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r~ext tue study the dependance of e{) end b(J on ,co We 'assume given to
. ~ emple lIne bundLes r, 1 and I;2 on G" such that the associated bundLes t 1

andL2 descend to '11t, resp. 1T1..2 on A. If J: =J: 1®J:2 .. then the associated t
=L 10[2 descends to 1Tl a 1Tt,®m.2' Dur constructlon gives quadratic
functions a, 0, ond ~2 on Y, ~nd biLinear b, b, e1nd b2 on yx}( We assume
that b1 = ,b2 . Later we shalL see that thls is aLways true" but far the
moment note that this holds at least far J:2 :. (-1)*(1: 11.

. 6.1. Lemma Under these hypotheses we heve a :I ~1-o2" b 1:1 b1 111 b2. In

invariant formuLatlon \ = '1 = \2" and the Y-actlon on L'l z L1..'l@L 2..n Is the
produ.ct of the actions on t 1,n andL2,T'l"

We may assume that the various trivlalisations send t are compatible.
For the proof note first that <p :::I <p, +<P2' and thet the Isomorphisms Uy are
compatibLe with the identification m. :::I TIt101Tt2' Now choose non zero

sections S,€r(G,.L1) and S2€r(G,1::2 l, and let s = S,®S2€r(G,2:l. Then crL:«sl

::: L ot+J3c;( o-L'ot(S1)0crL2~(S2)' We look what happens' to both sldes If we
repLace ;( by x+q>(yl: In the sum we can change ~ to ~+~1(Y) and [3 to
r3 + ~2{Y)' whi,eh (up to a suitabLe Uyl changes each summand by a factor
atlyl-fJ2ry)·btry"Q:l·b~(y"r31=C!t(yl-02(yl-b t(y 1 xl. SlmiLarLy on the Left we
obtain a factor ö(yl·bly"xL end If (j~(s) ;d 0 It follows that these two
faetors must be equaL. It first follows that b(y .. ) and b1(YI ) coincide on
the subgroup H of H generated b~ the differences {;a(1-X2}" far elements
X€X with 0'"~(Sl®S2) .. 0 for same chalee of 51 end S2. This subgroup
contains ep(VL and we concLude that a :::I 191-°2'

Ta go on we first remark that b does not depend on the choice of 1lt
(LUith l1*(mJ~tL as two such ehoices differ by a character of T, which
amounts to -shifting the labeling cf the 1Tt~ by thls char~cter. The same
hoLds If we replace 1; by a translate Tg.(2:), for an element g€G(RL es1
end 111. are replaced by their corresponding translates. Now consider
the set cf pairs (glh)€G(R)xG(R) such that 7\,(g) + 7\2(h) :I 0 (In G'(R)). For any

such pair Tg*(~ll®Th*(1::) ::; ~1®J:2 ~ :c .. end for a suiteble choice of
(g,hl LUe hÖ\/e 'H=X: Thls follows from the fact that the pairs (glhl es
above are Zariski-dense in the connected component of the identity of
the kernel of A1+A2: GrtxGrt -+ GTl1 and that r(G'1I~1'I) is spanned by the
images of rrG'1'T9:iff l:t))0rrG'1"Th*r1::2 11 far elements (glhl in the
identlty-component of that kernet (chapter I.. prop. 5.3l.
ALL in all Lue nOLU concLude that b=b'l and the Lemma has been shown.

For any n ~ 1LUe derive a description of r(G'1"~Tl€>n) in terms of
Fourier-expansions. tUe apply thls as foLloLUS: Suppose that for two pairs

11- 23 -'::;7 -



The Hecke algebra on the CU8p fonns of fo(po) with nebentypus

WANG Xiangdong

1. Introduction.

Let Po be a prime, Po > 3 and fo(Po), r 1(po), SB usual, the congruence BubgroupB of f = PSL 2(7Z).

ro(po) = { (~ ~) Er Ic;: °mod Po }

r 1(po) ={ (~ ~) E r o(Po) Id;: 1 ~od Po }

Denote

.0. = {r = (~. ~) Ia,b,c, d E ;Z,gcd(a, b,c,d) = 1,det(r)jtD mod Po }

.0.0 ={r= (~ ~) E.o.J c;:o mod Po }

.0.1 = {r = (~ ~) E .0.0 Id;: 1 mod Po }

Let'1] be a Dirichlet eharacter mod Po. We define a charaeter 1] of Llo by

1](r) = TJ(d)

.. .., .. ~' • rj'

Let si;(ro(po), TJ) be the eusp forms of To(Po) with the nebentYPuB TJ and s.~(rl(po)) the eusp fonns

with respect to f1(po). It is weil known that

SI:(r l (Po)) =EB SI: (fo(po), 1]).
11

In [Wal we have investigated the operation of the Hecke algebra on tbe cusp farms SI:(ro(po), (~)),
Po

where (p;) is the Legendre-symbol. Applying the Eiehler-Shimura isomorphism the study of the Hecke

algebra on the eusp forms is equivalent to that on the eohomology, see [Hi] or [Wa] for more details

and background. By using the Shapiro-Lemma to the eohomology groups we have got a basis of the

cohomology. Tbe operation of the Hecke algebra on this basis ean be determined explicitly. The char

acteristic polynomials of Tl on Sl:(ro(po), (....:....)) for smalli, Po, kare calculeted in [Wa] . In the presentpo

paper we generalize the results in [Wa] and study the Hecke algebra on the cusp forms SI: (fo(po), TJ)

for aoy Dirichlet character TJ mod Po. With a iittle madification the basis obtained in [Wa] can also be

used to compute the operation of the IIecke algebra on Si: (ro(Po), ~).

The characteristic palynomials of T2 , Ta, T5 , T7 and Tu are camputed for smaH Po, n and all Dirichlet

characters 1].
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2. The dimension of the cusp forms SI:(fa(Po),1J).

We recall first sorne results in [Wal . Denote for n > 0

with aß-operation via

Let 1J : fo(po)/f1(po) ~ (7L/po)- - <D - be a Dirichlet character rnod PO. Since (7L/po7Lt is a cyclic

group, there is a primitive root w with (7L/po7Lt =< w >. In particular , it impliesw~ = -1. We

assume throughou t this paper 1J(-1) = (-1)1:, otherwise the cups forms SI: (fa (po) I 1J) = {O}. Denote

z := 1J(w), one has then z I'Q,J 1 = (_1)1:. We extend 1J to a o such that ,., acts trivial on al, i.e. ,., is a

character from aa/ßl to C· . Denote by Q'l the lQ [,.,] -module of rank 1 with a ßo-operation given by

80.1 = ,.,(80) . 1

where Q [,.,] is the ring generated by t!J and the values of 1J. Mn,f'J =Mn ® tfJ 'I is then a ßo-module.

We consider now the cohomology group H-(fa(Po), Mn,'l)' The Eichler-Shimura isomorphism says that

the following sequence

-+ EB H1(fo(po), I Mn,'l ® 4i) --+ 0
, a CUlIp

is exact, where s is a cusp with respect to fa(Po) and fo(po), := {r E fo(po) I r.s = 8} =< T~ >
is a cyclic infinite group. It is weil known that fo(po) has two cusps 0, 00. The dimension of

H 1(fo(po)" Mn,'l ® 4i) ~ Mn''l/(1 - T,)Mn,'l is 1. In particular, we obtain

Denote by Wn,f'J the induced module of Mn,'l on f = PSL'J(7Z).

The operation of f on Wn,'l is defined by

(a.f)(r) := f(ra), a,r Er

We extend now this operation to an operation of .6.. For a E ß, r Er, there exist a' E ßo, r' Er, such

that ra = a' r'. We define then

(a.f)(r) := a' .f(r').
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It is ohvious that thiB definition coincides with the above definition. Hy the Shapiro-Lemma( cf. [Hr] or

[AS] ) there is a canonical isomorphism hetween

as modules under the Hecke algebra.

