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Next we study the dependance of af) and bl,} on &. We assume given 1o
ample Line bundles Ty and &, on G, such that the associated bundles T,
and L, descend to M, resp. M, on A, If & = Z,®XL,, then the associated T
=L ,®L, descends to T = M,®M,. Our construction gives quadratic
functions a, a; and a, on ¥, and bilinear b, by and b, on YxK. We assume
that by = b,. Later we shall see that this is always true, but for the
moment note that this holds at least for Z, = (-1]*(Z,).

6.1, Lemma Under these hypotheses we have a=aya;, b=by=bsy. In
invariant formulation =1 =1y, and the Y-action onT, = T(,@L,, is the
product of the actions only, and Ty,

We may assume that the various trivialisations s and t are compatible.
For the proof nate first that ¢ = ¢1+¢5, and that the isomarphisms Uy are
compatible with the identification M = M ,®M ;. Now choase non zero
sections 5,&l"(G,L,) and s;eM{G.Z,), and let s = $,®s,€7(6,X). Then o-"x[s]
=D e 0'L1“[S1]®0'L3B[82]. We look what happens to both sides if we
replace x by x+o[yl: In the sum we can change « to «+¢,(y) and g to
B+dalyl, which (up to a suitable U,) changes each summand by a factor
aqdy)raslylbyly, aclobaly,pl = a;(yl-asiy)-b,ly,x). Similarly on the left we
obtain a factor aly)-bly,x), and if o, (s) =0 It follows that these two.
factors must be equal. It first follows that bly, ) and by(y, } coincide on
the subgroup ¥ of X generated by the differences {xyx3}, for elements
xeX with o [51®s2] = 0 far some choice of s, and s,. This subgroup
contains ¢(Y), and we conclude that a = aa..

To go on we first remark that b does not depend on the choice of M,
(with m*(M)=T), as two such choices differ by a character of T, which
amounts to shifting the Labeling of the M, by this character. The same
holds if we replace & by a translate T *(T}, for an element geG(R), as T
and M, are replaced by their corresponding translates. Now consider
the set of pairs (g,h)eGIR)xG(R} such that A(g)+A,(h]) = 0 {in G'(R)). For any
such pair To*(5®Ty*(T2) = T:®T2 = T, and for a suitable choice of
(g,h] we have ¥=KX: This follows from the fact that the pairs (g,h] as
above are Zariski-dense in the connected component of the identity of
the kernel of Ay+Ag: 6,%6,, — Gy, and that [(G,,&,) is spanned by the
images of (G, Ty*(Z)1@ (G, Ty*(Z2)) for elements (g,h) in the
identity-companent of that kernel (chapter I, prop. 5.3).

ALl in all we now conclude that b=by, and the lemma has been shown.

For any n3! we derive a description of [(G,,5,®" in terms of
Fourier-expansions. We apply this as follows: Suppose that for twa pairs
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The Hecke algebra on the cusp forms of I'g(ps) with nebentypus

WANG Xiangdong
1. Introduction.

Let po be a prime, py > 3 and I'g(po), I'1(po), as usual, the congruence subgroups of I' = PSLy(Z).

To(po) = {(‘; ;’) er

T1(po) = { (2 3) € Lo(po)

cEOmodpo}

dEIIIflOdpo}

Denote

a,b,c,d € Z,gcd(a, b, c,d) = 1,det(r) # 0 mod po}
a b
b

A1={r=(z d)GAg

Let:n be a Dirichlet character mod py. We define a character 5 of Ay by

cEOmOdpo}

dElmOdpo}

n(ry=n(d)  forr= (‘; 3) € Ag

Let Si(To(po),n) be the cusp forms of T'o(po) with the nebentypus n and S¢(T'1(po)) the cusp forms
with respect to T'y(pp). It is well known that '

Si(T'1(po)) = €D S(To(po), n).

In [Wa] we have investigated the operation of the Hecke algebra on the cusp forms Sk(I‘o(pg),(P'—o)),
where (;;) is the Legendre-symbol. Applying the Eichler-Shimura isomorphism the study of the Hecke
algebra on the cusp forms is equivalent to that on the cohomology, see [Hi] or [Wa] for more details
and background. By using the Shapiro-Lemma to the cohomology groups we have got a basis of the
cohomology. The operation of the Hecke algebra on this basis can be determined explicitly. The char-
acteristic polynomials of T; on S¢(To(po), (55)) for small I, po, k are calculeted in [Wa] . In the present
paper we generalize the results in [Wa] and study the Hecke algebra on the cusp forms Si(To(po),n)
for any Dirichlet character 7 mod pg. With a little modification the basis obtained in [Wa] can also be
used to compute the operation of the Hecke algebra on Si(To(p0), 7).

The characteristic polynomials of T3, T3, Tk, T7 and T}; are computed for small pg, » and all Dirichlet

characters 7,



'

2. The dimension of the cusp forms S;(Tg(po), n)-

We recall first some results in [Wa] . Denote for n > 0

n
M, = {Zagz‘y"'i
i=0

aiEQ}

with a A-operation via _
(Z 3) 2'y" ' = (az + cy)i(bz + dy)"~*

Let n: To(po)/T1(po) = (Z /po)* — € " be a Dirichlet character mod pg. Since (Z/poZ)* is & cyclic
group, there is a primitive root w with (Z/peZ)* =< w >. In particular, it implies W = 1. We
assume throughout this paper n{—1) = (=1)*, otherwise the cups forms Si(Io(po),n) = {0}. Denote

z := n(w), one has then 2 = (=1)k. We extend i to Ag such that n acts trivial on Ay, i.e. nis a
character from Ag/A, to € ° . Denote by Q, the @ [n] -medule of rank 1 with a Ag-operation given by

80.1 = 1}(8{)) -1 VSU € AD;

where @ [n] is the ring generated by @ and the values of . M, , = M, ® @, is then a Ag-module.
We consider now the cohomology group H*(To(po), My ). The Eichler-Shimura isomorphisin says that
the following sequence

0 — Snt+2(To{pa), 1) ® Sn+2(To(po), n) = H' (To(po), Mnn ®C) —

- @ HI(FD(PO)J;Mn,n®d?)_*O

s B cuap

is exact, where s is a cusp with respect to T'o(pa) and To(pg), := {r€To(po)|rs=8} =< T, >
is a cyclic infinite group. It is well known that I's(po) has two cusps 0, co. The dimension of
HY(To(po)s, Mn g ® C) = M, 5 /(1 — T,)M, 4 is 1. In particular, we obtain

dim(H'(To(po), Mn n ® €)) = 2dim(Sp42(To(po)(po), 7)) + 2.
Denote by W, , the induced module of My , on I' = PSLy(Z).
Wan = Indfy(poyMng = {f : T —= Mpy | f(ror) = ro.f(r), 7o € To(po) } -
The operation of I' on W, ,, is defined by
(a.f)r):=f(ra), arel

We extend now this operation to an operation of A. For a € A, r € I, there exist a’ € Ag, r' €T, such
that ra = a’r’. We define then

(a.f)(r) = a'.f(r").
2



It is obvious that this definition coincides with the above definition. By the Shapiro-Lemma( cf. [Br] or

[AS] ) there is a canonical isomorphism between
HI(FO(PO)a My ) Hl(Fl Wan)
as modules under the Hecke algebra.

We consider first the structur of I-module W, ,,. Let

0 -1 , 10
al""(l :')1 t—(]sl-l"'spo—ll apo—(o 1)1

{a;} is then a set of representatives of I' with respect to I'g(py):

Po
I'= U Fg(po)a;
i=0

An element f € W, , is then determined by the values f(ag), f(e1),..., f(ap,) by using the condition
f(ror) = ro f(r). The dimension of W, , is

(pO -+ 1) ‘ dim(Mn,q) = (PO + 1)("’ + 1)

In other words, W, , is generated by the elements (wo,w;y, ..., wp,) with w; € M, ,. The structur of
cohomology H!(T', W, ,) is well known (cf. [Wa] ):

HY (D, Wa ) = Wo o /(W + WE,)

0 -1 0 -1 11
whereS:(l 0)'Q:(1 1),T=SQ=(O 1)BndW,‘i,,:={wGWn,qIS.w=w}.The

dimension of the cohomology is
dim(H' (T, Wy p)) = dim(W, ) - dim(W; ) — dim(W3 ).

