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THE LANGLANDS-SHAHIDI METHOD OVER
FUNCTION FIELDS: THE RAMANUJAN CONJECTURE AND
THE RIEMANN HYPOTHESIS FOR THE UNITARY GROUPS

LUIS ALBERTO LOMELI

INTRODUCTION

We make the Langlands-Shahidi method available over function fields. The
method was almost single handedly developed by Shahidi in the case of number
fields. Previously, the LS method in characteristic p was only available for the split
classical groups.

Let G be a connected reductive group defined over a function field k. Let
P = MN be a maximal parabolic subgroup of G and let G denote its Langlands
dual group. The LS method allows us to study automorphic L-functions arising
from the adjoint action 7 = @r; of “M on “n, where “n is the Lie algebra of the
unipotent radical “N on the dual side. Let m be any globally generic cuspidal
automorphic representation of M(Ay). The Langlands-Shahidi method provides a
definition of L-functions and root numbers

L(s,m,r;) and e(s,m,1;), s € C.

We obtain a system of v-factors, L-functions and e-factors at every place v of k.
Let ¢ = ®,1%, = k\Ar — C* be a character, where Ay is the ring of adeles. Then
we have

V(S T, Tiw, Vo), L(S, Ty, 750) and (s, T v, Ti 0, Yo)-

The connection is made via the global functional equation
L(s,m,r;) =e(s,m,r;)L(1 — s,7,r;).

We define local factors over any non-archimedean local field F' of characteristic
p via the Langlands-Shahidi local coefficient. In this setting, we take 7w to be
any generic representation of G(F') and ¢ an additive character of F. The local
coefficient

CTIJ (Sa , ’LDO)
is obtained via intertwining operators and multiplicity one for Whittaker mod-
els. A system of Weyl group element representatives w is chosen together with
Haar measures, and we study the behavior of the local coefficient when these vary
(Proposition 2.2).

We begin locally and establish a local to global result that allows us to lift any
supercuspidal generic representation 7y to a globally generic cuspidal automorphic
representation 7 with controlled ramification at all other places (Theorem 3.1).

Globally, there is a connection to Langlands theory of Eisenstein series over func-
tion fields [15, 41]. This enables us to prove the crude functional equation involving
the Langlands-Shahidi local coefficient and partial L-functions (Theorem 4.2).
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A recursive argument that is already present in Arthur’s work, using endoscopic
groups, in addition to Shahidi [45], allows us to produce individual functional equa-
tions for each r; (Proposition 5.4). The main theorem of the Langlands-Shahidi
method, Theorem 5.1, concerns the existence of a system of -factors, L-functions
and root numbers. These are uniquely characterized by a list of axioms. An in-
spiring list of axioms for y-factors can be found in [30]. Work on the uniqueness of
Rankin-Selberg L-functions [20], led us to extend the characterization in a natural
way to include L-functions and e-factors beginning with the classical groups in [33].
Our local to global result allows us to reduce the number of required axioms.

The second part of the article is devoted to the unitary groups. We extend the LS
method, to include the study of products of globally generic representations of two
unitary groups. We have a main theorem on extended ~-factors, L-functions and
root numbers (Theorem 7.3). The induction step of the £LS method for the unitary
groups gives the case of Asai and twisted Asai L-functions studied in [19, 34].

Based on our previous work on the classical groups over function fields and
the guidance of the work of Kim and Krishnamurthy in the case of number fields
[24, 25], we establish stable Base Change for globally generic representations. This
approach is possible by combining the Langlands-Shahidi method and the Converse
Theorem of Cogdell and Piatetski-Shapiro [7]. Over number fields, functoriality for
the classical groups was established for globally generic representations by Cogdell,
Kim, Piatetski-Shapiro and Shahidi [9]. The work of Arthur establishes the general
case for not necessarily generic representations in [1]. Mok addresses the endoscopic
classification for the unitary groups in [39]. Over function fields, there is the ongoing
work of V. Lafforgue, who establishes a Langlands correspondence from a connected
reductive group to the Galois side [27]. In contrast, in our approach we work purely
with techniques from Automorphic Forms and Representation Theory of p-adic
groups.

Given a cuspidal automorphic representation 7 of a unitary group Uy, we con-
struct a candidate admissible representation II for the Base Change to Res GLy.
For suitable twists by cuspidal automorphic representations 7 of GL,,,, we have that
L(s,lI x 7) = L(s, 7™ x 7). The Converse Theorem requires that these L-functions
be nice. Over a function field k with field of constants F,, this means they are
rational on ¢~° and satisfy the global functional equation. The required rationality
property is established for all Langlands-Shahidi L-functions in [35]. The global
functional equation is contained § 5.3. In this manner, we are able to establish the
existence of a weak Base Change to Res GLy (Theorem 8.5).

Let K/k be a separable quadratic extension of global function fields. We strengthen
the weak Base Change of Theorem 8.5 in such a way that we it is compatible with
local Base Change at every place v of k. This proves stable Base Change, Theorem
9.11, for globally generic representations of unitary groups:

globally generic cupsidal automorphic representations
automorphic representations BC, I=II,8.---BIl,
m of UN(A]C) of GLN(AK)

We provide three important applications: the local Langlands functorial lift or
local Base Change from generic representations of Uy to Res GLy (Theorem 9.10);
the Ramanujan conjecture (Theorem 10.3); and, the Riemann Hypothesis (Theo-
rem 10.1) for our automorphic L-functions.
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1. THE LANGLANDS-SHAHIDI LOCAL COEFFICIENT

1.1. Notation. Throughout the article we let F' denote a non-archimedean local
field of characteristic p. The ring of integers is denoted by Op and a fixed uni-
formizer by wr. Given an algebraic group H, we let H denote its group of rational
points, e.g., H = H(F).

Let G be a quasi-split connected reductive group scheme. Let B = TU be a fixed
Borel subgroup of G with maximal torus T and unipotent radical U. Parabolic
subgroups P of G will be standard, i.e., P D B. We write P = MN, where M
is the corresponding Levi subgroup and N its unipotent radical. Let ¥ denote
the roots of G with respect to the split component T, of T and A the simple
roots. Let ¥, denote the reduced roots. The positive roots are denoted ¥1 and the
negative roots ¥, and similarly for ;7 and X. The fixed borel B corresponds
to a pinning of the roots with simple roots A. Standard parabolic subgroups are
then in correspondence with subsets 8 C A; 6 <+ Py. The opposite of a parabolic
Py and its unipotent radical Ny are denoted by P, and N, , respectively.

Given the choice of Borel there is a Chevalley-Steinberg system. To each o € T
there is a subgroup N, of U, stemming from the Bruhat-Tits theory of a not
necessarily reduced root system. Given smooth characters v, : No/Nay — C*,
o € A, we can construct a character of U via

(1.1) U-U/ [] Na=]] Na/Na

aeXt—A aEA

and taking ¢ = [[,ca Ya-

The character v is called non-degenerate if each v, is non-trivial. We often
begin with a non-trivial smooth character v : F — C*. When this is the case,
unless stated otherwise, it is understood that the character i of U is obtained from
the additive character ¢ of I' by setting [],c % in (1.1).

1.2. Fix a non-degenerate character ¢ : U — C* and consider 9 as a one dimen-
sional representation on U. Recall that an irreducible admissible representation m
of G is called v-generic if there exists an embedding

7 < Ind§ ().

This is called a Whittaker model of . More precisely, if V is the space of 7 then
for every v € V there is a Whittaker functional W), : G — C with the property

W, (u) = (u)W,(e), for u € U.
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It is the multiplicity one result of Shalika [47] which states that the Whittaker
model of a representation 7 is unique, if it exists. Hence, up to a constant, there is
a unique functional

AV —=C

satisfying

We have that
W,(g) = A(m(g)v), for g € G.

Given 6 C A let Py = MyNy be the associated standard parabolic. Let Ay be
the torus (Ngeaker(a))®, so that My is the centralizer of Ag in G. Let X (Mj) be
the group of rational characters of My, and let

az,c — X(M@) ® (C

There is the set of cocharacters XY (Mjy). And there is a pairing (-,-) : X (Mj) x
XV(My) — Z, which assigns a coroot o to every root a.

Let X,,(Mj) be the group of unramified characters of My. It is a complex
algebraic variety and we have X,,(My) = (C*)¢, with d = dimg(a}). To see
this, for every rational character x € X(Mpy) there is an unramified character
g He () ¢ X (My), where

(x,Ho(m

q ) = Ix(m)|p -

This last relation can be extended to aj ¢ by setting
() ()}, s € C.
We thus have a surjection
(1.2) agc = Xnr(Mp).
Recall that, given a parabolic Py, the modulus character is given by
8o(p) = ¢\ "™ p=mn € Py = MN,

where pg is half the sum of the positive roots in 6.

In [38] the variable appearing in the corresponding Eisenstein series ranges over
the elements of X,,,(Mpy). Already in Tate’s thesis [51], the variable ranges over the
quasi-characters of GL;. The surjection (1.2) allows one to use complex variables.
In particular, our L-functions will be functions of a complex variable. For this we
start by looking at a maximal parabolic subgroup P = MN of G. In this case,
there is a simple root a such that P = Py, where § = A — {a}. We fix a particular
element & € aj ¢ defined by

(13) & = (ps,0¥) " po.

For general parabolics Py we can reduce properties of L-functions to maximal
parabolics via multiplicativity (Property (iv) of Theorem 5.1).
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1.3. Induced representations. We make a few conventions concerning parabolic
induction that we will use throughout the article. Let (7, V') be a smooth admissible
representation of M = My and let v € ay ¢ By parabolic induction, we mean
normalized unitary induction

where we extend the representation 7 to P = M N by making it trivial on N. Also,
whenever the parabolic subgroup P and ambient group G are clear from context,
we will simply write

Ind(7) = indg(ﬂ').

We also incorporate twists by unramified characters. For any v € aj -, we let

I(v,m) = indf, (g @ )

be the representation with corresponding space V(v, 7). Finally, if P is maximal,
we write

I(s,m) =1(sa,m), s € C,

with & as in equation (1.3); its corresponding space is denoted by V(s, 7). Further-
more, we write I(m) for I(0, ).

1.4. Local notation. Given a maximal Levi subgroup M of G, let H..(p, M, G)
be the class of triples (F, m,1) consisting of: a non-archimedean local field F', with
char(F) = p; a generic representation m of M = M(F); and, a smooth non-trivial
additive character ¢ : FF — C*. When M and G are clear from context, we will
write Hoc(p) for Loc(p, M, G). We say (F,m,¢) € Hoc(p) is supercuspidal (resp.
discrete series, tempered, principal series) if 7 is a supercuspidal (resp. discrete
series, tempered, principal series) representation.

In this section and the next we revisit the theory of the Langlands-Shahidi local
coefficient [44]. Now in characteristic p, we base ourselves in [32, 34]. We normalize
Haar measures and choose Weyl group element representatives in the rank one
cases, extending the results of [34] to the general case. This includes the case of
p=2. In § ?? we will turn towards the subtle issues that arise when gluing these
pieces together.

1.5. Let W denote the Weyl group of X, which is generated by simple reflections
we, € A. And, let Wy denote the subgroup of W generated by wq, a € 6. We let

(1.4) wo = wwy e,

where w; and w; ¢ are the longest elements of W and Wj, respectively. Choice of

Weyl group element representatives in the normalizer N(7s) will be addressed in

section 2, in order to match with the semisimple rank one cases of § 1.3. For now,

we fix a system of representatives 20 = {0, dpa }
There is an intertwining operator

Ay, 7, W) : V(v,7) = V(o (v),wo(r)),

aEA"

where wo(7)(z) = 7(wy 'wWg). Let Ny, = U NwoNy wy !, then it is defined via
the principal value integral

A(w,m,100) f(g) = /N (@ ng) dn.

wq
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With fixed ¢ of U, let ¢y, be the non-degenerate character on the unipotent
radical My N U of My defined by

(1.5) Vo (1) = Y(Wouity '), u € My NU.

This makes ¢ and 1,3, Wo-compatible.

Given an irreducible tg,-generic representation (m, V') of My, Theorem 2.13 of
[35] shows that I(v,7), v € aj ¢, is ¥-generic and establishes an explicit principal
value integral for the resulting Whittaker functional

(1.6) Aplvmdo)f = | Mgy (F (g 1)) (n) d,
where 6" = wy(6).

Definition 1.1. For every vy, -generic (F,m, 1) € Loc(p), the Langlands-Shahidi
local coefficient Cy (s, m,W0) is defined via the equation

(1.7) Ay (s&, m, W) = Cy (s, T, Wo) Ay (sW0 (&), Wo (1), Wo)A(sé&, m, ),
where sa € ag ¢ for every s € C.

Remark 1.2. When it is clear from context, we identify s € C with the element
sa € ag . We thus write Ay(s,m,wWo) for Ay(sa,m,wo) and I(s,m) for I(sa, ).
Similarly, we identify s' with swo(a) € ag ¢ and let 7' = wo(m). Hence, we simply
write Ay (s', 7', o) instead of Ay (swo(&), wo (), Wo).

Let (F, 7, 1) € Loc(p) be Pg,-generic. From § 2 of [35] we know that Ay (s, 7, W)
is a polynomial in {q%,q;s} for a test function fs € I(s,7). By Theorem 2.1 of
[32], the Langlands-Shahidi local coefficient Cy (s, m, o) is a rational function on
gr", independent of the choice of test function.

1.6. Rank one cases. Let F'/F be a separable extension of local fields. Let G
be a connected quasi-split reductive group of rank one defined over F'. The derived
group is of the following form

GD = RGSF//FSLQ or RGSF//FSUg.

Note that given a degree-2 finite étale algebra E over the field F’, we consider
the semisimple group SU3 given by the standard Hermitian form h for the unitary
group in three variables as in § 4.4.5 of [11]. Given the Borel subgroup B = TU of
G, the group Gp shares the same unipotent radical U. The F rational points of
the maximal torus Tp are given by

Tp = {(diag(t,t™") |t € F'*},
in the former case, and by
Tp = {(diag(z, 2z~ ",z ") |z € EX}

in the latter case.

We now fix Weyl group element representatives and Haar measures. In these
cases, A is a singleton {a}, and we note that the root system of SUj is not reduced.
If Gp = Respr/pSLa, we set

(1.8) wa<_‘1) (1))
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and, if Gp = Resp/,pSUs, we set
0 0 1
(1.9) W= 0-1 0
1 0 0

Given a fixed non-trivial character ¢ : F© — C*, we then obtain a self dual
Haar measure du,, of F, as in equation (1.1) of [34]. In particular, for SLo we have
the unipotent radical N, which is isomorphic to the the unique additive abelian
group G, of rank 1. Here, we fix the Haar measure du,y on G, = F. Given a
separable extension F’'/F, we extend 1 to a character of F’ via the trace, i.e.,
Ypr =1 o Trpp. We also have a self dual Haar measure g, on Go(F') = F'.

Given a degree-2 finite étale algebra E over the field F', assume we are in the
case Gp = SUjs. The unipotent radical is now N = N,Ns,, with N, and Ny,
the one parameter groups associated to the non-reduced positive roots. We use the
trace to obtain a character ¥g : E — C* from 1. We then fix measures djy and
dpiy,,, which are made precise in § 3 of [34] for N, and Ny,. We then extend to
the case Gp = Resp//pSUs by taking ¢pr = ¢ o Trp//p and Yp = Yp o Trg, pr.
Furthermore, we have corresponding self dual Haar measures dpy,., and dpiy,, for
RGSF//FNQ(F) = Na(F/) and RGSF//FNQQ(F) = NQQ(E)

We also have the Langlands factors A(F’/F, 1) defined in [29]. Let Wg and Wg
be the Weil groups of F’ and F', respectively. Recall that if p is an n-dimensional
semisimple smooth representation of Wg», then

e(s, Ind})yr p, ¢)

6(37 P wF')
On the right hand side we have Galois e-factors, see Chapter 7 of [5] for further
properties. Given a degree-2 finite étale algebra E over F’, the factor A(E/F’, )
and the character 7g,p have the meaning of equation (1.8) of [34].