We consider first the structur of r-module Wn ,'1' Let

(0 -1)
aj = 1 i' i = 0, 1, ... , Po - 1,

{ad is then a set of representatives of r with respect to ro(Po):

po

r =Uro(po)aj
j;O

An element J E Wn ,'1 is then determined hy the values J(ao), J(ad, ... ,J(apo ) by using the condition

!(ror) = ro/(r). The dimension of Wn ,'1 is

(PO + 1) . dim(Mn ,'1) = (Po + l)(n + 1)

In other words, Wn ,'1 is generated by the elements (wo, Wl, ... , wpo ) with Wi E Mn ,'1' The structur of

cohomology H1(f, Wn ,'1) is weil known (cf. (Wa] ):

where S = (~ - ~ ) , Q = (~ - ~) , T = SQ = 0 ~) ..nd W;,. := {w E Wn ,. I S.w = w }. The

dimension of the cohomology is

Over tfJ we have always a decomposition Wn ,'1 = W;,'1 e W~'1 e V for seme V. Sirrce the group r is

generated by 5, Q with the relations 52 = 1, Q3 = 1 (cf. [Se] ), the cohomology

H1(r, W
n

) = {(~(5), ~(Q» 14>(5) E (1- 5)Wn ,'1' 4>(Q) E (1- Q)Wn ,'1}
,'1 {«1 - 8)u, (1 - Q)u) I u E Wn ,'1 }

~ {4>(Q) I 4>(8) = 0, 4>(Q) E (1- Q)Wn ,'1 }

{ (1 - Q)u I u E W;,'1 }

~ {(1 - Q)v I v E V}

{
~(S) = °
4>(Q) = (1 - Q)u, u E V
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We begin with the description of W;,'1' It is easy to show that

{
aoS = apo

aiS = Siaj i·j == -1 mod Po,

apoS = ao

(
-j -1)

Si = 1 + ij i E ro(po)

and by the definition we obtain

1
(S./)(ao) = /(apo )

(S.f)(ad = Si.f(aJ), i = 1, ... , Po - 1

(S.j)(apo ) =/(ao)

In particular, W;,17 has the expression:

Similarly we ean show that

WJ:. = {(wo, """' W PO ) E Mn,. X """ X Mn,. I Wo =Wl = ... "" Wpo-l = (_~ ~) wo, W po =Twpo }

W~'] = {(Wo, ... ,Wpo ) E Mn,'] X .•• X M n,'1 ITwpo = Wo, Wl = wpo ' SiWj+l = Wj}

Now we eompute the dimensions of W,f"p W~'1'

Let Jl2 (resp. 1I3) the number of ro(po)-inequivalent elliptie points of the order 2 (resp. 3 ).

112 = 0 or 2 == Po + 1 mod 4

VJ = 0 or 2 == po + 1 mod 3

It is obvious that

112 = 2 <=> Po ::::: 1 mod 4 <=> there is a io with i~ == -1 mod Po

In that case io =w~ and 1](io) = z~. Similarly it ia easy to show that

JI:J = 2 <==:} P == 1 mod 3 <==:} ig == -1 mod Po

z..a..=..!. lQ..=!.It follows then io =w-r- and 1](i0) = z 6 •

We show now

Lemma: We have

. s [po + 1]dtm(Wn ,'1) = 2 -4- (n + 1) + 2ds

. Q po + 1
dlm(Wn ,'1) =[-3-] (n + 1) + 2dQ

4



wbere

In particular,

d _ {O
S - dim(Ker(l - Sio))

dQ = { ~im(Ker(l - Si.})

po == 3 mod 4
Po == 1 mod 4

po == 2 mod 3
Po == 1 mod 3

. 1 Po + 1 Po + 1
dlm(H (r, Wn,,,)) =(Po + 1- 2[-4-] - [-3-] )(n + 1) - 2ds - 2dQ

. 1 Po + 1 Po + 1
dJm(Sn+2(rO(PO), 77)) =2(PO + 1- 2[-4-] - [-3-] )(n + 1) - ds - dQ - 1

Praof: Far f = (wo, ... , wpo ) E W;;,'1 we have Wi = SiWj and Sj = Si-I. Ir j i:- i , then Wj IS

determined by Wi . Tbe number of such pair (i,j) is 2[~] . If j = i, that means Po == 1 mod 4 ,

one haa Wi E Ker(l- Sd. Since there are two i with i 2 == -1 mod Po, the dimension of W~" has the

expression

. s Po + 1
dJm(Wn,'l) =2[-4-] (n + 1) + 2ds ·

The other cases can be proved in the same manner.

- qed -

In the case that Po == 1 mod 4, there is a io with ia == -1 mod po and

(
-io -1) (4 0)-1

Sio = 1 + i5 i o = P ° (,;-1 P

for same regular matrix P, where (4 is the primivite root of the order 4, i.e. (4 = elfi . Let m@l E Mn,'f/'

then Sio ' (m ® 1) = 7](io)(Siom ® 1). Therefore the dimension of the K er(1- Si0) in Mn ,'1 is equal to the

dimension ofthe Ker(l-'1(io} ((~ (4~)}in Mn. Sinee '1(io) ((~ (4~),j yn-; = '1(io)(;;-n,j yn-;,

we have

ds =U{j 10:5 j:5 n, 7](io)(~j-n =1 }

'Jl=l ~%-1 2we know that 77(io) = Z---r- and z =(_l)n, i.e. 7](io) = (_I)n. If n is odd, one has 7](iO)2 =-1

and 77( io) = (4 or (:. It follows then

n+l
ds = U{j 10 :5 j :5 n, 1 + 2j - n =°mod 4} = -2-

Similarly we can determine the dimensions for other cases.

Lemma: Let w a primiti ve root in (7L / Po7Lr', 77(w) =z. Tben
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1. lipo =: 1 mod 4, one has

2. lipo == 1 mod 3, one has

{

2[~] + 1
ds = 2[~]

!!.±l
:;z

l..ll.=...!.
n even , z---r- = 1

l..CI..=.!.
n even , Z .fo =-1

l.Jl.=!
n odd , z-----r- = -1

3. The basis set.

!
2[~] + 1
2[!!..±2]

d - 6
Q - 2[~]

2[~]

l.Jl.=!
n even , Z ----r- = 1

.!.a..=..!. l..CI..=!
n even , Z ----y- + Z ----r- + 1 = 0

La..=..!.
n odd , z----r- = -1

n odd , z~ - z~ + 1 =0

Defining'by O'i (resp. ßi ) the permutation of {O,l, ... ,po} induced by the operation of S (resp. Q) on

{ao, al, ... , apo}' We have (cf. §2)

O'i . i == -1 mod Po, 0 < i < po

ßi =O'i + 1 1 < i < Po

Definition: For i,j, k E {l, 2, ... ,po - 1}

a. The pair (i,j) is called a a-pair jf j =O'i,i = O'j, or equivalently, i·j == -1 mod Po;

b. The tripIe (i, i, k) is called a ß-triple jf i =ßi, k =Pj, i = ßi;, or equivalently, i . j . k == -1 mod Po;

c. Let B a subset oE {1, 2, ... ,po - I}. We deHne by< B > the subset of {1,2, ... ,Po -I} determined by

the following conditions:

i. B c< B >j

ii. if (i, i) is an O'-pair and i E< B > then i E< B >j

üi. if(i,i, k) is a ß-triple and j, k E< B > then i E< B >j

d. A subset B oE {1,2, ... ,po - 1} is called a basis set if it satisfies:

i. < B >= {1,2, ... ,po - l}j

ii. Vi E B, < B \ {i} >f:. {l,2, ... ,po - I}.

The number of the O'-pair is 2[~] - 1 and the number of the ß-triple is [~] - 1. Therefore

~B = (po - 1) - (2[Po + 1] _ 1) _ ([Po + 1] _ 1) = Po + 1 _ 2[PO + 1] _ [po + 1]
4 3 4 3
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The important result in [Wa] is

Lemma: Tbere is a basis set B wjtb the property: j[ a E B then Po - a E B.

