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2:n :.::oduc':ioil.

U~til :tüV one roisses a clear. .3iJ.lutlon cf Rilbert' s 12-·th pro-

bjcm entitlec "Ausdetnung des KrO!1.8Cke.:schen Satzes ueber abalsche

XOE:rper aui e.in211 bel':'3t·ig8tl::llgeb.:aiscnen Ha tionali ta etsbe-

reich" ~ 7his problem plays a centra.:'.. :-:ole among t..he 23 Hilbe::t

prcblern.s b13cau.se i t :',oirls some ci them wi t.h eac.!'. othe~ I nJ.:nel y

tP.e problems 7, 9 , 21 3.nd 224 The 12-t,h problo:n is based on Xro-

neckers ~'lork on ehe explici t. descriptio.1. of abelian number fielcs

QVEr the iield :v cf rational number.s or Gver ::'rnaginary gU3.dratic

n~~e~ fields, respectively, by rn8~ns cf special va:u8s oi spe-

sial tran3cender:,t functions of or~e complex variable 4 The Theorem

of K:::onecker-Weber a.sser ts that each absolu c.e abel ian numbe=

field' 1s gener&..~€d by a ration.al expres.sion oi a uni t root OV8I'

~, where u~it raoes are understoQd as special values Gf the ex-

ponential f~nction_

As a count,er part ·appe5.rs H.ilbert' s 7-t.h ;l:cob..1.em. It :3.sks foJr

:'~e ~ali ty oJ values of the sr..ifted eXpotlential fU:lctiofl

e ( z) = exp (tt i z ) ! i = 'J~l,

at a2.gehraic argwnents outside of the rationals {I and conjectures

t'J1at all these values are transcendent numbers (see [,101) 4 T.hi3

p~oblem has bee~ salven affirrnatively and inde~endently by Gelfond

[ 1- 1 .and Schneider t 1q ~n 1934. Altogether we know

I. e(z) has algebraic values on ~;

11. e(z) has transcendent valu8s on ~ - ~ (ij the field of alge-
I

braic numters<);

111. the r.umber- theor e tic meaning oi the "'./2..1ues e (q)! Cj E. V.
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Sut,5'. t.i tütir.g the ba25e field (l by 3.ft imaginary quad~atic nu.rn-

ber field one ne.eäs .5pecial" va.lues of Weie~strassI q-function (at

torsion points of arl e.lliptic Cul'V~) and special valU8S (s.:!.ngular

mcduli) of t:1.2 ellipr,ic mocil..~lar function j in order to generate

all abelian extensions. Fr,jr a precise formula tion oi this Main

Theorem of Complex Multiplicatio~ we refer yO Shimura's book

i ., ..- . c~ 5 H '+- '11 h ' 'h . 1,. "k~...:J'" ~, ;'1. • lS .....or lca y, t 13 maln t earem 15 .I'.ncwn as . !(:::cne -

kers Jllgendtraum". :t aprears in Hilbert' s programm as "Aufgabe"

(K=onecker's problem) prepa~ing the 12-th problem itself.

On the other hand C.L.Siegel [1A] proved in 1949 that j takes

t::anscendent values at algebraic point.s on t:t8 l.lpper half'plane

ffi ~ {~~ [; Im ~ ) O} which are ~ot singular. In ana1cgy with the

exponential iunction we can s~~rnerize the situation in the folla-

wing manner. Let

be the sec of sin~llar moduli. The tran5cendent fun8tion j has a

well-known Fourier series

j(~) = q-~ + 744 + 196884q + 21493760gL +

with integral coefficients and q = exp(2~i~) I see [30]. One knows

I.

11.

j has alqebraic val'u8s on tH s' " ;
~ I~J

j tE.-kes t:car_szendent values on lH(IQ) " lHS;Hj 1 where m:(~) deno

tes the set lHnQ of algebraic nurnbers on the upper half plane;

111. the number-t.!l8or·3tic construction / quali ty / meaning of

j (0) / () E. fH .)~V\5 •

Hilbert asked in his 12-th problem for transcende~t functions

of s e ver a 1 variables with properties co~respcnding to
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those cf the exponential fun=tion and the ell~ptic mojula~ func

:.:.ion: "Von der hoechsten Ee·jeutun'J endliGh erschein.t mir die Aus

dehnung des Krone~kerschen Satzes Ruf den Fall, dass an Stelle jes

Bereichs der ratianalen Zahlen 'Jd'3r des irnfl.ginaeren Z.3.hle~berei

ches eir. beliehiger algebraisc'her Zah.lk.oerper 3.15 Ra::ionalitaets

bereith :11grunde gelegt ~ird; ich halte dies Problem Euer eines

der tiefJ8hendsten 'und \o,-eittrage:vlsten Probleme der Zahle!1- und

Funktionentheorie"; and a littlebit latsr: IIwie wir sehen, t:,:eten

in dem eben gekennzeichnete~ Problem die drei grundlegenien Diszi

plinen der MatheM~tik, naemlich lahlentheo=ie, Algebra und Fur~

tionentheorie in die innigste gegenseitige Beruehrung, und ich bin

3iche~, dass insbesondere die Theorie der analytischen Funktionen

m ehr E r e r Va~iablen eine N8sentliche Se=eicherung erfahren

wuerde, ~"ann 8S gelaange f diej enigen Funktionen aufzufinden und zu

diskutieren, die f~er einen beliebigen algebraischen Zahlkoerper

die entsprechende Rolle spielen, T;ie die Exponentialfunktion fuer

den Koerper de= r~tionalen Zahlen und die elliptische Modulfunk

tion fuer den imaginaeren quadratischen Zahlkoerper".

We found only a few places in the mathemö.tical li terat'lre wi th

an explicit refe~eEce to the twelvth problem of Eilbert. On first

place WB remember ~.Jo Hecke r s thesis [ S 1 and habili ta tion r. Cl J.

They are closely connected with the creation of the theory oi Hil

ber t moö.-:ll ar surf aces. This T..,rork i s dif f ieul t tc understand and

it would be niee to clarify the situation fram a modern point af

'lieTt!. The next important place where the twel~/th problem is men

tioned ane can find in the book [ 'C;] oi: Shimura-Taniyama. Ir..deed J
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S.i1im'1::a' s theory of c:omple}: ffilll tiplication is an importar.t ·::.001

fai finding 3clutions of the problem. The latest hint to Rilbert's

twelvth proble~ ws found is d~e to Tate [~~] in connection ~ith

th~ SC3.rk conject:J.re. It touches l:he protlem but will n')t solve

it in the original sense of rrilbert. Manin accsptS in ~is review

[1.t,J only Eecke's work of 1912 .. 1913 a5 a finer appre·ximation

to a sclucion of the 12-th prohlenl. Langlands announced in [!1

some dO"lbts of Hilbert' s formulat,ions. In our opinion the twelvth

problem neeö.s 3. stror.ger ::Eormulation in order to catch solutions,

With regard to the transcendental fünctions e,j above and their

prcpe=ties 1.,11.,111. we propose the following definition.

Aso 1 u t ion m 0 d e 1 for Eilbert's twelvth problem

i5 a t::iple (V,V~i,,~ ,f) consi3ting of

(i) a (non~compact) complex manifold V with fixed analytic em-

( .; , ,
-~,

bedding into a complex projective space ~M (~) ;

a sllbset Vsi~J oi t~e algebraic points V(~) :::: V !\IPM(~j lying

dense in V;

(iii) A transcendent holomorphic map

--""'"jl) IF N(~);

s3~isfying the postulates I. ,lI. ,111. below.

Remark. We call f t r ans c end e n t if f is not the re-

stric~ion of a rational map in the sense of algebraic geometry.

The elemer:ts of ~)I~~ are called the 5 i n g u 1 a r p 0 i n t 5 of V.

I. f(cr) = (f
C
(~): ••• :f

N
(a-)) i5 algebraic. u.at means

f (v) " IP
M

(ij"), i 0 r Q b V~ i I'l ~ ;

II. f(~) i3 transcendent, t~at means f(~) ~ ~N(p) I for
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r: E: V (ij) " t! ~ i VI ~ ;

II1. üne h:ls a number-theore tic construction / q~Jali ty / meaning

of field cxte~sicns

F; (f (<r)) ,= F~ ( . . . , f i. ((;" ) ;' f J (tr) " ... )

for suitable well-defined "elementa::y" number f.ielcs F?' J

ü E: V,. ~ ~ .
Gi cC)u::se, W8 aSSllffi8 thö.t VSi..".~ is given ir.dependent.ly of the ho-

lamorphic functio~s f o ' '" ,fN'

'L'~1.e fi::st tTNO condi tions are very sharp b11t condi ti 0:'1. III. is free

for several i~te=9retations.

A (twodimensio~al) ball m 0 deI for Eilbert's twelvth

pr6b lern i.s a sclution model (lB ,13 S\ ~'\J ' f), ;....·here tB i.s the COh'l pIe >(

t-},t/C)-riimensional uni t ball. The Main !'hecrem of section 1 presents

a ball model (IE ,lB CM ' th) for the twelvth prcblem satisfying I. and

III. Recently Shiqa proved that also 11. is essentially satisfied

(see Remark 13.181. The cornponents th~ of th = (th1:thL:th1:th~)

are restrietions of elementary polyno~ials of theta constants to

the ba~l B embedded in the generalized Siegel upper half plane

1!I1' where the tr.8 ta eOrlS ;,:,an ts liVB .

We pref-=red to for:nulate the ntLllber-tr'.eoretic Main !heo::em in

the first section ccrresponding to Eilbert's order in his list

of rroblems. Consequently we have to explain immediately after the

nations of Shimura' sclass ::ields, complex m'll tiplication of abe

lian varieties, moduli ficld3 in the sectic0S 2. ,3 .. 4. and 5. ~his

prepares at the SaJTl8 tiMe the f!.11JTlbe::-theoretic si18 of proof of

the Main Theorem i~ secticn 13.
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The geometr ic and analyt.ic star ting poi:-t t i5 section 6. .For

an algebraic geometer it is convenient tc begin the~e. The follo-

,",~ing se,::tions will dernc'r~strate that the :Jimple configuration of

four points end six lines t~rough pairs of them in the 9Iojective

p.2.ar,e dete::-rr~ines . sompletely the cons truc t,icn. ,')f Oilr

ball model. T~is is a conseguence of some ~ecent devG~pments: A

t!leorer;'t o:E R. Kobayashi [~B] provides t:tE:' existence of a ball co-

,'1 "
~/c~lng of \P .... branched along the guadrllateral ~ntroduced above.

Tnere is only one possibility. The cor.respo~ding ramificacion in-

diees can be calculated by the effec~ive finiteness theorem for

b3.11 latt.ices due to the author [,Ib j. The correspending group

of the covering has been found in a classific~tion atlas of pi-

carcl ffil)du.le..I 3urface3 clue t:J the au tr.or ar-d Feustel. This 'jfOUP

a9pears as monodromy grcup 8f a Fl.:.chsi.an sY3tem of partial clifie-

rential eguations un.iquely de;:e"::f,i:ted by the guadrilate::al. This

3ystem coinciäes' with the Euler-Picard system of an algebraic

curve fami.l.y in the sense o.f t.he autr_or' s ~ook [-11.]. The 301ution

consists of variations of integrals of a di.fferential form of

first kind along cycles on Pic~rd curves. The Picard curve family

3tuaiec. iirst by Piccrd in 1883 plaY5 the same role as the ellip-

tis curve family in Kronecker's problem. New we discovered that

i ts investigation 'was absolutcly necessary fClr finding C"lr ball

model for Eilbert' 5 twelvth proble8. The proof of the Main 'I'heorem

is delegated to the fine arith~etic and analyticstudy of the fa-

mily of Picard surves. This will be done il1 the sections 9. - 12.

usir.g and explainir_g avai]..able recent r~s1.:1ts of Shiga (~.Ll. Feu-
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stel [ b ] a.r.d tt.e author ~ A3 1.

The modern taols in the way af proof shculd also werk for othsr

cases, Hhere the starting si tllat::'on of a branched cover~._rlg i.s p=~

ci3ely knc-~Hl. ','fe think of Hilbsrt monular 3urfaces, Picard modulo.r

3urfaces: a Picf.l!:'d rn 'Jdul3..r thl'eei'olri in~J'3.c:tigated carefully by

Br\.1ce Hun t a~ld the Siegel rnodulc.r th~eefold connected wi th hype~

elliptic C'urv~s i)f gerrJ5 2. The .lat,ter case should be open a door

to apreeise modern ~lnd8rsta~ding of Eecke's work on Eilbert 1 s

tw~lvth problem.

W e close the intrQduction with two problems. More of thern can

be found at ~he end of the final section 134

0.1 ?roblem. Study ~pecial values of Picard modular functions of

nigher level .-Ln connect.:..on Hith non-abei.ian class field theory.

0.2 ?roblem. Generate more (ii possible all) abelian extensions

GI reflex fields of cubic extensions of the Eisenstein numbers

by means of special values of some additioual transcendent func-

tiores.

1 . Forrnulation of the Main Theo~em

F~rst we present ro~ghly the basic object3 we need in the

Main Theorem. More precise definitions are given in the later

sections.

O. .9 a sie f i eId: j( == 1J ( i - 3) the f i e 1 d .:J f .2 i sens te i !I. numtJ e r:' S ;
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1. Geometrie cbjeet: the ball B ~ (K--linear equivalent in F L ta)

i.a1. = {t' = (T1 ' '{"1.) ~ [1; 11:'"" iL + I't:" .1. 11. < 1} I

embedded in m
J

(Siegel domain, see 10.);

---~) ( (restrie:ed

theta constants);

3. Special arg1..l.Inents (Ct-'J-modules): G'" E: B(ijj") (d.r:!t1$e in tB);

~. Correspondences: ~ ~7 F~/K (relative cubic number fields)

~ ~~, 2-1attiee in F~

~

~ ~)t1"' = ~ ~ ~ 1 ~~: Fa'"~ t (field em-
~ '=/\ I" t.

beddin j oS); ~.:f. tO. ~ ~ \ J CI'. ~~k .
"'l JJ I J J t ,

~ F~ 1 the reflex field of (FG"' 1 4'~) ;
5. Function f ield K(th) :: K(th

t
fthi. ' tn

1
/th3 I ••• } th 3/th4) ;

6. NUInber fie.lds K(th(6""» = K(th) (0-) = K(f(G); f € K(th») I where

wB neglect to adjoint f(~) I if f(v) =~ ;

7. SYffir:1etric g::oup S"t acting on K(th) via tJe::mutation of indices

at t.he generators thl/th j ,

54 (ü) = 3t.t (' Gal(K(th(o-) )/lD) acting on K(th(cr);

8. Shimu::a class fields Sh(4'v'..btO"").

Now we can formulate the

MAIN THEOREM (Construction oi Shimura class iields for cubic ex-

tensions of Eisenstein numbers via special values of Theta con-

stants) .

With the above notations ane has for each eM-module ff € ffi field

towers as described in diagram (1.1):
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(1 .1)

2 .

K(th)

I
!

numbe~ fields

x (th ((j"") )

Sh ( tt>U" I .Cl!, )-

. 11 . 5~(c-)
K ( :.r. 1.0') )

K

Shimura Cla35 Ficlds.

:WGli2l.n ,:

(11nramified I if

-0,5"" i5 C'.n Fd-ideal)

30 T,Je

('2 . 1 )

We rQllcw the book [~O} of S.Lang. First ~e hav8 to introduce

th l3 r"'~ilex fields. F'ixir~g notations \-,re let F ,te a totall~' imagi-

nary nwnber field of eh.salute degrse 2g and ~ a ci1.oice oi g Gm-

b'3ddings ,.: F .. »rc pai:!:\-"ise not co jugatsd tel r;ach other. We
L St'-

:,.,rritG ~ :: ~~ = ~ ~~ and sall the pai:r: (F, 4» a CM-type.
1.':A:

If M/F is a finite field extension, th2n we can lift ~~ to

~H = .:t L (ül exten3ions of S'i to M)

L='"
CI'1- type lifting (F I ~ _ ) ~ OL ~ ). TNe 3et

\- M

. St.ab(<f) = {t 6 Aut([); f"t = ~},

vh0re Allt(t) denotes the group cf all field autornorphisffis of (.

1'10W assum8 that MI? a3 above .13 a Galois extension. Then we de-

lln8 the r 8 f 1 e x f ., e 1 d F ' cf (F I ~ ) as fixI3d fiGld.....

( 2 • 2 ) F'
StaD <P

VCcr4> (F.1 ) 1
...:: M ...::
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!ihc-rß ;r:- ct>: F· ). ?' ·jenot?3 tfte typ'3 tr3.ce d8fineG. by

Tr Ih (i) = ;t. ~- (f). With ~ 1'\ =~ ijI' ,'t'. u~.d()r.5':cc'd '3.5 automor-
'+' \.':.,A'" J J J

phi~ms oi M, ~w~ .set ~' = Z. ~-'1 • Onc C~~ shnw t.h~_t the typE
. t1 j j

(M, ~') is the lift oE a uniquly d?tGrmin~d primitive typ~
Tt1

~ F ' . 9' )I Wr.ieh i.3 caII Gd th (3 r G .f 1 (3 ;--: t ~r p (3 (' f (F! q, ) .

A type i5 called p r i m l : i v C I if it is ~ot liftcd frnm

2 lower field. If the starting typG (F!~) 13 pri~i~ivc, then

th~ rGflex (F' I , ~ , ') oi its rf3f18Y.. (F', (\l ') I::cinl::ides

··,i -, h (F rl)) In ,:rpnf'>ral th,.,. r._·n,·'l-._l p_ rc:...L~lex L..L l' ..-:.1,4... F" _i S c,,:,r.-JOt _ ~ .,... '"' _.- 1 _ \.lJ.J 0:,.. • ~ v _ ~ •.

::ain::d in F. Jl..l tO'Jcthr:;r wc d~.:3crihc the si t 112.ticn i!'1. th~ fol1c-

l,.'ing dia'Jram (2.3):

( 2 . .3 ) M ~ t1 I
) 4>i = 2: "'If

M 0/.S3Y ~
5 J

t 1
F F i ~ =~ F ~lFI -= $'

Fixing F,~ 1 chf3 typ G n 0 r m N~ or t~o r 8 f 1 c x

r G r m NI ~ N~( are resp8ctively dGfined bi

F --.",., F' N.'= N : F'0)1 --~7F"SF

Sot~, N~ ~nd N', eRn b3 8xt~ndGd to th0 idslc groups oE th~

fi~lds F or Fr, r8sp~stively:

f A * .'fN : 'i'". _I --..:r,)/AF
t-

No,:{ W0 are '..,rr311-prGp.::tred. to ,jefinc' thc 3himu:c:, cla33 fic:ljs men-

r...icn~d ~';'3vcr~1 tim~s abave. Far t:hi3 pUrp03'3 l,Ve. let.a 3. 'Z-la t.-

~ic~ in F. T~~ ~b301ute norm of idEl~s s ~3 d~~ot~d by ~(s). Now
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'He def ine the idele 'lCOUP U(4:> ,,t\. :; *~ ~Fr of an (extended) type

( 1 . 4 ) u (4) ,~) = {s ~ IA~I= I; N' (5 - i ) a = ~ ,ßL , ~ F= iN (5 - ~) E Q

.ror a 51.:i table p t F}

We :;:ema.rk ::'hat the f,r~l tiplication oi an idele t f:: IA~ "-'i th ~ is
F

äefined ccmponentwise on the finite part t f -\.,

Ther~ is a unique a'-lattice tö, ln F wi th loeal eomponent.:5

(t i\)r -= tfCt P for all p f; 8pe:c 7j, ~ p= Zp @ '010 •

Now WB apply "global abelian class field theory i~ order to

define 3h ( 4' , a.) as cla.ss field of the reflex field F'. For de-

tails we refer to the monograph [L~] af Neukirch.

Let M be a finite abelian field extension of

is an exact seguence

( 2 • 5)

Tli
.r • Then t..~ere

1 --~) U/F,lIf ----~~ Gal (M/F' ) --~j) 1

where (t, M/F' ), t E: 4\~, J is t.he global norm res t symbol locally

defined by Frobenius ~utomorphisms. The idele group U = UM is

equal to tne extended norm group N MIF I (IA.~) •F I
')(. Conversely 1 if

U is a cofini te subgroup of the idele ~jroup A of Fr containing

F'1C, t.hen there exists a unique finite abelian extension Mo = M,

the clas3 field Qf F belonging to U, s~ch that the above se-

quenee (2.5) i5 exact. So there is abiunivogue correspondence

U = U ~L-~,) !'-'J = MU (reciproci ty) .M .
Now we take the projective limit of our finite abelian groups

Gal (!1/F ') along all fini te abelian extensions M oi F'. On this

way \1e obtain the Galois gro1.:p Gal (F ' ab /F r) of the maximal abe-
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lian extp.nsion F'o b of F'. The norm rest maps in ('2. 5) rjields

, 't' (...,.,) n,* /-0''<an J.njec lve map . ,: : ·.M.
F

, .r' ---i"') Gal(F'''t, /F r ). via the

no"rm -:est symbols (s,F') ""the idele group "~l acts ur.. F, and

the fini t.e=.belian eX~E:~lsi'Jn fields M appear as fixed fields

of the corresponding subgroups U cf A~" So we can write
r

( 2 • 6 ) MF b) u,d = c CU, Fr)

~here (~) denotes the group of all extensions of elements

(5,?') e Gal(Flob/F' .1, S G U, to automorphisms of (.

2.7 Definition. The S hirn u = a c 1 a s .5 f i eId

... Sh (CV ,0.) of the t.ype (F, 4> 'a) 1s the class field of F' corres-

3. Complex multiplicacion.

~=t A oe an abelian.variety over L~e complex numbers and F a

finite field extensio~ of Q. We say that A has

pli c a t ion , if there i3 an embedding

F - m u 1 t i -

F O;""'..:-~7 O@EndA

into the endomorph:i.sm algebra VS'l Er~d A of A. In this case the de-

gree [F:Q] is not greater than 2g , g = äirn A. If [F: ~] = 2g,

ehen VoT8 say t:tat A has c 0 n p 1 e x ~ u 1 t i p 1 i c a -

t i 0 n In this case F acts on the tangent space TA of A (at 0) .

So ~e have an embedding F<~----~) Gl(TA) = ~l (C). This re~resen-

tation splits into g one-dimensional r8p~esentations. The corres-

ponding characters are understood as embeddings ~t
F " '> (,

i = 1 , ... ,g. Setting (> = .! S'~ we ge~ a type (F 1 ~ ) • Then
• L
l::01

A is called an a b e
,

i a 11. v n. r i e t y 0 f .... y p e'...
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(F, ~ ) .

Jne can p=ove that an 3.belian vari'3tr ':vir~l-t comr;lex multipli-

cation oi type (F, q> , d) 2.3 isor:lorphic to (9"/ ~ (lt), 1Jhere

~ (CL) :::'3 tr.e Z-la::.tice in C') genera.i:.ed by the vesto~s

a:1C "1' ... , a1; is ai-basis of J6l,. For f E F 'Je let Dc(l (fl

the c.lag:)nal mat~ix wi th the: eleme~ts ~'[ (f) in the diagonal. The

repr8sentation D~ : F~ ~ Gl~(~) defines a somplex multiplica

tion on r"/ ~ C~). ~nc.er ehe isomorphism wi th A bot.h mul tiplica-

tions are compatible. The

i5:

m u 1 t i pli c a t i c n r i n g

0" := F n End A = [t\: a. ]F = {f E:~; f·"a. S .&} .

R8::tin.inq cur language w~a will 3ay :.rta t A 1s of type (cr .. F ! 4> )

and we ~Nill call 6~~/ l1> (~) c.ogether ~~ith tne coTt1plex multi?lica'-

ti on def ined by D(\) the S t a n dar d tor u s m 0 -

d e 1 of A OI' of t1Le types (F I ~ ,a ), (er, ~ ,4-). Two standarö

models oi type (cr .. ~) ~re isornorphi8 (with'compatibility of mul

tiplication) if and only if the corresp8!1ding cJ-mc,dules .a., t\i

ar~ isomorphie. The standa~d torus :t t / ep ( .t\) of give~1 mul tiplica

~ion type (F, 4> f A) 15 an abellan variety iff ~ i3 lifted from

a primitive type. For proof3 W8 reier to [~~] again.

Let F be a number fielä. and a' an order ire F (mültiplicatively

closed Z-lattice in F). ~e denote by 1(G) the set of cr-lattices

..&v in F (Z-lattices in F which are u-module3) viith factor' ring

[a : ,0. J ~ = c'. The 5 et cl ((1) oi (1'-- isomorpily cl aS3 es of L (tJ) i5 ,f i

nite (see G.g. [3], II.6, Th.3j. Its fi'J..rnber i3 denoted b1' l1(eJ).
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Far instanc8; if cr = j i3 the ring 0f integer3 in F, t~8n L(d)
F

is the ideal group oi PI c:(ü) the ~deal class gro11p and h(O) co-

irLcides "'Ni tr. t.~e r:~a5s n~~er h (F) oi F. Al toge~1er we can coun t

:leu tr.8 i50mO~'?hy clas3'35 oi ajelian CM-var ieties of g-iven types;

3.1 Fropos:'t.on. Let (F, 1» be a complex ffi121 tiplication type,

Ij' an. crder in F. The n~.unbe.c af isomorphy classes of abelian va-

rieties with complex multiplicaticn of type (cr,~) is egual to

h(d), ir (F,~ ) is a liited ty?8, or equal to 0, othe~wise.

The nQ~)er of isomorphy classes of abelian cM-va~ieties A ~i~~

C~-:c i ng cJ ::= F" End A is equal to ;,. (J)"l (F), \-!her a 1 (F) d:3notes

the number 0I lifted types (F,~ ). J:t. canrtot be greater than

2t h(d), g ~ (F:~]!2 = ~ankZ(cr)/2 = dirn A.

3. 2 Remark.s. "Lif ted type" means: liftec irom 2'. primi tive type.

Especially, primitive types are ~nderstood as 3pecial caSES oi

lifted types. The n~~ber fie~ds E of primitive types are w811-un-

derstood. The3e are the sc-called C M - f i eId s characte-

rized as ima~inarr quadratic extensions of totally real number

fields. So the set cf multiplication field3 of complex C~-varie-

ties coirrcides ~it~ the set oi extensions oi CM-fields. Namely,

each CIvl-type (E,t') of a CM-field E is lifted .:r0ffi a primitive

:.ype (see (10 J, 1_ 2 1 l,ernrna 2. 2), hence E is a mul tiplice. tion

iield of an abelian CM-variety by tn8 above torus constr1:ction.