The next result addresses the compatibility of the Langlands-Shahidi local coeffi-

cient with the abelian y-factors of Tate’s thesis [51]. It is essentially Propostion 3.2
of [34], which includes the case of char(F') = 2.

A(F'[F )" =

Proposition 1.3. Let G be a quasi-split connected reductive group defined over
F whose derived group Gp is either Resp//pSLa or Resp pSUs. Let (F,m,¢) €
ﬁoc (p7 T7 G) .
(i) If Gp = Resp//pSLa, let x be the smooth character of Tp given by |y, .
Then
Cyp, (s,m,0) = ¥(5, X, Yr).
(ii) If Gp = Resp//pSUs, x and v be the smooth characters of E* and £,
respectively, defined via the relation

7|z, (diag(t, 2,171)) = x(t)v(2).
Extend v to a character of E* wvia Hilbert’s theorem 90. Then
Cd)F,(S,'/T,'lDO) = )\(E/Flvap/)’YE(svaa 1/)E) 7(28777E/F/X|F'X7¢F’)~

The computations of [34] rely mostly on the unipotent group U, which is in-
dependent of the group G. However, there is a difference due to the variation of
the maximal torus in the above proposition. For example, all smooth representa-
tions 7 of SLy(F) are of the form m(diag(t,t~')) = x(¢) for a smooth character
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x of GL1(F); then Cy(s,m, o) = (s, x, ). However, in the case of GLy(F) we
have w(diga(ti,t2)) = x1(t1)x2(t2) for smooth characters x; and x2 of GL;(F);
then Cy(s,m, Wo) = v(s,x1X5 ', ). Note that the semisimple groups of rank one
(check terminology) in the split case, ranging from adjoint type to simply con-
nected, are PGLg, GL2 and SLs. The cases PGLy = SO3 and SLs = Sp, are also
included in Propostion 3.2 of [loc.cit.]. Of particular interest to us in this article
are Resg/pGL2(F') = GL2(E), Us(F) and Uz(F'), which arise in connection with
the quasi-split unitary groups.
Given an unramified character m of T'= T(F'), we have a parameter

(1.10) ¢:Wr — LT

corresponding to m. Let u denote the Lie algebra of U and let r be the adjoint
action of “T on Lu. Then r is irreducible if Gp = Respr/pSLy and 7 = 71 @ rg if
Respr/pSUs. As in [23], we normalize Langlands-Shahidi y-factors in order to have
equality with the corresponding Artin factors.

Definition 1.4. With the notation of Proposition 1.3:
(i) ]f GD = ReSF//FSLQ, let

’Y(SJ,TJ/J) = A(F//Fa 1/})7(87X31/}F’)'
(11) If GD = RGSF//FSUg, let
7(S7W7T17¢) = A(E/Fa 71[})7(57)(’/3 QZJE)
and
7(877{.7742’1#) = )‘<F/F/7¢) 7<s7nE/F’X|F’XawF’>'

In this way, with ¢ as in (1.10), we have for each i:

7(87 7'('77"7;7'(/}) = ’7(3,7"1‘ o Qb»l/f)

The ~-factors on the right hand side are those defined by Deligne and Langlands
[52]. We can then obtain corresponding L-functions and root numbers via y-factors,
see for example § 1 of [34].

2. WEYL GROUP ELEMENT REPRESENTATIVES, HAAR MEASURES AND
UNRAMIFIED PRINCIPAL SERIES

We begin with Langlands lemma. This will help us choose a system of Weyl
group element representatives in a way that the local factors agree with the rank
one cases of the previous section. We refer to Shahidi’s algorithmic proof of [44],
for Lemma 2.1 below. In Proposition 2.2, we address the effect of varying the
non-degenerate character on the Langlands-Shahidi local coefficient, in addition to
changing the system of Weyl group element representatives and Haar measures.
We then recall the multiplicativity property of the local coefficient, and we use this
to connect with the rank one cases of Proposition 1.3 to the case of unramified
principal series.

2.1. Recall that given two subsets § and 6 of A are associate if W(0,0") =
{w € W|w(#) = 0"} is non-empty. Given w € W (0,6’), define

N,=UnN wNG_fuf1 N, = w 'Nyw.

The corresponding Lie algebras are denoted n,, and n,,.
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Lemma 2.1. Let 0,0' C A are associate and let w € W(0,0"). Then, there exists
a family of subsets 01,...,05 C A such that:
(i) We begin with 61 = 0 and end with 04 = ¢’.
(ii) For each j, 1 < j <d—1, there exists a root o € A —0; such that 041 is
the conjugate of 6; in Q; = {a;} U6;.
(iii) Set w; = wjq,wi e, 1 W(0;,0541) for1 <j < d—1, thenw = wg_1---w;.
(iv) If one sets i1 = w and Wit = ijj_l for1<j<d-1, thenwg =1 and

i,

=Ty, & Ad(w; iy, -

2.2. For each « € A there corresponds a group G, whose derived group is simply
connected semisimple of rank one. We fix an embedding G, — G. A Weyl group
element representative w, is chosen for each w, and the Haar measure on the unipo-
tent radical N, are normalized as indicated in § 1.3. We take the corresponding

measure on N_, inside G,. Fix

(2.1) W = {@a, diatpen

to be this system of Weyl group element representatives in the normalizer of N(T5)
together with fixed Haar measures on each N.

We can apply Lemma 2.1 by taking the Borel subgroup B of G for the wy as in
equation (1.4), i.e., we use § = (. In this way, we obtain a decomposition

(2.2) wo = H’wowg,
B

where f3 is seen as an index for the product ranging through 8 € 3. For each such
wo,3, there corresponds a simple reflection w, for some o € A.

From Langlands lemma and equation (2.2) we further obtain a decomposition of
N in terms of N, é, B € B}, where each N é corresponds to the unipotent group of
N, of G, for some a € A. In this way, the measure on N is fixed by 20 and we
denote it by
(2.3) dn = dupy(n).

The decomposition of (2.2) is not unique. However, the choice 20 of representatives
determines a unique wyg.

We now summarize several facts known to the experts about the Langlands-
Shahidi local coefficient in the following proposition.

Proposition 2.2. Let (F,7,1) € Loc(p, M, G). Let W' = {w,,dp,},cn be an
arbitrary system of Weyl group element representatives and Haar measures. Let
¢ : U — C* be a non-degenerate character and assume that 7 is Py -generic.

Let G be a connected quasi-split reductive group defined over F', sharing the same
derived group as G, and with maximal torus T = ZgT. Then, there exists an

element © € T such that the representation m,, given by
m2(g) = w(z” g)
is Y, -generic. And, there exists a constant a;(p,20') such that
Co(s,m, W) = az(¢,W')Cy(s, 7, Wo).
Let (F,m;, ) € Z(p), i =1, 2. If m = 7o and are both 1y, -generic, then
Cy (s, m1,W0) = Cy(s, m2, o).
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Proof. The existence of a connected quasi-split reductive group G of adjoint type,
sharing the same derived group as G, is due thanks to Proposition 5.4 of [46]. Its
maximal torus is given by T = ZgT. Let (Fym,9) € Loc(p), where (m,V) is
¢, -generic. Because G is of adjoint type, the character ¢ lies on the same orbit
as the fixed . Thus, there indeed exists an = € T such that Ty 1S Yg,-generic.

The system 2 fixes a measure on N, which we denote by dn’ = du/y. Uniqueness
of Haar measures gives a constant b € C such that dn = bdn’. Also, notice that we
can extend 7 to a representation of G which is trivial on Z. And, the restriction
of m to T' decomposes into irreducible constituents

|l = BT

Each 7;, is one dimensional by Schur’s lemma. Hence, for any element y € T we
have 7(y) € C.

To work with the local coefficient, take ¢ € C°(PywoB, V) and let f = fs = Psp
be as in Lemma 2.6 of [35]. Now, using the system 20’ in the right hand side of the
definition (1.7) for C¢(s,7r, 12;6), we have

A ( (swp(a (m), wh)A(s, m,w00) f
/ / /\¢ 2 Nl n1w0 1712)) a(nz)dn'l dny.

Let f.(9) = f(z7gx) for f € I(s,n), so that f, € I(s,7m,) is 1-generic for the
tha,-generic (1., V). Let ¢, be the module for the automorphism n +— z~'nz.
Then, after two changes of variables and an appropriate change in the domain of

integration, the above integral is equal to

P [ e Ul ) B
“’0 “’0“70
letting 2 = (w))?, W) = Wyt~ and changing back the domain of integration, we

obtain
bQCiCZ / / )\wwo (fac (t21b()—1n111~]()—1n2)) E(ng) d’l’Ll dng
Ng Nwo
= b2 em(t®) Ay, (so(@), Wo(ms), o) A(s, 7, do) fr-

Now, working in a similar fashion with the left hand side of equation (1.7) we obtain
ol i) = e [ N, (o a0 ) () d

We can always find an x € T satisfying the above discussion and such that
(2.4) d = 2wy el € T.

Alternatively, we can go to the separable closure, as in the discussion following
Lemma 3.1 of [45], to obtain an element = € T(F,). To see this, we can re-
duce to rank one computations to produce the right x. In the case of SLso, all
additive characters are of the form ¢® and we can take t = diag(a,1) € T or
t = diag(a'/?,a=1/?) € T(F,). We then have
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Ao (sa, m,w0) f = begm(d) /7 A, (f2(twg 'n)) P(n) dn

= bcxﬂ(dt))\we(s, T, W0) fa-
In this way, we finally arrive at the desired constant
m(dt~1)
bege,

az(¢, ") =

To conclude, we notice that if (F,m;,v) € Z(p), i = 1, 2, have m; = 79 and are
both t4,-generic, then Proposition 3.1 of [44] gives

Cw(s,ﬂ'l,lﬂo) = qu(s,ﬂg,ﬁ)o).
(I

2.3. Multiplicativity of the local coefficient. Shahidi’s algorithm allows us to
obtain a block based version of Langlands’ lemma from the Corollary to Lemma 2.1.2
of [44]. We summarize the necessary results in this section. More precisely, let
P = MN be the maximal parabolic associated to the simple root a € A, i.e.,
P =Py for 6 = A — {a}. We have the Weyl group element wq of equation (1.4).
Consider a subset 6y C 0 and its corresponding parabolic subgroup Py, with max-
imal Levi My, and unipotent radical Ny, .

Let 3(6p) be the roots of (Pg,, Ag,). In order to be more precise, let X (A, , My,)
be the positive roots with respect to the maximal split torus Ag, in the center of
My,. We say that a, 8 € X — X1 (Ag,, Mg, ) are Ag,-equivalent if 5[4, = ala,, -
Then

z)+(90) = (EJr - E+(A907M90)) / ~
Let 2.7 (6p) be the block reduced roots in 1 (6p). With the notation of Langlands’
lemma, take 6, = w(fy) and set

(60, w) = {[8) € =F (Go)|w(B) € BT} .
We have that

(25) Bi) = wit o wih (o)), 1< <n—1,
are all distinct in X, (6p, w) and all [5] € X, (0y, w) are obtained in this way.
(26) Nu')]- = Ad(w;l)ﬁijrl X ij.

‘We now obtain a block based decomposition

(27) wo = Hwo,j.
J

In addition, the unipotent group N, decomposes into a product via successive
applications of equation (2.6). Namely

(2.8) Nu, = [[No,-
J

where each Ny ; is a block unipotent subgroup of G corresponding to a finite subset
¥; of 3, (0y, wo). In this way, we can partition the block set of roots into a disjoint
union

(2.9) Sr (6o, wo) = ) Bs.
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Explicitly

(2.10) No,; = Ad(w; ' w; 2 ))Ny,,,

which gives a block unipotent N; of G. For each j we have an embedding
G, =G

of connected quasi-split reductive groups. Each constitutent of this decomposition
of Ny, is isomorphic to a block unipotent subgroup N, of Mj. The reductive
group M, has root system 6; and is a maximal Levi subgroup of the reductive
group G; with root system (2;. We have P; = M;N,,, a maximal parabolic
subgroup of G;. Notice that each M; corresponds to a simple root a; of G;. We
obtain from 7 a representation m; of M;. We let

- -1
a; = <ij7a}/> ij-
We note that each w; in equation (2.7) is of the form
(211) w; = wl,ijl,M]"
Additionally, each w; decomposes into a product of Weyl group elements corre-
sponding to simple roots a € A. While these decompositions are again not unique,
the choice 20 of representatives fixes a unique wj;, independently of the decompo-
sition of w;.
For each [3] € &;F (6o, wo), we let
ifg) = (&, 8") .
Since 6y C 0, we have that the values of i[5 range among the integer values
i= (@), 1<i<m,,
where [7] € X1 (0,wp). Let
CLj = min {’L[ﬁ]‘[ﬂ] S EJ} y
where the 3; are as in (2.9). The following is Proposition 3.2.1 of [44].
Proposition 2.3. Let (F,7,v) € Loc(p, M, G) and assume 7 is obtained via
parabolic induction from a generic represetation my of Mg,
.M,
7 — ind Psf, 0.
Then, with the notation of Langlands’ lemma, we have
Cw(SONé,’IT,’UN}()) = HC¢(adej;7Tj7@j)~
J

2.4. L-groups and the adjoint representation. Given our connected reduc-
tive quasi-split group G over a non-archimedean local field or a global function
field, it is also a group over its separable algebraic closure. Let W be the corre-
sponding Weil group. The pinning of the roots determines a based root datum
Uy = (X*, A, X,,AY). The dual root datum ¥y = (X,,AY, X* A) determines
the Chevalley group “G® over C. Then the L-group of G is the semidirect product

Lg=rg° xw,

with details given in [3]. The base root datum ¥V fixes a borel subgroup B, and
we have all standard parabolic subgroups of the form P = “P° x W. The Levi
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subgroup of ©P is of the form “M = L M° x W, while the unipotent radical is given
by N = ENe.

Let 7 : “M — End(In) be the adjoint representation of “M on the Lie algebra
In of ' N. It decomposes into irreducible components

m
r=®,17;-

The r;’s are ordered according to nilpotency class. More specifically, consider the
Eigenspaces of L M®° given by

Iny = {Xpv € In[(a,8) =i}, 1 <i<m,.
Then each r; is a representation of the complex vector space “n;.

2.5. Unramified principal series. Let (F,7,1) € Loc(p, M, G) be such that 7
has an Iwahori fixed vector. From Proposition 2.2, we can assume 7 is 1),,,-generic
and wg-compatible with v; the choice of Weyl group element representatives and
Haar measures 20 being fixed. With the multiplicativity of the local coefficient, we
can proceed as in § 2 of [23] and § 3 of [45], and reduce to the problem to the rank
one cases of § 1.3. We now proceed to state the main result.