Over @) we have always a decomposition W, , = W,fm @ W,,?',, @ V for some V. Since the group T is
generated by S, Q with the relations $% = 1, Q% = 1 (cf. [Se] ), the cohomology

1 _ {(8(5), 6 @) $(S)E(1 = S)Wyp, Q) E(1 - QW 1 }
HAT, Wan) = (=)0 -Qu)| ue Wnp]

~ 18(Q) () =0, $(Q) € (1 - QWon0 }
{1-Quluews,}

={(1-Qv|veV]}

i.e., every class ¢ € H!(I', W, ,) has the form

{¢(S)=0
Q) =(01-QuueV

3



We begin with the description of W,‘fm. It is easy to show that

aoS = ap,
a;S=S;a; i-j=-—1modpy, = (1_;!-; _i) € T'o(po)
ap,S = ag

and by the definition we obtain

(5-f)(a0) = f(ap,)

(5.1)(a:) = Si.f(az), i =1, po — 1

(5.)(ap,) = f(a0)
In particular, W,,S',I has the expression:

W= {(wo, ..., wp,) € Wag| wo = wpy, w; = Si.w; }
Similarly we can show that
Wy = {(w0, .. Wp,) € Mug X -+ X Muy | Ttwp, = wo, wy = tp,, Siwj1 = w; }

Now we compute the dimensions of W,.,sl,,,

wa,.

Let v (resp. u3) the number of I'y(pg)-inequivalent elliptic points of the order 2 (resp. 3 ).

w=0cr2=ps+1mod4
my=0o0r2=po+1mod3

It is obvious that
¥ =24 pys=1mod 4 <> thereis a iy with i?,E—l mod pg
In that case ip = w™5 and 7(io) = Pl Similarly it is easy to show that

r3=2<4=>p=1mod 3 <>il=—1mod pp

i

It follows then ip = w™% and n(ig) = z
We show now

Lemma: We have

. 1
dtm(W,‘f,n) = 2[p0: ] (n+ 1)+ 2dg
. +1
dim(w3,) = &2 3] (n+1) +2dg

4



where

de = 0 Po =3 mod4
T\ dim(Ker{l1-5;,)) po=1mod4
do = 0 po =2 mod 3
T | dim(Ker(1 = 5:,)) po=1imod3

In particular,

Po+1] _[Po+1])

dtm(H (I‘ W,,,))—(po-l-l—?[ ( +l)—2ds—2dq

[Po+1] [Po-l-l

dim(Sn4+2(To(po), 1)) = %(Po +1-2 4

Nn+1)—ds~dg—1

Proof: For f = (wy,..,wp,) € W7, we have w; = Siw; and §; = ST If j # 4, then wj is
determined by w; . The number of such pair (4,j) is 2[39-:-'—1] . If j = 1, that means pg = 1 mod 4 ,
one has w; € Ker(l — S;). Since there are two ¢ with 2= —1 mod po, the dimension of W,‘,S’,, has the
expression
Po +

dim(W7 ) = 2[ ] (n+1) + 2ds.

The other cases can be proved in the same manner.
- qed -

In the case that po = 1 mod 4, there is a ig with i3 = —1 mod py and

- —ip ~1 @ 0 -1
s=(178 %)=7(% &P)r

for some regular matrix P, where (4 is the primivite root of the order 4,1.e. {4 = e Let m®l € Mnp g,
then Si,.(m®1) = 5(4)(Si;;m ® 1). Therefore the dimension of the Ker(1—S;,) in M,, , is equal to the

dimension of the Ker(1—n(ig) (CS Gt )) in My, Since n(ig) (CO ¢! ) 2y =i = glig)(HF "2 yni
we have

ds =4 {10 ) <n,nlio)F " =1}

we know that 5(ig) = B and 25 = (=1)", i.e. 9(3p)? = (=1)". If n is odd, one has 7(ip)? = —
and n(ip) = {4 or (3. It follows then

n+1

ds=4§{j|0<j<n,14+2j—-n=0 modd} =
Similarly we can determine the dimensions for other cases.

Lemma: Let w a primitive root in (Z [poZ)*, n(w) = z. Then

5



1. If pp =1 mod 4, one has

23] +1 neven, 22 =1
ds = { 2[2H9) neven , 277 = —1
ndl nodd, 255 = -1
2. Ifpo =1 mod 3, one has
-1
23] +1 neven,:z =1
2(242 neven,z 5 4+ 25 4 1=0
dQ = 3 =1
2[2£3] nodd, r¥% = -1
2[24l] nodd, 2% — 2% +1=0

3. The basis set.

Defining'by a; (resp. 8; ) the permutation of {0,1,...,po} induced by the operation of S (resp. Q) on
{a0,a1,...,ap,}. We have (cf. §2)

;- 1=—1 modpy, 0<i<pg

Biz=ai+1 1<i<pg
Definition: Fori,j,k € {1,2,...,po — 1}
a. The pair (i, ) is called a a-pair if j = «;,i = aj, or equivalently, i - j = —1 mod py;
b. The triple (i, j, k) is called a B-triple if j = B;,k = 3;,i = By, or equivalently, i- j -k = ~1 mod po;

¢. Let B a subset of {1,2,...,p0 — 1}. We define by < B > the subset of {1,2, ..., po — 1} determined by

the following conditions:
i. BC< B>,
ii. if (1,7) Is an a-pair and j €< B > then i €< B >;
ii. if (i,7,k) is a B-triple and j, k €< B > then i €< B >;
d. A subset B of {1,2,...,po — 1} is called a basis sel if it satisfies:
i. < B>={1,2,...,po - 1};
i. Vie B, < B\ {i} >#{1,2,...,p0o — 1}.
The number of the a-pair is 2[39;:_'1] — 1 and the number of the §-triple is [P—":—;tl] — 1. Therefore

P+l
4
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The important result in [Wa] is
Lemma: There is a basis set B with the property: if a € B then pyp —a € B.

Example: py = 13. In that case v; = 2, v3 = 2. The permutationen of {ap,a,,...,ap,} induced by the

operation of S and Q are:

i 0 1 2 3 4 5 6 7 8 9 10 11 12 13
§ 13 12 6 4 3 5 2 11 8 10 9 7 1 0O
Qg 13 0 7 5 4 6 3 12 9 11 10 8 2

We can take the basis set B = {5, 8,4,9}.

4. The basis of HY{T', W, ,)+.
Let I'oo =< T > be the stabilizer of the cusp oo in I'. We have an exact sequence:
0 — H%(Loo, Wn,g) — H (L, Wap) = H' (T, Wa) — H'(Too, Wnp) — -

where H}(.,-) is the cohomology with the compact support, referring to [Ha] Chap.l for details and

-1 0

background. Let € = ( 01

) . We define for ¢ € Z' (T, W, ,) a cocycle

(ed)(r) := ed(e”'re) VreT
It induces an automorphism of the order 2 on the cohomologies. Hence we obtain two exact sequences:
0 — H(Too, Wan)s — Hi (T, Wy p)y — HY (P, Wa )y — H' (Coo, Wag)s = -+

and
0= H(Fao, Wi )= = HAT, Wag) = B (T, Wo )= = H'(Too, Wi )- — -

where HY (T, W, ,)s == {¢ € HY(T, W, ,) I €.¢ = +¢ }. The operation of € on W, ,, is clear:

ap€ = €ag

1 0 .
a."fz(_po _l)apo_g, ‘=1:2~H)p0_1
Gp,€ = €ap,

we have for u € W, ,

(eu)(a;) = E.u(ap,—;)
(eu)(ap,) = e.u(ap,)

