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Abstract
In this paper we give a survey of the modern theory of bi-
rational rigidity for Fano fiber spaces over a base of positive
dimension. The paper is a follow up of the previous sur-
vey on birational rigidity of Fano varieties. We describe the
techniques of the method of maximal singularities for Fano
fiber spaces.
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Introduction

The present paper is a follow up of the survey [1], devoted to the theory of
birational rigidity of higher-dimensional Fano varieties: we consider the “relative”
version of the theory, that is, we study Fano fiber spaces over a positive dimensional
base. Whereas for typical Fano varieties the phenomenon of birational rigidity meant
the absence of non-trivial structures of a rationally connected fiber space, for typical
Fano fiber spaces birational rigidity means the uniqueness of the default structure.
Both in the absolute case (Fano varieties) and the relative case (Fano fiber spaces)
the theory is based in the technical sense on the method of maximal singularities,
however the fiber spaces over a non-trivial base are essentially harder to work with
in many respects, they require additional technical means and for these reasons the
theory of Fano fiber spaces needs to be considered separately (from the absolute
case). Geometry of Fano varieties and fiber spaces form two branches of the theory
of birational rigidity, they developed parallel to each other. It is the technical
difficulties that are responsible for the fact that up to the mid-nineties the Sarkisov
theorem [2] remained the one and only result on birational rigidity of Fano fiber
spaces, and the situation changed only when the paper [3] appeared and made it
possible to study successfully new classes of fiber spaces.

In this paper we assume that the reader is familiar with the previous survey
[1]. In particular, such crucial concepts as rationally connected variety, threshold
of canonical adjunction, maximal singularity etc. are assumed to be known and are
used without special explanations. This also applies to the technique of hypertangent
divisors which was presented in [1] in full detail.

The structure of the present survey is similar to that of [1]: the first chapter is
less formal, its aim is to explain by examples, what types of varieties are studied,
which problems are considered and what approaches are available today for their
solution. The second chapter deals with birational geometry of Fano fiber spaces
over P!, In the third chapter we discuss varieties with many non-trivial structures
of a rationally connected fiber space. In particular, we consider briefly the double
spaces of index two: they make the first example of a large class of non-rigid Fano
varieties, for which the method of maximal singularities makes it possible to give a
complete description of their birational geometry. Note that the recent survey [4]
was devoted to fibrations into del Pezzo surfaces of degrees 1 and 2 and for that
reason we do not consider this class of varieties.

Everywhere in the sequel “Fano fiber space” means a fiber space over a positive
dimensional base, that is, a non-trivial fiber space.

The claims, definitions, remarks, etc., are numbered in this paper in the same
way as in [1]: theorem (definition, lemma, remark, ...) a.b is the theorem (...) b of
chapter a; in each chapter the numbering is independent; when we refer to a section
§a or subsection a.b, and do not specify the chapter, the current chapter is meant.



Chapter 1. Birational geometry of rationally connected fiber spaces

81. Rationally connected fiber spaces

1.1. Fano fiber space: definitions and examples. First of all, recall the
well known

Definition 1.1. A surjective morphism of smooth projective varieties m: V' — §
with connected fibers of the same dimension is called a Fano fiber space, if the
anticanonical class (— Ky ) is relatively ample, that is, ample on the fibers of the
projection m. A Fano fiber space is said to be standard, if

PicV = ZKy & 7" Pic S, (1)

in particular, the relative Picard number is p(V/S) = 1.

In the present survey we consider only Fano fiber spaces over a rationally con-
nected base S; in that case the variety V' is automatically rationally connected. If
the variety V has Q-factorial terminal singularities, S is normal and the condition
(1) is replaced by the equality p(V/S) = 1, then this more general object is of-
ten called a Mori fiber space, see §2. However, the term “a Fano fiber space with
singularities” is also justified.

The fibers of a Fano fiber space m: V — S are varieties from some family F, the
general element of which is a smooth Fano variety, so that the projection 7 generates
amap S — F, associating to a point s € S the corresponding fiber. In a sufficiently
typical situation the sheaf m,(— Ky ) is locally free and allows one to give an explicit
construction of a Fano fiber space, which is shown by the following two examples.

Example 1.1 (fibrations into Fano complete intersections). Let S be
a smooth projective rationally connected variety of positive dimension, £ a locally
free sheaf on S of rank M + k + 1, where M,k > 1 are positive integers, X =
P(E) the corresponding projective bundle in the sense of Grothendieck (X is the
projectivisation of the vector bundle, the sheaf of sections of which is £*, the sheaf,
dual to £). The projection m: X — S is a locally trivial PM*+*_fibration. If Ly €
Pic X is the class of the tautological sheaf Op(g(1), then

Pic X =ZLx & 7" Pic S,

so that X/S is a Fano fiber space. For the canonical class of the variety X there is
a well known formula

Ky=—-(M+k+1)Lx +rn"(det € + Kg).
Let (dy,...,dx) € ZE Dbe a k-uple of integers, satisfying the conditions
de Zdl 22 and d1++dk:M—|‘k

Consider, furthermore, the set of classes A; € PicS, i = 1,...,k, and assume that
there are irreducible divisors

GiNdZ‘LX—f—ﬂ'*Ai, izl,...,k,
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such that the complete intersection
V=Gin..NG,CX

is a smooth variety, the fibers of which VN7~!(s), s € S, are of the same dimension
M. We denote the restriction of the projection m onto V' by the same symbol
m:V — S. The restriction of the tautological class Lx|y is denoted by the symbol
Ly . Obviously,

KV = —LV + ™A

for some A € PicS, so that V/S is a Fano fiber space. Moreover, for a point of
general position s € S the fiber 77!(s) C V is a smooth Fano complete intersection
of the type d; - ... - dy in PM**_ For M > 3 this implies that

PicV = ZLy & 7 Pic S = ZKy & 7" Pic S, (2)

that is, VV/S is a standard Fano fiber space. If M = 2, then V/S is a fibration into
del Pezzo surfaces of degree 3 (k = 1), that is, cubic surfaces in P3, or degree 4
(k =2, d, = dy = 2), that is, complete intersections of the type 2-2 in P4 If M =1,
then V/S is a conic bundle: in that case we require in addition that dim S > 2. For
M € {1,2} the condition (2) does not hold automatically and we should require it
as an extra. However, if the divisors G;,1 < i < k € {1,2}, are ample, then (2)
holds by the Lefschetz theorem. The construction above gives the most “classical”
example of a standard Fano fiber space.

Example 1.2 (fibrations into Fano double covers). Let S, &, X, 7 be the
same as in the previous example, £k = 1. Consider a pair of integers m > 2,1 > 2,
satisfying the equality m+1 = M +1. Assume that for some classes Ag, Aw € Pic S
there are divisors

Q~mLx+71"Ag and Wy ~2(ILx + 7" Aw),

where Q C X is a smooth subvariety, intersecting each fiber 771(s), s € S, by a
hypersurface (that is, () does not contain entire fibers of the projection ), and
Wx cuts out on ) a smooth divisor that does not contain fibers of the projection
7o = 7|g. This collection of data determines the double cover o: V' — @, branched
over the divisor W = Wx N (. The fibers of the projection mg o o:V — S are
M-dimensional varieties and the general fiber is a smooth primitive Fano variety,
which implies that
PicV = ZKy @ o"n, Pic S,

that is, V/S is a standard Fano fiber space. A particular case of this construction
(corresponding to the value m = 1) is a double cover o: V' — X, branched over a
smooth divisor Wx ~ 2((M + 1)Lx + n*Aw) that does not contain fibers of the
projection 7 (there is no divisor )); this is a standard fibrations into Fano double
spaces of index one.

In each of the considered examples the fibers of the Fano fiber space m:V — §
belong to a family F of M-dimensional schemes, the general element of which is a
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smooth Fano variety of index one. Each of these families admits a natural structure
of a projective variety, so that to the fiber space V/S we can associate a map

S — F,

sending a point s € S to the fiber 771(s) € F. In this connection, we get a geometric
characterization of “twistedness” of the fiber space V/S as complexity of the map
S — F. For instance, if V' C P! x P3 is a smooth divisor of bidegree (d,3), so
that the projection 7: V' — P! onto the first factor realizes V as a fibration into del
Pezzo surfaces of degree 3, then the twistedness of this fiber space over the base P!
is easy to define as the value d > 1. The twistedness over the base is an intuitively
clear degree of complexity of a fiber space, and it is natural to expect that the more
twisted the fiber space is, the more rigid is its structure. Now let us give an example
of a least twisted fiber space.

Example 1.3 (Fano fiber spaces). Let F,..., Fy, k > 2, be primitive Fano
varieties,

V:le...XFk

their direct product, m;: V' — S; = [[ F} the projection along F;,7 € {1,...,k}. By
{2

assumption, 7;: V — S; is a standfj;éd Fano fiber space. The corresponding map of
twistedness S; — F; is a map to the point.

Recall [1], that by a structure of a rationally connected fiber space (or, briefly,
a rationally connected structure) on a rationally connected variety V' we mean a
birational map V -» V*, where on the variety V* a morphism 7+: V+ — S+ is
fixed, which is a rationally connected fiber space. A Fano fiber space is obviously
a rationally connected fiber space. Now we can formulate the main problem of
birational geometry of Fano fiber spaces as follows:

fir a giwen standard Fano fiber space m:V — S describe all structures of
a rationally connected fiber space on the variety V- modulo the relation of
fiber-wise birational equivalence.

Informally speaking, the more rationally connected structures there are on a
given variety V', the more complicated is its birational geometry (in particular, the
projective space P has the most complicated birational geometry). The group of
birational self-maps Bir V' acts on the set RC(V') of rationally connected structures
and of the greatest interest is the quotient set RC(V), introduced in [1]. If V/S
is a Fano fiber space over a base of positive dimension, then there is an important
subgroup

Bir(V/S) C Bir V'

of fiber-wise (with respect to 7) birational self-maps, equipped with the natural
homomorphism

Bir(V/S) — Bir S.

The kernel of the latter homomorphism is the group Bir(#;,) of the generic fiber
(over the generic point of S with the residue field C(S5)).



As the first stage in the solution of the general problem that was formulated
above, it is natural to identify those Fano fiber spaces V/S, that have exactly one
structure of a rationally connected fiber space m: V' — S, or, at least, those, for which
that structure is unique modulo the action of the group Bir V. Such a uniqueness in
most cases is a consequence of the fundamental property of birational (super)rigidity.
As it was pointed out in [1, Chapter 1, Sec. 3.2], the informal general principle is
that a sufficiently high twistedness over the base implies birational rigidity, the
uniqueness of the structure V/S and reduces birational geometry of the variety V'
to birational geometry of the fiber F; over the generic point. This principle will be
realized below in various examples that are by now completely studied.

The method of maximal singularities, which forms a basis of the proof of almost
all results of the current survey, as a by-product solves other problems as well:
describes the group BirV and the group Bir(V/S). The modern version of the
method makes it possible to start investigating varieties with several and even many
non-equivalent structures of a rationally connected fiber space. Chapter 2 is devoted
(mainly) to varieties with a unique rationally connected structures, Chapter 3 is
devoted to varieties with many structures.

In [1, Chapters 1,2] we explained and illustrated the idea of untwisting of a bi-
rational map (or untwisting maximal singularities). Essentially, this is the universal
idea of simplification of a complex object by means of subsequent elementary steps.
For Fano varieties such steps are usually birational involutions [1, Chapter 1, §3].
For Fano fiber spaces the most natural candidates for simplifying modifications are
fiber-wise modifications: here, apart from self-maps, operations of a different type
emerge. The informal working principle is that a birational map x:V --+ V' of the
total space of a Fano fiber space V/S onto the total space of the fiber space V'/S’
should be simplified by fiber-wise modifications until either it becomes, in a certain
sense, “simple”, or a new structure of a rationally connected fiber space appears
on the modified space V', which is not compatible with the original structure V//S.
In the latter case replacing the old structure by the new one makes the simplifying
step.

Below we consider examples of simplifying modifications of both types.

1.2. Fiber-wise birational maps. In the study of birational geometry of a
Fano fiber space m: V' — S of great importance are the fiber-wise birational modifi-
cations, that is, commutative diagrams of maps

v -5Sove
T | ]t
S I gt

where x and ¢ are birational maps. The most elementary type of such modifications
is given by birational self-maps of the generic fiber, St = S, p = id, V* = V.
Following [5,3], consider

Example 1.4 (fiber-wise birational self-maps of a pencil of cubic sur-
faces). In this example the Fano fiber space is a particular case of the construction

7



of Example 1.1. Let P(€) = P! be the projectivization of a locally free sheaf of rank
4 on PV C P(€) a smooth divisor, intersecting each fiber 771(¢) by a cubic surface
Fy, € P? = 771(¢); assume that V/P! is a standard Fano fiber space. Consider an
arbitrary section C' C V of the projection 7: V' — P!. For a general point t € P! a
general line L C P? = G}, containing the point C'N F,, meets the cubic surface F,
at two more distinct points, say x, y. Set

To(z) = 9.

Obviously, this defines a birational involution 7 € Bir F,, C Bir V. Let a: V* — V
be the blow up of the curve C, E = a~!(C) the exceptional divisor, PicV* =
Zh & Ze & ZF, where h = — Ky, .

Lemma 1.1. The birational involution 1o extends to a biregular involution of
an invariant open set V*\Y, codimY > 2, and its action on PicV*/ZF = Zh & Ze
15 gien by the relations

T4h = 3h — 4e,
o€ = 2h — 3e.

Proof. See [5].

Now let us consider an arbitrary bi-section C' C V/, that is, an irreducible curve
which is a two-sheeted cover of the base P!. We define the involution 7 by its
action on the generic fiber F' in the following way (see [5,3]). Let {a,b} = C' N F,
and ¢ = Lg, N F be the third point of intersection of the line in P? that joins the
points a and b, with the cubic surface F. The points ¢ sweep out a curve C* C V/,
a section of the morphism 7, that is, ¢ = C* N F. The pencil of planes P in P3,
containing the line L, generates a pencil of elliptic curves Qp = P N F on the
surface F. Set

7c lqp () =¥,
where
T+y~ 2

on Qp, that is, 7o is the reflection on the elliptic curve Qp from the point ¢. This
defines the involution 7¢ € Bir F;, C Bir V.

Let a:V* — V be the blow up of the curve C, F = a~(C) the exceptional
divisor, Pic V* = Zh & Ze & ZF', where again h = — Ky, .

Lemma 1.2. The birational involution 1o extends to a biregular involution of
an invariant open set V\Y, codimY > 2, and its action on PicV*/ZF = Zh & Ze
s given by the relations

75h = 5h — 6¢,
1o = 4h — 5e.

Proof: straightforward computations [5].
The birational involutions constructed above are used for the study of geometry
of the variety V' in the following way. Let ¥ C | — nKy + [F| be a movable linear



system on V', where n > 1, that is, ¥ is not composed from the pencil of fibers. The
curve C' C V is called a maximal curve of the system 3, if the inequality

multc X > n

holds. Assume that C' is a horizontal maximal curve, that is, 7(C') = P* (in other
words, C' is not contained in a fiber F}). It is easy to show that

(K2 - F) = 3> deg(rlc) € {1,2},

that is, C' is a section or bi-section of the projection 7. By Lemmas 1.1 and 1.2 it is
easy to see that the strict transform ¥y = (7¢).2 of the linear system X with respect
to the involution 7¢ satisfies the relation 3y C | —ny Ky + 1 F|, where n; < n. More
precisely,

ny = 3n — 2multe X,

if C' is a section, and
ny = 5n — 4multe X,

if C is a bi-section of the projection 7. Since n € Z,, in finitely many steps we
come to a system without maximal curves. This is the first, easier step in the study
of birational geometry of the variety V' and in the proof of the main theorem on
birational rigidity of the fiber space V/P! [3], which was formulated in [1] (Theorem
1.7). The second, harder, step (the exclusion of infinitely near maximal singularities)
is discussed in §3 of Chapter 2 of the present survey.

Example 1.5 (fiber-wise birational modifications of conic bundles). Let
mV — S be a standard conic bundle. Some examples of birational self-maps
preserving the fibers were given in [1, Sec. 2.3]. However, what turns out to be
productive to describe birational geometry of the variety V' (see the Sarkisov theorem
and its discussion that were given in [1, Sec. 2.3]) is not simplifying a linear system
by birational self-maps as above but another approach, which we will now briefly
describe. Consider the simplest situation: let the fiber C' = 7!(p) over a point
p € S be a non-singular conic, C' = P!. Let us blow up simultaneously the point p
on the surface S and the curve C on the variety V:

V o« Vvt
T | |
S «— ST,

the projection V* — ST is for simplicity denoted by the same symbol 7. Let E C V'
and Fs C ST be the exceptional divisors of these blow ups. Note that V*t/S* is
again a standard conic bundle. Obviously, £ = Eg x PL. Let ¥ C | — nKy + 7 A|
be a movable linear system, p = multe X and

Y C|—nKy+ + 7 (A+ (n— p)Es)|

its strict transform on V. The fiber C' is a mazimal curve of the system X, if
i > n, and this example shows how to remove all maximal curves of that type,
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modifying the conic bundle (if C' is a component of a reducible fiber or the support
of a non-reduced fiber, then the construction of the birational modification is much
more complicated, see [2]). Let us now assume that some curve I' C E, which is not
a fiber of , satisfies the condition

v+ p > 2n,

where v = multp ¥ > n, that is, it is an infinitely near mazimal curve of the original
system Y. Since X7 has no fixed components and for a general divisor DT € X1 we
have

(DT -7 l(s)) = —n(Ky+ -7 (s)) = 2n,

the curve T" is a section of the ruled surface E/Fg, in particular, it is a smooth
rational curve. Let ¢:V*# — V¥ be the birational modification which is a compo-
sition of two operations: the blow up of the curve I' and the subsequent fiber-wise
contraction of the strict transform of the ruled surface . We obtain a new standard
conic bundle m: V¥ — St for the strict transform of the linear system 3 on V¥ we
get

YEC | —nKy: + 7 (A+ (3n — 2u — v)Es)|.

Note once again, that if a maximal singularity of the system X lies over a point of
a singular or non-reduced fiber of the projection 7, then the required modification
is much more complicated of the construction described above. However, what has
been said already makes it possible to explain the idea of the proof of the Sarkisov
theorem [2] (in [1] it is Theorem 1.6). Let

X

Vi =V
Tl 1
S S’

be a birational map between two conic bundlesj where V' satisfies the condition
|4Ks+A| # 0, and A C S is the discriminant divisor. Pulling back from the base 5" a
very ample linear system, we get a movable system ¥’ on V'. Let ¥ C |—nKy +7*A]
be its strict transform on V. If y is not fiber-wise, then n > 1. So assume that
n > 1. It is easy to check that the condition [4Kg + A| # ) is invariant under
fiber-wise modifications (this is obvious in the example above). Therefore, applying
fiber-wise modifications, we may assume that the linear system ¥ has no maximal
singularities. Now it is easy to obtain from the condition of termination of canonical
adjunction that in this case the class A € Pic S is not effective (more precisely, not
pseudo-effective). Let us compute the self-intersection

= (Dl o D2)7 Dl S 2,
of the linear system > and push it down on S:

7.7 ~ P K+ AnA ~ —n?(4Kg + A) + 4nA.
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From here by assumption it follows that
n 1
A~ —4Ks+ A)+ —7 7
g Ws £ )+

is an effective class. This contradiction proves the Sarkisov theorem. For the details,
see [2].

1.3. Replacing the structure of a Fano fiber space. In the class of Fano
fiber spaces of dimension three and higher, fiber-wise modifications appear much
more seldom. The following example shows how much more rigid is fiber-wise bira-
tional geometry in higher dimensions.

Example 1.6 (the absence of non-trivial fiber-wise modifications in
higher dimensions [6]). Let C be a smooth affine curve with a marked point
p € C, and C* = C\{p} the punctured curve. Let V(d),d > 2, be the set of smooth
divisors V € X = C x PM, M > 3, each fiber of which

F, =V n{z} xP¥
x € C, is a hypersurface of degree d. Set
X*=C"xP", V*=VnX*

so that V* is obtained from V' by removing the fiber F), over the marked point.
Assume that d > 3 and Vi, V, € V(d). The following fact is true [6].

Theorem 1.1. Let x*:Vi* — V5 be a fiber-wise isomorphism. Then x* extends
to a fiber-wise isomorphism x: Vi — Vs.

Proof is given in §2 of Chapter 2.

The next example deals with varieties with two structures of Fano fiber spaces.
The transition from one structure to another is the required simplifying modification.
For other similar examples, see [7,8].

Example 1.7. Consider the following particular case of the construction of
Example 1.1: let £ = (’)Si(M_l) @& Op1(1)%2 be a locally free sheaf of rank (M + 1) on
P!, X = P(€) the corresponding PM-bundle over P!, Pic X = ZLx ® ZR, where R
is the class of a fiber of the projection mx: X — P!, Lx the tautological class. Let
V ~ MLx be a general divisor. It is a smooth variety, fibered by the projection
7 = mx|y:V — P! into Fano hypersurfaces of index one. Obviously, V/P! is a
standard Fano fiber space, PicV = ZKy @& ZF', where I is the class of a fiber of the
projection m and Ky = —L, L = Lx|y. On the variety V', however, there is another
structure of a rationally connected fiber space.

Consider the following locally free subsheaves:

=021 and & =O0p(1)*? €.

Obviously, & = & @ &;. Let Lx be the tautological sheaf of Grothendieck of the
bundle P(£) and Iy C H°(X,Lx) the subspace, corresponding to the space of
sections of the subsheaf H°(P!, &) — HO(P!,£). Set also

I, = H(X, Lx @ m*0Op (—1)) = H(P', & (-1)).
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Let xg, ..., xp_2 be some basis of the space Ily, 39, y1 a basis of the space II;. Then
the sections

Zo, ..., Lp—2,Yoto, Yol1, Y1lo, Yat1, (3)

where g, t; is a system of homogeneous coordinates on P!, forms a basis of the space
HY(X, Lx). Tt is easy to see that this complete linear system defines the morphism

£X - X c PV

the image of which X is a quadric cone with the vertex space PM¥=2 = ¢(Ay),
the base of which is a non-singular quadric in P23, isomorphic to P! x P!, where
Ax =P(&) is the base set of the pencil |Ly — R|, Ax = P2 x P!, contracted by
the map & onto the first factor. The morphism ¢ is birational, more precisely,

EX\Ax = X\ €(Ax)

is an isomorphism, and moreover, ¢ contracts Ax = PM~2x P! onto the vertex space
of the cone. Let

Ug,y -+, Upr—2, Upo, Uo1, U10, U11

be the homogeneous coordinates on PM*2, corresponding to the ordered set of sec-
tions (3). The cone X is given by the equation

UpoU11 = Up1U10-

On the cone X there are two pencils of M-planes, corresponding to the two pencils
of lines on the smooth quadric in P3. Let 7 € AutPM*2 be the automorphism,
permuting the coordinates wug, and wujg, and not changing the other coordinates.
Obviously, 7 € Aut X is an automorphism of the cone X, permuting the pencils of
M-planes. One of those pencils is the image of the pencil of fibers of the projection
7, that is, the pencil £(|R|). For the other pencil we have the obvious equality

T¢(|R]) = &(|Lx — R]).
The automorphism 7 induces an involutive birational self-map
7T € Bir X.

More precisely, 77 is a biregular automorphism outside a closed subset Ay of codi-
mension two. Let e: X — X be the blow up of the smooth subvariety Ax. Obviously,
the variety X is isomorphic to the blow up of the cone X at its vertex space £(Ax).
It is easy to check that 7% extends to a biregular automorphism of the smooth vari-
ety X. The linear systems |kLx|, k € Z, are invariant under 7. In particular, for
a general divisor V' € |M Lx]| its 77-image V* = 77(V) is a general divisor of the
same linear system, in particular, V' is a smooth variety. Note that if V' € |M Lx]|
is given by an equation

h(UOa <oy Upr—2, Upo, Uo1, U0, U11)7
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then its image V' is given by the equation

h+(u*) = h(um <oy Upr—2, Ugo, U0, Uo1, Ull),

where the coordinates ug; and u19 are permuted.