Example: Po = 13. In that case V2 = 2, Va = 2. The permutationen of {ao, al, ... , apo} indueed by the

operation of S and Q are:

i 0 1 2 3 4 5 6 7 8 9 10 11 12 13

S 13 12 6 4 3 5 2 11 8 10 9 7 1 0

Q 13 0 7 5 4 6 3 12 9 11 10 8 2 1

We ean take the basis set B = {5, 8,4, 9}.

4. The basis of Hl(r, Wn ,'1)±o

Let r 00 =< T > be the stabilizer of the eusp 00 in r. \Ve have an exact sequence:

where H;(-,.) is the eohomology with the eompact support, referring to [Ha] Chap.l for details aod

background. Let f = (-~ ~). We deline far q, E Z'(r, Wn •• ) a cacycle

'Ir Er

It induces an automorphism of the order 2 on the cohomologies. Hence we obtain two exact sequences:

and

o --j. HO(r00, Wn ,'1)- --j. H;(f, Wn ,'1)- --j. HI(r, Wn ,'1)- -+ HI(f00, Wn ,'1)- --j. •••

where HI(r, Wn ,'1)± := {4> E H 1(r, Wn ,'1) IL4> =±</I}. The operation of (on Wn ,'1 is elear:

{
aof =fao

Cl;f = (_p~ _~) apo-i, i =1,2." ,Po-l

Gpo( = (apo

we have for u E Wn ,'1

(-1 0)where E := Po 1 .

{ (eu)(ao) =Lu(ao)
(fu)(ad = E.u(apo_i)
(eu)(apo ) =Lu(apo )

In [Wal we have ahown that for n even the classes

{
4J(S) = 0
4>(Q) = (1 - Q)u
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where u E Wn ,'1 with

u(ao) = y"

u(aj) = 0, j > °

1
U(lli) E Wn ,'1 (resp. W",'1/W~~), ; E B, ; < Po/2, ;2 t. _1,;3 "t -1 (resp. ;2 == -1 or ;3 == -1)

(-1 0)2. U(apo-i) = Po 1 u(a;)

u( aj) = 0, j"# i, po - i

{
4>(S) = °
4>(Q) =(1 - Q)u

with

5. The Hecke operator 11 on H 1(f, Wn ,'1).

cm.
To get startet, we recall the definition of the Hecke operator T, auf H 1(f, Wn ,'1)' where I is a prime,

I i= Po. Let

(
1 i) . (I 0)bi = ° I ,I = 0,1, ... ) - 1 and bl = ° 1 '

they are a complete set of representatives of r (~ ~) r with respect to r:

(
I 0) I

r ° 1 r = ~ rbi

For each r E r there is Si Ersuch that bir =Sibj for same j. We define for a cocycle f E Zl(r, Wn ,'1)

,
(Tzf)(r) := E b~f(s;)

i=O

where bi := det(bi)bi 1
•

Let ifJ E H 1(r I Wn ,'1) be a dass with </1(S) =0, 4>(Q) =(l-Q)u for some u E Wn ,'1' A simple calculation

shows

{
boS = Sb,

b,S = s,b; 0 < i < I, i . j '= -1 mod I, or i . j = -1 + Im, Si = (; --1)
biS = Sbo
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with Sj =si 1 and

{
boQ =STlb,
blQ =RiTbo
b,Q =Sb1
biQ = Sibj+1 1 < i< I, i· i == -1 mod 1

We consider the Hecke operator 11. Ir i f:. i, then

bi4J(s~) + bj4J(sj) = bicP(Si) + bj4J(si 1
) = bi~(Si) - bjsil~(Si)

= bi~(Si) - Sb~~(Si) = (1 - S)b~4J(sd.

If i = i, i.e., biS = sibi, or sr = 1. We obtain

2bi~(Si) =b~</I(sd + b~</I(Bi) =bicP(Si) + bi~(Bi1)

= b~</I(Si) - b~Bil4J(Si) = b~4J(Si) - Sb~~(Si)

= (1 - S)b~</I(Si)'

T,cP(S) = E bi~(Si) = (1 - SHE bi</l(Bi) +E ~bicP(Si)) =: (1 - S)ms.
i i<j h=j

We study now (TltP)(Q). First we note that

b~4J(ST')+ b~~(S) + b~~(S1T) =(1 - Q)b~</I(ST').

For 1< i,i,k < 1, i ;:j;i,i·j· k == -1 mod I, it ia easy to see that

Ir j =i, Le. biQ = sibi, one has S~ = 1. It is obvious

Hence we obtain

114>(Q) = (1 - QH</I(ST) +

=: (1- Q)mQ.

Finally we know that the cohomology dass 114J is cohomolog to

{

(11</1)(S) = 0

114J -
(T:2cP)(Q) =(1- Q)(mQ - ms)

To determine the operation of the Hecke operator Tl we must calculate the linear coefficients of the

representations mQ - ms = L CiUi where {ud is the basis given in §4. With a modern computer we

can determine the coefficients Ci explicitly.
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Example: 1= 2,Po =5,n = 5. Let J] be a Dirichlet character mod po with 7](w) =z, znr =(_l)n,

i.e. z2 + 1 =0.

For I =2 we have

A simple calculation shows that

t
boS =Sb2

bIS =SQ-ISQSbI

b2S =Sbo t
boT =bl

bIT = Tbo

b2T =T 2b2 t
boQ = QSQb2

bIQ =SQ-ISQ-Ibo

b2Q = Sb l

By the above remark we get for a dass cP E HI(f, Wn ,'1)

For Po = 5 we choose a basis set B ={2, 3}. The basis of H I (f, Wn ,'1)- is then (yn, 0, 0,0,0,0) and

(0,0,W2,Ew2,0,0), W2 E Mn,'1/M!;:q. For n = 5 the numerical calculation shows that Mn,'1/M!,'J'1 has a

basis

VI = x 5
- 10x4 y +40z3 I? - 80x2y3 + 80xy4 - 32y5

V2 = x 4 y - 8x3 y 2 + 24x2y3 - 32zy4 + 16y 5

V3 = x 3y2 - 6X2y3 + 12xy4 - 8y5.

64z+1

*
*
*

°z+64

°°
°10(24 - 17z)

39z+ 7
7 -15z

°40(10+9z)
2(33z + 23)
2(1 + 17z)

)
The characteristic polynomial of T2 on BI (r, Wn ,'1)- is

(x - 1 - 64z)(x - z - 64)(x2 + (5z +5)z - 88z)

The factors (x - 1 - 64z)(x - z - 64) corne from the operation of T2 on the boundary cohomology.

Therefor the characteristic polynornial of T2 on S7(rO(Po), 7]) is

X2(X) = x2 + (5z + 5)z - 88z

Tbe numerical computations of T2 , T3 , Tlj ,T7 and TI1 for small Po an d n are giyen by the table 1.