For every root 8 € 3,.(, wp), we have as in § 2.2 a corresponding rank one group
G,. Let 3, (wo, SLy) denote the set consisting of a € ¥,.(0, wp) such that G, is as
in case (i) of Proposition 1.3. Similarly, let 3, (wp, SUs) consist of a € X,.(0, wg)
such that G, is as in the corresponding case (ii). Let

Apywo) = [ AMEFEY) [ AMEL/F)AFL/F )
a€X, (wo,SLa) a€X, (wo,SU3)

Partitioning each of the sets ; of equation (2.9) arising in this setting further by
setting ¥; = ¥;(SLa) U X;(SUs) we can define A; (1), wp) appropriately, so that

A(qua wO) = H )\1(7/13 wO)‘

Proposition 2.4. Let (F,7,v) € Loc(p, M, G) be such that © has an ITwahori
fixed vector. Then

my

C¢(S,’]T7U~}0) = )‘(wvwo)71 H’Y(isvﬂ_a T, 'l;[})
=1

Let ¢ : Wi — LM be the parameter of the Weil-Deligne group corresponding to .
Then

H'Y(isaﬂ-vriv,(/)) = H’Y(?:S,Ti © ¢7¢)7
i=1 i=1

where on the right hand side we have the Artin ~y-factors defined by Delinge and
Langlands [51].

3. A LOCAL TO GLOBAL RESULT

Proposition 3.1 below is a generalization to quasi-split reductive groups of the lo-
cal to global result of Henniart-Lomel{ [20]. This is done in a way that is compatible
with generic representations. Our result can be seen as a function field counterpart
of Shahidi’s number field Propostion 5.1 of [45], which is in turn a subtle refinement
of a result of Henniart and Vignéras [17, 53].
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3.1. For the remainder of the article k£ will denote a global function field with field
of constants F,. Let Aj denote its ring of adeles. Given an algebraic group H and
a place v of k, we write g, for g, and H, instead of H(k,). Similarly with O, and
Wy

We globally fix a maximal compact open subgroup K =[], K, of G(Ay), where
the IC, range through a fixed set of maximal compact open subgroups of G,. Each
K, is special and K, is hyperspecial at almost every place. In addition, we can
choose each IC, to be compatible with the decomposition

Ky = (N, NK,)(M, NKy) (N, NK),

for every standard parabolic subgroup P = MIN. The group M N K is a maximal
compact open subgroup of M = M(Ay). Furthermore

G = PK.

Proposition 3.1. Let mg be a supercuspidal unitary representation of G(F'), where
F is the completion of the global function field k at a place vg. Then there exist a
finite set of places S of k where G is unramified, containing vy and v, together with
a cuspidal automorphic representation m = ®,m, of G(Ay) satisfying the following
properties:

(i) oy = mos
) my is unramified outside of S;
il) my, v €S —{vy,Vs0}, i a constituent of an unramified principal series;
) T, @S a constituent of a tamely ramified principal series;
) if mo is generic, then 7 is globally generic.

Proof. We construct a function f = ®,f, on G(A) in such a way that the Poincaré

series
Pflg)= Y. f(v9)
vEG(K)
is a cuspidal automorphic function.

Let Z be the center of G. Note that the central character w, is unitary. The
set S can be assumed to contain vy and vs,. It is possible to construct a global
unitary character w : Z(k)\Z(Ag) — C* such that: w,, = wx, Wy, is trivial on
(14 pso) N Z,; and, w, is trivial on O N Z, for every v ¢ {vg, veo}-

To obtain the desired properties we will choose a large enough finite set of places
S of k, containing vy and vs,. Outside of S we consider the characteristic functions

fv = ]l;gv, v ¢ S
At the place vy of k, we let

fvo(g) = (ﬂ'(g)x,y>, z,y € Va,

be a matrix coefficient of m, where V; is the space of m. The function f,, has
compact support C,, modulo Z,,.

Let 8" =5 — {vg,v00 }- At the places v € S’, consider the Iwahori subgroup Z,
of upper triangular matrices mod p, (thinking in terms of GL,, here). At the place
at infinity, we let I%OO be the pro-p Iwahori subgroup of unipotent lower triangular
matrices mod p,__. Let

fv = ]lzu, NS S/
and
fvOo =15

Voo
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Twist the global function f = ®f, by w™!, in order to be able to mod out by
the center. Let H = G/Z and set

C=0C, % HIC,U X HI“ xI) .
vgS veS’

The projection C’ of C on H(A}) is compact. Hence, C’' NH(k) is finite. Because of
this, there exists a constant h, such that the height ||g|| < h bounding the entries
of g = (gs5) € H(k)NC’'. See § 1.2.2 of [38] for the height functions ||g|| and ||g||,
for elements of G(Ay) and G, respectively. We then have that

gij € Oy, forve s, i>j,
and the congruence relations

gis = 1 mod p,, for v € ';
gi; =0 mod p,, for v € §', i < j.

By choosing S’ large enough, we can ensure that C' NH(k) € H(F,). The condition
at infinity further gives C' " H(k) = {I,,}. Now, incorporating the twist by w, lift
the function f = ®f, back to one of G(Ay). We then have that

P(f)(g) = f(g), for g€ C.

We can now proceed as in p. 4033 of [20] to conclude that Pf belongs to the
space L2(G,w) of cuspidal automorphic functions on G(k)\G(Ay) transforming via
w under Z(Ag). The resulting cuspidal automorphic representation 7 of G(Ay) is
such that: m,, = mo; 7, has a non-zero fixed vector under Z, for v € S’; and, m,
has a non-zero fixed vector under I&m. The last three paragraphs of the proof of
Theorem 3.1 of [loc. cit.] are general and can be used to establish property (iii) of
our theorem.

Let ¢ : k\Ap — C* with ¢, be an additive character which is unramified at
every place. We extend v to a character of U(k)\U(Ay) via equation (1.1). If 7 is
yo-generic, we can proceed as in Theorem 2.2 of [53] to show that

Wo(f)(g) = / F(ng)(n) dn # 0.
U(k)\U(Ax)

Hence, the Whittaker model is globalized in this construction.
O

Remark 3.2. The above proposition admits a modification where property (iv) is
replaced by: (iv)’ m,_ is a level zero supercuspidal representation in the sense of
Morris [40]. If we begin with a level zero supercuspidal g, the above globaliza-
tion produces a cuspidal automorphic representation w such that m, arises from an
unramified principal series at every v # vg.

4. PARTIAL L-FUNCTIONS AND THE LOCAL COEFFICIENT

The Langlands-Shahidi method studies L-functions arising from the adjoint rep-
resentation r : “M — End(“n). It decomposes into irreducible components r;,
1 <i<m,, asin § 24. Locally, let (F,7,1¢) € Zoc(p) be such that 7 has an
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Iwahori fixed vector. Then 7 corresponds to a conjugacy class {A, x o} in M,
where A, is a semisimple element of “A°. Then

1
det(I — ri(Ar 3 0)qz")’

L(S, T, ri)
for (F,m, 1) € Loc(p) unramified, with the notation of § 1.4.

4.1. Global notation. Let Z0,(p, M, G) be the class of quadruples (k, 7,1, .5)
consisting of: a global function field k, with char(k) = p; a globally generic cus-
pidal automorphic representation @ = ®,m, of M(Ay); a non-trivial character
Y = Quby : kK\Ar — C*; and, a finite set of places S where k, 7 and ¢ are
unramified. We write Zi0n(p) when M and G are clear from context.

Given (k, 7,1, 8) € Zyob(p), we have partial L-functions

LS(877T7ri) = H L(S7ﬂ-v7ri,’u)'
vgS

They are absolutely convergent for R(s) > 0.

4.2. Fix (k,m,¢,S) € Zyob(p). From the discussion of § 2.2, the character ¢ =
Ry, gives a self-dual Haar measure du, at every place v of k. We let

dp = Hduv.
v

Notice that du,(0,) = du(OFX) = 1 for all v ¢ S. Representatives of Weyl
group elements are chosen using Langlands’ lemma for G(k). This globally fixes
the system

(4.1) W = {Wa, diatpen -

As in § 2.2, this fixes the Haar measure on N(Ay).

We obtain a character of U(Ay) via the surjection (1.1) and the fixed character
¥. Given an arbitrary global non-degenerate character y of N(Ag), we obtain a
global character xs, of Nas(Ay) = M(A;)NN(Ay) via (1.5) which is @o-compatible
with y. We note that the discussion of Appendix A of [9] is valid also for the case of
function fields. In particular, Lemma A.1 of [loc. cit.] combined with Proposition 5.4
of [46] give Proposition 4.1 below, which allows us to address the variance of the
globally generic character.

Proposition 4.1. Let (k, 7,1, S) € ZLyob(p). There exists a connected quasi-split
reductive group G defined over k, sharing the same derived group as G, and with
mazimal torus T = Z&'T. Then, there exists an element x € T such that the
representation w,, given by

7.(g) = m(z ™ gx)

18 Y, -generic. Furthermore, we have equality of partial L-functions

LS(S,ﬂ',TZ') = Ls(s,m,ri).
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4.3. The crude functional equation. We build upon the discussion of § 5 of
[32], which is written for split groups.

Theorem 4.2. Let (k,m,1,S) € Lyob(p) be Y, -generic. Then

My My

HLS(is,ﬂ,ri) = H Cy (s, Ty, Wo) HLS(l — 18, T, 7).

i=1 veSs =1
Proof. Let 7 be a globally )-generic cuspidal representation of M = M(Ay). The
irreducible constituents of the globally induced representation of G given by the
restricted direct product

I(s,m) = ®'1(s, ),
are automorphic representations II = ®'IL, of G such that the representation m,
has IC,-fixed vectors for almost all v. The restricted tensor product is taken with
respect to functions fg,s that are fixed under the action of KC,.
Since 7 is globally w-generic, by definition, there is a cusp form ¢ in the space

of m such that

Waro(m) = [ P (um)(u) du # 0.
Un (K)\Un (Ag)

As in § 5 of [32], it is possible to extend ¢ to a cuspidal automorphic form ¢ defined
on U(A)M(K)\G(Ag), and define a function @, through ¢ in such a way that

the Eisenstein series
E(s,®s,9) = > ®(y9)

YEP(K)\G (k)
satisfies
(4.2) Ew(Sa ®,,9,P) = H)‘wv (Sa770)(1(57”11)(911)f87v)a
with f, € V(s, 7). Here Ey (s, ®s, g) denotes the Fourier coefficient
Ey(s, ®s,9) = / E(s, @5, ug)y(u) du.
U(K)\U(Ag)

The global intertwining operator M(s, ) is defined by
M., d0)f(9) = [ f(5 ng) dn,
N’(Ar)

where f € V(s,7) and N’ is the unipotent radical of the standard parabolic P’
with Levi M/ = woMuwy, ! Tt is the product of local intertwining operators

M(Sv T, '12)0) = H A(S, T, 'U~)0)

It is a meromorphic operator, which is rational on ¢~* (Proposition IV.1.12 of [38]).
We set s’ = swp(@) globally as well as locally, and we use the conventions of
Remark 1.2. Now equation (4.2) gives

Ey(s',M(s, m.a09)®s, g, P")
= T2 (s wolm)) A", 7)) (gu) A5, 7o, t0) fs)-

It is known that the above Eisenstein series, and its Fourier coefficients, are rational
functions on ¢—°. The argument for proving this fact is due to Harder [15].
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Fourier coeflicients of Eisenstein series satisfy the functional equation:
Ey (s, M(s, m,w0)®s, g, P') = Ey(s, ®s, g, P).

And, equation (4.2) gives
Ey(s, @, ¢, P) :HA% $,70) s

E (s M(s, 7, wo)Ps, €, P H/\l/’v s 7T A(s 7Tv7w0)fs,v-

Then, the Casselman-Shalika formula for unramified quasi-split groups, Theorem 5.4
of [6], allows one to compute the Whittaker functional when m, is unramified:

/\l/,u(s 7TU HL + s, Ty T4, v) 1f£7y(ev)'

=1

Also, for v ¢ S, the intertwining operator gives a function A(s,m,,wo)f°, €

I(—s,wp(m,)) satisfying

i v L(is,m, Tiw)
A(s,m,wo)fg,v(ev) = H L(1+is,my,1i0)"° O (ev)
Pl s My Tiw

This equation is established by means of the multiplicative property of the inter-
twining operator, which reduces the problem to semisimple rank one cases.
Finally, combining the last five equations together gives

m

T ) Ay, (8, 70) f
S ¢u v)Js,v

il;[lL (is,m,r;) = H N

ves (Saﬂ-vawo)fs,v

My

L3(1 —is, 7, 1;).
i=1
For every v € S, equation (1.7) gives a local coefficient. Thus, we obtain the crude
functional equation. O

The following useful corollary is a direct consequence of the proof of the theorem.
It provides the connection between Eisenstein series and partial L-functions for
globally generic representations.

Corollary 4.3. Let (k,m,¢,S) € Zyon(p), then

Ey(s,®,9,P) = [] A, (5,m0) (A(s,m0) (g0) o) [ L5 (1 + s, i)~
veS i=1

5. LANGLANDS-SHAHIDI METHOD OVER FUNCTION FIELDS

We now come to the main theorem of the Langlands-Shahidi method over func-
tion fields. The corresponding result over number fields can be found in Theorem 3.5
of [45].

Theorem 5.1. Let G be a connected quasi-split reductive group and M = My a
mazimal Levi subgroup. Let r = ®r; be the adjoint action of “M on Tn. There
exists a system of rational v-factors, L-functions and e-factors on Loc(p). They
are uniquely determined by the following properties:



(i)

(vi)

(vii)

(viii)

(ix)
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(Naturality). Let (F,m,v) € Loc(p). Let n: F' — F be an isomorphism
of non-archimedean local fields and let (F', 7' v)') € Loc(p) be the triple
obtained via 1. Then

7(57 T T, QZ}) = 7(5’ 7T/7 T, 11[},)
(Isomorphism). Let (F,7mj,v¢) € Loc(p), =1, 2. If 1 = g, then

7(87 7T17Ti7¢) = ’7(877'['2,7“2‘,1/1).

(Compatibility with Artin factors). Let (F,m, 1) € Loc(p) be such that w
has an Iwahori fived vector. Let o : Wy — LM be the Langlands parameter
corresponding to w. Then

7(87 ™, T, 1/}) = ,7(87 r; oo, ’(/})
(Multiplicativity). Let (F,m, %) € Hoc(p, M, G)be such that

T ind%0 (7o),

where Ty is a generic representation of Mg, , with 6y C 6. Suppose (F,mj, 1) €
ZLioc(p, M, Gj), where the m; are those of Proposition 2.3. With ¥, as in
(2.9) we have

7(S7W5Tia1/}) = H V(Svﬂ'jvrri,j7w)'
JEX;

(Dependence on ). Let (F,m,¢) € Loc(p). Fora € F*, let * : F — C*
be the character given by ¥%(x) = ¥(ax). Then, there is an h; such that

7(87 ™, T, wa) - ww(a)hi

where n; = dim £n;.
(Functional equation). Let (k,m,v,S) € Zyon(p). Then

LS(Sa T, 7'7;) = H 7(57 T, T, ¢)LS(37 7}7 7"7;)-
veS

(Tempered L-functions). For (F,m, 1) € Loc(p) tempered, let Py ., (t) be
the unique polynomial with Py, (0) = 1 and such that Pr.,(¢z") is the
numerator of y(s,m,r;,1). Then

ni(s—3)
alp ’

7(377,7"1,1/1)7

1
L(S,T"’Ti) = 5 —s\
Pﬂ',Ti (qF )
is holomorphic and non-zero for R(s) > 0.

(Tempered e-factors). Let (F,m, 1) € Loc(p) be tempered, then

L(s,m,r;)

5(877'(',7"2‘,'(/}) = 7(87777Ti7¢)L(1 s q T‘)

is a monomial in qz°.
(Twists by unramified characters). Let (F,m, 1) € Loc(p), then

L(S + S0, T, ri) = L(Sa Qg0d7H0(.)) 02y T, ri)?
5(8 + S0, T, T4, 1/’) = 6(53 q;:odJ{e(')) & USRS ¢)
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(x) (Langlands’ classification). Let (F,m, 1) € Loc(p, M, Q). Let mg be a tem-
pered generic representation of My = My, and x a character of Ay = Ay,
which is in the Langlands’ situation. Suppose w is the Langlands’ quotient
of the representation

f = Ind(?To,X),
with mo, = mo-X. Suppose (F,m;j,v) € Loc(p, Mj, G;) are quasi-tempered,
where the m; are obtained via Langlands’ lemma and equation (2.9). Then

L(s,mri) = [ Lls,mj.miy),
JEZ:
6(57 ™, T, 1/}) = H E(Sa TjsTi,55 ¢)
JEX;
5.1. Local properties of Langlands-Shahidi L-functions. Thanks to Shahidi
[45], the next two results are consequences of our theory of L-functions on Zoc(p).