{ (eu)(ag) = e.u(ag)

where F = (—1 0).
ro 1

In [Wa] we have shown that for n even the classes



where u € Wy, , with

ulag) =y
1'{ u(a;)=0,5>0

or
u(a;) € W, o, (resp. Wnl,,/W,'ﬁ';,), i€B,i<py/2,i®# —1,i®# —1(resp. i*= -1 or ¥ = -1)

2.8 wape- = (50 9 wla

u(a;) =0, j#ipo—i
is a basis of H(I', Wy ;). For n odd we have a basis of H(I', W, ;)4:

{¢(S) =0
¢(@) = (1 - Q)u

with
u(a;) € W, , (resp. Wn.n/in';:)r i€B,i<pyf2 i?# ~1,i# —1(resp. i?=—lor = -1)

u(ap,_i) = — ("1 (1)) u(a;)

Po
U(GJ‘)ZO, j?’:l!pﬂ_i

5. The Hecke operator 7} on H!(T', W, ,).

on
To get startet, we recall the definition of the Hecke operator T} auf H'(T', W, ;), where [ is a prime,

[ # po. Let
1 3 . [0
b.‘—(o l),t———ﬂ,l,...,!—landb;—(o 1),

they are a complete set of representatives of I’ ( Lo

0 1) I' with respect to T':

i
10
F(O I)I‘_Ul‘b.-

i=0

For each r € T there is s; € I such that b;r = s;b; for some j. We define for a cocycle f € Z(T, Wan)

!
(T =3 bif(s:)

where b} 1= det(b;)b]!.

Let ¢ € HY(T, W, ,) be a class with ¢(S) = 0, $(Q) = (1—Q)u for some u € W, ,. A simple calculation
shows

buS=SbJ
biSZS"b‘j 0<3<I,i'jE"'1 mOdI, 01‘f-j=—1+1m, slz(:I __n;)
ng:Sbg



with s; = 57! and

5@ = ST'b;
5Q =51Tbo
Q= Sh

biQ=sidjy1 1<i<li-j=-1 mod!

We consider the Hecke operator T}. If j # ¢, then

bi(si) + bjd(s;) = bigp(si) + (s ) = big(ss) — b7 '8 (s:)
= bp(s:) — Sbig(s:) = (1 — S)bid(s:).

If j =14, ie., b;S = 8;b;, or sZ = 1. We obtain

26}$(8:) = bjd(s:) + bid(s:) = bg(ei) + bid(s7t)
= bi(s;) — bisT16(s;) = bi(s;) — Sbid (3,)
=(1-S)bi¢ (s,

or bi¢(8;) = (1 — S)3bi¢(s:). Therefore we know

T;¢(S)=Zb§¢v(s, (1~ 8)Q_ tig(s: +Z bid(s;)) =: (1 — S)ms.

i< Py
We study now (T;¢)(Q). First we note that
08(ST') + big(S) + b1¢(51.T) = (1 = Q)bp¢(ST").
Forl<ij k<l i#ji-j-k=—-1 modl it is easy to see that
big(si) + bi(s;) + bpd(sr) = (1 — @)(did(s:) + (1 + Q)b 8(s;)).

If j =4 ie. 5Q = s:b;, one has 53 = 1. It is obvious

Ho(s1) = (1~ Q) (26i(s:) + QU b(e0)
Hence we obtain

Ti(Q) = (1- Qé(STH+ Y (b'¢(s.)+(1+o)b'¢(sj))+ Yo (2bi6(si) + QUie(s:)))

1<i<hi<j,i<k l<t<l =)

=:(1-Q@)mq.
Finally we know that the cohomology class T;¢ is cohomolog to
(Tig)(S) =0
Tig ~
(T2¢)(Q) = (1 — @)(mq — ms)

To determine the operation of the Hecke operator T; we must calculate the linear coefficients of the
representations mg — mg = 3 cju; where {u;} is the basis given in §4. With a modern computer we

can determine the coefficients ¢; explicitly.



Example: [ = 2,pg = 5,n = 5. Let n be a Dirichlet character mod pg with n{w) = z, Pl g (-1)*,
ie. z241=0.

For | = 2 we have

11 2 0
w=(o2) =0 2) 0= (0 0)

A simple calculation shows that

boS = sz boT = bl on = QSng
b S = SQ™1SQSH, T =Tbo 51Q =S5SQ™1SQ b
sz = Sbo bgT - szg ng = Sbl

By the above remark we get for a class ¢ € H!(T', Wh ,)

{ (T2¢)(S) =0
T2 ~
(T24)(Q) = (1 - @)(bp — 52,Q")¢(Q)

For po = 5 we choose a basis set B = {2,3}. The basis of H!(T", W, ,)- is then (y",0,0,0,0,0) and
(0,0, w2, Fw,,0,0), wg € M,,I,,/M;fj,. For n = 5 the numerical calculation shows that M, , /Mf’,, has a
basis

vy = 2° — 102y + 4023y* — 80z?y> + 80zy* — 32y°

vg = 2y — 823y? + 242%y® — 3224% + 164°

vz = z3y% — 622y + 122y* - 8y°.

Let vo = y®, the then {vq,v1,v2,v3} is a basis of H}{T',W,, ,)_ and the Hecke operator T} is given by

64z 4+ 1 0 0 0
* z+ 64 10(24 - 172 40(10 + 9z
T2('~’0:”1;U2;1’3) = (UOvvlpvmva) * 0 (392..*_7 ) 2(§3z+23;
N 0 7152 2(1 + 172)

The characteristic polynomial of T3 on H!(T, W, ,)- is
(z —1—642)(z — z — 64)(2? + (52 + 5)z — 882)

The factors (z — 1 — 64z)(z — z — 64) come from the operation of 7% on the boundary cohomology.
Therefor the characteristic polynomial of T3 on S7(To(po), 1) is

x2(z) = % + (52 +5)z — 88z

The numerical computations of T3, T3, Ty, Ty and T34 for small py and n are given by the table 1.

Acknowledgements: The author is grateful for the support received from the DFG during the prepa-

ration of this paper.
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PO =5 PRIMITIVE ROOT= 2
=2

THE VALUE ETA(ROOT)=Z SATISFIES: Z - 1 e 0

T{2)= X + &

T(3)=X - 2

T(7)=X -6

T(11)= X - 32

THE VALUE ETACROOTISZ SATISFIES: 2+ 120
T(2)= 1

T(3)= 1

T(7)= 1

THE VALUE ETA(ROOT)=2 SATISFIES: 2 + 1 =10
TR)>=X+Z2 +1

T(3)=X - 6*2 + 6

T(7)= X + 26%2 + 26

(M= X + 8

...................................................................

THE VALUE ETA(ROOT)=Z SATISFIES: Z - 1 =0
T(2)=X - 2

T3)=X + 4

T(7)= X - 192

T{11)= X + 148

..............................................................

