m(,,o(0) + 3,(, 4 (5)

=

=0

The number F'(M, Z) is defined also in the case of a manifold M without an interior
boundary N. In this case, (,,(0) in the definition of F(M, Z) is replaced by (,(0)
for the Laplacians on DR*(M, Z). The dependence of T'(M, Z;m) on m is given by
(2.146) with F (M,, Z) replaced by F(M,Z). In particular, F(M) is defined for a
closed M and also in the case OM # 8, Z = 0. Let M be obtained by gluing two pieces
M; and M, along the common component N of their boundaries, M = M, Uy My,
where N C M is closed and of codimension one. Then F(M,Z} = F (M., 2),
according to Proposition 1.1.

The class of F'(M,,Z) in C/Z is the same as the class (mod Z) of the number
F(M,,2) € C, where

Fy (M, Z):= 3 (=1) 5 ((5(0) + dim Ker (A,5)) .

The Laplacian A, ; (M,,Z) with its domain Dom (A, ;) C (DR(M)), is self-
adjoint according to Theorem 3.1. For Re s > 271dim M the zeta-function (, ;(s)
is defined by the absolutely convergent series 3 m (M) exp (—slog Ax) ([8/27] = 0,
0 # 0), where the sum is over Ay € Spec(A,;), Ax # 0, and with the branch of
logarithm —n < Imlog A < 7. Because log Ax € R for Ay > 0, the function (,;(s) is

4By the definition, F (M,, Z) € C/Z but it can be also defined as Z(—l)j 7¢,,;(0) € C.



80 S.M. VISHIK

real for real s. Hence Fy (M,,Z) € R. It is supposed from now on that a metric gas
on M = M, Uy Mj; is a direct product metric near N and near M.

Proposition 2.22. 1. For a closed manifold M the number F\(M) is an integer.

2. Let M = M, Uy M, be obtained by gluing two ils pieces My and M, along
the common component N of their boundaries. Let the v-transmission boundary
conditions (1.27) be given on N, the Dirichlel boundary conditions be given on a
union Z of some connected components of OM and the Neumann boundary conditions
be given on OM \ Z. Let L be a closed Riemannian manifold. Then the following
holds:*®

Fi (M, x L, Z x L) = x(LYFy (M., Z) + Fy(L)x (M, Z). (2.147)

8. Let K C M\ Z be a union of some connected components of OM. Then the
following holds under the conditions on M above:

FL(M,,2)= (M, ZUK)+ F(K)+2"x(K). (2.148)

4. Under the conditions on M above, the number Fy (M,,, Z) obeys a gluing property
analogous to the gluing property (2.1) for the analytic torsion norms. Namely the
following holds:

F} (A{{ua Z) = Fl(ﬁ’fl, Z] U N) + F](Mg, Zg U N) + Fl(j\r) + 2—1X(N), (2149)
where Zp := Z N OM;.

Corollary 2.9. 1. For a closed M the scalar analytic torsion T (M, [0/2x]) is inde-
pendent of 8 ¢ 2rZ.

2. Under the conditions of (2.147), (2.148), and (2.149), the following holds in
R/Z:

F(M,xL,ZxL)=x(L)F(M,,Z).
F(M,,Z2)=F (M, ZUK)+2 'x(K).
F(M, Z)=F(M,Z,UN)+ F(My,Z,UN)+2""'x(N).

Example 2.1. The number Fi(S') is equal to —fo,; = — fo0.*® The latter one is
equal to zero because the asymptotic expansion for Trexp (—1Aq (S')) as to £ — +0
(where Ay is the Laplacian on functions) is f_1.0t™1/% 4 fiot'/? + faot3? 4+ ...

4The Euler characteristic x (M,,Z) := Y (=1)' dim H* (M, Z) is equal to the Euler character-
istic of the complex (C*(X,, X N Z),d.) (as it follows from Proposition 2.3). Hence it is equal to
x(M, Z) and is independent of v € R?\ (0, 0).

46The coefficients fe; = f,;(M, Z) are the coefficients in the asymptotic expansion ) f;,_jt”z
(k > —n) for Trexp (—1A;(M, Z)) as t — +0 for the Laplacian on DRI(M, Z) (n := dim M).
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Example 2.2. The number Fi(/,d1) is equal to — fo,(/,01) = — fo,o(). Since S
has a mirror symmetry relative to its diameter, we have, taking into account (2.54)
and (2.118),

foo (8"} = foo(I) + foo(I;01) = 0. (2.150)
Since fo.o(1,01) — fo1(1,01) = x(I,01) =1 and (2.150) holds, we see that
Fl(], BI) = —fo;l(I, 6]) = —fo;o(]) = fg;o(], 3]) == —2_1. (2151)

Remark 2.10. The equality (2.151) means that the analytic torsion T (1, 017; [0/27])
is multiplied by the factor exp (—2wi-(—271)) = —1, if 4 is replaced by 8 + 2=
(0 ¢ 27Z).

It is necessary to note the following. The scalar analytic torsion T'(1,81) :=
T(1,0I; ) is the factor in the analytic torsion norm. But the latter one is the square
of the norm on the determinant line det H'(I,8I). So the factor, corresponding to
the norm itself, is multiplied in the case of (M, Z) = (1,07) by the factor

exp (711 (1, 1)|s=0) = exp(—7i/2) = —
if 8 is replaced by 8 + 27, 8 ¢ 27Z. Indeed, we have

—27 = Fy(1,01) = — (dim H'(1,81) + G:(J,01)0) ,

and so (;(/,01)|,=0 = —27' = =F(1,0I). For M = S' it holds that —F(S?) =
(1 {S") |s=0 = =1, and so exp (—miF (S')) = —

It follows from Proposition 2.23 below that F(M,,Z) and F(M, Z) have a form

(1/2) + Z, if the numbers n := dim M and x(M, Z) are odd. So in this case the
factors exp (—miF (M,, Z)) and exp (—miF (M, Z)) are equal to {xi}.
Proof of Proposition 2.22. 1. Theorem 3.2 1. claims that the number (, ;(0) +
dim Ker (A, ;) is equal to the constant term fo.; (M,, Z) in the asymptotic expansion
(2.87) for Trexp(—tA,;) as t — +0. So according to Theorem 3.2 I. the number
Fi(M,, Z) is equal to the sum of the integrals over M, M;, N, and OM of the locally
defined densities. Then we have

(M, 2) =3 (1) j fos(M,, Z). (2.152)

If (M,gar) is a closed Riemannian manifold then fo;(M) = fo,n—;(M). Hence
taking into account (2.152) and (2.57), we get (for even n := dim M)

Fi(M) = 3 (<1 jfoi(M) = (n/2) (1) foy(M) = (n/2)x(M). (2.153)

Let n be odd. Then fo;(M) is equal to zero since the asymptotic expansion for
trexp (—tA; (M, gp)) (as t — +0) is t™"/2 5 ! for_n.; (M, gar), where the sum is over
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l € Zy U0 ([Gr], Theorem 1.6.1; [BGV], Theorem 2.30). Hence Fi(M) = 0 =
(n/2)x(M) for an odd n also.

This number (n/2)x(M) is an integer for any closed M. (The assertion that Fy (M)
is an integer follows also from the equality which holds for any closed even-dimensional
Riemannian (M, ga):

DG (=1 (M, 8) = 3 j(=1Y Guey (M, ) = (n/2) 30 (1) (M, 5) = 0,

because (;(M,s) = (n-;(M,s).)
2. Let A € Spec(A, ;(M,Z)), 1 € Spec(A;(L)) and let my(j; M., Z), m,(i; L) be
their multiplicities. If A # 0 and g # 0 then we have

S(=1F (5 + iyma(; My, Z)m,(3; L) = 0, (2.154)

since the subcomplexes (V! (M,,Z),d) — (DR*(M,,Z),d) and (V;(L),d) s
(DR*(L), d), corresponding to the A-eigenforms for A, ,(M, Z) and to the p-eigenforms
for A,(L), are acyclic. If A # 0 but ;2 = 0 then the right side of (2.154) is equal to

(3 (=1Y jma (55 M., 2)) (3 (=1) dim Ker Ai(L)) == x(L) 3 (=1) jma (j; M, Z) .
So under the conditions of 2, by using (1.37), we have

(=156 (M, x L,Zx L)|
= X(L) (=1 5605 (Mo, 2) |+ X (Mo, 2) 30 (-1Y 5 G(L)| 0 (2.155)

M (=1) j dim Ker (A,; (M, x L,Z x L)) =

= x(L) Z (—l)jjdim Ker(A,; (M,,2))+ x(M,, 2) E (-—I)jj dim Ker (A;(L)).
(2.156)

The equality (2.147) follows now from (2.155) and (2.156).

3. The numbers F; (M,,Z) and F\(M,, Z U K) are the sums of the integrals over
My, My, N, and OM of the locally defined densities (as it follows from (2.152) and
from Theorem 3.2). The densities, corresponding to the pairs (M,, Z) and (M,,Z U
K}, differ only on K. So the difference Fy(M,, Z) ~ Fi(M,, Z U K) depends only on
K and on gps near K. Thus taking into account that gar is a direct product metric
near K, we get

2(F (M,,2)— i (M,,ZUK)) = (K x I) = F\ (K x (I,8I)) (2.157)

for any fixed metric on K in all the terms of this equality.
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According to (2.147) we have
F(K x 1) = R(K)x(I) + F(Ix(K),
Fy (K x (I,01))= I (K)x(1,01) + Fi(1,0])x(K), (2.158)
F(K xI)—- F (K x (1,01) =2F(K)+ x(K)(F,(I) - F;,(1,01)).

Since (i(s; 1) = (1(s;1,071) (on the same I') we have
Fi(1) = R(1,01) = =G(1)| _ + G(,80)| __ + dim H'(1,81) = 1.
By (2.157) and (2.158) we get.
Fi(M,,2)=F(M,,ZUK) + F,(K) + 27 'x(K).

4. The number Fi(M,, Z) is the sum of the integrals over My, M,, N, and over
IM of the locally defined densities. (It is a consequence of Theorem 3.2). So the

densities on M;, N, and on @M N'M; are the same as for the number F, (M(Z) Z(z)),

w45
where MJ@) = M; Uy M;, ZJ(Q) = Z; U Z;, and {)‘M}z) are mirror symmetric with

- . . 2
respect to N (the v-transmission boundary conditions are given on N — MJ( )) and
9p|m; = garla;. Thus we have

3

~

2R (M, Z2) =Y Fy (M), Z2{).
i=12
Since pairs (M}z), Z}z)) are mirror symmetric with respect to NV, it follows from (2.54)
and (2.55) that

R (M2, 2 = ;i (MP, 2() = R(M;, ;) + Fy (M;, Z; UN),

IR ]
(2.159)
Fi(M,,Z)=2"" > (F(M;,Z;) + F1 (M;,Z; UN)). (2.160)
i=1,2

The equality (2.149) follows from (2.148) with M = M;, Z = Z;, K = N, and
v = (1,1) and from (2.160), because F\(M;, Z;) = F,(M;, Z;UN)+ F (N)+27 x(N).

Thus Proposition 2.22 is proved. 3
The analytic torsion Ty (M,, Z;m) (where Z C OM is a union of some connected
components of dM, m := [8/2r], 0 ¢ 27Z) is defined as the product of the norm
||]|(2m HY(M,.2) (given by the natural norm on harmonic forms for A2(M,, Z)) and of

the scalar analytic torsion T(M,, Z;m):
To (M, Z;m) = ”'“;ZlctH'(M’.,,Z) T(M,,Z;m). (2.161)

The analytic torsion Ty (M, Z;m) is the norm ||-|](2]c”,.(M'Z)T(M, Z;m), where
the norm on the determinant line is given by the harmonic forms for A,(M, Z).
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(If N is the interior boundary and if gas is a direct product metric near N then
To (M, Z;m) = Ty (M, ,, Z;m) according to Proposition 1.1.)

Theorem 2.1. 1. Let M be obtained by gluing two pieces along N, M = M, Uy M,,
where N is a closed of codimension one submanifold in M with a trivial normal
bundle TM|n/TN and gpr is a direct product metric near N and near BM Then
for v € R*\ (0,0) the following gluing formula holds:

@, To (Mua VA m) =
= (=1)™MNT, (My, Zy U N;m) @ To (M2, Z; U N;m) @ To(Nym), (2.162)
where the identification " of the determinants lines is defined by the short ezact
sequence (1.14) of the de Rham complezes and by Lemma 1.1, Zy := Z N M. The
factor To(N;m) := Ty(N) s independent of m (according to Proposition 2.22 1).
2 Let K C OM\ Z be a union of some connected components of OM. Then the
formula holds for gluing K and (M,,Z U K):
CanTo (M,, Z;m) = (=1)™ M Ty (M,, ZU K;m) @ To(K;m).  (2.163)
Here the identification @, is defined by the short ezact sequence (analogous to (1.20)):
0 - DR*(M,,ZUK)—> DR*(M,,Z) - DR*(K) =0 (2.164)

(the left arrow in (2.164) 1s the natural inclusion and the right arrow is the geomel-
rical restriction) and by Lemma 1.1. The factor To(K;m) 1= To(K) is independent
of m. The analogous formula holds for gluing K and (M, Z U K):

GanTo (M, Z;m) = (1)) Ty (M, Z U K;m) @ To(K), (2.165)
where @, 15 defined by the short exact sequence (2.164) with M, replaced by M.

Proof. 1. For Ty (M,,Z) := To(M,, Z;0) the following gluing formula holds (ac
cording to (1.12) and to Lemma 1.2):

" Ty(M,,Z2)=To (M, Z,UN) @ To (M, Z, U N) @ To(N). (2.166)
By the definition of F'(M,, Z) we have
To(M,,Z;m+1)=exp(—2miF (M,,2))To(M,,Z;m).

(Analogous equalities are true for T, (M;, Z; U N;m). The differences Fy (M,,Z) —
F(M,,7), F1(M;,Z;UN)~F(M;,Z;UN}, and F1(N)—F(N) are integers and Fy(N)
is an integer (according to Proposition 2.22 1). Hence (2.162) is a consequence of
(2.149) and (2.166).