Proposition 5.2. Let (F,m,v¢) € £ (p) be supercuspidal. Ifi > 2, then L(s,m,r;) =
1. Also, the following are equivalent:
(i) The product L(s,m,r1)L(2s,m,13) has a pole at s = 0.
(ii) For one and only one i =1 or i = 2, the L-function L(s,m,r;) has a pole
at s = 0.
(iii) The representation Ind(r) is irreducible and wo(mw) = .

Theorem 5.3. Let (F,m,v¢) € Loc(p) be unitary supercuspidal. With the equiva-
lent conditions of the previous proposition, choose i = 1 or i = 2, to be such that
L(s,m,7;) has a pole at s = 0, then

(i) For 0 < s < 1/i, the representation I(s, ) is irreducible and in the comple-
mentary series.

(ii) The representation 1(1/i,7) is reducible with a unique generic subrepre-
sentation which is in the discrete series. Its Langlands quotient is never
generic. It is a pre-unitary non-tempered representation.

(iil) For s > 1/i, the representations I(s,7) are always irreducible and never in
the complimentary series.

If wo(m) 2 7w and I(w) is reducible, then no I(s,7), s > 0, is pre-unitary; they are
all irreducible.

5.2. Proof of Theorem 5.1. The crude functional equation of Theorem 4.2,
together with Proposition 2.4, points us towards the definition of y-factors. Indeed,
let (F,m, 1) € Aoc(p) be such that 7 is 1hy,-generic. Then we recursively define
~-factors via the equation

(51) 01/1(3771—712)0) = ]in(¢7w0)_1'7(i577T7ri71/})
=1

and Proposition 5.4 below. For arbitrary (F,m, 1) € Hoc(p), they are defined with
the aid of Proposition 2.2. From Theorem 2.1 of [32] and Theorem 2.13 of [35], it
follows that (s, m,r;, 1) € Cgz®).

The next result is present in Arthur’s work, using endoscopy groups, in addition
to Shahidi [45]. In particular, the discussion in § 4 of [loc. cit.] can be adapted to
our situation. We here present a straight forward proof of the induction step.
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Proposition 5.4. Let (M, G) be a pair consisting of a connected quasi-split reduc-
tive group and M = My o mazimal Levi subgroup. Let r = &""r; be the adjoint
action of “M on En. For each i > 1, there exists a pair (M;, G;) such that the
corresponding adjoint action of “M; on “n; decomposes as

m;,
r = r' with m., < m
- J r T
Jj=1

and r; =11.

Proof. To construct the pair (M;, G;), we begin by taking M; = M. For the group
G, we look at the unipotent subgroup

N, = [ Nou

ey’

obtained from a subproduct of equaiton (2.8), where ¥’ is the resulting indexing set.
Each one unipotent group Ny ; corresponds to a block set of roots [8] € X1 (0, wp).
We take only groups Ny in the product corresponding to a [8] € X;7 (6, wg) such
that

(&, B) =1, B €l
We then set
Ni = waleowO.

For the group G; we take the reductive group generated by M;, IN; and N; . The
pair (M;, G;) has

my
/ /
r= @Tr
j=i

After rearranging, we obtain the form of the proposition. ([

With the above definition of y-factors based on equation (5.1), Properties (i) and
(ii) can be readily verified. The inductive argument on the adjoint action together
with Proposition 2.4 give Property (iii). Multiplicativity of the local coefficient,
Proposition 2.3, leads towards Property (iv).

For Property (v), given the two characters 1 and ¥%, a € F*, we use Proposi-
tion 2.2 to examine the variation of 7 from being ¢ -generic to m, which is 1g,-
generic for a suitable . For this we go through the discussion following Lemma 3.1
of [45] to obtain z € T(F;) as in equation (2.4) and such that d € Zy,. In fact, d
is identified with a power of a. In this case we have

Cl/’(sv T, 21)0) = az(W, QU)CTZ)“ (57 Ty u~}0)7

where a, (1%, 20) = wy(a)" Ha||;(sfé). The recursive definition of y-factors, allows
us to obtain integers h; and n; for each 1 < ¢ < m,. Holomorphy of tempered
L-functions is proved in [16], the discussion there is valid in characteristic p.
Furthermore, we obtain individual functional equations for each of the y-factors.
Namely, this reasoning proves Property (vi) for (k,m,1,S) € Lyion(p) with g,-
generic w. Note we define y-factors in a way that they are compatible with the
functional equation for a x-generic 7 with the help of Propositions 2.2 and 4.1.
Before continuing, we record the following important property of ~y-factors:
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(xi) (Local functional equation) Let (F,mo, %) € Loc(p), then

’Y(Sv 0, Ty 1/’0)7(1 -5, 7~T07 T, ¢O) =1
To prove this property, we start with a local triple (F, mg,%0) € Loc(p). Propo-
sition 4.1 allows us to globalize 7y into a globally generic representation m = ®,,m,,
with m,, = mp and 7, unramified outside a finite set of places S of k. We take a
global character ¢ : k\Ay — C*. The character v, using Property (v) if necessary,
can be assumed to be 1,,. Applying Property (vi) twice to (k,m, ¢, S) € Lyob(p),
we obtain

(52) H '7(877'('1,77’2"1,,7[)@)")’(1 - 377}1)’7”1',117@1)) =1

veES
For each v € S — {vp, v}, the representation 7, is unramified and we have the
local functional equation for the corresponding Artin ~-factors. At the place v,
we still obtain a generic constituent of a tamely ramified principal series

Toe <7 Ind(Xoo ) ,

with X a tamely ramified character of T(k,_ ). Property (iv) gives

(53) '7(57 Tvee s T'iyvs %oo) = H '7(3; T jvoos Ti,5,000 9 %x)-

JES:
Each v-factor on the right hand side of the product is then obtained from (i) or (ii)
of Proposition 1.3. The resulting abelian y-factors are known to satisfy a functional
equation as in Tate’s thesis. Hence, we also have the local functional equation for
Voo. From the product of (5.2) we can thus conclude Property (xi) at the place vy
as desired.

Property (viii), sates the relation connecting Langlands-Shahidi local factors. We
show that e-factors are well defined for tempered representations. Let (F,m, ) €
Loc(p) be tempered. Let Py, (z) and P, (z) the polynomials of Property (vii)
with z = ¢z° and write

Pﬂ'ﬂ“i(z) Pﬁ',?"i(z)

(s, m,15,1)) = e1,¢(z)m and (s, 7,74, 9) = 6271/1(2)m7

where e1 (2) and eg (%) are monomials in z. From Property (xi), we have
Qr,ri (2)Q 1, (qglz_l) = el,w(z)ezﬂ(qglz_l)])mn (2) Pr,r, (qlzlz_l)-

Property (viii) implies that the Laurent polynomials Py ,, (z) and P; ., (qrz~") have
no zeros on R(s) < 0 and R(s) > 1, respectively. Then, up to a monomial in z*!,
we have L(s,m,7;) = Qzr,(qrz=1)"! and L(1 — s,7,7;) = Q. (2)"!. Hence,
e(s,m,1i,7) is a monomial in ¢*.

Property (ix) follows from the definitions for (F, 7, 1) € Hoc(p) tempered, and
the fact that o

I(s + sp,m) = indge (anHOQ’HM('» ).

To proceed to the general (F,m, 1) € Aoc(p), we use Langlands’ classification.
More precisely, 7 is a representation of My and we let 8y C 6. Let my be a tempered
generic representation of My = My, and x a character of Ag = Ap, which is in the
Langlands’ situation [4, 48]. Then 7 is the Langlands’ quotient of the representation

& =Ind(mo,y),

with 7o, = mo - X
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From Proposition 2.3 we obtain (F,m;,%) € Hoc(p, M;, G;). Each 7; is quasi-
tempered. Property (ix) allows us to define L(s,w;,r; ;) and (s, m;,7; 5,%). We
then let

L(s,m,r;) = H L(s,mj,7i;),
JEX;
e(s,mri, ) = H e(s, mj,ri g, )
JE;
be the definition of L-functions and root numbers. This concludes the existence
part of Theorem 5.1.

For uniqueness, we start with a local triple (F, 7, v9) € Hoc(p). We globalize
mo into a globally generic representation 7 = ®,m, via Proposition 4.1. We have
a global character ¢y = ®1,, where by Property (v) if necessary, we can assume
Yy, = YPo. Notice that partial L-functions are uniquely determined. Hence, the
functional equations gives a uniquely determined product

H V(8 T, Tiws Vo)

veS
For each v € S — {vg, oo } We can use Proposition 2.4. At v, equation (5.3) above
reduces (S, Ty, Ti,v.. » Yoo, ) t0 a product of uniquely determined abelian y-factors.
Tempered L-functions and e-factors are uniquely determined by Properties (vii) and
(viii). Then in general by Properties (ix) and (x). O

5.3. Functional equation. Given (k,m,,S) € Zob(p), we define
L(S, , ri) = H L(Sa T, ri,v) and 6(8, , 'ri) = H 6(8, Ty Tivs %)

The global functional equation for Langlands-Shahidi L-functions is now a direct
consequence of the existence of a system of ~-factors, L-functions and e-factors
together with Property (vi) of Theorem 5.1.

(xii) (Functional equation) Let (k, 7, ¢, S) € Zyon(p), then
L(s,m,r;) =¢e(s,m,r;)L(1 — s,7,r;).

6. THE QUASI-SPLIT UNITARY GROUPS AND THE LANGLANDS-SHAHIDI METHOD

We study generic L-functions L(s,7 x 7) in the case of a representation 7 of a
unitary group and 7 of a general linear group. For this, we go through the induction
step of the Langlands-Shahidi method, which gives the case of Asai L-functions [19].
The case of L(s, 7 x 7) for representations of two unitary groups will be established
in §§ 7-10.

6.1. Definitions. Let K be a degree-2 finite étale algebra over a field k£ with non-
trivial involution §. We write Z = 6(z), for x € K, and extend conjugation to
elements g = (g;;) of GL,(K), i.e., § = (gs;). We fix the following hermitian
forms:

2n

_ — 2 1
hony1(x,y) = iny2n+27i — Tpi1Yni1, T,y € KT

i=1

n n
hon(z,y) = ZfinnH—i - Z@nﬂﬂ'ym z,y € K.
i=1 i=1
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Let N =2n+ 1 or 2n. We then have odd or even quasi-split unitary groups of
rank n whose group of k-rational points is given by

Un (k) = {g € GLn(K) | hn (g2, 9y) = hn(z,y)} -
These conventions for odd and even unitary groups Usg,, 41 and Uy, are in accordance
with those made in [11, 19, 34].

In particular, we have the two main cases to which every degree-2 finite étale al-
gebra is isomorphic: if K is the separable algebra k x k, we have 0(z) = 0(x1,x2) =
(2, 21) = & and Ng (21, 22) = x122; and, if K/k is a separable quadratic exten-
sion, we have Gal(K/k) = {1,0} and Ng/,(x) = 2. Notice that

Ui (k) = K = ker(Ng),
where in the separable algebra case we embed k — K viak = {(z1,22) € K|z1 = 22}
and kX — K* via kX = {(z1,22) € K|z1 = 23"} = Uy(k). In these two cases we
have that Hilbert’s theorem 90 gives us a continuous surjection
(6.1) h: K" — K', x> az .

Throughout this article we let G,, be either restriction of scalars of a general
linear group or a quasi-split unitary group of rank n. We think of G,, as a functor
taking degree-2 finite étale algebras with involution, K over k, to either Resg /, GLy,
or a unitary group Usgy,41, Usg, defined over k.

Notice that in the case of the separable algebra K = k x k, we have

UN(k‘) = GLN(]{?) and RGSK/kGLN(k) = GLN(/C) X GLN(/{Z)

6.2. L-groups. Let K/k be a separable quadratic extension of global function

fields. Let G,, be a unitary group of rank n. Let N = 2n + 1 or 2n, according to

the unitary group being odd or even. Then, the L-group of G,, = Uy has connected

component “G® = GLy(C). The L-group itself is given by the semidirect product
L@, = GLN(CT) x W

To describe the action of the Weil group, let ®,, be the n X n matrix with ij-entries
(8in—j+1). I N =2n+1, we let

JN: 1 )

@,
e ).

Then, the Weil group W, acts on G, through the quotient Wy /Wi = Gal(K/k) =
{1, 0} via the outer automorphism
0(g) = Jn'tg N

The Langlands Base Change lift that we will obtain is from the unitary groups to
the restriction of scalars group Hy = Resg/,GLx. Its corresponding L-group is
given by

and, if N = 2n, we let

LHx = GLy(C) x GLy(C) x Wi,
where the Weil group Wy, acts on GLx (C)x GLy (C) through the quotient Wy, /Wi =
Gal(K/k) = {1, 60} via
0(g91 X g2) = g2 X g1.
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6.3. Asai L-functions (even case). The induction step in the Langlands-Shahidi
method for the unitary groups can be seen in the when M is a Siegel Levi sub-
group. The even case, when (E/F,7,v) € Hoc(p, M, Us,), is thoroughly studied
in [19, 34].

Assume first that E/F is a quadratic extension of non-archimedean local fields.
In this case, 7 is a representation of M = GL,,(E) and the adjoint representation r
of “M on Pn is irreducible. More precisely, let 74 be the Asai representation

T4 LReSE/FGLn — GL,2(C),
given by
ra(z,y, 1) =z®y, and r4(z,y,0) =y @ x.
We thus have for (E/F,7,¢) € Hoc(p, M, Us, ), that Theorem 5.1 gives

7(57 T7 /r? ’l/)) = 7(57 T7 ,'/‘A7 ,(/})'

And, similarly we have Asai L-functions L(s, m,r 4) and root numbers e(s, 7,74, 1).
Now, assume E is the degree-2 finite étale algebra F'x F', we have for (E/F,7,) €

Boc(p, M, Us,,) that m = m; ® ma is a representation of M = GL,(F) x GL,(F).

Then, Proposition 4.5 of [34], together with a local-to-global argument, gives that

’Y(SﬂTﬂ"Aﬂﬁ) = PY(S,’/Tl X 7T2a¢)7

a Rankin-Selberg y-factor. And, similarly for the corresponding L-functions and
root numbers.