Therefore, we obtain two Fano fiber spaces, V/P! and VT /P!, related via the
birational isomorphism 7:V --» VT, which is not fiber-wise. That birational map
is biregular in codimension one and acts on the Picard group in the following way:

(T+)*Kv+ - Kv, (T+)*F+ = —KV — F,

where F* is the class of a fiber of the projection V™ — P!, so that PicV* =
ZKy+ @ ZF*. By construction, the construction is involutive, that is, (V)" = V.
Note that the birational map 77:V --» VT is the composition of the blow up of
the subvariety A = Ax NV of codimension two and the subsequent contraction of
the exceptional divisor onto the subvariety AT = Ax NV ™.
The transition from the model V' to the model V* by means of the birational
map 77 is used as a simplifying modification in the following way. Let

Y C | —nKy +IF|

be a movable linear system. If I < 0, then the linear system 7t¥ C |—n  Ky++1, F|
has parameters
ng=n+l l=—1>1.

§2. The minimal model program and the Sarkisov program

2.1. Minimal models and Mori fiber spaces. The Minimal Model Program
(MMP) generalizes to higher (> 3) dimensions the classical theory of minimal models
of algebraic surfaces [9]. The purpose of MMP is to associate to every algebraic
variety, by means of explicitly described birational modifications, a certain “model”
with “good properties” with respect to the canonical class. While for a smooth
projective surface it is sufficient to contract the exceptional lines (or (—1)-curves),
to obtain either a minimal surface with a numerically effective canonical class or a
ruled surface (that is, a P*-bundle over a smooth projective curve), in dimensions
three and higher the situation is much more complicated:

— extremal contractions (the higher-dimensional analogues of the operation of
contracting a (—1)-curve) inevitably produce singular varieties, even if the original
variety was non-singular;

— a new type of birational modifications emerges, which are isomorphisms in
codimension one, that is, outside a closed subset of codimension > 2; it is these
modifications that generate the worst technical complications;

— as it became clear starting from the mid-eighties, a technically more natural
object is not an algebraic variety X, but a pair (or log pair) (X, A), where A is a
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boundary, which is an (effective, as a rule) Weil Q-(or R-)divisor on X, such that
Kx+Ais a Q-(respectively, R-)Cartier divisor. Working with pairs makes it possible
to deal with all types of singularities and is well adjusted to constructing inductive
procedures of MMP.

Let X be a normal projective variety, A an effective Weil R-divisor, A = > d;A;,
where A; C X are distinct prime divisors. Let f:Y — X be a log resolution of the
pair (X, A), that is a sequence of blow ups such that Y is a smooth projective variety

and

JaryJe
is a normal crossings divisor, where | J £} is the exceptional divisor of the morphism
f, AF the strict transform of the divisor A; on Y. Writing down

KY + A+ = f*(KX + A) + ZCL]‘E]'

(where AT = >~ d;Af; recall that Ky + A is a R-Cartier divisor), we say, that the
pair (X, A) is a klt-pair (Kawamata log terminal), if all d; < 1 and all a; > —1.

There are two most important types of klt-pairs:

1) the minimal models (or log terminal models), when Ky + A is numerically
effective,

2) the Mori fiber spaces, when there is a morphism ¢: X — S onto a normal
projective variety S, where p(X/S) =1, p.Ox = Og and —(Kx + A) is p-ample.

The aim of MMP is to obtain, by means of birational modifications of a special
type, from an arbitrary klt-pair (X, A) either a minimal model, or a Mori fiber
space:

Xo=X LN X1 ECRUNE LA XN, (4)

Ag = A, A; = (f;)«Ai_1 and (X, Ay) is of type 1) or 2). Each birational map
fir1: Xi --» X, s either a (Kx, +A;)-extremal divisorial contraction, or a flip with
respect to a small (K, + A;)-extremal contraction p;: X; — Y;, that is, the rational
map o] = ¢; 0 fi;1: X;11 --» Y; is a small birational morphism and (Kx,,, + A1)
is relatively ¢; -ample. Existence of flips in the arbitrary dimension and the highest
generality was proven in [10]. The main difficulty in constructing the MMP was from
the start the finiteness problem, that is, the problem of termination of a sequence
of flips. Indeed, a sequence of divisorial contractions for obvious reasons can not
be infinite. Therefore the algorithm of MMP gives the desired result (a minimal
model or a Mori fiber space) provided that a sequence of modifications of the flip
type can not be infinite. In [10] the existence of minimal models was proven via a
modification of the basic approach: instead of proving the finiteness of any sequence
of flips, it is sufficient to construct (or prove the existence of) a certain sequence,
which terminates after finitely many steps. That is what was done in [10]. Now let
us formulate the main result of that paper.

Theorem 1.2 [10]. Let (X,A) be a klt-pair, where Kx + A is a R-Cartier
divisor and m: X — U a projective morphism of quasi-projective varieties. Assume
that either A is m-big, and Kx + A is w-pseudoeffective, or Kx + A is w-big. Then:

14



1) the pair (X, A) gas a log terminal model over U,
2) if Kx + A is w-big, then (X, A) has a log canonical model over U,
3)if Kx + A is a Q-Cartier divisor, then Oy -algebra

P . 0x(cm(Ex + A).)

meN

is finitely generated.
This rather technical result implies a number of important geometric facts. We
will give three claims, of which the last one is most important for the present paper.
Corollary 1.1 [10]. Let X be a smooth projective variety of general type. Then
X has a minimal model, the canonical ring

P H(X, 0x(mKy))

meN

is finitely generated and X has a model with a Kdhler-Einstein metric.

Corollary 1.2 [10]. Let (X, A) be a klt-pair and m: X — Z a small (Kx + A)-
extremal contraction. Then for m a flip exists.

Corollary 1.3 [10]. Let (X, A) be a klt-pair, whereas X is a Q-factorial variety.
Let m: X — U be a projective morphism of normal quasi-projective varieties where
Kx 4+ A is not m-pseudo-effective. Then some sequence of MMP modifications

f=fvo...of: X --»Y

gives a Mori fiber space g:Y — W over U.
The last claim immediately implies that any rationally connected variety X is
birationally equivalent to a Mori fiber space

X --» Y

L g
W,

where Y is a variety with Q-factorial terminal singularities, W is a projective normal
variety and (—Ky) is g-ample. Similarly, for any rationally connected fiber space
m: X — S there is a commutative diagram

X --» Y
™ L g
S «— W,

where the top arrow is a birational map and Y/W is a Mori fiber space. (Note
that since termination of an arbitrary sequence of flips is still an open problem,
Corollary 1.3 does not claim that any sequence of MMP-modifications gives a Mori
fiber space.)

It follows from what was said, that all problems of birational geometry of ra-
tionally connected varieties could be set within the category of Mori fiber spaces:
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instead of finding out whether there is a birational equivalence X; --+ X5 between
two rationally connected varieties, we can replace X; by birationally equivalent Mori
fiber space m;:Y; — S; and consider the same problem for Y7, Y. If X;, X5 are bi-
rationally equivalent, then to describe all birational maps X; --+» X, is the same
as to describe the group of birational self-maps Bir X; = BirY;. If m X — R is
a rationally connected fiber space, then the problem of description of the relation
between the group Bir X and the group of fiber-wise birational self-maps Bir(X/R)
is also carried over to the corresponding Mori fiber space Y/S.

Restriction of the problems of birational geometry by the framework of the cate-
gory of Mori fiber spaces has a number of clear advantages. For instance, it removes
the asymmetry of the traditional approach, when birational maps x:V --» V' are
investigated, where the variety V' belongs to the category of Fano fiber spaces and
V' to the category of rationally connected varieties (or fiber spaces); whereas if we
work with Mori fiber spaces (that is, with Fano fiber spaces with Q-factorial ter-
minal singularities and the relative Picard number one) then both varieties belong
to the same category. Furthermore, the approach, motivated by MMP, makes it
possible to set and solve the general problem of factorization of birational maps in a
composition of elementary modifications (links), which we will consider in the next
section.

And, nevertheless, it is not clear, to what extent these advantages are essential
and whether they justify replacing the traditional approach by the new one, to
what extent the main definitions (for instance, that of the key concept of birational
rigidity), corresponding to the ideology of MMP, are “better” or “worse”; this issue
will be discussed below.

2.2. The problem of factorization of birational maps. The Sarkisov
program is the theory of factorization of birational maps between Mori fiber spaces
in a composition of elementary modifications (links). Consider the diagram

X

X -=» X
T | | 7
S S’

where x is a birational map, X/S and X'/S’ are Mori fiber spaces. It is required to
construct a sequence of intermediate Mori fiber spaces m;: X; — 5;, 1 =0,1,..., N,
that starts with 7 = 7 (Xo = X and Sy = S) and ends with 7y = 7" (Xy = X’
and Sy = 5’), and a sequence of elementary modifications (links) 7;: X;_1 --» X;
such that

X=7v0...oT: Xg=X - Xy =X

Recall that a link 7: X --» Y between Mori fiber spaces m: X — S and p: Y — T
is a birational map of one of the following four types.

Type I (enlarging the base). There are: an extremal divisorial contraction
¢: Z — X a birational map ¢: Z --» Y, which is a composition of flops (in particu-
lar, an isomorphism in codimension one) and an extremal contraction e:7" — S (in
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particular, p(7/S) = 1) such that the following diagram of maps commutes:

¥

Z --» Y
e | L

X T (5)
T | l e

S =S

where 9o ™! = 7: X —-» Y. The simplest exmaple of a link of that type was given
above (Example 1.5), it corresponds to the blow up of a point e: 7" — S on the base
of the conic bundle and the blow up ¢: Z — X of the fiber over that point. Let us
give one more

Example 1.8. Let L C P3 be a line, 0: X — P3 its blow up, II; the pencil of
planes in P2, containing the line L, I} its strict transform on X. Obviously, IT} is
the pencil of fibers of the morphism

X — S =P

with the fiber P2, that is, X/S is a Mori fiber space (and a Fano fiber space in
the traditional sense). Now let R C X be an arbitrary section of the projection m,
p: Z — X its blow up. The composite map

now: 7 — P!

is a fibration into rational ruled surfaces of type ;. More precisely, £ C Z be the
exceptional divisor of the blow up ¢, that is, £ = ¢~!(R). Obviously the projection
F; — P! (the regularized projection of P? from the point RN7~1(s), s € S) generates
the projection p: Z — E, which is a P!-bundle, that is, Z/E is a Mori (Fano) fiber
space. This gives the digram (5) of a link of the first type with 7" = FE, where
e:T"— § is the projection p: ' — R with respect to the identification m: R — S
and Z =Y, 1 is the identity map. In the described example the Mori fiber space
Y/T is obtained from X/S by fibering the fibers 77!(s), s € S. Accordingly, the
fibers of the new fiber space Y/T are of a smaller dimension. This operation can
also be interpreted as fibering the generic fiber F,, of the morphism X — S over the
line P} (which is the generic fiber of the morphism 7" — S).

Type II (fiber-wise modifications). In this case S = T. There are extremal
divisorial contractions ¢:Z — X and \:W — Y and a birational isomorphism
W:Z --» W, which is a composition of flops (an isomorphism in codimension one)
such that the following diagram commutes:

(]

Z - W
e 1 ] LA
X --» Y
T | Lop
S = T



The fiber-wise self-maps of the pencils of cubic surfaces, considered above (Example
1.4) belong to this type.
Let us consider one more

Example 1.9 (replacing the fiber). Let S be a smooth curve, m: X — S a
P"-bundle , z € X an arbitrary point, F' = 7! (7(z)) = P" the fiber that contains
that point. Let

p:Z — X

be the blow up of the point z, F = ¢! (x) = P" the exceptional divisor, F* C Z the
strict transform of the fiber F'. Obviously, R = F* N E is a hyperplane in E = P"
and the projection of the fiber F' = P" from the point = generates a P!-bundle

)\F2F+—>R.

If L C F is an arbitrary line, passing through the point x, then its strict transform
Lt C F7* is a fiber of the projection Ap. Since Kz = ¢*Kx + nkE, the following
equalities hold:

(Kz-LT)y=-1, (F"-L*)=-1

(taking into account that (Kx - L) = —(n + 1)), so that the numerical class of
the curve LT generates the extremal ray [LT] € NE(Z). Let \::Z — Y be the
contraction of that ray. Obviously, A\|p+ = Ar and X\ contracts the divisor F'*. The
image Y is again a P"-bundle over S, which is birationally isomorphic to the original
one:

T=Xop X -»Y

is a link of the second type. Here W = Z and v is an isomorphism. The fiber
space Y/S had the same fibers over all points of the curve S, except for the point
m(xz) € S. The fiber over that point is replaced by the exceptional divisor £ = P".
For n =1 the described procedure is the classical modification of a ruled surface.
Finally, the birational modification of a conic bundle, described in Example 1.5,
also belongs to type II. (In fact, the links of that type were modelled by those mod-
ifications.) Note that by construction, a link of type II always induces a birational
isomorphism of the generic fibers F), --+ G,, of Mori fiber spaces X/S and Y/S.

Type III (shrinking the base). The links of this type are inverse to the links
of type I, that is, in the diagram (5) the left hand side and the right hand side are
swapped. More precisely, there are: an extremal divisorial contraction ¢: Z — Y,
a birational map ¢: X --+ Z, which is a composition of flops (an isomorphism in
codimension one) and an extremal contraction e: S — T, p(S/T) = 1, such that the
following diagram of maps commutes:

x % oz
T | L e

S Y
e | Loy

T = T
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where p o) = 7: X --» Y. Inverting the construction of Example 1.5, we obtain a
link of type III. From the geometric viewpoint, it is most interesting that a composi-
tion of two links which are of types I and III, gives, generally speaking, a birational
modification which is not compatible with the structures of fiber spaces, that is,
fibers are not mapped into fibers, as shows the following

Example 1.10. In the notations of Example 1.8 let us choose the section R C X
in a special way: let R = oc~'(L*), where L* C P? is a line that does not meet L, in
particular, < L, L* >= P3. In this case the composition o o ¢: Z — P3 is the blow
up of a smooth reducible (non-connected) curve L U L* with the exceptional divisor
ELUE, where E; = 07 !(L) is the exceptional divisor of the blow up o. Contracting
E; C Z, we obtain a link of type III

Yy --» X
l !
T — 5%

where X* is P? with the blown up line L*, the curve S* = P! and X* — S* is
the regularized projection from L*. The composition of this link with the link of
Example 1.8 gives a birational map

X - Xr
l l
S S*,

of P2-bundles over S, S* = P!, which is not compatible with the structures of those
fiber spaces. Note that in the special case under consideration, 7' = S x S* = P! x P!
and the projection Y — T is the regularization of the rational map

P? --» L x L*,

that maps a point z € P2\ (L U L*) to the unique pair of points (z,2*) € L x L*
such that © €< z,2* > (the lines L and L* identify naturally with the curves S*
and S as sections of the Mori fiber spaces X*/S* and X/S, respectively). Note also
that the diagram

T = T
I L
s s

is an example of a link of type IV (in the dimension two), which we will now describe.

Type IV (replacing the structure of a fiber space). This type is most
interesting. There are: a birational map ¥: X --» Y, which is a composition of
flops, and extremal contractions s:.S — R and t: T — R such that the following
diagram of maps commutes:

P

X --» Y
T | L p

S T
s | 1t

R = R
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The simplest example of a link of this type was given above (replacing one projection
P! x P! — P! by another). A non-trivial example of a link of type IV was described
in Example 1.7. In that example the variety V' has precisely two structures of a
Fano fiber space and the structures are changed via a flop.

Today the strongest completely proved fact on factorization of birational maps
into a composition of links is

Theorem 1.3 [11]. Let m: X — S and ©": X' — S’ be Mori fiber spaces with Q-
factorial terminal singularities. The varieties X and X' are birationally equivalent
if and only if when there exists a sequence of links

Ti

Xiw - X;
| !
Si—1 Si
i =1,...,N, connecting X/S and X'/S’, that is, Xo/So = X/S and Xy/Sn =

X'/S.

However, as we mentioned above, the main question is whether an arbitrary
birational map y: X --+ X’ can be decomposed into a composition of links. In the
dimension three the answer if positive [12], in the dimension > 4 the weaker claim,
formulated above, is true. This comes from the different approaches to the problem
of factorization of birational maps.

2.3. On the proof of Sarkisov program. Let us briefly describe the original
Sarkisov’s approach [13,14], realized in [12]. Let x: X --» X’ be a birational map
between the total spaces of Mori fiber space X/S and X’/S’ of dimension three.
One has to show that x can be decomposed into a composition of elementary links,
X = 7n ...71. The proof, based on the original Sarkisov’s ideas, is by producing
an inductive algorithm, which associates with a birational x, or, more precisely, a

diagram
X

X -5 X
T | ] (6)
S S’
an untwisting link of one of the four types I-IV,
X -5 X X, X
™ I m Lo
S Sy S’

which decreases a certain invariant of the original birational map,
d(x o) <d(x),

which can not decrease infinitely.

Let us describe this invariant. The dimension dim X is now arbitrary > 3. Since
p(X'/S") =1, there is a positive integer m and a very ample divisor A’ on the base
S’ such that

D =-—mKyxy+7"A
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is a very ample divisor on X’. The very ample linear system |D'| = H' is fixed
through the whole procedure of factorization of the map x. Note that the map x
is fiber-wise (that is, there exists a rational dominant map e: S --+ S’, making the
diagram (6) a commutative one, emr = 7'x) if and only if the strict transform of the
linear system |7"*A’| is pulled back from the base S, that is,

Xo 7" Al C |7 AT
for some (movable) divisor A* on the base S. Set
H=x."|D

to be the strict transform of the system >’ on X. Since X/S is a Mori fiber space,
we get
H C:‘-— n}(x’+-ﬂ}/4

for some Q-Cartier divisor A on S. Since the denominators are bounded, we may
assume that n € Z,. Obviously, n > 1. The following claim holds.

Proposition 1.1. The inequality n > m is holds. If n = m, then the map x is
fiber-wnse.

Proof (see, for instance, [12]) is elementary. One has to repeat, almost word for
word, the arguments that were used in the proof of Proposition 2.6 of the previous
survey. Let us outline it: let v: Z — X be a resolution of singularities of the map
X, ¥ = x o w: Z — X' the composite map, a birational morphism,

{Eiliel} and {Ej|jecJ}

the sets of p- and -exceptional divisors, respectively. Arguing word for word as in
[1, Proposition 2.6], we get

(1 - %) ' Kx + %QO*TF*A = %W‘ﬂ’*z‘l' + Za;E]’ + Z (% — ai) E;,
jeJ el

where a;- > 0, a; > 0 (the singularities are terminal) and b; > 0. Since E; are
p-exceptional, the restriction of this equality onto the fiber of general position of
the projection 7 shows that n > m, whereas, if n = m, then the strict transform of
the linear system |7 A’| with respect to x is pulled back from the base S, and each
y-exceptional divisor E} either is ¢-exceptional, or its image ¢(E}) is pulled back
from the base S. Q.E.D. for Proposition 1.1.

Recall [12], that the canonical (respectively, log canonical) threshold of the pair
(X, H) is the number

ct(X, H) = sup{a € Q| the pair (X, a’H) is canonical}

(respectively, let(X,H) = sup{a € Q4] the pair (X,aH) is log canonical}). If
¢:Z — X is a resolution of singularities of the pair (X, H) with the set of ex-
ceptional divisors {E;|i € I}, then

1 ordg, p*D

— - — Imax

ct(X,H) ier a(B;, X)
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for a general divisor D € H and similarly

1 ordg, ¢*D
———— =max ——————.
let(X,H) el a(E;, X)+1
In particular, the inequality let (X, H) > ct(X, H) takes place. If ct(X,H) = v, then
for each exceptional divisor E; the inequality

yordg, o*H) < a(F;, X),

holds, and, moreover, for at least one divisor F; this inequality is an equality. Such
divisors are called crepant divisors; the corresponding discerete valuations of the field
of rational functions C(X) do not depend on the choice of resolution of singularities
and are determined by the pair (X,H). Let e(X,H) be the number of crepant
valuations > 1.

Definition 1.2. The degree (or Sarkisov degree) of the pair (X, H) is the triple
of numbers

X, H) = (n,y=ct(X,H),e = e(X,H)).

The set of values of the degree § is ordered in the following way (corresponding
to the lexicographic order of the triples (n,v!,¢)):

d=(n,v,e) > 6 = (n1,7,e€1),

if either ny < n, or n; = n, but v, > =, or, finally, ny = n and ~; = v, but e; < e.
Since (with the very ample linear system H’ fixed) the map x is uniquely determined
by the system H, we can write 6(x) instead of §(X,H). At this stage in Sarkisov
program appears the key concept of a maximal singularity.

Definition 1.3. A mazimal singularity of the linear system H (or the birational
map x) in the sense of the minimal model program (briefly, a MMP-maximal sin-
gularity) is an exceptional divisor E C Z of some resolution ¢: Z — X of the pair
(X, H) (or the discrete valuation of the field of rational functions C(X), correspond-
ing to that divisor), if the Noether-Fano inequality holds:

ordg "H > na(E, X).

In [12] instead of the word combination “maximal singularity” the “base com-
ponent of high multiplicity” is used. In the survey [16] the “maximal singularity”
is returned, however, one should remember, that in the classical theory the param-
eter n is the threshold of canonical adjunction. In the general situation, considered
above, ¢(H) = n, only if the divisor A is pseudo-effective on the base S. Thus
between the concepts of maximal singularity in the traditional approach and MMP
there are certain differences (ignored in [12]). To emphasize the point, we speak
about MMP-maximal singularities (for the majority of problems, that are solved by
now, these differences are inessential).
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Obviously, a MMP-maximal singularity exists if and only if the inequality

ct(X,H) < !
n
holds.

Now ([12, Theorem 5.4]), if H has an MMP-maximal singularity, then applying
(Kz+aHz)-MMP to the extremal extraction ¢: Z — X of one of the crepant discrete
valuations, where the number « is specially selected, one gets a link 7: X/S --»
X;/S; of type I or I, such that (ny,71,e1) < (n,7,¢e), and moreover, if n; = n,
then 7 is fiber-wise and induces birational isomorphisms of the bases S --+ S; and

generic fibers,
.

X -=> X1
™ l l T >
S - Sl?

that is, makes a “square” in the terminology of [12]. If, however, H has no MMP-
maximal singularities (that is, the inequality ct(X, ) > < holds), then a sequence
of links of types III and IV is constructed

X/S -2 X1/8) -2 -5 X4/ Sk,

such that either n =ny = ... =ng_1 > ng, or n =ny = ... = ng and the induced
birational map is an isomorphism of the Mori fiber spaces. Finally, the last necessary
fact, the finiteness of this procedure, that is, that the problem of factorization can
solved in finitely many steps, is proved via Alexeev’s theorem that there are no
accumulation points from below for the log canonical thresholds [16]. A complete
proof of the theorem on factorization see in [12] or in the survey [15].

The algorithm, described above, in principle does not depend of dimension, how-
ever, today not all facts of MMP that are needed to prove it, are shown in dimension
> 4 (although the work is in progress and essential advances have been made; for
instance, on the termination of thresholds see [17,18]). All those facts are certain
claims on finiteness (for instance, the termination of a sequence of flips), they are
needed both for constructing links and for proving the finiteness of the factoriza-
tion procedure. Using the approach that turned out so successful in [10], Hacon
and McKernan in [11] proved a weaker version of the Sarkisov program in the arbi-
trary dimension: instead of consructing an algorithm of factorization and proving its
finiteness, they showed existence of some sequence of links, the composition of which
gives a birational isomorphism X --+ X’ of the total spaces of Mori fiber spaces
X/S and X'/S" (about which it is assumed in advance, that they are birationally
isomorphic).