This is true for any lifted type. Especially, each cubic exten-

sion F of K = ~(r-2) appears a5 ~ultiplication :ield oi a sui-
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table aheli&n CM-threeiold.

Each äbGlia~ variety A can be decom9csed up to isogeny into a

prorh..:.ct oi .simp,le abelian varieties. S i m pIe a bel i a n

v a = i e v i e 5 ,"ire de:: ir.ed a.s injecompasable c:nes in this

sen38. If A is an aD'32.ian Ci1-vari8ty, then :..r..e isageny decompa-

si tlon of A .Lr~ to simple abel i an var ietie.3 i3 a po\;er A 76 B .•. B.

The mul tip.l ica tion type (F I ~ ) oi A 1s lift'3d fram a (unigue2.y

d9termined) mu~tiplication type (E,~) of B. E3pecially,· the

simp:e iactor B cf A is a cM-varie~y. The correspünding CM-alge-

bra tJ E) End B ls isomorphie to E. Looking back to A ane checks ea-

sily that the C!~-a':gebra t1S End A is isomcrphic 'ta the :r:atri~( a}-

gebra Ma ts (E) I where s den.'J::'e3 tne nwnber oi the desomposing fac-

tors B of A.

Mnd'.lli fields.

~et X be a co;nplex pro j e:::tive var iety (Eub"lariety of [F~ I say) I

f e Aut(() a field aucomorphism of t. Applying I~ to point coordi

nates we obtain tr.e /.-'4-transform Xf4 of X embedded als:) in flN. If

x is äefined by tr~e hOf1oger,eous egl.lation system F" = ... := F"" = 0,

then x"w. i.3 defineö ty F:- = ... = F': = 0 I wher-e F~l.4. ar ises from F i

b1' applying r to all the coefficleLts of tite pol,!no~ial Fi: . We

denote by cl(X) tne the class of models X' cf X. The projective

variety x! is a model (or [-model) oi X, if ~t i5 isomorphie to

x in the analytic category (that rneans over ~). Ii the model X'

oi X i5 defined ovar the subflelä k oi 1:, then we call X' ~

k - m 0 d e 1 Q,f X. Thi.s mean.s t:ta:: X' i5 defined by equ&tions
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wi th coert icients in k. In this ca3e k is callen ade f i n l _.

f i 8 1 d of cl(X) (ar of X, if X is und8~stood as

~che~e without specif~cation 0= ernbadding). In a=ithmetic geoffic-

try one looks ~or s~all iields of cefinition.

The corr='spondence X ..---, Xf4 is functo~ial: For 83.ch rational

----~) Y of compiex projective varieties the tra~3foi~

~.M. •
..... . --~" yl-" i5 H'311-defined via r--~ran3formation of con-

I .

stants. On this way we can.correctly define, cl(x)f by represen-

tant.5. We .set

Stab cl(X) = {r € Aut([); xf4~ X}.

4.1 Defir:it.ir)n. The fixed field of Stab cl(X) in ~ is called

the rn 0 d u 1 l f i eId Gi X (a~ cl(X)). It i3 denoted by

StboO cl lX)
~(X) = M(cl(X)) = (

We Gome back now co complex abelian variet':'es A with ccrnplGx

rr.ul tiplication of type (F I ~ ) I say. Für t €: Aut (([] the ! -tran.s

form A~ of A is also an abelian variety. T~e endomJrp~isn rings

oi A and AJA are isomo.:phic by functoriali ty oi r. The isomorphisrn

extends to the a~gabras oi cornplex multiplication. Therefore AP

has F-multiplicat.ion, tOQ. Laoking at the representatior..s ,'Jn t..~c

tangent spaces it 1s easy to see t.hat AJA- i5 8= type (F I t,,<F). So

the type Goesn't change if and only if r belangs ta Aut(~JFr) ny

cefinition (2.2) of the ~eflex field Fr. We came ta the fi~3t

c8mparision pl3.ying a role in tfle IvJain riagraP.l (1.1).

4.2 Lemma. Far a complex CM-va::iety oi type (F I 4') ':..;i th =eile~<

field F' and mod~l.li field M(A) it holds that F' :.. M(A).
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f - -I "h t ..... ab " .,.,) ~ ,.... b ( lh) ~ .!:PrOOI . .Ii:. su .::_~es t:l C;18CK t 3. :::-.r.. C .... l.... _ ..)·ca 'f . ":'.1. jA

staoiliz~s cl(A). the~ the rep~esentations of F in ehe ta~sent

gpaces TA or TAJ.L I .:esgectively, are equivalen:'. ~h.ereiore A;u" }las

t.he same typ~ (F, <1') as A, hence /" e Stab ( ~ ), "tlhich WQ..3 -to be

proved~

In ehe theory of anelian varieties it 1s usefui tc speclfy

classes cf projeetive ernbeddings translated to the internal geome-

try of A. Apo ~ a r i z e d abelian ~la:::iety .J.s a pair lA, e )

consisting of .3.[;, abelian ve.riety A and a !!)-line: in V@·pica. (A)

cor~taining a~ ~ple divisor clas3; Picn(A) denctes the group oi

algebraic eq~iv~le~ce classes of divisors on A. We say ~hat

(A, 'C) is dei i:ted OV3~ k, if A is and if 'f can be l'eprescnted

by an ample divisor : deiinej over k hy the k-en~edding oi A used

j~st before. If A 15 defined ovar k, then ws can find a pola=iza-

t..ion 'e of A also def.ined over k~ ~amely, chooE,e an ample divi-

sor D cn A dEfined ovar the algeb~aic clo3u~e ~ of k. It i5 real-

ly defined already over a iini,te Galois extension of k. The surn

of all Galois corcjugates of D represents obviously 8. pOlarization

e defined over k.

In obvious manner ane introduces ~he r-t:-ansforms (A, 't )!A- for

f- E- Aut([), cl(A, -e )14 1 Stab cl(A, t) and the m 0 d u 1 i -

f i eId of a polarized abelian va~i8ty

S-ta.b tl(AI'e)
M(A, t) = ~J( cl (A, 'e )) = IL

4.3 Lemma. Let k be a definitiQn field of the polarized abelian

v~iety (A, t). Then it holds that Heil., e) ~ k.
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? r 00 f ( see [:., 1, I. 4 . 2.. F r c:p . 1 4). F 0 r II /i- i"\U t ( l1: /k ) \o! e 11 f~V e

an obvlüt'-.3 iSOffi'Jrp,n:'·.sm (A I t )f-L-;- (A I ~ ) 1 hence 11.4 c: Stab (A I -e ). The
f

rest i3 clear.

The next re5u~t ~repar~s the drawing-up of the field tower on

the right-hand s.ide of the mai:-t diagram (1.1).

4.4 Proposi1:.ion. Let h be a complex CM-variety .. Then ws can

choose algebraic nilITJ)er fields k as dei in': tio!l fie.i.ds ,)f A OI'

(A, t ). re3pectively. Für eac~ s~ch fiel~ ane has the fi~ld tower

( 4 . 5 )

where F' i3 "ehe reflex field of the type (}', ~) of A.

Proof. 'Ihe ex.istence oi a small definit.ion field k ~ {l has

been verified by Shimura-Taniya..rna in l '3b ). The second inclusion

follc~\o,'3 fram Stab cl (A) 2. Stab cl (A, t' ). l'he rem.aining inclusions

come rroffi t..1-tc· Lemmas 4. 2 and 4.3.

5. Main theorem of ccmplex multiplic~tion.

We \Alant to connect the ~noduli field oi a polarizec1 CM-variety

(A, 'f ), A of type (F I QJ 1 ~) ·,;i th the Shim--.lra cl3.SS field oi the

same type int.raduced in 2. Fcr this :!urpo38 we refi:18 the nation

of types again taking into aCcouEt the pola2:ization. via projec-

tively embedding T~eta fu~ctions one correspands to the pclari-

zatian 'e a (unigue', C.p to iD" -mul t.iplica tion,) Riema:1n form

E: TA~ TA ----~ C (ffi-Dili~ear, scew-symmetric , no~-dGgenerate

+,.,ri til rationa.l values on 4' (a Je-o.. )). I t is useft:.l to choose a basic
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nct an integr~ ;1u~tiple ('f a fern of ti·.e SaJrJJ kind. W':"th t.hese

HO tat.ionD thc po.~ar i zed c;.Dalian CM-var iety (A, -e) .1S said to be

CI typ e (F I ~, Gt ,E). :i tr.ere lS no danger oi mi3UndeL'-

3tanJings, -:'hen ;..je ijentify A with its .3tandard to:;:-us model

C1':) 4' (,fA.), see 3 4 since F = 081 a ':..he embeddi ng ~ of F into r;r

ind~ces an embedding F/~ --.:p-. A
iCY

into 'Che torsirJn points of

A(ll:). We w.i.ll c.enota t=1.2.S embedding shortly also by ().

The Rieffiünn fDrm E is said to be q, - a d m iss i b 1 e

ii s: (Dq> (f) Z 1 '.v) = E ( z I D(> Cf) Vi) für all f t: F 1 Z, VI E C~ = TA' in this

ca.se also we pclarization L corrcsponding to E is called ad-

missihle . From now ün \o,T8 aS2ume t~=.t the mul tiplication fi'31d F

1s a Ct-rl-field.: A needs not tc be simple. Then there exi3ts an ad-

missilble pc,lar i zaclon on A- (see [.z.. 0 1, I. 4, TM1- 4. 5). \-le will

work only with polarized abelian CM-varieties oi admissitle type

(F 1 ~ .' ~,E) 4 The fO:Llowing Jl1 a i n T h e 0 .::' e in o f

C 0 m p 1 e x m u I t i pli c a t 1 0 E holds for them:

5 . 1 Theorem (( 1.0 ] I 111. 6) . wi th the above assump'tions ar~d no-

tations let r E- Aut(i~/F') ...:ith !:8striction a IF,ob = (s/F t
) for

I
, >I

a su~ table S f IA FI' Then i t hold.s that;

(i) (A, ~ )/A i3 cf tipe (F 1 tP ,NI (s-.{ :~ I IN(a)E).

(:'i) 1.vith the cornponentwise action oi the finite part of 'ehe idele

N' (s -~.) l.' IA~ on F!,et ~ ~ Fr /4J-
f

t..'1.e follo',iing diagram is commu

tative:
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F /(j,

1\" I ( • --t '1d ~ j

F/N 1 (s-")~
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----..Jj? A

r·~ ~
----.::;JI")- A~

tt(

As :ire immediate consequence we get the relat':on with rnoduli

fields.

543 Theorem (Shimura [3" 1; l 35'""1, v" 5" 5; .see a130 (LO 1, 'J" 01).

Let (A, 'e) be a polarized ab'=l~Lan variety oi ad-'TIissible C~J-tyP€

(F/~ ~~,E). Then the ~orres90nding Snimura class field and modu-

1i field coincide:

Sh (4) }~) = M (A, 'f).

r-"
(U,F ')

Froof. We remember t!lat Sr~"= Sh( ~ ,b.,) := Q; , U = U( ~ I JA,),

see (2.6)" Für M = M(A J ~ ) we first show that M ~ Sh. This fol-

lo~s i@nediately from

(5. 4)

.....-...-.....
So ~-"e take 3.n alltomorpnism r E:- (5,F') tor 3 c U. By the MairL Theo-

rem of complex roul t.iplication 5. 1 (i) -ehe r -transform (A, f ),.

-1\ /h
i5 of ty~e (F I cP .. ,NI (5 ) "'I. ,N(s)E). 3y definition of U in (2.4)

there i3 are F such that NI (s-<\).Jt =~tt and iN (s-tt ) = ~ f E- ~"".

Comparin.g the standard torus models of (AI e) and (Ar, cJ4) we get

Therefore (A, 't ) ~ (A, 1: ))A., hence JA &- Stab cl (A I 'e ) .
/

Conversely, take ! ~ Stab cl (A, '€ ); t..~en ue dispose on an isomor

phism (A, t) --~--.., (A, -e )f4" On the torsion 2.evel i t has been made
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Dreci:;~ mul t.:'..plyin'j F /.C\t by N J (.5 .. -1 ), )( "
I

,. r'

(.s ,:J J ) : see 5. 1 (ii).

On ',:ha other hand .4 and ],/... }13.Ve sguivalent standard torus models.

More preeisoly f thc isomorphis.:T. A~ Af'cor:cespond.=. to a ~ -mul

tiplic3.':ion IC~/~ letl ,.. ~ IC~/q,Ml) for a suitable f EF~. But

(A ,e )f' i 5 0 f t'lpe (,F, 4' ,N J (s -A ) a. I (N ( s ) E) by 5. 1 (i). Comparin g

ooth pre!:~8ntCi.tion3 W9 get

r------'
The-.:efo::::e s belangs to U and r E (5, F I ) f hence

(5 . 5 )

i i1 C 0 ~'ltr as t t 0 ( t:: A··
~ .. 1Ij..) .. It follcws tnat Sh =M. The identity we

looked for is proved.

6. The geometrie starting point, the projective plane covered

by the ball.

In orjer to gene~a~e Shimuxa class fieics of cub~c extensions

F of the Eisens t31n n'l1Tlber s b1 special values of transcendent

functions ~e need special Theta cons~ants essenti~lly defin~d by

certain special f~nctional equ~tio~s4 In order to find and under-

stand thern deeply we enclose them into the most general and ac-

t.ual f~amew·ork hopi~g for s':":nilar a?plicatio.!1s to ether interes-

t':'r.g r:3ses in the fut""J.re. He lN"ant al..5o justi.fy Rilbert t s imagina-

tion about the Ir innigste Ber~lehrung"4 Consider the picture/diagram

(6.1 )

branch locus:

3
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'Ehe lei t-iland 31d8 is vlell-kno~,.,r~ irom the th80ry oi 21lip t.i:: Cl.~r-

V8:='. It desc:-ibes ~'le quot.ient map oi the modula~ group '::::a:n .?ü':':l-

care' s u;Jper h21.1f pI an:~ IE: Im z > 0 to the I:ro j 8·:;tive line IP Ii ( It) .

The:rt3 are three l::ranch poi:lts: t~.;c in the iJrdinary S8i1.Se ~,.;i th :,z.t-

mification in~ices 2 or 3: r~5pectively. The chi=d 1s a cusp

pol!!. t Gorni ng" frcm tr.e boundar'f of {H. therefore i t has been weigh-

ted by ~ . The quotient map can be realized by the elliptic modu-

lar functio:'l
00

j(rc)·: q-It + 744qo + 196884q + l: c..nqW"/
"'1

We are '''811-'prepared for the u.nder3tanding of tIl8 ril]ht-hand

side cf (f). 1) by the p~eVi01l3 sectio:ls and cha!Jters: ~Ne lcoked

for a ball coveri~g of the projectiv8 pla~e ~1 with discrete cove-

ring 'j:COUp r' C Aut
hol

(13:' -= PiJI( (2.,1) , lf) bl'ar_ched p~ec.isely ulong

:'he six lines of tl1e complete guadrilate~al witil trip.l.8 pcints as

::usp points. W:3 denote by 1T the corresponding (~nalytic) quotiert t

iP.ap .

5.2 Theorem. Up to linear iEomorphy (~U((2,1),()-conjugat~cn

for rr) there exi5~s ane and only ane such covering.

'ihe 'lniqueness .has bee~ proved in [i{1--J, IV.11 via orbital heights}

t~e proportio~ality conditions arLd their translation into a 501-

vable SY3tem oi diophantine 8quations. Moreover .. the proportiona-

11 ty test i3 positiV8: The only solution of t..."'9 diophantine egua-

tion system y1e1d5 ~~e ra~ification index 3 f.ür all slx lines.

The most general result providi~g the existence cf ~he covering
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13 due to R.Kob2yashi [AB]" He proved unde~ geometrie conditions

including thB wights feun,) in Ol.:T ;:Jroport.iona.li:'y t.est r..ne exi

Etence 0:: a bö.ll cO'''.Iering QV f3r Cl gi.ven surface ~,.;it-·n praE,cribed

:Cranch loc.us. T.his generc..l rc:slJ.l t can be ap~üied tCJ our si tuation

de5c~ibed in (5.1). We wi~l not use Kcbayas~i'3 resu~t because

the exi.s~enc8 ci 1\ he,s b8:3~ 9rDved by another more aLi thnatic me

thod in tJl~ framework of clil,ssificat.ion of Picard modular sl1rfa-

ces I see Prop. V"1 . 3 in [111" j 'Jr [ti 1. 1 1 where wa :;:. tar ted f rom the

ari t.hmetic gro1.!.p (congr~J.ence Eisensi:.ein 1&t tice) j' = r (~3) 1

r = U((2/1),cr~)_ The p~oof involved orbital hights calculated as

volumes oi a ::-undamental domai.:l by rneans of a special l-series va

lU8 (see f..,t S" ] ). The advan t .. 3.ge is co dispas3 explici tly on the

discrete g;:011p of the cavering lf. T:s.is will be irnportant for fin

dirl.g tlle fl.:n'.:tional e:;rlation.= .for Theta constants ~we look for.

6.3 Rsmark. The coveri~g problem is related witit Ei1bert's 2~-th

problem "üniformisierung anEc.lyti.3chcr .Bezieh~lngen mittels äut,omor

phe:= Fun..1<t.ionen ". Looking for unifo!:'rni zations of two-dimensional

analytic v3.r.~eties ("Gebiläe") Rilbert says: "Vielmehr scheinen

• •• "1 abgesehen von den. Verzveigungst>unkten, noch gewisse ande

=e, im allgemeinen unendlich viele diskrete Stellen des vorgeleg-

ten analyt.ischen Gebildes a~t;genornmen zu sein I zu denen man nur

gelangt, indefll man die neue Va~ia.ble gewissen Grenzstellen der

Funktionen naehert. Eine Klaerung und Loesung dieser Scnwierig

kei t 3cheint mir in Anbetr2.cht der ft.:.ndamentalen Bedeutung der

.?oincareschen Fragestellung aeU5serst wuenschenswert lt
• At the end

Eilbert refers to: ... "die neueren Untersuchungen von Picard
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\leber algebraische Funkti,:;r.8!1. "..'on zwel Variablen als ~v'illko:nIT!s:te

U(ld bede'l t3ame Vorarbei. te!'1 "

7 . Diffe::~ntial e':Jua~io;ts.

Ir~ [3.8 ] !~. YO.3hida succeeded to sc1ve a hi y}1.er-öimel1s2. l)nal

l'~:!:siCln. of t.lle ~.ieJnar_n-Ei.l.bert lJr.:.bleD. Tne tackground i5 Hil-

bert' s 21-st p:cob..1..ern rrBe",r~is der Existenz linearer Differential-

gleicJnlngen, mi t vergeschriebener MoP..odromiegr-uppe" set up for

funcLiorl5 of one variable, ",., welertes darin besteh.t Z~l zeigen,

dass es stets eine lineare Differen tialgleichllng de:[ F'J.chsschen

Xlasse mit gegGnene~ singul~eren Stellen und ei~er gegebenen Mo-

nodromiegruppe gibt Ir., It. 3hculd be re::I:la:::-ked tJlat the final solu-

~icn of this Hilbert problem has been given by E. Roe~rl :l~i in

1957 .

7 ,1 TheO"re;n (M. Yoshida), Let X be an orbifold (ccmplex :nanifo.ld

wit~ preacribed wighted branch lacus) with realizing quotient map

p: IB lJ1 ~ X I 1.3 fI t-J18 !'1-dimensicnal corrplex ball, änd cover ing

group d C U((n,l) ,(), Then the inverse p-~ oi p is a (multiva-

lued) develaping rnap 0: a FU~lsian system of linear partial diffe-

rentinl equations. W

This means that the~e is loc3.2.1y a iundameEtal system of 301u-

tions 10 ,I~, ... ,I" extending analytisally to X, B! B the b~anch

locus oi P, such L~ät the multival~ed map

(-r • I .
,...:.. ,,' l'..... .

f\ C rD 'rl... :IV\): X ..... B -----} IB l[
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P 1-----=1 (1O(P) :1 (1')) coinci.cies ' . , -r1
X" .3. The..

ittI '
',;.'!,. t.n p on

Fucilsic.n system is ,:alled t:18 u n i f 0 r m i z i n S e g u '3. -

t ion cf the o!:'bifold and A is t:t8 mon 8 d rom v

g rOll p a.f r~h~ 5 ys tem no t de ~e:1di:19 on ,:he ;: Deei F.ll chai ce of

SOl:ltions cf tr:e system. Esp8c':·ally ':'r. cu= .;i tuat':'or:. de.scribed in

(6.1) 1,vii:h!l = 2, B = ~ (guadrilateräl), it 1s importafl.t to re-

;na::k enat there 1s a surjective grollp hOfficmorphisrn

( 7 . 2 ) --~")., r'
cescribi~1g t1.e unitary monodrcmy repres~ntation of the fundamental

group "[... (~.' ~. Yoshida fOllnd also an efiecti"v'e method in cr-

de~ to determine a corresponding Fuchsian system (see (3&) J ch.s

10: 12). I t tl..:rns ~ut that these ec;uat.iclls and alse their analy-

tic solutions (Appell series) ar8 ~ell-known lang time aga. Wor-

king wi th aff ine coordinates U J v one ean take the follo~..]ing Sj/-

Etem (7.3) cf differential eguat~0ns:

( 7 .3) Dl3 F (u, v) = 0 on ~1 .... 1#.= tpl" &. with

[9 (u-1)u (v-u) f4 {3 (-5u +~l.:v+3u-2'1) ~ +3 ('1-1 ) v;" + (u-v) } ,

~L -~ U ~
JA~ = J~~V + [3(u-v)] {~- ~},

[9 ('/-1)'1 (u-v) 1--1 {3 (U-llU;\.I+3 (-5'1 +4uv+3v-2u) ;1/ + (u-v) } .

7.4 Remark. Yoshida's general a9P::oach lifting the Gauss-Schwe.rz

theory of Fuehsian eguatians to higher dimensions has a elassical

origin in r~e work of Picard and Appe21. E5pecia~ly for the situa-

tien of (6.1) a more immediate extension of explicit classical

results known as PTDN-Theorem (due to Picard, Terada , Mostow, De-
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litJne) would be s'lffici€lnt for: 0111' pu::poses. '\'Ie t'cier to ['30S] 1

[ ~ J &nd further literature given t~er2.

8 . Gau~5-Manin conn3ctiün.

The arLolytic t.h6ory pesser. es a:Lalytic sol1.1 ti'Jrl5 oi tne 51'3 tern

(7.3) of partia~ difierG~tial equations. We look for "alceb~aic

501utio:'iS" representec. by .~nteg::ais on 3.1gebrctic c::urves ö.long cy-

cles depending ;)n para.mGte~:s ~l, v. The general frarr\e~Nork of the

correspan..:iir.g algebraic L1eory is kno'JIn as Gau s 3 - M -3. n i n

c 0 n n e c t ion oi algebraic faJ.llil.ies of algebräic ffiani-

folds. We refer to [A. t] in or:de~ to lindersc3.nd t.h.e [acher expli-

cit ap~roach for algebraic families of curves invclving difieren-

tial eguations.

Let 'f! IT be 3. smocth algebrai,: f3.ffiily oi .smooth algebraic va-

rieties all defined over ehe complex numbers, say. The relative

de Rham complex is a seguence

..
..IL-err :

"Using op~n (affine, say) cQve~~ngs ane defines the Cech co~plexes

... ( 1"'\ ~ ,
I.... ....... L., 'fIT I :

irL the usua.l ffianne~. Taking ~he li!T:i t along refir.emen ts oi open

.;
ccver ings one ge es ehe Cec:h - de 2ham bicomplex c" ( lt.tlT)' The

-
de Rham cohorno':ogy groups rH~~ t. /,r) of r..he family fiT are the

hypercohom·:I2.oqy g~oups 0::': C·· ( .J1.. "f.« dei i:1.ed as cO!1oI7tolagy groups

of the corresponding- total Cech - dG Rham complex etot (Jl 'fIT) .

The cOr'Lst.ruction applie.s to all restricted families '€u/U' u an

open part of T. On this w~y one gets t~e deR harn c 0 h 0 -
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i.

,h u mol c g y 5 h e a ~I e 5 dl~R ( t /T) on T.

1 1 ,. 11' ""/TWe rest:Clct our.se V:~5 now tQ C':lr··le .!aml_les l;. • Fo"!:. our pu~-

;Jcses it süfiices tc a.3sclfJe t:-l3.t ~ is an affine part cf a t:~ojec-

tive space ~~. Let hTbe the shea± oi differential operators on T.

fh~n the de. Rham cohomology sheaf -ae ~il (~/T) is :lot .Jnly an (~

module b11t also a J)r -module shea':=. Looking for a family wl th a

A
sEction W ir. 't.)~. "i. /T:) sat.:'sfyln.g the differential equations

(7.3) wi'ch ~ insten.d of F cr.e ean take the Pie a r d C u r -

v e f ami 1 y

y 3 = X(X-l) (X-u) (X-v)

anä S represented by the differential form ~ = dx/y depe~ding

on u, v. ?or details we refer to [ 14 t-J I 12:, 1.5. ~aking iEtegrais

over cjG:les one gets an rtalgebraic" fundar.tental 3ystem oi .solu-

ti..cns

(8 .1)

T (t)\ = f L' (t), k = 1 2 J-ic. . "'" I I I

«kU)

).
t = (u, v) f lP '" tÄ , ~ = d.x/y

We refe~ to [ J, 11.2.5, Theorem 245.2. Altcgether we fou~d the

developing map of the Fuchsian syst~m (7.3) in an explicit and

algebraic manner4 Looking back to t~e geometrie 3tarting point

(6.1) and to tne theorems 6.2 and 7.1 we ~eceive

8.2 Theorem. The guotient map ~: ß --,;;1.', \pt wl t~ coverln'j" g:roup

with cycloelllptlc integrals Ik(t) desc~ibed in (8.1) along in-

dependent cycle familie,::; t<..,(t) .. C<.t(t), c(l(t).
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A!1othEr p:O:JT I'a.=ed C:1 the P'IDM-tr.eorem car~ l:'e foued in [It 1,- 1 :

I.5.3. Ttere has been used also a finer ana~rsi~ of the ?icar6

Cilrve f3mily: ~..,hich is useful foL' ü1Jr number theo.retic arnlJi tions 4

The r~ex t. :'hree sections ·3re 8.evo c.ed to this tl.em'2.