2. The gluing formula holds for Ty(M, Z) := To(M, Z;0) according to (1.18) (The-
orem 1.2): ¢, To(M,Z) = Toy(M,Z U K) ® TH(K). So the gluing formula (2.165)
follows from (2.148) since Ty(M,Z;m + 1) = exp(=27iF(M, Z)) To(M, Z;m) and
since the difference Fi(M, Z) — F(M, Z) is an integer.
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Let N C M be a disjoint union Ny U N; of two closed codimension one submani-
folds of M with trivial normal bundles and let the v;-transmission interior boundary
conditions be given on N;. Let M = M, Uy, M; and let N; C M,. Under these
conditions, the equality (1 12) and the assertion of Lemma 1.2 are also true. Thelr
proofs are sumlar to the given above. The resulting formula is

O30Ty (M, 1, Z) = To (My 4y, 1 U Ny) @ To (Mg, Z U Ny) @ To(N,). (2.167)

(Here Z C OM is a union of some connected components of dM, Z;, = Z N oM,
and gps is a direct product metric near N; and dM.) As a consequence of (2.167)
(obtained by the same method as Theorem 1.2 is obtained from (1.16) and (1.17))
we get the following equality

SounTU (1‘!’[1,92, Zl) = T(J (Ml,uz: Z] U N]) TU(NI) (2168)

The equality (2.163) follows from (2.168) (where M, .., Z,, N, are replaced by M,,
Z, K) and from (2.148) since To (M,,, Z;m + 1) = exp (—2riF (M, , Z2)) To (M., Z;m).
Theorem 2.1 is proved. O

Proposition 2.23. Let M = M, Uy M, be obtained by gluing along N and let the
v-transmission boundary conditions (v € R*\ (0,0)) be given on N. Set n := dim M.
Then the number Fy (M, Z) for the scalar analytic torsion T (M,, Z;m) is expressed
by

Fi(M,,Z)=2""ax(M,,Z) =2 "'nx (M, Z) . (2.169)
The number F(M,,7Z) := 3 (—1Y JC,,J( ) is as follows:
F(M,,2) =" (-1) (=j +27'n) dim H’ (M,, Z).

Proof. 1. Proposition 2.3 claims that x(M,,Z) (i.e.,, the Euler characteristic
Y (=1)’ dim H (DR (M,, Z))) is equal to the Euler characteristic for the finite-
dimensional complex (C*(X,,Z N X),d.). Note that dimC?(X,Z N X) is equal
to dimC7(X,,ZN X). Hence x (M,,Z) = £(=1) dimC? (X, Z N X). This sum is
equal to x(M, Z) by the de Rham theorem ([RS], Proposition 4.2). Thus x (M,,Z) =
x(M,Z).

2. According to (2.149), the gluing formula holds:

Fy\(M,,Z) = Fy(My,Z; UN) 4+ F, (M, Z, UN) + F{(N) + 27 'x(N).

For the Euler characteristics the analogous formula holds:

X (M, 2) = X(M, Z) = x (My, Z, U N) + x (My, Z, U N) + x(N). (2.170)
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The number F}(N) for a closed manifold N is equal to x(N)(dim N)/2 by (2.153).
So Fy(N) + 27 x(N) = nx(N)/2. Let (M, gn) be a closed Riemannian manifold,
mirror symmetric with respect to N = oM, M = M, Uy M,. Let gy be a direct
product metric near N. Then the equality F; (M;, N) = 27'ny (M,, N) follows from
(2.153), which claims that Fi(M) = 2"lnx(M), and from (2.170). So (2.169) holds
for pairs (M, Z), where Z = dM. For any union Z of some connected components of
IM the equality (2.169) follows from (2.148) for K = OM\ Z, as F;j(K)+ 27 x(K) =
nx(K)/2, according to (2.153). The equality (2.169) for Fy (M,, Z) follows from its
particular cases for Fy (M;, Z; U N) by using (2.149) and (2.170). O

Corollary 2.10. . The analytic torsion Ty (M,,Z;m) (defined by (2.161)) is the
following function of m =[0/2x) (0 ¢ 27Z):

Ty (M,, Z;m) = (=1)""*MA 1M, 7). (2.171)

Here To(M,,Z2) =Ty (M,, Z;0), n :==dim M.

2. The analytic torsion To(M, Z;m) is equal to T (M,,, Z;m) for vo = (1,1) ac-
cording to Proposition 1.1. The formula (2.171) holds also for To(M, Z;m), where
To (M., Z) is replaced by To(M, Z) := To(M, Z;0).

Let (M, gm) be obtained by gluing two Riemannian manifolds M; and M, along
a common component N of their boundaries, M = M, Uy M,. Let gas be a direct
product metric near N and near M and let Z C OM be a union of some connected
components of dM. The following main theorem is an immediate consequence of
Theorems 1.4, 1.5 and of Corollary 2.10.

Theorem 2.2 (Generalized Ray-Singer conjecture). 1. The analytic torsion
To (M,, Z;m) is expressed through the combinatorial torsion norm (1.62) as follows:

To(M,,Z;m) = N(@M)+x(N) (_1)"1“.\'(1\-!‘2)/2 0 (M,, Z)

(where m = [0/2x), 0 ¢ 27Z s the phase of a cut of the spectral plane C > X and
n=dimM).

2. The analytic torsion To(M, Z; m) is expressed through the combinatorial torsion
norm:

To(M, Z;m) = 2XOM) (_1ymxMDI2 1 (ar, 7).

Remark 2.11. The combinatorial torsion norms 70(M, Z) and 14 (M,,, Z) (where vy =
(1,1)) on the determinant line det H*(M,,,Z) = det H*(M,Z) are different, if
X(N) # 0 (by Remarks 1.7 and 1.9). The canonical identifications H* (M,,, Z) =
Ker (A.',o) = Ker (A®) = H*(M, Z) are given by Proposition 1.1 and by the de Rham
theorem.
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3. ZETA- AND THETA-FUNCTIONS FOR THE LAPLACIANS WITH v-TRANSMISSION
INTERIOR BOUNDARY CONDITIONS

3.1. Properties of zeta- and theta-functions for v-transmission boundary
conditions. Let M be a compact manifold with boundary obtained by gluing mani-
folds M, and M, along a common component N of their boundaries, M = M; Uy M,
(N C M is a closed codimension one submanifold of M with a trivial normal bundle
TM|n/TN). Let gar be a direct product metricnear N =0x N — I x N — M. Let
the Dirichlet boundary conditions be given on a union Z of some connected compo-
nents of M, the Neumann ones be given on dM \ Z and the v-transmission interior
boundary conditions (1.27) be given on N. ,
The operator A} is originally defined on the set D (A2) of all the pairs of smooth
forms w = (wi,w2) € DR* (M]) & DR* (ﬁg) such that the Dirichlet boundary
conditions hold for w on Z, the Neumann boundary conditions hold on M \ Z
and the interior boundary conditions (1.27) hold for w on N. Let Dom (A?) be
the closure of the D (A?) in (DR*(M)), in the topology given by the graph norm?®

7 2

lwlls + AL =: ||w|]3mph. The closure of the operator A (with respect to the
graph norm) is an operator with the domain of definition Dom (A}). If w; — w in
the graph norm topology, w; € D(A?), then A}(w) is defined as lim; A w; in the

Lq-topology in (DR*(M)),.

Theorem 3.1. 1. The operator Al with the domain Dom (A}) is self-adjoint in
(DR*(M)),. Its spectrum Spec (A2) C Ry U0 is discrete.r”

2. Its zeta-function is defined for Re s > (dim M) /2 by the absolutely convergent se-
ries (including the multiplicitics) (,o(s) 1= Lx espec(azo A; '~ This series converges
uniformly for Re s > (dimM)/2 4 ¢ (for an arbitrary ¢ > 0). The zeta-function
(.. can be contunued to a meromorphic function on the whole compler plane with at
most simple poles al the points s; = (j —dimM)/2, 3 =0,1,2,.... It is regular at
s=0,1,2,....

8. The residues r1es,=,; (,,o(8) and the values {, o(m)+ by o dimKer (A}) are equal to
the sums of the integrals over M, M, and N of the densities locally defined on these
manifolds.

Proposition 3.1. /. Let A ¢ Spec(A?). Then the resolvent G3(v) := (A% — X7,
G(v) : (DR*(M)), = Dom(A}) — (DR*(M)),, is the isomorphism (in algebraic
and topological senscs) onto the closure Dom(A?) of D(AY) with respect to the graph
norm.*® The operators GY(v) for pairs (A, v) such that X ¢ Spec (AY) form a smooth

46The La-completion (DR*(M)), of DR*(M) coincides with the Ly-completion of DR* (M) &
DR* ().

47A spectrum is discrete if it consists entirely of isolated eigenvalues with finite multiplicities.

“8The topology on (DR*(M)), is given by |lw||3, and on Dom(A?) it is given by ||lw||?

graph-
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in (A, v) family of bounded operators in (DR*(M)),.

2. The families do G3(v) and 60 G3(v) for A & Spec(A}) form a smooth in (A, v)
family of bounded operators (DR*(M)), — (DR**(M)),.

Theorem 3.2. [. The operator exp (—tA}) in (DR*(M)), for an arbitraryt > 0
is of trace class. For its trace the asymptotic ezpansion (2.87) (relative to t — +0)
holds. The coefficients f. qunary; of this ezpansion are the sums of the integrals over
M, OM, and N of the locally defined densities. If j # dimM +2m, m € Z, U0, the
densities on M, OM, and on N for f_ gumamy; are the same as for

[((dim M = §)/2) 165, Cra()

If7=dimM+2m, m € Zy U0, these densilies are the saine as for
(1)1 (=1)" (Ga(m) + o dim Ker(A2))

2. Let py: (DR*(M)), — (DR*'(M;)), — (DR*(M)), be the composition of -

the restriction to M, and of the extension by zero of Ly-forms. Then the operator
meexp (—tAY) in (DR*(M)), for t > 0 is of trace class. For its trace the asymptotic
expansion relative Lo t — +0 holds

Tr (prexp(—tAS) = gt ™ 4 oo 4 got® + "2+ 4 amt™* + (), (3.1)

where rp,(t) is O ('!,(”‘“}/2) uniformly with respect to v and it is smooth in t fort > 0
(n:=dim M ). The cocflicicnls q; arc equal lo the sums of the integrals over My and
over M, = N U (OM N M,) of the locally defined densities. The coefficients ¢; in
(3.1) depend only on (3, My, garlran, Z 0 OMy,N,v) and do not depeud on M, and
Z N OMy, garlrar, -

8. For any t > 0 the traces of exp (—1A?) are bounded uniformly with respect to
v R\ (0,0):

|Trexp (—1AY)| < C(t). (3.2)

The traces Tv (p; exp (—tA})) are also bounded uniformnly with respect to v for uny
t>0.

Proposition 3.2. (. The lernel B}, . (v) for exp(—tAY) (where t > 0) is smooth

1,1y ,52

inz; €M, t, and in v € R*\ (0,0).

2. The asymplotic expansions (3.1), (2.87) are differentiable with respect to v €
R%\ (0,0).
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3.2. Zeta-functions for the Laplacians with v-transmission interior bound-
ary conditions. Proofs of Theorem 3.1 and of Proposition 3.1. Let A be
an elliptic differential operator on a manifold with boundary (M,3M). Let the dif-
ferential elliptic boundary conditions be given for A on M such that A with these
boundary conditions satisfies Agmon’s condition (formulated below) for A from a sec-
tor 6, < arg A < 6 in the spectral plane C 3 A. Properties of zeta-functions for A
with these boundary conditions can be investigated with the help of the parametrix
for (A—A)"'. The analogous statement is true also for elliptic interior boundary
conditions.** The parametrix PJ* for (A% —A)~' is defined locally in coordinate
charts. Namely

Py =3 i Ply 5, (3.3)

where @; is a partition of unity subordinate to a finite cover {U;} of M by coordinate
charts, ¥jp; = @;, ¥; € C&(U;). 1t U; N (OM U N) = @ then the operator Yy, is
a pseudodifferential operator (PDQ) with parameter A ([Sh], Chapter II, § 9) and
its symbol is equal to 0(&, A)s(m) ((A’ - )\)_1) (,€,A). This symbol is defined as
follows. Let s(A® — X) = ((bs — A)id +b;) (z, €) be the symbol of A* — X (where A®
is the Laplacian on DR* (U;)) and let

s((A =N = Y ana(5,6,0)
JEZLU0
be the symbol of (A* — A)™" as of a PDO with parameter (a_j is positive homoge-
neous of degree —k in (f, )\1/2)). Set 5(m) ((A' - /\)_]) = Yilpa_a-j(z,€A). The
condition s(A®*— A)os((A* — A)7!) = 1, where o is the composition of symbols with
parameter ([Sh], § 11.1), is equivalent to the system of equalities

“’—2(3:3 'E: /\) = (b2 - ’\)—1)
_3 = —(1)2 - A)—l [IJlﬂ_z + E Df‘-bgaxl-(l_g], (34)

1
togj = —(by — A)! Z -—‘ngg_;a;”a_g_l.
Iy|4+iti=5 T

The sum in the last equation of (3.4) is over (v,1,1) such that ¥ = (y1,...,7) €
(Zo U, |7 =+ + Y 0 < |y S for by, |y +7 21 (D:=:"19). The
function 8(&, A) (in the symbol of P{*) is smooth, 8(¢,A) =1 for |£]2 4 |A| > 1, and
f is equal to zero for [£]* + |A| < e.

49Theorem 3.1 is analogous to the results of [Sel], [Se2] with modifications connected with the v-
transmission interior boundary conditions. Tn [Sh], Ch.1I, the theory [Sel], [Se2] of the zeta-functions
is written in detail in the case of a closed manifold.
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Let U; N N # §. Then the term Py, of the parametrix is the sum of the interior
term (which is a PDO with parameter and its symbol is defined with the help of
(3.4)) and of the correction terms. (Here U := U;.) The latter terms correspond to
the v-transmission interior boundary conditions on N and to the Dirichlet and the
Neumann boundary conditions, given on the connected components of 9M. First of
all we’ll verify that these v-transmission boundary conditions are Agmon’s conditions
on any ray arg A = ¢ in the spectral plane not coinciding with Ry.