The main result [11] is as follows.

Theorem 1.4. Assume that the Mori fiber spaces X/S and X'/S" are both
products of the (K z+®)-MMP for some klt-pair (Z, ®). Then the induced birational
map X --+ X' is a composition of links of types I-1V.
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It should be pointed out that if the tital spaces of two Mori fiber spaces are
birationally equivalent and have Q-factorial terminal singularities, then they are
products of the K;-MMP for some variety Z, so that the corresponding Mori fiber
spaces satisfy the assumptions of Theorem 1.4.

The proof of Theorem 1.4 is based on the technique developed in [10]; to the
latter paper we refer an interested reader.

2.4. The method of maximal singularities and the factorization the-
ory: a comparison. After what has been said it makes sense to compare the two
approaches to investigating birational geometry of rationally connected fiber spaces:
the classical method of maximal singularities and the program of factorization of
birational maps, based on the theory of minimal models (the Sarkisov program). It
should be noted that both approaches go back to the same ideas (developed in the
works of M. Noether and his predecessors, and after that in the works of the Italian
classics up to Fano, see [1]), and for that reason in many respects are sufficiently
close. Between these approaches there are, however, essential differences, on which
we will now dwell.

The main idea of the method of maximal singularities, described in details in
[1], is to study the maximal singularities of a birational map y: V' --» V’ or, what is
equivalent, the maximal singularities of a movable linear system ¥ on V', that defines
this birational map. The method works successfully, if it is possible to describe
explicitly the potentially maximal singularities, which are then untwisted, as a rule,
by birational self-maps 7 € Bir V' (in the relative case, by fiber-wise birational self-
maps 7 € Bir(V/S)). The point, why almost all potentially maximal singularities
can be untwisted by means of self-maps, is not discussed, as it is an empirical fact. In
those successfully studied cases, when the self-maps are not sufficient, each maximal
singularity explicitly defines a transition to another structure of a Fano fiber space.
The method of maximal singularities was modelled on the pioneer paper [19]; in
the past almost forty years the general approach did not change a lot, although the
technical side has been transformed and made radically stronger.

The MMP-approach was modelled on the proof of the Sarikisov theorem [2],
taking into account the ideology of the Mori theory. That approach is about fifteen
years “younger”. Its main idea, described in the previous section, is to simplify a
birational map (or a movable linear system) by means of elementary links. A link is
constructed by applying MMP to a suitable log pair. A priori a link is a birational
map between distinct Mori fiber spaces, that is, even in the case of a fiber-wise link
one comes over to another model.

The method of maximal singularities is a (technically powerful and successfully
working) scheme of arguments leading to very strong individual results, that is,
results for particular explicitly given families of Fano varieties and fiber spaces. On
the contrary, the Sarkisov program (in the form in which it is known since the paper
[12] was published) is a general existence theorem, claiming the very fact that it
is possible to factorize a birational map (or a somewhat weaker fact in dimension
> 4). Each of these two approaches has its advantages and disadvantages.
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An obvious advantage of the Sarkisov program is its generality. From the de-
scription of the program and the proof of the main theorem follows a procedure of
constructing factorizing links. Taking into account the rapid development of MMP
since the mid-eighties, it is not surprising that the proof of Sarkisov program in
[12] generated a lot of optimism in respect of three-dimensional birational geometry.
In 1993-95 it seemed to many people that solution of the problems of the classical
birational geometry in dimension three, even such as description of the Cremona
group of rank three or description of the group of birational self-maps of the three-
dimensional cubic, or a proof of the rationality criterion for three-fold conic bundles,
is a matter of not so distant future. Something was said on that subject (although
in a rather cautious way) in [12]. The first thing to be done, was to find new proofs
of the known results that were obtained by the method of maximal singularities.
After that, it was meant to make further progress in the area where the classical
methods did not work.

Today, after more than fifteen years, one can say that these hopes did not realize.
The problems of describing birational maps between three-dimensional Mori fiber
spaces turned out to be much more difficult than the authors of [12,14] thought.
Their optimism of the early nineties is explained rather by their poor aquaintance
with the preceding works of the Moscow school of birational geometry; probably, for
the same reason in [12] the work of the Moscow school is considered as belonging
to the past: it was expected that the new techniques of MMP will make it possible
to easily overcome the difficulties that obstructed successful work of the method
of maximal singularities. It should be acknowledged that some ideas that came
from MMP turned out to be fruitful indeed. It is, in the first place, the so called
connectedness principle of Shokurov and Kollar and the inversion of adjunction that
follows from that principle (see Sec. 3.3 of this chapter and §2 of Chapter 3), which
made it possible to considerably simplify some parts of the classical techniques (cf.,
for instance, the exception of a maximal singularity over a quadratic point in [20] and
in [21]: the latter approach essentially does not need anything but a straightforward
application of the inversion of adjunction).

However, as a whole the attempts to realize the Sarkisov program for a wide
class of three-dimensional Mori fiber spaces were not successful. Birational maps
between particular three-dimensional varieties were in most cases studied using the
well trodden approach of the classical method of maximal singularities, sometimes
with certain technical improvements. This applies already to the very first, and best
known, paper of that series [22], which was originally conceived as a first big-scale
stage in the realization of the Sarkisov program. It turned out that MMP-techniques
is useless for all 95 types of the weighted Fano hypersurfaces, because all potentially
maximal singularities (on many varieties they simply do not exist) are untwisted by
birational self-maps, which, in their turn, are constructed by means of the known
classical techniques. Nevertheless, [22] was interpreted as a result of application of
the new MMP-techniques (see, for instance, the survey [15]), which was, of course,
a big exaggeration. The paper [22] was written in the new language (and contains
new proofs of certain known facts of the classic theory), but this seems to be the
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most that can be said. By its contents [22] undoubtedly belongs to the series of
papers done by the method of maximal singularities and directly follows the paper
[19] on the three-dimensional quartic.

Apart from [22], a few more papers were published, where the scheme of the
Sarkisov program was used for studying birational maps between three-dimensional
Mori fiber spaces [23,24]. In [21] some known results, that were earlier obtained
by the method of maximal singularities, are presented in the language of Sarkisov
program. In [23,24] that program really works: non-trivial links are constructed
that connect the varieties under investigation with other Mori fiber spaces, however,
the existence of such a link does give any really meaningful information about the
birational type of a variety, although it does mean that, in the terminology of Reid-
Corti, that the variety is not birationally rigid. The paper [25] which joins this
series of papers contains certain non-trivial computations and constructions, also a
number of interesting conjectures, but no progress at all towards their proof.

The poverty of results that were obtained in the course of attempts to apply the
general theory [12] to the study of birational geometry of three-dimensional Mori
fiber spaces, is even more impressive if one compares them with the results that were
obtained during the same period of time in the framework of the classical method
of maximal singularities [3,26-29], speaking not about the results in the arbitrary
dimension. The reason of such unsuccessfulness is, it seems, in the fact that to
construct links one needs a precise description of all potentially maximal singulari-
ties, so that the work of the classical method of maximal singularities is inevitably
included into the work of Sarkisov program as the most important part. On the
other hand, the above mentioned empirical fact takes place: for almost all (acces-
sible for investigation) varieties the potentially realizable maximal singularities are
untwisted by birational self-maps, which makes the MMP techniques unnecessary,
as it is sufficient to define a birational map between two given varieties at the generic
point, not taking care how it could be decomposed into a sequence of elementary
contractions/extractions and flips. It seems that these observations explain the ex-
tremely low efficiency of the general theory [12], which found almost no applications
in fifteen years.

As an illustration, let us consider Example 1.4. Let V = P! be a standard
fibration into cubic surfaces, C' C V' a section of the projection 7. Assume that C' is
a maximal curve of a movable linear system ¥ C | —nKy +[F|, where | € Z,. The
extremal blow up, associated with the curve C, is simply its blow up in the usual
sense, p: V' — V. Now the general theory guarantees that application of MMP to
a suitable pair (V,aX) leads to a link V' --» V7 /P! untwisting the maximal curve
C. However, this general claim which uses all the power of MMP, is practically
useless, since the construction of the link is obvious from the elementary geometric
considerations and its proof does not require any efforts since V"= V* and the link
is well defined on the generic fiber. There are finitely many fibers F; = 7~ 1(¢;),
i =1,...,k, where through the point C'N F; there is at least one line on F;. MMP
guarantees that a sequence of flops, starting from V, leads to a model V¥, that
admits an extremal contraction (so that the birational self-map of Example 1.4,
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associated with the section C, is a composition of two links, of type I and type
IIT), however, the classical techniques gives at one the final result with considerably
less effort. It is especially important here, that using the classical approach, we
stay on the same model, whereas the general theory provides an untwisting of the
curve C'; by means of, generally speaking, a transition to a new Mori fiber space.
For that reason, whereas the classical method of maximal singularities requires only
information on the biregular geometry of the given model of a Mori fiber space, for
the Sarkisov program to work effectively one needs (as it is only natural to expect
from a theory of such level of generality) information on all models of that dimension.
Biregular classification of Mori fiber spaces even in dimension three is still very far
from completion (in any reasonable sense). And this is the reason why the general
theory [12] is so inefficient.

In dimension three there are three classes of Mori fiber spaces: Fano varieties
(with Q-factorial terminal singularities), del Pezzo fibrations and conic bundles. By
the mid-nineties, a lot was known on birational geometry of varieties of the first
and third classes, however del Pezzo fibrations remained a white spot. Attempts
to study their geometry by means of the test class technique were made in the
course of about ten years, but they turned out to be unsuccessful [30] (as it became
clear somewhat later [3], it was impossible in principle). The situation has changed
radically when the paper [3] appeared, where the classical approach was essentially
re-developed, in particular, the test class technique was replaced by the technique of
counting multiplicities. However, as far as the author knows, up to a very recent time
attempts were made to obtain results on birational geometry of del Pezzo fibrations
by means of methods similar to the proof of Sarkisov theorem on the conic bundles
(Example 1.5), that is, by means of fiber-wise modifications. (Since it is precisely
the maximal singularities, the center of which is contained in a fiber, present the
biggest difficulty, see Chapter 2.) Those attempts were also unsuccessful. In contrast
to the conic bundles, even the simplest fiber-wise modifications of a pencil of cubic
surfaces lead to varieties with complicated singularities and the study terminates at
this point.

This is the situation today; introducing new ideas and new facts in the future
can, of course, change it.

Let us emphasize that this section is in no way a survey of the very minimal
model program or Sarkisov program. For that reason, we do not mention (and
the more so, do not discuss) the main papers on MMP (due to Mori, Kawamata,
Shokurov, Kollar and many others), except for the paper [10]. This is the end of our
short visit to the general theory of factorization of birational maps (the Sarkisov
program). We come back to the theory, techniques and results of the method of
maximal singularities, the subject of the present survey.

§3. Birational rigidity of Fano fiber spaces

3.1. The threshold of canonical adjunction. For an arbtrary rationally
connected smooth projective variety X we denote by the symbol A*X the Chow
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group of algebraic cycles of codimension ¢ > 1 modulo numerical equivalence,
AR X = A’ X ®@R. By the symbol A%, X we denote the closed cone in Ay X, generated
by the classes of effective cycles (the pseudo-effective cone). By the symbol A X
we denote the closed cone in A% X, generated by the classes of movable divisors (that
is, such divisors D, that the complete linear system |D| has no fixed components),
the movable cone.

Let us consider a standard Fano fiber space m:V — S. Obviously, we get an

inclusion 7 A; .S C A} ., V. Furthermore,

AWV =R[Ky] @ n*A'S.

Definition 1.4. We say that the standard Fano fiber space m: V' — S satisfies
the K-condition, if
ALV CR[-Ky]errALS.

mov

In other words, V/S satisfies the K-condition if and only if for any movable
linear system | — nKy + m*A| the class A € Pic S is pseudo-effective. If the pseudo-
effective cone AiS has a sufficienty simple structure, for instance, A'S = ZHjg,
where Hg is the ample generator, so that AL S = Ry [Hg| is the positive ray, or
S =85 x...x Sk, where A'S; = 7, then it is easy to check that, in a certain sense,
the “overwhelming majority” of standard Fano fiber spacea with the given fixed
base S satisfies this condition. As an illustration let us consider the construction of
Example 1.1, assuming that A'S = ZHg.

In the notations of Example 1.1 we have A; ~ a;Hg for some a; € Z. Set
a = a1+...4a. Twisting the locally free sheaf £, we may assume that it is generated
by global sections, so that the tautological class Ly is numerically effective. Set also

bHg ~ det & + Kg,
where the integral parameter b depends on X only. We get
Ky=—-L+(a+b)H,

where for the brevity of notations L = Ly and H = n*Hg. Now if the linear system
| — nKy + [H| is non-empty (the more so, movable), then the inequality

(—nKy + LH) - LM . gdims—1 >0

I
nLM+1Hdim571 + d(l _ n(a + b))ﬂdims

holds, where d = d; - ... - di, which immediately implies that for some ay € Z for
a > ag we have [ € Z,, that is, the K-condition holds for all standard Fano fiber
space, satisfying the inequality a; + ...+ ax > ag.

This example shows that a “majority” of standard Fano fiber spaces of Example
1.1 satisfies a stronger condition:

ALV CR[-Ky] e ALS.
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The situation is similar for Fano double covers (Example 1.2). On the contrary, it is
easy to see that Fano direct products (Example 1.3) do not satisfy the K-condition.

Now let us consider the most interesting case S = P'. To check the K-condition
we use the fact that the self-intersection of a movable class z € AL X is a pseudo-
effective class of codimension two: 2? € A3 X. Therefore, if 2* ¢ A X, then
z ¢ AL X.

Definition 1.5. We say that a standard Fano fiber space m:V — P! satisfies
the K?2-condition, if

K} ¢ Int A2V.

Let PicV = ZKy & ZF, where F' is the class of a fiber of the projection 7.

Proposition 1.2. If a fiber space m:V — P! satisfies the K?-condition, then it
satisfies the K -condition, too.

Proof. The self-intersection of the class —nKy + [F is
n*Ki + 2nl(—Ky - F),

where in the brackets it is the anticanonical section of the fiber, that is, an effective
cycle of codimension two. By the K?-condition, the self-intersection can not be
pseudo-effective for [ < 0, which is what was required. Q.E.D.

The importance of the K-condition can be seen from the following simple fact.

Proposition 1.3. Assume that a standard Fano fiber space m:V — S satisfies
the K-condition.

(i) The threshold of canonical adjunction of a movable linear system 3 C | —
nKy + 1Al is ¢(X,V) = n.

(ii) If the movable linear system ¥ satisfies the equality ¢(X, V) = 0, then X is a
m-pull back of a movable linear system g on the base S.

(iii) Assume in addition that the variety V' is birationally superrigid: cyi(X) =
c(3,V) for any movable linear system Y. Then every structure of a rationally
connected fiber space on V' is compatible with 7: V' — S| that is, for any birational
map x:V --» V', where n": V! — S’ is a rationally connected fiber space, there is a
rational dominant map e:.S --+ S’ such that the following diagram commutes:

X

Vo=V
T | 1 7
S -5 o9

Proof. (See [1, §1].) The claim (i) is obvious, because 7*A € ALV is apseudo-
effective class, whereas the class aKy + 7*A for a > 0 is negative on the fibers and
cannot be pseudo-effective. The claim (ii) follows from (i). If the linear system >’ on
the variety V' is movable and pulled back from the base S’, then its strict transform
Y = x;'¥ on V is a movable linear system, satisfying the equality cyi(X) =
c(X', V') = 0. By the asuumption on birational superrigidity and the claim (ii), it
follows that > is a w-pull back of a movable linear system on S. This proves the
claim (iii) and completes the proof of the proposition. Q.E.D.
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Now let us give an example of a non-trivial computation of the threshold of
canonical adjunction on a variety that does not satisfy the K-condition.

Example 1.11. Consider the Fano fiber space m: V' — P! of Example 1.7 (we
use the notations of that example). If a movable linear system ¥ is a subsystem
of the complete linear system | — nKy + [F| with [ € Z,, then, as above, we get
¢(X) = n. However, if [ < 0, then the linear system X = 7% is a subsystem of
the complete linear system | — ny K+ + [ F'| on the standard Fano fiber space
VT /P! from the same family. Now since I, = —I € Z,, we have ¢(XT, V™) = n,.
However, 77:V --» V7 is a biregular isomorphism in codimension one (that is, an
isomorphism of complements to closed sets A C V., AT C VT of codimension two).
Therefore, ¢(X, V) = (X1, V1), that is, for [ < 0 we have

(X, V)y=ny=n+1L

Another similar example is given by Fano fiber spaces V/P! with a non-trivial
(that is, non-compatible with the structure of the fiber space 7:V — P!) birational
involution 7 € BirV [31, Sec. 3.1] and [32, Sec. 2.3|; in the latter case they are
varieties, described in the part (iii) of Theorem 1.5 below. Computations in those
examples are completely similar to those considered above: if ¥ C | — nKy + [F|
[ < 0 is a movable linear system, then applying the involution 7 (which is biregular
in codimension one), we transform ¥ into a system Xt C | — ny Ky + [ F| with
I, € Z,, which makes it possible to compute the threshold ¢(X, V) = ¢(X1,V) = n,.
For the details, see the papers mentioned above.

Today there are two main approaches to proving birational rigidity of Fano fiber
spaces: the quadratic and the linear ones. The quadratic method is aimed at study-
ing the self-intersection Z = (D; o Ds) of a movable linear system ¥ > D;; the
method extends the techniques of proving birational rigidity of primitive Fano vari-
eties, described in the previous survey. Almost all results on birational geometry of
standard Fano fiber spaces V/P! are obtained by means of the quadratic method.

The linear method is aimed at studying singularities of an arbitrary divisor
D € ¥ or its restriction D|r onto a specially selected algebraic subvariety R C V.
This method works in the proof of the theorem on Fano direct products [33], it is
used in the proofs of the theorems on birational rigidity of fiber spaces V/P! to
simplify certain steps [7,34], also in the proof of the theorem on birational geometry
of Fano double spaces of index two [35]. The quadratic technique is considered in
detail in Chapter 2, the linear technique in Chapter 3.

3.2. The quadratic method: main results. Consider a standard Fano fiber
space m: V — P!, that is, PicV = ZKy ® ZF, where F is the class of a fiber of the
projection 7. Assume in addition that the condition

A’V = ZK? @ ZHp, (7)

holds, where Hp = (—Ky - F) is the class of an anticanonical section of the fiber.
The K2-condition can be weakened in the following way.
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Definition 1.6. A standard Fano fiber space V/P! satisfies the K?2-condition of
depth ¢ > 0, if
Ky —eHp ¢ Int A2V.

Sometimes for more clarity the K2-condition of depth ¢ = 0 will be called the
strong K?-condition. If the depth is not specified, then it is assumed that it is equal
to zero.

It is easy to see that the K-condition for the class of Fano fiber space under
consideration takes the following form

—Ky ¢ Int AL V.

mov *

Besides, it is obvious that if €; < 5, then the K2-condition of depth &; implies the
K?2-condition of depth e5.

Fibrations into Fano complete intersections. This class of varieties corre-

sponds to the base S = P! in Example 1.1. Let a, = {0 = ap < a1 < ... < apqr}
M+k

be a non-decreasing sequence of non-negative integers, &€ = @ Opi(a;) a locally
i=0

free sheaf on P!, X = P(€) the corresponding projective bundle in the sense of

Grothendieck. Obviously, we get

PicX = ZLx ®ZR, Ky =—(M+k+ 1)Ly + (ax — 2)R,

where Lx is the class of the tautological sheaf, R is the class of a fiber of the
morphism 7: X — P!, ax = a; + ...+ ayrx Furthermore, we have LY ™ = ay.

For a set of k integers (by,...,b;) € Z% let G; € |d;Lx + b;R| be irreducible
divisors such that the complete intersection

V=Gin..NG, CX

is a smooth subvariety. The projection 7 |y:V — P! is denoted by the same symbol
7, the fiber 771(¢t) C V by the symbol Fj, the restriction Lx |y by the symbol L.
The fiber space V/P! is a standard Fano fiber space, satisfying the condition (7).
Obviously, Ky = —L+ (ax +bx —2)F, where by = by +...+bg. It is easy to check
the formulas
E g,

(LM F) = (Hyp - 1Y) — d, LM“:d(a“;dT),

where d = d; ... d}, is the degree of the fiber. From here we get:

k k

di — 1 ~ 2d; — 1
(—Ky-LM) =d (2 — Z y bi) and (K3 LMY =d (4 —ax — Z i bi> :

i=1 i i=1

Since the linear system |L| is free, these formulas immediately imply
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k
Proposition 1.4. (i) Ifax+ Y 2%=1b; > 4, then the strong K*-condition holds.
i=1

k
(i) If ax + ; Qdé:lbi > 2, then the K?-condition of depth 2 holds.

k
(iti) If Y %=th, > 2, then —Ky & Int ALV and, the more so, —Ky & Int AL V;
i=1

di mov )
if, even more, the inequality above is strict, then —Ky ¢ ALV.

Now let us formulate the main result.

Assume that the variety V' is sufficiently general in its family.

Theorem 1.5 [32]. (i) The variety V is birationally rigid, the projection m:V —
P! is the only structure of a rationally connected fiber space on V and the groups of
birational and bireqular automorphisms coincide, Bir V- = Aut V', if for the integral
parameters of the variety V' one of the following six cases takes place:

® ax +by >4,

.CLX:]_,bV:27
.CLX:()?bV:S;
.&X:3,bV:O,
oaX:2,bV:1,

e (a,)=(0,...,0,2) and by =0.

(ii) For (a.) = (0,...,0,1,1) and by = 0 a general variety V is birationally
superrigid. However, the K -condition does not hold: the linear system | — Ky — F|
is movable and determines a rational map o:V --» P, the fibers of which are
rationally connected. On the variety V' there are precisely two non-trivial structures
of a rationally connected fiber space: the morphism 'V — P! and the map .
There exists a unique, up to a fiber-wise isomorphism, Fano fiber space 77: VT —
P with the same parameters (a.) = (0,...,0,1,1) and by+ = 0 and a birational
isomorphism x:V --+» VT biregular in codimension one, such that the following

diagram commutes:
X

Vo o-=s VT
v | Lot
Pl = PL

The correspondence V. — V't is an involution of the set of Fano fiber spaces of that
type, that is, (V)" =V.

(iii) Forax =0, b =2 for some e € {1,...,k} and b; =0 for i # e the variety
V' is birationally superrigid. However, the K-condition does not hold: the linear
system | — d Ky — F| is a pencil of rationally connected varieties. The group of
birational self-maps Bir V' is non-trivial and for a general variety V' generated by the
birational involution T, which is bireqular in codimension one, and moreover, T,|F| =
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| — d.Ky — F|. On the variety V there are precisely two non-trivial structures of a
rationally connected fiber space: the projection m:'V — P! and the map n7:V --» PL.

Fibrations into Fano cyclic covers. Let a, = {0 =ap < a1 < ... < apyi1}
M+1

be a non-decreasing sequence of no-negative integers, £ = € Opi(a;) a locally
i=0

free sheaf on P!, X = P(€) the corresponding projective bundle in the sense of
Grothendieck. Obviously, we have

PICX:ZL)(EBZR, KX:—(M+2)Lx+(ax—2)R,

where Lx is the class of the tautological sheaf, R is the class of a fiber of the
morphism 7x: X — P!, ax = a; + ... + a1, LY = ax. For some ag,aw € Z,
let

Q~mLx +agR and Wx ~ K(ILx +awR)

be divisors on X, where () C X is a smooth subvariety, W = Wx N @ a smooth

divisor on (). Let
oV —Q

be the K-sheeted cyclic cover of the variety (), branched over the divisor W. The
projection 7x | o will be denoted by the symbol 7g, the projection mg o o:V — P!
by the symbol w. The fiber wél(t), t € P!, will be denoted by the symbol G; (or
simply G, when it is clear, which point ¢ € P! is meant), the fiber 771(¢) C V by
the symbol F; or F. Set Lo = Lx | g and L = 0*Ly, respectively. Obviously,

PICVZZL@ZF, KV:—L+(aX—|—aQ+(K—1)aW—2)F.