3. !1:.)duli space ::or Picard c"Urves.

We investigate the Picard curve family in mcre detail. A cur-

~e C (algebraic, complex, compact) i5 called a Pie a r d

c u r v e I if it 1s isomo~phic to a plane projective cu~ve C' 0=
afiine equation type C': y~ = P't (X), ",here p 't (X) is a pCl].ynQmiEcl

of dcgree 4 .in X. He exelude :3ubsegueritly curV8S C 'vi t11 model

Cf: y1 = x~ bec~u3e they will get lost in Gur moduli s~3ce below.

Via. pro j ect~ive Tscj1irnhaus t:::a~:1sformation c_ny Picard curve has a

model of equation tY?8

( 9 . 1 )
~

y~ = TI (X
i.:::A

it,ry3
"t

= \T (X
v:",

. ~ 1 1
e ~) = X ;. Gl X + G,] X + G1+

e.W) = X~ + G WLÄ L + G w3x +
.. J- 3

tot
Z 6· = O.

i,::A "

(aifine) "

(projective),

T~e corresponding equ3ticns a~e c&lled n 0 r mal f 0 r m s

of Picard curV8S. A Picard curve 1s srnooth i': and only if for OEe

(each) of it3 normal fo~~s (9.1) it ho:ds that e· * e- I8r
\. J

i t ;. We correspond to the normal fo~m (9.1) t~e point

J, 3 3 "(8 :e.L:e~;e )E [P = lP:= {(z :z :Z :ZI.) G lF . ~ z· = O}.
Jt ;, ~ 0 -1 J. J I } \ =-A ~

The follcwing result is do to the author. We ~efer again to the

monograph [" L 11 eh. I, 5.2. It 2sserts trLat tJ~e ::orrespondence

Picard curve C r---~ (e :e :e :e y )
.1 1. l I

via normal form (9.1)
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is cor:cect.l.y d..eiined (at lea3t for smOrJth curves) up to s:-immet-ry

inte:rchb.ng:'n(! ze:::Js cf the normal form ro1yr.omial PZt (X) and that

non- isomJ)rp~lic (3ffiOOt.h) Cllr?es cannot be re preser. ted by the same

, 'n:L ., "
pOl nt 1 r.~· . Onv.l aus.lY , tne .s~:tootf~ Pica::ci CUL"''1es are rep!:'8sented

by i.Join ts r.ct be longing to t..l-te si>: lines e~ = e j 1 .i i: j.

"

9.2 Prcpo3ition. The above correspoEdence induces a bijective map

{cl (C) ; C SIT;ooth picard ct:.rV8) ~--..~ op.1, 4 ) /5
lf

where the symmetrie group S act~ via :1atural perm~tations oi the
"1

rD~ , , ~
u:-~ -coorQ~na,",es.

~'le ~emark tha t the proof givan in [A t} uses qeometr ic inva·-

riants, fo~ instance the H93sean of a hornogeneous nomal ferm po

lynomial. We call the surface ~1/S4 the (cornpactifiedl m 0 d u -

1 i s p ace cf Picard cur~/es and ([P.t, .. ) !Stt the ITlC'duli space

of srnooth Picard curves by a sligh t abt:.se oi language.

10. The re.lative ScJto t:tky prcblem for Picard curves.

A smcotn Pica~d curve C has genus 3. Therefore its Jacobian

variety J(C) 1s an abelian th~eefold. We wa~t to äetermi~e in an

effective manner the polarized abelian threefolds, wh.ich a.re Ja-

cobian varieties Gi Picard curves. The pe~iod lattice A of an

abelian variety A is .3.b.'3tractlt~... definec1 by the exact seguence

(10.1) o ----.., A --..)' A --~"); 0,

TA the tangent spsce of A (at 0). ChoG~ing coordinates and a ba-
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sis of A ~Ne identify r
A

~Ni;-.J1 _1: 9', and A is genera ted b~/ the co-

~:'J.mns of a g:o< 2g-rr:atr ix 11" crll18Q a p E: Y' _ Ci ä m a r~ r _ x oE

A. Takir..g into cC!1.sidel'ation ö..ll possib2.e basE.' c~1an'Je:3 in TA and

f\ '.;e see I~lat a period mat~':'x of A is ur_ique up to ;, (l[)-wulti-,

plicatic,n =~O:T: t.he It~ft ane. Gl.1 (']) -mul tiplicati·.)n i:,:cm the ri'g:nt-
~

hand side. Le7-~ E be 2. pri.mitive Riemann f8rm on TA repr'esenting

a polarization of A, Ey a theorem of F~obeniu3 the=e exisc5 a Z-

basis ;\12 ' ... ll''t of " such that
i

(10.2)

( d~ dt .
0 J(E ( ~.,~ .. ) ) (O. D) c1. f IN, l=d Id , Id~.= -])~O, I D = ...

L 1 o ~. J \. 1 L
I

t
If the above diagonal m~trix D is ~~e unit matrix t:t.en the

corresponding po~a~i:~tion 15 called p r i n c i p a l . We will

cnly consider principa11y polarized abeliän v3.rieties in. t...~i3 sec-

tion. A basJs of A satisfying (10. 2) Ki-eh

-1 -:. (
0, E\ (0 , D)

-E 0 r -D , 0)

1s called a n 0 r mal' b a s i S . Aperiod ffi3trix of a prin-

cipally polarized abelian variety 13 always constructed by use of

a normal basis of A . Für a fixed basis cf TA it is uniquely de-

termined up co right-mulciplica~ion with elements of the 5 y m -

P 1 e c t i c (ir,adular) g r 0 u p

"" (., .. \ = {S E 51~ ( 11') ; SItS = I} .~p l·g l :!,
w..a

~he 1attice in c~ 'jenerated by t=1e the colum.= of TI ':s denotec.

by "1\' The cocrdina.te VE-rS2.0E e,f (10.1) is t..~e exact. seguence

( 10 •3 ) 0" J\ lT ., -r:" "' A ~ 0 .
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1\ :natrix 1T b Mat(l L. ('f;) i3 c3.11AG fi K i e man n
G~o

(of pr incipal type) I ii :L t sati.sI ie:5 the ::ollowing t.wo condi tions

t ion , r3spectively:

t i r 5 t or S 8 C 0 n d r 8 1 a -

(10.4) (R 1~

(R 2) i TT I tiT > 0 (pos:" tiV8 defini t,) i;:: P.

Far a p~oof ws refer to [Aq], IV, App.I.

NaH we turn OHr at":.entio:,l to (srnooth) Picard .:urves and their

(principally polarized) Jacob~an threefclds. A ~eriod matrix ci

a ?ica~d curve can üe writ~8n as

(10.S)

C" Cl C't C) e, C,

~~) ~s ~ basis cf 3 0 (C,jlC) ~

,e,. = (r., ,fi I r'1 ' ~ 3 I ~!o"" '~~ ) i5 a 2-basis of trL8 hlJfficlogy group

H",,(C,7). The relative Schott.ky proplem for Picar'i curves asks for

ar. affectiva criterion characte.,:izing pe:-iod ma-c.ricE:s 0: ?ica~d

curV8S among all period mat=ic8s ai (p~incipally polarized) abe-

lian threefolds. The idea oi co~st~ucting typ ~ c a 1 period

matrices described below goes back to ?icard ~lb]. In o=der to

iormulate the t~eorem ws need a linear embedding

~ -= 8
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and the hormi ti an i '=':'it, < , > of sl'j'na tur 8 (2, 1) on .[
3 l'epresen ted

(0 0

~)bv the ant:'..-aiagonal m3.t~ix R = \; 1 It definßs at tha

0 o J

same time e:<;J1.i~':tly a ba~.l IB :Ln Ipt. alle: a dsc ID '" iDR. c. IS:

L
15 = {1Ptt. e tp ; <~,~> < G}I

tr; =

20.6 Th~oren~ (relative :3chottky fcr Picard Gu::ves).

The matrix II in (J. 0.5 j is aperiod matrix of a Slncoth Picard

cur~/e if and O:1.2.y if the following condi tions are satisfied:

(
~\

TI Dslongs t,Q lil.<n. ; ~ ) .S P ( 6 , ;r); <~ ,-01<:> < 0 (ball Gondi tion) ;

t J ~ is Cl. jasis of ,OLl. (orthogonal condition); t" = fl.Q. dass

not ,jelong '':'0 ~ ::= r iD
tt

(tt nor:.-deqener ate ff -condi tion) , where r
den8tes the xull Eiser.stein lattice

Fraof (3Ketch). Let C be ~ srnootn Picard curve with normal

,.. (')" ')Iorm ./.1 .

:::ove:ring C

The prQjection (x,y) r-~X deiine~ ~ cubic Galois

____~?~1 ~ith Ga~ois group G ~ Z3 = 1!3g generated by

g, say. T~e homology gro~p H~ (C,7) i5 a z(G]-müdule. A no~mal ba-

sis ~;:: ( fif '

f~ 0 ~ j ) = I I

••• I ,~, ) oi H (C,. Z) is a Jr'-basis satiSI'ling
; 1 -

o the i~tersection product of cycles. A ~ Y P i

c a 1 basi3 of H (C 1 '1) i5 a normal bas~.s Gi t~1.e form
'1
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-:,
,*, 0( = ~ l 0(" I 0/. l ' 0(3) =

L
( 0<'1 ' c<}... ,-g 0(1 ' "'1" g ci1. ,g c(s ).

ThE exist.E:<nce Gi :'H:. least ons typi.::al hOITtologJ" basis on a smooth

Ficc·.rd cur~.-e ~lE.S .bee:1 prc"ed by pit::,"i.:d himself iE [1.i,]', 3;38 al.3o

Ale zais [ '1 }. A r~p:,oduced TIer sio:'1 ,:an te: .:o~~nd i n ~:l ic tu ~e 5. 3 . A

~ G-(i S o)t y pie a 1 basis of H1 == HO ( C, .o.c ) I n c t.he
Df

sheaf of re~l~ar (holomorphicl diiferential ferms (ai degras 1)

O~ C, is a basis ccnsisting cf G-eigenvectors of H1 . One can take

simultaneously for all Picard curves with ncrmal farm eguation

(9.1) the d.i.fferential form~3 of fir3t kind ~)Jt = dx/y, dx/yL,

.~

xdx/y . The use of a typical basis *~ oi H
1

(C,7) a~d a isotypical

cor-:espon-t.:.he= t
( w.... ' U 1 ' WJ ) has tr.6 advantage that

ding period matrix (10.5) is ossentially determiLsd by tl".e t-..hree

basis

OEe obtains

(10. 7 )

'- y p c a 1 p e r i 0 Cl. m a t :r i c e 5'-' -

* A

11 .= Ir:: = * A--
~~

"'ile checL now the CQr..di tions of 'Theor em 10. 6. The f ir s t oi them

15 satiniied becauE8 ws can choose a typical period matrix. The

.=.econd i3.nd t,~1.ird condition,; are tr3.nsla't.i.cns oi Riemann! s pe::iod

relations (R 1) I (R 2) in (10. 4). The iI non-degenera te,lr -c,J:1.di tion

i3 delegated to the if-part oi prooi below.

CO::1.ve~sely, we as:;ume that a smooth C 1Jrve C has a ::'r9ica1 pe-

riod matrix as described on the right-hand side oi (10.7). We

have to 3ho~ that this c~n only hoppen for a Picard carve. For
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thi~ pUrp03e ~,.;e 2.oc:k at ·;:..he moduli space oi 5iTlooth ?ic2.rd curves

(\Pt .... A )/5
4

, see .Prop. 9.2. iJe con3t.ruct, a commllt3.t':"ve diagram

(10 . a)

where JL'!, ür..A3 are the ElIJduli spaces oi smooth Cllrves of genus

3 or pr incipal,ly polar i zed abalian t.hr8Bfolds, I eE.pectiv eIy. The

T,Jrelli embedding )(1 c""""--_~) v4) is represented ~JY t.he correspon-

cence cl(C) ~-~ cl(J(C)), C a curve of ge~us 3 and C(C) its Jaco-

biC1n th-ceefold. The 1:pp8r rO\ol is Gorrectly 8xplain.Gc by ehe chc.:.in

of the follcwing (partly multivalued) correspondences:

(10.3)

:::: (111\ IlTl) I _1\ 7 (E J } 1;") ~ 1;' .
1f

1

7he point *'t".::: t" belangs t,D the generalized S.iegel upper half
U1

p~ane of pclarized abelian threefolds

m: 3 = {rr € Q; 1..l (C); t 1; == 't" I Im 't"') O}.

The ver tical arrovs i{";. ö.iar~r:am (l 0 . c) rep~esen.t analyt~c guo-

tier~t maps: The Eisens tein lactice r = U( (2 , 1) {IT
K

) ac ts on 13.

~his action can be extended to an action on lli
J

~lon; the geome-

tric emb~dding *:2 ~~! ~y the =o~lowing s y m ~ 1 e c t l C

r e p r e p :: e s e :1. tat ion oi f3.1s0 deno t.ed by )f:'

(10.10)
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Fo: a(~ ,=xpl':'cit. definition \oie refer 1:.0 [,1~ ]. r~0r3 intrinsisall,,/

one endows ,c: G with Ghe hermitian prüc.uct [ 1 ] of slgnatu:ce (3,3)

re prese nted by J =.: 1/ [="3. I j~,s ::85 tr i::; ti on t,o (; '3 ;).10 n.g t.he *-em-

b~3dd.inr; coincide.= ·",-i L1. < , > incrodvG,=d c.bove I tha t means:

[* .Q. J * .Ir] = <-CI. ; /; > ,f 0 r a11 ~,g. s r 3 _

T:-te modular symplectic grü-:':'p Sp(6,1) consi..st5 oi all linear trans-

formations Gf c', trhich are ccmpatlble with [ , j and pres3rv8 ~b.

All thüse elements of Sp(5,a) preserving additionally *~3 a~e col

lected in a groap Sp' (6,3). Their pull backs ~o [3 are comp~tible

3,,,i t.h < J > and preS3rV8 iJt<.. ürte ean check t:ta. t the homom:Jr phism

5;.'(6 .. 3') ----~, r defined cn this Nay is an isomorphism. Its in-

verSE:' ;uap yie::'ds t..he embeddi r~g (10.10). C:hangi:l.g O",ie~ ir~m the

ri'Jht-action on vectcrr rOW',5 to :.he tran3':)osed le:ft~actio....-~ on \:J1e

the colu~ns we not~ce that

x I:" (",,) j = (* ,( ) (;; ~.. )

J: ( (" (~)) = (* r ) (~'t) t"'= lP.et e \B •

~ince ~3= 1H1 /sp(S,J) it follows th3.t the diagram (10~8) i5 com-

mutative.

We are now able to verify ehe ii-~art of Theorem 10.6. Let

C be a smmoth curve of se~us 3 witn a typical pe~iod mat~ix. The

preimage of cl(J(C)) E A3 in iH
3

l3 =epresented by an element

uniQuely determiaed up to Sp(5,J·)-m11.~tip2.ic:ation. lvithout 1035

OI ge.nerali ty we can 3.ssume t..."-1at. 't".::: *~ because 0:: L~e co'rre,S',-

pondenC2 (10.S) going through all ~ypical ~eriod matrice3. Thus
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J(::) must 08 t.he (gene'.:alized) Jacoi)ian t~1!::6eiüld of 3.' p"ossibly

dagenerace (n,Jr~.-smoo'Ch)" Picard curve. Eu t C i3 SIT\ooth oi '3"8nus 3.

Therefore C he.s to Ge 3.. smooth Pica=d curve. It remains to cJ~eck

thClt. ~ d8BS not b~long to ~. IrL 9. - "Y18 p,c:lved, thac Ipl."~ is

t.he COmp~"3te S~~?reim2.ge of ehe mc,d"ul:" space oi smooth Picard

cu:!:'ves. ~h~ symmetrie gr:oup 3 lt appears as fa::tor group r / r' in

diagram (10.8). ~or the cöinc~dence proof oi the symmetrie ac

tion oi Slt" ar. IP~ 3.nd the a~ i thmetic a.ction of r / r ' .on. t?,l.. we re-

fer to [A 1, J. We dispOS6. also on the knowledge of the p::-eirnage of

l! iri. IB. Th.±.s i5." the branch locus oi th9 covering TI: lB --+ 18/ f'

we.sterted with i:1 (6 . .1), see also 7heorem 6.2 and the explana-

tion thereafter. Tha rwiification locus of ~ ha5 be3n 8a~efully

analYl,ed i~ [~~]I 1.3., ~specially "diagLarn 3.3.b. 1t consists of
. "

all (infinitelY ma:1.Y) r::{=3)-:.':ef18ction disC3. 1'his set eqinci-

, dös wi th tho r -t::ansforms of cne· of therr., say ?f "1D~. So, if t' be

lonqs co a sma~Ur Pic:ard curve, the:l. i t canna t belong to ~. The

'Theorem. 10 . 6 is provad. m.

11. Effective Tcirelli theorem for ?icard curV95 via pica=j

modular· ferms.

Tacitly W8 used ~lready Torelli's theore~. It a~p8ars in dia-

gram (10.8) asserting that ~~ ----~~J i5 an emcedding or,
1

more general.ly, the i30morphy class of a smoot.h curve is unigü.ely

determined by i~s (polarized) Jacobia~ variety. We' look for apre-

"eise pointwis8 v8~sion of this theorem in ~he 8ase of Pica~d cu=-

vas:
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11.1 Find for giver: 't"", t8 (or x't'" t: -*B c (H~) t.he nor~nal form ,]f

a picarc.. CU::VEJ C-r correspo:1din.g to tJ-~e moä~lli poin t 1r ('t") e- lPL .

In ana.Lo·qy to ehe W(~iel:"~tra,,;s normal :farm of e':"li.ptic C'lrves

Fe car. find.' holomorphi::: func~ions t ,t ,t I t~: JB
-1 J.. 3 '1

--......, C ':)'J.ch

t,h3. t. thB' n.ormal f Orr.13 \18 look for: can 18 'ilr i t ten as
'\

(11.2) C • y3 = '1f(X - t. ('t))
'C'0 ~=-" .....

simul ta~1eously for all 't" <: B ° In ot..he::: tlords vTe try to qescribe

~e quotient map' 1T WB sta.cted wi th in (6.1) in term~ of holo-:-

'norphic func:=.ions identifying the Quotient map Ü \li th

(t ...... ·t .,.. )
• ...J • '1' 'Ju.1 1 . ,

lB
___...,., IP 1

The existenc~ proof for these holomarphic functions was the main
. I

r8sul t of Ghapter I in' [ ,t,L.]. We reIer the reader to section 6.3

t.here enti t.l."c.d 'Inve:csi on of tr.e·!::l icar d ':'n tegral map. by mean.S of

automorphic forms' I especially.to Theorem 6.j.12.

Since; ",ra need 1::,118 ',"Jl1ality of t.."t-te functions t .. fo= finding ex-
. I..

plicit Fourier 5e~ies of them, WB repeat the 'Way of their con-

3truction in [AL] without proo:E54

11.4 Defini tion .. A holomo:::phic fune tion f: I.B ---., C is a p i

C CL r d m 0 d u 1 a r f 0 r Ja of the im'3.g.inary quadratic .

nu..mber field K and of w e i g h t. !TI, if t..1.ere exis ts a. subla t-

tice r" of U((2,1j I~K) such that the following fun c t i 0 -

n -. 1
CJ. ' .. e qua 't ion 5 are satisfieö:
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wnere

r: lB ....~7tB at't'.
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.!or all

If (11.::i) is satisiied, then we. shortly cal.l f a r' 1 - In 0 -

. C:.. u 1 c::. r f 0 r m (of w-eight m). T!l.8S8 :!1.i.nctions form & fi ~

, .. ,. '"

ni t,e'-cirnensional vect'Jr space ,ds1.loted by [r", mJ. We came jack

no"W to t..i.te Eisens tein nuntbers, especially ta r == UI( (2, 1) , 0'K) ,

r' =.. r ~ R) a:ld d'efine the' .s p e c i a 1 IIlo.ju::'ö.r grO\lpS by

. S r = r (\ S1 .(C) , s r (J-=3 ) .::: r (0) n .s II ~ ~ )

We have ~~ree .SXact 5equences

1 " S r (4 -3) ). ,- (r-:;3) '>Z3 > 1

" f'l 1"\

(1.1:6) 1 ., r(~-3) ') r ~Sltjl(Z"~ 1
V' \I \I'

1 ...... s r(0) " Sr ., s . 't 1 .- 'i

"" ."\V

t. ) r
Ths. grcup " ::: Z/22 comes from~the element· -iä ~ r ~ z1 t. Z'- ) .u· ,

1.

Ws look :Zar Picard .modular .farms .ttt ' t
L

' t} , t lt ~a tisfying the

tollowing con~itions (11~7) a~d 11.8:

(11.7) t.1 + 't.~ +. t 1 + t '1 -=:. 0,

t
1

. 1 t L, t), are linearly i~dep8ndent.

11 .8 S P 8 C - a 1 F u n c t. l C n a 1 E q u a t l 0 n s

(i) '4 j , t· for 1,2,.3,4: S r(H)T (t~) .::: ~ =: " ~r l".

(ii)
~ .

t.=rli)/ti=lj) i 1,2,3,4, SrT (t~ /t. ) .::: for = 'fE-
" J

(iii) cf*(t~) = (det J )1-. j ·t-
L d l.

for i :::: 1,2,3,1, {representing r({~3)/S r ({-3).
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11; 9 ,'I'heol:em (Eolza;;Jfe.L (~L 1). Th.t~re exist fO'"J.r Picard modular

r:1ey are unig~le.ly determined up to ur.e, numerati,J'n and a ·:::;rn:non

-::~:ins tan t ,fac:tar. The conci '::.ion (iiJ) is a conseguc:lc~ of a~l, the

prCI·/tos conditions (11.,7) J 11.8 (':), (ii).

11.10 Remark. The last statement has been proved first by Feu-

.~tel [ & ,J by an analyt,ic arg"Jment usir~g. the ,Theta presentatia,n

'Jf ehe Gl.odula.r fUEC ~iqns t,· \078 look f or. An -a1sebraie proof ha,s '..
bean found by the au.thor (J13) by me~.ns bf'. the d~mension fcrmulas

fo= CU5p fo::ms DI ball lattices (11,11]. We :::all give a mOI:e precise

version of Th8cr8~ 11. 9 '""'h.ieh er in'3"5 t-he t.rLr -38 condi tio!1.s (i) I

'(ii) , (iii) 0: .l1~8 tügether. Denoting tr.8 image of {~r a~ong

) S~ (see ci3.g::?Jn (11.6)) by l we get

Gorollary ~ The four Pi'card modular functions t·, t "t, 1 t Jj. -t .. t ~ .,

are· ch3!: ac te= i zed - (l1p to a cons tan t f ac to:c) :c.y (11. 7) and ehe

fu~ctional squations

, 'fo
T (t. )

L.
for i = 1,2,3:4, l·t;r.

Main idaa oi proaf (se6 [~L]). Basically une has ·ta classiiy'
/\. ~

t.r~e sUrfac8 X =lB/S,({-3). The groGp ~r((-J.) acts almost freely

on ffi, that means that the nan-trivially acting elements have at

most isolated iixsd points on J3. It turns o~t that

~---""',, L----------
LB /S I (N) = X - - ---) lP =. lB / r (i - 3 )

':'5 the unique (cyclic) z3-covering ·af [p1. branched along A (see,
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the diaqTams C:''l..6) 2nd (6.1). It i5 not difi:.C'llt to desc::ibe

the surface .I:< by a:t nqua t.i;Jn (s a8 (t1 1. J.' 2:. 4 . 3). .

3 ! L L l'X : Z 0;: (y" . ~ y ; (Y "_. v ) (y L _ y,t..\.t A ' 1. - 0 . '.1 0 I

This is a \>'e i g~l ted equat..ion wi th .Z oi 'Vlei g~'1 t 2 and y~ .' Y-f ' .'11., oi

wl3ight 1. ~Jore precis6.1y I this ·rr.E·Clns t..1.at. X i9 tte p:rojective

spec tr~lrn cf tJH~. ccrr.asponding graded .r ing

C [1"0 ' 1'1 ' y1 J Z] .I ( z
3 .... TI (y ~ - y ~) '.

o~i'j'=l·j ~.

ROfilu:;:k. On r,.jlis place 'w'S remamber -agai,n to the 22-nd .3i2.~

bert problem mentioned in 6.:3. It" turns OU t'. that Ll.te' algetraj.c

relat.io:l in (11.12') is satisf':'ed by Pi::ard modular forms Ye ,'y" '

. Y
t

' Z 'Subs~i tuting. tha var~~~les Yo ' Y-1' ,'yJ.. ?r Z, r~sp8~tiv81y" The

knowlecLge of t..1.8 uniforITti~ation·lE;
. I\. •

----.~, X together with the cor-
. ,;-- .

respor.ding ari thmetic 'll:tiiormi :.:.ing l~t tice 5 r (~'-3) bec'ornes im"':

portar. t. for this pUrpQ~;8 as' i t has baerl pr'edicted by Hilbert in

Jener2.::'.

, T"he key point is to unders-ca!lä aut.omorphic forms as se::tions

of logari thmic plur icanonical sheaves. In [-i 1. ], r. 4 : 3 we proved

(11.14)
00 " .00 .

'(1) [S r (~-3') ',rn} = a> H°(3(,O(mK_ + mT)),"
",::0' . . . ~:O . ~

- "tI".
w:"ere X is ths minimal resol~tion of sinqulari t~cs of X', T the

'"compactification divfsor resolving the cusp si:Lgular:i ties of X ..