+m|l

Let( ,y) € I x Uy be the coordinateson U := U; near N =0x N = I xN — M,
[-2,2], and let ¢t > 0 on M;. From now on it is supposed that o;(t,y) =
90,1( Yoo JN(y) and that o; (t) = 1 for [t| £ 1. It is supposed also that ¢;(t,y) =
P 1();n(y) and that @;;, ¥;; are even functions: @;1(—t) = @;1(t), ¥;1(—t)
¥;.1(1). The forms dy¢ and dt dy! (where c = (c1,. .. cnc1)y f = (f1y+ oy fac1), &, S
{0,1}) provide us with a trivialization of A*TM|xy, . Namely w; = 3¢z, wj,cdy*
Yiiri=e Wi ndtdy! . Let w = (wy,wq) € D(A}) C DR*(M,). Then on Uy =
0 x Uy <« I x Uy the conditions w € D(A?) can be written as follows. Set |v| =
(a® 4+ B*)'/2, Let £ be the transformation (¢ > 0)
vl,c(tay) = Iul-1 (awl,c(f‘ay) - ,Bw2,c(_t>?/)) ]
‘Ug‘c(t, '!j) = Iul-l (ﬂwl,c(ta y) + C'“-’2.c(“t> y))a
3.5
wa 1,5ty y) = |v|™! (ﬂwl,(l,f)(t,y) + ﬂwz,(u)(—t,!f)) ; (3:3)
wy 0,0t y) 1= |v| ™! (‘5“1,(1.})(1":?1) + awy 1,5 (=1, y)) .
Then the conditions w € D (A}) are equivalent on Uy to
vl,c(oa 'U) - 01 wl.(l.f)(oay) = Oa
(3.6)

atv2,t:

== 0, 3¢'w2'(|'”|t=0 = O.

The inverse to (3.5) tr ansformahon L1

W c(i 1/ V1 w1, (=) -1 W)
( ) ( )(t’y)’ ( AT I A R A

L= |v|™" (g ‘f) .

Agmon’s conditions on a ray [ := {arg A = ¢} in the case of v-transmission bound-
ary conditions claim that for (¢, A) # (0,0) and A € ! the equation on R, >t

(=02 + by(,€) = N v(t) =0, v(t) = 0 for t — +o0 (3.8)

has a unique solution for each of the initial conditions v,co = vy or dw|i=g = v;.
(Here &' are dual to y and by(Ax) = by(y,€')id is the scalar principal symbol of
A% on Uy.) Agmon’s conditions for the w-transmission boundary value problem are
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satisfied on each ray arg A = ¢ not coinciding with ]R+ because the equation (3.8)
with each of the initial conditions given above has a unique solution for any A ¢ R,

(&, 2) #(0,0).

It is convenient to compute the contribution to Py, from v-transmission bound-
ary conditions in the coordinates v;.(t,y), w;a.5(t,y) defined by (3.5) with ¢ >
0. (Then the v-transmission boundary conditions are transformed into the con-
ditions (3.6).) These contributions are defined with the help of the symbol d =
Tjezou0 -2-j(t, y, 7, €', A), which is the solution of the equation®

(—012 + (bZ(ya 5') - /\) id +b1(y!§’)) o d(taya T, 5,7 A) =0 (39)

(with the composition o of symbols of (y,€') in it). The equation (3.9) holds for
t # 0. The boundary conditions for (3.9) are: d_; — 0 as |t{ — oo and

(Ld"k)l,c 1= =(£"’-k)l c
B (Ld_),, L= =ir (La- k)u

(Ld_x), Q1 f)| =(La_) 1,(1, f)’

(3.10)

0 (Ld-k)0 f)l =7 (Lak)yq, f)l

Here the transformation £ acts on the columns of the matrix valued functions d,
a (depending on ¢ and on 7).5!
The equation (3.9) is the recurrent system

1
—OFd g+ (by = N)d_p + ng,b;a;d_m =0, (3.11)

where the sum is over m < k and v such that m+ |y|+2 - =%, 0 < |y| <1 for b,.
For t = 0 the symbol d_i over M; N Uy is positive homogeneouq of degree (—k)
n (7,€,A1/2). The boundary contrlbutlon to P{y, is an operator D, corresponding
l’.o52 0.(6,A) ity d—aj(t,y,7,€, A). This operator acts on f € DR(R, x R}") such
that supp f N (0 x Rp~') = § as follows:

(Do )y = (2m)™ [exp(iCy, €000z (10,78 N FN) 7,6 V' (3.12)

(where (Ff)(r, &) = [Jexp (=i (tT + (=,&'))) f(t, z)dzdt is Fourier transform of f).
The term of the parametrix, coue‘:pondmg to U (if UN N # @) is defined by

Py = Pl — Dy (3.13)

SO Here by(y,€')id +b1(y,€) is the symbol s(A%) on Un of the Laplacian on DR*(N) for the
components w,,m.N(t y) and on DR*™}(N) for wnorm n(t;¥). The variable 7 is dual to t.

51Note that the function a_y-j(t,y,7,€, A) is continuous in N and nonsingular for A ¢ R} and
(7, €', A} # (0,0, 0). (It is also independent, of ¢ for |¢| simall enough.) So the right sides of (3.10) can
be simplified for a_g. In (3.9)-(3.11) it is used that gas is a direct product metricon I x N — M.

529, (¢, A} € C®(R"!' x C), 8, = 0 for [} +|A| < € and 8, = 1 for |¢&'|2 4+ |A] > 1; n := dim M.
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where Py is the PDO with the symbol s(t,y,7,€', A} defined by (3.4) (z is
replaced by (t,y) and £ = (7,£')).

For U; NdM # @ the boundary term in P{y. for the Dirichlet or the Neumann
boundary conditions on the connected components of M is defined similarly.

The following assertions are true:

1. For m > n the operator (A® — X) PI" — id (where (A® — A) acts on the restric-
tions of forms to M, and to M3) has a continuous on M; x M, kernel which is

0 ((1 + |)\|‘/2)n_m) for e A, :={A#0,e<argr <2r—¢}, wherer >e>01s

fixed ({Sel], Lemma 5, p. 901). This estimate is satisfied uniformly with respect to
v since the families d_;_; are smooth in v € R?\ (0,0) and since the estimates for

Ld_,_; by [Sel], (29), p. 900, are uniform with respect to v # (0,0).

2. Let m > n and v = {(a,8) € R?\ (0,0). Let A; := A(M;, N) be the same as
m (2.97) and (2.99) and R; be the geometrical restrictions to N C dM; of forms on
M;. Then the operators

v|~ (o iy - BRy)PY", [v| 7 (BA, — aAq) P,
lv]~ (R 8 — BRy6) P, || (BAd — aAd) PT

have smooth kernels on N x M; which are O ((1 + |/\|1/2) n—m) for A € A,, where
7 > ¢ > 0 and ¢ is fixed ([Sel], Lemma G). These estimates are uniform with respect
to v € R%\ (0,0).

3. Set By, := |v|" V(@R —BRy): &;DR*(M;) — DR*(N). Let p;: [0,1]xN — N,
p2: [=1,0] X N — N be the natural projections. The operator

Q10 : DRY(N) = @DR*(M;), quu(wn) = [v[o(t)(apjwn, —Bpjwn) (3.14)
(where ¢(t) € C§(1), p(t) = 1 for t € [—1/2,1/2]) is the right inverse to B, since
By ,q1, = id. The analogous right inverse operators ¢, are naturally defined for

Bk,u

By, = [v|"Y(BA, — aAy), Bs, = |v|7 (R § = ARLS),

3.15
By, = |v|" (BAId — aAqd), (3.15)

B,",,qj',, = 6"1' d. (316)
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For instance, q;, o wy := elv| p(t)t (adt A pjwn, —Bdt A pjwy), € = £1. Set B, :=
(B;.), qv := (q;,), and ¢, B, := (¢;,B;,). For m > n the operator is defined®

It maps (according to [Sel], Lemma 12, p. 912) C*®-forms w € DR*(M), suppwnN =
@, to C°-forms on M;. Moreover R} : DRY(M\N) — D(A?).

4. For m > n and A ¢ R, U 0 the operator Ry can be continued to a bounded
operator in (DR*(M)),, Ry : (DR*(M)), — Dom (A}).

Indeed, for any fixed differential operator F' of order d = d(F'} < 2 the operator

FR, is bounded in (DR*(M)), with its norm O { (1 + |A|'/? “Y in a sector A €A,
2

(7 > e > 0 and ¢ is fixed) according to [Sel], Lemmas 7, 13, 14. This estimate is
uniform with respect to v € R?\ (0,0). The continuation of Ry to (DR*(M)), is
as follows. If w; € DRY(M \ N) and w; — w in (DR*(M)), then R w; converges
in (DR*(M)), and Ryw is defined as its limit. We see that Ryw; € D(A}) and
(A2 — A) Ryw; converges in (DR*(M)),. Hence Ryw € Dom (A}).

5. The operator G3(v) := (A — X)~': (DR*(M)), — Dom(A}) exists® for
Ae A, :={A#0:¢<arg) <27 — ¢} and |A| sufficiently large. Its operator norm
is O(]A|™?) for such A uniformly with respect to v € R?\ (0,0) ([Sel], Lemma 15).

6. The Laplacian A} is a closed unbounded operator in (DR*(M)), with its
domain of definition Dom (A}). Actually, if {u;} € Dom(A}) and if the limits
limju; =: u and lim; ((AY — A)w;) =: v exist in (DR*(M)), then for sufficiently
large A € A, we have v = Lim; G}(v) ((A2 — A)u;) = Gy(v)v € Dom(A}). Hence
(AL =X u = (A - A) (G3(r)v) = v, i.e., the operators A} — Aid and A} are closed
in (DR*(M)),. The operator A} is defined on Dom (A?}). It is a self-adjoint un-
bounded operator in (DR*(M)),. Indeed, the domain of definition Dom ((AS — A)T)
of the adjoint operator (A} — A)" in (DR*(M)), is the set of v € (DR*(M)), such
that the linear functional ((A? — A)w,v) is continuous on Dom (A}) 3 w in the L,-
topology of (DR*(M)),. If v € Dom(A}) then for any w € Dom(A?) we have
((AY = do)w,v) = (w, (A} — Xo)v) for g € R_. Indeed, for each w and v from
Dom (A?) there exist sequences {w;} and {v;} of elements D (A?) whose limits in
the graph norm topology are w and v. Hence we have

lim(A,w;,v), = limlim (A,wj, v;), = imlim (w;, Av;), = (W, Byv),.
p) 7 1 7 1

53For simplicity we’ll suppose from now on here that M = @. For the Dirichlet or the Neumann
boundary conditions on the components of M the appropriate terms have to be added to R}*.

%4This means that A} ~ A maps Dom*(A,) one-to-one to (DR*(M)),. It is equivalent to the
existence of (A} — A)~!: (DR*(M)), — Dom(A}), (A} — A} o (A} - ,\)‘% =id on (DR*(M)),.
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So ((AY — Xo)w,v) is a continuous linear functional on Dom (A}) 3 u with respect
to the Ls-topology of (DR*(M)), for any v € Dom(A}). Hence Dom(A}) C
Dom ((A®% — X)) and (A, — Ao) v = (A, — Ag) v for v € Dom (A2).

Let Ap € R_ and |)g| be sufficiently large. Then for any w € Dom ((A2 — Xy)")
there exists an element v € Dom (A?) such that (A% — X)) w = (AL — A)v =
(A} — o) v (since Im(A} — Xo) = (DR*(M)),). Sow—v € Ker ((A) — Xo)") and for
any u € Dom (A?) we have 0 = (u, (A — o))" (w —v)) = ((AL — Xo) u,w — v). Then
w—v=0,as Im(A} — Ao} = (DR*(M)),. Hence Dom ((A} — X)") = Dom (A}) =
Dom ((A?)"), and A} is a self-adjoint unbounded operator in (DR*(M)),.

The operator A? is nonnegative, (Alw,w), > 0 for any w € Dom (A}), since there
exists a sequence {w;}, w; € D (AL), such that its limit in the graph norm topology
is w. So we have lim; (Ajw;,w;), = lim;(d,w;, d,w;)y + lim;(8,w;, b,w;)2 > 0.

7. The spectrum Spec (A}) of the operator A} is discrete because the operator
(A2 =2 (A5 =2a) T =id+(A) = X) 7 - (o= })

differs from the identity operator in (DR*(M)), by a compact operator. Here, Ag € A,
and |Xo| is large enough. The assertion § above claims that (A% — o)™ exists for
such Ag. The operator G (v) := (A% — o)™ is compact since it is bounded in
(DR*(M)), and since the operators [ — (A} — Ag) R}, (for m > n) and RY, are
compact in (DR*(M)), ([Sel], Lemmas 4, 5, 9 (iv)). So the operator

(A= 2)™" = RE, + (AL = %)™ (1= (A3 = o) B2)

is compact in (DR*(M)),. Since G, (v) is a compact operator for Ay € A, |Ao| >> 1,
and since A} is a closed operator in (DR*(M)),, it follows that A} is an operator
in (DR*(M)), with compact resolvent. So (according to [Ka], Ch. 3, Theorem 6.29)
its spectrum Spec (A?) consists of isolated eigenvalues with finite multiplicities (i.e.,
Spec (A}) is discrete) and the operator G3(v) is compact in (DR*(M)), for A €
C\ Spec(A?). The operator A} is nonnegative. Hence Spec (A}) C Ry U 0.

If Ao ¢ Spec (A}) then Ker (A} — Ay) = 0 and Im (A} — Xp) = (DR*(M)),. Hence
ind (A — Xo) 1s equal to 0 (as the index of the operator from (Dom (ALY, ||-||zmph)
into ((J_’)R'(M'))2 , |]||§)) The operator (Ay — A)id from Dom (A}) into (DR*(M)),
is compact (since G (v) is a compact operator in (DR*(M)), and since it is a topo-
logical isomorphism Gy (v): (DR*(M)), = Dom(A})). So ind (A} — X) = 0 for an
arbitrary A € C (according to [Ka], Ch. 4, Theorem 5.26, Remarks 1.12, 1.4).

8. The operator (A?)™’ for Re s > 0 is defined by the integral

ziwjr)r’ (AL = N)7Ndh = T, (v), (3.18)
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where the contour T" 1s

A=ré"co>r>ejU{d=cee“r>p>—n}U{A=re"" e <r <o}

Here the number ¢ > 0 is such that Spec(A?) N (0,e] = @. The integral (3.18) is
absolutely convergent (with respect to the operator norm ||-||, in (DR*(M)),) because

the estimate ”(A; - )\)"1"2 < C|A|7! is satisfied as A — —co for A € R_. So T_,(v)

is a bounded operator in (DR*(M)), for Re s < 0.
For —k > Re s > —(k + 1), k € Z,, the operator T_, is defined as AS1T_ ;1.

Its domain is Dom(7T_,) = {w € (DR*(M)),, T_(s4x+1)w € Dom ((A;)"‘H)}, where
Dom ((A5)**") := {w € Dom (A}), Ajw € Dom (A}),...,(A})*w € Dom (A})} .