Asai local factors obtained via the Langlands-Shahidi method are indeed the
correct ones. Theorem 3.1 of [19] establishes their compatibility with the local
Langlands correspondence [31]:

Theorem 6.1 (Henniart-Lomeli). Let (E/F,m,¢) € Loc(p, M, Usy,), with E/F
a quadratic extension of non-archimedean local fields. Let o be the Weil-Deligne

representation of Wg corresponding to m via the local Langlands correspondence.
Then

7(57 T, TA, 11[}) = 7?&1(57 ®I(U)7 d))

Here, ®1(0) denotes the representation of Wy obtained from o via tensor induction
and the Galois y-factors on the right hand side are those of Deligne and Langlands.
Local L-functions and root numbers satisfy

L(s,m,r4) = L(s,%1(0)),
e(s,m,ra,0) = e(s,%I(a),).

Remark 6.2. Since we are in the case of GL,,, the results of this section hold when
T 1is a smooth representation, and not just generic [19]. Furthermore, the Rankin-
Selberg products of GL,,, and GL,, that appear in this article arise in the context
of the Langlands-Shahidi method in positive characteristic. These are equivalent to
those obtained via the integral representation of [21] (see [20]).

6.4. Asai L-functions (odd case). The case (E/F,m, 1) € Loc(p, M, Uspi1),
with E/F a quadratic extension of non-archimedean local fields, has M = GL,,(E) x
E' and r = r{ ® 2. In this case 7 is of the form 7 ® v, where v is a character of
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E', and we extend v to a smooth representation of GL;(E) via Hilbert’s theorem
90. Then, from Theorem 5.1, we have

7(8?W7T1aw) = ,7(577- X Vv’(/}E)a
’7(5771"7‘27w) = ’7(877- ® 7]E/FJ‘AJ?)~

Where the former 7-factor is a Rankin-Selber product of GL,(E) and GL;(FE),
while the latter is a twisted Asai y-factor. And, similarly for the local L-functions
L(s,m,r;) and root numbers (s, m,r;,1), 1 < i < 2. This result in characteristic
p is given by Theorem’ 6.4 of [34] and the unramified case is proved ab initio in
Proposition 4.5 there without any restriction on p.

Furthermore, the case E = F x F is also discussed in [34]. To interpret this case
correctly, let v be the character of E obtained from a character vy : F* — C and
Hilbert’s theorem 90 (6.1). Then 7 is of the form 7 ® v, with 7 = 7 ® 72 and each
7; a representation of GL,, (F'). We thus obtain

’7(5,77’7“171?) = ’7(577-1 X V(;law)’Y(saTQ X VOaw)7
7(577-(’7‘271/)) = 7(577-1 X 7—27¢)'

Each factor on the right hand side is a Rankin-Selberg y-factor. In particular, the
unramified case in this setting can be found in Theorem 4.5 of [loc. cit.]. The above
equality can be obtained by combining Theorems 4.5 and Theorem’ 6.4 of [loc. cit.]
together with a local to global argument.

Proposition 6.3. Given (E/F,m,¢) € Loc(p, GLn, Gy), let 7 be the representa-
tion of GL,(E) given by n°(z) = 7(z). Then

(62) 7(377.“7".4777/}) :’Y(SMTGJ"AJZ)%
(63) ’Y(577T®77E/F77"A»7/)) :7(53779®TIE/F7T.A7w)7

and we have the following equation involving Rankin-Selberg and Asai y-factors

(64) 7(57 T X 7T97 wE) = ’Y(Sa T, TA, w)’Y(S) ™ 77E/F7 TA, /l/})

Furthermore, the same equations hold for the corresponding L-functions and e-
factors.

Proof. Let o be the n-dimensional /-adic Frob-semisimple Weil-Deligne represen-
tation of Wg corresponding to m via the local Langlands correspondence. Then,
o’ corresponds to 7. And, from the definition of tensor induction (see [12]) we
have that ®I(c) = ®I(¢?). Artin L-functions and root numbers remain the same

for equivalent Weil-Deligne representations, thus

(s, “Uo), ¥) = (s, “1(0?), ).

Hence, by Theorem 6.1, the first equation of the Proposition follows.

The second equation, involving twisted Asai factors, follows from the first and
the third. To prove equation (6.4), we first use multiplicativity of ~-factors to
establish it for principal series representations. Then, in general, via the local-to-
global technique [19, 20]. O
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6.5. Products of GL,, and Uy. When the maximal Levi subgroup M is not a
Siegel Levi and we have a quadratic extension E/F of non-archimedean local fields,
the adjoint representation always has two irreducible components r = r; ® ro. In
this case, take (E/F,&,v) € HAoc(p,M, Gy) in Theorem 5.1, we then have that
M = GL,, x G, where G; and G,, are unitary groups of the same parity. Also, &
is of the form 7 ® 7 with 7 and 7 representations of GL,,(E) and G,,, respectively.
We then have
’Y(S’ &1, 1/1) = V(Sa T X, '(/])a

the Rankin-Selberg «y-factor of 7 and 7. For the second ~-factor we obtain Asai
~-factors

o 7(577—7 TAJ#) lfN =2n
(s, 6, 72,9) = { V(8,7 @ne/F,Ta ) N =2n+1

And, similarly for the L-functions L(s, &, r;) and root numbers e(s,§,7;,v), 1 <1i <
2.

Now, assume E = F x F. Let (E/F,£,¢) € Loc(p, M, G;), so that G; 2 U, &
GLz and M = GL,,, x Uy x GL,,,, l = m+n, with L and N of the same parity. The
representation £ is of the form 7 ® T ® 5. Then we obtain the following equations
involving Rankin-Selberg products

v(8,&,7r1,0) = y(s, 71 X T, 0)y(s, 72 X W, )
and
v(s,&,1m2,1) = (8,71 X T2, ).
And, similarly for the corresponding L-functions and root numbers.

7. EXTENDED LANGLANDS-SHAHIDI LOCAL FACTORS FOR THE UNITARY GROUPS

Let G1 be either a quasi-split unitary group Uy or the group Res GLy. In the
case of G; = Uy, it is of rank n, where we write N = 2n 4+ 1 or 2n according to
wether the unitary group is odd or even. Similarly, we let G2 be either a unitary
group of rank m or Res GL,,.

We interpret Res GLy as a functor, taking a quadratic extension E/F to the
group scheme Resp,prGLy. Also, Uy takes E/F to the quasi-split reductive group
scheme U(hy), where hy is the standard hermitian form of § 6.1. In order to
emphasize the underlying quadratic extension, and the extended case of a system
of y-factors, L-functions and root numbers for products of two unitary groups, we
modify the notation of Sections 1.4 and 4.1 accordingly. Also, given the involution
0 of the quadratic extension E/F and a character n : GL;(E) — C*, denote by
7% : GLi(E) — C* the character given by 7%(z) = n().

In section § 7.3 below we treat the case of a separable quadratic algebra E =
F x F. This extends the local theory to all degree-2 finite étale algebras F over the
archimedean local field F'.

7.1. Local notation. Let Zoc(p, G1, G2) be the class of quadruples (E/F, 7, 7,1)
consisting of: a non-archimedean local field F, with char(F) = p; a degree-2 finite
étale algebra F over F'; generic representations 7 of G; and 7 of G3; and, a smooth
non-trivial additive character ¢ : F' — C*.

We construct a character ¢g : E* — C* from the character ¥ of F' via the trace,
ie., Yp =1oTrg/p. When G; and Gy are clear from context, we will simply write
Boc(p) for Loc(p, G1,G2). Wesay (E/F,m,7,¢) € Loc(p) is supercuspidal (resp.
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discrete series, tempered, principal series) if both m and 7 are supercuspidal (resp.
discrete series, tempered, principal series) representations. We let ¢ denote the
cardinality of the residue field of F'.

7.2. Global notation. Let Zion(p, G1, G2) be the class of quintuples (k, 7, 7,1, 5)
consisting of: a separable quadratic extension of global function fields K/k, with

char(k) = p; globally generic cuspidal automorphic representations m = ®,,m, of

G1(Ag) and 7 = ®,7, of Ga(Ag); a non-trivial character ¢ = ®,1, : k\Ar — C*;

and, a finite set of places S where k, m and ¢ are unramified.

We write Zyi10b(p) when G and Go are undestood. We let ¢ be the cardinality
of the field of constants of k. And, for every place v of k, we let g, be the cardinality
of the residue field of k,.

Let (K/k,m,7,%,5) € Zyob(p). Then we have partial L-functions

L(s,m x 7) = H L(s,my X Ty).
vgS
The case of a place v in k, which splits in K, leads to the case of a separable algebra
and we write K, = k, X k.
7.3. The case of a separable algebra. Let £ = F x F, then we have the
following possibilities for Langlands-Shahidi ~y-factors:

(i) Let (E/F,7,7,%) € Loc(p, Upnr, Uy). Then 7 is a representation of GL s (F)
and 7 one of GLy(F'). The local functorial lift of m to Hy;(F') obtained
from

G (F) = Un(F) = GLy (F) ~ Hy (F) = GLp (F) x GL (F)

is given by m ® 7. Similarly the local functorial lift of 7 to Hy (F") obtained
from

Gn(F) = UN(F) = GLN(F) ~ HN(F) = GLN(F) X GLN(F)
is given by 7 ® 7. Then the Langlands-Shahidi local factors are
’YE/F(SuT‘— X T, wE) = ’7(877T X 7—71/})7(877} X %M/))
Lg/p(s,mx 1) = L(s,m x T)L(s,7 X T)
5E/F(557T X T, ¢E) = E(Saﬂ- X T, 1/})6(8’77(' X 72,7/1)

(ii) Let (E/F,m,7,%) € Hoc(p, Unr, Res GLy). Then 7 is a representation of
GL(F) and 7 one of GLy (F) x GLy(F). The local functorial lift of 7 to
H,,(F) obtained from

G (F) = Un(F) = GLy (F) ~ Hpyr = GLy (F) x GLa (F)
is given by m ® 7. Write 7 = 7y ® T» as a representation of
Resp,pGLN (F) = GLy(F) x GLy (F).
Then the Langlands-Shahidi local factors are

’YE/F(S77T X T, ¢E) = 7(8771- X 7'1,'(/))’}/(8,7} X 7'2##)
Lg/p(s,mx 1) = L(s,m x 171)L(s,7 X T2)

ep/r(8, T X 7,1, 9E) = &(s, ™ X T1,)e(s, T X T2,1).
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(iii) Let (E/F,m,7,%) € Loc(p, ResGLr, ResGLy). Then ©7 = m; @ ma is a
representation of GLy (F) x GLjy(F) and 7 = 71 ® 79 one of GLy(F) x
GLN(F). Then the Langlands-Shahidi local factors are

Ye/F(8, T X T,0E) = ¥(8, 1 X T1,¥)V(s, T2 X T2,1)
L p(s,mx7) = L(s,m1 x 71)L(s,m2 X T2)

EE/F(Saﬂ- X T,T, 1pE) = E(Saﬂ-l X Tl7w)5(8a772 X TQa'(/))'

Remark 7.1. We usually drop the subscripts E/F when dealing with Langlands-
Shahidi local factors. Hopefully, it is clear from context what we mean by an L-
function, and related local factors, at split places of a global function field.

Remark 7.2. Let (K/k,7,7,9,5) € ZLyon(p, G1,G2). Then, at places v of k
which are split in K we set K,, = k, X k,. It is interesting to note that the theory
of the Langlands-Shahidi local coefficient can be treated directly and uniformly for
unitary groups defined over a degree-2 finite étale algebra E over a non-archimedean
local field F as in [34]. Alternatively, one can use the isomorphism Uy = GLy in
the case of a separable quadratic algebra.

7.4. Main theorem. In § 6 we showed the existence of a system of y-factors, L-
functions and root numbers on Ayc(p, G, GL,,). We now state our main theorem
for extended factors, although we complete the proof of existence in § 10.1.

Theorem 7.3. There exist rules v, L and € on Hoc(p) which are uniquely char-
acterized by the following properties:

(i) (Naturality). Let (E/F,m,7,9) € ZLoc(p) and let n : E'/F' — E/F be an
isomorphism on local field extensions. Let (E'/F' 7', 7',¢") € Loc(p) be
the quadruple obtained via n. Then

’7(8,’/T X T, '(/}E) = ’7(87,”/ X Tlaz//E)'
(ii) (Isomorphism). Let (E/F,m,7,%), (E/F,7’',7,%) € Loc(p) be such that

m2=a and 7= 7. Then

’Y(S,’/T X T, wE) = ’Y(Svﬂ/ X T/ad)E')'

(iii) (Compatibility with class field theory). Let (E/F, x1,Xx2,v?) € Loc(p, G1, G2),

with G; either Uy or Res GLy, fori =1 or 2. In the case of Uy, we extend
a character x; of U1(F) = E' to one of Resg/prGL1(F) = GL1(E) via
Hilbert’s theorem 90. Then

W(Saxl X X27’(/}E) = 7(87X1X27’(/}E)5

where the y-factors on the right hand side are those of Tate’s thesis for
GLy(E).

(iv) (Multiplicativity). Let M = mi+---mg+mg and N = ny+- - -+ne+ng. For
1<i<d 1<j<e let (E/F,m,7j,1) € Loc(p,Res GLy,,, Res GLy, ).

Take G190 and G be of the same kind as G and G, and let (E/F, mg, 10, v) €

Lroc(p, G1,0,G2y0). In the case of either Gy or Gao being Uy, we extend

the corresponding character o or 7o of U1 (F) = E* to one of Resg,pGL1 (F) =

GL1(FE) via Hilbert’s theorem 90. Suppose that

7r<—>indg11(7r1®-~®7rd®7r0)
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is the generic constituent, where Py is the parabolic subgroup of G with
Levi M, = ngl Resg/pGLm, x G1o. And let

T indgj(ﬁ Q- QT @T0)
be the generic constituent, where Py is the parabolic subgroup of Go with
Levi My = [[;_; Resg/rGLy, x Gaoy.
(iv.a) If both G1 and Gg are unitary groups, then
7(8771- X T, ¢E) = 7(877[-0 X T0a¢E)

e

d
X HFY(SvTri X TOawE)’Y(S?ﬁ-i X TvaE) H’Y(S7ﬂ-0 X Tj7wE)FY(S77TO X 72]711)E)

=1 =1
X H ’Y(Saﬂ-h X Tl,q,bE)’y(S,ﬂ'h X 7:lv,(/)E)’)/(57ﬁ-h X %lawE)’Y(saﬁ-h X Tl7wE)-
1<h<d,1<i<e
(iv.b) If G = Uy and Go = Res GLy, then

e
’Y(s,WXTvdjE) = HIY(SJTO XTjad}E) X H ’Y(svﬂ-h XTlawE)IY(Saﬁ—h XTlvwE)‘
j=1 1<h<d1<I<e

(iv.c) If G1 = ResGLy; and Go = Res GLy, then
7(5771- X vaE) = H’Y(S?ﬂ-i X Tja¢E)'

i,
(v) (Dependence on v). Let (E/F,m,T,v) € Loc(p) and let a € E*, then Y%
be the character of E defined by % (z) = Ygp(ax). Let wy and w, be the
central characters of m and 7. Then
a MN(s—1
A(s, 7 x 7 9) = wal@)Mwr(@)N lalg ™ 7 (s, 7 x 7 0p).