!t consists of fou= disjoinG elliptic c~rves. A~ usual Kx denotes

3. ca:1.onical divisor and 6 (D) i.3 ti18 sheaf cor:cesponding to the

divisor D. A careful.geometric analysis (explicit knowledge G~ a

cao.onical divisor, vanishing theorem on·sur:races) accomp.:l.ished in

{ I( 2,] yields th.3 ring structurs

ICfs' ,5 ,s ,s1
01.1.
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:,ion

(ll.IE)
'3 L L :.. t- L 1.

oS = (S -:3) (5 -.5) (5 - 5 )
1. " 1. 0 '" 0

~r 0 gE; ther wi eh ~ 11 . 1 4 ) W6 f Ollnd gener 3. t,J r s '~0 I ~ '1 ,IYJL 0 f

~5 r' (0) ,1.1 arid a r (t~) -~Tlodular fa.elf: It'] oi ';e,i:jht. 2 such tiat...

and 1
~

ganerate W9. ring 0 '[.sr(0J ,:n] of ~r( (='3) -mo-
'M-:D

dular forillS 3ati~fying t~e rel~tion

, L 1. ' l
--rz = (/~ Z. ~ ~A

) ( L
-tzt

'We looked for.

If r" is an arbit;ary ball la~tice, then it acts on ~8 space

of.~olomo=phic iunctio~s on the ball ~ via

f , >'-~ *' f ) .f= HO' A)'
1---....7 Jr . r" I - E: ... ,~i5 'V16 I

Tha r "-invariant tunction~. a:::e tJ1.e r "--modular forms (conpare
. .

1Vi th (11. 5) ). E$pecially ths :~att,ics ~ r a,ct3' cn [~r ([='3) .1]

uit.h ineifect.ive kEJ~nel S r enr. '.lfith tJ1E' last ro"-" of' (11.6) we

geti a thr:es .... ciirnensional rspre.5entö..l.:ion of S.. !n [',{ 1,] we proved.
't .

t.:.1.at. this representation fs irreducible. it inäuces ·a:.prejective

r i3presen c.a tion of S Lt- on lP (S -r (f:j ) J 1] ~ tp 1.. There is only on.e

such representation. Explicit,ly' it ca:l··be descrlbed by

('>:, :xl. :X) :Xy ). .., (:<~( ..}:xC'"{~) :x~(3) :x~('t)) "

(J €- S " x., f (; J L x.. ::: O.
~ L L

Looking back 'co [S !e[=3)',1) ans finds tour ?icard modular forms

t ,t ,t ,t satisiying (11.7) and 11.8 (':'),(ii).
1 1. ) lt .

I~ remains to veriiy.the property (iii) oi 11.8. This is much

more difficult than it looks like at the f~rst glance. There

exist t~o proofs oi differe~t kind. T~e first ~as been fcund by
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Feus~el in [ '0 ]" Re used a t.l:'::tr;sc3ndental met..'1·~d: The modular

fCi:ffiS t.~ can 1:e UrlCE1"stcod as Testrictic·ns :JI .explicitly ~c10wn
l

'::,,:1.eta ,:;onstant3 on iH 3 te: t3 (see beiow anc, a.l3c Shiga' 5 article

[ '31.- 1) - Then the transf or.raa tion b enavlau:: clescr ':'bed in 11" 3 [1i i )

C~_n }Je check-ed di::ectJ.:", An algebraic-geometric proof of the

[113 ] ,

13gua tio:1..s (iii) c~n be faund in the'author's paper

In order to so 1ve th.3 rala tiVB Torelli, proble!Ti ' 11 . 1 in an. ef-

:Eective manne:>: by' mea,1S of ou!: module.!: forms t ,tl.' t 1 t L "Ne co
.<\: 3 , . -

back to the ~uotient map (-11.3), Ic i3 raalized by t~e nodular

'::orms of T~1eo:::em 11. 9 fo:: the fc':'lö~.,ing· rea.sut1S (see [t1 L] ror

more de ta:"ls)" From t.r.e '.:.r-.'i.:::-d rOH of (,11, -)) ane qe ts a comrr:li ti::!-

tive quotient diagram

(11,19)

-"
X

(~4:tL:~3)
r(~_

"" LThe loga~iL1mic canon':-cal map 5'K-+T goes co\·/n to X 7 IP and
X

coincides with ehe z3-qoutient map on the bottam'of- diagram

(11.19) as has been proved in t ~1], Using generators s- oi
t.

.rt,,-o 1,''':7,1"... (Kc- + T ,) . " C C3.n be rea_' _1 zed ac: t} 't . h './\ u,...... ..j 1e proJec .lve marp ~.::..sm

(S.. : SA : 5 ), Th8 sections s. have been li.fte6 ta oS r (r=J) -modular
,,'- t.

farns ~ .. , i ~ 0,1,2 via (11.14). Wi::hout lass of genera.lity \V8
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ean ä.sS~JI:le that t- :: ",.,. . , i = 1,.2 13. We ::;an iden.tify t.ne biq'
l (, t-,f

quoti'3n t map oi (11. 1:3) 14i tJ1 lohe map of (11.3) -' whrs::e ti,. is o.e-
I

fineri by (ll.7).

11.20 T:n.c.Jre~n (effE:'cti-.;e Torelli ior ?i.:&'~d cU=-Jes \,iia. mod'11ar

forms). Let J (C) je the J~.cob i thret3:: 81d oi a smOG th ? icarc1 c-..:.rve

C cor,re.=·, p~ndl i1g t.o· :,he pO':':1 t 'l:-: *'t' t:. lH 3' Then t.he P iCE1rd müdt:.l ar

. forms t 1 ' t
L

' c
3

' t.
Lt

de f ined in theo:ce:n 11. 9 (1..1.p to a C0!l1IT10 n CQ.'l-

3te.n t facter) y; E' lJ Q ~ orrnal f'Jrm of, C 1:1 t,he IOllor,.{ir_g mar.ner :' ..
•

(1].21)

?::oof.: By the [elG.ti~,fe schct~ky tileorem 10.6, ior picarcl cur-

ves vle have J (.:) ~ C
j /A , -;.:here 1T is 1iV8:1 as (rr I TI,!.) in'. 11' ' 1

(10.9)

r' = r (f1 ). y ields th~ mO~'.l].i pol n t of C or. \p L as irr.age ci '"'C'

along the T (N )-quo ci. '2:1 t m2.p. By' (11 . 3) this .imu.ge i E equ.al to

. .

( t 1 ('t') : t.,l (.t) : t J ('!') : t
4

('t') ). B"J. t the normal f o.rm of 'a co~res po nding

Picar cl curV·9 ':'s. gi"Je rt .i n (11. 21); see' Pr 0 p.' ~. 2 .. Far: t;"e con'.;e·-

nience 0= tne reader we p~83e~c a G~ugrarn oi corres~o~denc23

~ J- .

::; TI" (X - t. ('t) ) .c--------i Jac (c )

"



- 44

12. Flcard modular forms aS.theta· cOh~ca,nt5.

Th.-=ta - f12nc :-Ji O!1. 5 ~ [~J ·1f'i th c~1aracteris tics a,b e' ~t- are ho:c

,morphic fur.ct.:";Jn.= ~:1. {:~ x lH1/
'1:'

IH~ = { 'L € Gl~ (,[) ; "L = 1: } Im 1; >. O}

the 'gen.e=ali z E..~d Siege1 upper half p2.ane "l"lniiormi zin~J. -:.he mudllli

spaC2 oi 1~ pcincipally) ~ola"C'iZod ab31ian VJ."C ie ~,:~'e3Ji Ciime:1si on g

(.s-se e.g. [ ] ). Ex)~ ici. ~ly the the t a I"'..lnc--=.io,ns

are defined by

r ~xp{f"i 't(n+a)'"t"(n+a) + )1ti t r: n+3.) (z+~)}
n61:~

Tne res tr ict.ions ~ 10'" IH i

e[b]('"C') ::,}l~l(o/~)

are called t h eta c' 0 ~ := t z. n t s (wi.th characte:.:istics).

We re3~rict our attentio~ to th2 c~se g = 3 and look für exten~

(10 . '3.) and ho pe to 8x~r8S.S tItern .:i. t1 terms ,~,: c..:.:.c ca co i13 can;:3 .

VeTy impor :a:t t :fo~ this pu:::pose a:ce ;:~1e ::llnC' ::io:1.a~, equa ~i.,)i1..3 ; ..:)~ -r......t. ..... __1

cribed in !~.8. So we look fo~ elamenca~y comb~~acions T~ ai the-

ta ~onstan~3 w~osc re5~ric:ion3

satis::y t=--:'e specia.l fU:l.ctio!1.3.i eq:l:J.ti.on3 B. 'll (i) .. (iii) :

( 12 . 1 ::
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Far the co~venience of the re~de= we summe=~2e the =estrictiG~s

(ür exteLs~cns) l:.1.',ed C:.bove anc. below in t.h~ ::ollo\-llng diagr am.

( l2 . 2 ) ~ ( )Jrt
~

r(0) ~ ( l( 11 "f t: Sr (C,,7)

[3 " lHtB ( , lH '3 "- ,
3

t:leie GoPIO"~1 t~
- -[ , c ) lI· .

12.3 Theorem (Feustel
"

Shiga).

Let Gi. CL) = ..tr'~ (0 / "[") " i = 0 I ~ / 2, te the theta cans t'3.nts on lH3

restrict.i.-tg the t:.het.3. fUi1ctions

Set

I k :::' eil, 2', r. ".. 3 .Z c: .....

") e3
+ e: .J

,
e3 e?(12.4) Th = 'eo + 1:h =,-3 8

0
"1- +. 1 t\ J. -f •

Th = e'3 -~G~ + 91
~h't = e~ + e1 -3eJ

.'3 Ct -1 1- Q. I{. L'

·and

th. ('i:") .- Th (* 1:) J i = 1, 2 , 3 I 4 I 1:" l: LB.
l. ' l

T,hen the functions' th. (c) are the
I.

, '\ . ~ ,
~n(irma~.::.zeQ) ?ica:cci. :noau.La.:c

:: 0:: .:TI S 5 a ti .s f y i ;,g (~1. 7) 3.n C. al i the' funet ::. 0 n a.!. e SU a ;: i ,J ,1..3 (::. l,

explicit calctilacio~5 co hi3 ~a~e~ [ , 1 a~d ehe relate6 ~ice~a-

mann, ?icarci l 1..(, J, ~ 1. i J! .l·.iez3.i3 l 1 ] I ;V;umio:cG. [ .l.~] .. E. :3l1.iga.
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r ! 1 land Hol zapfe1 [A 1.] (the fune tional 8quations above).

Step 1 (restrietion to' six functional equations).,
Eere Ttl8 go back to the fundamental group 1r',\ (LP-' ~ ,) of the

F~ch~ian system (7.3; oi partial differential ~quations and the

.surj ective monodro:ny representation 1f (lP.L, &) )0) r (~ -3) ,
, . . It

see (7.2). But the fundamental group 'tr" (IP.L ...... A) ·has obvicusly

six generators comi.ng from siraple :l0ops in 1P1. arouncl each öne of

the six orai~ted lir~es. Therefore also r (f3-) has six generatQrs,

say. gtt' ... , g" '. They have been explici tly described already by

Picard [Lb] (wi th- cor~ecture in [t7 J) and Ale zais. Their symp-
, '

lectic lifts cr~ = '."*~ L .~ Sp (6, l )', i = 1, .. ~ ,.6, can be found expli-

citly in Feustel~ paper ( , 1. In order tQ check.t~e functional

equat.icns 8.11 (i), (iii) for 'suitable holomorphic functions th

~l"_ IB i t is sufficient to check them ::or the gen~ratqr:=, gt I • ·0· "g6

of r ({=3) . According to o-J.r claim th :: Th llB we ha'le now only to

look for holo~orphiG functions Th on ffi
3

satisfying the six r e 

s tri c ted fun c t ion ale g u·a t ion s

(12~6)

. L .
Th 0 (().. ) = ("da t' g, ) .. j . Th

". .. \. l-
"

on 18 C [EI)., i = 1',.' .. , 6 ,

implying (.12.1)~

Step 2 (Riemann's theorem).

It is a general problem in ehe theory of algebraic curve$ to des-
,

c~ibe a given meromorphic function on a curve C in terms of theta

functio~s on its Jacobian variety by restrietion aleng the Jaco-

bi embedding CL~--~?·J(C). This problem has been solved essential-

ly by Riemann.o We refer to Mumford' s book [L't ] .
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12.7 Theorem (Riemann). Let C be a (s~octh, cornpact, complex)

cu!:ve of positive ger"u=:. gi "(;." .. :) (~ a nOrIil2.1 bc.sis of H~ (c .. Z)

and jj = t ( ;,)~' ... , lol~) a basis of HO ( c. ltcJ such that the cor

res~ondinq period' matrix has the' normalized form

(Jt.>i:) = (E}I~), 't1::'\IE,.theunitmatrix.

----~~, ~1 is a merornorphic functi9n with civisor
IM M

(i ) =,~ a k - L b~, ,ak:' b k (: C I

:oe:.l ~

t.J1.en i t holds that

-
t:'11

(12.8)

tf(P.. )
L

1'"
~p ..

'I'W'\ ~:" \

'- const-1T {~ ( ~ W
klC~ Va

auxiliary

6 denotes

-, . ~-
a.s rnerCIno:-'phlC functlon on C ,/3, qne has to US8 the same pathes

in'the first integrals oi the de~om~nator and numerator:

Notations. Here. the Riemann tr..eta iunction ~ is considered as

holomorphic function o~ t'. It coincides with the restrietion of

".[g] to 'c1x't , '1:" the :fixed pericd matrix defined above, with

the notations introdllced at. -'the beginning of this' section. The

point p ~ C is used to fix the Jacoti embedding
o p

C'·_'-~.., J(C), F~ ; j mod I\'t" t\'t'= t' +-(.7~.
. Po

the Riemann cbnstant. This is, a special well-defined

2-torsion -point on J (C) (.see [:-t4], eh. II, 3). Bbth sides are con

sidered as ::uncHons on ca- or Ct/s} , namelY;~ p. is understood as

point on Cl'/S,. .. On the right-hand-side of. (12. 8) appears a' con

stant denoted by const. In general one knows only it~ existence
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but not its e~?li=it value. Finally, we used the ~otation

J) ,. ~i~
J' ~ = Z .J t.)

o [~A f,.r o· v

t-
for D = Z p...

~=.... ~

Remark:. For ~'1e proo·f of Riemann r 5 theorem one compares zercs

and poles I)f b~th sides of .(12. 8). The xey point i5' the unde-:-

oS tanding of Riemann' s cons tö.nt A. On ([ l i t i5 defined mod A~ by

!2
(="

- A +J t5 m~d /\ & e', 'p'.. " C,1:' . ,\.
" Po

uhere Sc ·J(C) .denotes tn,e theta divisor defi:ted by ~(z) ::; D.

Setting 8.g. ~~ = a~ in (12.8) opens the way of proof of Rie-

mann's theorem in an obvioU3 manner.

- Now we apply Rieman~'s theorem für finding two generators of

the fleld cf r ([=3)-automorphic functions.in theta terms. This

has be~n düne already by Picard an~ Al~zais. We write a smooth

'Ficard curve C·in the modified normal form

3 . -
C: y = X(X - 1) (X - u)(X - v)

Then u ='. u (1'('), v =:: v (tr), 1: & lß, generate 'the field of r (J -3) -mo-

"dular functions. The ramification lOCU5 of ,the 'Z~-Galois covering

c· it 1P1 ccnsists of the following five points on C:

0::. Q0 = (0, 0), 0 ~ = (1, 0), 0"" = ('!l, 0), 0v· = (v, 0), GO

We apply (12.8) to -the function f'= x: C ---~ W
1

at the points

P = Q
1 1 '

and at the p.oints

p.. = ,0 ,P ='Q · P = CI
~ ~ L ~ .. 3 u
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wi t]1. (x) = 3'0 - 3'00 1=1 =CQ we gf:t with the same const..an~ c-0

lQ.,tflu 0 .z.~1"Q~:..
J ~c ..TI·{ i,'it ( f -9 A j / .'j ( f ~ .!).. )1.ll = u:.. - -

" dJ qC :liO

3 &A"lGLt 0 Q +J.Q
oe k

uL = 'c~rr {~( f ~ r-~ A )/.~( J J ",C-) -. C /1
'1

cD fYJ oe

since
1.

by division 'of both expressions aboveU'= u /ü "Je 'get a

theta forr.n:.la for u("t"') without tte un.knowr~ consta.nt c:

)l~(~-.la.\J'(.-.- )}

IE the same manner using Qv ins tea.d of .Qu we' can express v,. v Z,

and finally v(-t:) = vLjv in' terms of the theta :function belonging

f"!- .
to l", = *'t".

Step 3 (Theta constants)-.

Th~~ step i5 due to Shiga [J~]. He calculated explicitly the

Riemann con~tant A- above using ~pecial values. Furtherrnore he

useä standa::d transfoI'mation laws to pt'ove that

~":\ J' l 1
(12.9) u(~).- ",... (O,*'t)/ 1."(O,*tt),·· v('C') = J'o(O,*'t)/.J'l.(OI*'t')

with the notations of Theorem '12.3. The denominator does not. va-

nish identically on lB (Shiga ["'; t J ) •

Step 1 (automorphic forms).

This last step iso due to Feustel [" ]. He checked that the domi-

nator and the numerators in (12.9) satisfy the six functional

equations (12.6). By step i.we dispose on three linearly indepen-
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dan t S; r (i -3) -:T-.O c1ular ferms e~ (* r-), ~.,1 (*'t") . e3( *1::') on tB of' wight 1o . L .

with the n~tations of Theorem 12.2:. Since dim - (,s r (0) 1 ,= 3 by

the consideratlons around (11.16) we fou~d up to lil1ea.r: combir.a

tior.s a.ll S r (~-.1; -module:.r fo:r:ns of wig:1t 1.' So 9: 'e,,1/ e: can ~e

ident:':: ied Yo·i th T 1 Y ," in (11. 1 7). Now Wf3 ~eme;nber to the S't ;
o A '1 -

S r /5 r (0) -action on [r (8) ,1']. The::e must be linear combi-

nations tl'\': th
l

' th}, th,-! o~ g:, 6: ,a: satisfying t.he relation

(11.7) and the f~~ctional equations, 11.8 uniquely cefin~d up ~o

a common factor, see 1.'heo::em 11.9'. The symmetri c gro'lp _S,.. is ge-

nerated by'three tranpasitions .. it is not difficult to find re~ .

p:-esentants of them in sr and also tr..eir symplectic representa-

tion.;. acting on a ~ e:<:plici tly. This has been done in [ G ]. wi th

the def ini tions (12. 4) and (6. 12. 5) Feuste,l proved ~,hat th ~ , t:t~L "

tl) , th 4 are functions wi th the' correct 'cranformation behaviour

we look for. The Theoerem 12.3 is proved.

13_ -Proof of the Hain Theorem.

Now 1t,T e are able to p~ove the Main Theorem 'formulate:d at -·tha.

end of 1. We have to concentrate Dur attention to the verifica-
"

tion of the field to~er on the right-hand side of diagram ~1.1).

First we check the list 1. , .... ,8. of definitions in 1. and fill

the gaps. The ball ffi is understood as subball of ~~ via ~he em
)

bedding ~ defined in (10.9). The restricted theta constants th~,
L

i = l,2 k 3 1 4, have beeh de=ined in the previous section.
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Next wc:; have to gi,\re apreeise defin:'tion fcr the special ar-

qurnen ts used in the M3.i n Th2or:em. An i3. r i t h rn e t i c

9 0 l n t 0 n lH,. is () poi:lt oi

lH~, (Ö) = lR t'l Gl
j

(V) .
~

An a r i t h ~n e t i c b a 1 1 P 0 i n t is a point oi

A (principally) polarlzej abelian variety A oi dimension g ~ith

complex multipliGatio~ determines an arith~etic poi~t ~ E IH~(V).

Namely ~;e kn·::\o1 fram ~ection 3 that A ?' q; t; 4> (~), .& (; ~lat1'Lt ni).

On the other hand A is isono::phic to ['(/ A(E "1:") . Therefol.'e,A.
~

and (E
j

I 'L) mus t beleng to the same dO'llble case t 0':' Mat,"lt r.:t:?

with respe2t to Gl~ (C) or €l~ (r), respectiv~ly. Renee there exist

elements G , Ur (er) arlrl Z €: :H lt ( 7) such th2. t ,a..:z = (G IG.'1:') .

Now i t is clear tha t G. G 1;" and f in~lly ~ = .G-if (G 'l:') belong to

Gli(t). Especially ws dispose on the following well-known

13 . 1 Lemma. Ti C is 3. (srno':J t.h) curve of ge:tus g and i ts Jacbian

var iety J (C) ::orresponding t·) 'C" t lli has complex mul tiplication,

then 't' iso an arithrnetic point of lH,.

13 . 2 Def ini tion. A point er G IB is called .a CM-module (wi. th re-

3pect to Picard curves), if there exists a (smooth) Picard curve

C such tha~ v belangs to the Jacobian threefold J(C) of C (t.~.

(~(..) J(C) is sirr.ple and has complex ITlultiplication.
I
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F.rom t:1.C C'.bove con.sid~r atiol1s i t is c lear th·). t a CM-m,J-it:.le tJ": 18

i5 an a.c:..t...hmetic ball point. =::1.ere i5 a dense set cf '18-::y 0xpli-;

cit exa~ples ca,lled 5 tat ion a r y fll 0 d 11 1 .? S • '~h~y

l -L '."(('~ 1) K) 'tl,..,. (1"( ",1/1'-) F --'l t ,. . \J...~,:, ',',JL',~ .,;1,. L. .,.. W1 • l h 1""':' - -'. ~::: \.-8 B.l":' E ',.- '? re t e r _'-'I 1 ..

tJow :.;e ace=: a.ble ce cJe:-fine Fy ' ~cr ano

·)f secticn ,j. Let ,~e IS (~) be a C:vJ-'r.Iodule ccrrespor.d::..ng tc t~'ltS

? i(:Cird ct.:.rve C ~",i th J ö.cob ian threef (; 1d J (C). I t h2..3 a (11- ty~~e

(F~, ~~. tt~) arLd this 15 all we need. The c('[l':e,sportding '3hil:Hil:a

CI2.55 f i e"l.j S td 4>G" a6") 113.::=' be,:: '1 def i nec1 c. t. Lhe f:'~ n.j of 3 ce ti. 0 n. 2.

let rs t:. 13 CQ) be d C~-ll1od:11 e co [}: es po ndi ng tc t~'le P·.L c a!'d

i.o/i t:t ·]ä.co:Jian thr~ef0 ld ,Jcr oi type (Fcr , ~f" Au ).

(13.3)

Th3..s comes f~::om the '?ffective 'fo-r~lli Theorem 11.20 i'Jr P:.-

card curves in combination with the theta rE~resentation o~ the

? i C0. r d mo d u1aI i 0 LTI 3 t. ~~ (I U.!"lÖ i n 3 e c t-. i I] r~ 12. see Th. e c r e ltl
t

13,4 k~ = K(th(~)) i3 a definltio~ field 01 cl(C~) and oi
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field o~ the ~acojian manifold J(C). Par this well-kne~n fact we

r:efer th8 reade.c to ~li.lEe'5 ar ticle[ 2.1) ~;1 ["]. Consequent.ly I

Y..'3'" is :3 ,:'!.efi(lition. f:'eld 0:: cl (Jo-) er of J cr it,se-li without 1055

of gl3rL8r ali ty. Tf..e· sc.me i.= truE.' f or (':.15"'"' offS" ) 1 -efJ a sui tc...ble pola-

r i zat i 0 r~ 0 f J .er

(13.5)

.Ttis was (the consequenc.:e 5.3 of) Shimura' s t:2.in Theorem 5.::' of

complex multi~licaticn.

(13.6)
5· (0)

= K ( th (u)) 't

)

ProGf. We remember that

is the moduli po~nt of the Picard c~rve c~ by (13.3) a~d Prcposi-

tion 9.2. So fo~ t € Aut(C) one has the following equivalent

condi tions: .

f" €- Stab cl(CIf") L ., c""'~c c- )lcl(ci) = cl(C) & )

( th~ «(;'") : thJ., (<I) : th ~ (v) : th tt (0"") ) JA- ~ (th A (0'") : thL (Q"') : thJ (a-) : th ~ (0-) )

mod S",

t:.~\ «(j")r/th
J
• (rr)f'- = thlf(~) (u)/th rrC ) (er)

J.

for all i, j ~ (1,2 13 .. 4} and a sui table

S"lO"')f & rJ)(th(tr))

On the other hand w8 have Stab cl(C~) ~ Stab cl(J~), hEnce

M(C~) ~ r1(J~) by ~~e definitio~ 4.1 cf moduli fieläs. It remains
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t:,C) shov; thE;.t:, K i5 a subfield :Jf t..18 fi=l,is r±ppearir.g in (13.6).

:':1.8 curve Cer .in (1.3.3) has an Ob~lioü.s autom'Jr~hism 0= ordez 3.

~,her:Efcre the field K :: ry (g) is a subi ield oi the enc.omorphism

a2.c;ebra V0End(J<f)' Sincß J(j'" is simple, the iiBld F(i" coincides

~Ni th ti1is c.lge.tra Cup tc isomorphy). The"tsf:;re K is a subfi€;:~d of

r~. Tti3 ~s a~30 tr~e if Jr i3 not simple a0d has compl~x multi-

plication in ~he g8ner31i~ßd sense of section 3 (DeM = deconposed

complex mul ti plica tion): Ther. J ~ 1s isogeneüus to r J( T ~ T 1 T an

ell':"ptic Ci~-curve wi t.h i4l1agincl.!'Y quadraeie mll} tipi ica.t.,icn f ield E,

say. A.s already mentioned at the end of 38ction 3. the erld-JIT:orphism

algebra of J~ ls isorncrphic to Mat 3(E) . "The diagonally embedded

field E CS,Iilittutes with any other subfield of V@End{J<r)' espec:Lally

with K. Thus the endomorphism a~gebra co~tains· the s\ilifield K(E).

The 3.bsaluce degree of a subfield of the q)-a.lgebr~, (l~ EnC(A) of

an abelian variety A divides ~·dim A, see [LO] I r.l, Th.3.1.

Therafore [K(E) :~1 divides 5 = 2·1im J r - This i~ only p03sible für

K = E. Conseguently, K is csntral in (! ~ End (J'J"') , anä. K· F~ is a

subiield~ SinGe [Fo- :~] == 2-dim J = 6.by definition~of cornplexer

mUltiplication it cannot happen thct K.F~ ) F~ becau38 F~ i5 ob-.

viously a maximal subf ield Gi (l e Encd J G")' So we haV8 K GF11"" t.ha t

rneans that in any case the multiplication i.ield F of a CM-Picard

::::::u:,ve is a cubic extension oi' K. It follows immediately f~om the

trace definition (2.2) of the reflex field:' that K : F'. Now we

apply (4.5) to obtain F~ ~ M(Jcr-). Together 7..Jith (13.6) and the

equivalence considerations above we ge.t
S't (0")

K =. M( C<r) = lI) ( t.h (~) ) .
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The ':dent~ty on the righr.:.-hand side ''Jf (::'3.6) i.= verifieä. By t!1E

W'?J.y Wl; e~ tabli.shed also the batt.ern part of diagram (1.1).

