Positivity of Schur function expansions of Thom polynomials

Piotr Pragacz^∗

Institute of Mathematics of Polish Academy of Sciences Śniadeckich 8, 00-956 Warszawa, Poland P.Pragacz@impan.gov.pl

Andrzej Weber^†

Department of Mathematics of Warsaw University Banacha 2, 02-913 Warszawa, Poland aweber@mimuw.edu.pl

(10.05.2006; revised 25.05.2006)

Abstract

Combining the Kazarian approach to Thom polynomials via classifying spaces of singularities with the Fulton-Lazarsfeld theory of numerical positivity for ample vector bundles, we show that the coefficients of Schur function expansions of the Thom polynomials of stable singularities are nonnegative.

1 Introduction

The global behavior of singularities^1 is governed by their Thom polynomials (cf. [13], [1], [6], [12]). As these polynomials are quite complicated even for “simplest” singularities (cf., e.g., [12], [10]), it is important to study their structure. In the present note, following [10], we study Schur function expansions of these polynomials from a “qualitive” point of view. Contrary to [12] and [10], where the Szücs-Rimanyi approach via symmetries of singularities was used, we follow here the Kazarian approach [6] to Thom polynomials. This approach relies on suitable “classifying spaces of singularities”,

2000 Mathematics Subject Classification. 05E05, 14N10, 57R45. Key words and phrases. Thom polynomials, classifying spaces of singularities, Schur functions, ample vector bundles, numerical positivity.

∗Research supported by a KBN grant and by the Humboldt Stiftung during the stay at the MPIM in Bonn.

†Research supported by the KBN grant 1 P03A 005 26. 1In the present note we study complex singularities.

and combined with the Fulton-Lazarsfeld theory of numerical positivity of polynomials in the Chern classes of ample vector bundles [4], leads to nonnegativity of the coefficients in the Schur function expansions of the Thom polynomials of the singularities stable under suspension.

This positivity was previously checked for a number of singularities: by Thom [13] for A_1(r), by Feher and Komuves [3] for some second order Thom- Boardman singularities, by the first author [10] for I_{2,2}(r), A_3(r), and for A_i(r) under the aditional assumption that Σ^j = ∅ for j ≥ 2, by the first author and Ozturk for Thom polynomials from [12], by the second author for the Thom polynomials (from [6]) of singularities of functions, and by Ozturk [9] for A_4(3), A_4(4).^2

2 Thom polynomials

Fix m, n, k ∈ N. We denote by Aut_n the group of k-jets of automorphisms of (C^n, 0), and by J = J (m, n) the space of k-jets of functions (C^m, 0) → (C^n, 0)^3.

Moreover, we set G := Aut_m × Aut_n .

Consider the classifying principal G-bundle EG → BG, i.e. a contractible space EG with a free action of the group G, and define

~J = ~J (m, n) = EG ×_G J .

Let Σ ⊂ J be an analytic closed G-invariant subset, which we shall call a “class of singularities”. For a given class of singularities Σ, set

~Σ = EG ×_G Σ ⊂ ~J

and denote by T^Σ ∈ H^{2 codim Σ}( ~J ; Z) the (Poincaré) dual class of [~Σ].

Since

H^•( ~J ; Z) ≃ H^•(BG; Z) ≃ H^•(BGL_m × BGL_n; Z) ,

T^Σ is identified with a polynomial in c_1, . . . , c_m and c^′_1, . . . , c^′_n which are the Chern classes of universal bundles R_m and R_n on BGL_m and BGL_n. This is a classical Thom polynomial. Speaking slightly informally, given a general map f : M → N of smooth varieties of corresponding dimensions m and n, the Thom polynomial

T^Σ(c_1(M), . . . , c_m(M), c_1(N), . . . , c_n(N))

2We use here the notation from [10]. The calculations in the last three cases used extensively ACE [15].

3Though these objects depend on k, we omit “k” in the notation. This will happen also to other objects introduced later.

evaluates the dual class of the set where f has singularity “of the class Σ”. A precise version of this statement is a content of the Thom theorem [13] (see also [6], Theorem 1 and [12], Section 6).

The suspension

S : J (m, n) → J (m + 1, n + 1)

allows one to increase the dimension of the source and the target simultaneously: with the local coordinates x_1, x_2, . . . for the source and a function f = f(x_1, . . . , x_m), the jet (Sf) ∈ J (m + 1, n + 1) is defined by

(Sf)(x_1, . . . , x_m, x_{m+1}) := (f(x_1, . . . , x_m), x_{m+1}) .

Suppose that the class of singularities Σ is stable under suspension. By this we mean that it is a member Σ_0 = Σ of a family

{Σ_r ⊂ J (m + r, n + r)}_{r≥0}

such that Σ_{r+1} ∩ J (m + r, n + r) = Σ_r and T^{Σr+1}_{|H}•_{(BGLm+r ×BGLn+r ;Z)} = T^{Σr} .