The restriction T, of T, to the orthogonal complement Ly of Ker (A?) in (DR*(M)),
is defined on Dom (7°,) := D (T-,) N Lo, T, := T_,|r,. Then T_, is the direct

sum®® of T? and of the zero operator on Ker (A%). Theorem 1 in [Se2} claims that the
family T°, of operators in the Hilbert space Lo for Re s; > 0 satisfies the equation
70,10, = T—0(31+az) and that the same is true for —s; € Z; and for each s;. This
theorem claims also that

T =id on Lo, T%={((A)7"Is,) , for I € Zy, and T = Az,

(the domain of 77 is Dom(A2) N Lo) and that T°, for Re s > 0 is a holomorphic
function®® with its values in a Banach space B(Lo) of bounded operators in Ly where
the Banach norm is the operator norm as the norm.

9. For Re s > n/2 the kernel of T_,(v) is continuous on M;, x M;, and analytic in
s ([Se2], Theorem 2(i)). For Re s > n/2 the zeta-function (, .(s) is equal to the sum
of integrals over the diagonals M; — M; x M, (j = 1,2) of the densities defined by
the restrictions to these diagonals of the kernel T_,(v), according to Proposition 3.9
below. So (,.(s) is holomorphic for Re s > n/2.

The operator G3(v} — P{* for m > n (where P{* is the parametrix (3.3)) is a
bounded in (DR*(M)), operator with a continuous on M; x M, kernel (rT)
which is

T1,%2

(7). =0 ((l 4 P\I‘“) "('2+m)+n) (3.19)

%1f v € Ly and Re s > 0 then we have T_,v € Lo since for & € Ker (A?) and A € T it holds
0=(v,h)= (A} = NG (¥)v, h) = =X (G (¥)v, h)
and since the integral (3.18) is absolutely convergent. For i € Ker (A?) and for Re s > 0 we have

T_,h = 0 because for such s the integral f[, A7?~1dX is absolutely convergent. and is equal to zero.

Since T_,h = (A2)**! T_(syesnyh =0 for —k > Re s > —(k + 1), we get T_,h = 0 for all .
56 A function with the values in a Banach space is holomorphic in a strong sense if it is weakly

holomorphic ([Ka], Ch. 3, § 1, Theorem 1.37, p. 139)
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as |A] = 400, A € A, ([Sel], Theorem 1, or also the assertions 5, 1, 2, 7 above). So
the operator

% /l_ A (GA(v) = P)dA (3.20)

for Re s > (n —m)/2 is of trace class and its kernel is continuous on M, x M, and
analytic in s.

The trace of the operator (3.20) is holomorphic in s for Re s > (n — m)/2. Let
us denote by K.*%(s) the kernel of the operator (i/27) fr A= PJ,,dX (where PJ,, :=
2Py, ime#s 18 a term of (3.3) and Py ., is a PDO with symbol 85, defined
by (3.4)). This kernel is continuous on M;, x M;, for Re s > n/2. Off the diagonals
M; — M; x M; it extends to a kernel which is an entire function of s € C equal to
zero for (—s) € Z, U0. The density on U; M defined by the restriction of this kernel
to the diagonals also can be continued to a meromorphic in s € C density. This
density has at most simple poles at s; = (n — 7)/2 for (—s;) ¢ Z, U0, 0 < 5 < m,
and it is regular at s; for (—s;) € Z, U 0.

The residue at s = s; is completely defined by the component a_,_;(z, £, A) of the
symbol s ((A' — /\)_1) ([Se2], Lemma 1 or [Sh], Theorem 12.1). These components
are given by (3.4). The value of this density at s = s; for (—s;) € Z4 U0 is completely
defined by a_,_; (by the formulas (11), (12) in [Se2] with changing of the sign in (11)
to the opposite one). Here, j = n+ 2m, m € Z, U0.

The kernel K2 (s) of the operator®™ (i/2r) [ A=*D,, \d) for Re s > n/2 is con-

tinuous on M; x M; and analytic in s ([Se2], Lemma 4). Let (z,y) be off the
diagonals or let either z or y be not from U;0M; D N. Then KZ (s) is an entire
function of s € C and it is equal to zero at s for (—s) € Z, U0 ([Se2], Lemma 4). For
Re s > n/2 the densities defined by the restriction K2_(s) of K2 (s) to the diagonals
M; are integrable over the fibers of the natural projections p;: [0,1] x N = N and
p2: [=1,0] x N = N. These integrals are densities on N. They can be continued®® to
meromorphic on s € C densities (on N) with at most simple poles at s; = (n —7)/2,
1 € j £ m, such that (—s;) ¢ Z, U0. Its residues at s; for 1 < j < m+ 1 are
completely defined by a term d_,_;,, in d ([Se2], Theorem 2(iv), formula (I1)). The
values of these densities at s; for (—s;) € Zy U0 (where n < 7 < m + 1) are also
completely defined by d_;_;41 ([Se2], Lemmas 2, 3, 4, Theorem 2(iv), formula (IF)

5THere Dmp =2 i Dmu (A, v);. The operator Dy y from (3.13) is defined for UNN # @ by
(3.12), (3.9), and (3.10).

%8Let, LDy, 17 (A, v) be an operator acting on Lw as £ (D u(A, v)w) (for any w € DRS(R") such
that suppw NR"™! = @, where R*~! are local coordinates on N). All the assertions about the
kernels, analogous to K2, (s) in the case of LD,y (A, ¥), and about the corresponding densities
in this case, are proved in [Se2]. Thus the transformation (3.7) provides us with all the assertions
about the kernel Kf’y(s) (and about the corresponding densities) connected with Dy y(v).
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with changing of the sign to the opposite one).
10. The kernel of the operator (3.20) is the difference of the kernels
(T-2)ey = (K2y(s) = K2,(9)) (3.21)

For Re s > (n—m)/2 it is holomorphic in s and continuous on M, x M;,. The term
(I(‘"‘ - Ka) (s) is equal to zero for z # y and (—s) € Z; U 0. The term (7-,).,
.y

is equal to zero for z # y and (—s) € Z, (according to the assertions of 8 above,
since A} is a differential operator). We have (7)., = —H3 ,, where H* is the kernel
of the orthogonal projection operator in (DR*(M)), onto Ker (A}) (the assertion §).
The properties of ¢, ,(s)* formulated in Theorem 3.1, follow from the assertions of
9 and 10. The theorem is proved. 0

Remark 3.1. The kernel (3.21) of the operator (3.20) is holomorphic in s and con-
tinuous in (z,y) € M; x M;, for Re s > (n — m)/2. It is equal to zero for z # y
at s = —k, k € Z,, and to —H; (v) at s = 0. So the analytic continuations of the
ry and (K™(s) - Ka(s))m
have the same residues at s = 3;, 0 < 7 < m, (—s;) ¢ Z; U0, and the same values
at s = sj, (—s;) € Zy, n+ 2 < j < m. They differ at s = 0 (i.e., for j = n)
by the densities on M;, defined by —H3 (v). Hence the densities on M; and on
N, corresponding to the residues and to the values at s = 5;, 0 <3 < m -1, of

(K"“(s) - f\'a(s)) are the same for all the parametrixes P[* defined by (3.3) (with

x,

different covers {U;}, partitions of unity {¢;} subordinate to {U;}, and {¥;}).

And back, the values and the residues of the analytic continuation for the integral
S tr (i;(T_,)) + 8o0 f77, b (i;-"H'(r/)) at s;, 0 < j < m, are defined by an arbitrary
parametrix Py
Proof of Proposition 3.1. Let m > n = dimM, m € Z,, and A € A..
Then the parametrix RT for G3(v)* (defined by (3.17)) is a bounded operator®!

densities on M; and on N defined by the kernels (T_,)

59The values of (, ,(s) at (—=s) € Z4 and the residues of ¢, , at s = s; can be also expressed
in terms of noncommutative residues ([Wo] or [Kas]). The density on M whose integral over M

is equal to a volume term in Res,=,; (,,4(5) can be written as 27! res (T,A;;‘;,) Here res is a

noncommutative residue for the symbol of PDO A;’2. This symbol is defined with the help of
the symbol 3" a_s_j(x, &, A) of (A® — A)~! ([Sh), 11.2). The boundary term in Res,—,; (v,o(s) for
(—s;) ¢ Z4 U0 is expressed similarly.

8The statement that G3(v): (DR*(M)), — Dom(A}) is an isomorphism for A ¢ Spec (A}) is
proved in Theorem 3.1.

61The terms P{T,Z', ¥ Dmp;, and ¢, B, P in RY* are bonnded operators with the same estimate
of their norms in (DR*(M)), for A € A (the proof of Theorem 3.1). For the sake of brevity the
proof of Proposition 3.1 is given in the case of M = .
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in (DR*(M)), with its norm estimated by O ((1 + |,\|‘/2)—2) for A € A,. Tt holds

that Ryx: (DR®*(M)), — Dom(A}). For a linear differential operator F' of order
d = d(F) < 2 the operator F'R) is defined on smooth forms w € DR:{(M \ N)
and its closure in (DR*(M)), is a bounded operator in (DR*(M)), with its norm

estimated by O ((1 + |/\|1/2)d“2) for A € A,. (All these estimates are uniform with

respect to v € R?\ (0,0).) The only terms of R} depending on v are the terms
D — q, B, P{*(v), where® D = D(v) := — T 1;Dm u,p; has the kernel with support
in the neighborhood I x N of the interior boundary N — M.%® (The parametrix
PP (v) = PY; D(v) is defined by (3.13)). We need the following assertion now.

int
Proposition 3.3. The operators D(v) and q,B,P*(v) depend smoothly on v €
R?\ (0,0) as bounded operators in (DR*(M)),. For a C®-map v = p(v) : [~a,a] —
R?\(0,0) the operator 3,D(v) is a bounded operator in (DR*(M)), whose norm is uni-

formly with respect to v estimated by O ((] + |,\|1/2) _2) for X € A,. Let F be a linear

differential operator of order d = d(F) < 2 from DR*(M;) into DR***(M,), k € Z.
Then FD(v), FO,D(v) are bounded operators from (DR*(M)), into (DR'“L"(J'VJ'))2

: d(F)-2
whose norms are estimated by O ((l + |/\|1/2) ) for A € A.. The operator

&, (q. B, P (v)) is uniformly with respect to v estimated by O ((l + |/\|1/2)_1) for
A €A,

Proof. The kernel of the operator L1;Dmuy;0; L' (where £L = L(r) and L7 are

defined by (3.5) and (3.7)) has a support in ((U; N N) x [0,1])*. The operator Dy
is defined in (U; N N) x Ry by (3.11) and (3.10). The right sides of the boundary
conditions (3.10) depend on v only by their dependence on L(v) (where L is the
matrix defined by (3.7)). Since gas is a direct product metric near N, a mirror
symmetry (relative to N) acts as the identity operator on the symbol " a_;_;(z,§)
of the Laplacian A® on M for = = (t,2’) from the neighborhood I x N of N. The
symbol ¥ a_,_;(t,',7,&, A) is independent of ¢ for t € [.

So the symbol LY a_,_; (for 1 € I) is expressed as LaL™1, where L and L™' act
on the components of a matrix valued functions a_,_; in the coordinates w;. and
w;1.5) as follows (according to (3.5)):

(La) g = [v]7Ha = BY(a)ew » (La)rg. e = V[T (=B + @) (@), pym »
(La)ze = 0|7 (B + a)(@)ep , (La)2 gy = v (@ + B)(a)(1,1)m -

2D, = Dpm,u; is defined by (3.11), (3.10), and (3.12).

53In the case M # @ the terms connected with the Dirichlet and the Neumann boundary
conditions are added to D(r). Then the corresponding kernel has its support in a neighborhood of
oM in M.

(3.22)



GENERALIZED RAY-SINGER CONJECTURE.I. A MANIFOLD WITH BOUNDARY 99

The boundary conditions (3.10) (according to (3.22)) depend on v only by the
matrix transformation whose coefficients are independent of (t,z’) and smooth in ».
This transformation acts separately on each homogeneous component a_,_;. The
right sides in (3.22) are nonsingular in (z’,7,¢, A) for by(z',7,£') — A # 0 (where b,
is the principal symbol of the Laplacian on M for (¢,2') € I x N). Hence Lemma 2
in [Sel] holds also for the symbol 8, (£{v) T d_;—;). Thus the desired estimates for
the norm of 8,D(») in (DR*(M)), and for the norms of FD(v) and of F3,D(v) are
consequences of [Sel], Lemma 7.

The operators ¢;, (1 < 5 < 4) from (3.14) and (3.16) (for ¢(t) even on t) can be
defined such that®

Lq,B,PMw) ()L™ =Y q;B;LPT(v)f (1)L,

where f € C§°(1), f(f) =1 for t € [0,1/2] and f(t) = 0 for t > 3/4. The operators
B; and q; are independent of v € R? \ (0,0) and correspond to B;, and ¢;, from
(3.15), (3.16). (Here By, B3, By, By are the operators (3.6) acting respectively on
Vi ey Wo,(1,5), Wi(1,5) Wae.) These operators are such that Big; = 6;;id.

The operator 3 ¢; B;L(0,P(v)) fL™! is equal to ¥ ¢;B;L(—8,D(v)f) L (since
Py is independent of v). The operator B;L(d,D(v)) L' is defined on smooth

forms w € DR2((0,1) x N) and its Ly-norm is estimated by O ((1 + |,\|1/2)—1) for
A € A, ([Sel], Lemma 7). The operators &,(q, B, )P}, are defined on smooth forms
w € DR(M\ N) and their operators L,-norms are estimated by O ((1 + |/\|1/2)-1)

for A € A, uniformly with respect to v (according to {Sel], Lemma 7). The proposition
is proved. O

Let A € A, and |A| be large enough. Then the Green function G$(v) can be
represented by the series

@3 (v) = R? fj ', (3.23)

i=0
where (LF) := id— (A} — A) RY' is a bounded operator in (DR*(M)), for A €
Ac. The norm of L} in (DR*(M)), is O ((1 + |)\|”2)n_m+2) (where n := dim M)

because the norm of (id —(A®*— AP™) is O ((1 + |/\|1/2)n_m) and the norm of

(A* — \qu B, PP is O ((1 + A2
Hence if m > n 4+ 2 and if A € A, with [A| large enough then the series (3.23) is

)"-mw (according to the proof of Theorem 3.1).