12' . 7 The 'dei ':'ni tion :: ield k.,.. ~ K (tl'd (I)) of the cr·H o:c DCI1) -Pica:rd

curve Clris an algG.:Jruic r..umber f.ielci.

?r(>of~ Let t be a .principill pOlarizat.ion of JIf'" The pola=ized

Jacobian vö.::iet1 J3.C(Ccs-) = (Jf",f ) ha3 an alge.l:::rn.:'c definition

fiele. k by FtOpO,'3iticn 4.4. From :emma 4.3 we know t.J1.at

Cbvious ly, t.he moduli field M(Cd") coincides ~li th M(.Jae (CG"') ). To

S l~)
gether ·,.,rith the id~ntity in (13.6) we see thnt K(t1t(.,.)) ~_' i3 a

J1umbe::: field. Since ~ = K(th(~)) is a. finite extension, it. i5 a

numbe~ field, ~OC •
•

Altogether we have the follow.ing inclusions:

(13.8)

.K ~ F'
rT

M(Jrr , ~G") = S:-t(4'>f" ,.t\.If'} ,

Ui

~ M( J QJ ~ M( C~) .= M( Jac (ce--) )
,I

K (th (w) )'j ..la-) ~

".~e restriet at:.rselves tram" n01.V on tc the· case of simple Jacobiö.n

threafolds J~. Fcr the sake of clear disti~ction we call ~ some-

ti@es in chis case a s i rn p 1 8 CM-module (SCM~.

13.-10 Lerr.ma. If A is a simple abelian variety with. complex multi-

plication.. tr.en 8e.eh polarization t of A is adrnissible and the

~oduli field M(A, f) daes not depend on the choice of e.
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For the prol)f ws ::efer '.:.0 Lang' 5 bcak [.La J a'Jaln. The first

5tat3ment comes fram [40], 1.4, Thm. 4.5 (lll) and the condition

A.JM 2. p. 20. Accordi;t9· i,:.O :.he remark in [1..01, p. 135. ,the moduli

iield M(A, 'e ) doa3 (:.0::' d8pend on ehe embedd.i.n:j L: F e--~ (l e; End LA) ,

F the CM-field of A~ T~e last st3tement of :he lemma is ProDosi-

1:.i 0 n 1. 7 ( i ) 0;': [tO], .:: h . V .

1et u& lB be a simple CM-module and e 2. princ.ipal polariza-

tion of ar('. By Lemma 13. lOt is admi ssible and M(JG"' -e) coinci-

des ~ith the moduli field M(J~, ~~) for. any other admi~sible po

larization t(S'" cof .J~_. Cosequer..tly the inclusions oi (13.8) become

sharper:

13 . 11. For simple CM-modules 9 ~ lB i t !lolds tha t

. .D -.Q. S"t lJr)
K : F' lf M(JG" ~tf") = Sh( ~lf ,Mt;) = K(t.."1..(($""J) ~

We established the diag~a~ (1.1) of field tovers ~n the Mairr

Theorem. By the defini tion 2. 7 511 ( 4J4" I ,A(f) (5himura c lass fi 81 d)

is an abelian extension of t~e reflex field F'. It rernai~s to
~

prove t:'lat this extension is unra:llified, if A:A.er is a (fractional)'

ideal of Fr' This follows easily fram tne constr~ction of 5himura

class field..s:

13.12 Lemma (see [101, V.4. Thm. 4.1 (ii)). ~et A ne an abelian

CB-var ie ty oi type (F, dl ~!") such tha t 0, i5 a f=ac tional ideal

oi F. Then the abelian extension Sh ( ~ , tt.) /F' _~s unr amIf ied.
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Proof. 'He go baek to the con~:\tr"J..:;t.ion of the Shiwura C.:L8.SS

.~, 1d -.' ,I't\ ,... \
I ~e· ::; (l \ 't' , NV ; in' secti'Jn 2. '.1 i 2. reciprocity i teerresponds to

the ic~el'3 qroup U( t.V I ~) defin2d in (2'. 4). 1 t suf fices to verify

tha t U( 4' ' A:: een tainE- the lN~'101e uni t, g:r:: oup er;. :Jf F I. This i3 a

well-j(nov'n necessary anci 5uff':'cien:' cril:.erion ':or the correspon·:.

ding c lass f iald. t.o be unr' &.mix i ed ~ see e, g. [J.,.5""]). So 1e t E,. be

a 'l.l.nit of ?'. Then, ·Hi~1. the notation of (2.4), also N'(() l: F

is a li.ni t, S'ince ..a. is a fr ae ~ional ideal i t halds tha t

The.s the relations oi the righto-hand side of (2.4) are satisfied

for 5 = t, ~ = 1. Hen.ce ~ belo.!1.gs to U( 4> ' a ). The lemma is

proved, and at the Sillae time WB finish ehe proof of the Main

T11eorem.

The fi.e:d oi Picarc1. mod"J.lar functions (ai level r ) is defined

t.o be the f ie::'d ~ (G.. /G: ,G~ /G~) of r -automc1rphic fun,:tions I

'YJhere G
1

= D, Gl..,G1 ,G
4

are ~he eleffientary symmetrie functions of

th .. ,th t ,th3 ,::h 4. The subfield of K-modular functions (ai the· full

r) ' P' b ( L LI 3) lt1eveIls de ! ~ne d to e K G~ / G1 ' G}, .Gl' i oS the sub f i eId 0 f

S'i -in',;ariant functions af K( th). Für 't:, 13 we define the field of

values of ?icard K-modl:.lar iunctions (ai full level , ) at "t' by

( . 1. 1., J) () { P ( ) ( G ,L .2..; ~) (.-\.L }K G~/G1.,G3/GL 'L = I 1:" ;f C K tt/GL,.GJ G1 1 f '\,I t- ~

13.13. [Jef':"nitian.··Let ~€IB be a simple CM-madule 'With Jtj"'0f, type

(F(j I 4>tr' I AJtö ) s lieh thD. t ..Ar- 13 a fr ac tional ideal of Fer' Then fT 15

c.alled an 1. d e als i m p 1 8 SM - m 0 d 11 1 e
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13 .14 ." Corollary. Le t 0' 6 jB b3 an (id8al) sim91e CM-modü18. Then

K (G~ /G~ ,G~ /G~) (a) i3 an (~lnr2mified) abeliat'l exten3ion nf the re

f lex f ield F~ of the type (Fr' ~tT ) •

Frocf. Looking ~t the a8tion

latien

0:: S f n-"I we have t.he 'obvious re4 u·

Now ve ean Clpply the Main The·:,::,em conc2nt!'~ted in diagram (1.1).

13.14. Remark. Ihe celebrated H i 1 b e r t c 1 ass f i eId

cf a ba3ic Zlumbsr fiEl'd F 1 i5 defiEed a.3 t"he maximal abelian ex-

tE~sion of F'. lt is a finite Galois extenslon with Galois group

isomorpilic tc the i d'e e. 2. c lass group 0 f F' (see e. g. ll.r1). Hil-

bert class fields ~lay an impürtant role in n~~ber theory. ~he

explicit constructi~n by means of special val~es of transcendent

f~nc::ions S3.n be considered as t.~e essent.ial part ci Eilbert I s

twelvth problem. With Ollr Main Theorem we suc2eded to construct

at "least 'a part of t,he Hilbert class field 0:: F~, if (j f: B is an

ideal simple CM-module. Feus ::.el ,-,bserved tha t. the very expli c i t

stationary mcdu16s of elements ,( ~ U((2,1) .K) are simple (CM-mo-

dules. if K(r) is a suhie extension of K. So we dispose on abe
S (0-)

lian extensions M(Jac(C~)) = ~(~h(~)) ~ at all these stationa-

ry CM-modules ~. WB can produce more abelian extensions of Dur

reflex fields by xeans of torsion points ~ f r:'!l". .. , \'" on. .]~. The

moduli field M(J~, ~~ ;T
1

, ... ~r~) has been d8fined by Shimura (see

[1~1 or [tO]). For any CM-module ~,it is an abelian extension of
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:F~ öxtending M(J,,! €v-;' Trle corres;>onding ide.lE: g!:oup in the

~;=r~Sf: of class field theory is also well--known. We reier the rea-

d~r Yw·ho is in ter=s ted on these extensions to [l....0] J eh. v . I !hm. 4 . 2 .

"ü~~fut:r...unat,ely I until noW' t,he~E: exist:.; no d~scription oi t.hese ex-

tended class iields in te~m5 of 3pecial values of analytic func-

tions except for the case of elliptic cu-=ves.

,... . " ~, l' (') s~ (d")
3.1~. Problem. Far WhlCh- Ideal CM-modules 13 K th~)

-",hole Hilbert cla$s f ield of F,J- ?

the

,
.13 .16. Problem. 1s ehe maximal zillelian extension F~b for fixed

.CM-module r generated by all the generalized moduli fields of

It 5eems to be that the field l(th(~)) af f-rnodular functions

of level r ((=3) is not in general an abe.l.i an extension of the

reflex field F,. .. This happens cer ta.inly, if the subgroup SLt (I) of

the symmetrie group. 54 is not abelian.

13.17 Problem. Für which CM-modules ~ is K(th(~))/F' an abelian
C"

(ar non-abslian) field extension 0

Let. us change ave:: from the 2::Jig level grollps rand r (f'J) to

smaller O!1es. say to normal 5ubgroups r" of fini te index oi r.

We d~note by 'f\( ( r 1
1

) the algebraic slosure of Kr G
4

IG; ,G~/G:) in

the f ield J"(. ( r ") = 11: (lEI r ") of r lI-au tomor:;:.h.i::- funccions. iHi th



o~viOllS notat.ions yTe abtaln 8.t. each CM-ma1ule tJ ar~ infinite tree

{ f"K. ( r ") (.;r,l; r" norm3.1 sub':rroup of r Gi fini te index}

of :: i(31d. extensions of F;". The a::1alogU"e cl)~struction ::'n the theo-

ry of ell':.ptic cur\'es yields a gene~atins system of the maximal

abelian extensi8n of an imaginary guadratic n~.Lrn.ber fields. It

would be interesting tc 'Jnderstand Dur constructicn in a suitable

framework of (non-abelian) class field thecry. Especially, one

has tc investigate tne action of (subgroups of) t.he facta!: groups

f Ir" in t.he towe r 5 rK ( r " ) ("..) 2 Tk. ( r ) ((1" J. 2. F; 0 f number

fie2.ds c.t special CM-values g-:

13.18. Re~ark. Let ~~ S(~) be an arithmetic point of the ball.

~-~e pro'led tha t

is arithme::.ic, if 't' is a CM (ar DCM)-module. The ccnverse impli-

cation 5eems to be true. Very 'recentl? Shiga [1~] succeeded to

prove that at least at simple (simple J~) a~ithmetic modules ~

the point th(T) is transcendent, t~at means a non-algebraic point

J.,
of W , if ~ i3 not a CM-module.

13.19. Problem. What happens precisely at non-simple arithmetic

modules in bo\~ 'dses. t~e case of CM-~odules and the opposite

case ?
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Introduction.

Until no~ one misses a 'clear solution of Rilbert's 12-th pro

blem entitled "Ausdehnung des Xroneckerschen Satzes ueber abelsche

Koerper auf einen beliebigen algebraischen Rationalitaetsbe

reich". This problem plays. a central role among. the 2.3 Rilbert \

problems because it joins same bf them with each other, namely

the problems 7 1 91 21 and 22. The 12-th problem is based on Xro

neckers work on the explicit description of abelian number fields

over the field {l of rational numbers or over imaginary guadratic

number fields, respectively, by means of special values of spe

cial transcendent functions of one complex variable. The Theorem

of Kronecker-Weber asserts that each absolute abelian number

field i5 gene~ated by a rational e~pression of a unit raot over

~, where unit root.s are understood as special values of the ex

ponential function_

As a counter part appears· Hilbert's 7-th problem. It asks for

the quality of values of the shifted exponential function

e ( z) :;: exp (T( i z )) i = fT,

at algebraic arguments outside of the rationals V and conjectures

that all these values are transcenden t numbers (see [t1 01 ).. This

problem has been solved affirmatively and independently by Gelfond

[ 1- 1 and Schneider [1~ ] in 1934. Altogether we kno"W

I. e(z) has algebraic values on ~;
•

11. e(z) has transcendent values on Ö - V (~ the field of alge-

. braic numbers);

111. the number-theoretic meaning of the values e (g), q ~ tJ.
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Substituting the base field ~ by an imaginary quadratic num-

ber field one needs special values of Weierstrass' ~-function (at

torsion points of an elliptic curve) and special values (singular

moduli) of the elliptic modular function j in order to generate

all abelian extensions. For apreeise formulation of this Main

Theorem of Complex MUltiplieation we refer to Shimura's book

[3tJ] ICh. 5. Historically, this main theorem is known as "Kronek-

kers Jugendtraum". It appears in Hilbert's programm as "Aufgabe"

(Kronecker's problem) preparing the 12-th problem itself.

On the other hand C.L.Siegel [1~] proved in 1949 that j takes

transcendent values at algebraic points on the upper half plane

rn :::; {~e ~; Im ~ > O} which are not singular. In analogy with the

exponential function we can summerize the situation in the follo-

wing manner. Let

IHsio
j

:::; {rr E. lH; [Q}(~) :V] :::; 2}

be the set of singular moduli. The transcendent function j has a

well-known Fourier series

j(~) :::; g-4 + 744 + 196884g + 21493760gt + ...

with integral coefficients and g :::; exp(2~i~) I see [30]. One knows

I.

11.

j has algebraic values on tH .s;il5 ;

j takes transzendent values on \H(~) \", 1R"Y\3 ' where lHC~D deno

tes the set rnn~ of algebraic numbers on the upper half plane;

111. the number-theoretic construction I guality I meaning of

j (0), () e lR.)i~5'

Hilbert asked in his 12-th problem for tran5cendent funetions

of s e ver a 1 variables with properties corresponding to
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those of the exponential function and the elliptic modular func

tion: "Von der hoechsten Bedeutung endlich erscheint mir die Aus

dehnung des Kroneckerschen Satzes auf den Fall, dass an Stelle des

Bereichs der rationalen Zahlen oder des imaginaeren Zahlenberei

ches ein beliebiger algebraischer Zahlkoerper als Rationalitaets

bereich zugrunde gelegt wird; ich halte dies Problem fuer eines

der tiefgehendsten und weittragendsten Probleme der Zahlen- und

Funktionentheorie"; and a littlebit later: "Wie wir sehen, treten

in dem eben gekennzeichneten Problem die drei grundlegenden Diszi

plinen der Mathematik, naemlich Zahlentheorie, Algebra und Funk

tionentheorie in die innigste gegenseitige Beruehrung, und ich bin

sicher, dass insbesondere die Theorie der analytischen Funktionen

m ehr e r e r Variablen eine wesentliche Bereicherung erfahren

wuerde, wenn es gelaenge, diejenigen Funktionen aufzufinden und zu

diskutieren, die fuer einen beliebigen algebraischen Zahlkoerper

die entsprechende Rolle spielen, wie die Exponentialfunktion fuer

den Koerper der rationalen Zahlen und die elliptische Modulfunk

tion fuer den imaginaeren quadratischen Zahlkoerper".

We found only a few places in the mathematical literatlIre with

an explicit reference to the twelvth problem of Rilbert. Qn first

place WB remember to Hecke's thesiS" { S J and habilitation ( q J.

They are closely connected with the creation of the theory of Ril

bert modular surfaces. This work is difficult to understand and

it would be niee to clarify the situation from a modern point of

view. The next important place where the twelvth problem i8 men

tioned ane can find in the baok [ 3&] of Shimura-Taniyama. Indeed,
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Shimura's theory of complex multiplication is an important tool

for finding solutions of the problem. The latest hint to Rilbert's

twelvth problem we found is due to Tate [,r] in connection with

the Stark conjecture. It touches the problem hut will not solve

it in the original sense of Hilbert. Manin accepts in his review

[1t.J only Eecke's work of 1912, 1913 as a finer approximation

to a solution of the 12-th problem. Langlands announced in [!1 ]

some doubts of Hilbert's formulations. In our opinion the twelvth

problem needs a stronger formulation in order to catch solutions,

with regard to the transcendental functions e,j above and their

properties I. ,lI. ,III. ws propose the following definition.

Aso 1 u t ion m 0 deI for Eilbert's twelvth problem

is a tripIe (V, V!:Ii~S ,f) consisting of

(i) a (non-compact) complex rnanifold V with fixed analytic em-

bedding into a complex projective space ~M (~) ;

(ii) a subset VsiY\~ of the algebraic points V(ij) :::: V nlPf1 (iV') lying

dense in V;

(iii) A transcendent holomorphic map

--~) lP tJ ([);

satisfying the postulates I. ,11. ,111. below.

Remark. We call f t r ans c end e n t if f i5 not the re-

striction of a rational map in the sense of algebraic geornetry.

The elements of V)ifl~ are called the S i n g U 1 a r p 0 i n t s

I. f(~) = (fO(~): ... :f~(~)) is algebraic, that means

N -
f((j) t lP (~), for G" (; V5i~~

11. f(r) is transcendent, that means f(~) ~ ~N(~), for

of V.
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111. one has a number-theoretic construction / guality / meaning

of field extensions

F'(f(,,)) = F~( ... ,fL· ((J)/f.. er),···)
r:- f' J

for 3uitable well-defined "elementary" number fields F~' ,

. u €; Vsi JA S .

Oi course, we assurne that VSin5 is given independently of the ho-

lomorphic functions f o' ••. ,iN'

The first two conditions are very sharp but condition 111. i5 free

for several interpretations.

A (twodimensional) ball rn 0 deI for Hilbert's twelvth

problem is a solution model ÜB ,19 si V"lj ,f), where t8 i5 the com ple;.(

two-dimensional unit ball. The Main !heorem of section 1 presents

a ball model (ffi'~CM,th) for the twelvth problem satisfying I. and

111. Recently Shiga proved that also 11. is essentially sati5fied

(see Remark 13.18). The components th~ of th = (th
1

:thL:th3 :thy )

are restrietions 'of elementary polynomials of theta constants to

the ball ß embedded in the generalized Siegel upper half plane

H~, where the theta constants live.

We prefered to formulate the number-theoretic Main Theorem in

the first section corresponding to Hilbert's order in his list

of problems. Consequently we have to explain immediately after the

nations of Shimura's class fields, complex rnultiplication of abe-

lian varieties, moduli fields in the sectio~s 2. ,3. ,4. and 5. This

prepares at the same time the l1.11mber-theoretic side of proof of

the Main Theorem in section 13.
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The geometrie and analytic starting point i5 seetiün 6. Für

an algebraic geometer it is convenient to begin there. The follo-

wing seetions will demonstrate that the simple configuration of

four points and six lines through pairs of them in the projective

plane determines _.. ~ completely the construction of our

ball model. This 18 a conseguence of some recent deve~pments: A

theorem of R.Kobayashi [~gJ provides the existence of a ball co-

I f '1 I Iverlng 0 IP ....· branched along the guadrllateral lntroduced above.

There 1s only one possibility. The corresponding ramification in-

diees can be calculated by the effective finiteness theorem for

ball lattices due to the author [46 ]. The corresponding group

of the covering has been found in a classification atlas of pi-

card modular 5urfaces due to the author and Feustel. This group

appears as monodromy group of a Fuchsian system of partial diffe-

rential eguations uniguely determined by the guadrilateral. This

3ystem coincides with the Euler-Picard system of an algebraic

curve family in the sense of the author's book [~t J. The solution

consists of variations of integrals of a differential form of

first kind along cycles on Picard curves. The Picard curve family

studied first by Picard in 1883 plays the same role as the ellip-

tic curve family in Kronccker's problem. Now we discovered that

its investigation was absolutely necessary for finding our ball

model for Hilbert's twelvth problem. The proof oi the Main fheorem

is delegated to the fine arithmetic and analyticstudy of the fa-

mily of Picard curves. This will be done in the sections 9. - 12.

using and explaining available recen t r~sul ts oi Shiga [3,l], Feu-
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stel [ b ] and the author [~3).

The modern tools in the way of proof should also work for other

cases, where the 5tarting situation of a branched covering i5 pre

cisely known. We think of Hilbert modular surfaces l Picard modular

3urfaces, a Picard modular threefold investigated carefully by

Bruce Hunt and the Siegel modular threefold connected with hyper

elliptic curves of genus 2. The latter case should be open a door

to a precis8 modern understanding of Heckers work on Eilbert's

twelvth problem.

We elose the introduction with two problems. More of them can

be found at the end of the final section 13.

0.1 Problem. Study special values of Picard modular functions of

nigher level in connection with non-abelian class field theory.

0.2 Problem. Generate more (ii p05sible all) abelian extensions

of reflex fields of cubic extensions of the Eisenstein numbers

by ffieans of special values of some additional transcendent func

tions.

1 . Formulation of the Main Theorem

First we present roughly the basic objects we need in the

Main Theorem. More precise definitions are given in the later

sections.

O. Basic field: K = ~(J-3) the field of Eisenstein numbers;
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1. Geometrie object: the ball E ~ (K-linear eguivalent in ~! to)

~ t L ~
IB = {'t'= (T,\,'r

t
) f:. l[ ; I't'., I + 1'C'J..1 < 1},

embedded in IH~ (Siegel domain J see 10.);

2. Analytie functions: th
4

,th
t
,th

3
,th

1
: ß

theta constants);

----~) ( (restricted

3. Special argumen ts (CM-modules): t:r €: B (ijj") (d.e t"I se in lB) ;

4. Correspondences: ~ ~ F~JK (relative eubic number fields)

~ ~ß' ~-lattice in F~

~

~ ~G" = ~ q' ~ , ~_: Fa- '--.:,!I: (field em-
t. ':./\ l I.

beddings); ~l:f- ~J l~~~ J tfi ~~k;

r---) F;, the reflex field of (F~' <per) ;

5. Function field K (th) = K (thl1, /thL ,th'1 /th
3

, ... ,th3/th y );

6. Number f i e1ds K(th (ö"'")) = K ( th) (er) = K(f (er); f f K(th) ), where

we neglect to adjoint f(~)J if f(~) =~;

7. Symmetrie group S l..t aeting on K (th) via permutation of indices

at the generators th./th-,
l J

S4 (cd = S l.( (\ Gal (K (th (0-) ) J~) acti ng on K(th (») ) ;

8. Shimura class fields Sh ( 4?cr J Acf') .

Now we can formulate the

MAIN THEOREM (Construction oi shimura elass fields for cubie ex-

tensions of Eisenstein numbers via special values of Theta con-

stants) .

With the above notations one has for each CM-module 6 E ill field

towers as described in diagram (1.1):
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numher fields

Sh ( tVu ' .0..6' )-

11 s Lc-)
K(th (Cf") ) Li

abelian;

lllnra.mif ied, if

-c'l:v is an ~-ideal)

(1 . 1 )

2 .

K

Shirnura Class Fields.

We follow the book [~O] of S.Lang. First we have to introduce

the reflex fields. Fixing notations we let F be a totally imagi-

nary number field of absolute degree 2g and ~ a choice of g ern-

b!3ddings ,_: F ( ~ fC pairwise not cojuga ted to each other. We
1. ~

write ~ = ~.: = 1-:f~ and call the pair (F,q» a CM-type.
L':-1

If M/F is a finite field extension, then WB can lift ~~ to

~H ~ .:t L (all extensions of 'f
j

to M)
l:'A

30 we 'Jet a CM-type lifting (F I q,~ ) \-') (1'1, <PM)' We set

( 2 . 1 ) Stab (~) = {t [; Aut ( [) ; f ~ ~ = ~ },

where Aut([) denotes the group of all field automorphisms of [.

Now assume that M/F as above i3 a Galois extension. Then we de-

- i](frtt> (F» J

.fine the

( '2 . 2)

r e f 1 e x f i eId

sto.bq,
Fr ..::: M

F' of (F 1 ~) as fixed iield
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where fr q:,: F --~ F' denotes the type trace defined by

Tr '" Ci') = .!. ~- (f) - Wi th ~t'1 =~ '1" ,'I'- undcrstood as automor-
'V L-='~ l. J J J

Phisms oi M, we set th r := Z w-1 One can show that the type
't'11 j lj

(M, ~~) is the lift of a uniguly determined primitive type

(F' , ~ , ) I which is called the r e f 1 G X typ e oi (F, cP ) •

A type is called p r i mit i v e , if it i5 not lifted from

a lower field. If the starting type (F,~) is primitive, then

the rGflex (F", 4"') OI its reflex (F', 4l') coincides

~i eh (F, ~ ). In general, thc dnuble reflex ficld F" is cOP.-

tained in F. Al tOIJether we describe the si tllation in the follo-

~ing diagram (2.3):

\ 2 .3) M ~ 11 I => ~ i ~ L. o/~-4

Gay ~
M 5 J

1 1
~ =~ F' q>IF 1 :::' ~''F F

1

Fixing F,~ , the typ e n 0 r m N~ ÜL the r 8 f 1 e x

n 0 r m N', = N~( are respectively defined by

N~ : F --..,,, F' N':= N : F'(1)1 --7 F "SF

Both , N~ and N', can be extendGd to the idele groups of the

iields F or F', respectively:

*.,. /P. F
'

Now W8 are well-prepared to define the 3himura cla3s fields men-

tion~d several times above. Far this purpas8 W8 let ~ a Z-lat-

tice in F. The ~b$olute norm of ideles s is d~noted by ~(s). Now
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we define the idele group U(~ I~) C ~~I of an (extended) type

(F 1 <t> ,Cl) by

( 2 4 4 ) U(~ ,.t\.) = {s ~ 1/\*~ I ; N I (s -1 ) a =f,ßt, , ~ r= lI'l (s -.() l: (J

for a suitable pe F}

We remark that the mul tiplication of an idele t l= IA~ wi th -Cl- is
F

defined componentwise on the finite part t f-, I~

There is a unique ~'-lattiee tA. in F with loeal eomponents

(t ~)r = tp'Q,p for all p f Spec 7i, ..t\ p= Z'p @ -m. .