Acknowledgements: The author ia grateful for the support received from the DFG during the prepa

ration of this paper.
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PO = 5 PRIMITIVE ROOT= 2
===================================m===am==~.DD=••==••• m••=••••=••

N • 2

THE VALUE ETA(ROOT).Z SATISFIES: Z - 1 a 0

T(2)= X + 4

1(3)= X • 2

1(7)= X - 6

1(11)= X - 32

THE VALUE ETA(ROOT)=Z SATISFIES: Z + 1 = 0

T(3)= 1

1(11)= 1

N =3

2
THE VALUE ETA(ROOT)=Z SATISFIES: Z + 1 = 0

H2)= X + Z +

1(3)= X - 6*Z + 6

T(7)= X + 26*2 + 26

1(1.1')= X + 8

N = 4

THE VALUE ETA(ROOT)=Z SATISFJES: Z - 1 = 0

H2)= X - 2

H3)= X + 4

H7)= X - 192

H 11 )= X + 148

THE VALUE ETA(ROOT)=Z SATISFIES: Z + 1 • 0

2
H2)= X + 44

2
H3)= X + 396

2
H7)= X + 3564

2
T(11)= X . 504*X + 63504

t2



~ = S

2
THE VAlUE ETA(ROOT)8Z SATISFIES: Z + 1 c 0

2
T(2)= X + S*X*Z + S*X • 88*Z

2
T(3)8 X + 1S*X·Z • 1S*X • 12*Z

2
T(7)= x • 275*X*Z • 275*X + 2S6S2*Z

2

T(11)= x + S26*X - 10614S6

~ =6

THE VAlUE ETA(ROOT)=Z SATISFIES: Z - 1 = 0

2
T(2)= (X + 14) * (X • 20*X + 24)

2
T(3)· (X + 48) * (X - 20*X - 4764)

2
T(7)= (X + 1644) * (X + 100*X • 23S836)

2
T(11). (X - 172) * (X - 4S44*X - 6998016)

THE VALUE ETA(ROOT)=Z SATISFIES: Z + 1 =0

2
T(2)= X + 116

2
T(3)= X + 1044

2
T(7). X + 176436

2
T(11)= (X + 6828)

~ = 7

2
THE VALUE ETA(ROOT)=Z SATISFIES: Z + 1 = 0

322
T(2)· X + X *Z + X - 392*X*Z - 1S92*Z + 1S92

3
T(3)= X

2 2
• 36*X *Z + 36*X + 13062*X*Z + 278S32*Z + 278S32

322
T(7)8 X + 1176*x *Z + 1176*X - S242902*X*Z + 1794S1974S*Z - 1794519748

3 2
T(11)= X - 11596*X • 14997842S*X - 135134348768

13



==================================================================D
PO a 7 PRIMITIVE ROOTD 3

N =

THE VALUE ETACROOT)a2 SATISFIES: 2 + 1 • 0

H2)= X + 3

H3)= X

H5)= X

H11)DX+6

2

THE VALUE ETACROOT)DZ SATISFIES: Z • Z + 1 D 0

H2)= X - ---'*2 +
2

H3)= X + 2 +

5 7
H5)= X + ---'*2 -

2 2

TC11 ).D X + 35'*2 - 22

W=2

THE VALUE ETACROOT)=2 SATISFIES: Z • 1 • 0

T(2)= X +

T(3)· X + 2

T(5)= X - 16

T(11)· X + 8

2
THE VALUE ETACROOT)=Z SATISFIES: Z + 2 + 1 • 0

2 5
T(2). X - ---'*X'*Z - Z - 1

2

2
T(3)1I X + 4'*X'*Z + 4'*X - 21'*Z

2 29 7 105
H5)D X - ----'*X'*2 - ---'*X - 28'*2 •

2 2 2

2
T(11)1I X - 172'*X'*Z - 137*X + 660'*Z - 175

THE VALUE ETACROOT)D2 SATISFIES: Z + 1 • 0

14-



T(2)= X - 1

T(3)= X

T(5)= X

T(11)= X + 206

2
THE VAlUE ETA(ROOT)*Z SATISFIES: Z - Z + 1 • 0

332 2
T(2)- X + ---*X *Z + 5*X - 8*X*Z + 28*X - 9O*Z + 45

2

3 2 2
T(3)- x + x *Z + x - 81*X*Z - 378*Z + 189

3 95 2 121 2 30429
T(5)= x + ----*X *Z - -----*X + 1569*X*Z - 1224*X - -------*Z + 4341
222

322
T(11)= x + 1394*X *Z - 6200*X + 368481*X*Z + 69252*X + 6581298*Z • 41112684

N =4

THE VAlUE ETA(ROOT)-Z SATISFIES: Z - 1 - 0

3 2
T(2)= x + x - 84*X + 60

3 2

T(3)= x + 20*X - 420*X - 7056

3 2
T(5)- x + 74*X - 336*X - 15264

3 2
T(11)- x - 628*X - 88032*X + 41131728

2
THE VALUE ETA(ROOT)=Z SATISFIES: Z + Z + 1 = 0

2
T(2)- X - 2*X*Z + 36*Z + 36

2
T(3)= X - 8*X*Z - 8*X - 21*Z

2
T(5)= X + 38*X*Z + 3339*Z + 3339

2
T(11)= X + 424*X*Z + 424*X + 25371*Z

N • 5

THE VAlUE ETA(ROOT)=Z SATISFIES: Z + 1 =0

3 2
T(2)= X + 7*X - 8O*x - 576

2

15



T(3)= X*(X + 2040)

2
T(5)= X*(X + 2040)

3 2
T(11)= X - 3710*X + 4193452*X - 1498724712

2
THE VALUE ETA(ROOT)=l SATISFIES: l . l + 1 = 0

3 2
T(2)a X - 4*X *l - 98*X*l + 98*X - 24

3 2 2
T(3)= X + X *l + X • 1113*X*l • 13818*l + 6909

322
T(5)a X + 55*X *l - 110*X + 28875*X*l - 28875*X • 2756250*2 + 1378125

322
T(11)a X + 403*X *l • 403*X + 2487695*X*l • 437463057

N = 6

THE VALUE ETA(ROOT)=l SATISFIES: l . 1 a 0

2
T(2)a (X + 6) * (X + 3*X - 214)

2
T(3)= (X + 42) * (X • 94*X + 1344)

2

T(5)= (X + 84) * (X • 330*X + 5600)

2
T(1M- (X + 5568) * (X - 2844*X - 88m6)

2
THE VALUE ETA(ROOT)cl SATISFIES: l + l + 1 = 0

4 3 2 2
T(2)a X + 6*X *l + 412*X *2 + 412*X • 1704*X + 9312*2

433 2
T(3)= X + 28*X *l + 28*X • 4986*X *l + 43092*X • 5359473*2 • 5359473

4 3 2 2

T(5)= X • 252*X *2 + 90490*X *2 + 90490*X + 19632900*X + 11594625*Z

433 2
T(11)= X - 3972*X *Z - 3972*X - 17626474*X *2 • 19048929420*X • 7298108160225*2 - 7298108160225

N =7

THE VALUE ETA(ROOT)=Z SATISFIES: l + 1 =0

2 2
T(2)= (X • 16*X • 120) *(X + 31)

4 2
T(3)= X*(X + 17184*X + 40430880)

f6



4 2
T(S)a x*(X + 1809120*X + 736852788000)

2 2

T(11)a (X + 11084*X + 29862948) * (X - 13154)

2
THE VALUE ETA(RooT)-Z SATISFIES: Z • Z + 1 - 0

5 1- 4 4 3 3 2 2
T(2)a X + ····X ·Z + 7*X • S72*X ·Z + 6OO·X - 4102*X ·Z + 2643·X - 16136*X*Z + 4144·X • 49224*Z - 49224

2

544 3 2 2
T(3)= X • S·X *Z • S·X • 14916*X ·Z + 1080048·X *Z - S40024*X - 10664325*X*Z + 10664325*X - 103078899*Z + 206157798

5 315 4 1005 4 3 3 2 2
T(5)= X + ---·-·X ·Z • --···-*X + B04774*X ·Z . 857274*X • 141737655·X ·Z + 106941390·X - 197426947725*X·Z + .