THE VALUE ETA(ROOT)=Z SATISFIES: 2 + 1 = 0

T(2)= X + 44

T(3)= X + 396

T(7)= X + 3564

T(11)= X - 504%X + 63504



THE VALUE ETA(ROOT)=Z SATISFIES: Z + 1 =10

2
T(2)= X + 5*X*2 + 5*X - B&*2

2
T(3)= X + 15%X*2 - 15*X - 12*2

2
T{7)= X =~ 275*X*Z - 275*X + 25652*2

2
T(11)= X+ 526*X - 1061456

THE VALUE ETA(ROOT)=2 SATISFIES: 2 - 1 =0

2
T(2)= (X + 14) * (X - 20*X + 24)

2
T(3)= (X + 48B) * (X - 20*X - 4764)

2
T(7)= (X + 1644) * (X + 100*X - 235836)

2
TC11)= (X - 172) * (X - 4544*X - 6998016)

THE VALUE ETA(ROOT)=Z SATISFIES: 2 + 1 =0

T(2)= X + 116

T(3)= X + 1044

2
T(7y= X + 176436

2
T(11)= (X + 6828)

THE VALUE ETA(ROOT)=Z SATISFIES: Z + 1 =0

3 2 2
T(2)= X + X *Z + X - 392%X*Z - 1592%2 + 1592

3 2 2
T(3)= X - 36™X *Z + 36X + 13062*X*2 + 278532*2 + 278532

3 2 2
T(7)= X+ 1176%K *Z + 1176*X - 5242902*X*Z + 179451974B*Z - 1794519748

3 2
TI1)= X - 11596*X - 149978428*X - 135134348768



PO = 7 PRIMITIVE ROOT= 3

N=1
THE VALUE ETA(ROOT)®=Z SATISFIES: 2 + 1 = 0
T(2)= X + 3
T(3)= X
T(5)= X
T(1N)= X + 6
2
THE VALUE ETA(ROOT)=2 SATISFIES: 2 - Z + 1= 0
1
T(2)= X - ---%2 + 1
2
T3)=X+2+1
5 7
T(5)= X 4 ---%2 - ---
2 2
T(11)= X + 35%Z - 22
N=2
THE VALUE ETA(ROOT)=Z SATISFIES: Z - 1 = 0
T(2)= X + 1
T(3)= X + 2
T(5)= X - 16
ST(1M)= X + 8
2
THE VALUE ETA(ROOT)=Z SATISFIES: Z + 2 + 1= 0
2 5
T(2)= X - ---%X*7 - Z -1
2
2
T(3)m X+ 4*X*Z + 4*X - 21*2
2 29 7 : 105
T(5)m X = ==--%X*Z - --¥X - 2B¥Z - ce-e-
2 2 2
2
TC11)= X - 172*X*2 - 137*X + 6602 - 175
N=3

THE VALUE ETA(ROOT)=Z SATISFIES: Z + 1 =0



T(2)= X - 1

T(3)= X

T(5)= X

T{(11)= X + 206

THE VALUE ETA(ROOT)=2 SATISFIES: Z -2+ 1 =0

3 3 2 2
T(2)= X+ ---%X *Z 4 5% - B¥X*Z + 28*X - 90*Z + 45
2
3 2 2

T(3)= X + X *Z + X - BI*X*Z - 378*Z + 189

3095 2 121 2 30429
T(5)2 X 4 -=--%X 47 « -eee- *X 4 1569%X*Z - 12247X - --e---- 2+ 4347
2 2 2
3 2 2

TC11)= X+ T394*X *Z - 6200%X + 3684B1*X*Z + £9252*X + 6587298*2 - 41112684

...................................................................

..............................................................

THE VALUE ETA(ROOT)=Z SATISFIES: Z - 1 = 0

3 2
T(2)= X + X - 84*X + 60

3 2
T(3)= X + 20*X - 420*X - 7056

3 2
T(5)= X + 74*X - 336X - 75264

3 2
T(11)= X - 628*X - 88032*X + 41737728

..............................................................

THE VALUE ETA(ROOT)=Z SATISFIES: 2 + 2+ 1 =0

2
T(2)= X - 2%X*Z + 36%*Z + 36

2
T(3)= X - B*X*Z - B*X - 21%Z

2
T(5)= X + 38*X*Z + 3339*Z + 3339

2
TOI)= X+ 426%X*2 + 424%% + 25371%2

THE VALUE ETA(ROOT)=Z SATISFIES: Z + 1 =0

3 2
T(2)= X + 7*X - BO*X - 576

15



T(3)= X*¥(X + 2040)

2
T(5)= X*(X + 2040)

3 2
T(113= X - 3710"X  + 4193452%X - 1498724712

..............................................................

THE VALUE ETA(ROOT)=Z SATISFIES: 2 -2+ 1 =0

3 2
T(2)= X - 4%X *7 - 98%X*Z + 98%X - 24

3 2 2
TE3)= X+ X *Z + X - 1113%X*Z - 13818*Z + 6909

3 2 2
T(5)= X + 55%X *Z - 110%X + 28875*X*Z - 28875*X - 2756250*2 + 1378125

3 2 2
T(11)= X+ 403%X *Z - 403*X + 24B7695*X*Z - 437463057

...................................................................

THE VALUE ETA(ROOT)=Z SATISFIES: Z - 1 = 0

2
T(2)= (X + 6) * (X + 3*X - 214)

2
T(3)= (X + 42) * (X - 94*X + 1344)

2
T(5)= (X + B4) * (X - 330*X + 5600)

2
T(Uy= (X + 5568) * (X - 2844*X - 887776)

THE VALUE ETA(RDOT)=Z SATISFIES: 2 +Z +1 =10

4 3 2 2
T(2)= X+ 6*X *Z + 412*X *Z + 412*K - 1704*X + 9312*2

4 3 3 2
T(3)= X + 28"X *Z + 28%X -~ 4986%X *Z + 43092*X - 5359473*Z - 5359473

4 3 2 2
T(S5)= X - 252%X *Z + G0490%X *Z + 90490*X + 19632900*X + 11594625*2

4 3 3 2
T(1)= X - 3972%X *2 - 3972%*X - 17626474*X *Z - 19048929420%X - 7298108160225%2 - 7298108160225

THE VALUE ETA(ROOT)=Z SATISFIES: 2 + 1 =0

2 2
T(2)= ( X -~ 16%X - 120) *(X + 31)

4 2
T(3)= X*(X + 1718B4*X + 40430880)

6



4 2
T(5)= X*(X + 1809120*X + 736852788000)

2 2
T(1)= (X + 11084*X + 29862948) * (X - 13154)

..............................................................

2
THE VALUE ETA(ROOT)=Z SATISFIES: Z - Z + 1 =0
5 1 4 4 3 3 2 2
T(2)3 X+ ===%*X *Z + 7*X - 372*X *T + 600*X - 4102%X *T + 2643*X - 16136%%X*Z + 4144%X - 49224*2 - 49224
2
5 4 4 3 2 2

T(3)= X - 5%X *Z - 5*X - 14916*X *Z + 1080048*X *Z - 540024*X - 10664325*X*Z + 10664325*%X - 103078899*2 + 206157798

5 315 & 1005 4 3 3 2 2
T(5)= X + ----- bt I AR *X  + BOAT74*X *L - BST274*X - 141737655*X *Z + 106941390%X - 197426947725%X*1 +
2 2

24435061678125
25039192500%X - 174536154B4375%Z - ~=vvvveeecnsesns
2

5 9087283 &4 4 3 3 2 2
Tz X - -=---=e-- *X *Z2 + 5735310%X  + 10755380048*X *Z - 2125936604*X + 620149473541312%X *Z + 2365321548729164*X
2

149184487658786642447451
+ 688332443374312529*X*2 - 852381297869410651*X + 35911221494916534B276562%2 - --------veecccecccccmmnann

2

PO = 11 PRIMITIVE ROOT= 2

..............................................................

THE 'VALUE ETA(ROOT)=2 SATISFIES: Z + 1 =0

4 2
T(2)=X+2 -2 +2+1

4 3 2
MD=X -2 -2 +2*2 - 22+ 1

4 3 2
T)y=X+2 -2 -3+ -2+1

4 3 2
T(T)= X + 4%Z + 4% + 2*7 - 2

...................................................................