(vi) (Functional Equation). Let (K/k,m,7,9,5) € Laob(p), then

LS(s,mx ) = [[ (s, x 7,40) L9(1 = 5,7 x 7).
veES
At split places v of k, where K, = k, X k,, the Langlands-Shahidi local
factors are the ones of § 7.3.
(vil) (Tempered L-functions). For (E/F,m,7,v%) € Loc(p) tempered, let Pry,(t)
be the polynomial with Pry,(0) = 1, with Pry,(qp®) the numerator of
v(s,m X 7,%g). Then

Wr

1
PT(XT(Q;S)

is holomorphic and non-zero for Re(s) > 0.
(viii) (Tempered e-factors). Let (E/F,m,7,%) € Loc(p) be tempered, then

L(s,mxT) =

L
(s, m x T, ¥p) = (s, 7 x vaE)M'
(ix) (Twists by unramified characters). Let (E/F, 7, T,1) € Loc(p, Unr, ResGLy ).

Then
L(s+ so,m x 7) = L(s,m x (7 |det(-)|)),
5(5 + S0, ™ X T, wE) = 5(8,7‘( X (T |det()|?)vwE)
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(x) (Langlands classification). Let M = my+---mg+mg and N = ny+- - +n.+
ng. For1<i<d,1<j<e,let(E/F,m,7j,1) € Loc(p,Res GLy,, Res GLy,, )
be quasi-tempered. Take G1 o and Gag be of the same kind as G and Ga,
and let (E/F,m0,70,%) € Loc(p, G1,0, Ga,0) be quasi-tempered. In the case
of either G190 or Ga being Uy, we extend the corresponding character mg
or 7o of Ui(F) = E' to one of Resg/pGL1(F) = GLy(E) via Hilbert’s
theorem 90. Suppose that

7r<—>ind1G311(7r1®--~®7rd®7r0)

1s the generic constituent, where Py is the parabolic subgroup of Gi with
Levi M; = Hle Res GLy,, X G1,9. And let

T indgj(ﬁ ®: QT ®Ty)
be the generic constituent, where Py is the parabolic subgroup of Go with

Lewt M2 = Hle Res GLM X GQ,O.
(x.a) If both G1 and Gg are unitary groups, then

L(s,m x 1) = L(s,m X 70)
d e
X HL(S,ﬂ'i x 70)L(s, T X 7o) HL(S,TFQ x 1;)L(s, mo X Tj)

i=1 i=1

X H L(S,ﬂ'hXTZ)L(S,’IT]—LX%I)L(S,’thX%l)L(S,ﬁhXTZ).
1<h<d,1<I<e

e(s,m X T,9p) = &(s,mo X T0,VE)

d e
x [ els,mi x 70, ¥m)e(s, 7 x 70,0m) [ [ (s, 70 X 75, 0m)e(s, w0 X 75, 9m)
1=1 =1
< I elsimnx m,vm)e(s, mn x 71, 0m)e(s, n X 71, p)e(s, fn X 71,98).

1<h<d,1<I<e

)

(x.b) If Gy = Uy and Go = ResGLy, then

L(s,mx7)=[[L(s.mox ) x [ L(s.mn x m)L(s, 7 x 7).
Jj=1 1<h<d,1<I<e

€

e(s,m X 17,9g) = Hg(saﬂo X Tj, ¥R) X e(s,mn x 7, Yg)e(s, T X T, YE).
i=1 I<h<d.1<I<e

(x.c) If G1 = ResGLy; and Go = Res GLy, then

L(s,mxT) = HL(S,TI’,’ X 7).
]

6(5771- X T, 1/’E) = H5(57ﬂ-i X ijd)E)'

2]
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7.5. Additional properties. We obtain a local functional equation for ~-factors,
which is proved using only Properties (i)—(vi) of Theorem 7.3, exactly as in § 4.2
of [33].

(xi) (Local functional equation). Let (E/F,m,7,¢) € Loc(p), then

(s, m x T, Yp)Y(1 — 8,7 x 7,0g) = 1.

We can now define automorphic L-functions and root numbers for (E/F, 7, 7,1) €
Zsiob(p) by setting

L(s,mx7)= HL(s,m X Tp) and e(s,m X 7) = He(smv X Ty, Uy).

We then have
(xii) (Global functional equation). Let (K/k,m,1,9,5) € Lyon(p), then
L(s,mx 1) =¢e(s,m x 7)L(1 — 8,7 X 7).
Stability of y-factors is proved for p-adic fields in [10]. In [14], we show how to
prove stability using only characteristic p techniques.

(xiii) (Stability). Let (E/F,m;,n,¢) € Z(p, Un,Res GL1), fori =1, 2, be such
that the central characters satisfy wx, = wy,. Suppose that n and n° are
highly ramified, then

v(s,m1 X0, YE) = (s, T2 X 0,VE).

7.6. Stable form of local factors. The following Proposition and Corollary,
provide a useful stable form for the local factors after twists by highly ramified
characters. Its extension to twists involving unramified representations of GL,, is
given by Lemma 7.5, which plays an important role in establishing global Base
Change.

Proposition 7.4. Let (E/F,m,n,v%) € Loc(p, Un,GL1) be such that n is suffi-
ciently ramified. Let x1,...,Xn be characters of E* and let v be a character of E*,
which we extend to one of E* via Hilbert’s theorem 90. Assume that

E=ind§" (1@ - ®xn) or NdG"(x1®- @ xn V),

depending on wether N = 2n or 2n + 1, has central character wg = wy. Then, if
N = 2n, we have

n

y(s,mxn,¢E) = [[ v x5m ¢e)v(s, X0, vE).

j=1

And, if N =2n+ 1, we have
Y(s,m x n,98) = (s, vn,¥) H $, X570 V)Y (s, X1, V).

Proof. Due to stability of y-factors, we have that
V(s x 0, ¥E) =(s,§ X 0, ¥E).

Then, we use multiplicativity of 7-factors, i.e., Property (iv) of Theorem 5.1, to
obtain the desired stable form. O
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Lemma 7.5. Let (E/F,7,7,%) € Boc(p, Un,GLy,), be such that T is unramified.
Consider a quadruple (E/F,IL,7,v¢) € Loc(p, GLy, GL,,) such that the central
character wir of I1 is the character of E* obtained from wy of E' via Hilbert’s
theorem 90. Then, whenever n: E* — C* is highly ramified, we have that
L(s,mx (1 -n)) = L(s, 11 x (7 - ),
5(877r X (T : 77); ¢E> = 5(87 IT x (T . 77>71/)E)>
V(s,m x (7-n),¢p) = (s, 1 x (7-n),¥E).

Proof. The representation 7 being unramified is of the form

T < Indgi"‘ (11, oy o )s

where p;, ¢ = 1,...n, are unramified characters of GL;(F). Multiplicativity of
~-factors for the unitary groups gives

n

(71) 7(877[- X (T ’ 77)7¢E‘) = H’Y(Svﬂ- X (Xin)’wE)'

i=1
And similarly for Rankin-Selberg products of general linear groups

n

(7.2) Y8, T (), ) = [ [ (5,1 x (xam), ¥i)-
i=1

Now, take £ to be a principal series representation as in Proposition 7.4
&= indg“()a ® -+ ®xn) Or indg”()a ®:QXn QV),
depending on wether N = 2n or 2n + 1, and such that wg = w;. Then, let
(7.3) E=indg"" (@ @xa ® X5 ®- - © X)),
if N = 2n, and let
(7.4) E=ind" (1 ® - @x,0rexh ©--@x9),

if N =2n + 1. Then, = has w= = wyy obtained from w, as in the statement of the
Proposition. Then, using Proposition 7.4 we have that for each i

(s, > (xi-n),¥e) = (s, € X (xi - 1), ¥p)
=7(s,Ex (xi-n),¥p)
= (s, X (xi - 1), ¥E)
Then from equations (7.1) and (7.2), we have the desired equality of v-factors. The

corresponding relations for the L-functions and root numbers can then be proved
arguing as in the proof of Lemma 9.3. O

Corollary 7.6. Let (E/F,m,1,%) € Loc(p, Un,GL1) be such that n is sufficiently
ramified. Let x1,...,Xn be characters of E* and let v be a character of E', which
we extend to one of E* wvia Hilbert’s theorem 90. Assume that

E=indF" (\1® - ®@xn) or nd§ (x1® - ®xn @),
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depending on wether N = 2n or 2n + 1, has central character we = w,. Then, if
N = 2n, we have

L(s,mxn) HLSXJU (5,x"n),
Jj=1

n
e(s,m xn,vm) = [ (s, xam ve)e(s, X°n, ).
Jj=1

And, if N =2n + 1, we have

L(s,m x ) = svnH (s, x;mL(s, X"n),

n

e(s,m x n,vp) = e(s,vm, ¥m) [ [ e(s,x5m, ¥p)e(s, X0, ¥p).
j=1

O

8. THE CONVERSE THEOREM AND BASE CHANGE FOR THE UNITARY GROUPS

We begin by recalling the converse theorem of Cogdell and Piatetski-Shapiro
[7]. In fact, we use a variant in the function field case [43] allowing for twists by
a continuous character 7 (see § 2 of [8]). We then combine the Langlands-Shahidi
method with the Converse Theorem and establish what is known as “weak” Base
Change for globally generic representations.

8.1. The converse theorem. Fix a finite set of places .S of a global function field
K, a grossenkaracter 7 : K*\Aj — C* and an integer N. Let T7(S;n) be the set
consisting of representations 7 = 79 ® n of GL,(Ag) such that: n is an integer,
1 <n < N —1; 19 is a cuspidal automorphic representation; and 7, is unramified
forv ¢ S.

Theorem 8.1 (Converse Theorem). Let II = ®II, be an irreducible admissible
representation of GLn(Ak) whose central character wyy is invariant under K*
and whose L-function L(s,II) =], L(s,IL,) is absolutely convergent in some right
half-plane. Let S be a finite set of places of K and let n : K*\Ajx — C* be a
continuous character. Suppose that for every T € T (S;n) the L-function L(s,IIxT)
is nice. Then, there exists an automorphic representation II' of GLy (Ak) such that
IT, @11 for allv ¢ S.

8.2. Base change for the unitary groups. Let K/k be a separable quadratic
extension of global function fields. Let Ay and Ak denote the ring of adeles of k
and K, respectively. We now turn towards Base Change from G, = Uy to Hy =
Res GLy. The groups G,, and Hy are related via the following homomorphism of
L-groups

(8.1) BC: LG, = GLy(C) x Wy, = FHy = GLy(C) x GLy(C) x W
We say that a globally generic cuspidal automorphic representation m = ®'m, of

G, (Ay) has a base change lift IT = ®'TL, to Hy(Ag) = GLy(Ak), if at every place
where m, is unramified, we have that

L(s,m,) = L(s, IL,).
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This notion of a Base Change lift is sometimes referred to as a weak lift. However,
we will show that it is a strong lift, where we will have equality of L-functions and
e-factors at every place v of k in § 10-11.

Remark. The base change map or Langlands functorial lift for the unitary groups
that is established in this article is known as “stable” base change. There is also
an “unstable” base change map. See for example the “stable” and “labile” base
change discussion for Us of [13].

8.3. Unramified Base Change. Let 7 = ®'m, be a globally generic cuspidal
automorphic representation of Uy (Ay). Fix a place v of k that remains inert in K
and such that m, is unramified. Two unramified L-parameters ¢, and ®, given by
the following commutative diagrams

Wy, ~—— L[y Ly — Wy,
v (b’l) .
id }b T id
Wi Wi

v

are connected via the homomorphism of L-groups

Ly BC Ly

¢’U A'

Wi

v

given by the base change map of (8.1).
Each 7, being uramified, is of the form

Ind(X1,0 @+ Xnw ®@vy) I N=2n+1
(82) o { Ind(Xl,u Q- Xn,v) ifN=2n ’
with X1,4, ..., Xn,v, unramified characters of K. Let w, be a uniformizer and let

a’i,?) = Xiﬂ)(w?))a 1= 1, s, n.

Let Frob, denote the Frobenius element of Wy, . We know that =, is parametrized
by the conjugacy class in “U

1 1 _1 _1
diag(a? oo lan2,....,o0 ) xwy ifN=2n+1
(¢1;(Fr0b1;)7w9) — . ( 111;7 ’ i’ ) 7_7, ’ 7_11’0) '
dlag(afw,...,aﬁ,v’an,%, . 7“1,5) X Wy if N =2n

Then, from the results of [36], the L-parameter ®,, = BCog, corresponds a semisim-
ple conjugacy class in GLy (C) given by
diag(a vy -« - s Qnus l,a;ﬁ,, ... ,ai})) fN=2n+1

©, (Frob, ) = { diag(a1,vy - - s Mo, a;}), e aill)) if N =2n



36 LUIS ALBERTO LOMELI

The resulting Satake parameters ®,, then uniquely determine an unramified rep-
resentation II, of Resg, s, GLn (k) = GLy (k) of the form

Ind(Xl,v®Xn,v®1®X;})®®X1_77£) if N=2n+1

8.3 1L, — _ . ,
®3) ! {Ind(X1,u®-~-><n,v®Xﬁ,i®--~®xl,i) if N =2n

Definition 8.2. Let v be a place of k that remains inert in K. For every unramified
m, corresponding to ¢, we call the representation

BC(m,) =11,
corresponding to @, as in (8.3), the unramified local Langlands lift or the unramified

base change of .

Let 7, be any irreducible admissible generic representation of GL,,(K,). We
know that, given the homomorphism of L-groups BC, we have the following equality
of local factors

7(3771-1) X Tv,%) = 7(87 I, x Tv,%)
L(s,my X 7)) = L(s,I1, X )

5(577Tv X Tvﬂ/}v) = 5(571_[1) X mev)'

8.4. Split Base Change. At split places v of k, we are in the case of a separable
algebra, as in § 7.3. The local functorial lift of m, to Hps(k,) obtained from

UN(kv) = GLN(kv) ~ HN(kv) = GLN(kv) X GLN(kv)

Definition 8.3. Fiz a place v of k such that K,, = ky, X k. Let m, be an irreducible
generic representation of Uy (ky) = GLn (ky). We call the representation

(8.4) BC(m,) = 7, @ 7y

the split local Langlands lift or the split base change of m,.

Let 7, = T1,» ® T2, be any irreducible admissible generic representation of
GL,, (Ky) = GLy, (ky) X GLy, (k). Then, from § 7.3, we have the following equality
of local factors

7(377% X 71171/)11) = 'Y(Saﬂ'v X Tva"/)v)’)/(svﬁ'v X 7:1)’77[}1;)
L(s,my X Ty) = L(8, 0y X Ty) L(8, Ty X 7o)
5(377Tv X mev) = 5(877(1) X Tv7"/}v)5(577~rv X 7Zva'(/}v)-

8.5. Ramified Base Change. At places v of k where the cuspidal automorphic
representation 7w of Uy (Ax) may have ramification, we can use the stable form
hinged by Proposition 7.4. In particular we produce a ramified Base Change.
Ephemeral, since we will establish the local Langlands lift or local Base Change
completely in § 9.

Definition 8.4. Let x1.4,...,Xnw be characters of E*. Let v, be a character
of E', which we extend to one of EX via Hilbert’s theorem 90. Assume that the
representation

Ind(x1,0 ® @ Xnw @ Vy @ Xph @@ X1,) HfN=2n+1
1L, = -1 -1y Cenr
Ind(Xl,v Q- & Xn,v ® Xn,v K- & Xl,n) ZfN =2n

has central character wn, = wy,. Then II, is called a ramified local Langlands lift
or a ramified Base Change of m,.
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We no longer have equality of local factors for every 7, of GL,,(k,). However,
from Lemma 7.5, whenever 7, is unramified and 7 : E* — C* is a highly ramified
character, we have that

FY(‘S? Tr?) X (TU : 7]1))71/}'1)) = FY(S? H'U X (7—1) . nU)7w1))
L(s,my X (Ty - Mw)) = L(s, 1L, X (7 - 1))
8(8,7‘(‘1] X (Tv '77v)7wv) = E(Svnv X (Tv . nv)awv)'

8.6. Weak Base Change. We establish a preliminary version of Base Change for
the unitary groups by combining the Langlands-Shahidi method with the Converse
Theorem.