This means that if we specialize

c_{m+r+1} = c^′_{n+r+1} = 0

in the polynomial T^{Σr+1} , we obtain the polynomial T^{Σr} . The usual notion of stable equivalence fits into our setup.

The theorem of Thom has the following refinement due to Damon [2] for a class of singularities Σ which is stable under suspension: T^Σ is supersymmetric, i.e. is a polynomial in

c_i(T M − f^∗T N) = [c(T M)/c(f^∗T N)]_i where i = 1, 2, . . . .

Cf. also [6, Theorem 2].

3 Schur functions expansions

Instead of using Chern monomial expansions to express Thom polynomials (cf., e.g., [12] and the references therein), there is a recent (initiated in 2005) attempt to use Schur function expansions � I α_I S_I (cf. [3] and [10]).

Recall that given a partition I = (0 ≤ i_1 ≤ i_2 ≤ . . . ≤ i_l), and vector bundles E and F , the Schur function S_I (E − F ) is

S_I (E − F ) := � �S_{ip+p−q}(E − F ) � � 1≤p,q≤l , where � S_i(E − F ) = � b (1 − b)/ � a (1 − a) ,

and the a’s and b’s are the Chern roots of E and F . We have for any partition I , S_I (E^∗ − F^∗) = S_I∼ (F − E) (1)

where I^∼ denotes the dual partition of I. In particular, S_i(E^∗ − F^∗) = c_i(F −E) for any i. We refer to [7] and [11] for the theory of Schur functions (a brief account of Schur functions applied to Thom polynomials, can be found in [10, Section 3]).

Using the theory of supersymmetric functions (cf., e.g., [11]), the Thom- Damon theorem can be rephrased by saying that there exist α_I ∈ Z such that T^Σ = � I α_I S_I (R^∗_m − R^∗_n) , (2)

the sum is over partitions I with |I| = codim(Σ). Here, and in the following, we omit pull back indices. The expression in Eq. (2) is unique (loc.cit.).

4 Positive polynomials for ample vector bundles

In the proof of our main result, we shall use the following two results of Fulton and Lazarsfeld from [4]. Recall that by a cone in a vector bundle E we mean a subvariety of E which is stable under the natural C^∗ action on E. The first result is

Proposition 1 ([4, Theorem 2.1]) Let E be an ample vector bundle of rank e on a projective variety X of dimension e, and let C ⊂ E be a cone of pure dimension e. Then the cone class [C] ∈ A_0(X) (the Chow group) has strictly positive degree.

The second result characterizes polynomials numerically positive for ample vector bundles, cf. [4, p. 35] for this last notion.

Theorem 2 ([4, Theorem I]) A homogeneous polynomial � I β_I S_I ,

where β_I ∈ Z, is numerically positive for ample vector bundles iff it is nonzero and for any partition I, β_I ≥ 0.

5 Main result

The main result of the present note, suggested/conjectured in [10] and in [3] for Thom-Boardman singularities, is

Theorem 3 Let Σ be a stable class of singularities. Then for any partition I, the coefficient α_I occuring in the Schur function expansion of the Thom polynomial T^Σ (cf. Eq. (2)), is nonnegative.

Proof. To prove the theorem, we first pull back the bundle ~J from BG to BGL_m × BGL_n via the map induced by the embedding

GL_m × GL_n → Aut_m × Aut_n .

Since GL_m × GL_n acts linearly on J , the obtained pullback bundle is now the vector bundle on BGL_m × BGL_n associated with the representation of Gl_m × GL_n on J :

J (R_m, R_n) := � ⊕^k_{i=1}Sym^i(R^∗_m) � ⊗ R_n .

The bundle J (R_m, R_n) contains the preimage of ~Σ, denoted by Σ(R_m, R_n), whose dual class is given by the RHS of Eq. (2).

Consider, more generally, a pair of vector bundles E and F of ranks m and n on a variety X. We define the following vector bundle on X:

J (E, F ) := � ⊕^k_{i=1}Sym^i(E^∗) � ⊗ F .

In fact, the pair of bundles (E, F ) corresponds to a principal GL_m × GL_nbundle P (E, F ) and

J (E, F ) = P (E, F ) ×_{GLm×GLn} J

is the bundle associated with the representation. Similarly, we define the singularity set

Σ(E, F ) := P (E, F ) ×_{GLm×GLn} Σ ⊂ J (E, F ) .

The dual class of [Σ(E, F )] in

H^{2 codim(Σ)}(J (E, F ); Z) = H^{2 codim(Σ)}(X; Z)

is equal to � I α_I S_I (E^∗ − F^∗) , (3)

where the α_I ’s were defined in Eq. (2). The proof of this fact is fairly standard but one has to pass to topological homotopy theory, where each pair of bundles can be pulled back from the universal pair (R_m, R_n) of bundles on

BGL_m × BGL_n. It is possible to work entirely with the algebraic varieties. One can use the Totaro construction and representability for affine varieties ([14, proof of Theorem 1.3]). Another solution is to pass to homotopy category of algebraic varieties, where the classifying space is defined and has desired properties, cf. [8, §4.2]. (This enormous machinery seems to be “much too heavy” for the needs of our problem.)