84The operator B, P{*(v) has a continuous on M;, x M, kernel which is estimated uniformly
with respect to (z;, ;) € (N N'M;,) x M;, and to v € R?\(0,0) by O ((1 + |,\|h’2)""") for A € A,

([Sel]', Lemma 6). Such an estimate holds also for the kernel of ¢, B, P{*(v).
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convergent with respect to the operator norm in (DR*(M}),. The operator LY de-
pends smoothly on v € R?\ (0,0). The norm of 8,L} is estimated by O (1 + |,\|1/2)
(according to Proposition 3.3). Let v: [—a,a] — R?\ (0,0) be a smooth map. Then
the series for 0,G3(v) is convergent (in the operator norm) if A € A, and if |A] is large

enough. Hence for such A the resolvent G§(v) := (A% — A)™" depends smoothly on
4. So the family G}(») of bounded operators in (DR*(M)), is smooth in (v, A) for
such A. Their operator norms are estimated by O (|A|™!) uniformly with respect to
v € R*\ (0,0). Let F be a linear differential operator of degree d(F) < 2. Then the
operators F'G3(») for such A are bounded in (DR*(M)), with their operator norms

estimated by O (I/\I(d‘z)/’) uniformly with respect to v. These operators depend
smoothly on v for such A and we have

0. FG\(v) = Fo,G\(v). (3.24)

Hence for a given vy € R*\ (0,0) there exists A, € A, such that G3 (v} depends
smoothly on v for v sufficiently close to vy. For A € C\ Spec (A;D) the resolvent
G5 (vo) can be represented as follows:

Bve) = == A) = (A= AR (A = )T G () (3.25)

where R (r;,G}l(VU)) = (G:\](VU) - 17)_1 1s the resolvent of a bounded operator
G3,(w) in (DR*(M)), ([Ka], Ch. IV, (3.6), Ch. III, (6.18)). The bounded opera-
tor R(n, B) is an analytic function of a bounded operator B and of 5 for n ¢ Spec B
(i.e., near (7o, Bo), 170 ¢ Spec By, it is locally defined by a convergent double power
series in (1 — 1) and (B — By)). The operator G, (v) depends smoothly on v for v
sufficiently close to 1y. Then it follows from (3.25) that G3(v) depends smoothly on
v for A € C\ Spec(A?) and for v sufficiently close to vp.

Let F: @; DR*(M;) — @®;DR***(M;), k € Z, be a linear differential oper-
ator ‘of degree d(F) < 2. Then for A € A, and |A| large enough the operators
FG\(v): (DR*(M)), — (DR‘*""(‘(‘W))2 are defined, bounded, and smooth in v €

R%\ (0,0). (It is proved above.) For example, dG3(») and §G%(v) are smooth in v.
According to (3.24) we have d, (dG5(r)) = d0,G3(v), 0, (6G3(v)) = 60,G5(v).

The operators dG§(v) are defined for A ¢ Spec(A?). From (3.24) and (3.25) we
get

Y=

= _(/\ - )‘1)_2’1 (.B_BR ((A - /\1)—1’ B) IB:G’;1 (Vo)aﬁG’.\l(V)|'7=0)

0, (dG3 ()|, = 4 (863w ) =
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for a C°-local map (RL,O) — (R?\ (0,0), 1), where Ay € A, with || large enough
and A ¢ Spec (Af,o). Proposition 3.1 is proved. O

3.3. Theta-functions for the Laplacians with v-transmission boundary con-
ditions. Proofs of Theorem 3.2 and of Proposition 3.2. Let e be fixed, 0 < e <
7 /2. The operator exp (—tA?) is defined for Re t > 0, /2 —¢ > argt > —(v/2 —¢),
by the integral

exp(—1AD) = - ]F exp(— )G (v)dA, (3.26)

where 'y, =T, UT},, TL, = {A = —L + zexp(ic), 400> 22> 0}, %, = {A =
-L+ zexp(—is) 05 T < +oo} L > 0. The integral (3.26) is absolutely convergent
because the operator norm in (DR*(M)), of the operator G}(v) (which is bounded
in (DR*(M)),) is estimated by O (|A|™?) for A € I'L., according to Theorem 3.1.%°
This integral is independent of L > 0 and of ¢, 7/2 > ¢ > 0, for ¢ such that
|argt] < m/2 — ¢, since the spectrum of A is discrete and since Spec (A2) C Ry UO.
With the help of the inverse Mellin transform f — M7 f

(M~ 7) (1) = (2mi)™ ]R D) f(s)ds

it is possible to obtain the results about the asymptotic expansion for Trexp (—tA?)
as Ret — 40 (when #/2 — ¢ > |argt]) from the results about {,.(—m), m €
Z, U0, and about res,=,; (,.(s) obtained in Theorem 3.1. The integral (3.26) can be
transformed as follows

exp(—tA)) = H'(v) + %/{: exp(—tA)GY(v)dA,

-84

where H*(v) is the kernel of the orthogonal projection operator of (DR®*(M)), onto
Ker A} and where § > 0 and p, p > §, is such that Spec(Al) N (0,p] = . The
operator exp (—tA?) for |argt] < /2 — € can be represented as follows {where I is

% The constant factor in this estimate depends on ¢.
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the same as in (3.18) and ¢ > 0):

T Jr_

exp(—tA}) = H*(v) + 2—1-/ 6 exp(—tA)Gi(v)}dA =

1

(z\t)"l"(s)ds) d)x =

= H'(v) + %/F (2m3) ' G (v) (/R ’

7

= H'(v) + (2ri)™! fH _TT() (5; /r . ,\"G;(u)d,\) ds =

= 1)+ mi) [ () (% /F ,\"G;(u)dz\) ds =

= H*(v) + (2mi)~" f M(s)t=*T_,(v)ds. (3.27)

Re s=c

Here, the integration is over Re s = ¢ from ¢ — 100 to ¢ + 100 (where ¢ > 0). The
operator T_,(v) for Re s > 0 is defined by the integral (3.18). The transformations
we apply in (3.27) are correct by the Fubini theorem since the estimate

I|G;(V)”2 <C- |A'_1 b A € F—E.u

is satisfied by the operator norm of G}(v) in (DR*(M)), and since for Re s > 0 the
gamma-function can be estimated as follows. We have

I'(s) = '/:o " Vexp(—1)dt = ]Ooo t°~ exp(iyps) exp (—t exp(ip)) dt

for Re s > 0 and for an arbitrary ¢ € R such that #/2 > |p|. So the estimate holds
for any €1, 0 < &; £ 7/2 and for Re 5 > 0:

IT(s)] < (siner)™ R *T(Re s) exp (-_ (1 - e,) IIm s|) . (3.28)

2
The kernel of (1_,(v)),, ., is continuous in (z1,72) € M;, x M, for Res > n/2
(according to Theorem 3.1). The equality (3.27) holds also for ¢ = Re s > n/2.
For such s the integral [, ,_ ['(s)t™* (T_,(v)),, ., ds is absolutely convergent (by
Proposition 3.5 below and by (3.28)). Hence it defines a continuous on_l_ﬁh x M,
kernel. So the kernel £} _ (v) of exp(—tA?) is continuous on M; x M;, because

tyry o2
we have

Iy ,T

By ) = MW + @) [ D (0, dts (3.29)

Re s=c¢

where ¢ > n/2. (The integral in (3.29) converges uniformly with respect to z,, z, for
any fixed ¢ > n/2 by Proposition 3.5.)

From the functional equation I'(s) = s™ (s +1)7'... (s +{=1)"'I(s + 1} it follows
that |['(s)| for Re s > —! is also estimated by exp (= (7/2 — &) |Im s|) as |Im s| —
oo (with any fixed ¢;, 0 < &; £ 7/2). The operator exp(—tA?) for Ret > 0 is a
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trace class operator. Namely its kernel is continuous on M;, x M, (as it follows
from (3.29)). Hence it is a trace class operator and its trace is equal to the sum
of the integrals over the diagonals M of the corresponding densities (according to
Proposition 3.8 below).

The theta-function 0, 4(t) for A is defined as the trace of exp (—tA?) for Re t > 0.
The analogous theta-function 8, 4(t; p;) is defined as the trace Tr (p; exp (—tA?)) for
Ret > 0 (where p;: (DR*(M)), — (DR*(M;)), — (DR*(M)), is the composition
of the natural restriction and of the prolongation by zero). Proposition 3.8 claims
that 8,,(t; p;) is equal to the integral over M, of the density tr (*mz'i,jE:'mm(u)).

The zeta-function (,(s) is defined by (2.8) for Re s > n/2 (n := dim M). It is
equal to Tr T_,(v) for Re s > n/2 (according to Theorem 3.1 and to Proposition 3.9).
The zeta-function ¢(s; p;) := Tr (p;7_,(v)) i1s equal for such s to the integral over the

diagonal ¢ (Hj) — M; x M; of the density, corresponding to the restriction of the
kernel T_,(v) to ¢ (H,) The integral of this density over M; can be represented

as the sum of the integrals of densities on M; and on M, (they are defined by
the parametrix (3.3) and can be continued to meromorphic functions on the whole
complex plane C 3 s) and of a density on M, which is holomorphic for Re s >
(n —m)/2. (This assertion follows from the proof of Theorem 3.1.) The contour
of the integration in (3.27) can be moved to Re s = « for an arbitrary a such that
(—2a) ¢ Z4 U0 (according to the estimates of |['(s)| as |Im s| — +co and to
Proposition 3.4 below). Then it follows from (3.27) that

8,e(t;p;) = 2470 B ves oy, (D(s)Cra(s505)) +
+ (2m) / 1 T(8)Con (55 p3)ds + Tr (p;H(#)),  (3.30)

Re s=a

where the sum is over k such that s := (n — k)/2 > a. The estimate of the integral
over Re s = a in (3.30) is obtained with the help of (3.28) and (3.40) as follows. For
Ret >0, |argt| < w/2—¢ (¢,0 < e < /2, is fixed) and for Re s = a the estimate
1s satisfied:

RS i . .
|t“’l"(s)Cu,.(S;pj)| < (sin Z) IT(a)| |t]° exp (—§| Im s|) C (a, Z) X

X {cf}j_l)I‘ (2(1 - (L),c,/4p1/2) + max (p'“, l) (1 + 3 Isk — a|'1)} . (3.31)

where the sum is over £ < n — 2a. The constants C(a,€/4), .74 in (3.31) and the
function I'(x; ) are as in Proposition 3.4, (3.40). The latter estimate is a consequence
of (3.28) and (3.40)), where ¢, and € are replaced by /4. We see that

< Cile, a)lt]™*, (3.32)

./H t7T(s)Ce(s;p;)ds
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where Ret > 0, jargt| < 7/2 —¢, 7/2 > € > 0, a < 0, and (—2a) ¢ Z,. The
assertions of Theorem 3.2 about the asymptotic expansion (3.1} for 8, ,(¢; p;) (relative
to t — 40 when Jargt| < 7/2 — €) follow from the equality (3.30) and from the
estimate (3.32). The estimates analogous to (3.40) below and to (3.32) are satisfied
also by the analytic continuation to C 3 s of the densities (on M, and on dM;)
defined by the parametrix P{*(v) (as in Proposition 3.5 below). Thus we see that the
equalities between the densities in the integral representation for the coeflicients of
the expansion (3.1) and the corresponding densities for the residues and the values
of {,.(s;p;) are satisfied.

The uniform with respect to v € R? \ (0,0) estimate (3.2) for the traces of
exp (—tA?) (for a fixed t, Ret > 0) follows from (3.30) and (3.31) because for
« = —m —1/4, m € Z;, m >> 1, the integral over Re s = a on the right in
(3.30) is absolutely convergent. The estimate® (3.31) and the equality (3.30) pro-
vide us with the uniform in v upper estimate for Tr (p; exp (—tAL)), v € R*\ (0,0).
Indeed, the estimate®” dimKer A® < C is satisfied uniformly with respect to v. The
formulas g_p4x = res,=,, (I'(s)Ce(5;9;)) + n Tr (p;H*(v)) for the coefficients ¢_, 1«
of the asymptotic expansion (3.1) are consequences of (3.30) for a = —m — 1/4,
where m € Z,. For a = —m —1/4 the absolute value of the integral over Re s = a in
(3.30) is estimated (with the help of (3.31)) by C|t|™*'/* uniformly with respect to
v € R*\ (0,0) (where Ret > 0, |argt| < 7/2 —€, m/2 > ¢ > 0 and ¢ is an arbitrary
but fixed). So it holds

n+dm—1
Ouo(tipi) = 3 Genart™ T 4 g npamt™ + O (17T} (3.33)
k=0

The latter two terms in (3.33) are O (]t|™) relative to t — +oo uniformly with
respect to v # (0,0) (for |argt] < n/2 — ¢). The statements about the structure
of the values and the residues of ¢, .(s;p;) (Theorem 3.1) provide us with the de-
sired information about coefficients ¢_,4 n (3.1). These values and residues (up to
8.k Tr (p;H*(v))) are the sums of the integrals over M;, M, and N of the densities
which are defined by the absolutely convergent integrals of the components a_,_; and
d_z_t41 ([Se2], Theorem 2, and the proof of Theorem 3.1 above). The latter symbols
are defined by (3.4), (3.11), and (3.10). These integrals are smooth in » € R?\ (0, 0).
Hence the coefficients ¢_p4r in (3.1) are smooth in » # (0,0) (and are invariant under

v = cv, ¢ # 0). Theorem 3.2 is proved. O

8For o < 0 the function T (2(1 — (1),(:,/4[)1/2) tends to U'(2(1 —a)) as p — 40 and so it is
bounded for 0 < p < 1.
571t follows from the exact sequence (1.14) (where Z; := Z N dA{;) and from Lemma 1.1 that

dimKer A} = dim H*(M,, Z) < ) _ dim H*(M;, N U Z;) + dim H*(N).
i
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Remark 3.2. The coefficients ¢_,4; of (3.1) for 0 < k¥ < m are completely defined
(according to (3.33) and to Remark 3.1) by an arbitrary parametrix P{*(v) (3.3) for
(A -1

Proof of Proposition 3.2. The parametrix®® P, 5,";)(1/) for Ef,,(v) (defined by
(2.126)) is such that it is smooth in (z,y) € M;, x M;, and in v € R?\ (0,0). The

v-transmission boundary conditions (1.27) are satisfied for (A' ) Pfi";)( ) (i.e., the

image of (DR*(M)), under the action of the operator with the kernel P, (m)(u) belongs
to D ((/_\:)k) for an arbitrary k € Z,). The uniform with respect to v € R? \ (0,0)

estimates (2.127), (2.128) are satisfied and for z from an appropriate neighborhood
Uof N C M wehave (9, + A3} Pr{%)(v) = 0 (where U is independent of v).