Theorem 8.5. Let m = @7, be a globally generic cuspidal automorphic representa-
tion of Un(Ay). There exists a unique globally generic automorphic representation

BC(mr) =11
of Resg /i,GLN(Ag) = GLy(Ak), which is a weak Base Change lift of m.

Proof. Let II, = BC(m,) be the local Base change of Definitions 8.2, 8.3 and 8.4,
accordingly. Consider the irreducible admissible representation

I =1,

of GLy(Ag) whose central character wry has wry, obtained from w,, via Hilbert’s
theorem 90 at every place v of k. By construction, wyy is invariant under K *.

Let S be a finite set of places of k such that m, is unramified for v ¢ S. We
abuse notation and identify S with the finite set of places of K lying above the
places v € S. Then, we have an equality of partial L-functions

L(s,11) = LS(s,m x 1).

Hence, L°(s,II) converges absolutely on a right hand plane; and so does L(s,II).
Let 7 be a cuspidal automorphic representation of GL,,(Ak). Choose a grossen-
karacter n = ®@n, : K*\A} — C* such that 7, is highly ramified for v € S. Then,
letting 7" = 7 @1, we have that (K/k,7,7",1) € Zaob(p, Un, GL;,). We now have
the following equality of local factors in every case of Definitions 8.2, 8.3 and 8.4:

L(s,m, x 7)) = L(s,11, x 7))
e(s,my X 7o, 1hy) = (8,11, X 70, 1y).
With 7 as in Proposition 4.1 of [35], we know that the Langlands-Shahidi L-

functions L(s,7 x 7’) are polynomials in {¢®,¢~*}. They also satisfy the global
functional equation, Theorem 5.1(vi). Thus, they are nice. Then, since

L(s,JI x ') = L(s,7 x ') and e(s,II x ') = &(s, 7 x 7'),

we can conclude that the L-functions L(s,II x 7/) are nice, as 7' ranges through
the set 7(S;n). From the Converse Theorem, there now exists an automorphic
representation II' of GLy(Ag) such that II, 2 II/ for all v ¢ S. Then II' gives a
weak Base Change.

Now, from [28], every automorphic form IT of GLy (Ag) arises as a subquotient
of the globally induced representation

(8.5) Ind(Il; @ - - - ® Ty),
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with each II; a cuspidal automorphic representation of GLy (Ak). Since every II; is
cuspidal, they are globally generic. The results on the classification of automorphic
representations for general linear groups [22], shows that there exists a unique
generic subquotient of (8.5), which we denote by

M=1, 8. B,

It is this automorphic representation IT which is our desired Base Change, i.e., we let
BC(w) = m. It has the property that at every place w of K where II,, is unramified,
it is generic. Hence, at places where 7, is unramified and w = v remains inert, IT,,
is given by the unique generic subquotient of a principal series representation and
IT,, agrees with the local Base Change lift of sections § 8.3. At split places it also
agrees with that of § 8.4 at almost all places. It thus agrees with II" at almost all
places and is itself a weak Base Change lift. Furthermore, by multiplicity one, any
two globally generic automorphic representations of GL (A ) that agree at almost
every place are equal. Hence II is uniquely determined. ([l

9. ON LOCAL LANGLANDS FUNCTORIALITY AND STRONG BASE CHANGE

In Algebraic Number Theory there is a well known proof of existence for local
class field theory from global class field theory. In an analogous fashion, we here
prove the existence of the generic local Langlands functorial lift from a unitary
group Uy to ResGLy, i.e., local Base Change. We are guided by the discussion
found in [9, 25]. The lift preserves local L-functions and root numbers. In general
we refer to [14] for the non-generic case, which is written under certain assumptions;
the lift there preserves Plancherel measures.

In § 9.5 we strengthen the “weak” base change map of Theorem 8.5 and prove its
compatibility with the local Langlands functorial lift or local base change. Through-
out this section, we fix a quadratic extension E/F of non-archimedean local fields
of positive characteristic. Given any general linear group GL,,(E), we let v denote
the unramified character obtained via the determinant, i.e., v = |det(-)| ;. Globally,
we let K/k denote a separable quadratic extension of function fields.

Definition 9.1. Let w be a generic representation of Un(F). Then, we say that a
generic irreducible representation I1 of GLy(E) is a local base change lift of 7 if
for every supercuspidal representation T of GL,,(E) we have that

W(Saﬂ— X T, wE) = ’Y(S,H X T, wE)

9.1. Uniqueness of the local base change lift. The previous definition extends
to twists by a general irreducible unitary generic representation 7 of GL,,(E), as
we show in the next lemma. For this, the clasification of [50] is very useful. It
allows us to write

(9.1) 7=Ind(61" ® - @ 61" @ Fgy1 @ -+ ® Sgp @ dgv™ " @ -+ @ 611,
where the ¢;’s are unitary discrete series representations of GL,,(F) and 0 < tg <
<t < 1)2.

Furthermore, from the Zelevinsky classification [54], we know that every unitary
discrete series representation § of GL,,(F) is obtained from a segment of the form

t—1 t—1

A= [pv_vaT ;
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where p is a supercuspidal representation of GL.(E), e[m, and t is a positive integer.
The representation ¢ is precisely the generic constituent of

(9.2) Ind(pyf% ® - ® py%).

An important result of Henniart [18] allows us to characterize the local Langlands
functorial lift by the condition that it preserves local factors.

Lemma 9.2. Let w be a generic representation of Uy (F') and suppose there exists
IT, a local base change lift to GLy(E). Then, for every irreducible unitary generic
representation T of GLy, (E) we have that

7(55 T X T, %/}E) = 7(571_[ X T, wE)
Furthermore, such a local base change lift 11 is unique.

Proof. Given an irreducible unitary generic representation 7 of GL,, (E), write 7 in
the form given by (9.1). Then, multiplicativity of ~-factors gives

’7(3771- X T, ¢E) 7(87 ™ X 6d+i7¢E)

I
\E”

&
Il
_

V(s +tj,mx 65,9E)Y(s —tj, ™ X 0;,%E).

E@,

<.
Il
—

And, similarly

’V(S,H X T, ¢E) ’7(831_[ X 5d+iv¢E)

Il

s
Il
-

:&

’Y(S -I—tj,H X (Sj,l/JE)’y(S — tj7H X (5j,1/)E).

<.
Il
=

In this way, we reduce the problem to proving the relation

’}/(877{' X 57 1Z)E') = ’Y(S,H X 5» "/}E)

for discrete series representations § of GL,, (E).
Now, we write the representation § as the generic constituent of

_t=1 =1
Ind(py 2 ®...®p1/2)’

as in (9.2). Then, using the multiplicativity property of y-factors, we obtain

t—1
t—1
V(Svﬂ-xdeE) :l]‘})’Y(S_T_FZaﬂ-vawE)
t—1 t—1
=[G +10xp.vp)
=0
:’Y(SaH X 6a¢E>

This shows that II satisfies the desired relation involving ~-factors. That II is
unique then follows from Theorem 1.1 of [18]. |
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Lemma 9.3. Let 7 be a generic representation of U (F) and suppose it has a local
Langlands functorial lift 11 of GLx(E). Then, for every irreducible unitary generic
representation T of GLy, (E) we have that

L(s,mx71)=L(s,II x T)
e(s,mx 1,¥g) =¢e(s, 11 x 7,¢E).

Proof. As in the previous Lemma, begin by writing the unitary generic representa-
tion 7 of GL,,,(E) as in (9.1), with discrete series as inducing data. And, write

70 = Ind(dg41 @ - - @ Jgtk)-

Then, using Properties (ix) and (x) of Theorem 7.3, we obtain

d
L(s,m x 7) = L(s,m x 7o) [ [ L(s + ti, ® x 6;)L(s — t;, 7 x &),
=1
d
e(s,m X T,9g) =e(s, 7™ X 10, ¥E) Ha(s + ity X 05, 0E)e(s — ti, ™ X 0, YE).
=1

Now, for the factors involving 7y, we use Langlands classification to express m as a
Langlands quotient of

Ind(m ® -+ ® me ® o).

Then 7 is the generic constituent, where P is the parabolic subgroup of Uy with
Levi M = Hle ResGL,,, x Uy, and each 7, is a tempered representation of
GL,,,,(E). Now, Properties (ix) and (x) of Theorem 7.3 in this situation directly
give
e
L(s,m X 19) = L(s,m X Tp) HL(s,m X 7o),

i=1
e

e(s,m x 70, ¢p) = £(s,mo x 70, ¥5) [ [ (s, m x 70, ¢E).
i=1
Since all representations involved in the previous two equations are tempered, mul-
tiplicativity of ~-factors leads to

i~

L(S,’]T X ’7'0) = L(S,ﬂ' X 6d+l)7

~

1

=

e(s,mx 19,9g) = | | e(s,m X bats,¥E).

~

1

The properties of [20], for example, can be applied to Rankin-Selberg factors to
obtain

k
L(s,TT x 7) = [ L(s, 1 x bars) [ [ L(s + ti,m x ;) L(s — ti, 7 x 6,),
=1 =1
k d
e(s,lIx 7,9p) = HE(SaH X da 1, VE) H5(8 +ti, ™ X 05, Yp)e(s — b, ™ X 65, VE).

i=1

Il
-
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Where we reduced to proving
L(s,m x p) = L(s,II x p)
e(s,mx p,¥p) = e(s, 11 x p,Yp)
for discrete series representations p of GL,,(E). Indeed, we now address this case
in what follows.

For the irreducible unitary generic representation IT of GLy (E), we use (9.1) to
write

(9.3) M=Ind(&1" @ @&V @Epp1 @+ @ Epyn @ Ep ™™ @ - @ Gu™),

with each & a discrete series and 0 <ry <--- <r; <1/2.

h
7(877.[- X p, ,(/)E) :H7(8a5f+2 X p, wE)
=1
f
[17Gs+ 75,8 x pobp)v(s — 15, & % p, o).
j=1

Each ~-factor on the right hand side of the previous expression involves discrete
series (hence tempered) representations. Thus, each factor has a corresponding
L-function and root number via Property (viii) of Theorem 5.1. The product

h

f
P(gp*) "t =[] L(s.&54i x p) H (s+15,& X p)L(s =715, x p).

i=1

From the Proposition on p. 451 of [2 ] each L(s,&; x p) has no poles for R(s) > 0
And, since r; < 1/2, the function P(q;") is non-zero for R(s) > 1/2. Now, the
product
h ~ f ~ _
QUap®) ' =T L0 = s, x ) [J L =5 =7, & x DL — s =15, X p)
j=1

i=1

is in turn non-zero for R(s) < 1/2. Then, Property (tempered ¢) of Theorem 5.1
gives the relation

Plqp®)

Qgr")’

which is an equality up to a monomial in ¢*. More precisely, the monomial is the
root number, which we can decompose as

’7(877‘- X pawE) ~

h
e(s,m X p,Yg) ZHE(S,feri X p,E)

i=1

E(S + r]7§7 X P, wE)E(S - rj?éj X pawE)

<.
Il ~
_

:S(S,H X p, wE)

Notice that the regions where P(qz") and Q(gr") may be zero do not inter-
sect. Hence, there are no cancellations involving the numerator and denominator
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of y(s,m X p,v¥g). This shows that

L(877T X p) = 57 —s\ L(SaH X p)a
P(qr®)
where the second equality follows using the form (9.3) of IT and the multiplicativity
property of Rankin-Selberg L-functions. (I

Lemma 9.4. Let 7 be a tempered generic representation of Un(F) and suppose it
has a local Langlands functorial lift 11 of GLy(E). Then, II is also tempered.

Proof. We proceed by contradiction. If IT is not tempered, then there is at least
one 7;, > 0 in the decomposition (9.3) of II. From the previous lemma, we know
that

L(s,m x p) = L(s,II x p)
is valid for any discrete series representation p of GL,,(F). Take p = g}-o. From

the holomorphy of tempered L-functions, L(s,7 X p) has no poles in the region
R(s) > 0. On the other hand

=1

h f
L(s,T1 x &) = [ [ L, €p1i x &io) [T L(s +75,&5 x i) Ls =75, &5 % &)
j=1

has a pole at s = r;,, due to the term L(s—r;,, &, X 5}0) And, L(s,IIx ém) inherits
this pole, which gives the contradiction. Hence, it must be the case that f = 0 in
equation (9.3) and we have that

M=Tnd(& @ ®E)
is thus tempered. ([l

9.2. A global to local result. We prove that global Base Change is compatible
with local Base Change. At unramified and split places it is that of §§ 8.3 and 8.4.
Furthermore, we make precise the behavior of the central character.

Proposition 9.5. Given a globally generic cuspidal automorphic representation
7 =1, of Un(Ag), let BC(7r) = II = ®'T1, be the base change lift of Theorem 8.5.
Then, for every v we have:
(i) I, is the uniquely determined local base change of my;
(ii) I, is unitary with central character wr, of KX obtained from the character
wr, of K} via Hilbert’s theorem 90.

Proof. The base change lift II = BC(n), being globally generic, has every local II,
generic. At every place where 7, is unramified, IT, is a constituent of an unramified
principal series representation by construction. Since II, is generic, it has to be the
unique generic constituent of the principal series representation. Thus

(9.4) I, = BC(m,)
is the unramified local base change of § 8.3, if v is inert, and that of § 8.4, if v is
split.

Fix a place vy of k which remains inert in K. We wish to show that

7(3771-7}0 X TO7¢U0) = 7(571_[1)0 X T07¢1J0)

for every (Ky,/kvys Tugs T0s Puy) € Loc(p, Un, GLim) with 79 supercuspidal. Let
S be a finite set of places of k, not containing vg, such that m, is unramified for
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v ¢ SU{vp}. Via Property (v) of Theorem 5.1, we may assume that 1, is the
component of a global additive character ) = ®,, : K\Ag — C*.

Via Proposition 3.1, there is a cuspidal automorphic representation 7 = @7, of
GL,,(Ak) such that 7,, = 79 and 7, is unramified for all v ¢ S. Now, using the
Grunwald-Wang theorem of class field theory [2], there exists a grossencharakter
n: K*\Ajx — C* such that 7,, = 1 and 7, is highly ramified for all v € S such
that v remains inert in K.

At places v € S, which remain inert in K, we have the stable form of Lemma 7.5.
Indeed, after twisting 7, by the highly ramified character 7, we have

V(Saﬂu X (Tv : nv)ad)v) = V(SaHv X (Tv : ﬂv),%)-
At split places v € S, we write 7, = 71 ,®To,,, as a representation of Resg, /i, GLy (ky) =
GL,, (ky) x GLy,(ky) with each 7, and 73, supercuspidal. From § 7.3 (ii), the
Langlands-Shahidi y-factors are given by

7(377‘—@ X Tvﬂ/h}) = '7(577rv X 7—1,1}71/}11)’7(&7}11 X T2,v7¢v)>
which are compatible with the split Base Change map of § 8.4. Now, consider

' =717®n. For (K/k,m,7',9) € Zyob(p, Un,GL,,) we have the global functional
equation

LS(Sa'/T XT/) :7(577‘_@0 X'rvmwv) H 7(5371—1) X (Tv 'nv)awv)LS(lfsvﬁ X %/)7
veS—{vo}

and for (K/k,II,7',1) € Zyob(p, GLy, GL,,) the functional equation for Rankin-

Selberg products reads

LS(s, T x 7') = (5, Moy X Tugo ) [ v(s: Ty X (70 m0), 000 ) L (1 = 5, TT x 7).
veS—{vo}

At unramified places, it follows from equation (9.4) that local L-functions agree.
This gives equality of the corresponding partial L-functions appearing in the above
two functional equations. We thus obtain

’7(377(1)0 X 7_1)()7/(/)’00) = ’V(svnvo X Tvoawvg)~
Since our choice of supercuspidal 7y = 7,, of GL,,(E) was arbitrary, we have that
IIp is a local base change for my. Uniqueness follows from Lemma 9.2. Proving
property (i) as desired.