Suppose from now on that rank(F ) = n^′ = n + r ≥ codim(Σ) and E = 1^{m′} is a trivial bundle of rank m^′ = m + r. If we check that α_I ≥ 0 in Eq. (3) for all such pairs of bundles, then by Eq. (2) the assertion of Theorem 3 will follow. By Eq. (3) the dual class of [Σ(1^{m′} , F )] is equal to � I α_I S_I (−F^∗) = � I α_I S_I∼ (F ) (4)

(we use here Eq. (1)). We shall check that if F is ample then the expression (4) is numerically positive. Since a direct sum of ample vector bundles is ample ([5, Proposition 2.2]), the vector bundle J (1^{m′} , F ) = F^{⊕K} (for some integer K) is ample. Moreover, Σ(1^{m′} , F ) is a cone in J (1^{m′} , F ) because C^∗ ⊂ Aut_n′ . Therefore, by Proposition 1 the expression (4) is numerically positive. We conclude that the coefficients α_I in Eq. (4) are nonnegative by Theorem 2.

The theorem has been proved. �

Remark 4 We give here a slightly different argument proving the assertion of the theorem. As above, by [4] we know that the following statement (*) holds: if the dual class of [Σ(1^{n′} , F )] is � I α_I S_I∼ (F )

(where the coefficients α_I are universal), then for any partition I we have α_I ≥ 0.

Let G = G_m(C^M ) be the Grassmannian parametrizing m-dimensional subspaces of C^M . It is endowed with the tautological sequence of vector bundles:

0 → R_{m,M} → 1^m_G → Q_{m,M} → 0 . (5)

Taking another Grassmannian G_n(C^N ), and M, N >> 0, to estimate the α_I ’s from Eq. (2), it is sufficient to estimate the coefficients in the dual class of [Σ(R_{m,M} , R_{n,N} )], given by � I α_I S_I (R^∗_{m,M} − R^∗_{n,N} ) = � I α_I S_I (−Q^∗_{m,M} − R^∗_{n,N} ) (6)

= � I α_I S_I∼ (Q_{m,M} + R_{n,N} ) .

This equation follows from the sequence (5). Applying (*) to the RHS of Eq. (6), we get that the coefficients on its LHS are nonnegative.

Acknowledgment The first author thanks Alain Lascoux for helpful discussions on Schur functions and Thom polynomials.

References

[1] V. Arnold, V. Vasilev, V. Goryunov, O. Lyashko: Singularities. Local and global theory, Enc. Math. Sci. vol. 6 (Dynamical Systems VI), Springer, 1993.

[2] J. Damon, Thom polynomials for contact singularities, Ph.D. Thesis, Harvard, 1972.

[3] L. Feher, B. Komuves, On second order Thom-Boardman singularities, Preprint, math.AG/0501498; to appear in Fund. Math.

[4] W. Fulton, R. Lazarsfeld, Positive polynomials for ample vector bundles, Ann.

of Math. 118 (1983), 35–60.

[5] R. Hartshorne, Ample vector bundles, Publ. Math. IHES 29 (1966), 63–94.

[6] M.E. Kazarian, Classifying spaces of singularities and Thom polynomials, in:

“New developments in singularity theory”, NATO Sci. Ser. II Math. Phys. Chem., 21, Kluwer Acad. Publ., Dordrecht (2001), 117–134.

[7] A. Lascoux, Symmetric functions and combinatorial operators on polynomials, CBMS/AMS Lectures Notes 99, Providence (2003).

[8] F. Morel, V. Voevodsky, A^1-homotopy theory of schemes, Publ. Math. IHES 90 (2001), 45–143.

[9] O. Ozturk, On Thom polynomials for A_4(−) via Schur functions, to appear.

[10] P. Pragacz, Thom polynomials and Schur functions I, Preprint, math.AG/0509234.

[11] P. Pragacz, A. Thorup, On a Jacobi-Trudi identity for supersymmetric polynomials, Adv. in Math. 95 (1992), 8–17.

[12] R. Rimanyi, Thom polynomials, symmetries and incidences of singularities, Inv. Math. 143 (2001), 499–521.

[13] R. Thom, Les singularités des applications différentiables, Ann. Inst. Fourier 6 (1955–56), 43–87.

[14] B. Totaro, The Chow ring of a classifying space in: “Algebraic K-theory” (eds. W. Raskind et al.), Symp. Pure Math. Vol. 67 (1999), AMS, 249–281.

[15] S. Veigneau, ACE, an algebraic combinatorics environment for the computer algebra system MAPLE, 1998.