L,z,y
Set rf"z')y(u) = (Ot + A;'m) Pt.,i’,:)(lf)- Then the estimates are satisfied for any k €
Z,U0

AL 0D, ()] < Gt~k (3.34)

where Cy, & is independent of » € R?*\ (0,0) and of t € (0,T] (n := dim M).
The kernel E?, (v) can be represented as the Volterra series®

ta:l xz(v)

—t / f CPOY () e, . (3.35
k>0 ) Ak yl' ,yk)E Mluﬂfg) Dtu 1|y1(V)r 1!,1.}1 py?(l/) rﬁ'ktyykvt?(y) ( )

where Ay = {(0q,...,04): 0 < 0; <1, 0; = 1} (and the scalar product tr(w; A#*w,)
with the values in densities on M is implied in (3.35)). The proof of (3.35) (or of
(2.137)) is given in the proof of Proposition 2.21.

Let p: I — R?\ (0 0), v = ¢(7), be a C*-map (where v € [—a,a] =: I). Then

the only term in P (m (s’ )(u) depending on 7 is

Ene @ (1) Eri(v)e(ur) = EY 4 (v) (3.36)

but it does not depend on m. (Here E;; corresponds to A; with the Dirichlet
houndary conditions on 81, ¢,¥ € C>(I\ dI), ¥ =1 in a neighborhood of supp ¢ C

I'\OI, o(x1) =1 for z; € [-1/2,1/2] and ¢, 9 are even: p(—z1) = @(z1), ¥(—21) =

(1)) So, as it follows from the explicit formulas (2.40) for (G((v)),, ,, (and from

68The properties of such a parametrix are summarized in Proposition 2.21. For the sake of brevity
the proof of Proposition 3.2 is given in the case of M = §. The terms of P,(m)(z/), connected with
the Dirichlet and the Neumann boundary conditions on the components of M, are independent of
v and the proof in the case of @M # @ does not. contain any additional difficulties.

%9This series was used in the case of a closed manifold M in [BGV], 2.4, 2.7. See also the formula
{2.137) above.
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the analogous formulas (2.54) and (2.55) for (Er,(v)),, ,, ), the uniform with respect
to v estimates are satisfied for any k,q € Z,
|85 ()] < gyt~ (3.37)

Ttay

because they are true for (9, + Ay + Ag) {(EN»t)a:’,y' ® ¥(z1) (Erdv)),, 1 (p(yl)}

and for (0 + Az + Agy) {(ENyt)r',y' Q@ P(x1) (a7 Ere(v)),, 4, (p(yl)} (where o, is the
reflection of I = [—1,1] with respect to 0 € I which acts on the variable z,). The
kernels 8% E}, ;(v) are the linear combinations of these two kernels with the coefficients
independent of = and y. (These coefficients are smooth in 7). The estimate (3.37)
is satisfied for ¢ € (0,7T) and for an arbitrary ¢ € Z; uniformly with respect to =,
because if 0,9 (x1) # 0 then p(xq,suppp) > § > 0.

Let DR3;(I) be the space of forms on M of a class C! (i.e., of forms with ! contin-

uous derivatives on M) equiped with a C'-norm.” Let DR}, y(I) := DRy, (ﬁl) &)
DREI) (—M-g) be the space of pairs (w;,w;) of forms w; of a class C' on ﬁj with a C'-

norm. The operators with the kernels Rtg:)(v) for v € R?\ (0,0) and the operators
corresponding to 3,’;'}’:,5:;) (v(7)) (for a fixed k € Z4 U 0) are families of uniformly
(with respect to v and to ¢ € (0,T]) bounded operators acting from DR}, ({) into
DR}, n(1). For the operators, corresponding to the interior terms in Pt"i':;)(u) this
assertion is proved in [BGV], Theorem 2.29, Lemma 2.49. This proof uses that this
statement is local in « € M (for a closed M) and it uses also the explicit definition of
P{(,’:) over a geodesic ball exp, B C M (where B is a ball ||v|| £ c¢in T; M and exp,
is the exponential map for (M, gas) from T, M).

The kernel (3.36) (i.e., the term of P:',S,:,)(V) corresponding to the interior boundary
N) is equal (up to the factor ¥(x;)¢(11)) to a linear combination given by (2.54) and
(2.55) of the kernels E} for N x I and o] E; (o, is the mirror symmetry with respect
to N x 0).7 Its coefficients depend on (ji, j2,v), where (z,y) € M;, x Mj,. These
coefficients and their derivatives of a fixed order on v are uniformly bounded.

For a closed N the operators defined by (P}J"))t = (P'(""‘l')"’)t are uniformly bounded

for 0 < ¢ < T with respect to a C'-norm in the space DR () of C'-smooth forms

on N. The equality (3.35) is satisfied by E},, P,:r(':") and 1'%’.1). Since the estimate

(3.38) below (as well as the analogous estimate (3.34)) is satisfied by rf\?;) (where

n is replaced by n — 1) we see that the series of operators on the right in (3.35) is

"OThis norm corresponds to a smooth partition of unity {¢;} subordinate to a finite cover {U;}
of M and of M3 by coordinate charts (i.e., ; € C&(U;)). For v € DR}, n(1) its C'-norm ||vfs
is equal to )~ sup,ep; supjaj<r |D7 (piv)| ie., to the sum of the suprema of partial derivatives of
orders < {. The C'-norm for an arbitrary smooth finite cover {UJ!} and for a partition of unity {¢!}
subordinate to {U/} is equivalent. to the one defined by {U;} and by {;}.

"1 The operators ('),’;P("')(u) = 0¥ Ey ((v) for k € Z, are expressed similarly.
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convergent for m > (n+1—1)/2 relative to a C'-norm in DR} (). Hence the sum of
this series defines a family of the operators E}, in DR (/) bounded uniformly with
respect to t € (0,7']. The analogous assertion is also true for a family of operators
defined by the kernels (z;) (E;‘t) @(y1) acting on smooth forms with compact
T

supports on (I,81) (with respect to a C'-norm). So the kernels EX 1(V)t (21,2, ()
and FEY j(v(Y))tz1.2).tm.w) {for a fixed ¢ € Z,) define collections of uniformly (in
t € (0,T) and v or in ¢ and 7) bounded with respect to a C'-norm operators from
DRy, (1) into DRy, n(1).

The kernel T't(:,)y(y) is smooth on M x M; according to the definition (2.126) of
P°(m)(u). The C'-norm of *r'gf;,)y(u) on each M x M satisfies the estimate (analogous

tz,y

to (3.34))
[rZ)], < cammrremiin (3.38)

uniformly with respect to » € R?\ (0,0) and to ¢ € (0,7]. The estimates analogous
to (3.37) and to (2.129) are satisfied uniformly with respect to v and to ¢t € (0,7]

also by the C'-norms of 8}715’;‘),,(1/) on each M x M; for any k,q € Z,:
|kl )], < cquat=2*. (3.39)

Leibnitz’s rule claims that P,(.';L(u(’y)) is a bounded operator from the space of
CP-maps w: [—a,a] — DRy, (1) (equiped with the norm FF_osup,e(_aq) Bffw”I) into
Cr ([—a,a],DRi,,N(l)). Indeed, the kernel B,J;Pt(,r}',(v('y)) depends smoothly on v €
[~a,a] on Mj, x Mj, for k € Z, U0, since P\W)(v) := (Hﬂ;‘))t'z'y + E}; ;(v) and
since Ey ;(v) is smooth in » € R*\ (0,0). For 0 <t < T the operators (Pt(m)(u(‘y)))
from C?([—a,a], DR};(1)) into C? ([—a, a,],DR}W'N(I)) are uniformly bounded, be-
cause aﬁP,‘"" (for a fixed k € Z; U0) are the operators from DR}, (I) into DR}, (1)
bounded uniformly in ¥ and ¢, 0 < t < T, with respect to a C'-norm . Hence, ac-

cording to (3.38), (3.39), and to the fact that the volume of A, is equal to (k)"
the series (3.35) for the derivative O Eq, 4, (#(7)) is convergent in the C'-norm on
U (H_,—l X HJ-,) for m > (n+1)/2. (The number m in the definition P(™) is greater
than (n +1)/2.)

This proves that XE;, . (v(v)) is C*-smooth OLHJ'I 171752. (For instance, for
k = 0 this proves that Ey, . (v)is C®-smooth on M; x M;,.)

So the restrictions z;E,'_,r__z(z/('y)) to the diagonals i;: M; — M; x M; are C*-
smooth double forms on M; which are C®-smooth in v . Since r,(¢,») in (3.1)

are O (t("‘+1)/2) uniformly with respect to v € R?\ (0,0) and since ¢; are C*-
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smooth in v we see that the asymptotic series (3.1) can be differentiated on ~.
Actually, the equality (3.35) holds for Ef(v), *™) (1), and rfm)(u). The kernel

r{™ (1) satisfies the estimates (3.34), (3.37), and (3.39) and the kernel P2 (v())
defines a family of uniformly with respect to t € (0,7] and to v bounded opera-

tors from C? ([—a,a], DR}(1)) into C? ([—a, al, DRJ'M.N(I)). Hence the power terms
t(-n+1)/2 0 < j < 2m, in the asymptotic expansion of Sy, tri50,E¢(v) as t — +0
are equal to the appropriate terms in the asymptotic expansion of [y, i;@.,Pt'(m)(V).
(The kernel 0, (E;(r/) - P;(m)(v)) is O (t““/2+’“"‘1), according to (3.35).) But
the coefficients ¢;, 0 < i < 2m, in (3.1) are completely defined by i;-P,'(m)(V), be-
cause the kernel (E'f(u) - P‘.(m)(y))z, o is O (t“"/”m“) uniformly with respect to

(z1,2,) € M;, x M;, and to t € (0,T), according to (3.35). Thus Proposition 3.2 is
proved. O

I1,r2

3.4. Estimates for zeta-functions and for the corresponding kernels in ver-
tical strips in the complex plane.

Proposition 3.4. The meromorphic continuation of the zela-function (, 4(s;p;) :=
Tr (p;T-4(v)) for Re s > n/2 is estimated by C(e) exp (¢]Im s]) as [Im s| = +o0 for
any fized € > 0. Namely for any ¢ > 0 and for an arbitrary a € R the following
estimate is satisfied if Re s 2 a:

1Coe(s;p;)] € Cla,e)exp(e|Im s|) x
X (CE(RE *=Ir (2(1 —Re s), cep”z) + max (p' Res l) (1 +) 1s- Sjl-l)) , {3.40)

where p > 0 is such that Spec (A)N (0, p] = @ and the sum is over s; := (n — 7)/2,
—s; 8.2, U0, s; 2 a. The constants C(a,e) and ¢, are positive and independent of
v € R?\ (0,0), and ['(u,z) := [L°t* Yexp(—t)dt for z > 0.

Proposition 3.5. For Re s > n/2 (n := dim M) and for any ¢ > 0 the following
estimate is satisfied (where p > 0 is such that Spec(AL) N (0, p] = 0):

|(T—"(V)):L’1,I2’ < Cop~ B %exp(e| Im s)|) ((Re 5 — %)_1 + 1) . (3.41)

Proof of Proposition 3.4. It is proved in Theorem 3.1 that the operator norm
1GS ()|, in (DR*(M)), of the Green function G3(v) for the Laplacian A} is esti-
mated by CJA|"  for A€ A, i={) € C,e Carg) <27 —¢}, wheree, 0 <e <7 is
fixed. The spectrum Spec (A?) is a discrete subset of Ry U0 by Theorem 3.1. So the
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operator T_,(v) defined by the integral (3.18) is equal to the same integral with the
contour ' replaced by Ty :=T, U U Ty,

Lie={A=zexplie)co >z 2 p}, I} ={d=pexpliv)e>¢>—e}, |
[y, = {A = zexp(—ic),p £ z < o0} (342)

There is a constant ¢ > 0 such that the principal symbol (b;(z,£) — A)id of A®*—Aid
on M is invertible for

" > Al (3.43)

in the coordinate charts U; (of the same finite cover {U;} of M as in (3.3)). The
integral (3.18) over the contour I,y (the latter one is defined by (3.42)) does not
depend on p for all p > 0 such that (0, p] N Spec(A}) = §. We suppose from now on
that

0<p<(2e+1)7" (3.44)

and that (0, p] N Spec(A?) = 0.
The kernel (r7'), . of the operator r§* := G}(v) — Py* for m 2 n is continuous on

(M X M”) for A € A;\0. (The parametrix P{* is defined by (3.3).) It is estimated
for |A| > p, A € A, (according to (3.19)) uniformly with respect to v € R?\ (0,0) by

‘(,,f\u)rlm < Ce, ( |/\|1/2) {2+m)+n+te (3.45)

for any &, > 0. Since (3.45) is satisfied for all A € T'), we have for Re s >

271 (—m +n + ) that
-3 7“ iA
o (E./r + I") s

< 2C, ., exp(e]Im s]) x
9 {/oo I/\I_Re s (] + |/\|l/2)-(2+m)+n+n fll)\l + mpmax (P_ Re 3, 1)} ) (3.46)
p

The estimate (3.46) claims that for the proof of (3.40) in the domain Re s > a
it is enough to prove the analogous estimate for the analytical continuation of the
densities on M;, N, and on dM, corresponding (for Re s > n/2) to the kernel of

1

= AT N =

i

— AT Pl 3.47

9 F(,) a EA, ( )

where m = m(a) € Z; is sufficiently large. (These densities were introduced in the

proof of Theorem 3.1, and the sum of their integrals is equal to the trace of (3.47).)
Let Re s > n/2 and pin(x) be the density on M;, corresponding to the restric-

tion to the diagonal i;: M; — M; x M; of the kernel P;;(z;,z,) of the operator
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Jr, A (p_,- pBF @l’in?.‘m,U.-?’i) dX (where P, is defined by (3.13) and by (3.4)). Then
Pin:(z) can be continued to a whole complex plane C 3 s as a meromorphic density
([Se2], Lemma 1, or [Sh], Theorem 12.1).

Proposition 3.6. The density p;ii(z) satisfies the following estimate for any e > 0:
lpin(2)] < C.max (p' Res 1) exp (e]Im s|) Y |s — se] 7, (3.48)
where the sum is over 0 < k < m such that (—s;) ¢ Z, UO.