2 2

24435061678125
25039192500*X • 17453615484375*Z •••••••••••••••••

2

5 908n83 4 4 3 3 2 2

T(11)a X - -----··--·X ·Z + 5735310*X + 1075538004S·X *Z - 2125936604*X + 620149473541312*X *Z + 2365321548729164*X
2

149184487658786642447451
+ 6883324433743125l9*X·Z - S52381297869410651*X + 359112214949165348276562*Z - -------- ••• --------------

2

PO = 11 PRIMITIVE RooT- 2

N =

5
THEVALUE ETA(ROOT)=Z SATISFIES: Z + 1 a 0

4 2
T(2)= X + Z Z + Z +

432
T(3)- X - Z - Z + l*Z - l*Z + 1

432
T(5)= X + Z • Z - 3·Z • Z +

432
T(7)a X + 4·Z + 4*Z + 2*Z - 2

N = 2

5
THE VALUE ETA(ROOT)=Z SATISFIES: Z - 1 - 0

2
H2)= X

4

• X·Z
3

• 2·X·Z
2 2

• X·Z + X·Z + X + 2*Z - 6*Z + 2

243 2 432
T(3)= X • 2*X*Z + X·Z + X·Z + X·Z + X - 8*Z - 15*Z • 8*Z - 8*2 • 8

243 2
T(5)u X + X·Z - 4·X·Z + 4*X*Z

432
- 4*X*Z + X - 111*Z - 13*Z - 27*Z - 27*Z - 13

i7



2 4

T(7)a X - 6*X*2

N .. 3

3 2 4 3 2

- 6*X*Z + 3*X*2 - 14*X*2 + 3*X - 28*2 + 110*2 • 112*2 + 110*2 • 28

5
THE VALUE ETA(ROOT)=2 SATISFIES: 2 + 1 = 0

3 2 4 2 2 2 2 2 3 2'
T(2)1II X • 3*X *2 + 3*X *2 + X *2 + X + 4*X*2 • 22*X*2 + 4*X • 38*2 • 18*2 . 18*2 - 38

3 2 4 2 3 2 2 2 2 4 3 2 4 3 2
T(3)- X + 5*X *2 - X *2 - 4*X *2 + 4*X *2 + X + 51*X*2 + 123*X*2 + 51*X*Z + 6*X*2 - 6*X + 315*2 + 252*2 • 189*2

+ 252*Z + 315

+ 9*X *2 + 3*X *2 + 9*X *2 + X
3

T(5)= X
2 4

+ X *2
2 3 2 2 2 2 43243

• 715*X*2 + 300*X*2 • 381*X*2 + 381*X*2 - 300*X + 8309*2 - 8309*2 +

2
10689*2 - 9093*2 + 10689

3 2 4

T(7)= X • 40*X *2
2 3 222 4 3 2

• 40*X *2 • 16*X *2 + 16*X - 715*x*2 - 1738*X*2 + 954*X*2
4

- 1738*X*2 - 715*X + 30254*2 - 30254*

2
2 + 14378*2 + 14378

lrlI = 4

5
THE VALUE ETA(ROOT)1II2 SATISFIES: 2 - 1 = 0

4

T(2)= X
3 4 3 3

- X *2 + 4*X *2
3 2 3 3

• X *2 + X *2 + X
2 4

• 2*X *2
2 3

• 2*X *2
2 2

• 4*X *2
2 2

• 78*X *2 - 4*X
4 3

- 196*X*2 + 48*X*2 - 36*X*

2 432
Z • 36*X*Z + 48*X - 184*2 + 344*2 + 432*2 + 344*2 - 184

43433
T(3)= X + X *2 + X *2

3 2
• 11*X *2

3 3 2 4 2 3 222 2 4
• 11*X *2 + X + 34*X *2 - 429*X *2 + 34*X *2 + 34*X *2 + 34*X + 2367*X*2 + 771*X*

3 2 4 3 2

2 - 1809*X*2 + 771*X*2 + 2367*X • 20457*2 • 20457*2 + 13131*2 + 32832*2 + 13131

43433
T(5)- X + X *2 + 11*X *2

3 2 3 3 2 4

- 29*X *2 + 11*X *2 + X - 4881*X *2
2 3 222 2

- 1594*X *2 + 1621*X *2 + 1621*X *2 - 1594*X - 73311*

43243 2
X*2 - 73311 *X*2 + 16329*X*2 + 69869*X*2 + 16329*X + 1566134*2 + 4787070*2 + 1566134*2 - 3589606*2 - 3589606

434
T(7)1II X - 38*X *2

3 3 323 3 2 4 2 3 222 2
• 38*X *2 - 58*X *2 + 98*X *2 - 58*X - 6245*X *2 - 3176*X *2 • 26266*X *2 - 3176*X *2 - 6245*X

4 3 2 4 3 2

+ 2837816*X*2 • 1563704*X*2 + 2837816*X*2 + 864000*X*2 + 864000*X - 65806216*2 + 79260992*2 - 73260124*2

• 73260124*Z + 79260992

lrlI = 5

5
THE VALUE ETA(ROOT)=2 SATISFIES: 2 + 1 = 0

18



- 5*X *Z + x *2 + X + 40*X *2
544

T(2)a X + 5*X *2
4 2 4 4 3 4 3 3

- 40'*X *2
3 2

- 4'*X *2
3 3 2 3

- 198*X *2 - 4*X + 586*X *2
2 2

- 34*X *2
2

- 34*X *2

2 4 3 2 4 3 2

+ 586*X + 4176*X*Z • 1000*X*Z + 6328'*X'*Z • 1000*X'*Z + 4176*X • 4224*2 + 1408*Z + 1408*2 - 4224*Z

5
1(3)= X

4 4
• 16*X *2

4 3
• X *2

4 2 4 4 3 4 3 3 323 3 2 4
• 10*X *2 + 10*X *2 + X • 321*X *2 + 1878*X *Z - 321*X *2 + 57*X *Z • 57*X + 17850*X '*z -

2 3 222 2 4 3 2
6333'*X *2 + 1659O*X *2 - 6333*X *Z + 17850*X + 347670'*X*2 - 347670*X'*Z + 282726*X*2 - 654129*X*2 + 282726*X -

432
4457691*2 + 4938930*2 • 4938930*2 + 4457691*2 • 3977568

544
1(5)'" X + X *2

4 3 4 2
- 56*X *Z + 72*X *Z

4 4 3 4 3 3 323 3
- 56*X *2 + X - 37560*X * 2 • 12705*X *2 + 9130*X *2 - 9130*X '*z + 12705*X +

2 4 2 3 222 2 4 3
2018725*X *2 • 2018725*X *2 - 1603025*X *2 + 1608800*X *2 - 1603025*X - 237823875*X*2 - 253047125*X*2 -

2 4 3 2

237823875*X*2 - 79581125*X*2 + 79581125*X + 15203688750*2 + 6943711250*2 - 6943711250*Z - 15203688750*2

- 17840901250

54443
T(7)= X + 204*X *2 + 204*X *2

42434
- 73*X *2 + 73*X + 6931*X *2

3 3 323 3
- 88422*X *2 + 202294*X *2 - 8842Z'*X *2 + 6931*X -

2 4 222 2 432
20670259*X *2 + 20670259*X *2 - 19226843*X *2 - 19226843*X + 11220928720*X*2 • 8368901800*X*2 + 5289369840*X·Z -

432
528936984O*X*2 + 836890180O*X - 107155727360*2 + 2935502900*2 + 2935502900*Z - 107155727360*2

N = 6

5

THE VAlUE ETA(ROOT)=2 SATISFIES: Z - 1 =0

654
T(2)= X + 7*X *2

5 3 525 5
• 8*X *2 + 7*X *Z + X *2 + X

4 4 4 3

- 22*X *2 • 22*X *Z
4 2

• 48*X *2
4 4 3 4

- 462'*X *Z - 48*X + Z644*X *2 - 2912*

3 3 323 324 2 3 222 2 4
X *Z - 572*X *Z • 572*X *2 • 2912*X + 5288*X *2 + 9152*X *Z + 48536*X *2 + 9152*X *2 + 5288*X + 265648*X*2 +

3 2 432
15328*X*2 + 15328*X*Z + 265648*X*2 • 154160*X - 690624*2 • 209792*2 • 690624*2 - 342848*2 - 342848

65453525544
T(3)- X + 13*X *Z + X *Z + 13*X *2 + 13*X *2 + X + 949*X *2

4 3 4 2

- 8304*X *2 + 949*X *2
4 4 3 4

• 104*X *2 - 104*X - 51714*X *Z

3 3 323 324 2 3 222
+ 20442*X *2 - 126594*X *Z + 20442*X *2 • 51714*X + 2~X *2 + 279099*X *2 • 2638440'*X *2 + 15929379*X *2