Now we appIy global abelian class field theory in order to

define Sh ( 4' 1 (l.) as class field of the reflex field F'. For de-

tails we refer to the monograph [tr] of Neukirch.

Let M be a finite abelian field extension of pi. Then there

is an exact seguence

( 2 4 5)

1 ) U!F ' )f ) IÄ.. / F ' >" ., Gal (M / F ' ) :> 1
F'

where (t,M/F'), t € ~~I' is the global norm rest symbol locally

defined by Frobenius automorphisms. The idele group U = UM is

egual to the extended norm group N M/t l (IA~) . F' K. Conversely, if

u is a cofinite subgroup of the idele group A of F' containing

F',)C then there exists a unigue finite abelian extension Mu = M,,

the class field of F belonging to U, such that the above se-

guence ( 2• 5) is exact. So there is a biunivoque correspondence

u = U ~r--~"" M = MU (reciproci ty) .t1 .

Now we take the projective limit of our finite abelian groups

Gal(M!F') along all finite abelian extensions M of F'. On this

way we obtain the Galois group Gal(F,ab/F ,) of the maximal abe-
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lian extension F'ob of F'. The norm rest maps in (2.5) yields

an inJ'ective map (. ,F'): ~* IF'~
F' .

--~') Gal (F J lJ9 IF' ). via the

norm rest symbols (s,F') the idele group ~~l acts on F , and

the finite abelian extension fields M appear as fixed fields

of the corresponding subgroups U of A~,. So we can write

(2.6) Myab/UF " = ciU,f')

where (~) denotes the group of all extensions of elements

(s,F') E Gal(F1ob/F / ), 5 G: U, to automorphisms of IL.

2.7 Definition. The S h i mur a c 1 ass f i eId

'- Sh (q, ,tl) of the type (F, ~ ,.ft) is the class field of F' corres

ponding to U($ ,a) defined in (2.4):
~

Sh( 4J ,CI) = (y1ob)IUl<ll/ttJ,F') = a;(Ulll',D.),F'.)

3 . Complex multiplication.

Let A be an abelian variety over the cornplex numbers and F a

finite field extension of Q. We say that A has

pli c a t ion , if there is an embedding

F - m u 1 t i -

F '-(·-~7 (l~End A

into the endornorphisrn algebra ~~ End A of A. In this case the de-

gree [F: Q] is not greater than 2g I 9 = dirn A. If [F : {}] = 2g,

then we say that A has c 0 m pIe x m u 1 t i p 1 i c a -

t ion In this case Facts on the tangent space TA of A (at 0) .

So we have an embedding F~C----~) Cl(TA) = ~l (C). This represen-

tation splits into gone-dimensional representations. The corres-

ponding characters are understood as embeddings
~l

. F .; .,. c,

i = 1, ... ,go Setting () = .!$L we get a type (F 1 ~ ) . Then
l=.-t

A is called an a b e 1 i a n v a r i e t y 0 f t Y P e
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(F, ~) •

One can prove that an abelian variety with cornplex multipli-

ca tion oi type (F I 4> I .4) is isomorphie to Ct / cp (.a.), where

~ (CL) is the X-la t tice in C~ generated by the vectors

~ (aj)
t

, ~~(aJ))' j 1, 2g== (~~(aj)' ... == ,

and a
'\ '

... I a
1

is a Z~basis of ..e., . Für f € F we let D4' (f)
i

the diagonal matrix with the elements ~ l (f) in the diagonal. The

representation D~ : F X
, ~l~(~) defines a complex multipliea-

tion on [: ~/ Cl> CClt). Under the isornorphism wi th A both mul tiplica-

tions are cornpatible. The

i3:

m u 1 t i pli c a t ion r i n g

0' = F (\ End A = [,(;l:.tt] F == {f E: F; f -,6, S .t\.} .

Refining our language we will say that A is of type ((J, F I 4> )

and we will call ~ ~ / ~ (~) together wi th the complex mul tiplica-

tion defined by D4> the s t a n dar d tor u s m 0 -

d e 1 oi A or of the types (F, $ ,a ) , ((1, ~ , .((..). Two standard

models oi type (~I~) are isomorphie (with eompatibility of mul

tiplication) if and only if the corresponding ~-modules ~, ~j

are isomorphic. The standard torus l! ~/ <p (<)l) of given mul tipli ca

tion type (F I 41, h..) is an abelian variety iff Q'J is lifted fram

a primitive type. Für proofs we refer to [r~] again.

Let F be a number field and cr an order in F (multiplicatively

closed Z-lattiee in F). We d~note by L(G) the set of d-lattices

~ in F (Z-lattices in F which are ~-modules) with factor ring

[a : ,0. ] J= .= ci. The set el (0') of (j'- isomorphy cl asses of L (0') is f i

ni te (see e. g. [3] I 11. 6, Th. 3). Its number is denoted by h (0') .
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Für instanc8, if cr = d
f

1s the ring of integers in F, then 1(0)

i5 the ideal group of F 1 cl(O) the ideal class group and h(O) co-

incides with the class number h(F) oi F. Altogether we can count

now the isomorphy classes of abelian CM-varieties of given types:

3.1 Propositon. Let (F, ~) be a complex multiplication type,

6 an order in F. The number of isomorphy classes of abelian va

rieties with complex multiplication of type (cr,~) is egual to

h(O), if (F,~ ) i5 a lifted type, or egual to 0, otherwi5e.

The number of isomorphy classes of abelian cM-varieties A with

CM-ring l1 == F,.... End A i5 equal to h(CJ)·l(F), where l(F) denotes

the number of lifted types (Fl~)' It cannot be greater than

2~h(d), 9 == [F:~]/2 = rank
Z

(O)/2 == dirn A.

3.2 Remarks~ "Lifted type" means: lifted from a primitive type.

Especially, primitive types are understood as special cases of

lifted types. The number fields E of primitive types are well-un-

derstood. These are the so-called C M - f i eId 5 characte-

rized as imaginary quadratic extensions of totally real number

fields. So the set of mUltiplication fields of complex CM-varie

ties coincides with the set of extensions of CM-fields. Namely,

each CM-type (E,~) of a CM-field E is lifted from a primitive

type (see [10]1 I.2~ Lemma 2.2), hence E i5 a multiplication

field of an abelian CM-variety by the above torus construction.

This is true for any lifted type. Especially, each cubic exten

sion F of K = ~«(-3) appears as multiplication field of a sui-
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table abelian CM-threefold.

Each abelian variety A can be decomposed up to isogeny into a

,A

product of simple abelian varieties. S i m pIe a bel i a n

v a r i e t i e s are defined as indecompasable anes in this

sense. If A i5 an abelian CM-variety, then the isogeny decompo-

sition of A into simple abelian varieties is apower A ~B ... B.

The mUltiplication type (F, ~ ) of A is lifted fram a (uniquely

determined) multiplication type (E, ~) of B. Especially, the

simple factor B of A is a CM-variety. The correspanding CM-alge-

bra (? @ End B is isomorphie to E. Looking back to A one checks ea-

5ily that the CM-a1gebra D~End A i5 isomorphie to the matrix a1-

gebra Mats (E) I where s denotes the number of the decomposing fac-

tors B of A.

4. Moduli fields.

Let X be a complex projective variety (subvariety of ~~/ saY)J

f E Aut([) a field automorphism of c~ Applying r to point coordi

nates we obtain the t-transform Xl"- of X embedded also in (P~. If

X is defined by the homogeneous eguation system F
1

= ... = F~ = 0 ,

then X,404 is defined by F:- = ... = F:;; = 0/ where F( ar ises from F i

by applying r to all we coefficients of the polynomial F.. We
. l

denote by cl(X) the the class oi models X' oi X. The projective

variety X r is a model (or (-model) oi X, if it is isomorphie to

X in the analytic eategory (that means over ~). If the model X'

of X is defined over the subfield k oi [, then we call X' a

k - m 0 deI oi X. This means that X' is defined by eguations
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with coefficients in k. In this case k is called ade f i n i -

t ion f i eId of cl(X) (ar of X, if X is understood as

scheme without specification of embedding). In arithmetic geome-

try one looks for small fields oi definition.

The correspondenc8 X~ X~ is functorial: For each rational

map f: X

f·oW.: Xf4

--~) Y of complex projective varieties the transform

--~.,. yjA- i5 well-defined via r -transformation of con-

stants. On this way WB can correctly define cl(X)f by represen-

tants. We set

Stab cl(X) = {r € Aut(C); Xfr~ X}.

4.1 Defini tion. The fixed field of Stab cl(X) in C 1s called

the m 0 d u 1 i f i eId of X (ar cl(X)). It 1s denoted by

St t\ b cl l)()
M(X) = M(cl(X)) = [

We come back now to complex abelian varieties A with complex

mul tiplication of type (F I cP ) I say. Für f E Aut (([] we i -trans

form A~ of A is also an abelian variety. The endomorphism rings

of A and Ar are isomorphie by funetoriality of t. The isomorphism

extends to the algebras of eomplex mUltiplicatioD. Therefore Aß

has F-multiplication , too. Looking at the representations on the

tangent spaces it is easy to see that AfA- is of type (F,t'~)' So

the type doesn't change if and only if r belangs to Aut(~/Fr) by

definition (2.2) of the reflex field Fr. We come to the first

comparision playing a role in the Main Diagram (1.1).

4.2 Lemma. Für a complex CM-variety of type (F I «» wi th reflex

field F' and moduli field M(A) it holds that F' S M(A).
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Proof. It suffices to check that Stab cl (A) ~ Stab (~ ). If JA

stabilizes cl(A), then the representations of F in the tangent

5paces TA or TAf ' respectively, are equ1valent. Therefore A~ has

the same type (F, 4» as A, hence r f Stab ( ~ ), wh1ch was to be

proved.

In the theory of abelian varieties it i5 useful to specify

classes of projective embeddings translated to the internal geome-

try of A. Apo 1 a r i z e d abelian var1ety ls a pair (A, e )

consisting of an abelian variety A and a V-line in iD @ picn (A)

containing an ample divisor class; PicQ(A) denotes the group oi

algebraic eguivalence classes oi divisors on A. We say that

(A, t) is defined over k, if A is and if 't can be represented

by an ample divisor C defined over k by the k-embedding oi A used

just before. Jf A is defined over k, then we can find a polariza-

tion e of A also defined over k. Namely I choose an ample divi-

sor D on A defined over the algebraic closure k oi k. It is real-

ly defined already over a finite Galois extension of k. The SUffi

of all Galois conjugates of D represents obviously a polarization

e defined over k.

In obvious manner one in troduces the r -transforms (A, 'f ) jA for

f' fAut([), cl(A,'e )1-4-) Stab cl(A, t) and the m 0 d u 1 i-

f i e 1 d of a polarized abelian variety

Si a. b tl (A oe )
M(A I 'f) = M(cl (A! t )) = Q; I

4.3 Lemma. Let k be adefinition field of the polarized abelian

variety (A, t ). Then i t holds that M(A, -e) ~ k.
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Praof (see ['3(,],1,.4.2, Prüp.14). Für ll~Aut(Q;/k) we have

an obvious isomorphism (A, t )fA.-;- (A I 't ) I henee feStab (A, -e ). The

rest is clear. ~

The next result prepares the drawing-up of the field tower on

the right-hand side of the main diagram (1.1).

4.4 Proposition. Let A be a complex CM-variety. Then we can

chaose algebraic number flelds k as definition fields of A or

(A, t), respectively. Für each such field one has the field tower

(4.5) F I ~ M (A) f M (A I e ) ~ k f Q I

where F I is the reflex field of the type (F I 4» of A.

Praof - The existence of a small definition field k ~ V has

been verified by Shimura-Taniyama in [1b]. The second inclusion

follows from Stab cl (A) 1 Stab cl (A 1 'f ). The remaining inclusions

came fram the Lemmas 4.2 and 443. I!l

5. Main theorem af complex multiplication.

We want to connect the moduli field of a polarized CM-variety

(A I 'e ), A af type (F, 4> ,~) wi th the Shimura class f ield of the

same type introduced in 2. For this purpose we refine the nation

of types again taking into account the polarization. via projec

tively embedding Theta functions one corresponds to the polari

zation t a (unique f up to tD li -mul tiplication f) Riemann form

E: TA ~ TA -----)' C (IR-bilinear I scew-symmetric! non-degenerate

wi th ra tianal values on tt> (JJl x,(l )). It is useful to choose a basic
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form E of this class. It takes integral values on ~(~~~) and is

not an integral multiple of a form of the same kind. With these

notations the polarized abelian CM-variety (A,~) is said to be

of typ e (F, ~ I~/E). 1f there is no danger of misunder-

standings, then we identify A with its standard torus model

(tl 4J (~) I see 3. Since F == Q~ a the embedding ~ of F into Ct

induces an embedding F/~ --99' A1.or into the torsion points of

A (rr). We will denote this embeddlng shortly also by tP .

The Riemann form E i5 said to be 4> - a d m l S 5 i b 1 e

if E(Dq>(f)z,w) = E(Z,D4'(f)W) for all f f F, Z,W E C~ = TA' In this

case also the polarization l corresponding to E is called ad-

missible. Frall naw on we assume that the multiplication field F

is a CM-field; A needs not to be simple4 Then there exists an ad-

missilble polarization on A (see [LO 1I 1.4/ Thm. 4.5). We will

work only with polarized abelian CM~varieties of admissible type

(F ,~ I .a, E) 4 The following Mai n T h e 0 rem o f

c 0 m pIe x m u 1 t i pli c a t ion holds for wem;

5 . 1 Theorem ([ t 0 ], 111. 6) . with the above assumptions and no-

tations letf-E- Aut([/F l
) with restrietion L-tIF Job ;;: (S,F1) for

I

a suitaJJle S f IA; .. Then it holds wat:

(i) (A, q> )f i5 oi type (F, 4"> ,N'l (s-.( )1Jt 1 lN(S)E).

(ii) With the componentwise action of the finite part oi the idele

N' (s -1\) E 1A"f on FIM ~ l1> Fr I/).,(I the following diagram i5 commu-
~ p I

tative:
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A5 an immediate consequence we get the relation with rnoduli

fields.

543 Theorem (Shimura [3&]; [3s-1, V.5.5; see also [.tOl, V.4).

Let (A: ~) be a polarized abelian variety of admissible CM-type

(F/~ ,~,E). Then the corresponding Shimura class field and modu-

1i field coincide:

Sh (4) ICl) = M (A, 'f).

r---"
(U,F ')

Pro0 f. Wer emember tha t Sh = Sh ( <t' ' lA) .= ~ I U .= U ( ~ ,A) ,

see (2.6). Für M = M(A: e ) we first show that M ~ Sh. This fü1-

1üws immediately fram

(5 ~ 4)
/' ...J>

(U, F \) ~ Stab cl (A, 'f ) .

,..--..........
So we take an automorphism ~ t (s,F') für s E U. By the Main Theo-

rem of complex mUltiplication 5.1 (i) the t-transform (A, 'f )~

i5 of type (F,CPJNI(5-1\).et,~(.s)E). By definition of U in (2.4)

-
there is a ~ c= F such tha t NJ (5 - A) ht = rßL and IN (5 -/I) = rf E- l!J'<.

Comparing the standard torus models of (AI e) and (Ar, c,l-l") we get

- -A
IN(S)E.= (ff') -E t qi'·E.

Therefore (A I ~ ) ~ (A I f ))Ao I hence u t: Stab cl (A 1 -e ) .
/

Conversely 1 take ! f Stab cl (A, 'f ); then we dispose on an isomor

phism (A, t) --~-~ (A, -e )p.. On the torsion 1 evel i t has been made
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r---'
precise multiplying F/,t\t by NI (S--t), t ~ (s,F ' ), See 5.1 (ii).

On the other hand A and A~ have eguivalent standard torus models.

More preciselYI the isomorphism A~ A~corresponds to a ~-mul-

tiplication [~/~ (,tlt) f"-)o [~/ ~ (fit) for a sui table f e F". But

(A/f)fL is of type (F,4'>!NI(S-A)~,lN(S)E) by 5.1 (i). Comparing

both presentations we get

IN (s -,,) :::: ~ ~ €- lD x •

r----'
Therefore 5 belangs to U and r € (s, F I ) I hence

( 5 .5) Stab cl (A I oe) ~ (U I F J )

in contrast to (5.4). It follows that Sh ~ M. The identity we

looked for is proved.

6. The geometrie starting point, the projective plane covered

by the ball.

In order to generate Shimura class fields of cubic extensions

F of the Eisenstein numbers by special values of transcendent

functions we need special Theta constants essentially defined by

certain special functional eguations. In order ta find and under-

stand them deeply we enclose thern into the most general and ac-

tual frarnework hoping for similar applications to other interes-

ting cases in the future. We want also justify Rilbert's imagina-

tion about the Ir innigste Beruehrung tI. Consider the picture/diagram

(6.1 )

branch locus:

i 3
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The 1eft-hand side is well-known fram the theory of e1liptic cur-

ves. It describes the quotient map of the modular group fram Poin-

care's upper half plane~: Im z > 0 to the projective line ~4(t).

There are three branch points: two in the ordinary sense with ra-

mification indices 2 or 3, re5pectively. The third i5 a cusp

point coming fram the boundary of~. therefore it hag been weigh-

ted by ~ . The guotient map can be realized by the elliptic rnodu-

lar function
o(l

j ('t') ;:: q-It + 744g0 + 1 96 88 4g + ~ a ..... gn !

,,~!

We are well-prepared for the understanding of the right-hand

5ide of (641) by the previous sections and chapters: We looked

for a ball coverlng of the projectiv8 plane ~1 with discrete cove-

ring group r' C Aut hcl (tB) ;:: !PUI( (2, 1) , ~) branched precise1y along

the six lines of the complete guadrilateral with triple points as

cusp points. We denote by ~ the corresponding (analytic) quotient

map.

6.2 Theorem. Up to linear isornorphy (fPUI( (2 ,1) ,C) -conjuga tion

for r t
) there exlsts one and only one such covering.

The uniqueness has been proved in [~~], IV.ll via orbital heights,

the proportionality conditions and their translation into a 501-

vab1e system of diophantine eguations. Moreover, the proportiona-

lity test is positive: The only solution of the diophantine egua-

tion system yields the ramification index 3 for all six lines~

The most general result providing the existence of the covering
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1s due to R~Kobayashi [AB]. He proved under geometrie eonditions

including the wights found in Dur proportionality test the exi

stence of a ball eovering over a given surfaee with prescribed

branch locus. This general result can be applied to aur situation

deseribed in (6.1). We will not use Kobayashi's result because

the exis~ence of W has been proved by another more arithmetic me

thod in the framework of classification of Picard modular surfa-

ces, see Prop. V .1 .3 in [111" 1 or [t1 L 1 I where we started fram the

ari thmetic group (congruence Eisenstein lattiee) r' = r (f-3) J

r = U((2J1)/cr~). The proof involved orbital hights calculated as

volumes of a fundamental domain by means of a special 1-series va

lue (see l A,~ JI). The advantage is to dispose explicitly on the

discrete group of the covering n. This will be important for fin

ding the functional eguations for Theta constants we look for.

643 Remark. The covering problem is related with Hilbert's 22-th

problem "Uniformisierung analytischer Beziehungen mittels automor

pher Funktionen". Looking for uniformizations of two-dimensional

analytic varieties ("Gebilde") Rilbert says; "Vielmehr scheinen

.... , abgesehen von den Verzveigungspunkten, noch gewisse ande~

re, im allgemeinen unendlich viele diskrete Stellen des vorgeleg~

ten analytischen Gebildes ausgenommen zu sein, zu denen man nur

gelangt l indem man die neue Variable gewissen Grenzstellen der

Funktionen naehert. Eine Klaerung und Loesung dieser Schwierig

keit scheint mir in Anbetracht der fundamentalen Bedeutung der

Poincareschen Fragestellung aeusserst wuenschenswert". At the end

Hilbert refers to: ... "die neueren Untersuchungen von Picard
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ueber algebraische Funktionen von zwei Variablen als willkommene

und bedeutsame Vorarbeiten 11

7 . Differential eguations~

In [38 ] M.Yoshida succeeded to solve a higher-dimensional

version of the Riernann-Hilbert problem. The background is Hil

bert's 21-st problem "Beweis der Existenz linearer Differential

gleichungen mit vorgeschriebener Monodromiegruppe" set up for

functions oi one variable, H ••• welches darin besteht zu zeigen,

dass es stets eine lineare Differentialgleichung der Fuchssehen

Klasse mit gegebenen singulaeren Stellen und einer gegebenen Mo

nodromiegruppe gibt"·. 1t should be remarked that the final solu

tion oi this Rilbert problem has been given by R~ Roehrl [2~] in

1957.

7.1 Theorem (M.Yoshida). Let X be an orbifold (complex manifold

with prescribed wighted branch locus) with realizing quotient map

p: IE VI ." X! IB~ the n-dimensional complex ball, and cover ing

group d C U((n/l),[). Then the inverse p-~ of p is a (multiva

lued) developing rnap of a Fuchsian system oi linear partial diffe-

rential equations.

This means that there is locally a fundamental system of 501u

tions 10 II~, ... ,In extending analytically to X, B, B the branch

locus of p, such that the multivalued map
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Pl-----7(I
O

(P): ... :I~(P)), coincides withp--1 onX-....B. The

Fuchsian system is called the uni f 0 r m i z i n 9 e g u a -

t ion of the orbifold and I::t.. i3 the mon 0 d rom y

g r 0 u p of the system not depending on the special choice of

solutions oi the system. Especially in ou~ situation described in

(6.1) with n ~ 2, B ~ ~ (guadrilateral), it is important to re-

mark that there is a surjective group homomorphism

( 7 . 2 )

describing the unitary monodromy representation oi the fundamental

group "[1\ (~.' &.,1. Yoshida found also an effective method in or-

de~ to determine a corresponding Fuchsian system (see [J~], ch.s

lOt 12). It turns out that these eguations and also their analy-

tic solutions (Appell series) are well-known lang time ago. Wor-

king with affine coordinates D,V one can take the following sy-

stern (7.3) oi differential eguations:

( 7 . 3) DiS F (u, v) = 0 on (1" pt:= IPJ.", &.. wi th

[9(u-l)u(v-u)f~ {J(-5u +4UV+3u-2v)l-+3(v-l)V~+(u-v)},
Qt) ClV

vt -~ U ~
DA~ ~ ~~dv + [3(u-v)] {~- av}/

--1 ~ d
[9 (v-l)v (u-v) ] {3 (u-l )uf)u +3 (-5v +4uv+3v-2u) dv' + (u-v) } .

7.4 Remark. Yoshida's general approach lifting the Gauss-Schwarz

theory of Fuchsian eguations to higher dimensions has a classical

origin in the work of Picard and Appell. Especially for the situa-

tion of (6.1) a more immediate extension oi explicit classical

results known as PTDM-Theorem (duB to Picard, Terada, Mostow, De-
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ligne) would be sufficient for our purposes. We refer to [~6] I

[ L ] and further literature given there.

8. Gauss-Manin connection.

The analytie theory presents analytie solutions of the system

(7.3) of partial differential eguations. We look for "al gebraic

solutions n represented by integrals on algebraic curves along cy-

eIes depending on parameters li,V. The general frarnework of the

eorresponding algebraie theory is known as Gau s s - Man i n

C 0 n n e c t ion of algebraic families of algebraic mani-

folds. We refer to [At] in order to understand the rather expli-

cit approach for algebraie families of curves involving differen-

tial eguations.

Let t /T be a smooth algebraic family of srnooth algebraic va-

rieties all defined over the cornplex numbers , say. The relative

de Rham complex 1s a sequence

c:l ("'\1.. eJ. =J
., .~L.. 't tr -

v
Using open (affine, say) eoverings ane defines the Cech complexes

cf 7 C ('l~!T) ...

in the usual rnanne~. Taking the limit along refinements of open

v
coverings one gets the Cech - de Rham bicomplex C·· (.i1- tlT ). The

de Rham cohornology groups IR I, ('{. IT) of the faroily fIT are the
n"R.

hypercohomology groups of c· ~ ( Jl -..ert defined aS cohomology groups

., tot Jl )of the corresponding total Cech - de Rham complex C ( ~/T'

The construction applies to all restricted families ~u/U, U an

open part of T. On this way one gets the deR harn c 0 h 0 -
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~

L

.h 0 mol 0 g y 5 h e ave s ail R( -e /T) 0 n T.

We restriet ourselves now to curve families 't IT. For our pur-

poses it suffices to assume that T is an affine part of a projec-

tive space wN. Let DT be the sheaf of differential operators on T.

Then the de Rham cohomology sheaf de~il (~/T) is not only an ~

module hut also a mr -module sheaf. Looking for a family with a

section W in 't-~ll..( -e /r) satisfying the differential eguations

(7.3) with ~ instead of F one can take the pie a r d c u r -

v e farn i 1 Y

y3 = X(X-1) (X-u) (X-v)

and ~ represented by the differential form w = dx/y depending

on U,V. For details we refer to [~L} 1 11 , 1.5. Taking integrals

over cycles one gets an rralgebraic" fundamental system of solu-

tions

(8 . 1 )

I
k

(t) = f w (t), k =

cXkll)

,I.
-= (u, v) ~ lP .... & , w = dxly

We refer to [ ] I 11.2.5, Theorem 2.5.2. Altogether we found the

developing map of the Fuchsian system (7.3) in an explicit and

algebraic manner. Looking back to the geometrie starting point

(6.1) and to the theorems 6.2 and 7.1 we receive

8.2 Theorem. The guotient map ~: m ----~7 ~ with covering group

with cycloelliptic integrals Ik(t) described in (8.1) along in-

dependent cycle families ~~(t), ~~(t) I ~)(t).
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Another proof based on the PTDM-theorem can be found in [11.1,] I

1.6.3. There has been used also a finer analysis of the Picard

curve family, which i5 useful for our number theoretic ambitions.

The next three sections are devoted to this theme.