Proof. The density pir,(x) for Re s > n/2 corresponds to the sum of the integrals
@m) " i) [des= [ A0EN T anaes(e, 6, DY, (349
7 () j=0

where a_i is a positive homogeneous of degree (—k) in ({,/\1/2) component of the

symbol s ((A' — )\)'1) in the coordinate chart U; defined by (3.4). The integral (3.49)
is the sum of the integrals Jj (z) + J7 (x) + J; (x) over the three corresponding
domains:

I&’o = {( ) I£|2 1- P, A € F(E)i I/\I S (1 - |€‘2)}’
Li={EN: [eF S1-p, AeTw, N> (1-F)}, - (350
L:={(EN): [Ef>1-p, AeTy),

Since Ky is compact and since A™*0 0 a_y_;(z, £, A) is continuous on M; x Ko,
the density J§ (z) is holomorphic in s € C and it is estimated by

S ()| <

< C,exp (g] Im s]) max (p'R“ 1 max Eltp, 'r)OZ:a_g__, z,€,A)|. {3.51)

M;xKp

The latter factor on the right in (3.51) does not depend on s and p. Hence it is
estimated by a constant.

Set Ji(z) := Jg.(z) from now on. For Re s > n/2 the density J;(x) does not
change if the interior integral in (3.49) is replaced by the integral over

Liepger == [E1P(1 = p) "' Tpay, (3.52)

because 0 3¢ «_,_; is holomorphic in A in the domain between the contours ',y and
T().1¢;- Indeed, this symbol is holomorphic in A for (€, A) such that [£[>+|A] > 1 and
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|€12 > ¢|A| (where ¢ > 0 is the same as in (3.43) and (3.44)). Since 0 < p < (2¢+1)71,
we have for A between T,y and T,

PSSP p(L=p)7", e S clélp(l —p)7t < 27N < eI,
and €2+ Al > 1 for (£,X) € 1.

The density J5(z) is represented as the sum Jj (z) + ;=2 J3 ;(2), where J3;
and Jj , correspond to (3.49), with the interior integral replaced by the integral over

IS = [£]*(1 = p)”' T, and over ¢ g o= €131 — p)7'T%. The density Ji(z) is
equal to the sum ;. 5 J7 ;(x), where the interior integral in (3.49) for the term J7;
is over the contour T';, \.D1-|5|? (D, :={A M <7}).

Set A := exp (z’s(—l)”l) 12 on I% (for [€]> > 1 = p) and on T, \ Dy_jp (for
I€]> < 1— p), where ¢ > 0 is a new variable. Then we have

(J;‘J. + J;,J.) (z) =

=2(2m)” (""’l)zexp(( ‘i5(3—1A))ZI:90:($)/Ft"2’“tr(ia_g-k(m,& )\e(t)))g fég,)

where (1) := exp ((—1)"*'€) ¢, Re s > n/2, and F is the domain
{et): P+ 2 117 <1 =pt 2 ph JU{(6,0): 1P > 1= pyt 2 el /1 = p)E}.

Since a_g(xz,£, \) are nonsingular for A € I';, and since r - (£,t) € F for (§,t) € F
and r > 1, we see that (3.53) can be written as follows:

(J5;+J3,) (@) = 2(2m) "V iexp ((~1)ie(s — 1)) x

xZE(?c—l-L—-n) tp;('r)/ 72 v a_g g (2,6, 2 (1)) dt wppy, (3.54)

{ k=0

where F} = FN{(£,t): £2+t* = 1} and w, 4 is the volume form on the unit sphere in
R7+'. The integral over the compact F} in (3.54) is an entire function of s € C. So the

right side of (3.54) realizes the analytic continuation of the density (Jf,j + J;‘j) (z)

to a meromorphic in s € C density with no more than simple poles at the points
sk=(n—-k)/2,0< k< m.
Since A = p(1 — p)~' [€|* exp(ip) on I ¢ (where € > ¢ > —¢), we have

J(z) = ("H) Z Z iz f £)dg, (3.55)

k=0
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where the integral is over {£: }€|* > 1 — p} and

1¢(s,6) ==/;exp(~iso(s = 1))aca-i(3, & M, [ dip €] 2670 p3071, (3.56)

Me, [€]) i= [€2py exp(iv),  py = p(1—p)7".

The symbol (3.56) is positive homogeneous of degree (—2s — k) in €. It is analytic
in s € C and nonsingular. So (3.55) realizes a meromorphic continuation of J;(z) to
the whole complex plane C 3 s. Namely

Ji(z)= 2—1(2ﬂ)—(n+l)zl:§gm(m) (.[ﬂ:lfif(& f)an) (s—s¢) T (1—p) 07w ’(3 57)

where w, is the volume form on the unit sphere in R*. The formulas (3.54) and (3.57)
provide us with a meromorpliic continuation of the density P;i(z). Together with
the estimate (3.51) they provide us with the estimate (3.48). (However, with the sum
in it over all sg, 0 < k& < m.) The analytic continuation of the density defined by
the sum of the integrals (3.49) with the interior integral over the contour I'tx) (i.e.,
with € = 7) is regular in s = s; for (—sg) € Z; U 0. (This assertion is obtained in
the proof of Theorem 3.1.) For [£|* > | — p the interior integral over I'yy in (3.49)
is equal to the integral over I'(y). So the estimate (3.48) is satisfied, where the sum
over sg, 0 < k < m, such that (—s;) ¢ Z, U0. O

Let Re s > /2 and let p?5(z) be the density on M; corresponding to the term in
(3.47) determined by the v-transmission interior boundary conditions.” It is defined
by the restrictions to the diagonal M; — A_/fj x M of the kernel for the operator

; » '
= fr ) A dA p; z‘j¢,vm,u,<p,, (3.58)

where D, = D, (A, v) is defined by (3.9), (3.10), and (3.12).

The operator Dy, is defined by the symbols 3 d_o.i, 0 < k < m, in a coordinate
chart (z,t), Ui C R*™! x R! (where N N U; = (R*! x 0) N U; and the structure
R"*~! x R! corresponds to the direct product structure of the metric gar near N). Its
action on f, f € DR (R*! x (R;\0)), can be represented for ¢t > 0, t; > 0, as

/

"IFrom now on we’ll suppose that M = §. Estimates of the contributions into Cv,o(5;pj) from
the Dirichiet and the Neumaun boundary conditions on the components of @M; \ N are analogous
to the estimates for the contributions from the v-transmission interior boundary conditions.
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follows ([Sel], (26)-(28)):
S Op(Oyd_g_p)f(z',1) = 3 (2m)™" / j exp (i(¢', ) 01d=,_, [~ (€', t1)dt,de",
k=0 0

dZy_p (', 1,81, A) = “/l‘ exp(—t7ty)d_q_i (2,1, €, 1, )),

I t) = [exp(=i(¢,v) £y, t)d,

where ['_ = I'_(¢’, A) is a simple contour in the half-plane Im 7 < 0 which once goes
round (in the direction opposite to the clockwise) the only zero of the principal symbol
(bo(x',€',7) — A)id of the Laplacian (A® — Aid).”™ Lemmas 2 and 3 of [Se2] and
Lemma 2 of {Sel] claim that the integral over R, (where U;N(R*"! x R, ) = U;NM;)
fdZ,_ (2, t,€,t,\)dt is a symbol of (z', €', X) positive homogeneous of degree (—2—k)
in ({’,Al/g). It claims also that the kernel on R*~! defined by the integral over
[T,00) C Ry (for an arbitrary T > 0)

j exp (i(€', o' — ') de’ fr ) /T T A0y (€, Ay 1, €1, 0)

is an entire function of s € C, smooth in z’, ¥', s and vanishing at s for (—s) € Z, U0.
The latter assertion is an immediate consequence of the estimate ([Sel], (29)) for
d:ﬂ—k: -

| DL DL, Dy Dy DYz, (w1, €0, 3)| <
Crexp (—ce (It]+ [ta]) (I€1 + (A7) (1 + fe] + A2

with positive constants Cy(g) and ¢, independent of v € R? \ (0, 0).

)—1—k—(]q1+2p)—(r+l)+m+n (359)

Proposition 3.7. The analytic conlinuation to the whole complex plane C 3 s of
the integral over M; of pi5(x) (which is defined for Re s > n/2) is estimated by

L, 155
+ cpcexp (e} Im s|) (2c3(R" ==1p (2(1 —Re s), c,_,pllz) + mpmax (p“ Rea 1)) , (3.60)

where the sum is over 1 <k <m+1 such that (—s;) ¢ Z, U 0.

< €y, Max (p“Re ° 1) exp (¢|Im s}) Z |s — skl_l +

Proof. The trace of the operator (3.58) for Re s > n/2 is given by the integral
(2r)" % / de' digi(' 1) / de' | — / A AN(E, ) S do, (2 1€ 1)
i 2m Jre, k=0

"3The whole symbol of A* does not depend on ¢ in the neighborhood of N.
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(We suppose that ¢;(z',t) are independent of ¢ for 0 < |t| < 1.) It follows from the
estimate (3.59) that the density on N corresponding to the integral

/R i (pila 1) = (', 0)) f de' tr (27 /r AT 912d:2_k)

has the analytic continuation which is an entire function of s € C and which satisfies
the estimate

Ce oy xp (€] Im s]) A,(c., Re s) f (14 [E))™™ exp(—c.|€'])deE’, (3.61)

h,(c.,Re s) := /DO exp (—cctl"z) t~Resdt + 7pmax (p' Res 1) =

P

= 2¢}(Re -1 (2(1 — Re s),cep”?) + 7p max (p' Re s l) ,

where ny € Z, is sufficiently large.
The density on N is defined by the integral

m

priale’) = (2m)7" Lp;(m',ﬂ)/ dt/d{' tr (i ATdN0, Y d:z_k) (3.62)
R+ 27 Jrgy k=0

which is absolutely convergent for Re s > (n—1)/2. Hence it is analytic in s for such
s. The integral over t € Ry of dZ,_, is a positive homogeneous of degree (—2 — k) in
(€', A1) symbol, which is smooth in (z', €, A) and analytic in A for ¢|A] < |¢/|® (where
¢ is the same as in (3.43), and (3.44)) and in A € A,/ := {A: g/2 < arg A < 27 —¢/2}
for (¢',A) # (0,0) ([Sel], Lemma 2, [Se2], Lemma 2). So the proof of Proposition 3.6
1s valid also for the density (3.62) (where (z,€,n) are replaced by (z',€',n —1)). We
conclude that this density has a meromorphic continuation p;; 5(’) with no more than
simple poles at the points s;,...,s,,41. This proof provides us with the estimate

p,’:;'a(:c')l <€) max (p' Res 1) exp (¢| Im s|) Z |s — sk[_l , (3.63)

where the sum is over 1 < k < m+1. The analytic continuation of the density on N,
defined by the sum (over I) of the integrals (3.62) for the interior integrals over the
contour ['(ny (i.e., with € = ) is regular at s = sy for (—sx) € Z; UO0. (It is proved in
Theorem 3.1.) For |¢]” > 1 — p the integral over T,y in (3.62) is equal to the integral
over I'(y). Hence the estimate (3.63) is satisfied if the sumisover k, 1 <k <m+1,
such that (—sx) ¢ Zy U 0. The estimate (3.60) follows from (3.63), (3.61). C

The estimate (3.40) follows from Propositions 3.6, 3.7, and from (3.46). Thus
Proposition 3.4 is proved. O
Proof of Proposition 3.5. The estimate (3.46) in the proof of Proposition 3.4 is
satisfied by the integral of (+}'), ... So it is enough to obtain the estimate (3.41) for
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the kernel of

i

— ATP PN dA

27 Jr, AT
where Re s > n/2. The term pij(z1,72) in this kernel has the same form as in
(3.49) but with the addition factor exp (i£(z, — z3)) under the integral sign (where
¢ and @;(z) are replaced by z; and by ¥;(z)¢;(z;)). The integration over the
domains (3.50) in the integral corresponding to (3.49) represents this kernel as the
sum (J(‘,’“ + i+ J;‘."c) (z1,T2), where J;, corresponds to the integration over the

appropriate domain in (3.50). The term Jg (r,,z;) satisfies the estimate (3.51)

if Re s > n/2. (In this estimate max (p‘R“,l) can be replaced by p~R** since
Re s> 0 and since 0 < p < 1.)

The contour T'(,y of the interior integral in (3.49) for J;, can be replaced by the
contour I'() ¢ defined by (3.52). The sum of the integrals over the straight line pieces
of [y and of T'(,,¢) in the kernel (-]1’,5 + JQ’IE) (z1,22) has the same form as (3.53)
(but with the factor exp (i(z) — z2)€) under the integral sign). The integral over the
circle part of Ty ¢ for the kernel .J; (,, %) is also completely analogous to (3.55).

This provides us with the estimate for the kernel piJi(z,, z;) (where Re s > n/2):

P28 (21, 22)] < Ceexp(e]Tm s|) p~ R * (Re s —n/2)7" . (3.64)

The proof of (3.41) for an arbitrary closed manifold M follows from the estimate
(3.64) together with the estimate (3.46) for (r7')z,,s,. (They also give us the proof
of (3.41) for a part pl(z1,z2) of the kernel (T_,), . defined by a local parametrix
T i Plwi) 1T (M, gar) is mirror symmetric with respect to (N, gn) (and the v-
transmission interior boundary conditions are given on N) then the kernel (T_,), _
for Re s > —n/2 can be represented by the formulas (analogous to (2.54), (2.55),
and to (2.118)), where v = (o, 8) # (0,0) and T¥ corresponds to a closed manifold
(M, ga) (or to vy = (1,1) that is the equivalent according to Proposition 1.1):

2 2
M B*—a® o om
(T-)zy 0y = (T_’)m . + ot (o‘lT_“,,)z1 . for z,,z, € M,
(T-,) = (TM) + o =B (J'TM) for xy,2, € M,
—3/zy,x2 -8 —s Ty, &g
L Ay S " (3.65)
Wef _
(T—.;);nl'g,2 =z T (T_,)Im:2 for @, z; from different M,
where o) is the mirror symmetry on M with respect to N, acting on the variable z,.
The kernel (TM can be analytically (meromorphically) continued to the whole
s P

complex plane C 5 s (separately on the diagonal z; = z, and off the diagonal). It
follows from [Se2], Theorem 1 or from the proof of Theorem 3.1. Hence (3.65) is true
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for all s € C. So the estimate (3.41) is satisfied also in the case of the v-transmission
interior boundary conditions on N if (M, gas) is mirror-symmetric with respect to N.