It is easy to check the formulas (LM - F) = mK, LM = K(max + ag). From here
we obtain (—Ky - LM) = K((1 — m)ag — m(K — 1)aw + 2m) and

(K- LMY = K(—max + (1 — 2m)ag — 2m(K — V)aw + 4m).
For convenience we write the parameters of the cover V' in the form

(a1, .- ap+1), (ag,aw)),

and moreover, among the numbers aq, ..., ay 11 we specify only non-zero values, if
there are any, otherwise we write simply (0). These notations are convenient because
only those covers V require an individual study which have almost all parameters
equal to zero. Indeed, the explicit formulas above immediately imply the following

Proposition 4.1. (i) The variety V satisfies the strong K?-condition, that is,
the K2-condition of depth 0, if one of the following cases takes place

'CLWZL
o ayw =0, ag > 3,

e ayw =0, a9 =2, ax > 1,

33



e ayw =0,a9 =1, ax > 3,
OCLW:CLQZO,CL)(ZZL

(ii) If aw =0, ag = 2, ax = 0, then the variety V satisfies the K*-condition of
depth %

(iii) If aw = 0, ag = 1, then the variety V satisfies the K?*-condition of depth %
for ax =2 and of depth (1 + %) forax =1.

(iv) If aw = ag = 0, then the variety V satisfies the K*-condition of depth 1 for
ax = 3 and of depth 2 for ax = 2.

Proof: this follows immediately from the fact that for any irreducible subvariety
Y the inequality (Y - L4™Y) > 0 holds.

Now let us formulate the main result.

We assume that the cyclic cover V is sufficiently general in the family constructed
above.

Theorem 1.6 [8]. (i) The variety V is birationally superrigid, the projection
m:V — P! is the only structure of a rationally connected fiber space on V, and
the groups of birational and bireqular automorphisms of the variety V coincide,
BirV = AutV, if the integral parameters of the variety V either satisfy any of
the siz conditions of Proposition 1.5, (i), or are of one of the following siz types:
((2),(0,0)), ((2), (1,0)), ((1,1),(1,0)), ((3),(0,0)), ((1,2),(0,0)), ((1,1,1),(0,0)).

(ii) The variety V' of the type ((1,1),(0,0)) is birationally superrigid. However,
the K-condition does not hold: the linear system | — Ky — F| is movable and deter-
mines a birational map p:V --» P, the fibers of which are rationally connected. On
the variety V' there are precisely two structures of a rationally connected fiber space:
the projection m and the map p. There exists a unique (up to a fiber-wise isomor-
phism) fibration into Fano cyclic covers n+: VT — P! of the same type ((1,1),(0,0))
and a birational isomorphism x:V --» VT bireqular in codimension one, such that
the following diagram of maps commutes:

X

Vo o-=s VT
e | Lot
P! = P.

The correspondence V- — V't is an involution, that is, (V)" = V.

(iii) The variety V' of the type ((0), (2,0)) is birationally superrigid. However, the
K -condition does not hold: the linear system |—mKy —F| is movable and determines
a birational map, the fibers of which are rationally connected. The group of bira-
tional self-maps Bir V' is stictly larger than the group of bireqular automorphisms:
it contains a non-trivial birational involution 7 € BirV \ AutV, and moreover,
BirV = (Z/27) x (Z/KZ), where Z/27 = {id,7}. On V there are precisely two
structures of a rationally connected fiber space: the projection w and the rational
map w1:V --» P and moreover, | — mKy — F| = 7.|F].

Note the obvious parallelism of Theorems 1.5 and 1.6 (their proofs, however, are
essentially different). Birational (super)rigidity is also proved for some other families
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of Fano fiber spaces over P!, see [3,36-38]. Theorems 1.5 and 1.6 describe the most
“massive” families.

Varieties with a pencil of del Pezzo surfaces. That class of three-dimensional
rationally connected varieties for a long time was out of reach. Birational rigidity
of the overwhelming majority of these varieties was proved in [3]. That paper was
followed by [26,27], where birational geometry of almost all remaining types of vari-
eties with a pencil of del Pezzo surfaces of degree 1 and 2 was completely described.
That work was summarized in the survey [4].

Let V5 P! be a fibration into del Pezzo surfaces of degree d € {1,2,3}, PicV =
ZKy & ZF, where the variety V' is smooth and for d = 3 sufficiently general.

Theorem 1.7 [3]. Assume that the fiber space V/P! satisfies the K?-condition:
K¢ & Int A2V. Then the variety V is birationally rigid (superrigid for d = 1), the
projection m: V. — Pl is the only structure of a rationally connected fiber space on the
variety V', and the quotient group of the group of birational self-maps by the normal
subgroup of birational self-maps of the generic fiber Bir F,, is finite, generically trivial.

For d = 1 the group Bir F,, = Aut I}, is finite, for d = 2 it is generated by the
subgroup Aut F,, and the involutions, associated with sections of the fiber space T,
for d = 3 it is generated by the subgroup Aut F,, and the involutions, associated
with sections and bi-sections of the projection 7, described in Example 1.4 (for the
original description of these groups, see [5,39]).

The techniques of the proof of Theorems 1.5, 1.6 and 1.7 is explained below in
Chapter 2.

3.3. The linear method: main results. The linear method is based on the
theorem on “inversion of adjunction”, proved by Shokurov in dimension three in
[40] and by Kolldr in arbitrary dimension [41]. Let us formulate a particular case of
that result, which is used in the theory of birational rigidity. A discussion and the
proof of inversion of adjunction are given in §2 of Chapter 3.

Theorem 1.8 (inversion of adjunction). Let x € X be a germ of a Q-
factorial terminal variety, D an effective Q-divisor, the support of which contains the
point x. Let R C X be an irreducible subvariety of codimension one, R ¢ Supp D,
and, moreover, R is a Cartier divisor. Assume that the pair (X, D) is not canonical
at the point x, but canonical outside that point, that is, the point x is an isolated
centre of non-canonical singularities of that pair. Then the pair (R, Dr = D|g) is
not log canonical at the point x.

The inversion of adjunction (formulated above not in the most general way, but in
the form in which it will be really needed) is used for excluding maximal singularities
of movale linear systems ¥ on a rationally connected variety V' under consideration
in the following way. Let R C V be an irreducible reduced Cartier divisor (as a rule,
the variety V' is smooth or has elementary singularities, so that the assumptions of
Theorem 1.8 are satisfied automatically), D € 3 a general divisor. Sine the linear
system 3 is movable, we get R ¢ Supp D, so that the restriction Dp is well defined.
Now, if the pair (R, %DR) is log canonical at the point z € R, then the pair (V, %Z)
is canonical at the point z, that is, there are no maximal singularities of the system
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32, the centre of which is the point . The procedure just described reduces studying
birational geometry of the variety V' to studying geometry of the divisor R, which
sometimes essentially simplifies the work. Note that this procedure can be repeated
(provided that the assumptions of Theorem 1.8 hold), reducing investigation of the
singularities of the pair (V, %Z) to studying singularities of the pair (R, %D r), where
R C V is an irreducible subvariety (not necessarily a divisor). The most important
case is restricting onto a fiber R = 77!(s) of a fibration m: V' — S.

There are three groups of results that make an essential use of the linear method.

Fano direct products. Theorems on birational geometry of Fano direct prod-
ucts form the largest (up to now) group of results [33,34,32,42,43].

Let F' be a Fano variety of dimension > 3 with Q-factorial terminal singularities
and the Picard number p(F) = 1.

Definition 1.7. We say that the variety F' satisfies the condition of divisorial
canonicity, or the condition (C') (respectively, the condition of divisorial log canon-
icity, or the condition (L)), if for any effective divisor D € | — nKg|, n > 1, the
pair

(F, D) )

has canonical (respectively, log canonical) singularities. If the pair (8) has canonical
singularities for a general divisor D € ¥ C | — nKp| of any movable linear system,
then we say that F' satisfies the condition of movable canonicity, or the condition
Explicitly, the condition (C') is formulated in the following way: for any birational
morphism : F — F and any exceptional divisor F C F the following inequality

holds:
vi(D) < na(E). 9)

The inequality (9) is opposite to the Noether-Fano inequality. The condition (L) is
weaker: it is required that the inequality

vp(D) < n(a(E) +1) (10)

holds. Recall that in (9) and (10) the number a(FE), that is, the discrepancy of
an exceptional divisor £ C F with respect to the model F. The inequality (10)
is opposite to the log Noether-Fano inequality. The condition (M) means that (9)
takes place for a general divisor D of any movable system 3 C | — nKp| and any
discrete valuation vg.

In another terminology, the condition (L) maens that the the global log canonical
threshold of the variety F' is equal to one: lct(F) = 1. The condition (C') means
that the global canonical threshold ct(F) = 1. The importance of these conditions
is shown by the following fact [33].

Theorem 1.9. Assume that the primitive Fano varieties FY, ..., Fg, K > 2,
satisfy the conditions (L) and (M ). Then their direct product

V=F x...xFg
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is a birationally superrigid variety, that is, for any movable linear system X its
virtual and actual thresholds of canonical adjunction coincide:

c(X) = cyine(2).

In particular:

(i) All structures of a rationally connected fiber space on the variety V are pro-
jections onto direct factors. More precisely, let 3: VF — S* be a rationally connected
fiber space and x:V — — — V* a birational map. Then there exists a set of indices
I'={iy,...,ix} C{1,..., K} and a birational map

a:Flani— ek
i€l
such that the following diagram commutes:

X

V ——— V!
LI LB
FI - Sﬁ?

K
that is, fox = aomy, where n;: [[ F; — [ F; is the natural projection onto a
i=1 icl
direct factor. In particular, on the variety V there are no structures of a fibration

into rationally connected varieties of dimension strictly smaller than min{dim F;}.
In particular, V has no structures of a conic bundle or a fibration into rational
surfaces.

(ii) The groups of birational and biregular automorphisms of the variety V' coin-
cide:

BirV =AutV.

(iii) The variety V is non-rational.

Theorem 1.9 is proven in [33] for smooth primitive Fano varieties, however, the
proof is valid word for word in a more general case, described above. Obviously, the
condition (C) is stronger than (L) and (M). To apply Theorem 1.9, it is sufficient
to check that a Fano variety from a given family satisfies the condition (C') (or the
both conditions (L) and (M)).

For generic Fano hypersurfaces F; C P?, d > 6, and generic Fano double space
of index one Fy — P4 d > 3, the condition (C) is shown in [33]. For generic Fano
double hypersurfaces F' — Q,, C P? d > 7, branched over W = W5, N Q,,, where
Q. and W3 are generic hypersurfaces of degrees m and 2/, respectively, m + 1 = d,
the condition (C') is shown in [34]. For generic weighted Fano hypersurfaces of
dimension three the condition (L) is checked in [42].

The proof of Theorem 1.9 and of the divisorial canonicity of Fano hypersurfaces
F; C P4 is given in §1 of Chapter 3.

Fano fibrations over P!. Application of the linear method simplifies the proof
of birational rigidity of fiber spaces V/P!, see [34,43]. Assume that 3 C |—nKy +IF|
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is a movable linear system, where [ € Z,, and a fiber F'* = 77!(¢,) of the projection
m:V — P! satisfies the condition (L). Then by the inversion of adjunction, the
centre of any maximal singularity of the system ¥ can not be contained in the fiber
F*: it either covers the base P!, or is contained in another fiber. In particular, if
all fibers satisfy the conditions (L) and (M), then the system ¥ has no maximal
singularities at all, which implies that

Cvirt(2) = ¢(3, V) =n.

Arguments of that type can be used for exclusion of certain particular types of
maximal singularities as well [7].

Fano varieties of index two. This result comes out of the framework of the
present survey as it deals with non-rigid varieties (in fact, it is the first full fledged
example of a complete description of birational geometry of non-rigid varieties of
arbitrary dimension). However, it stands next to the previous results and makes
an essential use of the linear method. For that reason, we formulate it below and
briefly discuss the scheme of its proof in §3 of Chapter 3.

Let M > 5and W = Wyy—1) C P be a smooth hypersurface of degree 2(M —1).
Consider the double cover

oV —PY

branched over W. The variety V is a Fano variety of index two: PicV = ZH,
where H is the ample generator, Ky, = —2H, the class H is the o-pull back of the
hyperplane in P. On the variety V' there are the following natural structures of a
rationally connected fiber space: let ap:P --» P! be the linear projection from an
arbitrary linear subspace P of codimension two, then the map

Tp=apoo:V --» P!

fibers V into (M — 1)-dimensional Fano varieties of index 1. Assume that the variety
V' is sufficiently general.

Theorem 1.10 [35]. Let M > 5 and x:V --» Y be a birational map onto the
total space of a rationally connected fiber space \:Y — S. Then S = P! and for
some isomorphism 3:P* — S and some subspace P C P of codimension two we have
Ao x = B omp, that is, the following diagram commutes:

X

V -=s Y
e | LA
pr 5 s

Corollary 1.4. (i) On the variety V there are no structures of a rationally
connected fiber space with the base of dimension > 2. In particular, on V there are
no structures of a conic bundle and del Pezzo fibration, and the variety V itself is
non-rational.
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(ii) Assume that there is a birational map x:V --+Y, where Y is a Fano variety
of index r > 2 with factorial terminal singularities, such that PicY = ZHy, where
Ky = —rHy, where the linear system |Hy| is non-empty and free. Then r =2 and
the map x is a biregular isomorphism.

(iii) The groups of birational and biregular automorphisms of the variety V' co-
incide: BirV = AutV = Z/27Z.

Proof of the corollary. The claim (i) and the equality » = 2 in (ii) are
obvious (any linear subsystem of the projective dimension < 7 — 1 in the complete
linear system |Hy| defines a structure of a rationally connected fiber space on Y').
Furthermore, the y-pull back of a general divisor in the system |Hy| is a divisor in
the linear system |H| by Theorem 1.10, which completes the proof of the claim (ii).
The part (iii) obviously follows from (ii). The proof is complete.
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Chapter 2. Fano fiber spaces over the projective line

§1. Sufficient conditions of birational rigidity

1.1. Formulation of the sufficient conditions. Start of the proof. Let
7:V — P! be a standard Fano fiber space, that is, V is a smooth variety, PicV =
ZKy @ ZF, where I is the class of a fiber of the projection . Assume in addition
that the condition

A?V = ZK? @ ZHp, (11)

holds, where Hr = (—Ky - F) is the ample antocanonical section of the fiber, and
that every fiber FF = F, = 7~ 1(t), t € P!, is a Fano variety with at most non-
degenerate quadratic singularities, and moreover,

A'F =PicF =ZKp and A*F =7ZH?Z,

where Kr = —Hp and Hp is considered as an element of the group A'F. These
conditions are satisfied for almost all families of standard Fano fiber spaces that are
by now successfully studied. The exception is made by fiber spaces with fibers of
dimension 2,3 and 4, where the low dimension makes it possible to employ additional
arguments. The extremal case, fibrations into cubic surfaces, is considered below in
§3.

Now let us formulate additional conditions, from which birational (super)rigidity
of Fano fiber spaces is derived. These conditions should be understood as some con-
ditions of general position for the fiber space V/P!; more precisely, generic (in their
family) fiber spaces V/P! satisfy these conditions. By the degree of an irreducible
subvariety Y C V, covering the base P!, 7(Y) = P! (we refer to such varieties as
horizontal), we mean the number

degY = (Y - F - (= Ky)dmY~1),
Definition 2.1. The fiber space V/P! satisfies

e the condition (v), if for every irreducible vertical subvariety Y of codimension
two (that is, Y C F; is a prime divisor, t = 7m(Y)) and every smooth point

o € F; the inequality
mult, Y < 2

degY T degV

(12)
holds;

e the condition (f), if for every irreducible vertical subvariety Y of codimension
three (that is, codimpY = 2, F' = F; DY) and every smooth point of the
fiber o € F, the inequality

mult, Y 4
<

1
degY = degV (13)

holds.
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e the condition (vs), if for any vertical subvariety Y C F; of codimension 2 (with
respect to V', that is, for a prime divisor on F;), a singular point o € F; and
an infinitely near point z € ﬁ’t, where : F, — F, is a blow up of the point o,
o(x) =0, Y C F; the strict transform of the subvariety Y on F}, the following
estimates hold:

mult, Y < 4 multx? < 2
degY ~ degV’' degY — degV’

e the condition (h), if for any horizontal subvariety Y of codimension 2 and a
point o € Y the estimate

mult, Y < 4
degY ~ degV
holds.

As in the previous survey [1], for the convenience of notations we write down in the
sequel the ratio of the multiplicity to the degree by the single symbol

mult,, B mult, Y
deg = degY ’

The sufficient conditions of birational (super)rigidity, which can be applied to
the majority of standard Fano fiber spaces V/P!, are collected in the following claim.

Theorem 2.1. (i) Assume that the standard Fano fiber space V/P! satisfies
the (strong) K?-condition and the conditions (v), (vs) and (h). Then V/P! is a
birationally superrigid Fano fiber space.

(ii) Assume that the standard Fano fiber space V/P! satisfies the K?-condition
of depth 2, the conditions (v), (vs) and at least one of the conditions (f) or (fs)
at any point o € V.. Then for any movable linear system ¥ C | — nKy + LF| with
[ € Z, its virtual and actual thresholds of canonical adjunction coincide:

Cyirt(2) = ¢(2) = n.

In particular, if V/P satisfies the K-condition, then this fiber space is birationally
superrigid.

(iii) Assume that the standard Fano fiber space V/P! satisfies the K?*-condition
of depth 2 and conditions (v) and (f). If the centre of any mazimal singularity of
the movable linear system ¥ C | —nKy + IF| with | € Z, is not a singular point of
a fiber, then the virtual and actual thresholds of canonical adjunction coincide:

Cyirt(2) = ¢(2) = n.

In particular, if the latter assumption holds for any movable linear system on V' and
the fiber space VP! satisfies the K-condition, then this fiber space is birationally
superrigid.
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The claim (i) is proven in [36] (see also [31]). The claim (ii) is essentially stronger
(the K2-condition of depth 2 is assumed, which makes it possible to study many
fiber spaces that do not satisfy the strong K2-condition) and requires more refined
arguments [31]. The claim (iii) is a simplified version of (ii): the maximal singu-
larities lying over the singular points of the fibers are not considered (it is assumed
that they are excluded by some other method).

In the remaining part of this section we give

Proof of the claim (iii). We follow [8,32]. Proof of the claim (i) is simpler,
whereas dealing with the maximal singularities lying over quadratic points of the
fibers (the only step that needs to be added to the proof of part (iii), in order to get
the claim (ii)) is completely similar to the arguments given below.

So let us fix a movable linear system 3 C | —nKy +[F| with [ € Z. Obviously,
¢(¥) = n, where n = 0 if and only if ¥ is composed from the pencil of fibers |F].
Assume that the inequality c,;,¢(X) < n holds, in particular, n > 1. This means
that there exists a birational morphism ¢: V>V of smooth varieties such that
c(X,V) < n, where X is the strict transform of ¥ on V. This implies immediately
that the pair (V, %E) is not canonical, that is, the system > has a maximal singularity
E C V. Consider its centre B = ¢(E) C V, an irreducible subvariety of codimension

at least two.
Let (see [1, Chapter 2])

Giic1: Vi — Vig

U U (14)
E; — B

be a sequence of blow ups with irreducible centres B;_; C V;_;, which is uniquely
determined by the following conditions:

HWW=V,By=B,i=1,...,N;

2) Bj = centre(E,V;) C Vj, Eju1 = @iy ;(Bj);

3) the valuation vg, coincides with vg.
In other words, the birational map Vy --» Vis biregular at the generic point of the
divisor Ey and transforms Ey into E. Recall that the varieties Vi, ..., Vy, generally
speaking, can be singular, since the centres B; of blow ups are not necessarily
smooth. However, V; is smooth at the generic point of B;. By the symbol ¥/ we
denote the strict transform of the linear system ¥ on V. Set

v; =multpg, ¥t 0; = codim B;_; — 1.

On the set of exceptional divisors {Ej,..., Ex} we define in the usual way the
structure of an oriented graph: E; and E; are joined by an oriented edge (an arrow),
if and only if 7 > j and

Bioy C E7Y,

notation: i — j. As usual, set for ¢ > j

pij = t{the paths from E; to E;} > 1,
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pi; = 1 by definition. Set p; = py;. The Noether-Fano inequality takes the tradi-

tional form:
N N
Z piVi >N Z Didi
i=1 i=1

Proposition 2.1. The centre B of the mazimal singularity E on' V' is contained
in some fiber Fy = n=1(t), t € PL.

Proof. Assume the converse: 7(B) = P'. Let F C V be a fiber of general
position. It is easy to see that the restriction Xy = X | g of the linear system X
onto F'is a movable linear system Xp C |nHp|, and moreover the pair (F, %E F)
is not canonical, that is, ¥ has a maximal singularity. The easiest way to define
this maximal singularity is as follows: let F' C V be the strict transform, EFr an
irreducible component of the closed set FF N E. Otherwise, one can restrict the
sequence of blow ups (14) onto the fiber F. The discrepancy remains the same:
a(Ep, F) = a(E,V). The centre of the singularity Er is ¢(EF), an irreducible
component of the closed set BN F.

By assumption, Pic F = ZKr, A’F = ZK% and for every irreducible subvariety
Y C F of codimension two at every point the inequality (13) holds. These two
assumptions imply the every pair (F, %EF) is canonical, where ¥p C |nHp| is a
movable linear system (see [1, Chapter 2]). This contradiction completes the proof
of the proposition.

Thus B C F = F; is contained in a fiber.

Lemma 2.1. The following inequality holds: codimp B > 2.

Proof. Assume the converse: B C F'is a prime divisor. Let D € ¥ be a general
divisor, Dp its restriction onto F'. By the Noether-Fano inequality multz D > n, so
that Dp = aB + Df, where o > n and D! is an effective divisor on F. However,
Dp ~ nHp, which immediately gives a contradiction. QQ.E.D. for the lemma.

Let M = {T},...,T;} be the set of all maximal singularities of the linear system
> on V. As we have proved above, the centre By = centre(vg) of any maximal
singularity £ € M is contained in some fiber F;. The set M is finite, so that there
are at most finitely many points ¢t € P!, the fibers F; over which contain a centre of
a maximal singularity. Set M, = {E € M|Bp C F;},

e(E) =vg(X) —na(E,V) >0

for £ € M. Recall that ¥ C | —nKy +[F|,l € Z,.
Proposition 2.2. The following inequality holds:

e(E)
max
— {BeMi) ve(Fy)

> (15)

Proof. Let D € X be a general divisor, that is, the strict transform of a divisor
D € ¥ of general position on V. By assumption, the linear system |D+nK | is empty
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(where K is the canonical class of the variety 17) Therefore the linear system
IF — > e(E)E|
EeM

is empty, either. On the other hand, for £ € M, by construction the divisor
F, — vg(F,)E is effective, so that the divisor

e(F
Sl ) B 3 e

telPy EeM;

is also effective. From this, we immediately obtain the inequality (15).
Q.E.D. for Proposition 2.2.