9. Moduli space for Picard curves.

We investigate the Picard curve family in more detail. A cur-

ve C (algebraic 1 complex 1 compact) i5 called a p i c a r d

e u r v e I if it is isomorphie to a plane projective curve C' oi

affine equation type C'; y~ = p'! (X), where P't (X) i5 a polynomial

of degree 4 in X. We exclude subsequently curves C with model

er: y1 = X~ because they will get lost in our moduli space below.

via projective Tschirnhaus transformation any Picard curve has a

model oi eguation type

(9 . 1 )
~

'~ TI (Xy =
~::::Jt

Wy3 'i
= 1\ (X

l ::,01

y 1 1
e ~) = X + G1 X + G"] X + G~

8.W) = XY + G~WLXL + G
3
WJ X +

't
Z.e~ = O.

~=A "

(affine) I

(projective) I

The eorresponding equations are called n 0 r mal f 0 r m 5

oi Picard curves. A Picard curve is smooth if and only if for one

(each) oi its normal forms (9.1) it holds that e· t e- for
l. J

i t j. We correspond to the normal form (9.1) the point

J, 3 3 ~
(e : e : e : e ) f; (P = lP ~ {( z : z ; z : z ) (; lP . 2: z· = O}.

-" i 'l l.t 0 , J1 1. 3 ~ , t =,. L

The following result is da to the author. We refer again to the

monograph [ALJ, eh.I, 5.2. It asserts that the correspondence

Picard curve C ~---~ (e~ :eL:e3:e~) via normal form (9.1)
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is correctly defined (at least for smooth curves) up to symmetry

interchanging zeros of the normal form polynomial p. (X) and that
Lt

non-isomorphie (smooth) eurves cannot be represented by the same

point in ~L. Obviously, the smooth picaro curves are represented

by points not belonging to the six lines e. ~ e~J i t j.
!,.. J

fI

9.2 Proposition. The above correspondence induces a bijeetive map

{cl(C);C smooth Picard curve}.t,.---~... (IP.t'4)/S~,

where the symmetrie group S aets via natural permutations of the
'1

~ d'(Po -eoor lnates.

We remark that the proof given in [AL] uses geometrie inva-

riants, for instance the Hessean of a homogeneous nomal form po

lynomial. We call the surface ~1/S4 the (compactified) m 0 d u 

1 i s p a e e of Pieard curves and ([P.l.,4.) /Stt the moduli space

of smooth Picard curves by a slight abuse of language.

10. The relative Schottky problem for picard curves.

A smooth Picard curve C has genus 3. Therefore its Jaeobian

variety J(C) is an abelian threefold. We want to determine in an

effective manner the polarized abelian threefolds, which are Ja-

cobian varieties of Picard curves. The period lattice A of an

abelian variety A is abstractly defined by the exact seguence

(10.1) o ----.., A

TA the tangent space of A (at 0). Choosing coordinates and a ba-
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sis of A we identify TA with Ca-', and A 1s generated by the co

lumns of a g~2g-matrix Tr called a per iod m a tri x of

A. Taking into consideration all possible base changes in TA and

A we see that aperiod matrix of A is unigue up to ~l~ ([)-multi

plication fram the left and Glj (7)-multiplication fram the right-
~ .

hand side. Let E be a primitive Riemann form on TA representing

a polarization of A. By a theorem of Frobenius the=e exists a Z-

basis 1\11 I
... 11\1 of A such that

~
(10.2)

( ~1 Jt _
0 J(E ( /l., i'\.. ) ) (0, D) d. ~ \N, 1=d1Id,tf Id~.=_}) ; 0 I D = ...

L 1 o ~. J L

~

If the above diagonal matrix D 13 the unit matrix E~r then the

corresponding pOlarization is called p r i n c i p a 1 We will

only consider principally polarized abelian varieties in this sec-

tion. A basis of /\ satisfying (10. 2) wi th

I ~ ( 0 r E\::.( 0 r D\
-E o) -D 0)

is called a n 0 r mal b a s i s . Aperiod matrix of a prin~

cipally polarized abelian variety is always constructed by use of

a normal basis of A . Für a fixed basis of TA it is uniguely de

termined up to right-multiplication with elements of the 5 y m ~

pIe c t i c (modular) g r 0 U P

Sp(2g , Z) = {S E Gl~ (?t); SItS = I}.
~

The lattice in C~ generated by the the colums oi \T is denoted

by AlT' The coordinate version of (10.1) is the exact sequence

(10 . 3) 0., 1\'1\ ' c~ .., A ." O.
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11 matrix 1T bMatä~lä (t) is callAd a R i 8 rn a n n rn a tri x

(af principal type), if it satisfies ehe following two conditions

known as R i e rn a n n 's

t ion, respectively:

f i r s t or s 8 c 0 n d r e 1 a -

(10.4) (R 1)

(R 2)

i
TT'I'1T ::::: 0,

inltrr > 0 (positive definit) , i ::::: H.

( f W' ) :::::

~5 I.

Für a proof WB refer to [I\q], IV, App. I,

Now we turn Gur attention to (smooth) Picard curve5 and their

(principally polarized) Jacobian threefolds. Aperiod matrix of

a Picard curve can be written as

(10.5)

C" Cl Clt c) eS" Cl>

where <J::: 't(~~ ,~t I lJ~) is a basis of HO(C,J1.C) ~ HA(C Öe.) and

t = (f" ' f1 ' ~~ I f3 ' r~· ,f~ ) i3 a fJ-basis oi the homology group

R~ (C,2). The relative Schottky proplem for Picard curV8S asks for

an effectiv8 criterion characterizing period matrices of Picard

cUrve3 among all period matrices of (principally polarized) abe-

lian threefolds. The idea oi constructing typ i c a 1 period

matrices described below goss back to Picard [1']. In order to

formulate the theorem WB need a linear embedding

*: lL 3 {"-----40>

lTi"/3
~ = e
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3and the hermitian form< , > of signature (2,1) on ~ represented

__(:0 o~ Sg)by the anti-diagonal matrix R J . It defines at the

same time explici tly a ball iB in lpt and a disc lD .::: lDR. ( lB:

L
{B == {fP-tLE-lP; <~,.f:L) < O},

10.6 Theorem (relative Schottky for Picard curves).

The matrix lT in (10~5) is aperiod matrix of a smooth Picard

curve if and only if the following conditions are satisfied:

11 belongs to iEI, (I[) . (~) . Sp (6, :Tl; <& ,.ev) < 0 (ball conditionl;

.ß. , ~ isa basis of .ot.j. (or thogonal condi tion); 'C" =:; !P~ doss

not belong to .(i1 = r ~IDR. (" non-degenera te P'-condi tion), where r
denotes the full Eisenstein lattic8

Froof (sketch). Let C be a smooth Picard curve with normal

form (9.1). The projection (x,y) ~~~ x defines a cubic Galois

covering C --~JW1 ~ith Galois group G ~ z~ = 2/3~ generated by

g, say. The homology group H (C,7) is a z[G]-modu18~ Anormal ba..,

sis ,ß. == ( f-i' ••. ,fe ) of H.
1

(C I Z) is a :l-basis satisfying

fi 0 fj ) == I I 0 the in tersection product of cycles. A typ i -

c a 1 basis of H (C,~) is a normal basis oi the form

"
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~

* 0( =: * (0<1\ ,rJ! ' 0<3) =
L

( c,(11 ' O<).. I -g ~'1 I "1 I g ci 1. I g ot~ ).

The existence of at least one typical homology basis on a smooth

Picard curve has been proved by Picard himself in [lb] 1 see also

Alezais [ ~ ]. A reproduced version can be found in Picture 6.3.A

of eh. I in [A t ] .

A G-(i S o)t y pie a 1

sheaf of regular (holomorphie) differential forms (af degree 1)

on C, is a basis consisting oi G-eigenvectors oi H1 . One can take

simultaneously for all Picard eurves with normal form eguation

(9.1) the differential forms of first kind ~~ = dx/Y, dx/yL,

-"
xdx/y . The use oi a typical basis *~ oi H (e,d) and a isotypical

·1

:=
t

( w,,,, ' W1 ' W3 ) has the advantage that the correspon-

ding periad matrix (10.5) is essentially determined by the thres

basis

typ i c a 1 per i 0 d m a t r i ces

t~

11 :::. fiJ .= * &-
~~

*..y

entries A1/ A
t

.A
J

. With 1J,.= (A.f.A
1

,A 3 ) ahd the above notations

ane obtains

(10.7)

We check now the conditions of Theorem 10.6. The first of theffi

is satisfied because we can choose a typical period matrix. The

second and third conditions are translations oi Riemann's period

relations (R 1) I (R 2) in (10.4). The irnon--degenerate"'-condition

i3 delegated to t.he if-part of proof below.

Conversely, we assume that a smooth curve C has a typical pe-

riod matrix as described on the right-hand side of (10.7). We

have to show that this can only happen for a Picard curvs. Für
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this purpose we look at the moduli space of srnooth Picard curves

(1F
t

...... A )/34 I see Prop. 9. 2. We cons truc t a commutative di agr am

(10.8)

where Ji'!, or v4
3

are the rnoduli spaces of srnooth curves of genus

3 or principally po1arized abe1ian threefo1ds, respectively. The

Tore11i embedding A
J

_C--'i) v4) is represented by the correspon-

dence cl(C) ~-~ cl(J(C)), C a curve of genus 3 and J(C) its Jaco-

bian threefold. The upper row is correctly explained by the chain

of the follo~ing (partly mUltivalued) correspondences:

(10.9)

The point *'t"'.= T belangs to the generalized Siegel tipper half
9l

plane of polarized abelian threefo1ds

ill 3 = {<t"" 6 lb 1'3 (C); t '{; :;: 1:", Im l:'" > O}.

The vertical arro~s in diagram (10.8) represent analytic quo-

tient maps: The Eisenstein lattice r = Ci( (2,1) ,cf
K

) acts on 8.

This action can be extended to an action on lli3 along the geome~

trio embedding *:€~ ß) by the following 5 y m pIe c t i c

r e p r e p r 8 sen tat ion of r also denoted by *:

(10.10)



- 35 -

Für an explicit definition we refer to [A~ ]. More intrinsically

one endo~s cb with the hermitian product [ .. J of signature (3,3)

represented by J = IJ~3. Its restrietion to ~3 along the *-em-

bedding coincides with < I > introduced above J that means:

The modular symplectic group Sp(6,1) consists oi all linear trans

formations of c', which are compatible with [ , J and preserve 2~.

3All those elements of Sp(6 , 2) preserving additionally *[ are col~

lected in a graup Sp' (6,a). Their pull backs ta [3 are compatible

3
~ith < , > and preserve 0K' Ons can check that the homomorphism

----~~ r defined on this way is an isomorphism. Its in-

verse map yie1ds the embedding (10.10). changing over from the

right-action on vector ro~s to the transposed 1eft-action on the

the columns WB notice that

(10.11) *('h (,a.. » = (*r)(*~)

-* ( '( (tt'» ;::: (* '6 ) (*'t')

-CL ~ cJ
, '\ & r

"C"=lP-CL€lB •

since J4.) = lH) /Sp (6 , i7) i t follows that the diagram (10. 8) is com-

mutative.

We are now able to verify the if~part of Theorem 10.6. Let

C be a smmoth curve of genus 3 with a typical period matrix. The

preimage of cl (J (C)) E A3 in iH 3 is r epresen ted by an element

uniguely determined up to Sp(6,W)-multiplication. Without lass

of generality we can assume that T;::: *~ because of the corres-

pondence (10.9) going through all typica1 period matrices. Thus
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J(C) must be the (generalized) Jacobian threefold of a ~ossibly

degenerate (non-smooth)' Picard curve. But'C is smooth of genus 3.

Therefore C has to be a smooth Picard curve. It remalns to check

that 't" da8s not belang ta ~. In 9. we proved. that lPi., &.. is

the comp~ete S~-~reimage öf the moduli space of smooth Picard

curve5. The: symmetrie group 54 appears as faetor group r / r' in

diagram (10.8). ~or the eoinc~dence proof of the symmetrie ac

tion of S~. on lP~ and the ari thmetic action of r J r '. on lPJ.- WB re

ier to [A 1, ]. We dispose also on the kno'Wledge of the preirnage oi

j in tB. This is. the branch locus Gf the covering TI: lB .---.,. \B/ f'

WB started with in (6.1), see also Theorem 6.2 and the explana-

tion thereafter. The ramification locus of ~ has been carefully

analyzed in [1~], 1.3., especially diagram 3.3.b. It eonsists of

all (infinitely many) r(N)~reflection dises. This set coinci-

des wi th the r -transforms of ons· of them, say ?f tD~: So, if L be

longs to a smooth Picard curve, then it cannot belang to ~. The

'Theorem. 10.6 i5 proved.

11. Effective Torelli theorem for Pieard curves via Picard

modular forms.

Tacitly we u5ed already Torelli's theorem. It appears in dia-

gram (10.8) asserting that ~~ --~> v4
1

i5 an embedding or 1

more genera~ly, the isomorphy class of a smooth curve is uniguely

deterrnined by its (polarized) Jacobian variety. We look for a pre-

,eise pointwise version of this theorem in the aase of Picard cur-

ves:
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11 .1 Find for giYen 'L' lB (or ;.;: "r ~ ;>t:;13 c. G:l3) the normal form oi

a Picard curve C"["' corresponding to the moduli poin t tr (~) (; \pL.

In analogy to the Weierstrass normal form of elliptic curves

~e can find holomorphic functions.t ,t ,t Ith : ~
'I L 3 "l

--..,') q:: such

that the,normal farms WB look

(11.2)

for can be ~ritt8n as
~
1T (X - t. ('t') )
l~J1 l.

simul taneously for all 't' f: E. In 0 ther words we try to ~escribe

the quotient map TI ~e started with in (6.1) ln terms oi holo-

morphic functions identifying the quotient map 1T \Vi th

--__--.:..., lP tIB( t 1\ ; t 1. : t J : t 4 )

tr; \-? (t'
1

('t") : t 1. ( 'r) : t 1 ('['") : t ~ ('t') ) .

(11.3) ,

The Bxistence proof for these holqmorphic functions 'Was the main

resul t oi chapter I in' [ ~L]. We refer the reader to section 6.3

there entitled 'Inversion of the'Picard integral map by means of

autornorphic fQrms', especially to Theorem 6.3.12.

since we nesd the quality of the functions t~ for finding ex~
\.

plicit Fourier series of thern, we repeat the ~ay oi their con-

struction in [Ai] ~ithout proofs.

11.4 Definition. A holomorphic function f: ffi ~ C i5 a P i

c a r d m 0 d u 1 a r f 0 r rn oi the irnaginary quadratic

number field K and of w e i g h t ro, if there exists a. sublat-

tice r" of U((Z,1),rrK) such that the following fUn c t i 0 -

n a 1 e qua -t ion s are satisfied:
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(11.5) Q*(f) .'M for all r" ,::::: J ·f r t
l"

where T'f.( f) ('t") = f('( ('t')) and ' jT( 1"") i5 the Jacobi determinant of

f : lB ~"::.:, \B at't'.

If (11.5) is satisfied, then ~e shortly Gall f a rrr - m 0 ~

d 11 1 a r f 0 r m (of weight m). These functions form a fi-

nite~dirnensional vector ~pace .denoted by [r",rn]. We come back

noW to we Eisens tein nurnber 5, especially to r.= UI( ( 2 , 1) , t1K) I

r' = f(f=3) and define the s p e 0 i a 1 modular groups by

, .... ""

We have three exact seguences

1 ,;, 5 r (i-3) , r (0) ~ Z3 ." 1
('\ 11 "(11:6) 1 :-, r(~-3) ") r --~ S,+)( Z, ---7 1
v· v v

1 ., S r (0) .., sr ) s ~ ~ 1
UI ,\V .

T ~ r
The group z· ::::: Z/22 comes from the element, ~id ~ r I (z 1 t. Z,) .

1.

We look for Picard modular forms t.
1

, t
L

, t'} I t
lt

satisfying the

following conditions (11.7) and 11.8:

(11.7) t 1 + t~ + t 3 + t'1 c:, 0,

t1,tL'~) are linearly i~dep8ndent.

11.8 S P e c i a 1 Fun c t ion alE g u a t ion s .

for i ::::: 1,2,3,4,

(iii)

1,2,3,4,for ~ .== j . t·r l.

::::: ttll)/ti=lj)

.=. (det cr )1.· jitl

for i = l,l13,4, (representing

(i)

(ii)
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11~9 Theorem (Rolzapfel [~L J). There exist four Picard modula~

for~s t 1 JtlJt3Jt~ satisfying the properties (11.7) and 11.8.

They are uniguely determined up to the numeration and a common

constant factor. The condition (iii) is a conseguence of all the

prev~os conditions (11 . .7), 11.8 (i), (ii).

11.10 Remark. The last statement has been proved first by Feu-

stel [ ~ ] by an analytic argument using the .Theta pres6ntati~n

of the modular functions t· WB look for. An algebraic proof has
\.

been found by the author [~3] by means of the dimension forrnulas

for cusp forms of ball lat~ices [~1]. We can give a more ,precise

version üf Theorem 11.9 which brings the thre8 conditions (i),

(ii) , (iii) of 11. 8 tagether . Denating the image of t t r along

r ") 54 (see diag:!:am (11.6)) by f 'We get

11.11 Corollary ~ The four Picard modular functions t , t '" t, , t 4. 1 t ,

are characterized (up to a constant factor) by (11.7) and ehe

fUnctional eguations

für i .::: 1,2,3,4,

Main idea of pro6f (see [" L ] ). Basically ane has to classify .
. A~· '

the surfac8 X ~ ~/s r({~3). The group S 1((=3) acts almost freely

on lB, that means that 'we non~trivially acting eleme'nts have at

most isolated fixed points on IB. It turns out that

~-----"".A J.,,--------
LaiS 1- (~ -3) ::: X -_ .... ~-.., \P ~ lB/ r (i -3)

is the uniguB (cyclic) Z3-covering of pL branched along ~ (see-
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the diagrams (11~,6) and (6.1). It is not difficult to describe

the surface Xby an equation (588 (-'1.1.] I 1.4.3).

1 1. - L L L 1 ~
Z = (Y.i ~ y t1 ) (Y t - Yo ) (Y -1 ~ Y0 )

This is a 'Wsighted equation wi th Z of 'Weight 2 and Y" ' Y.{ ,.Y
1,

oi

weight 1. More precis~ly, this 'means that X is the projectiye

spectrurn of U,e Ccrresponding graded zing

11,13

tC[YOly,,·,y~,Z]J(Z3 ~ n (y~ - Y~)"
O~L(j~l·j l·

Remark. On this place ws. remember "aga~n to the 22~nd Hil-

bert problem mentioned in 6.3. It turns out that th~- algebraic

relation in (11 .12) is satisfied by Picard rnodu~ar forms Yc I Y.., I

Y 1 Z ·substi tuting ehe variables Yo ' Y1' ,'yJ., or Z, r~speG. tively. The
.t .

kno~ledge of the uniformization ß
,A. -

~--_~) X together with the cor-

responding arithrnet.ic uniformizing lattice 5 r (N) becomes im"":

portant for this purpose as it has been predioted by Hilbert in

general.

The key point is to understand autornorphic forms as sections

of logar i thmic plur icanoni cal sheaves. In (A i ], T. 4 ~ 3 we proved

(11.14)
00 00

G) [5 r ({'=3) ,m) ::; G> HC(X,O(mK_ + mT)),
YY\~O . . 'I'W'l=O >\

(11.15)

~here Xis the minimal resolution of singularities of X, T the

"'-
compactifi~ation div:lsor resolving the cusp singularities oi X.

It consists of four disjoint elliptic c~rves. As usual Kx denotes

a canonical divisor and Ö(D) iso the sheaf corresponding to the

divisor D. A careful.geometric analysis (explicit knowledge o~ a

canonical divisor, vanishing theorem on surfaces) accomplished in

[1\'1,] yi.slds the ring structure
00 _

(±) H 0 (X > b ( ITLlC + mT)) ::; f [s . s ~ s.l . s 1
X 0 1

nt~O
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wi th Sc J S,., ,5j.. of welght 1, s of weigh t 2 and the generating rela-

tion

(11.16)

Toge thsr \oll th (11. 14) "Ws found genera tor s "?(;' ~ -1 ' rr;L of

[S r (A) ,1] and a r(0) -modular ·form "1 of weight 2 such that

and "1
~

generate WB ring 0 [sr(0) ,m) of ~r([:J)-rno-
.......':0

(11.17)

dular forms sati~fying the rel~tion

1...::: (N1 L '-!f) t ) ( .,., 1.. '- L) ( l '- l'fJ L )
ltJ lz. l" 'l. "'Zr; "l"c,o

'WB looked for.

If r" is an arbit~ary ball lattice, then it acts on the spaca

of holomorphic functions on the ball ~ via

The r"-invariant functions are the r "-modular, forms (compare

with (11.5)). E$pecially the lattice ~r aots on [Sr (0),1}

wi t:.h ineffectiVB kernel S r (fl r. Wi th the last row oi (11.6) 'WB

get a three-dimensional representation of S.• In ['..{ 1,] \Ve p:roved
't '

that this representation i8 irreducible. It induces 'a projective

represen tation of SLt on IP [~ r (f3) 1 1] ~ tp 1.. There i5 only on_B

such repressntation. Explicitly it can~bs described by

(X
1
·:.X! ::<3 :x\1). ., (Xv(.f):xC"(~) :xG""{J) :xG"(4J)"

er t:- SL' X # ce, L X_ .::: O.
, L ..

Looking back to (5 r(~) ,1] üns finds four Picard modular forms

t ,t Jt ,t satisfying (11.7) and 11.8 (i), (ii).
1 1. ) 4

I~ rernains to verify the property (iii) of 11.~. This is much

more difficult than·it looks like at the f~rst glance. There

exist t~o proofs of different kind. The first has been found by



- 42 -

Feustel in ( G ). Re used a transeendental method: The modular

forms t. can be understood as restrietions of ,explicitly known
l

theta constants on ~3 to ffi (see below and also Shiga's article

I'L]). Then the transformation behaviour described in 11.8 (iii)

can be checked directly. An algebraic-g~ometric proof of th~

functional equations (iii) can be found in the .author's paper

[ A 3 ] .

In order to salve the relative Torelli problem 11.1 in an ef-

feeti ve manner' by means of Dur modular forfis t-'\ I tl. I t
J

I t~ we, go

back to the quotient map (-11.3). It 1s realized by the modular

forms of Theorem 11. 9 for the following reasol1S (see [A.t] for

more details). From the third row of (11.6) one gets a commut~-

tive quotient diagram

(11.19)

(t,,:tt:!3)
r( _

A L
The logar:i thmic canonical map ~K-+'T goes doyn to X --~71P and

X
coincides with the z3-qoutient rnap on the bottom' of' diagram

(11.19) as has been proved in tAt]. Using generators s· of
l

~O(i,6(K~ ~ T)·.it can be realized as the projective morphisffi

(se : 511 : 5,-). The sec tions s~ have been lif ted to S r (r=3 ) -modul ar

forms ~. 1 i = 0,1 , 2 via (11.14). Without 10ss of generality we-
L
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Theorem (effective Torelli for Picard curves via modular

forms). Let J(C) be the J~cobi threefold of a srnooth Picard curve

C corresponding to the point 't' = *'\:' €. lH 3" Then the Picard modular

forms t
1

,tL' t3,t~ defined in theorem 11.9 (up to a common con

stant factor) y;elJ a normal form of C in the following manner:·

(11.21) y1 = (X - t (it')) (X - t ('!)) (X - t
1

("t' ) ) (X - t lL (1:") )
1 1 ~ .

Froof.: By the relative schottky theorem 10" 6 for picard cur

ves we have J (C') .::: C3/ Alf 1 where TI is giyen as ('IT'1 j 1\1) in

(10.9) connecting 't' f e with 'l = *'t". The diagram (10.8) with

r':=: \(N)'yields th~ moduli point of C on\pLas image oi 'T

along the "\((=3)-guotient map. By (11.3) this image is equ~l to

(t (~):t (~):t3(~) :t~(~)).But the normal form of a corresponding
1 J,. ,

Picard curve is given in (11.21); see"Prop. 9.2. Für the conve-

nience of the reader we present a diagram oi corr8spondences

used above in elose connectian with diagram (.10.8)"

1:" = IP.~ ~L------t

1
~ ~

= TI" (X - t. ("t) ) c--------{ Jac (C)
t.-
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The theorem is proved.

12. Picard modular forms as theta cOhstants.

Theta functions ""[bJ with charact.e·ristics a,b E' ~~ are holo

morphic functions on (~X IH~,

IH~ = { 'f € G\ (I{;); t1:' = 't, Im 't" > G}

the 'gen_eralized Siegel upper half plane uniformizing the muduli

space of (principally) polarized abelian varieties of dimension g

(oS::: e e. g. [ ]). Explicitly the theta functiqns

are defined by

-----"....,.. (:

~ exp{~i t(n+a)~(n+a)
nG'"2~

, t
+ 2vi (n+a) (z+b)}

The restrict.ions "10:A'Ha-

erb]('!:') ==~l~l(O,~)

are called t h eta c· 0 n s t. a n t. S (w.i th characteristics) .,

We restriet our attention to the c~se g = 3 and look for exten-

sians of the picard modul,ar Torms t.,' tL J t) ,t
4

defined in the pre-

vious section in IH) along t.he embedding *: IB c ') \H
3

defined in

(10.9) and hope to express them in terms ci tft8ta 'eans tants.

Very i~portant for this purpose are the functional equations d8S-

cribed in 11.8. So we look for elementary cornbinations Th oi the-

ta ~onstants whose restrietions

satisfy the special functional equations 8.11 (i), (iii):

(12.1) Th (-*!)
.1. ,

= det o· ] .Th
f.

on lB C lH
3

I
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Für the convenience of the reader we 5ummerize the restrietions

(ar extensions) used above and below in the following diagr~m.

( 12 . 2 ) lB ( ) IR;

r(~) ~ G Ir 11 ,,~ E Sr (b
c
:Z)

lB c , IR "- ) c3 x lH
'3 3

t=/ela G=plO"ijjl L~VI
I[ - ) c - :> a;

12.3 Theorem (Feustel, Shiga).

Let 9. (T) = ~~ (0, 'L), i = 0,1,2, be the theta constants on lRJ~ ~

restricting the theta functions

k =' 0 I 1 , 2', z €. [ 3 .

Set

(12.4)

and

(12.5) th - ('i:) = Th (* 't:) J i = 1 I 2 , 3 I 4 I 'C" E: lB. .
l . ~

r·hen the functions th. (-c) are the (normalized) .picaro modu.1a:c
l

forms s8tisfying (11.7) and all the' functional eguacions (i)}

(ii), (iii) of 11.8 or, equivalently, thase of Co:collary 11.1l.'