THE VALUE ETACROOT)=Z SATISFIES: Z - 1= 0

2 4 3 2 2
T{2)= X = X*2 - 2%X*2Z - X*2Z + X¥Z + X + 2%*Z - 6%2 + 2

2 4 3 2 4 3 2
T(3)=X - 2*X*Z + X*T + X*2 + X*Z + X - B*2 - 15*Z - 8*2 -8%Z2 -8

2 4 3 2 4 3 2
T(5)= X+ X%2 - 4*X*Z 4 4%X*Z - 4%X*Z + X - V11%Z - 13*7 - 272 - 271 - 13

17



4 4 3 2 4 3 2
T(7)a X - 6%K*Z - 6%X%Z + I*X*Z - 14*XRZ + 3FX - 2B%Z o+ 110%Z - 112*Z + 110*Z - 28

THE VALUE ETA(ROOT)=Z SATISFIES: Z + 1 =0

3 2 &4 2 2 2 2 2 3 2’
T(2)= X - 3*X *2 + 3*X *Z + X *Z + X + 4¥X*Z - 22%X%Z + 4% - 3B%Z - 18*2 - 18*Z - 38

3 2 4 2 3 2 2 2 2 4 3 2 4 3 2
T(I)= X + 5% *Z - X %2 - 4*X %2 + 4¥X *Z + X+ 5I¥XYZ + 123%X*Z  + SIA*Z  + 6%X*Z - 6%X + 315%2 + 252*%2 - 189*2

+ 252*7 + 315

3 2 4 2 3 2 2 2 2 4 3 2 4 3
TE5)= X + X *2 + 9*X *Z + 3*X %I + W *2 + X - TIS*X*Z + 300*A*Z - 3BI*X*Z + 3BI*X*Z - 300*X + 8309*z - 8309*z +

2
10689*2 - Q093*Z + 10689

3 2 4 2 3 2 2 2 4 3 2 4
T(7)= X = LO*X *Z - 4O0*X *Z - 16%X *Z + 16*X - 715%X*Z - 1738*A%Z + 954*X*Z - 1738*X*Z - 715*X + 30254*2 - 30254*

2
2+ 1437B%Z + 14378

THE VALUE ETA(ROOT)=2 SATISFIES: Z - 1=0

4 3 4 33 3 2 3 3 2 4 2 3 2 2 2 2 4 3
T(2Y= X = X %2 + 4%X %2 - X %2 + X *T + X - 2¥X *Z - 2FX *Z - L¥X *Z - TBFX %I - 4*X - 196%KYT  + LBFX*T - F6*X*

2 4 3 2
J6*X*Z + LB*X - 1BA*Z 4 344%7 + 432%7 + 344*2 - 184

~N
v

4 3 4 3 3 3 2 3 3 2 4 2 3 2 2 2 2 4
T(B)= X + X %2 + X *2 - 11%X *2 - 1% *2Z + X+ 34%K %2 - 429%X %7+ LA *Z7  + BA*X *Z 4 LMK+ 2IETHANZ  + TTIRXE

3 2 4 3 2
1809*X*Z  + T71*X*Z + 2367*X - 20457*2 - 20457*2 + 13131*Z + 32832*Z + 13131

~N
[

4 3 4 3 3 3 2 3 3 2 4 2 3 2 2 2 2
T(S)= X + X ™2 + 11*( *Z - 29*X *Z + 11*X *Z + X - 4881*X *Z - 1594*X *Z + 1621*X *2 + 1621*X *Z - 1594*X - 73311*

4 3 2 4 3 2
X*Z - TIZVIMUPT + 16329*A*T  + L9BLOX*T + 16329%X + 1566134%2 + 4787070%*Z + 1566134%2 - 3589606*2 - 3589606

4 3 4 33 3 2 3 3 2 4 2 3 2 2 2 2
T(7)= X - 38%X *T - 38%X *T - 5B*X %I + 98X *Z - SBX - 6245*X *2 - B176%X *I - 26266*X *Z - 31T6*X *Z - 6245%X

4 3 2 4 3 2
+ 2837816*X*2 - 1563704*X*Z + 2B37816*X*Z + B&4000*X*Z + BSA000*X - 65806216*Z + 79260992%2 - 73260124*2

- 73260124*2 + 79260992

THE VALUE ETA(ROOT)=Z SATISFIES: Z + 1 =10

18



5 4 4 4 2 4 4 3 4 33 3 2 3 3 2 3 2 2 2
T(2)o X+ 5%X *Z - 5%X *Z + X *Z + X+ 40%X *Z - 40%N T - 4%X *Z - 198%X %2 - 4%X + 5BE*X ¥I - 34X *Z - 34X *2

2 4 3 2 4 3 2
+ SBO*X  + 4L1T6%X*Z - 1000*X*2 + 6328*X*Z - 1000*X*Z + 4176%X - 4224%2 + 1408*Z + 1408*Z - 4224%2

5 4 4 4 3 4 2 4 4 3 4 33 3 2 3 3 . 2 4
T(3)= X - 16*K *7 - X *Z - 10*X *Z + 10*X *Z + X - 321*X *Z + 1878*X *Z - 321*X *Z + ST*X *Z - 57*X + 17850%X *Z -

2 3 2 2 2 2 4 3 2
6333%X *Z  + 16590"X *T - 6333%X *Z + 17850%X + JLT6T0*X*Z - 347670*X*T  + 2B2726%X*Z - 654129%X*Z + 282726*X -

4 3 2
445TEQN™L  + 4938930%Z - 4938930%Z + 4457691%Z - 3977568

5 4 4 4 3 4 2 4 4 3 4 33 3 2 3 3
T(5)a X+ X %2 - 56%K *Z + 72*X *Z - 56X *Z + X - 37S60%X * 7 - 12705*X *2Z + Q130*X *Z - 9130%X *Z + 12705*x +

2 4 2 3 2 2 2 2 4 3
2018725*X *2 - 2018725*X *z - 1603025*X *Z + 1608800*X *Z - 1603025*X - 237823875*X*Z - 253047125*X*Z -

2 4 3 2
237823IBTS*N*Z - TY581125%X*Z + 79581125*X + 15203688750%2 + 6943711250%2 - 6943711250%2 - 15203688750*2

- 17840901250

5 4 4 4 3 b 2 4 3 4 3 3 3 2 3 3
T(7)= X+ 204%X *Z + 204%X *Z - T3*X *Z + 73%X + 6931*X *Z - BB422%X *Z + 202294*X *Z - BB422*X *I + 6931*X -

2 4 2 2 2 2 4 3 2
20670259*X *Z + 20670259*X *Z - 192268B43*X *Z - 19226B43*X + 11220928720*X*Z - 836B901B00*X*Z + 5289369840*x*z -

4 3 2
5289349840%X*2 + 8368901800*X - 107155727360%*2 + 2935502900*Z + 2935502900*Z - 107155727360*Z

THE VALUE ETA(ROQT)=Z SATISFIES: 2 - 1 =0

6 5 4 5 3 5 2 5 5 4 4 4 3 4 2 4 4 3 4
T(2)= X + T*X *2 - B*N *7 + T*X *2 + X *2 + X - 22%K *T - 22*%X *Z - 4B*X *I - 462*X *Z - 4LB*X + 2644*X *Z - 2912*

3 3 3 2 3 3 2 & 2 3 2 2 2 2 [
X %2 - 572%X *Z - 572%X *2 - 2912*X + S52BB*X *Z + 9152%X *Z + 48536%X *Z + 9152%X *Z + 528B%X + 265648*X*Z +

3 2 4 3 2
15328*X%Z + 1532B*X*Z + 265648%X*Z - 154160%X - 690624*2 - 209792*%Z - 690624*7 - 342848%Z - 342848

6 5 4 53 5 2 5 5 b 4 4 3 4 2 4 4 3 4
TE3)m X+ 13%K %2 + X %2+ 13X %2+ 13X YZ + X+ 49N *Z - 8304%K *Z + QA9FX *Z - 104*X *Z - 104X - 51714%X *Z

3 3 3 2 3 3 2 4 2 3 2 2 2
+ 20442%X *Z - 126594*X %2 + 20442%X *T - S51714%X  + 279099*X *Z + 279099*X *Z - 2638440*X *Z + 15929379*X *Z

2 4 3 2 4 3
- 2638440%X + 96930BI*X*Z + 49TBOBO*X*Z  + 4LOTBO8P*XN*T + 9693081*X*Z + 1652B7709*X - 5744321226%27 + 2548480644*2

2
- 1476668313*2 - 1476668313%2 + 2548480644

6 5 4 5 3 5 2 5 5 4 4 4 3 4 2 4 4
T(5)= X + X *Z + X *Z - 71*X "2 + X *2 + X - 265476%X *2 + 18522*X *Z - 8032*X *Z - 8032*X *Z + 18522*X - 2282090*

19



3 4 33 3 2 3 3 2 4 23
X *2 - 2282090*X *Z - 4747BS0*X *2 + 2935330*X *Z - 474TB50%X - 2879059975%X *Z + 14329103075*X *z -