1.2. The structure of the sequence of blow ups. Consider the self-
intersection of the linear system X, that is, the effective algebraic cycle Z = (D10Ds),
where Dy, Dy € ¥ are general divisors. Let Z = Z¥ + Z" be the decomposition of
the cycle Z into the vertical (Z") and horizontal (Z") parts. The cycle Z¥ can be
further decomposed as

Z = Z Z), SuppZ; C F,.

tepl

Let £ € M, be a maximal singularity over a point ¢t € P!. To prove Theorem 2.1
(iii), we apply to the effective cycle ZP+Z" the technique of counting multiplicities [1,
§2.2]. First of all, let us study the structure of the sequence of blow ups, resolving
the singularity £. This means, to break the sequence of blow ups into segments
that determine multiplicities of the cycles Z¢, Z" and (Z" o F}) (the intersection of
a horizontal cycle with a fiber is always well defined).

So long as we discuss a fixed singularity E, we omit the symbols ¢ and E for
simplicity of notations, for instance, we write I instead of F}, Z" instead of Z}, e
instead of e¢(FE) and so on.

So let us consider the sequence of blow ups (14), associated with E. As usual,
the upper index j means the operation of taking the strict transform on Vj, for
instance, [V C Vj is the strict transform of the fiber F' and so on. Set

Nf = max{i | B,_, C Fi_l}.

Since ¢;;—1(B;) = Bi—y for any i = 1,... N — 1, the codimensions codim B; do not
increase. Set
L = max{i| codim B;_; > 3} < N.

We introduce the following notations: for i € {1,..., L}
ml = multp,_ (ZM)7', m? =multg,_ (Z°)7,
h(v)

m; < m?fﬁ) for « = 2,..., L. Note that by the assumption the fiber F' can be
assumed to be smooth at the generic point of B and therefore the strict transform F*
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is smooth at the generic point of each variety B;, if B; C F*. Thusfori € {1,..., N;}
we get multp, , F*~' = 1. For i > Ny, obviously, mults, , F*~' = 0. The more so,
my = 0 for ¢ > Ny (if Ny < L). Now the technique of counting multiplicities [1,
§2.2] combined with the relation

K K
Zini = nzpi@ + e,
i=1 i=1

e > 0, gives the inequality

N
L min{Ny,L} N (n szfi + 6)2
Zp’imzh + Z pim; = ZPWE > ile (16)
- - - sz‘
i=1

where p; is the number of paths in the graph I' of the resolution of the maximal
singularity £ going from the vertex Ey to Ej.

Unfortunately, the estimate (16) is not strong enough for our purposes (it would
have been sufficient under the assumption that the standard K2-condition holds,
K¢ ¢ Int A2V, but we assume the weaker K?-condition of depth 2). A more refined
study of the resolution of the singularity F is needed. Set

L N min{Ny,L}
Ezzzpi, 2y = Z pis Xy = Z Di-
i=1 i=L+1 i=1
Ny
Note that vg(F) = Zpi > Y. Obviously, m!" < my, = m} = multg Z". Set also

i=1
dp = deg Z", d, = deg Z}.

Now let us break the set of blow ups into a few subsets. First of all, let us
separate the blow ups of subvarieties B;_; of codimension three. Set

Js={i|1<i< K, codimB; | >4},
Jm ={i|1<i< K, codimB;_; =3},
Jo={i|L+1<i<KY, Ji=J,UJpn
In its turn, we break the set J,, into two disjoint subsets, J,, = J [] J,,, where
Jt={ic J,|Bi_, C F''},

Jo=Jdn\JF ={i€ J,|Bi-1 ¢ F'""'}. Tt can well turn out that J} or J_ (or the
whole set J,;,) is empty. Set, furthermore,

Se=> pin Tm=>_ D Sm=SL+5,,

1€Js icJE
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the symbol ¥, retains its meaning. Obviously, 3; = X, + X,,,.
Now the inequality (16) can be rewritten as

3%s + 28, + Z,)n + e)?
m! > (35 m_ . 17
D pmit Y, pmi = Ss + S + B 1"

ied, ieJsUJh

h

3

The next step is estimating the horizontal multiplicities m

Proposition 2.3. The following inequality holds:

Z piml < S, multg(Z" o F). (18)

ieJ Uk

1.3. Multiplicities of the horizontal cycles. Let us prove Proposition 2.3.
The arguments below hold with obvious simplifications in the case when J! = 0.
So we assume that J;\ # (), so that, in particular, J; C {1,..., Ns}.

First let us consider the following general situation. Let Y C V be an irreducible
horizontal subvariety of codimension two, Y C V; its strict transform,

my (i) = multp, , V' (19)

the corresponding multiplicity. Set Yr = (Y o F). It is an effective cycle of codi-
mension two in the fiber F. Let Y} C V; be its strict transform,

my7F(Z') = multBifl Y;_l. (20)

Since the support of the cycle Yp is contained in the fiber F', the numbers my,p(7)
vanish for ¢ € J .

Lemma 2.2. The following estimate holds:
Z pimy (i) < ZpimY,F(i). (21)
ieJUJh ieJs

Before starting the proof, recall some facts which follow immediately from the
elementary intersection theory [44]. Note that here we intersect a divisor and a
subvariety of arbitrary codimension, unlike [1, Chapter 2], where the case of two
divisors was considered. Let X be an arbitrary smooth variety, B C X, B ¢ Sing X
an irreducible subvariety of codimension > 2, o5: X(B) — X its blow up, E(B) =
o5 (B) the exceptional divisor. Let

Z=> miZ, Z;CE(B),

be a cycle of dimension k, k > dim B. Define the degree of the cycle Z, setting
deg Z = Z m; deg (Zi ﬂ agl(b)) ,
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where b € B is a point of general position, o' (b) = PeodimB-1

right-hand side is the usual degree in the projective space.

Note that degZ; = 0 if and only if og(Z;) is a proper closed subset of the
subvariety B.

Now let D be a prime Weil divisor on X, Y C X an irreducible subvariety of
dimension [ < dim X — 1. Assume that Y ¢ D and that dim B <[ — 1. The strict
transforms of the divisor D and the subvariety Y on X (B) denote by the symbols
DP and Y B, respectively.

Lemma 2.3. (i) Assume that dim B <[ —2. Then

and the degree in the

DPoYB =(DoY)? + 7,

where o means the operation of taking the algebraic cycle of the scheme-theoretic
intersection, Supp Z C E(B) and

multg(D oY) =multg D - multg Y + deg Z.
(ii) Assume that dim B =1— 1. Then
DBoYB =7+ 27,
where Supp Z C E(B), Suppog(Z1) does not contain B and

DoY = [(multg D)(multgY) + deg Z| B + (05)«Z1.

Proof is easy to obtain by the standard intersection theory [44].

1.4. The technique of counting multiplicities. Let us construct a sequence
of effective cycles of codimension three on the varieties V;, setting

YoF = Zg (:YF),
YioF'! = 71+ 7,

YioF' = (Yi7lo Y4 Z;,

1 € Jg, where Supp Z; C E;. Thus for every ¢ € J, we get:
YioF'=Y},+Zi+ ...+ Z |+ Z;.
For any j > 7, j € J; set m;; = mult ijl(Z{ 1) (the multiplicity of an irreducible

subvariety along a smaller subvariety is understood in the usual sense; for an arbi-
trary cycle we extend the multiplicity by linearity).
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Now set d; = deg Z;. We obtain the following system of equalities:

my(1)+di = myp(l),
my(2) +dy = myp(2) +mip,

my<Z> + dz = my’p<i) -+ mai; + ...+ mi—1

i € Js. Setting S = max{i € J,}, consider the last equality in this sequence:
my(S) + ds = myf(S) + mys + ...+ ms_1,8-

If J # (), then by part (ii) of Lemma 2.3 we get

dg > Z my (i) deg(pi—1,9)«Bi—1 > Z my ().

i€Jh i€k

Slightly modifying Definition 2.6 in [1], we say that a function a: J; — Ry is com-
patible with the graph structure, if

a(@) > > alj)

‘7_)1’7

J€Js

for any ¢ € J,. (Compared to the above-mentioned definition, only the domain of
the function is changed.)
In fact, we will use only one function compatible with the graph structure, namely

Proposition 2.4. Let a(:) be a function, compatible with the graph structure.
Then the following inequality holds:

> aliymy,p(i) =Y ali)my (i) +a(S) > my(i). (22)

Proof is given word for word in the same way as for the case of two divisors
([1, §2.2]): multiply the i-th equality by a(i) and put them all together. In the
right-hand side for any ¢ > 1 we get the expression

Z a(j)mi;-
j>i+1

In the left-hand side for any i > 1 we get the summand a(i)d;.

Furthermore, by Lemma 2.3 in [1], if m; ; > 0, then j — i.
The next standard step is to compare the multiplicities m; ; with the degrees.

Lemma 2.4. For anyi < j € J, we get m; ; < d;.
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Proof. If m;; = 0, then there is nothing to prove. Otherwise, j — 7 and we
have to show that '
multp, , ZI7' < deg Z;.

Taking into account that the maps ¢,: B, — By are surjective, it is sufficient to
prove the inequality

mult ;. ZiN i (O < deglZ N (1), (23)

—1Ng; o (1)1 [ iyi—1

where ¢ € B;_; is a point of general position. Taking into account that ¢; ' ()
is the projective space PedimBi-1=1 "we get that in the right-hand side in (23) we
get the usual degree of a hypersurface in the projective space, whereas the set
[Z; N ;1 (¢))7" is obtained from this hypersurface by a finite sequence of blow ups
Yss—1,8 =1+ 1,...,7 — 1, restricted onto go;il_l(t). Taking into account that the
multiplicities do not increase under the blow ups, we reduce the claim to the obvious
case of a hypersurface in the projective space. Q.E.D. for the lemma.
As a result, we get the following estimate:

> aliymi =Y aliymi; <di Y a(j) < ali)d.

.y .
j>i+1 it j—i

mi,j;ﬁO

By what was said above, we can delete in the right-hand side all the summands
M, ¢ > 1, and in the left-hand side all the summands d;, ¢« > 1, replacing the
equality sign = by the inequality sign <. Q.E.D.

Setting in the inequality (22) a(i) = p; and taking into account that for j > S
we have p; < pg, we complete the proof of Lemma 2.2.

Now let us complete the proof of Proposition 2.3.

Obviously, the inequality (21) remains true, if Y is an effective horizontal cycle
of codimension two on V, that is, each irreducible component of the cycle Y is a
horizontal subvariety. The formulae (19,20) extend by linearity to the set of all
effective horizontal cycles, whereas the left-hand side and right-hand side of the
inequality (21) are linear in my (-), my,r(-), respectively.

Now set Y = Z" and take into account that my p(i) < multg(Z" o F) for i > 1.
This proves Proposition 2.3.

1.5. The supermaximal singularity. We apply the estimates obtained above
to a maximal singularity £ € M, satisfying, apart from the Noether-Fano inequality,
a certain additional condition formulated below in Proposition 2.5. Such singulari-
ties are said to be supermazimal. Since by assumption the K2-condition of depth 2
holds, for the horizontal part of the self-intersection of the linear system X we get

7" ~nPKE: + aHp,

where the coefficient o € 7Z satisfies the inequality o > —2n?. Therefore, for the

vertical component we get
Z% ~ (2nl — o)Hp,
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whence
deg Z¥ = Z deg Z! < (2nl + 2n*) deg V. (24)
teP?

Proposition 2.5. For some point t € P' there is a mazimal singularity E €
M, # 0, satisfying the estimate

e(E) > ”E(QFt) (fiigzé . 2n> (25)

Proof of Proposition 2.5. Compare the inequalities (15) and (24). Replacing
the number [ in the right-hand side of the inequality (24) by the left-hand side of
the inequality (15), we get

E
Z {deg Z) —2ndegV max e(B)

< 2n*degV,
= {EeM;:} VE(Ft)]

whence our proposition follows immediately.

Remark 2.1. If there are several maximal singularities, the centres of which lie
in the fibers over distinct points ¢4, ..., tx, then Proposition 2.5 gets stronger: there
is a maximal singularity F € M, t € {t,..., 1}, satisfying the estimate

vp(F;) ((degZy  2n
E - — .
e(E) > 2 (n degV  k

Thus we consider the worst possible case, setting k£ = 1.

Let o € B be a point of general position. Since by assumption o € F' is a smooth
point of the fiber, the conditions (f) and (v) hold. From the inequality (13) we
immediately get the estimate

Z pim? < 4n?y,.

icJsUJ

Since m} < m’f < 4n?, we get the inequality

Zpim? <4n*(S,+%,). (26)

i€J)

This is the very estimate for the singularities of the horizontal component Z” that
we need.
Now consider the vertical component Z. By the condition (v) the inequality

2
ot < 2 g 2
ml—ml—degv (7)

holds. On the other hand, the generalized K2-condition of depth 2 implies the

estimate
d, 2en

degV < ve(F)

+ 2n?. (28)

50



Combining (27) and (28), we obtain the inequality

2
Z pim; < 2n (—6 + 2n> (Z,+XH).

F

i€ JsUJ, vu(F)
k

Taking into account that by definition vg(F) = Y pju; > s + b, we get finally:
i=1

Z pimy < 4ne + 4n* (S, + X)) (29)

ie€JsUJh

Now the inequalities (16), (26) and (29) imply the following estimate:
(4n* (S, + X)) +dne + 4n* (S, + 2B + S + 20) >

> ((3%, + 2%, + Zu)n + )2

Taking into account that X, = Xt + ¥~ after some easy arithmetic we get the
inequality
(n(Z, — X,) +e)? <0.

A contradiction.
Q.E.D. for the claim (iii) of Theorem 2.1.

§2. Varieties with a pencil of Fano complete intersections

The aim of this section is to explain the key steps of the proof of Theorems
1.5 and 1.6. The proof is based on the techniques of Theorem 2.1, so that our
work is reduced to checking the conditions (f), (v) and excluding the infinitely near
maximal singularities lying over a singular point of a fiber. It is not hard to check
the K2-condition of depth 2 and the K-condition (see Propositions 1.4, 1.5) and we
omit that step.

2.1. Fibrations into Fano complete intersections. Let us prove Theorem
1.5. Since the fiber space V/P! is sufficiently general, we may assume that every
fiber I’ at every point satisfies the regularity condition formulated in Definition 3.4
of the survey [1], that is, the set of polynomials

{aij11<i<k1<j<d(i,j) # (k di)} (30)

makes a regular sequence. Now [32] or [1, Chapter 3, §2] give the condition (f). Let
us prove the condition (v). Let Y C F' = F} be a prime divisor, o € Y a point. Take
a general hyperplane H C P, tangent to F' at the point o, that is, H D T,F. Set
T = H N F. By generality, Y # T, so that Yy = (Y o T) is a well defined effective
cycle of codimension two on F', and moreover,

mult, Yo > 2 mult, v
deg deg
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Now the condition (f) implies (v).

Now to prove Theorem 1.5, it remains to check that the centre of a maximal
singularity of the system ¥ C | — nKy + [F| (or of the pair (V, X)) can not be
a singular point of a fiber. There are finitely many such points on the variety V,
so that we may assume that certain additional conditions of general position are
satisfied. Let us formulate these conditions.

As we did in §2 of [1, Chapter 3], take a system (z1,...,zp4x) of affine co-
ordinates on P = PM** with the origin at the point o € V, which is a singular
point of the fiber FF > o, FF C P. By assumption, o € F' is a non-degenerate
quadratic singularity. Assume in addition, that the system of homogeneous equa-
tions {q;; = 0|(i,j) # (k,dy)} defines a closed set of dimension two in CM**
(respectively, a curve in P¥*%71) 'such that the linear span of each of its irreducible
components is the linear space

T={g@1=q1=...=q1 =0}

Note that if € F' is a singularity, then the linear forms ¢, ;, ¢ = 1,..., k, are linear
dependent. The regularity of the point x € F' means that, deleting from the set (30)
exactly one linear form, say ¢; ., we obtain a regular sequence, that is, the system
of equations

{gj =0 (i,5) & {(1,€), (k. di)}} (31)
defines a two-dimensional set in CM** (respectively, a curve in PM+*=1) In partic-
ular, codim7T = k — 1 and the tangent cone T, F' C T is a non-degenerate quadric.
Moreover, it follows from the regularity condition that, replacing in the set (30) the
linear form ¢ . by an arbitrary linear form [(zy, ..., zar1k-1), such that I |7 # 0, we
obtain a regular sequence, since neither component of the closed set (31) is contained
in the hyperplane [ = 0.

Now assume that the singular point of the fiber o € F' is the centre of a maximal
singularity. Let A\: FT — F be the blow up of the point o, A\™*(0) = ET C F'* the
exceptional divisor. The blow up A can be looked at as the restriction of the blow
up Ap: Pt — P of the point 0 on P, so that £ C FE is a non-singular quadric of
dimension M — 1, where E = \;'(0) 22 PM*+*~1 is the exceptional divisor.

Proposition 2.5. There exists a hyperplane section B of the quadric ET C E,
satisfying the inequality

multg(A\*Xp) > 2n.

Proof is given below in §2 of Chapter 3, where we collect all facts related to the
connectedness principle of Shokurov and Kollar.

Let D € X = X |p be an effective divisor on F', D € |nHp|. For the strict
transform D C F* we have A*D = D" + (1 mult, D) E*. Taking into account that
multgp ET = 1, we obtain from Proposition 2.5 the inequality

mult, D + 2multz DT > 4n.

Let H C P be a general hyperplane, containing the point o and cutting out B,
that is, Ht N ET = (Ht NE)N ET = B, where HT C P" is the strict transform.
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Set T'= H N F. The variety T is a complete intersection of type (di,...,ds) in
H = PM+#=1 with an isolated quadratic singularity at the point o. The effective
divisor Dy = (D o T') on T satisfies the inequality

mult, Dy > 4n. (32)

Obviously, Dy € |nHr|, where Hr is the hyperplane section of T C PM+*=1 By lin-
earity, one may assume the divisor D to be prime, that is, an irreducible subvariety
of codimension one.

Now we obtain a contradiction, repeating the arguments of [1, Chapter 3, §2]
word for word: intersecting Dr with the hypertangent divisors, we construct a curve
C C T, satisfying the inequality mult, C' > deg C, which is, of course, impossible.
It remains to check that the technique of hypertangent divisors applies to our case.
In [1, Chapter 3, §2] the following two facts were used:

1) the regularity condition for the complete intersection F' at the point under
consideration,

2) the irreducibility of the intersection F'NT,F (it was derived from the relation
k < ;dim F by the Lefschetz theorem).

The arguments of [1, Chapter 3, §2] work in our case, if the conditions 1) and 2)
hold.

As for the regularity condition, it is satisfied in our case due to the stronger reg-
ularity condition imposed on the singular point, formulated above. More precisely,
the hyperplane section 7' = H N F satisfies the usual regularity condition for any
hyperplane H A T,F.

Let us consider the condition 2). Recall that in this case codim T,F = k —1 (the
point o € F is singular). Instead of the condition 2) we need the following fact: the
intersection

TNT,F=HNFNT,F

is irreducible (and by the regularity condition has automatically the multiplicity
exactly 2% at the point 0). This is true again by the Lefschetz theorem due to
the inequality k£ < %dim F'| since 0o € F is a non-degenerate double point. This
completes the proof of Theorem 1.5.

2.2. Fibrations into Fano cyclic covers. Let us prove Theorem 1.6. The
conditions (f) and (v) for sufficiently general Fano cyclic covers are checked in the
same way as for the complete intersections above, taking into account the additional
hypertangent divisors, described in [1, Chapter 3, §2]. For the details, see [8]. Now
it is enough to show that the centre of a maximal singularity can not be a singular
point of a fiber o € F.

Let 0: F — G C P = PM+! be a realization of the fiber as a K-sheeted cyclic
cover. For a generic variety V' the singular point o € F' can belong to strictly one of
the two types:

— when the hypersurface G has a non-degenerate quadratic singularity at the
point p = o(0) (and the point p does not lie on the branch divisor),
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— when the hypersurface G is non-singular at the point p = o(0), but the branch
divisor W NG, where W = Wy, C P is a hypersurface of degree K1, has a quadratic
singularity at the point p.

A singularity o € F' of the first type is excluded as a possible centre of a maximal
singularity in precisely the same way as in Sec. 2.1 (again, taking into account the
additional hypertangent divisors for the K-sheeted cover). Referring to [8] for the
details, let us consider a singularity o € F' of the second type. In this case, to
exclude the maximal singularity, we need another method.

First of all, let us formulate the regularity condition for a singularity of the
second type. Introducing a new coordinate u of weight [, we realize the fiber F' as
a complete intersection of the type m - Kl in the weighted projective space

P(1,...,1,1).
——
M+2

Namely, F'is given by the system of equations

{ f(zo,...,xpr41) =0 (33)

uf = g(zo, ..., Ta41),

where f(x,) and g(x,) are homogeneous polynomials of degrees m and K1, respec-
tively. Recall that the integers m, [ and K satisfy the relation m+ (K —1)l = M +1.
Let F' ~ (f,g) be our variety, o € F' an arbitrary point, p = 0(0) € G = {f = 0}

its image on P. Choose a system of affine coordinates 21, ..., zp;11 with the origin at
the point p. Without loss of generality we may assume that z; = z;/xq. Set y = u/z}.
Now the standard affine set Aé‘i” er1) is a chart for P(1,...,1,1). Abusing our

notations, we use for the non-homogeneous polynomials, corresponding to f and g,
the same symbols:

fZQI++qm, g:w0+w1+...+le,

where ¢;, w; are homogeneous components of degree ¢, j in the variables z,, respec-
tively, so that in the affine chart Aé\fj;), introduced above, the variety F'is given by

the pair of equations f = 0, y = g (replacing the system (33)). If the point o € F
does not lie on the ramification divisor of the morphism o, then we always assume
that wy = 1. If the point p € G is non-singular, then without loss of generality we
assume that ¢; = zp711. In the latter case we set

G = G| fzarpa=0y = ¢i(21, .., 201, 0)

and w; = w; | z,,,,—0 = w;(21,...,20,0) for i,5 > 2.

Now let us formulate the regularity condition for the singular point o € F'. Here
wo =0, ¢ = zpr41, w1 = Azpr41, where A € C is a constant, that is, the point p € G
is non-singular. We require the quadratic form wy(z1, ..., z3/) to have the maximal
rank M and the sequence

G255 Qm, W2, . .., WK
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to be regular in O, ca, and moreover, the system of homogeneous equations

o=...=Qm=Wy=...=Wxg =0 (34)
should define a closed algebraic set in CM | neither component of which is contained
in a hyperplane.

Obviously, we may assume that A € {0,1}. Now, either ¢ = w; = zp41, or
q1 = zy+1 and wp = 0. The germ of the variety o € F' is analytically the germ

of the hypersurface y = wy(21,...,2y) + ..., where w;, g are the restrictions of
the polynomials w;, ¢; onto the hyperplane z),,1 = 0, in the space (C?i“ art) Let

o: F™ — F be the blow up of the point 0, E C F* the exceptional divisor. It
follows from what was said that F realizes naturally as a quadratic hypersurface,
E C Pé\flzn.:ZM:y). Let pc: GT — G be the blow up of the point p € G, E¢ = @' (p) C
G™ the exceptional divisor, Fg = P?ﬁ;iw

extends to a rational map o*: F™ --» G*, whereas the restriction

) It is easy to see that the morphism o

op=0"|gE--+ Eg

is the projection of the quadratic cone £ C PM given in PM

) by the equation
W (21, ...,2y) = 0, from its vertex ot = (0:...:0: 1), onto the smooth quadric
E. C Eg, given in Eg = PM~! by the very same equation w, = 0. Therefore, 0"
contracts generators of the cone E to points.

By the regularity condition, the system of homogeneous equations (34) cuts
out on £, (and thus on F) a closed algebraic set, neither component of which is
contained in a hyperplane.

Assume that there exist an effective divisor R € |[nHpg| and a hyperplane section

B of the quadric cone E C P, satisfying the inequality
v+ > 2n, (35)

where RT € |[nHp — vE|, that is, v = L mult, R, and p = multg RT, Rt C F* is
the strict transform of the divisor R. By linearity of the inequality (35) one may
assume the divisor R to be prime.