- Fraof (main steps). We follow Feustel's prooi and Leier ror

explicit calculations tü his paper [ 6 land the related litera-

ture given there. The ~prooi summerizes preperatory wo~~ of Rie-

mann 1 Picard [.L~] J [.t '1 J I Ale zais [ 1 ] 1 . Mumioro. [ 1.4] 1 H. Shiga
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r 31 ] and Holzapfel [.11.] (the functional equations above) .

Step 1 (restrietion to six functional equations) .

Here we go back to the fundamental group 1'( (LP!" &\ ) of the
"\

Fuchsian .system (743) of partial differential equations and the

surjective monodrorny representation

see (7.2). But the fundamental group

~A (\P.l, &) ')0" r (~'-3) ,

'\l ([p.t.. ..... .A) ·has obviously
1'1

six generators coming from simple ~oops in ~1 around each ane of

the six orni~ted lines. Therefore also \(f=3) has six generators,

say. g1' ... ,gb" They have been explicitly described already· by

Picard [tb] (with correcture in [17]) and Alezais4 Their syrnp-

lectic lifts ~ = *g. E Sp(6,Z), i = 1"44,,6, can be found expli-
\, l

citly in Feustels paper [ ~ ]. In order tQ check the functional

equations 8.11 (i), (iii) for suitable holomorphic functians th

on B it is sufficient to check them for the gen~ratqrs g1, ... ,gb

of r-({=3) . According to our claim th = Thl~ we have now only to

look for holomorphic functions Th on m3 satisfying the six r e 

5 tri c ted fun c t ion ale q u·a t ion 5

implying (.12.1).

(1246) Tht (er.. )
l _

. L
== (det g. ) • j . Th

l a~
on iB c lH 3' i == 1, .... , 6,

Step 2 (Riemann's theorem) 4

It is a general problem in the theory of algebraic curves to des-
\.

cribe a given merornorphic function on a curve C in terms of theta

functions on its Jacobian variety by restricti?n.along the Jaco-

bi embedding C _L__,?~ 0".( C). This problem has been solved essent.lal-

1y by Riernann. We'refer to Mumford's book [!~ ].
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12 4 7 Theorem (Riemann). Let C be a (smooth, compact, complex)

curve of posi tive genus g; "('\' .... , l!.a a normal basis of H~ (C , Z)

and c:r = t ( ,.)~' ... ,Io)~) a basis of HO (C • l'tc! such that the cor

responding per iod matri~ has the normalized form

(12.8) Y ":t
~~ p. CJL( Z-p-

~ \ .a..1 (.

*f(P~ )
M l="

f"~ Jcons t:TT {~( J W- Ll)/~(\ J i! -...:,
~)}"- L.)-

. l
l :'11 \c;l:1I Po Pe Pt) Po

meromorphic function on ~as C./Si · Qne has to US8 the same pathes

ln the first integrals of the denominator and numerator:

Notations. Here the Riernann theta function ~ is considered as

holömorphic function on ~~. Tt coincides with the restrietion of

"~[g] to Cl>l- 1:' , 'l the fixed period matrix defined above, with

the notations introduced at the beginning of this' section. The

special well-defined

Jacobi embeddingpoint p ~ C i3 used to fix the
o p

C"-'·_~", J(C), p ~ J W" mod "'l'
" Po'

the Riernann constant. This is a6 denotes

auxiliary

2-torsion point an J(C) (see [;t4], ch.II, 3). Bbth sides are can-
t

sidered as functions on ct or ca-/s~, namely i~ Pi: is understood as

point on ct/s~._ On the right-hand-side of (12.8) ~ppear5 a con

stant denoted by const4 In general one knows only its existence
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but not its e~plicit value. Finally, we used the notation

:D ,. p.
?'"[. 4 Z· ..f7!w = for D = 2: p...

Po . [-It f L=A L

- 0

Remark. Für the proof cf Riemann's theorem ane compares zeros

and poles of both sides of "(12.,8). The key point is the under

standi.ng of Riemann' s constant A. On ~ l i t is defined mod ,Att' by

~
i=A

- Ä +' J t3 mod AG G' I p.. Ge,
't' . \.

Pe

where Sc J(C) denotes the theta divisor defined by ~(z) = o.

Setting e.g. ~~ = a k in (12.8) opens the way of proof of Rie-

mann's theorem in an obvious manner.

Now we apply Riemann' 5 theorem for finding two ,generators of

the field of r ([=3)-automorphic functions in theta terms. This

has be~n done already by Picard and Alezais. We write a smooth

Picard curve C,in the modified normal form

C: y3 = X(X - l)(X - u) (X - v)

Then u = u(rc), v = v(tr) J "'C GIB/ generate the field of r (J-3)-mo-

dular functions. The ramification locus of .the ~-Galois covering

C ~W1 consists of the following five points on C:

0;:.°
0

= (0,0), Q~ = (1/0), Q", = (~,O), Q"" = (v/O), eIJ

We ap'ply (12.8) to the function f' = x: C --~") Wt at the points

and at the p~ints

p.. = ,Q J P ='Q , P = Q
~I .. 1. u· 3 u
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with (x) = 3~O - 3'~ , Po =()O we get with the same constant c

.l.Q...+&u' 0 lft113
J

-9 {~ ~)/:J( u\3.U = c ..TI{.J" ( Li> Ll. )J
" dJ .pO otJ

3 SA+1G"" 0 &+.1Q
;f ~

u L ="c~1T{~( r J f-~ A )/ ~( f J 6 )}- w

" cD Ob 00

1-
since u = u /u we get by division of both expressions above a

theta formula for u(~) without the unknown constant c:

3 .
u = iT {~ ( . -.). ~(

"11 -
)/~( .. -.) .. \r(.-.- )}

J,
In the same manner using Qv instead of Qu we" can express v, v

and finally v(~) = vL/v -in' terms of the theta function belonging

to 't' = *'t'.

Step 3 (Theta constants).

Th~s st~p is due to ~higa [3~]. He calculated explicitly the

Riemann constant A above using special values. Furtherrnare he

used standard transformation laws to prove that

~ '} J' \ 1
(12.9) u(",,) = '\I" (O,*'t)/ 1"(O,*:r),' v('t") = Jo (O,*'t)/J'l. (O,*'t')

with the notations of Theorem '12.3. The denominator does not. va-

nish identically on ffi (Shiga [ ·~t])·

Step 4 (autornorphic forms).

This last step is due to Feustel <D ]. He checked that the domi-

nator and the numerators ~n (12.9) satisfy the six functional

eguations (12.6). By step i.we dispose on three linearly indepen-
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r _r:::- e3 ,,; . .ö~ .
dent $ (1-3)-modular farms o(*'l), t1'1(*'l), ~t(*"C) on lB of "light 1

wi th the notations of Theorem 12.3. Since dirn [S r (\=3)] = 3 by

the considerations around (11.16) we found up to linear combina

tiens all 5 r (N) -modular ferms of wight 1: So 9l , e11\ e,J can be
. 0 ~

identified with • 11,1 in (11.17). Now we remember to the Sü ~
(0 A 1 ,~

S r /5 r ({-3) -action on [r (R) , 1-]. There mus t be linear combi-

nations th
4
,thL,th~,th~ of O:,6~,ß: satisfying the relation

(11.7) and the functional eguations 11.8 uniguely defin~d up to

a common factar, see ~heorern 11.9. The symmetrie group s~ is ge

nerated by three tranpositions. Tt is not difficult to find re-

presentants of them in sr and also their symplectic representa-

tions acting on ~~ explicitly. This has been done in [ b ]. With

the defini tions (12. 4) and (6.12. 5) Feustel proved that th· ,th
L

,
, oi

th, ,th~ are functions with the correct tranformation behaviour

we look for. The Theoerem 12.3 i5 proved.

13. - Frcof of the Main Theorem.

Now we are able to p~ove the Main Theorem formulated at 'the

end of 1. We have to concentrate our attention to the verifica-

tion of the field tower on the r~ght-hand side of diagram ~1.1).

First we check the list 1., .... ,8. cf definitions in 1. and fill

the gaps. The ball ffi is understood as subball of ~, via the em-

bedding * defined in (10.9). The restricted theta constants

i ~ 1,2 l 3,4, have been defined in the previeus section.

th .. 1

L
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Next we have to give a precise definition for the special ar-

guments used in the Main Theorem. An a r i t h m e t i c

p 0 1 n t o n lH, is a point of

lH,(~) :::; JH$() GI
Ö

(V).

An a r i t h m e t i c baI 1 p 0 i n t is a point of

A (principally) polarized abelian variety A of dimension g ~ith

complex mUltiplication determines an arithmetic point ~ € lli~(ij) ..

Namely we know horn seetion 3 that A ~ I['l'/~(~). /JI,f: Mat1~!~ (W).

On the other hand A is isomorphie to ct/A(Etl~) Therefore ~

änd (Ei I't") must belang to the same double caset of, Mat~-.o:l~ (e?

wi th respect to Gl~ (C) or ~1La- Ur) I respectively. Henee there exist

elements G ~ I>l'} (U;) and Z ~ Q;llt (7) such that .(JL.~ = (GIG-~).

. . ~

Now i t is clear that G, G t" and finally 't'" = G- (G "t') belang ta

~li(U). Especially we dispose an the following well-known

13.1 Lemma. If C 105 a (smoot.h) curve of genus g and ito5 Jacbian

var iety J (C) corresponding to 1:'"'" f:"ul has complex mul tiplica tion,

then 1:" is an arithmetic point of lH~~

13 . 2 Def ini tian. A point (j G L8 is called .a CM-module (wi th re~

spect to Picard curves) I if there exists a (smooth) Picard curve

C such .that ü belangs to the Jacobian threefold J (C) of C (t. W1.,

(~C•..) J ( C) is simple and has complex mul tipli ca tion.
I
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Frorn the above considerations it is clear that a CM-rnodule of ffi

i3 an arithmetic ball point. There is a dense set of very expli-

cit examples called s tat l 0 n a r y m 0 d u 1 es. They

are defined as isolated fixed points (J' €' lB '- A üf elements

"6 ~ lJ1( (2 , 1) I K) wi th [K (t ) :K] := 3. Für de tails' we refe:r to (~4 1 '

Now we are able to define Fr; I 4>6 and tClo- appearing in the Main

Theorem. We have only to connect the above definition with those

of section 3. Let ~ f ffi(W) be a CM-module corresponding to the

Picard curve C with Jacobian threefald J(C). Tt has a CM-type

(F~ J ~C'" I b.G') and this is all we need. The correspond ing Shimura

class f ield Sh ( ~c; I.ö.~,) has been defined at the end üf section 2.

We came to the proof of the Main Theorm. FOT this PUT[JoseWe

let er f:. 8(~) be a CM-module correspönding to the Picard cur:ve CG"

v.ri th ,]acobian threefold J cr of type (F", ~o' Aö ) .

(13.3) c~ ~: th. ((;) )
l

This comes fr'om the effec tive Tot:elli Theorem 11. 20 fOt: pi-

card curves in combination with the theta representation of the

Picard modular forfus t. found in section 12. see Theorem
l

13.4 k~ ~ K(th(~)) is adefinition field of cl(Cv) and of

cl(Jv ) in the sense of section 4.

12 .3 ,

For the curve c() t-his i5 an immediate consequ,ence of 13.3, li

k i5 adefinition field of a curve C, then it is also adefinition
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. field of the Jacobian manifold J(C). Für this well-known fact we

refer the reader to Milne's article [11] in [)]. Conseguently,

k~ is adefinition field of cl(J~) or of J~ itself without 1055

of generality. The same is true for (J5""" "ev ), ''fr; a suitable' pola

rization of J .
G'"

'This was (the consequence 5.3 of) Shimura's Main Theorem 5.1 of

complex mUltiplication.

(13.6)
5, (0)

= K (th (ö» ..

Proof. We remember that

1s the moduli point of the picard curve c~ by (13.3) and Proposi-

tion 9.2. So for t f Aut(C) one has the following equivalent

conditions:

t' € Stab cl (Cr-) ~ .., c~ ';f C C 7) cl (c"K) = cl (C) d ')

( th ,{ (v) : thJ.., «(J) : th 3 (v) : th lt (er-) ) JA. ~ (th A (Ci) : th1 «(j) : th'3 (v) : th ~ (0-) )

. mod 8
4

}

th~ (())rJth. ('f)f = th1fl~) (u)JthnC) ((;)
, \ J J •

for all i I j !:: {1 J 213 J 4} and a sui table 1\ G- Stt

. S Lv')?' ~ V( th ( 0"'» it •

On the other hand we have Stab cl(C~) ~ Stab cl(Jv ) I hence

M(C~) 2 M(J~) by the definition 4.1 of moduli fields. It remains
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to show that K is a subfield oi the fields appearing in (13.6).

The curve Ca in (13.3,) has an obvious automorphism of order 3.

Therefore the field K = ~(j) i3 a subfield·of the endornorphism

algebra V@) En~ (J(I')' Since JO'" is simple 1 the field FeS" coincides

with this algebra (up to isomorphy). Therefore K is a subfield of

F~. This i3 also true if J~ is not simple and has cornplex multi- .

plication in the generalized sense of section 3 (DeM = decomposed

complex roul tiplication): Then Jf' is isogeneous to T J( T II T, T an

elliptic CM-curve with imaginary guadratic mUltiplication field E,

say. As already mentioned at the end oi section 3. the endomorphism

algebra of J~ is isomorphie to Mat 3(E). The diagonally embedded

field E commutes with any other subfield of l1l@End(J
G

), especially

with K. Thus the endomorphism a~gebra contains the subfield K(E).

The absolute degree of a subfield of the V-algebra q) GI End (A) of

an abelian variety A divides 2~dirn A, see [LO] 1 1.1, Th.3.1.

Therefore [K(E) :~1 divides 6 = 2·dim J~. This i~ only possible for

K = E. Conseguently I K is central in fD ~ End (J'$'").' and K· FtJ" i3 a

subf ield. Since [FG": {J] :::= 2·dirn J = 6,by definition of complexv

rnultiplication it cannot happen that K'F~ ) Fü because F~ is ob-

viou31y a maxim~l subt ield of (l!S End (JG'")' So we have K (.F6""' tha t

means that in any ease the multiplication field F of a CM-Picard

curve is a cubic extension oi K. It follows immediately fram the

trace definition (2~2) of the reflex field Fr that K ~ Fr. Now we

apply (4.5) to obtain F~ ~ M(J~). Together with (13.6) and the

eguivalence considerations above we get
S (er)

K ~ M( CG"") = lJ} ( th (<t)) q
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The idsntity on the right-hand side of (13.6) i5 verified. By the

way we established also the bottorn part of diagram (1.1).

13.7 The 'definition field k~ = K(th(v)) of the CM(or DCM)-Picard

curve C~is an'algebraic number field.

Fraof. Let 'f be a .principal polarization of J lr , The polarized

Jacobian variety Jac(C~) = (J~Jt ) has an algebraic definition

field k by Proposition 4.4. From Lemma 4.3 we know that

Obviously, the moduli fisld M(C~) coincides with M(Jac(C~)). To

gether with the idsntity in (13.6) ws see that K(thCtr))51.j{4") is a

nwnber field. since ~ = K(th(~)) is a finite extension, it is a

number field, toD,
•

Altogether we have the following inclusions:

(13.8)

Kc:F' C
tT

M(J'7' 'fer ) = Sh( 4>~ ,.tl",)'
UI

M(J 0-) =. M(C4)) .= M(Jac (Cv-) )
11

K ( th Ca-) )5~to-) c

We restriet ourselves fram naw on to the case of simple Jacobian

threefolds J~. For the sake of clear distinction we call ~ sorne~

times in this case a 5 i m pIe CM-module (SeM).

13.10 Lemma. lf A is a simple abelian variety wit:t complex multi-

plication, then each polarization "f of A is admissible and t.he

rnoduli f ield M(A, f) does not depend on the choice oi 'e..
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For the praof we refer to Lang's book [LO] again. The first

statement comes fram [La], 1.4, Thm. 4.5 (iii) and the candition

ADM 2, p. 20. According to the rernark in [iO] 1 p. 135, the rnoduli

f leId M(A, 'e ) daes not depend on the embedding L.: F c:---=, (l ~ End (A) ,

F the CM-field of A. The last statement of the lemma is Proposi-

tion 1. 7 (i) of [lO], eh. V.

Let Ub 18 be a simple CM-module and e a principal polariza-

tion of J,.... By Lemma 13. lOt is admissible and M(JG"' -e) coinci-

des wi th the moduli field M(J~, '€a) for any other admissible po

larization t~ of J~. Cosequently the inclusions of (13.8) becorne

sharper:

13.11. For simple CM-modules 9€-lB it holds that
S 1$)

K ~ F' ~ M(JG' I 'f()) -= Sh ( ~G'" ,JJttj) -= K ( th ((5"") ) .. S K ( th ((;")) c ij).

We established the piagram (1.1) of field towers in the Main

Theorem. By the defini tion 2. 7 Sh (..h Ißt) (Shiffiura c lass field)
't'cr fS

is an abelian extension of the reflex field F'. It remain~ to
t::T

prove that this extension is unramified, if ~~ is a (fractional) .

ideal of F~. This follows easily from the construction of Shimura

class fields:

13.12 Lemma (see [10), V.4, Thm. 4.1 (ii)). Let A be an abelian

CM-variety of type (F, 4> ~!'-) such that .G\. i3 a fractional ideal

of F. Then the abelian extension Sh ( 4> ' tl.) IF' is unram1fied.
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Proof. We go back to the construction of the shimura class

fie1d Sh(~ ,~) in seetion 2. via reciprocity it corresponds to

the idele group U( 4> ' ßl) def ined in (2'. 4). It suff iees to ver ify

tha t U ( 4' ' .A) con tai ns the wholeuni t group ~*I of F I. This i5 a
. ~

\oIell-known necessary and sufficient cri terion for the correspon-:,

ding class field ta be unramif ied (see e. g. 1.L.S-]). So 1e t E, be

a unit of F'. Then, with the notation of (2.4), also N' (l) ~ F

is a unit. Since ~ is a fractional ideal it holds that

Thus the relations of the right-hand side of' (2.4) are satisfied

for 5 = E., ~ = 1. Hence c. b.elongs to U( q> ,.a). The lemma 1S

proved, and at the same time we finish the proof of the Main

Theorem.

The field of Picard modular functions (af level r ) is defined

t.o be the field Q: (G't JG; ,G~ JGi) of r -au tomorphic functions,

where G1 ~ 0, G~,G1,G4 are the elementary symmetrie funetions of

th
4

Jth1 ,th3,th 4. The subfield of X-modular functions (of the· full

level r) i5 defined to be K(G4/G~,G~/.G~). lt is the subfield of

S - invar iant functions af K (th). For 1:" Ge IB we define the field of
'i

values of Picard K-modular functions (af full level 1 ) at ~ by

13.13. Def ini tion _-, Let 1;) f IB be a simple CM-module 'With J{) of. type

(F()' ~ '5'" I ~o ) such that Ac) i5 a fractianal ideal of F(1' Then (f' 1S

called an i d e a I s i m p 1 e GM - m 0 d u I e
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13.14. Corollary. Let 6"" & IB be an (ideal) simple CM-module. Then

K(G~/G~,G~/G;) (0) is an (unramified) abelian extension of the re

flex f ield }~ of the type (FIJ""' ~(j ) •

Fraof. Looking at t,he action of 5'1 (0-) we have the obviaus re

lation

Now we can apply the Main Theorem concentrated in diagram (1.1).

13.14. Remark. The celebrated H i 1 b e r t c las s f i eId

of a basic number fiel'd F' is defined as t.he maximal abelian ex-

tension of F'. It is a finite Galois extension with Galois group

isomorphiG to the ideal class group of F' (see e. g. [..2..Sl). Hil ~

bert class fields play an important role in number theory. The

explicit construction by means of special valu8s of transcendent

functions can be considered as the essential part of Hilbert's

twelvth problem. With our Main Theorem we succeded to construct

at least apart of t.he Hilbert class field oi F~, if, <J e e is an

ideal simple CM-module. Feustel·übserved that the very explicit

stationary modules of elements 'f ~ ~((2,1)!K) are simple (CM-mo

dules. if K(f) is a clwic extension of K. So we dispose on abe-

S ~)
lian extensions M(Jac(C~)) = K(th(~)) 4 at all these stationa-

ry CM-modules ~' We can produce more abelian extensions of Dur

reflex fields by means of torsion points ~ r •••• T~ on J~. The

\

moduli field M(J~, ~~ ;T~ , ... ,T~) has been defined by Shimura (see

[~~] or [lO]). Für any CM-module ~ it is an abelian extension of



- 59 -

F~ extending M(Je.' ev )' The Gorresponding idele group in the
Q

sense of class fi~ld theory is also well-known. We refer the rea

der who is interested on these ~xtensions to [LO], eh.V. ,Thm.4.2.

UnfoL'tunately, until now there exists no description of these ex-

tended class fields in terms of special values of analytic func-

tiens except for the case of elliptic curves.

3 5 hl ,. , «(' )S~ (~).1 . Prou em. Für WhlCh ldeal CM-modules 1S K th u)

whole Hilbert class field of F; ?
~

the

\

•
,13.16. Problem. Is the maximal abelian extension F :retb for fixed

CM-module"~ generated by all the generalized moduli fields of

It seem3 to be that the field K(th(~)) of K-modular functions

of level r ({ -3) 1s not in general an abelian extension of the

reflex field F~. This happens certainly, if ~le subgroup S~(~) of

the symmetrie group 54 1s not abelian.

13.17 Problem. For which CM-rnadules ~ i5 K(th{~))JF' an abelian
r;"

(ar non-abelian) field extension?

"Let us change over fram the big level groups rand r (fT) to

smaller ones, say to normal subgroups r" of fini te index oi r.

We denote by 1: ( r ") the algebr aie c losure of Kr G
4

JG l. ,G 1 IG 1.) in
\( . 13 t

the field '3'(. ( r 11) == [(lBl r ") of rf'-automor:phic functions. Wit.h
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obvious notations we obtain at each CM-module ~ an infinite tree

{ :tK. ( r ") (c); r,r normal subgroup of r of f ini te index}

of field extensions of F~. The analogue construction in the theo~

ry of elliptic curVes yields a generating system of the maximal

abelian extension of an imaginary guadratic number fields. It

would be interesting to understand our construction in a suitable

framework of (non-abelian) class field theory. Especially, one

has to investigate the action of (subgroups of) the factor groups

f / r " in the towers trK ( r ") (11") 2 l'k: ( r ) (0--) ? F~ of number

fields at special CM-values ~.

13.18. Remark. Let ~~ ffi(~) be an arithmetic point of the ball.

We proved that

is arithmetic, if T 1s a CM (ar DCM)~madule. The converse impli-

cation 3eem3 to be true. Very recently Shiga [1~] succeeded to

prove that at least at simple (simple J ) arithmetic modules ~
'L

the point th(~) is transcendent, t~at means a non-algebraic point

of WL , if ~ i5 not a CM-module~

13.19. Problem. What happens precisely at non-simple arithmetic

modules in bo~~ (ases, the case of CM-modules and the opposite

case ?
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Plane

UEBERSICHT

- Shimura's Class Fields
- Complex Multiplication
- Moduli Fields
- Main Theorem of Complex Multiplication
- The Geometrie Starting Point, the Projeetive

Covered by the Ball
- Differential Operators

Gauss-Manin Connectian
- Moduli Space for Picard Curves y~ ~ p~ LX)
- The Relative Schottky Problem for Picard Curves
- Effective-Torelli Theorem for Picard Curves via Picard

Modular Forrns
- Picard Modular forms as Theta Constants
- Number fields generated by special values

Definition:
Aso I u t ion m 0 d 8 1 for Hilbert's twelvth problem

is a tr iple (V, V9~ "9 ' f) consis ting of
(i) a (non-compact) complex manifold V with fixed analytic em

bedding into a complex projective space ~~([) ;
(ii) a subset Vs;",~ of the algebraic points V(W) = V" IPM(~) lying

dense in V;
(iii) A transcendent holomorphic map

f = (f 0 : f\: ... : f N ): V ,. t> ~ (q;) ;

satisfying the postulates 1.,11. ,111. below.
We call f t r ans c end e n t if f is not the restrie

tion of a rational map in the sense of algebraic geometry. The
elements of V"~'''9 are called the s i n g u 1 a r p 0 i n t s
(below: singular moduli') of V.
I. f(~) = (fo (~): .4. :fN(r)) is algebraic, that means

f (er) c IPN (ijJ) 1 for (j" ~ v,})'\~ ;
11. f(~) is transcendent, that means f(~) ~ f~(~), for

'C G V (~) - Vsii\!J ;
111. one has a number-theoretic construction / guality / meaning

of field extensions
F;(f(c:r)) = F';-(44.,f j ((j)/f· (rr), .• 4)

for suitable well-defin.ed "elementaJry" number' fields F~,

(j €: VSI"'~ •
A (twodimen5ional) ball m 0 deI for Hilbert's twelvth

problem is a solution model ,(\8, S~:~ j ,f), where iB i5 the complex
two-dimensional unit ball.
ad 11. Recently Shiga (1990) proved that 11. is essentially sa
tisfied for our model below (see Main Theorem)



ARBEITSPROBLEME

1_ Problem. Study special values of Picard modular functions of
higher level in connection with non-abelian class field theory.
2. Problem. Generate more (lf possible all) abelian extensions
of reflex fields Gf cubic extensions of the Eisenstein numbers
by means of special values of same additional transcendent func
tions.
3. Problem. What happens at DeM-points (ball points where the Ja
cobian threefolds of the corresponding Picard curves have "decom
posed complex multiplication") ?
4. Problem. Check Vojta's conjectures for Picard curves (conse
quences: either disproof of Parshin conjecture a la Miyaoka-Yau
for arithmetic surfaces, cr asymptotic Fermat).

5. Problem. Find more solution models for H~ertrs twelvth pro
blem (along: uniformizations of picard modular surfaces, Hilbert
modular surfaces, Siegel modular threefold; Hecke's thesis).

6. Arithmetic of Picard curves (more general: cyclic curves yM=
p~(~)): Effective proof of Shafarevich conjecture; number of k
rational points of such curves defined over finite fields k (J.
Estrada-Sarlabous).