2 2 2 2 4 3 2
2879059975%X *Z - 269759050%X *Z - 269759050*X + 213305166625%X*Z - 66112449875%X*Z - 66112449875*X*2 +

4 3 2
213305166625*X*Z + 672520376125*X - 22224093428750%2 + 73178894471250%2 - 72126624106250%*2 + 73178894471250*7

- 22224093428750

6 5 4 5 3 5 2 5 5 4 4 4 3 4 2 4
T(7)a X+ 674%X *T + 674*X *2 + 198%X *Z - 6B6*X *Z + 198X + 343502%*X *Z - S008B0%X *I - 1623044*X *Z - 500880*X *Z

4 3 4 3 3 3 2 3 3
+ 343502%X + 155679548*X *Z  + 1630785968*X *2 +155679548%X-*Z - 1611342156*X *Z - 1611342156 +

2 4 2 3 e 2 2 2
682001856094™X *Z + 288953B809449*X *Z + 31075147408*X *Z + 31075147408*X *Z + 288953809449*X - 157624211135368%X*

4 3 2
Z  + 495394762240520%X*2  + 495394762240520*X*Z - 157624211135368*X*2 - 589310709588832*X +

4 3 2
102641162227378192*2  + 102641162227378192%7 - 39450869536151348*2 - 1286963245604630264%2 - 39450869536151348

...................................................................

..............................................................

THE VALUE ETA(ROOT)=Z SATISFIES: Z + 1= 0

7 6 4 6 2 é 6 5 4 5 3 5 2 5 5 4 3 4 2
T(2)= X = 3*X *Z + 3*X *Z + X *2 + X + 4B*X *Z - 4BYN *Z + 47N *T - 1270%X %2 + 4%X - 2966*X *ZT - 450%X *Z - 450*

4 4 3 4 3 3 3 2 3 3 2 4 2 3
X %Z - 2966%K + 22496%X *Z + 15824™X *Z 4+ 423216%X *Z  + 15B24%X *2 + 22496%K + B53216*X *Z - 156256%X *7 -

2 2 2 4 3 2 . 4
156256%X *Z + B53216%X *Z + 433536*X*Z - 33380096*X*Z + 433536*X*Z - 3036416*X*Z + 3036416*X + 52801408*z +

3 2
52801408%2 - 1B4067B4*Z + 18406784

7 6 4 6 3 6 2 6 6 5 4 53 5 2 5 5
T(3)z X + 35%K %2 - X *Z + 56%X *2 - S6*X *Z + X + 3087*X * 2 + 22704%X *2 + 3087*X *Z - L1T76*X *Z + 4176*X -

4 4 4 3 4 2 4 4 3 4 3 3 3
918597*X *Z - 150537*X *2 - 476238*X *Z - 150537*X *Z - 918597*K - 36227493*X *IT + 36227493*X *Z - 54071550*X *

2 3 3 2 4 2 3 2 2 2
Z - 141830631*X *2 - 54071550*X - 2026167336%X *2 - 4416728706*X *2Z + 4416728706*X *Z  + 2026167336*X *7 +

2 4 3 2
1392692985*X - 145595816010%X*Z - 244411605630%X*2 - 8525300625*x*2 + 8525300625*X*Z + 244411605630*X +

4 3 2
5261707743255%2 + 4252898483550%Z <+ 5261707743255%2 + 849193780230*2 - 849193780230

7 6 & 6 3 6 2 6 6 5 &4 53 5 2 5
T5)= X + X *2 + 279*X *2 - 147*X *T 4+ 279*X *Z + X - 13M1130*X *Z - 57560%X *Z - 160206%X *Z + 160206*X *Z +

5 4 4 4 3 4 2 4 4 3 4
57560%X + 6664174*X *2 - 666L1T4*X *2  + 446321414%X %2 - TL4B3598%X *Z + 4463214614*X - 10541917075*X *z -

20



3 3 3 2 3 ’ 3 2 4 2
363348448055*X *Z - 10541917075*X *2 - 72756546B10*X *Z + 72756546810%X - 144912642015175%X *Z  + 30795252790475*X

3 2 2 2 2 4 3
*2 - 30795252790475%X *I + 144912642015175*X *Z - 16515791466375%X + 12738304565676000*X*Z - 5361974464430000%X*Z

2
+ 3517194529318000%X*2 -

4 3
5361974464430000%X*Z + 12738304565676000*X - 1018534932916807500%Z - 203413537834152500%2 -

2
283029056684047500*Z + 283029056684047500%Z + 203413537834152500

7 6 4 63 6 2 6 S 4 5 3 5 2 5
TC7)= X - BO%X *2 - BO*X %2 + 1094*X %2 - 1094%X + 2235954%X %2 + 2172870%K *Z + 22201536%X %2 + 2172870%X *Z +

5 A 4 2 4 4 3 4
2235954%X + 23118712736%X *2 - 23118712736%X *Z + 6710558780%X *Z + 6710658780%X + 121188412500526%X *2 +

33 3 2 3 3
51743515606505*X *Z + 42520606145362*X *Z - 42520604145362*X *Z - 51745515606505*X - 73533730812752868

2 4 2 3 2 2 2 4
*X *Z + 52335160723169226%X *2 + 52335160723169226%X *z - 73533730812752868*K *Z + 176260331390591844508+X*z -
3 2
176260331390591844508*X*2 - 202579045540153555532%X%2 - 187181476541811422048*X*2 - 202579045540153555532*X +

4 3
154441792548428150685920%2 + 134683030297070242251880%2 - 134683030297070242251880%Z - 154441792548428150685920

PO = 13 PRIMITIVE ROOT= 2

THE VALUE ETA(ROQT)=Z SATISFIES: Z + 1 =0

2
T(2)= X + 2%*X*Z + 2%X - 3*2

2
T(3)= X +2*X - ¢

2
T(5)= X = 4%X*Z - 4%X + 3*Z

2
Tz X - 6*X*Z + &*X - 13*2

2

T{(11)= X - 2*X*Z + 2*X + 78*2

THE VALUE ETA(ROOT)=2 SATISFIES: Z -2 +1=20

3 2
T(2)= X" (X +2 -2 + 1)

2 2 3 2
T{3)=X + X*2 +2%2 -3*2 -2+3

21



2 3 2 3 2
TE5)=X + 2*X*Z + X*Z - 2%X*Z + 3*X + 19*2 -2 - 8*7 + 17

2 13 3 2 1 3 2
TETIS X 4 =oeaW)f¥2 o FUARZ - W7 4 27*Z2 - 29%2 -7 + 19
2 2
2 3 2 23 3 2
T(11)a X+ G%)N*Z - 10%X*Z + ~---%X*Z + 4*X - 169%2 + 92*7 + 212*Z + 131
2

THE VALUE ETA(ROOT)=Z SATISFIES: Z - 1 = 0

3 2
T(2)= X+ 4% - 9*X - 20

3 2
T(3)= X + 2*X - 67*X - 224

3 2
T(5)= X + 10*X + 19*X - 14

3 2
T(Ty= X+ 22*X - 377*X - 6422

3 2
TC11)= X - 54*X - 1092*X + 25688

THE VALUE ETA(ROOT)=2 SATISFIES: Z + 1 =0

2
T)=X +9

2
T(3)= (X + 1

2
TG)=X + 81

2
T(7)=X + 225

2
T(1)= X+ 2304

THE VALUE ETA(ROOT)=Z SATISFIES: Z + 2+ 1 =0

3 2 2
T(2)= X*(X =~ X *2 - X - 18*X*Z - 8)

4 3 3 2
TE3)= X+ 4*X %2 + 4%X - 4L3*X *Z - 2% - 192%Z - 192

4 3 3 2 2
T(5)= X+ 6*X *Z - 12*X - 12*X *Z - 285*X - 1B30*X*Z + 3900*X + 5100%2 - 8500

4 5 3 35 3 2 179 2

T(7)= X = cace®X *7 - —---¥) 4 523%K *7 - ----- *X  + 6160*X*Z + 7760*X - 7800*Z + 18200
2 2 2