Lemma 2.5. The following estimate holds: v < %n

Proof. Assume the converse: v > %n Let
D;,=c"(filac), fi=an+...+q, i=1,....m—1,

and
A =0"(gile), gi=wi+...+w, i=2,...,K—1,

be hypertangent divisors on F, D = {Dy,...,Ag_1}, D = m + K — 3. By the
regularity condition we get

codim, (ﬂ D) =1D.

DeD
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Lemma 2.6. The prime divisors Dy and R are distinct: Dy # R.

Proof. If v < 2n, then p > 1, that is, R* D B. By the regularity condition,
Dy 2 B. Therefore, Df # R™.

If v > 2n, then, taking into account that D} € |Hp — 2E|, we obtain again that
Dy # R. Q.E.D. for the lemma.

By the lemma the effective cycle (R o D) of codimension two is well defined.

The inequality

mult, 6
D _
(o D) > mK

holds, so that there is an irreducible subvariety Y C F of codimension two (an
irreducible component of the cycle (R o D)), satisfying the inequality

deg

mult, 6
Y > .
deg mK
Applying to the subvariety Y [1, Proposition 3.2], we obtain the opposite inequality
mult, 2 m—1 3 K-1 6
y<-.... — L —=—
deg — 3 m 4 K mi

The contradiction just obtained shows, in addition, that the maximum of the ratio
mult, / deg is attained at the divisor 0*D; and equal to 4/mK. Q.E.D. for the
lemma.

Corollary 2.1. The following inequality holds: j > %n

Thus the hyperplane section B is really present in the divisor Rt € F*. Now
it is more convenient to use the technique of hypertangent linear systems (see [1,
§3.1]). Set

p—t 0 y
G

AY = (Z fisij + Zgﬂ‘vz—j>
j=1 =2

where s, 7 run through the set of all homogeneous polynomials in z1,..., 2p41 of
degree k. Furthermore, let

Aj=0"AY and A

be the pull back of the system A on F and its strict transform on F'*, respectively.
We get A C [iHp — (i + 1)E|. Finally, let

AP =AM g

be the projectivized tangent system of the linear system A; at the point o.
Let Hg be the class of a hyperplane section of the cone E. We get AF C
|(i + 1)Hg|. In the coordinate form

7 7
E * — = — —
Ay =op E dj+18i-j + E Wiy = 0|,
=1 =2
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where 5, = sk | {23,120} Tk = Tk | {zar1=0}- From this explicit presentations and the
regularity condition we get at once that

codimg Bs A¥ = min{i,m — 1} + min{i, K — 1} — 1,

and moreover neither component of the closed set Bs A¥ is contained in a hyperplane.
Note that for i > max{m, K} — 1 we get Bs A; = BsA;;;: it is precisely the closed
set

Go=...= G =13=...= W =0.
Let
m—1 K-1
‘C:(Dla--'aDmflaLZw-'aLKfl)eHAixHAi
=1 =2

be a general set of hypertangent divisors,
LY =(Dy,....LE_ ) and LF=(DF ... LE )=L"|g

its strict transform on F'* and restriction onto the quadric cone E, respectively.
Set Rg = R*| g to be the projectivized tangent cone of the divisor R at the
point o. By the regularity condition the closed algebraic set

RgN (nh Df) N <ﬁ Lf) (36)

is of codimension precisely m+ K —2 with respect to E (note that in (36) the divisor
D¥ is omitted).
Therefore, the effective cycle

Yg=(RgpoDyo...oDE oL¥o...0oL% )

of codimension m + K — 2 on E is well defined. Its Hg-degree is
1 1
degYp = Zm!K! deg Rp = §m!K!V.

Furthermore, by the regularity condition the closed set

() (0

is of codimension m+ K — 2 with respect to F' in a neighborhood of the point o. Thus
we get the uniquely determined effective algebraic cycle Y of codimension m+ K —2
on F', each irreducible component of which contains the point o, and which coincides
with the effective cycle

(RoDyo...oD, q10Lso...0oLk 1)y
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on a suitable Zariski open set U C F', containing the point o. For a general set £ we
get: Yg = (YT o E) is the projectivized tangent cone to Y at the point 0. However,
generally speaking, for the Hpg-degree of the cycle Y we get only the inequality

degY < (m —1)/(K — 1)!deg R = nm!K!,

since constructing the cycle Y, at the intermediate steps (the divisor R is successively
intersected with Dy, Lo, D3, Ly and so on) we remove the components that do not
contain the point o. Note that, generally speaking, certain irreducible components
of the cycles Y and Yz can be contained in D; and D¥ | respectively. Let us separate
those components:

Y =Z+Y Yy=Zp+YE,

where Supp Z C D; and Z is the maximal subcycle of the effective cycle Y with
this property (that is, neither irreducible component of the cycle Y# is contained in
D), Zg = (Z* o E), Y} = (Y 0 E) = Yg — Zg. Obviously, Supp Zg C DE, but
irreducible components of the cycle Yé, generally speaking, can be contained in DE.
The following fact is of key importance.

Lemma 2.7. The algebraic cycle
Yi—pu(BoDEo...oDE oLfo. oLE )

is effective. In particular, the following inequality holds:

1
deg Y/ > §m!K!p.

Proof. The first claim holds because by construction the algebraic cycle Rg—uB
is effective, so that the cycle Y — uB; is effective, either, where B, = (BoDFo.. .o
L% ). The support of the cycle B, is a closed set Supp B, of pure codimension
m + K — 3 with respect to E. For any irreducible component A C Supp B, we get
A ¢ DE.

Indeed, assume the converse: A C DF. Then A C B and

m—1 K-1
AcC (ﬂDf)m(ﬂ Lf),
i=1 i=2

which contradicts the regularity condition.

Therefore, each irreducible component A of the cycle B, cannot be a component
of the cycle Zg and so appears in the cycle Y}g only. This proves the first claim of
the lemma. The second claim follows from the first one in a trivial way. Q.E.D. for
the lemma.

Since the irreducble components of the cycle Y* are not contained in the divisor
Dy, the effective cycle (Y* o D;) is well defined, and moreover, the inequality

mult, mult,

(Y¥oDy)>2 Y?

deg deg
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holds.
Since for any irreducible subvariety A C F we have the estimate (mult, / deg)A <
1, we get
degY* > 2mult, Y* = 2deg Yg > m!Klpu.

On the other hand, we have the inequality deg Z > mult, Z = deg Zg (which is true
for any effective cycle Z).
Combining these estimates, we get

m!K!n > degY = deg Z + degY* >

> deg Zg + 2dngé =degYp + dngEﬁ >
1 1 1
> §m!K!V + Em!K!,u = §m!K!(1/ + ).
Therefore, v + 1 < 2n. Contradiction.
We have proved that a singular point of a fiber o € F', lying on the ramification
divisor of the morphism o, cannot be the centre of a maximal singularity of a movable

linear system.
This completes the proof of Theorem 1.6. Q.E.D.

2.3. Fiber-wise birational modifications. Let us prove Theorem 1.1. Let
V e V(d), F =V n{p} x PY be the fiber over the marked point. Fix a local
parameter ¢ on the curve C' in a neighborhood of the point p. The hypersurface
V C X in a neighborhood of the fiber F' is given by the equation

F=fO4tfO 4y f0

where fU) are homogeneous polynomials of degree j in the homogeneous coordinates
() = (20 :...: xp) on PM. Tt is well known [6], that dim Sing V' > dim Sing F' — 1,
so that the smoothness of the hypersurface V' implies that, firstly, the hypersurface
F = {f® =0} c PM has at most zero-dimensional singularities and, secondly, for
every point z € Sing F' we have f()(z) # 0.

Take V1,V, € V(d) and let x*: V" — V5 be a fiber-wise isomorphism outside
the marked point p € C. Since the fibers over points of general position y € C
are smooth hypersurfaces of degree d > 2, over a point y € C* the isomorphism
X, 1s induced by an automorphism of the ambient projective space §, € AutP.
Therefore, x* = &*|y;, where {& = &, is an algebraic curve {*:C* — AutP of
projective automorphisms. Let P = P(L), where L & CM*! is a linear space. The
curve &* lifts to a curve £:C — End L, £(C*) C Aut L. If £(p) € Aut L, then x*
extends to a fiber-wise (biregular) isomorphism x = £|y;, and the varieties V; and
V5 are fiber-wise isomorphic. Assume that this is not the case: det £(p) = 0.

Let > 2, €@ be the Taylor series of the curve £&. We may assume that £©) £ 0.
The next claim is a well known fact of elementary linear algebra.

Lemma 2.8. There exist curves of endomorphisms (3,7:C — End L and a basis
(€0, ...,en) of the space L such that B(p),v(p) € Aut L and in this basis the curve
Béy~L:C — End L is of diagonal form:

Byt o t(e,, (37)
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where w(e;) € Z.

Now replace V; by ~(V}) and V5 by B(V3). We can simply assume that the fiber-
wise birational correspondence ¢ is of the form (37) from the start. Let us show that
if m = max{w(e;)} > 1, then this is impossible.

Let {ap = 0 < a1 < ... < ap} = {w(e;),i = 0,...,M} C Z; be the set of
weights of the diagonal transformation (37), k < M, m = a; the maximal weight.
Consider the system of homogeneous coordinates (zg : ... : xpr), dual to the basis
(ex). Define the weight of monomials in z,, setting

M

w(xy®xyt . LayY) = Zniw(ei).

1=0

Set A; = {z;|lw(e;) = a;} € A={xg,...,zm} to be the set of coordinates of weight
a;. We pay special attention to the sets A, = Ay and A* = A, of coordinates of the
minimal and maximal weights, respectively.

Now let f = fO(z) +¢tf® + ... be the local over the base C' equation of the
hypersurface Vo, C C x P, f are homogeneous polynomials of degree d > 3 in the
coordinates x,. The series

fe= D10 @) = 34Oy, gy
=0 =0

vanishes on V7, and outside the marked fiber F}, that is, for t # 0, gives an equation
of V1. Let b € Z4 be the maximal power of the parameter ¢, dividing fe. Then

[e.9]

tlfe=g= Ztlg(l)(xg, cey )

=0

gives an equation of the hypersurface V; in the marked fiber X, too.

Lemma 2.9. For any | € Z. the polynomial f is a linear combination of
monomials of weight > b — 1, and the polynomial gV is a linear combination of
monomials of weight < b+ 1.

Proof. Assume that the monomial ! comes into the polynomial f® with a
non-zero coefficient. Then it generates the component ¢+*@)z! of the series fe
and, moreover, this component is generated only by this monomial in f). Therefore
| +w(z’) > b, as we claimed. Assume that the monomial 2/ comes into gt} with
a non-zero coefficient. It comes from the monomial ¢’z of the series fe, which,
in its turn, can come only from the monomial z! in the polynomial f¢, where
a+w(z’)=1+0b. QE.D. for the lemma.

Let

P, = {z; = Olw(z;) 2 1} = P(e;|w(z;) = 0),
P =A{z; = Olw(z;) < m —1} = Plejlw(z;) = m)

be the subspaces of the minimal and maximal weights, respectively.
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Lemma 2.10. Ifb > m + 1, then P, C SingF,. If m(d —1) > b+ 1, then
P* C Sing F7.

Proof. Assume that b > m + 1. The fiber F5 C P over the marked point is
given by the equation f(® = 0. By assumption, f(©) is a linear combination of the
monomials of weight > m + 1. If the monomial z/ comes into f© with a non-
zero coefficient, then 2! is divided by a quadratic monomial in the variables A\ A,
(otherwise w(z!) < m). Therefore all first partial derivatives of the polynomial ()
vanish on P,. Therefore P C Sing F5.

Similarly, if b < m(d — 1) — 1, then any monomial z’ in ¢(*) are divided by a
quadratic monomial in A\ A*, otherwise we get w(z!) > m(d—1), which contradicts
the assumption and Lemma 2.9. Q.E.D. for Lemma 2.10.

Note that for d > 3 the inequalities b < m and b > m(d — 1) can not hold
simultaneously. Therefore, at least of the two inequalities of Lemma 2.10 holds. Let
b > m+ 1. Since V, is non-singular, P, is a point. Let A, = {zo}, so that P, =
(1,0,...,0). Again from the fact that V, is non-singular, we get f(1,0,...,0) # 0.
Therefore, the monomial z¢ comes into ) with a non-zero coefficient. By Lemma
1.4 we get b < 1. Therefore m = 0, a contradiction.

In the case b < m(d — 1) — 1 the arguments are symmetric: V; is non-singular,
P*is a point (0,...,0,1), A* = {za} and ¢(0,...,0,1) # 0, so that md < b+ 1,
whence we get again m = 0, a contradiction.

Therefore, there are no non-trivial weights and £ is a fiber-wise biregular isomor-
phism. So x = &|y, is a fiber-wise isomorphism as well. Proof of Theorem 1.1 is
complete.

83. Varieties with a pencil of cubic surfaces

In this section we sketch the proof of Theorem 1.7 for d = 3, that is, for varieties
with a pencil of cubic surfaces.

3.1. Maximal singularities. Existence of a line. Let m:V — P! be a
fibration into cubic surfaces which is a standard Fano fiber space, ¥ C | —nKy +(F|
a movable linear system. Since by assumption V/P! satisfies the K?-condition, the
K-condition holds as well, that is, [ € Z,. Now we argue in the same way as in §1,
with the only difference that the system > can have maximal singularities, covering
the base P1. More precisely, assume that the inequality c,it(2) < ¢(X, V) = n holds.
Then we have

Proposition 2.6. The linear system X has a mazrimal singularity. More-
over, either there is a mazimal singularity, covering the base P, or on some model
©: VT — V there is a finite set of exceptional divisors

M={E CV*'|e(FE)=ordg ¢*S — na(E) > 0},
such that the following inequality holds:

Z max ﬂ >
{EeM | p(E)eF} ordp ©* F} )

tep!
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The standard proof (see §1) is omitted.

Now if C' C V is a horisontal curve (that is, 7(C) = P!), which is the centre
of a maximal singularity, then multe ¥ > n, so that C is a section or bi-section
of the projection 7. Untwisting such curves by fiber-wise involutions, described
in Example 1.4 of Chapter 1, we come to the situation when the system 3 has no
maximal singularities, covering the base. Now, arguing as in §1, we get the existence
of a supermaximal singularity £ € M, satisfying the inequality

6ne(E) > ordg ¢ F; - deg Z;

where p(E) = z € F, = 7 () and Z} is the vertical component of the self-
intersection Z = (D; o D) of the linear system X, contained in the fiber F;. From
this moment, the singularity E is fixed, the fiber F; is denoted by F', instead of Z;
we write Z" etc.

Proposition 2.7. Through the point x € F there is at least one line L C F C IP3.

Proof. Assume the converse. Then the point = is a smooth point of the cubic
surface F' C P3. Moreover, the curve R = T, F N F is irreducible, its degree is equal
to 3 and its multiplicity at the point z is equal to 2 exactly. If C' C F' is any other
curve, then

degC = (C-R)>(C-R), >2mult, C.
Thus for any curve ) C F' we get the inequality

2
mult, Q < 3 deg Q.

Therefore,
4dne

ve(F)
Now the computations of §1 (simplified) give a contradiction. Q.E.D. for the propo-
sition.

The main difficulty in the proof of Theorem 1.7 for d = 3 is precisely the existence
of lines, the input of which into the self-intersection Z of the system Y can be too
large, so that the computations of §1 do not give a contradiction. In the present
survey we consider the case when there is precisely one line through the point x on
the cubic surface F. The remaining cases are considered in [3].

If the line L > z is unique, then the point z is smooth on F and T, FNF = L+Q),
where () C F'is a smooth conic. The arguments given above show that for any curve
C C F, C # L, the following inequality takes place:

mult, 7' < —deg 7" <

[GSIN )

1
mult, C < 3 deg C.

Write down Z¥ = C' + kL, where C' is an effective 1-cycle, not containing L. Now

1 dne 6bne
k+-degC > —— k+degC < .
2 8 = UL(F) &% S V(P
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This implies that

4ne
deg C' < .
&7 Le(F)
4ne
In particular, (C'- L) < deg(C < )

3.2. The main construction: the staircase, associated with the line L.
We assume that the line L does not contain singular points of the fiber F' (if there
are such points). The general case is done in [3].

An infinite series of blow ups

o;: VO yel)

U U
E(Z) - Lifla

i > 1, starting from V(© = V| where L;_; is the centre of the i-th blow up, and E® =
o7 (Li_) is its exceptional divisor, Ly = L, is said to be a staircase, associated with
the line L, or, simply, an L-staircase, if the following conditions are satisfied:

L; is a curve for all i € Z,, E® is a ruled surface of the type F; over L;_; and
L; € EY is the exceptional section (i.e. the (—1)-curve).

Obviously, by this definition the staircase is unique. Just below we show that it
exists. Its starting segment, consisting of the blow ups o; for 1 <i < M, is said to
be a (finite) staircase of the length M.

It is convenient to prove the existence of the staircase together with some of its
properties.

For convenience of notations set £ to be the fiber F' of the morphism , which
contains L. The operation of taking the proper inverse image on the i-th step (i.e.
on V@) is denoted by adding the bracketed upper index 7. For instance, the proper
inverse image of the surface E® on VU for j > i is written down as E®7). Set also:

s; to be the class of L; in A2(V®), sy = f;

fi € A2(V@) to be the class of the fiber of the ruled surface £ over a point
e L; .

Abusing our notations, we sometimes treat s; and f; as numerical classes of
curves on the ruled surface E®:

A'EY = Pic EY = Zs; @ Zf;,

so that, in particular, the formulas like (s; - s;) = —1, (s; - fi) = 1 etc. make sense.

In these notations we have the following

Proposition 2.8. (i) Fori > 2 the effective 1-cycle (EW1) o EW) is just the
irreducible curve EC"YNEW | Its numerical class is equal to (s;+ f;). In particular,
this curve does not intersect L; ~ s;.

(ii) The following equalities hold: (E@)3 =1, (EW.L;) = 0. Taking into account
the isomorphism L; = P!, we can write down

Np v = O, @ Op, (—1).
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In this presentation the first component is uniquely determined. It corresponds to
the exceptional section L;y; C E0HD = PNy, ). For the second component we

can take the one-dimensional subbundle, corresponding exactly to the curve E4+N
E(i—i—l)_

(iii) The classes s; and f; satisfy the relations
0'si_1 = S,

O'*fi = 0
fori > 1.
Assuming that L N Sing F' = (), we give a simultaneous proof of the existence of
the staircase and of Proposition 2.8.

Let us consider the first step of the staircase, that is, the morphism oy : V() —
V© =V, blowing up the line Ly = L C F. We get the exact sequence

0—Nyp—= Ny — Ov(F)|L —0,
which can be rewritten down in the following way:
0— OL(—l) _>NL/V — OL — 0.

Consequently, £ is a ruled surface of the type Fy, (E™M)3 = 1, whence (E™ -
EW) ~ (=s;— f1) and (EOV . L) = ((F— EW).s;) = 0. Thus all the requirements
i)-(iii) of the definition of the staircase are satisfied for the first blow up.

We proceed by induction on ¢ > 1. We get the exact sequence

0— NLi/E(i) — NL,‘/V(i) — Ov(z‘) (E(l))‘Ll — 0.

Taking into account the facts which were already proved, this sequence can be
rewritten down as follows:

0— Or,(-1) — NLi/V(i) — O, — 0.

Again this implies that E(FD = P(N, jv@) is a ruled surface of the type Iy and
(EGHD)3 =1, so that
B | pasny ~ (=sit1 — fin)-
Thus (B . L;,1) = 0, (i) and (iii) are satisfied in an obvious way. The proof is
complete. Q.E.D.
Remark 2.2. (i) Since £~ does not intersect L; (for i > 1 in the non-special
and for ¢ > 2 in the special case), we get

pO-10) _ pl-1itl) _  _ pl-14) _
for any j > i. In particular, if C C EC¢~Y is a curve, which is not the exceptional

section L;_1, then its proper inverse images on all the varieties V), j > i, are the
same:

o — oGt = _ o6,
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(ii) Abusing our notations, we call an irreducible curve C' C EWD i >1, a
horizontal one, if 0;(C) = L;_q, and a vertical one, if 0;(C) is a point on L; .
Respectively, we define horizontal and vertical 1-cycles with the support in E®.
The degree of a horizontal curve C is equal to degC' = dego;|c = (C - f;), the
degree of a vertical curve C' is equal to deg C = (C' - L;) = 1. We define the degree
of a horizontal and a vertical 1-cycle with the support in E® as its intersection
with f; and L;, respectively. In particular, the degree of a vertical 1-cycle is just
the number of lines (fibers) in it. Note that if an effective horizontal 1-cycle C' does
not contain the exceptional section L; as a component, then its class in A'(E®) or
A%2(V @) is equal to as; + (f;, where o > 1 and 8 > a.

(iii) Obviously, the graph of the sequence of the blow ups o; is a chain. In

particular,
M

Kyon = 030Ky + ) o3y EY
i=1
(where o, ;, as always, stands for the composition ;41 0... 0 0;) and the canonical
multiplicity of the valuation v is equal to ¢. In the non-special case

M
i=1

Proposition 2.9. There exists a finite L-staircase of the length M > 1 such
that fori=0,...,M — 1 the centre of the valuation vy on V@ is a point x; € L;,
xo = x, whereas the centre of the valuation vg on VM) is either:

A) a point xpr & Ly, xpp & EM—1M)

B) the line B = oy, (vpr—1), that is, a fiber of the ruled surface EMD;

C) the point xyy = EM=1M N gz q).

Proof. If the centre of the valuation vy is contained in E®), then i = a(E®, V) <
a(vg, V). Therefore, there exists M > 1 such that the centre of the valuation vg on
VM) is not a point on Lj;. The remaining part of the proof is an obvious listing of
possible cases. Q.E.D. for the proposition.

Let us fix the constructed staircase of the length M.

3.3. End of the proof: the technique of counting multiplicities. We
only exclude the case A): the cases B) and C) are excluded in a similar way, but
the formulas are somewhat more complicated. See [3] for all details. Let ¥ be the
strict transform of the system ¥ on V@, Set \; = mult;, 20D n > A > ...
The surface EM) ¢ VM) js for convenience denoted by the symbol E*. Let

Wii—1 - Vi — Vig

U U
E, — Bi—17

i=1,...,K, Vj = V™M De the resolution of the valuation vg, considered as a
discrete valuation on the variety V). We introduce the following notations:

v; = multpg, nit
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is the multipplicity of the strict transform of the system ¥ on V;_; along the centre
of the blow up;

pi = p(Ek, E;) is the number of paths in the oriented graph of the valuation
v =vg, from Ef to E; (here v is considered as a discrete valuation on the variety
Vo = v,

N*=max{i|1<i< K,B;,_; C E"'};

L =max{i|1 <i¢<K,B;_;— is a point} (so that for j < L B;_; is a point and
for j > L+ 1 B;j_; is a curve); finally, set

N

L K N*
N=min{N* L}, So=3Ypy Si= > p, =D p S=) p
i=1 1=1

i=L+1 =1

Obviously, in these notations we get vgp(E*) = ¢ = ¥* and vg(F') = . Further-
more,

Now the Noether-Fano inequality takes the form

K M K
ZPM: = 52(” - \i) —l—ani(Si +e.
i=1 =1

=1

As always, let DZ(M), 1 = 1,2, be the proper inverse images of general divisors

from the system Y. Let Z(M) = (D%M) o DéM)) be the effective 1-cycle of their
scheme-theoretic intersection. Set

m; = multg,  (ZWD)1

for ¢ < L. In accordance with the technique of counting multiplicities, we obtain
the estimate

M

L (2Zgn +Zin+ed (n—N\) +e)?
imi 2> -

;p = o + T

Estimating the minimum of this quadratic form under the restrictions specified above
and taking into account the Noether-Fano inequality, we get

M 2
(Zn—f—eZ(n — i)+ e)
multy ZM) > =

3.4. The cycle Z™) in terms of the staircase. Now to complete the proof
of our theorem we must get some estimates of the upper bounds of the left hand
parts of the principal inequality, which was obtained above. The computations to be
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performed are rather tiresome. However, they are quite clear geometrically. Coming
back to our main construction — that is, the staircase,— let us introduce some new
terminology and notations, connected with the linear system Y. First of all, set

%= (DY DY) e A2V

to be the class of the effective 1-cycle Z() = (DY) o Déi)). On the “zeroth” step of
our staircase we have the decomposition

Z=2"4 2"

Let us trace down the changes which the 1-cycle Z*®) undergoes when k comes from
i—1toi. Naturally, instead of the components of the cycle Z¢~Y which are different
from L;_1, their proper inverse images come into the cycle Z(®). Instead of the curve
L;_1, which is present in Z0~Y with some multiplicity k;_1, the cycle Z®) contains
an effective sub-cycle with the support in the exceptional divisor E®). Let us break
this sub-cycle into three parts:

1) C’,(f) includes all the curves, which are horizontal with respect to the morphism
0;: B — L, 1, and different from the exceptional section L;,

2) O includes all the vertical curves, that is, the fibers of o; over points of the
curve L;_q,

3) the exceptional section L; with a certain multiplicity k; € Z..