2 4 3 2 4 3

- 2638440*X + 9693081*X*2 + 4978989*X*2 + 4978989*X*Z + 9693081*X*2 + 165287709*X - 5744321226*2 + 2548480644*2

2
• 1476668313*2 - 1476668313*Z + 2548480644

T(5)= X + X *2 + X *2 - 71*X *Z + X *2 + X
6 5 4 5 3 525 5 4 4 4 3 424 4

- 265476*X *2 + 18522*X *2 - 8032*X *2 - 8032*X *2 + 1852Z*X - 2282090*

19



3 4 3 3 323 3 2 4 2 3
X '*z • 2282090'*X '*2 - 4747850'*)( *2 + 2935330*)( *2 - 4747850*X - 2879059975'*X '*2 + 14329103075*X *2 -

222 2 432
2879059975*X *Z • 269759050*)( '*2 • 269759050*X + 213305166625*X*2 - 66112449875*X*2 - 66112449875*X*2 +

4 3 2

213305166625'*X'*2 + 672520376125*X - 22224093428750*2 + 73178894471250*2 • 72126624106250*2 + 73178894471250*2

- 22224093428750

6545352
T(7)- X + 674*X *2 + 674*X *2 + 198*X *2

5 5 4 4
- 686*X *2 + 198*X + 343502*X *2

4 3 424
- 500880'*)( '*2 • 1623044*X *2 - 500880*X *2

434333233
+ 343502*X + 155679548*X *2 + 1630785968*X *Z +155679548*X''*Z • 1611342156*X *Z - 1611342156*X +

2 4 2 3 222 2
482oo1856094*X *Z + 288953809449*X *2 + 31075147408*X *Z + 31075147408*X *2 + 288953809449*X - 157624211135368*X*

432
2 + 495394762240520*X'*Z + 495394762240520*X*Z • 157624211135368*X*2 - 589310709588832*X +

432
102641162227378192*Z + 102641162227378192*2 • 39450869536151348*2 - 128696324560430264*2 • 39450869536151348

~ - 7

5
THE VALUE ETA(ROOT)=Z SATISFIES: 2 + 1 =0

+ X *2 + X + 48*X *2
76462

T(2)= X • 3*X *2 + 3*X *2
6 6 5 4 5 3 5 2

• 48*X *Z + 4*X *2
5 5 4 3

- 1270*X *2 + 4*X • 2966*X *Z
4 2

- 450'*X *2 • 450*

4 434 3 3 323 324 2 3
X *Z - 2966*X + 22496*X *Z + 15824*X *2 + 423216*X *Z + 15824*X *Z + 22496'*X + 853216*X *2 - 156256*X *Z -

222 432 4
156256*X *2 + 853216*X *Z + 433536'*X*2 - 33380096*X*2 + 433536*X*Z - 3036416*X*Z + 3036416'*X + 52801408*Z +

3 2
52801408*Z • 18406784*Z + 18406784

764
T(3)= X + 35*X *Z

6 3 6 2
- X '*Z + 56'*X '*z

6 6 5 4 5 3 525 5
• 56*X *2 + X + 3087*X * 2 + 22704*X *2 + 3087*X *2 - 4176*X '*2 + 4176*X -

4 4 4 3 424 4 3 4 333
918597*X *2 - 150537*X '*z • 476238*X *Z - 150537*X *2 - 918597*X • 36227493*X *2 + 36227493*X *Z - 54071550*X *

2 3 3 2 4 2 3 222
Z - 141830631*X *Z - 54071550*X • 2026167336*X *Z - 4416728706*X *2 + 4416728706*X *2 + 2026167336*X *Z +

2 4 3 2
1392692985'*X • 145595816010*X*Z - 244411605630*X'*Z - 8525300625*X*Z + 8525300625*X*Z + 244411605630*X +

432
5261707743255*2 + 4252898483550*2 + 5261707743255*Z + 849193780230*2 • 849193780230

764636266545352 5
T(5)= X + X '*Z + 279*X '*Z - 147*X *2 + 279*X *2 + X - 1311130*X *Z • 5756O*X *2 - 160206*X *Z + 160206*x *2 +

5444342 4 4 3 4
57560*X + 6664174'*X *Z • 6664174*)( *Z + 446321414*X *2 - 74483598*X *2 + 446321414*X - 10541917075*X '*z -

20



33 32 3 3 24 2
363348448055·X·Z • 10541917075·)(·Z • n756546810·X ·Z + n756546810*)( • 144912642015175·X·Z + 30795252790475·X

3222243
·Z • 30795252790475*X *Z + 144912642015175*X *Z - 16515791466375*X + 12738304565676000*X*Z • 5361974464430000*X*Z

2
+ 3517194529318000*X*2 •

4 3
5361974464430000*X*Z + 12738304565676000*X - 1018534932916807500*Z - 203413537834152500·2 •

2

283029056684047500*Z + 283029056684047500*Z + 203413537834152500

7646362 6 5 4 5 3 525
T(7)= X - 8O*X *Z • 8O*X *Z + 1094*X *Z • 1094*X + 2235954*X *Z. + 217287O*X *Z + 22201536*X *2 + 2172870*X *Z +

544424434
2235954*X + 23118712736*X *Z - 23118712736*X *Z + 6710658780*X *Z + 6710658780*X + 121188412500526*X *Z +

3 3 323 3
51745515606505*X *2 + 42520604145~X *Z • 42520604145362*X ·Z • 51745515606505*X • 73533730812752868

2 4 2 3 222 4
*X *2 + 52335160723169226*)( *Z + 52335160723169226*X *Z • 73533730812752868*X *Z + 176260331390591844508*X·Z -

3 2
176260331390591844508*X*Z - 202579045540153555532*X*Z • 187181476541811422048*X*2 - 202579045540153555532*X +

4 3
154441792548428150685920*z + 13468303029707024225188O*Z - 134683030297070242251880*z - 154441792548428150685920

=======~.~==================================================z======

PO =13 PRIMITIVE ROOT~ 2
========================================--===================-======
N = 1

2
THE VAlUE ETA(ROOT)aZ SATISFIES: Z + 1 =0

2
T(2)= X + 2*X*Z + 2*X • 3*Z

2
T(3)= X + 2*X • 9

2
T(5)= X - 4*X*2 • 4*X + 3*Z

2
T(7)= X - 6*X*2 + 6*X - 13*2

2
T(11)= X • 2*)(*Z + 2*)( + 78*2

4 2

THE VAlUE ETA(ROOT)=Z SATISFIES: Z - Z + 1 =0

3 2
T(2)= X*(X + 2 - 2 + 1)

2 2 3 2
T(3)= X + X*Z + 2*2 • 3*2 - Z + 3

21



232
T(5)= x • 2*X*Z • X*Z

3 2
e 2*X*Z • 3*X • 19*Z - Z - 8*Z • 17

2 13 3 2
T(7)= X • eeee*X*Z e 3*X*Z

2

11 3 2
e ----*X*Z • 21*Z - 29*Z - Z • 19

2

2 3 2 23 3 2
T(11)a X .9*X*Z e 10*X*Z • --e-*X*Z • 4*X e 169*2 .92*Z • 212*2 • 131