The boundary term™ 39, D,, y¢; of the parametrix P™ can be identified with the
same term in the mirror-symmetric case (as it is defined in a neighborhood N x I of
N = N x0, I =[-2,2]). The estimate (3.46) for the integral over ') of (rT'),, ..
15 satisfied fox the mirror-symmetric case also. So the estimate (3. 41) is satisfied by
the kernel p2:*, (s) of the operator 3 ¢;D,, yp;. This estimate for px °, () together
with the estimates (3.64), (3.46) for pii(xy,x,), and with the estimate (3.46) of the

integral of (r}*), .. over () provides us with the estimate (3.41). O

T1,T2

3.5. Appendix. Trace class operators and their traces. A bounded linear
operator A acting in a separable Hilbert space H is a trace class operator if the series
of its singular numbers (i.e., of the arithmetic square roots of the eigenvalues for the
self-adjoint operator A*A) is absolutely convergent. If A is a trace class operator
then its matrix trace exists for any orthonormal basis (e;) in H:

Z(Ae;, e,-) = Sp A

and this sum is independent of the orthonormal basis ([Kr]). It is called the matrix
trace of A. The Lidskii theorem ([Lij) claims that if A is a trace class operator then
the series of its eigenvalues is absolutely convergent: 3 |A;(A)] < oo and its trace
Tr A := ¥ A;(A) is equal to its matrix trace: Tr A = Sp A. (Here the sums are over
all the eigenvalues A\;(A) of A including their algebraic multiplicities, [Ka], Ch. 1,
§ 5.4.)

Proposition 3.8. For t > 0 the operators exp (—tA,, ;) and pyexp(—tA, ;) are
trace class operators in the Lg-completion (DR (M)), of DR?(M)™ and their traces
are equal to the integrals of the densities defined by the restrictions to the dingonals
of their kernels:

Trexp(—tA,,) = 3. JL tr (o631, B ar.s (0)) 5 (3.66)

r=1,2 My
T (pyxp(—18u,)) = [t (vt Bl (10) (3.67)

Here p: (DRI(M)), — (DR (My)), — (DR'(M)), is the composition of the re-
striction to My of differential forms and of their prolongation to M by zero on another
piece of M, ip;, : M, — M, x M, is an immersion of the diagonal, and the exterior
product of the double forms (restricted to the diagonal) is implied.

75The operator D,, = 'Dm.;\(u) is defined in the coordinate chart R"~! x R! 3 (z',¢) by (3.12),
(3.11), (3.10). .
DR/ (M,) ® DR (M,) C (DR/(M)),
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Proof. The operator A, := exp(—t4,, ;) is positive definite on (DR(M)), and for
an arbitrary f € (DR’(M)),, [ #0, it holds (A,f, f) > 0 (where the scalar product
on (DR?(M)), corresponds to (1.23)).

The operator B, := p; exp (—tA,, ;) is positive definite on the subspace (DRj(MI))
of (DR(M)),. Namely (B;m,m) > 0 for m € (DR?(M,)),, m # 0, and it is a non-
negative operator on (DR*(M)), : (B.f, f) > 0 for f € (DR(M)),.

The operator exp(—tA,, ;) is self-adjoint on (DR?(M)), by Theorem 3.2. Its kernel
A(zq,z,) is smooth on M,, x M., (as it is proved in Proposition 3.2) and its trace is
equal to

Trexp(—tA,, ;)= Z Tr(prexp(—tA,, ;) = Z Tr(prexp(—tA, ;)px) . (3.68)
k=12 k=12

(The matrix trace for exp (—tA,, ;) in (DR(M)), =: H can be computed with the
help of an orthonormal basis (e;(1)),(e;(2)) in H, where (¢;(k)) is an orthonormal
basis in Hy, = (DR (M,)),.)

The operator Ay := prexp(—tA,, ;) px acting in H = H; & H; has a continuous
kernel Ax(x1,z2) = £, 2,(v0) on M. x M, (and it has the zero kernel on Hk, b M_k,
for ky # k2). The operator Ay is a self-adjoint operator acting in the Hilbert space
Hy and it is positive definite, (Arf, f) > 0 for f € Hi, f # 0. So according to the
Mercer theorem [GG], IV.3, [RiN], § 98, the Fourier series for the kernel of Ay by the
eigenforms of Ay

Ay, ) = 3 pwy() ® w(a), (3.69)

(where jt; > 0 are the eigenvalues of Ag) converges absolutely and uniformly with
respect to M x M,. Hence integrating this series over the diagonals in M, x M,
(for k =1,2) we obtain the equality (3.66):

Trexp(—tA,;) = Y, TrAy= Y L tr LM, AL(’E],&?Q))

k=1,2 k=1,2

The equality (3.67) is obtained similarly
Tr(prexp (—tAu,)) = Tr(prexp (—tAu, ) m) = A tr (i}'v,lAl(;-:l, $2)) )

The proposition is proved. O

Proposition 3.9. For Re s > n/2 the operator T-, defined by the integral’” (3.18)
and the operators p; (A2)Y™" are trace class operators (n := dim M ). The traces of

""The operator T_, for such s is defined on (DR*(M)), and it is equal to the direct sum of the
operator (A3)™’
by Theorem 3.1.

on the orthogonal complement to Ker (A}) and of the zero operator on Ker (A}),
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these operators for Re s > n/2 are equal to the integrals over the diagonals of the
denisities, defined by the restrictions of their kernels to these diagonals.

T (A7) = ¥ /ﬁ tr (%aging, Toa(z1, 22)) (3.70)

r=1,2"Mr

Te (p; (8)™) = jy tr (%3, Toaler, 2) (3.71)

Proof. The kernel T_,(x;,z;) for Re s > n/2 is continuous on M;, x M;, (Theo-
rem 3.1). The operator T, for such s is nonnegative, (T-,f, f) > 0, and self-adjoint.
It is a trace class operator (Theorem 3.1). For Re s > n/2 the equality holds (anal-
ogous to (3.68):

TrT_, = Z Tr(p; T_sp;).

j=1,2

The operator p;T_,p; is self-adjoint in the Hilbert subspace (DR*(M))), of (DR*(M)),
and its kernel coincides with the kernel K_, ; of 7_, on 'ﬂ_ifj XH_?’. So for Re s > n_/2 its
kernel is continuous and, according to the Mercer theorem, the series on M; x M; for
K_, ; by the eigenforms of p;T_,p; (analogous to (3.69)) is absolutely and uniformly
convergent on M; x M;. Hence for such s the integral over the diagonal of the
density, defined by the restriction of the kernel K_, ;, is equal to Tr (p;T-,p;). Thus

the equalities (3.71) and (3.70) are proved. O

Acknowledgements. 1 express my gratitude to R. Bott, W. Miiller, C. Taubes,
M. Wodzicki, and S.-T. Yau for stimulating discussions. I am indebted to J. Bern-
stein, A. Beilinson, D. Kazhdan, and I.M. Singer for a series of conversations on the
theme of this paper. I am very grateful to the Department of Mathematics of Harvard
University and to the Max-Planck-Institut fiir Mathematik for their hospitality and
for financial support, which made it possible for me to work in the excellent intellec-
tual atmosphere of these mathematical centers. The results and the methods of this
paper were reported in the seminars of R. Bott, C. Taubes, and S.-T. Yau in Harvard
during the Fall of 1992, in Oberseminar Max-Planck-Institut fiir Mathematik in May
of 1993, and to H. McKean and L. Nirenberg in the Courant Institute in December
of 1992. This paper was written in the Max-Planck-Institut fir Mathematik.

REFERENCES

[(BW] Bar-Natan, D., Witten, E.: Perturbative expansion of Chern-Simons theory. Commun.
Math. Phys. 141, 423-440 (1991)

[BGV] Berline, N, Getzler, E., Vergne, M.: Heat kernels and Dirac operators. Grundl. math,
Wiss. 298. Berlin, Heidelberg, New York: Springer-Verlag 1992



GENERALIZED RAY-SINGER CONJECTURE.1. A MANIFOLD WITH BOUNDARY 119

[BZ1]

[BZ2]
[BT]
[Bo]

[Ch]
[DP]

{Fr]
(GG]
[Gr]
[H]
(KS]
[Kas]
[Ka]

(Kr]

[KwS]
[Li]

[Mi]
[Mii1]

[Mii2]
[Ra]
(RS]
[Rel]
[Re2]

[dR1]

Bismut, J.-M., Zhang, W.: Métriques de Reidemeister et métriques de Ray-Singer sur le
déterminant de la cohomologie d’un fibré plat: une extension d’un résultat de Cheeger et
Miiller. C.R. Acad. Sci. Paris Sér. I Math. 313, 775-782 (1991)

Bismut, J.-M., Zhang, W.: Reidemeister, Milnor and Ray-Singer metrics: an extension of
a theorem of Cheeger and Miller. Asterisque 205 Soc. Math. France 1992

Bott, R., Tu, L.W.: Differential forms in algebraic topology. Grad. Texts Math. 82. New
York, Heidelberyg, Berlin : Springer-Verlag 1982

Bourbaki, N.: Eléments de mathématique. Fonctions d’une variable réelle. Paris: Diffusion
C.C.L.S. 1976

Cheeger, J.: Analytic torsion and the heat equation. Ann. of Math. 109, 259-322 (1979)
Dodziuk, J., Patodi, V.K.: Riemannian structures and triangulations of manifolds. J.
Indian Math. Soc. 40, 1-52 (1976)

Franz, W.: Uber die Torsion einer Uberdeckrung. J. reine angew. Math. 173, 245-254
(1935)

Gohberg, 1., Goldberg, S.: Basic operator theory. Boston, Basel, Stuttgart: Birkhauser
1981

Greiner, P.: An asymptotic expansion for the heat equation. Arch. Rat. Mech. Anal. 41,
163-218 (1971)

Hoérmander, L.: The analysis of linear partial differential operators III. Grundl. math.
Wiss. 274, Berlin, Heidelberg, New York, Tokyo: Springer-Verlag 1985

Kashiwara, M., Schapira, P.: Sheaves on manifolds. Grundl. math. Wiss. 292 Berlin,
Heidelberg, New York: Springer-Verlag 1990

Kassel, C.: Le residue non commutatif (d’apres M. Wodzicki). Semin. Bourbaki, 41 eme
ann. 1988-89, Exp. 708 (1989)

Kato, T.: Perturbation theory for linear operators. Grundl. math. Wiss. 132 Berlin, Hei-
delberg, New York: Springer-Verlag 1980

Krein, M.G.: On certain new studies in the perturbation theory for selfadjoint operators.
M.G. Krein: Topics in differential and integral equations and operator theory, pp. 107-172
Operator Theory : Adv. and Appl. v.7. Basel, Boston, Stuttgart : Birkhauser 1983
Kwun, K.W., Szczarba, R.H.: Product and sum theorems for Whitehead torsion. Ann. of
Math. 82, 183-190 (1965)

Lidskii, V.B.: Nonselfadjoint operators with a trace. Dokl. Akad. Nauk SSSR. 125, 485-487
(1959)

Milnor, J.: Whitehead torsion. Bull. Amer. Math. Soc. 72, 358-426 (1966)

Miiller, W.: Analytic torsion and R-torsion of Riemannian manifolds. Adv. in Math. 28,
233-305 (1978)

Muller, W.: Analytic torsion and R-torsion for unimodular representations. Preprint
MPIM MPI/91-50, 1-46 (1991)

Ray, D.B.: Reidemeister torsion and the Laplacian on lense spaces. Adv. in Math. 4,
109-126 (1970}

Ray, D.B., Singer, LM.: R-torsion and the Laplacian on Riemannian manifolds. Adv. in
Math. 7, 145-210 (1971)

Reidemeister, K.: Die Klassifikation der Linsenraiime. Abhendl. Math. Sem. Hamburg 11,
102-109 {1935) )

Reidemeister, K.: Uberdeckungen von Komplexen. J. rein angew. Math. 173, 164-173
(1935)

de Rham, G.: Sur I'analysis situs des variétés a n dimensions. J. Math. Pures Appl. (9)
10, 115-200 (1931)



120
[dR2]
[dR3]

[dR4]
[dRMK]

[RiN]
[Sc)

[Sel]
[Se2]
[Sh]
[T}
[vi]
[ve]
[Wh
]
(Wil]
[Wi2)

[Wol

S.M. VISHIK

de Rham, G.: Sur les nouveaux invariants topologique de M. Reidemeister. Mat. Sbornik
(New Ser.) 1, 737-743 (1936)

de Rham, G.: Complexes a automorphismes et homeomorphie differentiable. Ann. Inst.
Fourier 2, 51-67 (1950)

de Rham, G.: Variétés différentiables. Paris: Hermann 1955

de Rham, G., Maumary, S., Kervaire, M.A.: Torsion et type simple d’homotopie. Lect.
Notes Mat.h 48 Springer 1967

Riesz, F., Sz.-Nagy, B.: Lecons d’analyse fonctionelle. Academiai Klado. Budapest 1952
Schwarz, A.S.: The partition function of degenerate quadratic functional and Ray-Singer
torsion. Lett. Math. Phys. 2, 247-252 (1978)

Seeley, R.T.: The resolvent of an elliptic boundary problem. Amer. J. Math. 91, 889-920
(1969)

Seeley, R.T.: Analytic extension of the trace associated with elliptic boundary problems.
Amer. J. Math. 91, 963-983 (1969)

Shubin, M.A.: Pseudodlfferent.xal operators and spectral theory. Berlin, Heidelberg, New
York: Springer-Verlag 1987

Turaev, V. G.: Reidemeister torsion in knot theory. Uspekhi Mat. Nauk 41:1, 97-147
(1986) (Russian Math. Surveys 41:1, 119-182 (1986))

Vishik, S.M.: Analytic torsion of the boundary value problems. Dokl. Akad. Nauk SSSR
295, 1293-1298 (1987) (Soviet Math. Dokl. 36, 174-179 (1988))

Vishik, S.M.: Analytic torsion of finite-dimensional local systems. Dokl. Akad. Nauk SSSR,
300, 1295-1299 (1988) (Soviet Math. Dokl. 37, 803-807 (1988))

Whitehead, J.H.C.: Simple homotopy types. Amer. J_ Math. 72, 1-57 (1950)

Whitney, H.: Geometric integration theory. Princeton, NJ: Princeton Univ. Press 1957
Whittaker, E.T., Watson, G.N.: A course of modern analysis. Fourth edition. Cambridge,
Gr. Brit.: Cambridge Univ. Press 1969

Witten, E.: Quantum field theory and the Jones polynoinial. Commun. Math. Phys. 121,
351-399 (1988)

Witten, E.: On quantum gauge theories in two dimensions. Commun. Math. Phys. 141,
153-209 (1991)

Wodazicki, M.: Local invariants of spectral asymmetry. Invent. Math. 75, 143-178 (1984)

MAX-PLANCK INSTITUT FUR MATHEMATIK, GOTTFRIED-CLAREN-STRASSE 26, 53225 BoONN,
GERMANY
E-mail address: senia@mpim-bonn.mpyg.de