To make our notations uniform, set C’ISO) to be the part of the cycle Z¥, which
includes all the curves different from L. Set also

i, = des )

(see Remark 2.2, (ii) of the previous section). Now we get the following presentation
of the cycles Z®:
70 =74 70 = 7" + O + koL,

ZW = (zMD 4+ ™ + oY + W + Ky Ly,

’

Z0 = (zM)D 4 0OV o + 0D ¢+
+OF T 4 0 o) 1 0O kL.

3.5. Computation of the class z); and the end of the proof. Obviously,
the class of the cycle O in ALV s equal to dt? fi, and the class of the cycle Chl)

is equal to d,(f)si + Bifi, where the coefficients satisfy the important inequality
Bi = d;(f)

(see Remark 2.2, (ii)). Furthermore, the class of the cycle 5 is equal to dz(,i)( fi—
fir1) and the class of the cycle C\"*V is equal to

d;(f)Sz‘ + Bifi — (Bi — d;(j))fz‘ﬂ-
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Setting o; = ((Z")=Y - L;_;), we can write down z!' = 2" | — a; f;, where 2! is the
numerical class of the horizontal cycle (Z")®.

Lemma 2.11. The following inequality is true:
a; < deg Zh = 3n2.

Proof. Since L C F, and deg Z" is equal to (Z" - F), this is obvious. Q.E.D.

Proposition 2.10. The classes z; satisfy the chain of relations
2= zii1 — (2Am + A f; — Als;.
Proof. We have
2 = (D(i))2 — (D(ifl) _ )\iE(i))2 —

=21 — 205DV L) fi = A s+ ).

It follows from what was proved above, that for any j € Z, (DY .L;) = (D-L) = n.
QE.D.

Proposition 2.11. Fori > 2 the integers k;, «;, 3; and dgf)v satisfy the following
system of relations:

d9+ 3 =a;+di + (B — ds’il)) —2\n = X},

Fori=1 we get
dV + g = a1+ (G- L) = 20n = AL

Proof. To obtain this proposition, it is necessary to write out explicitly the
class of the cycle Z in terms of the parameters introduced above, and to use the
previous proposition. The corresponding computations are elementary.

Proposition 2.12. For any ¢ > 1 we get the inequality

dP + 6, < (O L)+ (3n% — 2Am — \2).

J=1

Proof. It is necessary to apply the inequality of the previous proposition ¢ times
and to use the last lemma. Q.E.D.
Finally, let us complete the exclusion of the case A). It is clear that among all

the curves, lying on the divisor
M

U E(iJVI)7
i=0

only those can possibly contain the point z,;, which lie entirely in E®) and are

different from the exceptional section L,;. Consequently, we are justified in writing

down
ZM) = (zMOM) L oM L oW
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where the dots stand for the sum of all the curves, which do not contain the point
Ty Set

W =CcM 4 C,(LM), m? =multg,_ W ml =multg,_, (2"
for i < L, so that m; = m? + m”. Obviously, the multiplicities m? vanish for
N +1 < i < L. Furthermore, m?’” < m}f’v, and similarly to Lemma 2.11 we get
mh < 3n?. Finally, m¥ < dM 4 d,(lM) < dM 4 B, so that, summing up our
information, we get

M L
3n%%, + B, ((C}SO) CL)+ Y (3n* —2\in — Af)) > pml + Y pimy >

i=1

- 2o + 21

M 2
(22071 +Xn+ed (n—N)+ e)
>

Replacing >, by ¢ = X*, we make our inequality stronger, and replacing 5(6}&0) L)
by 4ne, we get a strict inequality. Subtract the left-hand side from the right-hand
one and look at the expression just obtained as a quadratic form in \; on the domain
0 < \; < n. By symmetry, its minimum is attained somewhere on the diagonal line,
that is, at A\; = A, 0 < XA < n. Replace all the \;’s by this value A. Thus we get the
strict inequality

® <0,

where the expression ® by means of elementary arithmetic can be transformed as
follows:
D= (X2 + 2% +25)n® + MeXo(n — \)*—

—Me¥i(n—A)(n+ N+
+M?e*(n — \)? — 2eXn + 2Mee(n — \) + €2

Since A < n, we can replace (n + \) by 2n, preserving the strict inequality.
However, it is easy to check that the last expression is the sum of the complete
square

(1n — Me(n — \) —e)?

and a few non-negative components. Thus it can not be negative. Our proof is
complete. Q.E.D.

Chapter 3. Varieties with many rationally connected structures

§1. Fano direct products
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In this section, following [33], we give a proof of Theorem 1.9 on birational
superrigidity of Fano direct products and prove the divisorial canonicity of generic
Fano hypersurfaces of index one.

1.1. Maximal singularities of movable linear systems. We prove Theorem
1.9 by induction on the number of factors K. When K = 1, the theorem holds
in a trivial way: the condition (M) means that movable linear systems on the
variety F' = F} have no maximal singularities. This immediately implies birational
superrigidity of the variety F'.

Starting from this moment, K > 2.

Assume the converse: there is a moving linear system X on V such that the in-
equality cyirt(X) < ¢(2) holds. By the definition of the virtual threshold of canonical
adjunction it means that there exists a sequence of blow ups ¢: V — V such that
the inequality _

() < e(X) (38)
holds, where Y is the strict transform of the linear system > on V. To prove that
the variety V' is birationally superrigid, we must show that the inequality (38) is
impossible, that is, to obtain a contradiction.

Let H; = —KFp, be the positive generator of the group Pic F;. Set

Si=1[Fx
J#i
so that V = F; x S;. Let p;:V — F; and 7;: V' — S; be the projections onto the
factors. Abusing our notations, we write H; instead of p; H;, so that

K
PicV:GBZHi and Ky =—H, —...— Hg.

=1

We get ¥ C |n1Hy + ...+ ngHg|, whereas ¢(X) = min{ny,...,ng}. Without loss
of generality we assume that ¢(X) = n;. By the inequality (38) we get n; > 1. Set
n=ny, m=m, F=F,S=.5. We get

Y C|—-nKy+71Y],

K
where Y = " (n; — n)H; is an effective class on the base S of the fiber space 7.
i=2

Now we need to modify the birational morphism ¢. For an arbitrary sequence
of blow ups pg: ST — S we set VT = F x ST and obtain the following commutative
diagram:

vt & v
st = S

9

where 7 is the projection and u = (idp, pug). Let Eq,..., Exy C V be all exceptional
divisors of the morphism .
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Proposition 3.1. There exists a sequence of blow ups pg: ST — S such that
in the notations of the diagram (39) the centre of each discrete valuation E;, i =
1,..., N, covers either ST or a divisor on ST:

codim[r, (centre(F;, V1))] < 1.

Proof. Let £ C V be the exceptional divisor of the birational morphism
©:V — V| B = p(F) the centre of the discrete valuation £ on V. Assume that
codimg m(B) > 2. Construct a sequence of commutative diagrams

€j

Vi = Via
mo Lomia (40)
S, %S

J .., I, satisfying the following conditions:
D Vo=V, Sy =8 m=n
2) V; = F x S}, m; is the projection onto the factor S, ¢, = (idp, A;) for all

3) A; is the blow up of the irreducible subvariety
ijl = Wj,l(centre(E, %*1)) C ijl,

where codim B;_; > 2.

It is obvious that the properties 1)-3) determine the sequence of diagrams (40)
in a unique way.

Lemma 3.1. The following inequality holds: | < a(E, V).

Proof. Let A; C V; be the exceptional divisor of the morphism ¢;. By con-
struction we get centre(E,V;) C Aj, so that vg(A;) > 1. Now we obtain

a(E,V) = a(E, V) + > ve(Aj)a(d;, V) > 1.

j=1

Q.E.D. for the lemma.

Therefore the sequence of diagrams (40) terminates: we may assume that centre(E, V;)
covers a divisor on the base S;. From this fact (by the Hironaka theorem on the
resolution of singularities) Proposition 3.1 follows immediately.

Let X7 be the strict transform of the linear system ¥ on V*. Now the arguments
break into two parts due to the following fact.

Proposition 3.2. The following alternative holds:

(i) either the inequality c(X1) < ¢(X) is true,

(i) or for a general dwisor DT € X% the pair (V*,2D%) is not canonical,
and moreover, for some 1 = 1,..., N the discrete valuation E; determines a non-
canonical singularity of this pair.

Remark 3.1. The alternative of Proposition 3.2 should be understood in the
“and/or” sense: at least one of the two possibilities (i), (ii) takes place (or both).
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Proof of Proposition 3.2. Consider the diagram of maps (39). Let 7: V¥ — V+
be the resolution of singularities of the composite map

AR VN v

Set ) = ptopor: VE—> V. There exist an open set U C V* and a closed set of
codimension two Y C V such that

¢U:1/1|UZU—>‘7\Y

is an isomorphism. Obviously, if £ C V* is an exceptional divisor of the morphism
7and ENU # ), then ENU = ;' (E;) for some exceptional divisor E; of the
morphism ¢.

Let ¥ and Xf be the strict transforms of the linear system ¥ on V* and V¥,
respectively, Xy = Y|y, If D* € % is a general divisor, then

D =1y(D})ex

is a general divisor of the linear system 5 (we make no difference between 3 and its
restriction onto V'\ Y, since the set Y is of codimension two). We know that

D+ nKy ¢ Aif?,
see (38). Therefore,
D! +nKy ¢ ALU. (41)

Let £ be the set of exceptional divisors of the morphism 7 with a non-empty inter-
section with U. By (41) we get

(DY +nK )|y =Y (ve(DT) - na™(E))Ey ¢ ALU,
Ee&

where K is the canonical class of VT, a*(FE) = a(F, V™). Consequently, either
Dt +nK*t ¢ ALV,

and we are in the case (i) of Proposition 3.2, or there exists an exceptional divisor
E € &, satisfying the Noether-Fano inequality vg(D") > n - a™(FE), that is, the
discrete valuation FE realizes a non-canonical singularity of the pair (V' %D*). In
the latter case we get part (ii) of the alternative of Proposition 3.2, since £ € £ and
thus £ = E; for some i = 1,..., N (as discrete valuations). Q.E.D. for Proposition
3.2.

1.2. Reduction to the base of the fiber space. Assume that the case (i)
of the alternative of Proposition 3.2 takes place, that is, DT + nK* ¢ ALV*. Let
z € F be a point of general position. Set

SH={z} xS*, S.={z} x8S.
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It is clear that K = K|g+ and K, = Ky|s, are the canonical classes K = Kg+
and Kg, respectively. Let

Y. =%]s, and X} =%7|g

be the restriction of the linear systems X, 1 onto S, and SJ. Take general divisors
D, € ¥, and Df € . We get a movable linear system ¥, on the variety S =
Fy x ... x Fg. Moreover,

Y, C |noHy+ ...+ nxHgl,

so that ¢(X,) = min{ng,...,ng} > n = c¢(2).
Lemma 3.2. The following estimate holds: D* +nK* = 7% (DI +nK>).

Proof. Set £ to be the set of exceptional divisors of the morphism pg. The
exceptional divisors of the morphism p are F' x =} F for & € £5. We get

K& = utKs + Z apE and K* = p'Ky + 7 ( Z apk),
Eegs EcEs

where ap = a(F) is the discrepancy of the divisor E. For some numbers by > 0 we
get
DT = p*D — Z b I,
Ecés

whereas for a point z € F of general position

Df =psD.— ) bpE.

Ee&s

Now taking into account that D +nKy = 7Y and D, +nK, = D, +nKg =Y, we
obtain the claim of the lemma.

Corollary 2. Df +nK} ¢ ALST.

Proof. Indeed, it is clear that

ﬂiAiSJr C AiVJF.

Q.E.D. for the corollary.

Thus for the strict transform X7 of the linear system X, on St we get the
inequality ¢(3}) < ¢(X,). The more so, ¢yit(2,) < ¢(X.). Therefore the variety S
is not birationally superrigid. This contradicts the induction hypothesis.

1.3. Reduction to the fiber of the fiber space. End of the proof.
By Proposition 3.2 and what was said above, for a general divisor Dt € ¥T the
pair (VT %DJF) is not canonical, that is, there exists a birational morphism V¢ —
V* and an exceptional divisor £ C V*, satisfying the Noether-Fano inequality
ve(XT) > n-aj, where af, = a(E, V). Moreover, we can assume that the centre
B = centre(E, V) of the valuation E covers a divisor on the base or the whole base:
codimg+ 7" < 1, where T' = 7, (B).
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Let t € T be a point of general position. The fiber F; = 7 '(¢) cannot lie entirely
in the base set Bs X" of the moving linear system X7, since

codimy+ 7 (T) < 1.

Therefore, 3,7 = XT|5, is a non-empty linear system on F, ¥ C [nH| = | — nKp|
(if T'C S* is a divisor, then ;" can have fixed components). Let D} € ¥/ be a
general divisor. By inversion of adjunction (see Theorem 1.8 and §2 of this chapter),
the pair .

is not log canonical. We get a contradiction with the condition (L). This contradic-
tion completes the proof of birational superrigidity of the variety V.

1.4. The structures of a rationally connected fiber space and birational
self-maps. Let us prove the remaining claims of Theorem 1.9. Let 3: V*# — S% be
a rationally connected fiber space, x:V — — — V* a birational map. Take a very
ample linear system Zg on the base S* and let ¥f = ﬁ*Z% be a movable linear system
on V¥ ¢(X¥) = 0. Let ¥ be the strict transform of the system ©f on V. By our
remark, cyi;¢(X) = 0, so that by what we proved above we conclude that ¢(3) = 0.
Therefore, in the presentation

EC|—n1H1—...—nKHK|

we can find a coefficient n, = 0. We may assume that e = 1. Setting S = F, X ... X
Fyx and m:V — S to be the projection, we get ¥ C |7*Y| for a non-negative class
Y on S. But this means that the birational map y of the fiber space V/S onto the
fiber space V#/S* is fiber-wise: there exists a rational dominant map : S --» S*

making the diagram
X

Vo= VH
T LB
5 -1 s

commutative. For a point z € S* of general position let I = 371(z) be the corre-
sponding fiber, FX C V its strict transform with respect to x. By assumption, the
variety FX is rationally connected. On the other hand,

FX=n'(y"'(2) = F xv !(2),

where F' = F is the fiber of 7. Therefore, the fiber v~1(2) is also rationally con-
nected.

Thus we have reduced the problem of description of rationally connected struc-
tures on V' to the same problem for S. Now the claim (i) of Theorem 1.9 is easy
to obtain by induction on the number of direct factors K. For K =1 it is obvious
that there are no non-trivial rationally connected structures. The second part of the
claim (i) (about the structures of conic bundles and fibrations into rational surfaces)
is obvious since dim F; > 3 for all = 1, ..., K. Non-rationality of V' is now obvious.
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Let us prove the claim (ii) of Theorem 1.9. Set RC(V) to be the set of all
structures of a rationally connected fiber space with a non-trivial base on V. By the
claim (i) we have

ROWV)=A{rpV - F=][Fl0#Tc{1,... K}}.
el

The set RC(V') has a natural structure of an ordered set: « < (3 if § factors through
a. Obviously, 7y < 7y if and only if J C I. For I = {1..., K} \ {e} set m; = =,
F; = S.. Tt is obvious that 7 ..., 7k are the minimal elements of RC(V).

Let x € BirV be a birational self-map. The map

X RC(V) — RC(V),

*-
X ar—aoy,

is a bijection preserving the relation <. From here it is easy to conclude that x* is
of the form
X' e T,

where o € Sk is a permutation of K elements and for I = {iy,..., it} we define
17 ={o(i1),...,0(ix)}. Furthermore, for each I C {1,..., K} we get the diagram

X

V -=» V
T l l e
FI —X—I') FIO’,

where x; is a birational map. In particular, y induces birational isomorphisms
Xe: Fe —=» Fyey, e =1,..., K. However, all the varieties F, are birationally super-
rigid, so that all the maps y. are biregular isomorphisms. Thus

x=(x1,---,Xk) € BirV

is a biregular isomorphism, too: y € Aut V. Q.E.D. for Theorem 1.9.

1.5. An example of varieties satisfying the condition of divisorial
canonicity. Let P = P™ M > 3, be the complex projective space. Set F =
P(H°(P, Op(M))) be the space of hypersurfaces of degrees M.

Theorem 3.1. For M > 6 there exists a non-empty Zariski open subset Freg C
F such that any hypersurface F' € Freg is non-singular and satisfies the condition

(©).

Proof. The set Fey is defined by explicit regularity conditions which we will
now formulate. Let F = Fy; C P = PM be a smooth Fano hypersurface. For a point
x € F fix a system of affine coordinates z1, ..., z); with the origin at x and let

f=a+a@+...+aqu

I0)



be the equation of the hypersurface F', ¢; = ¢;(z.) are homogeneous polynomials of
degree deg q; = 1,
fi=q+.. +aq

to be the left segments of the polynomial f,7=1,..., M.
The condition (R1.1): the sequence

q1,492,---,4dM-1

is regular in O, p, that is, the system of equations

q1:q2:...:qM_1:O

defines a one-dimensional subset, a finite set of lines in P, passing through the point
x. This is the standard regularity condition, which was used in [1, Chapter 3].
The condition (R1.2): the linear span of any irreducible component of the closed
algebraic set
G1=q=qg=0

in CM is the hyperplane ¢; = 0 (that is, the tangent hyperplane T, F).
(R1.3) The closed algebraic set

{i=F=0NF={a=¢=0NFCP (42)

(the bar means the closure in P) is irreducible and any section of this set by a
hyperplane P > x is

e either also irreducible and reduced,

e or breaks into two irreducible components By + By, where B; = F' N S; is the
section of F' by a plane S; C P of codimension 3, and moreover mult, B; = 3,

e or is non-reduced and is of the form 2B, where B = F'N S is the section of F'
by a plane S of codimension 3, and moreover mult, B = 3.

Set Freg C F to be the set of Fano hypersurfaces, satisfying the conditions
(R1.1— R1.3) at every point (in particular, every hypersurface F' € Feq is smooth).
It is clear that F., is a Zariski open subset of the projective space F. We have

Proposition 3.3. For M > 6 the set Freg is non-empty.

Proof is given in [33]. For M > 8 in the condition (R1.3) we may require that
the section of the set (42) by any hyperplane P > z were irreducible and reduced,
a general hypersurface satisfies this stronger condition. On the other hand, for
M = 4,5 it is easy to show that for any hypersurface F' € F there is a point where
the conditions (R1.2) and (R1.3) are not satisfied.

Let us prove that the condition (C) is satisfied for a regular Fano hypersurface
F € Freg.
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Let A € |[nH| be an effective divisor, n > 1, where H € Pic F' is the class of a
hyperplane section, Kr = —H. We have to show that the pair (F), %A) has canonical
singularities.

Assume the converse. Then for a certain sequence of blow ups ¢: F'* — I and
an exceptional divisor £ C F'* the Noether-Fano inequality

vp+(A) >n-a(ET) (43)

is satisfied. For a fixed E*t the inequality (43) is linear in A, so that without loss
of generality we may assume that A C F' is a prime divisor, that is, an irreducible
subvariety of codimension 1. From (43) it follows easily that the centre Y = ¢(E™)
of the valuation E* on F satisfies the inequality multy A > n. On the other hand,
it is well known [1, Lemma 2.1], that for any irreducible curve C' C F' the inequality
multc A < n holds. Thus Y = z is a point. Let e: F — F be its blow up, £ C F
the exceptional divisor E = PM~2_ By Proposition 3.6, which is proven below, for
some hyperplane B C E the inequality

mult, A + multz A > 2n, (44)

holds, where A C F is the strict transform of the divisor A.

Let T = T,F C P be the tangent hyperplane at the point x. The divisor E
can be naturally identified with the projectivization P(7,T) = P(T,F). There is a
unique hyperplane B C T, x € B, such that B = P(T,B) with respect to the above-
mentioned identification. Let Ag be the pencil of hyperplanes in P, containing B,
and Ap = Ag|r C |H| its restriction onto F'. Consider a general divisor R € Ag. It
is a hypersurface of degree M in PM~1, smooth at the point . Let R C F be the
strict transform of the divisor R. Obviously,

RNE = B.

Set Arp = Al = AN R. Tt is an effective divisor on the hypersurface R.
Lemma 3.3. The following estimate holds:

mult, Ar > 2n. (45)

Proof. We have (8 o ﬁ) — Ap + Z, where Z is an effective divisor on E.
According to the elementary rules of the intersection theory [44], mult, Ar =
mult, A + deg Z, since mult, R = 1. However, Z contains B with multiplicity
at least multy A. Therefore, the inequality (44) implies the estimate (45). Q.E.D.
for the lemma.

Lemma 3.4. The divisor T = T, RN R on the hypersurface R is irreducible
and has multiplicity exactly 2 at the point x.

Proof. The irreducibility is obvious (for instance, for M > 6 one can apply
the Lefschetz theorem). By the condition (R1.2) the quadric {g2|r = 0} does not
contain a hyperplane in F as a component, in particular, it does not contain the
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hyperplane B C E. Thus the quadratic component of the equation of the divisor
Tg, that is, the polynomial ¢s|p, is non-zero. Q.E.D. for the lemma.
Let us continue our proof of Theorem 3.1. By Lemmas 3.3 and 3.4 we can write

Ag = aTg + AL,

where a € Z, and the effective divisor A% € |n*Hpg| on the hypersurface R satis-
fies the estimate mult, A% > 2nf. Moreover, A% does not contain the divisor Tg
as a component. Without loss of generality we can assume the divisor A% to be
irreducible and reduced.

Now consider the second hypertangent system [1, Chapter 3]

A = |sofa + s1fi|r,

where s; are homogeneous polynomials of degree ¢ in the linear coordinates z,. Its
base set

Sr={q|r = @2|r = 0}
is by condition (R1.3) of codimension 2 in R and either irreducible and of multiplicity
6 at the point z, or breaks into two plane sections of R, each of multiplicity 3 at the
point z. In any case, for a general divisor D € A we get A% ¢ Supp D, so that the
following effective cycle of codimension two on R,

Ap = (DoAL),

is well defined. Since mult, D = 3 and A¥ C |2Hg|, the cycle Ap satisfies the

estimate
mult,, 3

Ap > —. 46
deg P M (46)
We can replace the cycle Ap by its suitable irreducible component and thus assume
it to be an irreducible subvariety of codimension 2 in R. Comparing the estimate
(46) with the description of the set S given above, we see that Ap ¢ Sgi. This

implies that Ap ¢ Tg. Indeed, if this were not true, we would have got

f1|AD = q1|AD = 0. (47)

However, Ap C D, so that for some sy # 0, s; # 0 (the divisor D is chosen to be
general) we have

(s0f2 +s1f1)|ap = 0.