22



4 45 3 3 2 4575 2
TI)= X+ =-==%X %2 + 175%X - 4278*X *Z - ------ *X - 2177T0*X*Z + 25262%X - 1060800*2 - 5374720

THE VALUE ETA(ROOT)=2 SATISFIES: 2 -2+ 1 =20

2
T(2)= X*(X + X*Z + X - 6%2)

3 2 2
T(3)= X + 2*X *Z - 2%X + 29"X*Z + 42

3 2 . 2
T(5)= X - B* *Z + 17*X - 182%X*Z + 178*X + 144%2 + 240

305 2 32 829
T(T)® X 4 ==-%X %2 4 ---*X + 3B24X*Z - -ooo- *X + 3588%2 - 2808
2 2 2
3 8 2 2 2275
TCU)m X+ ==--*K %2 - 185¥X - BB7*X¥Z - ------ X + 47580%Z + 11700
2 2
N=3
2

THE VALUE ETA(ROOT)=Z SATISFIES: Z + 1 =20

3 2 2
T(2)= X + X *2 + X - 23%X*2 - 29%2 + 29

3 2
T(3)= X + 2% - 105*X - 144

3 2 2
T(5)= X + T %2 + K - 173%K*Z - 1199%2 + 1199

3 2 2
T(7)= X+ 24%X *T - 24*X + 4B03*X*Z - 77506%2 - 77506

3 2 2

T(I)= X - 16™X *2 + 16*X + 16982*X*Z + 209924*2 + 209924

THE VALUE ETA(ROQOT)=Z SATISFIES: 2 -2 +1=10

4 3 3 2 2 2 2 3 2 3 2
T(2)m X*¥(X + X *2 + X + X *2 - 47% *Z + X - 20%X*Z - 10*X*Z - 10%X*Z - 20%X + 54%Z + 234%2 + 54%2)

5 4 2 33 3 2 3 3 2 3 2 2 3 2

TG)= X + X *2 - 34%X *Z - 216%X *Z + 17X *Z + 216*X - 564%X *Z + 1128*X *Z - 117*X - 3735%X*Z - 6075*X*Z - 3735%X

3 2
*Z - 362B8*7 - 25596%7 + 18144%*Z + 25596

5 4 3 4 2 4 4 3 3 3 2 3 3 2 3 2 2
T(5)= X+ 77X *Z - 30%X *Z + 12%K *Z + 13*N - 277*X *Z + 27T94™X %2 + 2466%X *2 - 1964*X + 6528%X *2 + 1942*%X *2

2 2 3 2 3 2
- 17624%X *2 - 5560B*X + 750096*X*Z + 1140768*X*%Z -~ 1394352*X*Z - 1249254"X - 20429820*Z - 11454048*2 +

4085964%7 + 7636032
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3

3

+ 6699201%X*2 - TO99763*X + 236905864%2

5 329 43 4 2 467 4 4 33 32 3
T)= X+ ---n- *X *Z - 21%X %2 - --ee- WX VT o+ 14X+ 6952 AT - TTI9NX %2
2 2
2 2 419905 2 2 3 2
1 37 SECIPTTPPRRR *X *Z + 882619%X + BS77708*X¥Z - 5920312*X*Z
2

2
Z - 104481936*Z + 168855752

5 4 3 4 2 719 4 4 3 3
TOH)= X+ 6116%X *2  + 150*X %2 + ----- *X *Z - 50%X + 665525%X *2
2
608862641 2 3 z2 2 27561599 2
---------- *X *Z2 + 3634B214%X *2 4 cececeea-oW) ¥Z7 - 34698354%X
2 2
3 2

- 576180*x *Z

2

3 2

3
- 5420592278*X*2

3

- 1336947379 X*ZL

2290858307*X*Z - 6100828903*X - 280860301332*%Z - 79362293400*z + 260775435024*Z + 142834837860

..............................................................

THE VALUE ETA(ROOT)=Z SATISFIES: Z - 1= 0

5 4 3 2
T(2)= X - 2% - 117X + 10*X + 2052*X + 888

5 4 3 2
T(3)= X + 20%X - 418%X - 47B4YX + 51297*X + 94428

5 4 3 2
T(5)= X - 14*X - 12842*X + 255988*X + 29351241*X - 4686661574

5 4 3 2
T(7)s X+ 96%X - 19466*X - 1267856*X + 23160969*X - 55434704

5 4 3 2

T(11)= X - 180*X - 282120*X + 7234400*X + 14506526736*X + 212623859136

THE VALUE ETA(ROOT)=2 SATISFIES: Z + 1 =10

6 4 2
T(2)= X+ 161*X + 5856*X + 18864

3 2 2
T(3)= (X - B*X - 549*X + 4068)

6 4 2
T(5)= X + BOIB*X + 13754433*X + 2485690416

6 & 2
T(7)= X+ B2950%X + 166234B177*X + 423560602764

6 4 2
T(11)= X+ 405548*X + 36683341824*X + 7521473396736

THE VALUE ETA(ROOT)=Z SATISFIES: 2 + 2+ 1 =0

4 3 3 2
T(2)2 X+ 5%X *Z + 5%X - 60%X *Z + 232*X + 72%Z + T2

24

2

- 912263*X *2 - 369780*X

3

2

3

- 22%K %2 + 4098%X + 260426*X *I - 564745

- 180030656*



4 3 3 2
T(3)= X - B*X *2 - B*X - 469*X *Z - 920*X - 7680*Z - 7680

4 3 2
T(5)= X + 10% - 2B07*X + B740%X + 357156

4 3 2 2
T(7y= X+ 6B*X *Z + B113*X *Z + BU113*X - 76456™X + 8507824*2

4 3 3 2
TC11)= X+ 480%X *2 + 4B0*X - 258621*X *Z + 165775832*X + 20230428816%2 + 20230428816

..............................................................

THE VALUE ETA(ROOT)=2 SATISFIES: 2 -2+ 1 =0

5 4 4 3 2 2
T(2)= X + X *Z + X - 110%X *Z - 16%X *Z + B*X + 1752%X*T - 1752*X + 1296*Z - 2592

5 4 4 3 2
T(3)= X - 10%X *Z + 10*X + 665*%X *2 + 38B2%X + L46TE*X*Z - L46T6X + 191592%2

5 4 4 3 2 2

T(5)= X PBFX *Z + LPVX 4+ HL0T*X - 510766™X *Z + 255383I*X + 13150056*X - 475145568%2 + 237572784

5 4 4 3 3 2 2
T(7)= X - 92%K *Z + 184*X + 21579*X *Z - 21579*X + 1733904*X *Z - B66952*X - 206167104"X*2 + 2967045120*Z + 2967045120

5 4 4 3 2 2
T(11)= X+ B0*X *2 + BO*X - 247535*X *Z + T64TT60*X *Z - 38238B0*X + 9166417728%X%Z - 9166417728*X - 302334888960%2

+ 804669777920

...................................................................