2

N =2

THE VALUE ETA(ROOT)-Z SATISFIES: Z - 1 - 0

3 2

T(2)= X • 4*X e 9*X e 20

3 2
T(3)= X + 2*X - 67*X - 224

3 2
T(5)= X + 10*X • 19*X e 14

3 2
T(7)- X • 22*X - 377*X - 6422

3 2
T(11)- x - 54*X - 1092*X • 25688

THE VALUE ETA(ROOT)=Z SATISFIES: Z + 1 a 0

2
T(2)= X • 9

2
T(3)= (X • 1)

2
T(5)= X + 81

2
T(7)= X • 225

2
T( 11 ). X + 2304

2
THE VALUE ETA(ROOT)aZ SATISFIES: Z + Z + 1 = 0

322
T(2)= x*(X e X *Z e X e 18*X*Z e 8)

4 3 3 2
1(3)= X + 4*X *Z + 4*X e 43*X *Z - 2*X - 192*2 - 192

4 3 322
T(5). X + 6*X *Z e 12*X e 12*X *Z - 285*X - 1830*X*Z + 3900*X + 5100*Z • 8500

55 3 35
• ee_-*X *Z - ----*X

4
T(7)= X

2 2

3 2 179 2

+ 523*X *Z - -----*X + 6160*X*Z + 7760*X • 7800*Z + 18200
2

22



4 45 3 3 2 4575 2
T(ll)= X + ----*X *Z + 175*X - 4278·X ·Z - ------·X - 217770·X·Z + 25262*X - 1060800*Z - 5374720

2 2

2
THE VALUE ETA(ROOT)-Z SATISFIES: Z • Z + 1 a 0

2
T(2)- X*(X + X*Z + x - 6*Z)

322
T(3)= X + 2*X ·Z • 2*X + 29*X·Z + 42

322
T(5)= X - 8·X ·Z + 17*X • 182*X·Z + 178·X +·l44·Z + 240

35232 829

T(7)- X + ---*X *Z + ---*X + 382·X*Z • ····_*X + 3588·2 • 2808
222

3 85 2 2 2275
T(ll)a X + ·····X ·Z • 185·X • 887*X*Z - ------*X + 47580*Z + 11700

2 2

2
THE VALUE ETA(ROOT)-Z SATISFIES: Z + 1 - 0

322
T(2)= X + X ·Z + X • 2J·X·Z • 29*Z + 29

3 2
T(3)= X + 2·X • 105·X - 144

322
T(5)~ X + 7*X ·Z + 7*X • 173·X·Z • 1199*Z + 1199

322
T(7)a X + 24·X *Z - 24·X + 4803*X*Z - 77506*Z - 77506

322
T(11)= X - 16*X *Z + 16*X + 169ß2WX*Z + 209924·Z + 209924

4 2
THE VALUE ETA(ROOT)aZ SATISFIES: Z - Z + 1 = 0

4 3 322
T(2)a X*(X + X *Z + X + X *Z

223 2 3 2
- 47*X ·Z + X - 20·X·Z • 10·X·Z • 10*X·Z • 2D-X + 54*Z + 234·Z + 54·Z)

5423332 3 323 2 2 3 2
T(3)a X + X·Z - 34*X *Z - 216*X *Z + 17*X ·Z + 216*X - 564·X·Z + 1128·X ·Z - 117*X • 373S·X*Z - 6075·X·Z - 3735*X

3 2
*Z • 36288*Z - 25596*Z + 18144*Z + 25596

S 4 3
T(5)= X + 77*X *Z

424 433 323 323 2 2
• 30*X *Z + lZ*X *Z + 13*X - 277*X *Z + 2794*X·Z + 2466*X *Z • 1964*X + 6528*X *Z + 1942*X *2

223 2 3 2
• 17624*X *Z • 55608*X + 750096·X*Z + 1140768*X*Z • 1394352*X·Z - 1249254*X - 20429820*2 • 11454048*Z +

4085964*Z + 7636032

23



5 329 4 3

T(7)= X + ~~~~~*X *Z

2

4 2 467 4 4 3 3 3 2 3 3 2 3
• 21*X *Z • ~~~··*X *Z + 14*X + 6952*X *Z ~ 7719*X *Z • 22*X *Z + 4098*X + 260426*X *Z • 564745

2

2 2 419905 2 2 3 2 3
*X *Z • ········*X *Z + 882619*X + 8577708*X*Z • 5920312*X*Z + 6699201*X*Z • 7999763*X + 236905864·Z ~ 180030656·

2

2
Z . 104481936·Z + 168855752

54342
T(11)= X + 6116·X·Z + 150·X ·Z

719 4 4 3 3 3 2 3 3
+ ······X ·Z • 50·X + 665525·X·Z • 5761SO·X·Z • 912263*X *Z ~ 3697SO·X •

2

60886241 2 3 2 2 27561599 2 2 3 2
·~~········X·Z + 36348214·X·Z + ···········X ·Z • 34698354·X • 5420592278*X*Z ~ 1336947379*X·Z •

2 2

3 2
2290858307*X·Z ~ 6100828903·X ~ 280860301332·Z ~ 79362Z93400*Z + 260775435024·Z + 142834837860

N :I:l 4

THE VAlUE ETA(ROOT)-Z SATISFIES: Z ~ 1 =0

5 4 3 2
T(2)= X ~ 2*X • 117*X + 10·X + 2052·X + 888

543 2
T(3)= X + 20*X ~ 418*X ~ 4784·X + 51297*X + 94428

543 2
T(5)= X • 14·X ~ 12842*X + 255988*X + 29351241·X ~ 466661574

543 2
1(7)= X + 96*X ~ 19466*X ~ 1267856*X + 23160969*X • 55434704

543 2
T(11)= X • 1SO*X • 282120*X + 7234400*X + 14506526736*X + 212623859136

THE VAlUE ETA(ROOT)=Z SATISFIES: Z + 1 = 0

642
T(2)= X + 161·X + S8S6*X + 18864

322
T(3)- (X . 8*X ~ 549*X + 4068)

642
T(5):I:I X + S018*X + 13754433*X + 2485690416

642
1(7)- X + 82950*X + 1662348177*X + 423560602764

642
T(11)= X + 405548*X + 36683341824*X + 7521473396736

2
THE VAlUE ETA(ROOT)=Z SATISFIES: Z + Z + 1 = 0

1(2)= X + s·X ·Z + s·x
4 3 3 2

• 6O*X *Z + 232*X + 72*Z + 72

24



4
T(3)= X

332
• 8*X *2 e 8*X e 469*X *2 e 920*X • 7680*2 - 7680

432
T(5)= X + 10*X - 2807*X + 8740*X + 357156

4 3 2 2
T(7)a X + 68*X *2 + 8113*X *2 + 8113*X e 76456*X + 8507824*1

433 2
T(11)= X + 480*X *1 + 480*X e 258621*X *2 + 165775832*X + 20230428816*1 + 20230428816

2
THE VAlUE ETA(ROOT)=l SATISFIES: 2 e 2 + - 0

544 3 2 2
T(2)= X + X *1 + X • 110*X *1 - 16*X *2 + 8*X + 1752*X*1 - 1752*X + 1296*1 - 2592

5
T(3)= X

443 2
- 10*X *1 + 10*X + 665*X *2 + 3882*X + 44676*X*1 - 44676*X + 191592*2

5 4 4 3 2 2
T(5)- X - 98*X *1 + 49*X + 6407*X e 510766*X *2 + 255383*X + 13150056*X - 475145568*Z + 237572784

5 4 4 3 322
T(7)a X - 92*X *2 + 184*X + 21579*X *1 - 21579*X + 1733904*X *2 e 866952*X - 206167104*X*1 + 2967045120*1 + 2967045120

544 3 2 2
T(11)= X + ao-X *2 + 8O*X e 247535*X *2 + 7647760*X *1 - 3823880*X + 916641772S*X*1 - 916641772S*X e 302334888960*1

+ 604669777920

N = 5

2

THE VAlUE ETA(ROOT)=l SATISFIES: Z + 1 = 0

6 5 5 4 332
T(2)= X - 3*X *1 e 3*X e 263*X *2 + 527*X *1 - 527*X - 16536*X + 17920*X*1 + 17920*X - 9216*Z

6 5 432
T(3)= X + 2*X - 2670*X - 960*X + 1950561*X e 784602*X • 382594752

655 4 332
T(5)- X - 54*X *1 - 54*X - 58832*X *1 + 2317580*X *1 • 2317580*X - 1009817925*X + 19420909750*X*1 + 19420909750*X