By (47) this implies that fo|a, = (1 + ¢2)|a, = 0 (since sy # 0 is just a constant),
so that Ap C Sg. A contradiction.
Thus Ap ¢ Tg. Therefore the effective cycle A* = (Ap o Tg) is well defined. It

satisfies the estimate It 6
mu
AT > —, 48
deg M (48)

The effective cycle AT as a cycle on F' is of codimension 4. Now recall the following
fact ([45] or [1, Chapter 3]): if the Fano hypersurface F' at the point x satisfies
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the regularity condition (R1.1), then for any effective cycle Y of pure codimension
[ < M — 2 the inequality
multxY < [+2
deg — M
holds. Therefore, the inequality (48) for an effective cycle of codimension 4 is im-
possible.
The proof of Theorem 3.1 is complete.

§2. The connectedness principle and its applications

In this section, we formulate the connectedness principle of Shokurov and Kollar
and consider its geometric applications.

2.1. The connectedness principle. Inversion of adjunction. Let X, Z be
normal varieties or analytic spaces and h: X — Z a proper morphism with connected
fibers and D = > d;D; a Q-divisor on X.

Theorem 3.2 (the connectedness principle, [6, Theorem 17.4]). Assume
that D 1s effective (d; > 0) and the class —(Kx + D) is h-numerically effective and
h-big. Let

Yy L x oz

be a resolution of singularities of the pair (X, D). Set

The support of the Q-divisor > e;E;, that is, the closed algebraic set

e;<—1

1s connected in a neighborhood of any fiber of the morphism f.

Proof see in [41, Chapter 17]. It has been also reproduced in the survey [15]
and in [46] for a particular case (in which the arguments follow the same scheme as
in [41]).

The connectedness principle has numerous applications, which we will now con-
sider. The first application is Theorem 1.8 (inversion of adjunction).

Proof of Theorem 1.8. We use the notations of Theorem 1.8. Let D =
> icr 4iD; be an effective Q-divisor, d; € Q4 for all i € I. Since the pair (X, D) is
canonical outside the point z, we get the inequality d; < 1 for all 7 € I. Replacing
D by 1—_1F€D for a small ¢ € Q,, we may assume that d; < 1 for all + € 1.

Let ¢: X — X be a resolution of singularities of the pair (X, D + R). Write
down

jeJ iel
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where £}, j € J, are all exceptional divisors of the morphism ¢, D; and R are the
strict transforms of the divisors D;, R on X, respectively. Set

b] = OrdE]‘ ()O*D, CL] = a(EJ7X),

J € J. In these notations for j € J we get e; = a; — b; — r;, where r; = ordg; p"R.
Obviously,
o (@)= | E
jeJ+
for some subset J* C J. Recall that by assumption R is a Cartier divisor, containing
the point x, which implies (it is a key point) that for j € J*

rj =ordg, "R > 1.

Furthermore, by assumption the pair (X, D) is not canonical, but canonical outside
the point z. Therefore, among the indices 7 € J* there is an index k such that
ap < b. For this index we have e, < —1.
Now by the connectedness principle we get: there is an index [ € J, such that
e; < —1 and B
E;N R # 0.

Now from (49) by the adjunction formula we get

Kp=(Kz+ E)|§, = ¢r(Kr + Dg) + (Z ejbjlg — Zdzﬁﬂfz),

jeT i€l

where pr = @[z R — R is the restriction of the sequence of blow ups ¢ onto R.
By what was said, in the last bracket there is at least one prime divisor of the form
Ei|5, where | € J*, the coefficient at which is strictly less than —1. Q.E.D. for
Theorem 1.8.

The following version of the inversion of adjunction is useful.

Proposition 3.4. Let v € X be a germ of a smooth variety, D an effective
Q-divisor, the pair (X, D) is not canonical, but canonical outside the point x, that
is, the point x is an isolated centre of non canonical singularities of the pair. Let
R > x be a non-singular divisor where T, R is a hyperplane of general position in
T.X. Then the pair (R, Dg) is not log canonical, but canonical outside the point x.

Proof. In the notations of the proof of Theorem 1.8, the index k, which realizes
a non log canonical singularity of the pair (R, Dg), lies in J*: by the assumption of
general position, the divisor R does not contain any centres of singularities of the
pair (X, D) outside the point z. Q.E.D. for the proposition.

Here is one more application of the connectedness principle.

Proposition 3.5. Let x € X be a germ of a smooth variety, D an effective

Q-divisor, the pair (X, D) is not canonical at the point x, but canonical outside
that point. Let \: X+ — X be the blow up of the point v, E = \7}(z) € X
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the exceptional divisor, DT and 5+ the strict transforms of the divisors D and R,
respectively. Furthermore, let p1: X — X be a resolution of singularities of the pair
(Xt, Dt + RY),

©=MAou X - X

the composite map. Now write down

jeJ iel

where E;, 7 € J, are all exceptional divisors of the morphism ¢, 151 and R are the
strict transforms of the dwisors D; and R on )N(, respectively.

Then the following alternative takes place:

(1) either mult, D > dim X,

(2) or the set

bj >a]'+1
1s connected.

Proof. By the assumptions the claim follows immediately from the connected-
ness principle.

2.2. Further applications of the connectedness principle. First of all, let
us show the following useful fact.

Proposition 3.6. Assume that the pair (X, D) is the same as in Proposition
3.5, \: XT — X s the blow up of the point v, E = X\7'(x) C X is the exceptional
divisor, DV the strict transform of the divisor D. Then the following alternative
takes place:

1) either mult, D > 2,

2) or there is a hyperplane B C E, which is uniquely determined by the pair
(X, D) such that the inequality

mult, D + multg DT > 2. (51)

holds.

Proof. Canonicity is stronger than log canonicity. Therefore one can apply
inversion of adjunction (in the form of Proposition 3.4) several times, subsequently
restricting the pair (X, D) onto smooth subvarieties

Ry D Ry D ... D Ry,

where R; C X is a smooth divisor, R;1; C R; is a smooth divisor, z € Rj; and
Ry ¢ Supp D. All the pairs
(R;, D

Ri)
are not log canonical at the point x. Thus Proposition 3.4 holds for a generic smooth
germ R 3 x of codimension £ < dim X — 1. In particular, it holds for a general
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surface S 5 2. (This fact was for the first time used by Corti [1] in order to obtain
an alternative proof of the 4n*-inequality, see also [34, Proposition 1.5].) Thus the
pair
(S,Ds = D|s)
has at the point x an isolated (for a general S) non log canonical singularity. Let us
consider the two-dimensional case more closely. Let z € S be a germ of a smooth
surface, C' C S a germ of an effective (possibly reducible) curve, z € C. Consider a
sequence of blow ups
®ii1:9; — Si1,

So=85,1=1,...,N, ©ii—1 blows up a point z;_y € S;_1, F; = QOZ_JI_1<IZ_1) C S;is
the exceptional line. For ¢ > j set

Pij = Pit1j O 0 Pii1:5i — 5,

© = ©ON0, S = Sy. We assume that the points x; lie one over another, that is,
x; € E;, and that xq = z, so that all the points z;, i > 1, lie over x:

@i,O(xi) =T c S

Let T' be the graph with the vertices 1,..., N and oriented edges (arrows) i — 7,
that connect the vertices ¢ and j if and only if 7 > j and

i—1
T € B,

where for a curve Y C S its strict transform on S, a > j, is denoted by the symbol
Y¢. Assume that the point x is the centre of an isolated non log canonical singularity
of the pair (5, %C’) for some n > 1. This means that for some exceptional divisor

E C S the log Noether-Fano inequality
ve(C) =ordg ¢*C > n(ag + 1), (52)

holds, where ag is the discrepancy of E. Without loss of generality we may assume
that ' = E is the last exceptional divisor.

As usual, for ¢ > j let the symbol p;; denote the number of paths in the graph I
from the vertex 7 to the vertex j, for ¢ < j set p;; = 0, as always p; = 1. In terms
of the numbers p;; the log Noether-Fano inequality (52) takes the traditional form

N N
ZPMM > n(z pni + 1), (53)
i=1 i=1

where p; = mult,, , C*1.

Proposition 3.7. Fither uy > 2n (that is, the first exceptional divisor Ey C Sy
already gives a non log canonical singularity of the pair (S, (1/n)C)), or N > 2 and
the following inequality holds:

w1+ pe > 2n.
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Proof. If N = 1, then u; > 2n by means of log Noether-Fano inequality. Assume
that p; < 2n, then N > 2. Obviously, pu; > n. If us > n, then p; + pus > 2n, as we
claim. So assume that ps < n. Then for each i € {2,..., N} we have p; < s < n
(since the point z;_; lies over x1). Therefore from the inequality (53) we get

N

le(Nl - TL) + ZpNi(,uQ — n) >n.
=2

However,

N
PN1 = ZpNj < ZPNm
2

j—1 =

so that the more so v

me(m + p2 — 2n) > n.

i=2
Therefore p1 + ps > 2n. Q.E.D. for the proposition.

Let us now complete the proof of Proposition 3.6. Consider a general surface

S 3 x. The pair (S, Dg) is not log canonical, but log canonical outside the point z.
By Proposition 3.7, either mult, Dg > 2, but in this case mult, D > 2, so that the
first of the two cases of Proposition 3.6 takes place, or the pair (ST, DY) (that is, the
strict transform of the pair (S, Dg) on X™) is not log canonical, but log canonical
outside some proper closed connected subset

ZsCEs=ENSt P

Obviously, Zg is a point ys € Eg. Since the surface S is general, there is a hyperplane
B C FE such that
Ys = BNS *

By Proposition 3.7, the inequality
mult, Dg + mult,, D& > 2
holds. This immediately implies the inequality (51) and Proposition 3.6.

2.3. Isolated hypersurface singularities. As one more application of the
connectedness principle, consider a germ z € X of an isolated terminal singularity
with the following properties. Let

e: Xt - X

be the blow up of the point #, E = ¢ () the exceptional divisor, which is irre-
ducible and reduced. The varieties X, X1 and F have Q-factorial terminal singu-
larities. Let § = a(FE, X)) be the discrepancy of E, D an effective Q-divisor on X,
DT its strict transform on X*. Define the number vz (D) by the formula

©*D=D"+uvg(D)E.
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Proposition 3.8. Assume that the pair (X, D) is not canonical at the point x,
which is an isolated centre of a non-canonical singularity of this pair. Assume also
that for some integer k > 1 the inequality

ve(D) +k <6 (54)

holds. Then the pair (X*, DT) is not log canonical and there is a non log canonical
singularity E C X of that pair (where X — X is some model), the centre of which

centre(E, X*) C E

1s of dimension > k.

Proof. Assuming X C P to be projectively embedded, consider a generic linear
subspace P C PV of codimension k, containing the point x. Let Ap be the linear
system of hyperplanes, containing P, and A be the corresponding linear system of
sections of the variety X. Let € > 0 be a sufficiently small rational number of the

1
form e and

{Hiliel} CA
a set of I = Kk generic divisors. Set

R=D+) eH,,

i€l

and let R™ be the strict transform of R on X ™.

Obviously, the pair (X, DT) is not log canonical. The centre of any of its non
log canonical singularities is contained in E. Furthermore, being non log canonical
is an open property, so that, slightly decreasing the coeffients in D, we may assume
that the strict version of the inequality (54) holds, that is, vg(D) + k < § (whereas
other assumptions still hold).

Now consider the pair (X*, RT) (we still assume that X > z is a germ, so that
all constructions are local in a neighborhood of the point x). It is non log canonical,
and all its non log canonical singularities are non log canonical singularities of the
pair (X1, D7), with the exception of one additional singularity, the germ (PN X)™"
of the section of X by the plane P, that is, the base set of the system A. By the
strict version of the inequality (54), the class —(Kx+ + R*) is obviously -nef and
©-big, so that, applying the connectedness principle (to X = X+, Z = X, h = ¢,
D = R"), we conclude that the union of the centres of non log canonical singularities
of the pair (X*, R™) on X is connected. Since P is generic, this is only possible
if (PN X)" intersects some centre of a non log canonical singularity of the pair
(X, DT), which should be of dimension at least k. Q.E.D. for the proposition.

The fact which we have just proven will be applied to our case of a hypersurface
singularity x € X with a smooth exceptional divisor.

1.2. Singularities of pairs on a smooth hypersurface. Let X C PV be a
smooth hypersurface of degree m € {2,..., N — 1}, D € |lHx | an effective divisor,
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which is cut out on X by a hypersurface of degree [ > 1. (So that Hx is the class of
a hyperplane section of X.) The following fact and its proof are well known [47,48].

Proposition 3.9. For any n > 1 the pair (X, %D) 15 log canonical.

Proof. We may consider the case n = [. Assume the converse: the pair (X, %D)
is not log canonical. Since for any curve C' C X the inequality multc D < n holds
(see [1, Lemma 2.1]), the centre of a non log canonical singularity of the pair (X, £D)
can only be a point. Let x € X be such a point. Consider now a general projection
7PN ——s PN=1 Tts restriction onto X is a finite morphism mx: X — PY~1 of degree
m, which is an analytic isomorphism at the point z, and one may assume that

mx (mx(x)) N Supp D = {x}.

This implies that the germ of the pair (X, %D) at the point z and the germ of the
pair (PV-1, %’/T(D)) at the point 7(z) are analytically isomorphic. In particular,
the point m(x) is an isolated centre of a non log canonical singularity of the pair
(PN, L7(D)). However, this is impossible.

Being non log canonical is an open property, so that for a rational number
s < n~1, sufficiently close to n™!, the pair

(P, sm(D))

still has the point 7(x) as an isolated centre of a non log canonical singularity.
Let P C PY~1 be a hyperplane, not containing the point 7(z). By the inequality
smn+1 < N the Q-divisor —(Kp~-1 4 s7(D) + P) is ample, so that one may apply
to the pair

(PN~ sm(D) + P)

the connectedness principle of Shokurov and Kollar (in the notations of Theorem
3.2, X =PN~! 7 is a point, for the Q-divisor D we take sm(D) + P, the conditions
of Theorem 3.2 are satisfied in a trivial way by what was said above) and obtain a
contradiction: the point 7(x) is an isolated centre of a non log canonical singularity
and the divisor P comes into the Q-divisor sw(D) + P with the coefficient one,
however m(z) € P, so that the connectedness is violated. Q.E.D. for Proposition
3.9.

2.5. The weak local inequality for an isolated hypersurface singularity.
Let z € X be a germ of isolated hypersurface terminal singularity. More precisely,
if o: XT — X is the blow up of the point =, p~!(z) = F C X7 is the exceptional
divisor, we assume that X and F are smooth, whereas F is isomorphic to a smooth
hypersurface of degree y = mult, V in PM.

Furthermore, let D > z be a germ of a prime divisor, DT C X7 its strict
transform, Dt ~ —vE for v € Z,, so that the equality

mult, D = uv

holds.
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Proposition 3.10. Assume that the pair (X, %D) 18 not canonical at the point

x, which is an isolated centre of a non-canonical singularity of that pair. Then the
inequality

v>n (55)

holds.

Proof. Assume the converse: v < n. Then the pair (X, %D*) is not canonical,
and moreover, the centre of any non-canonical singularity of this pair (that is, of
any maximal singularity of the divisor D) is contained in the exceptional divisor
E. By the inversion of adjunction the pair (E, 2D}), where D}, = D" | g, is not log
canonical. Let Hg = —F | g be the generator of the Picard group Pic E, that is, the
hyperplane section of E with respect to the embedding £ C PM. We get

DEN—I/E|E:VHE

Since v < n, the non log canonicity of the pair (F, %Dg) contradicts to Proposition
3.9. Q.E.D.

As one more application of the connectedness principle, consider the following
local situation. Let x € X be a germ of a quadratic singularity, dim X > 3. Let us
blow up the point x:

XXT — X,

and denote by the symbol E the exceptional divisor A~!(z), which we consider as
a quadric hypersurface £ C P4mX  Let, furthermore, D be an effective Q-Cartier
divisor on the variety X, D7 its strict transform on X . Assuming the exceptional
quadric E to be irreducible, define the number 5 € Q. by the relation

D' ~ \*D — BE.

Proposition 3.11. Assume that the rank of the quadric hypersurface E is at
least 4 and the pair (X, D) has the point x as an isolated centre of a non canonical
singularity, that is, it is non canonical, but canonical outside the point x. Then the
following inequality holds: 3 > 1.

Proof. If dim X = 3, then by assumption the point z € X is a non-degenerate
quadratic singularity, and this fact is well known [21]. (If # < 1, then the pair
(X, D%) is non canonical, so that by inversion of adjunction the pair (E, D})
is not log canonical, but F = P! x P! and D} is an effective curve of bidegree
(8, 3), which is impossible [20].) If dim X > 4, then, restricting D onto a generic
hyperplane section Y 3 z of the variety X with respect to some embedding X «— PV,
and repeating this procedure dim X — 3 times, we reduce the problem (by inversion
of adjunction) to the already considered case dim X = 3. Proof of the proposition
is complete.

§3. The double spaces of index two
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In this section we sketch the proof of Theorem 1.10 on the double spaces of index
two. This brevity of exposition comes, firstly, from the fact that these varieties are
not birationally rigid (in the sense of any of the definitions of birational rigidity and
superrigidity that are used today) and for that reason are outside the framework of
the present survey (which is on birationally rigid varieties), and, secondly, from the
physical size of the proof (see [35]), so that it is not possible to give it here. We just
describe the key steps of the proof.

Theorem 1.10 is based on some claim on the virtual threshold of canonical ad-
junction of a movable linear system on V. For an arbitrary linear subspace P C P
of codimension two let Vp be the blow up of the subvariety o~'(P) C V (it is ir-
reducible because the variety V' is assumed to be generic). For a movable linear
system Y on V' the symbol ¥ p stands for its strict transform on Vp.

Theorem 1.10 is implied by the following technical fact.

Theorem 3.3. Assume that for a movable linear system Y the inequality
Cvirt(E) < 0(27 V) (56)

holds. Then there exists a uniquely determined linear subspace P C P of codimension
two, satisfying the inequality

mult,-1py X > ¢(X, V),
whereas for the strict transform Xp the equality
Cirt(2) = vt (Xp) = ¢(Ep, Vp)

holds.

Let us obtain Theorem 1.10 from Theorem 3.3. Let us fix a movable linear
system 3, satisfying the inequality (56). Taking, if necessary, a symmetric power
of ¥, we may assume that ¥ C |[2nH| = | — nKy|, where n > 1 is a positive
integer. The system ¥ (and the integer n) are fixed throughout the proof. Obviously,
¢(3, V) = n. According to Theorem 3.3, there exist a (unique) linear subspace P C P
of codimension two, satisfying the estimate multz ¥ > n, where R = 0~(P) is an
irreducible variety. Singularities of the varieties R are ar most zero-dimensional.
Let p: V' — V be the blow up of the (possibly singular) subvariety R = o~ !(P),
E = ¢! (R) the exceptional divisor.

Lemma 3.5. (i) The variety VT is factorial and has at most finitely many
isolated double points (not necessarily non-degenerate).

(ii) The linear projection wp:P --+ P from the plane P generates the reqular
projection

T=mpocop VT — P

the general fiber of which Fy = n=1(t), t € P! is a non-singular Fano variety of index
one, and finitely many fibers have isolated double points.
(iii) The following equalities hold:

PicVt =ZH ®ZE = ZK* ® ZF,
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where H = p*H for simplicity of notations, K+ = Ky+ is the canonical class of the
variety V*, F is the class of a fiber of the projection 7, whereas

Kt=-2H+F, F=H-E.

Proof. These claims follow directly from the definition of the blow up ¢, the
genericity of the variety V' and the well known fact that an isolated hypersurface
singularity of a variety of dimension > 4 is factorial (see [51]).

Let ¥ be the strict transform of the system ¥ on the blow up V* of the
subvariety R. By Theorem 3.3, the following equality holds:

Cort () = (2T, V). (57)

From this fact we immediately get

Proposition 3.12. Assume that ¢y, (X7) = 0. Then the system 37 is composed
from the pencil |H — R|, that is, ¥ C |2nF|.

Proof of the proposition. Assume the converse:
Y| -mK*" +1F|,
where m > 1. By the part (iii) of Lemma 3.5,
m=2n—v, |l =2v—2n> 2,

so that for the threshold of canonical adjunction we get ¢(X*,V*t) = m. Since
cvirg (1) = 0, by Theorem 3.3 we get m = 0, which is what we claimed. Q.E.D. for
the proposition.

Proof of Theorem 1.10. For the linear system Y we take the strict transform
with respect to y of any linear system of the form A\*A, where A is a movable system
on the base S. Applying Theorem 3.3 and Proposition 3.12, we complete the proof.

From the arguments above, one can see that the proof of Theorem 1.10 is based
on the two key claims:

1) the existence (and uniqueness) of the maximal subvariety of the form o=!(P),
where P C P is a linear subspace of codimension two and

2) on the equality (57) of the thresholds of canonical adjunction.

In the proof of the claim 1) of crucial importance is the following local fact,
which is known as the 8n2-inequality.

Let 0 € X be a germ of a smooth variety of dimension dim X > 4. Let ¥ be a
movable linear system on X, and the effective cycle Z = (Dy0D3), where Dy, Dy € X2
are generic divisors, its self-intersection. Blow up the point o:

: Xt — X,

E = p~(0) & P4mX—1 5 the exceptional divisor. The strict transform of the system
Y and the cycle Z on X we denote by the symbols X" and Z*, respectively.
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Proposition 3.13 (8n’-inequality). Assume that the pair (X,=%) is not
canonical, but canonical outside the point o, where n is some positive number. There
exists a linear subspace P C E of codimension two (with respect to E), such that
the inequality

mult, Z + multp Z* > 8n?

holds.

An equivalent claim, but formulated in a rather cumbersome way, was several
times published by Cheltsov [50-52], however his proof is essentially faulty (see [53]).
For a complete proof, see [53].

Now let us sketch a proof of the claim (57), that is, the claim 2).

Assume that the inequality

(1) < (BT, V) =m

holds. Then the pair (V*, XT) is not canonical, so that the linear system

has a maximal singularity, that is, for some birational morphism : V — VT and
irreducible exceptional divisor ET C V' the Noether-Fano inequality holds:

ve(XT) > ma(ET, V).

Lemma 3.6. The centre of maximal singularity E* is contained in some fiber
F,=7n"1t), that is, B=moy(E") =t € P.
Proof. Assume the converse: mov(E") = P!. Retsricting the linear system %+
onto the fiber of general position F' = F§, we get that the pair
1
F,—X
( . F)

is not canonical, where X C | — mKp|. However, F' is a smooth double space of
index one and it is well known [54], that this is impossible. Q.E.D. for the lemma.

For simplicity of notations, let F' = F; be the fiber, containing the centre of
singularity E*.

Proposition 3.14. The centre B is a singular point of the fiber F.

Proof. See [35].

Now let \:V# — V* be the blow up of the point o, E* = A\7*(0) C V* the
exceptional divisor, which can be seen as a quadratic hypersurface in P*. One can
show [35] that for M > 6 we may assume that for a generic hypersurface W C P,
arbitrary plane P C IP of codimension two and any singularity o € V't the quadric
E' is of rank at least 4. Define the integer 3 € Z. by the formula

D¥ ~ XD — BE*,
where D € ¥t is a generic divisor, D! its strict transform on V*. To the generic

variety V' we may apply Proposition 3.11, which gives the inequality

8 >m.
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Furthermore, the divisor A\, Dp — BE% on the strict transform F* C V¥ is effective
(the symbols Ar and Eﬁ; stand for the blow up of the point o € F and for the
exceptional divisor A\;'(0), respectively). This implies the inequality

mult, Dr > 20 > 2m,

which is impossible (the H-degree of the divisor D as an effective algebraic cycle
is 2m). This proves the coincidence of the thresholds (57) for M > 6.
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