THE VALUE ETA(ROOT)=2 SATISFIES: Z + 1= 0

6 5 5 4 3 3 2
T(2)8 X - 3%X *Z - 3%X - 263*X *Z + 527*X *Z - 527*X - 16536*X + 17920*X*2 + 17920%X - 9216*2

[ 5 4 3 2
T(3)= X + 2*X - 2670*X - 960*X + 1950561*X - 784602*X - 382594752

6 5 5 4 3 3 2
T(5)= X - 54%X *Z - 54*X - 58832*X *2 + 2317580*X *Z - 2317580*X - 1009817925*X + 19420909750*X*Z + 19420909750*X

+ 5214355683750%2

6 5 5 4 3 3 2
T(D= X+ 199*X *Z - 199*X  + 243962*X *Z - 39230622*X *Z - 39230622*X - 19239992257*X - 1925608673651*X*2 +

1925608673651*X - 484478063529356*2

6 5 5 4 3 3 2
TC11)= X+ BA3*X *Z - B43*X + 4339472*X *Z - 6889604900%X *Z - 6889604900*X + T436774127708%X + 1743719941228772*X*Z -

17437199461228772%X - 299087179543071504%2

THE VALUE ETA(ROOT)=Z SATISFIES: 2 -2 +1=0

6 5 3 5 2 5 5 4 2 4 4 3 3 3 2 3 3 2
T(2)2 X = 4%X *2 + 4%X *2Z + 5% *Z + X+ 5*X *¥T - 251N *2 + 5*X - BI2*X *Z - 138*X *Z - 138*X *Z - 812*X - 1274*X
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3 2 2 2 3 2 3 2
*Z o+ 14610%X %2 - 1274%X *Z - 12176*X*Z  + 30120*X*Z + 42296*X*Z - 42296%X - 139008*Z - 3456*2 + 1728

6 5 2 4 3 4 2 4 4 3 3 3 3 2 3
TE3)= X+ X *2 + L16%K %2 - 2673*X *2 - 208%X *Z + 2673*X + 5928*X *Z - 11B56*X *Z + 11109*X + 129090*X *Z - 1405980

2 2 2 3 2 3
X *Z 4+ 129090*X *Z + 1518B004*X*Z - 6B52204*X*Z - 7594002%X*2 + 6852204*X + 12430548*2 - 24B61096*Z - 3055428 °

& 5 3 5 2 5 5 4 3 4 2 4 3 3 3 2
T(S)= X = 23*X *T + 11%X *Z - 11*X *2Z + 23*X + 47975*X *Z + Q00*X *Z - 450%X + 1673125%X *2 + 4L44525%X *Z + 444525*

3 3 2 3 2 2 3 2
X *Z + 1673125"X - 29898625%X *I + S59797250*X *Z - 315757125*X + 8720112500*X*Z - 7951263750*X*2 +

3 2
7951263750%x*2 - 8720112500*X + 45531243750*z - 519842212500*Z + 259921106250

6 5 3 3 2 5 5 4 3 4 2 4 4 3
T(T)» X - 121%X *Z  + 400%X *Z - 279*X “2 - 279*X + 235244*X *Z + 112293*X “Z - 235244*X *I - 224586*X - 86116958*X *

3 3 2 3 3 2 3 2 2 2
Z - 31324255%X *Z + 31324255%X *Z + B6116958*X - 18508754416%X *2 - 17986999024*X *Z + 9254377208*X *Z +

2 3 2 3
17986999024*X  + B6BY20B0BATBO*X*Z + B689208086780%X*2 - 3275402043784*X*Z - 5413806042996*X - 568353880755232*2 -

2
827433879388480%2 + 413716939694240

6 5 3 5 2 5 5 4 2 4 4 33
T(1)= X - 1100*X *2 - 1100%X *Z + 607*X *Z + 493*X - 1006789*X *Z + 4359800*X *2 - 1006789*X - 2B09477303*X *z -

3 2 3 3 2 3 2 2
1455227313*X *2 + 1455227313*X *Z + 2B09477303*X - 2129962934896*X *2 + 4358608603764%X %2 - 21299629348946*

2 3 2
X *2 - 17T90767253461128%X%2  + 485523630861984*X*2  + 1305243602599144%X*2 + 13052463602599144*X -

3 2
13864 1008301470272%2 - 789070162471800768*2 + 394535081235900384

...................................................................

THE VALUE ETA(ROOT)=Z SATISFIES: 2 - 1 =0

7 6 5 4 3 2
T(2)= X - 6*X - 589*X + 3534"X + 92836*X - 46B456*X - 2565760*X - 772800

7 6 5 4 3 2
T(3)= X - 52*X - 8498"X + 412216"X + 19868025*X - 711862020*X - 10023042816*X - 30177681408

7 6 5 4 3 2
T(5)= X+ 390*X - 274766*X - 89721084*X + 1BBO3B76945*X + 4949782534350*X - 33238633B998500*X - 43056397766235000

7 & 5 4 3 2
T(7)= X - 1056*X - 2664238*X + 1960008208*X + 2198662428217*X - 682797580314112%X - 357493958138352204*X

- 2237347633058825456
7 6 5 4 3 2

T(11)= X + 7620*X - 57575652*X - 390877797312*X + 1147296B19645936*X + 5064902947464268608*X -
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7596720433860597787072*X - 4804139800332584086921728

THE VALUE ETA(ROOT)=Z SATISFIES: Z + 1 =0

6 4 2
T(2)= X + 449*X + 37224*X + 205776

3 2 2
T(3)= (X +28*X - 2601*X - 71748)

. 6 4 2
T(5)= X + 243506*X + 1206410625*X + 93756690000

6 4 2
T(7)= X+ 84T206*X + 231424342425%X + 20471634652072500

6 4 . 2
T(11)= X+ 76413428*K + 1813281980887296*X + 13610733591480665702400

..............................................................

THE VALUE ETA(ROOT)=l SATISFIES: Z +Z + 1= 0

8 7 7 6 5 4 4 3 2
T(2)= X + 9*X ¥Z + %X - T60*X *Z + 5328*X - 16TV76*X *Z - 167776*X - 661680%X *2 - 13537024*X - 21204096*X*Z

- 21204096*X + 329482752*%2

8 7 7 6 1 4 4 3 2
T(3)= X + 28*X *Z + 2B*X - 11350%X *Z + 224524*X - 35893881*X *Z - 35893881*X - 500392440*X *Z - 21077052876*X -

340328307888*X*Z - 340328307888*X - 1189005516288*Z

8 7 6 5 4 3 2
T(5)a X - 192%X - 308690*X + 647614B0%*X + 22132512425*X - 5345908156200*X - 192752481265000%X + 100779892364460000*%

X - 5307832734751350000

8 7 6 6 5 4 3
T(TI= X+ 196%X *Z + 3B29354%X *Z + 3829354™X - 151949196*X + 4118389058657*X *Z + 357519216541536*X *Z + 357519216541536

3 2
*X - 1371206296183633312%X  + 266060617663166609920*X*2 - 8966244354382355872000%Z - 8966244354382355872000

8 7 7 6 5 4 4
T(11)= X - 5052*X *Z - 5052*X - &4608570%X *Z - 213696447588*X - 1154441639089281%X *2 - 1154441639089281*) +

3 2
826179486061178160*X *2 - 4455829409680165990096%X + 257175043836419528961024*X*2

+ 2571750438364 19528961024*X+ 324 7334958272486704198877184%2

THE VALUE ETA(ROOT)=Z SATISFIES: Z -2+ 1=0

7 6 6 5 4 4 3 3 2 2
T(2)= X + X *2 + X - 638*X *Z - 1888%X *Z + Q44%X + 108336%X *I - 108336%X + 142416%X *Z - 2B4B32*X + 3398688*X

-1267616%2 - 1247616

7 6 6 5 4 3 3 2
T(3)= X+ 26K *2 - 26X + Q062*X *Z - 131496%X + 24886233%X *Z - 24BB6233*X - 170028990*X *Z - 21435733404*X

- 24783330888*2 + 24783330888
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7 & é 5 4 : 4 3 2
TE5)m X+ L46%X *Z - 223*X + 188999*X + 95032930*X *Z - 47516465*X + 1918851600*X + 3990835680000*X *Z -

2
1995417840000*X - 366159769200000%X - 11879271244800000*Z + 5939635622400000

7 é é 5 5 4 4 3
T(T)= X - 924%X *Z + 1B4B*X + 2928726%X *Z - 292B726*X + 5733261912*X *I - 2B66630956*X - 1997882120097*X *Z -

2 2
2291877B69B15296%X *Z - 2291B77869815296*X + 308321892235345248*X - 499347318230516770560%Z + 998694636461033541120

7 .6 6 5 4 4 3
Ttz X - 2172%X *T - 2172%X - 54695366*X *ZT + 159513023256*X *Z - 79756511628*X + 5874165724 14417%X *2 -

3 2 2
S87416572414417*X - T27653230918975328*X *Z + 1455306461837950656*X - 389588053028986330272*X -

40062112421493368344320%Z - 40062112421493368344320
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