+ 5214355683750*2

655 4 332
T(7)a X + 1~X *1 - 1~X + 243962*X *2 • 39230622*X *1 - 39230622*X - 19239992257*X e 1925608673651*X*Z +

1925608673651*X - 484478063529356*Z

655 4 332
T(11)= X + 843*X *2 e 843*X + 4339472*X *1 - 6889604900*X *1 - 6889604900*X + 7436774127708*X + 1743719941228772*X*2 -

174371994122S772*X e 299087179543071504*Z

4 2
THE VAlUE ETA(ROOT)aZ SATISFIES: 1 - 1 + 1 =0

65352 5 542 4 4 3 3
1(2)8 X e 4*X *Z + 4*X *1 + 5*X *Z + X + 5*X *Z e 251*X *Z + 5*X • S12*X *2

25

3 2
- 138*X *2

332
- 138*X *1 - S12*X - 1274*X



322 2 3 2 3 2
*Z + 14610*X *Z - 1274*X *Z - 12176*X·Z + 30120·X·Z + 42296·X·Z • 42296*X • 139008*Z - 3456·Z + 1728

6524342 4 433 3 323
T(3)= X + X·Z + 416*X *Z • 2673*X·Z • 208·X *Z + 2673*X + 5928*X *Z - 11856*X *Z + 11109*X + 129090*X *Z - 1405980

22232
*X *Z + 12909O*X *Z + 15188004*X*Z - 6852204*X*Z

3
7594002*X*Z + 6852204*X + 12430548*Z 24861096*Z - 3055428

65352
T(5)= X • 23*X *Z + 11*X *z

5 5 4 3 4 2
• 11*X *Z + 23*X + 47975*X *Z + 900*X *Z

43332
- 450*X + 1673125*x *Z + 444525*X *Z + 444525*

3 3 23 2 2 3 2
X *Z + 1673125*X - 29898625*X *Z + 59797250*X *Z • 3157571ZS*X + 8720112500*X*Z • 7951263750*X*Z +

3 2
7951263750*X*Z • 8720112500*X + 45531243750*Z - 519842212500*Z + 259921106250

65352554342 4 4 3
T(7). X - 121*X *Z + 400*X *Z • 279*X *Z • 279*X + 235244*X·Z + 112293*X *Z - 235244*X *Z • 224586*X - 86116958*X *

332332322 2
Z - 31324255*X *Z + 31324255*X *Z + 86116958*X - 18508754416*X *Z • 17986999024*X *Z + 9254377208*X *2 +

2 3 2 3

17986999024*X + 8689208086780*X*Z + 8689208086780*X*Z - 3275402043784*X*Z • 5413806042996*X - 568353880755232*2 -

2
82743387938848O*Z + 413716939694240

6535255424433 .
T(11)- X - 1100*X *Z • 1100*X *Z + 607*X *Z + 493*X - 1006789*X *Z + 4359800*X *Z - 1006789*X - 2809477303*X *Z -

323 3 2 3 2 2
1455227313*X *Z + 1455227313*X *Z + 2809477303*x - 2129962934896*X *Z + 4358608603764*X·Z - 2129962934896*

232
X *Z • 1790767233461128*X*Z + 485523630861984*X*Z + 1305243602599144*X*Z + 1305243602599144*X •

3 2
138641008301470272*Z - 789070162471800768*Z + 394535081235900384

N =6

THE VALUE ETA(ROOT)~Z SATISFIES: Z - 1 =0

76543 2
T(2)a X • 6*X - 589*X + 3534*X + 92836*X - 468456*X • 2S6S760*X • 772800

76543 2
T(3)D X - S2*X - 8698*X + 412216*X + 1986802S*X • 711862020*X - 10023042816*X - 30177681408

76543 2
T(5)= X + 390*X - 274766*X - 89721084*X + 18803876945*X + 4949782534350*X - 332386338998500*X • 43056397766235000

76543 2
T(7)= X - 1056*X • 2664238*X + 1960008208*X + 2198662428217*X • 682797580314112*X - 3574939581383S2204*X

• 2237347633058825456

7 6 5 4 3 2
T(11)= X + 7620*X • 57575652*X • 390877797312*x + 1147296819645936*X + 5064902947464268608*X -

26



7596720433860597787072*X - 4804139800332584086921728

THE VALUE ETA(ROOT)aZ SATISFIES: Z + 1 a 0

642
T(2)a X + 449*X + 37224*X + 205776

322
T(3)a (X +28*X - 2601*X - 71748)

642
T(5)= X + 243506*X + 1206410625*X + 93756690000

642
T(7)= X + 847206*X + 231424342425*X + 20471634652072500

642
T(11)= X + 76413428*X + 1813281980887296*X + 13610733591480665702400

2

THE VALUE ETA(ROOT)aZ SATISFIES: Z + Z + 1 a 0

8 7 7 6 5 4 432
T(2)- X + 9*X *Z + 9*X - 7~X *Z + 5328*X • 167776*X *Z • 167776*X - 661680*X *Z - 13537024*X - 21204096*X*Z

- 21204096*X + 329482752*Z

877 6 5 4 432
T(3)= X + 28*X ·Z + 28*X - 1135a*X *Z + 224524*X • 35893881*X ·Z - 35893881*X - 500392440*X *Z - 21077052876*X •

340328307888*X*Z - 340328307888*X • 1189005516288*Z

8 7 6 5 4 3 2

T(5)a X - 192*X - 308690*X + 6476148a*X + 22132512425*X - 5345908156200*X • 192752481265000*X + 100779892364460000*

X - 5307832734751350000

8 7 6 6 5 4 3
T(7)= X + 196*X *Z + 3829354*X *Z + 3829354*X - 151949196*X + 4118389056657*X *Z + 357519216541536*X *Z + 357519216541536

3 2
*X • 1371206296183633312*X + 26606061766316660992a*X*Z • 8966244354382355872000*Z - 8966244354382355872000

8 7 7 6 5 4 4

T(11)= X • 5052*X *Z • 5052*X - 6460857a*X *Z • 213696447588*X • 1154441639089281*X *Z • 1154441639089281*X +

3 2
826179486061178160*X *Z • 4455829409680165990096*X + 257175043836419528961024*X*Z

+ 257175043836419528961024*X+ 3247334958272486704198877184*Z

2
THE VALUE ETA(ROOT)aZ SATISFIES: Z - Z + 1 a 0

766 5 443 322

T(2)= X + X *Z + X • 638*X *Z • 1aaa-X *2 + 944*X + 108336*X *Z - 108336*X + 142416*X *Z - 284832*X + 3398688*X

-1247616*Z - 1247616

766 5 4 3 3 2
T(3)= X + 26*X *Z • 26*X + 9062*X ·Z - 131496*x + 24886233*X *Z • 24886233*X • 170028990*X *2 - 21435733404*X

• 24783330888*Z + 24783330888

:t7



7 6 6 5 4 4 3 2
T(S)a X + 446*X *Z - 223*X + 188~X + 95032930*X *Z - 4751646S*X + 19188S1600*X + 399083S680000·X ·Z •

2
199541784000n*X • 366159769200000·X • 11879271244800000·Z + 5939635622400000

7 6 6 5 5 4 4 3
T(7)- X - 924*X *Z + 1848*X + 2928726*X *Z - 2928726*X + 5733261912*X *Z - 2866630956·X - 1997882120097*X *Z -

2 2
2291877869815296*X *Z - 2291877869815296*X + 308321892235345248*X • 49934731823051677056O*Z + 998694636461033541120

7.6 6 5 4 4 3
T(11)~ X - 2172*X *Z - 2172*X • 54695366·X ·Z + 159513023256*X *Z • 79756511628*X + 587416572414417*X ·Z •

322
587416572414417*X • 727653230918975328*X *Z + 1455306461837950656*X - 389588053028986330272*X -

40062112421493368344320·Z • 40062112421493368344320

28