Note that the central character w, = ®w,, of 7w is an automorphic representation
of Ui(Ag). Now, let x = ®x, be defined on GL;(Ag) from w, via Hilbert’s
theorem 90. Namely, we let b, : z, — x,%, ' be the continuous map of (6.1) and
let

Xv = W, © hv~
at every place v of k; we view K, as a degree-2 finite étale algebra over k,.
Then x : K*\Ajx — C* is a grossencharakter. Also, x and wy are continuous
grossencharakters such that y, agrees with wp, at every v ¢ S U {vwg}. Hence
X = wrn. Thus, the central character of II,, is WIT,, = Xvos which is obtained via
wx, as in property (iii) of the Proposition. O

vo

Remark 9.6. Let my be a generic representation of Un(F). Suppose there is
a globally generic cuspidal automorphic representation m = Q'm, of Un(Ag) with
To = Ty, at some place vy of k, where k,, = F. Then it follows from Proposition 9.5
that it has a uniquely determined local base change Iy = BC(my).
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9.3. Supercuspidal lift. To avoid confusion between local and global notation,
from here until the end of § 10, we use my to denote a local representation of a
unitary group and I for its local base change, when it exists. We use 7 = @',
for a cuspidal automorphic representation of a unitary group and II = ®'II, for its
its corresponding global base change.

Proposition 9.7. Let g be a generic supercuspidal representation of Uy (F). Then
mo has a unique local base change

HO = BC(?T())

to GLN(E). The central character wry, of Iy is the character of E* obtained from
Wy, of EY wvia Hilbert’s theorem 90. Moreover

Iy =Ind(Ilp1 ® - - - ® Iy q),
where each Iy ,; is a supercuspidal representation of GLy,(E) satisfying: Iy, =
ﬁg)i; Iy 2 1o fori# j; and
(1) L(s,Ip;,7m4) has a pole at s =0 if N is odd;
(ii) L(s, 1o ® np/p,m4) has a pole at s = 0 if N is even.

Proof. Let k be a global function field with k,, = F. From Proposition 3.1, there
exists a globally generic cuspidal automorphic representation 7 = ®m, of Un(Ag)
such that m9p = m,,. Then, Remark 9.6 gives the existence of a unique base change
HO = BC(ﬂ'()).
By Lemma 9.4, Tl is a unitary tempered representation of GL,,(E). Hence, we
have that
HO = Ind(HQ,l K- Q HO,d);
with each IIp; a discrete series representation. Via (9.2), each II; is the generic
constituent of - L
Ind(p;r™ "2 ®@---@piv T ),
where p; is a supercuspidal representation of GL,,, (E), m;|m, and ¢; is an integer.
We look at a fixed Il ;. Due to the fact that all of the representations involved
are tempered, we have
i d . d bl ti—1 tj—1
L(s, T x1Ily ;) = HL(S7HO,iXH0,j) = H H H L(s+1+k— 3 —T,szpk)-
i=1 1=1[=0 k=0
The L-function L(s+t; — 1, p; x p;) on the right hand side gives that the product
has a pole at s =1 —¢;. Now, via holomorphy of tempered L-functions, we have

t—1
2

tj
L(S,Ho X ﬁOJ) = L(S,WO X ﬁoJ) = HL(S +1— , T X ﬁl)
=0

1—t; X
5 . This contradicts the fact that L(s,IIy x Iy ;)

has a pole at s = 1 —¢;, unless t; = 1. This forces Ilp; = p;, in addition to
L(s,m x l:[o7j) having a pole at s = 0. The argument proves that our fixed Il ; is
supercuspidal.

Now, let P = MN be the parabolic subgroup of Usg,,+n with Levi M =2
ResGL,, x Uyn. Then Proposition 5.2 tells us that L(s,mo X 1:[07]') has a pole
at s = 0 if and only if

is holomorphic for $(s) >

ind P2+ (11, S @ 7o)
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is irreducible and ﬁoﬂ- ® 7o = wo (ﬁo,j ® ) = Hg’j ® 7. This gives, for each j,
that Iy ; = ﬁg’j. Furthermore, we have

d
L(s,mo x o ;) = L(s, o x T ;) = [ L(s,Mo,i x o).
i=0
Each L-function in the the product of the right hand side has a pole at s = 0
whenever Il ; = I1y ;. However, the pole of L(s,mp x Iy ;) at s = 0 being simple,
forces Iy ; 2 Iy ; for i # j.
From the fact that IIg; = Hg)i and Proposition 6.3, we have

L(s,Mg; x M) = L(s, Mo 3,7.4)L(3, o ; ® g/, 7).

Then, one and only one of L(s,Ily,74) or L(s,Io; ® ng/p,7.4) has a simple pole
at s = 0. With the notation of § 6.5, we have (E/F, 1:[0,1‘®7~T07¢E) € Loc(p, M, G),
where M = Res GL,,,, x Uy and G = Uy, +n. By Proposition 5.2, the product

L(s,To; @ 7o, 71)L(25, o i,72)
has a simple pole at s = 0. Using Iy ; = 1:[871- and Proposition 6.3, we have that

L(s,1Ip;,74) if N =2n

L(s o3, r2) = L(s, Moji, 72) = { L(s,lo; @ ng/p,ra) if N=2n+1

Since we showed above that L(s,my x 1:10,1-) = L(s, 1:10,1- ® 7o, 71) has a simple pole
at s = 0, then L(2s,1IIy;,r2) cannot. Thus, depending on wether N is even or odd,
the other one between L(s, 1o ;,74) and L(s,Ilp; ® ng/p,7.4) must have a pole at
s=0. [

9.4. Discrete series, tempered representations and Langlands classifica-
tion. Thanks to the work of Moeglin and Tadié [37], we have the classification of
generic discrete series representations for the unitary groups. Their work allows us
to obtain a generic discrete series representation £ of Uy (F') as a subrepresentation
as follows

(9.5) - Ind(d1 ® - ®6 Q5 -0, ®m).

Here, for 1 < ¢ < dand 1 < 5 < e, we have essentially square integrable repre-
sentations &; of GL;,(E) and 0} of GLy,,(E). The representation 7o is a generic
supercuspidal of U, (F'), with Ny of the same parity as N.

We can apply the Zelevinsky classification [54], to the essentially discrete repre-
sentations of general linear groups appearing in the decomposition (9.5). They are
obtained via segments of the form

A= [pv =t ],

where a,b € %Z, a>b> 0, and p is a supercuspidal representation of GL(E), f|l;
or myj, respectively.

The Mceeglin-Tadi¢ classification involves a further refinement of the segments
corresponding to each ¢; and 5;-. More precisely, let a; > b; > 0 now be integers of
the same parity. Then we have
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where p; is a supercuspidal representation of GL;(E), f|l;. Furthermore, we have
pi = pY. Next, let a; be a positive integer. We set ¢; = 1/2 if a is even and ¢; = 1
if a); is odd. Then we have

a’.—1

(9.7) 67 =1Ind (p}uef ®--® p§y72> ,

with pf = (/3;-)‘9 a supercuspidal representation of GLy/(E), f’|m;. Furthermore,
the integer a); will be odd if L(s,mo x p’) has a pole at s = 0, and a} will be even
otherwise. This is due to the basic assumption (BA) made in [37] concerning the
reducibility of the induced representation Ind(p;v* ® mo) at s = 1/2 or 1, which is
addressed in Theorem 5.3.

Proposition 9.8. Let & be a generic discrete series representation of Uy (F),
which we can write as

(9.8) = Ind(61® - ®64RI Q-5 @)
with o a generic supercuspidal of Un,(F) and 6;, & as in (9.5). Then & has a
uniquely determined base change

Zo = BC(&),

which is a tempered generic representation of GLy(E) satisfying Z¢ = ég. The
central character ws, of Z¢ is the character of E* obtained from we, of E' via
Hilbert’s theorem 90. Moreover, the lift =y is the generic constituent of an induced
representation:

Eo%Ind((?l®~-~®5d®51®-~-®5é®ﬂo®529®~-~®519®(§2®---®5f),
The representation Iy is the local Langlands functorial lift of mg of Proposition 9.7.

Proof. Let & be as in the statement of the Proposition, and consider quadruples
(E/F, &0, p, %) € Loc(p, Un,Res GL,,) such that p is an arbitrary supercuspidal
representation. To 7y there corresponds a Il via Proposition 9.7. With = as in
the Proposition, we have (E/F,Zq,p,%) € Loc(p, Res GLy,Res GL;;,). Then we
can use multiplicativity of y-factors to obtain

d e
W(Sago X P, wE) = 7(877‘—0 X P, qu) H H’Y(S7§’L X P, ¢E)’Y(375§ X P, ’(/}E)

i=1j=1

d e
= 7(‘9’ HO X P, ¢E) H H fY(Sv 6i X P, ¢E)’Y(57 6_; X P, wE)
i=1j=1
= 7(87 E0 X p, wE')
From Lemma 9.2, we have that Z¢ is the unique local Langlands lift of §. It
satisfies =9 = = and has the right central character. (]

We now turn to the tempered case, which is crucial, since L-functions and e-
factors are defined via ~y-factors in this case. The proofs of the remaining two results
are now similar to the case of a discrete series, thanks to Lemma 9.2.

Proposition 9.9. Let 79 be a generic tempered representation of Uy (F), which we
can write as
70 t—)Ind(51®®5d®£o),
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with each §; a discrete series representation of GLy,(E) and &y is one of Uy, (F).
Then 19 has a uniquely determined base change

TO = BC(TO)a

which is a tempered generic representation GLy (E) satisfying Ty = Tg. The central
character wr, obtained from w;, via Hilbert’s theorem 90. Specifically, the lift Ty is
of the form

%zhd@w@~®%®%®&ﬁ®m®$)
The representation =g is the base change lift of Proposition 9.8.

Proof. The proof is now along the lines of Proposition 9.8, where we use multiplica-
tivity of y-factors and the fact that = is the local Langlands lift of the discrete series
&o. This way, we obtain equality of y-factors to apply Lemma 9.2 and conclude that
Ty = T¢ and has the correct central character. O

In general we have the Langlands quotient [4, 48]. The work of Muié¢ on the
standard module conjecture [42] helps us to realize a general generic representation
7o of Uy (F') as the unique irreducible generic quotient of an induced representation.
More precisely, 7 is the Langlands quotient of

(9.9) Ind(r{ @+ @74 ®70),

with each 7] a quasi-tempered representation of GL,,(F) and 75 a tempered rep-

/

resentation of Uy, (F). We can write 7/ = 7; 0" with 7;¢ tempered and the

Langlands parameters have 0 <t¢; < --- < t4.

Theorem 9.10. Let my be a generic representation of Un(F). Write my as the
Langlands quotient of

Ind (1] ® - @7, ®70),
as in (9.9). Then wo has a unique generic local base change

HO = BC(W()),

~

which is a generic representation of GLy(E) satisfying Iy = ﬁg. The central
character wn, obtained from wy, via Hilbert’s theorem 90. Specifically, the lift 11y
is the Langlands quotient of

nd(rf®  -emnelheife o7,

with Ty the Langlands functorial lift of the tempered representation 9. Given
(E/F, 7o, 1,0) € £(p,Un,Res GL,,), we have equality of local factors

7(8771-0 X T, d)E) - 7(33H0 X T, wE)
L(s,mg x 1) = L(s,IIy x 7)
(s, mo x 7,9E) = (s, o X 7,¥E).
Proof. We reason as in the case of a tempered representation, Proposition 9.9.

Equality of local factors follows from the definition of base change and Lemmas 9.2
and 9.3, after incorporating twists by unramified characters. O

Theorem 9.10 summarizes our main local result. Local base change being recur-
sively defined via the tempered, discrete series and supercuspidal cases of Propos-
tions 9.9, 9.8 and 9.7, respectively.
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9.5. Strong base change. Base change is now refined in such a way that it agrees
with the local functorial lift of Theorem 9.10 at every place. Let

be the global reciprocity map such that b, is the map given by Hilbert’s Theorem 90
at every place v of k, as in equation (6.1). We also have global twists by the
unramified character v of a general linear group obtained via the determinant, as
in the local theory.

Theorem 9.11. Let 7 be a cuspidal globally generic automorphic representation of
G, (Ag). Then 7 has a base change to an automorphic representation of GLy(Ak),
denoted by

IT = BC(n).
The central character of 11 is given by wy = wy o h and is unitary. Furthermore,
I 210 and there is an expression as an isobaric sum

=1, 8. -8I,,
where each 11; is a unitary cuspidal automorphic representation of GLy,(Ax) such
that 11; 2 119 and 11; 2 11, for i # j. At every place v of k, we have that
I1, = BC(m,),
the local base change of Theorem 9.10 preserving local factors.
Proof. The weak base change
IT = BC(n)
of Theorem 9.5 is unique with the property that it be generic. By Proposition 9.5,
we know that II has unitary central character
wi = wyr obh.
From the Jacquet-Shalika classification [22], it decomposes as an isobaric sum
=1 8. -8I,.

More precisely, each cuspidal automorphic representation II; of GLy, (Ak) can be
written in the form
Hi = Eini,

with E; a unitary cuspidal automorphic representation of GLy, (A k). Reordering if
necessary, we can assume t; < --- < tg. We wish to prove that each ¢; = 0. Notice
that if ¢; < O for some 4, then there is a j > 7 such that ¢; > 0, due to the fact
that II is unitary. Also, we cannot have ¢; > 0. To obtain a contradiction, suppose
there exists a t;, which is the smallest with the property ¢;, < 0.

Consider (K/k,m,Z;,,v) € Zaob(p, Un,Res GLy; ). Theorem 5.5 of [35] tells
us that L(s,m x Zj,) is holomorphic for R(s) > 1. However, if we consider
(K, ILEjy, ¢) € Ziob(p, Res GLy, Res GLN].O), we have that

d
L(S,H X éjo) = HL(S +ti,Ei X éjo)'
i=1

And, by Theorem 3.6 of [22] (part II) the L-function

L(s, Ejo X Ejo)
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has a simple pole at s = 1. This carries over to a pole at s =1 —t;, > 1 for
L(s,m x Z5,) = L(s,T1 x Z,,).

This causes a contradiction unless there exists no such t;,. Hence, all ¢; must be
zero. This proves that each II; is a unitary cuspidal automorphic representation.
We now have that each II; = =; and
d
L(s, 1T x 1) = [ [ L(s, 10 x 1),
i=1
where [y is a fixed ranging from 1 < [y < d. On the right hand side we have a pole at
s =1 every time that IT;, = II;, by Proposition 3.6 of [22] part II. However, on the
left hand side, from Proposition 5.5 of [35], we have that L(s, IIxII;,) = L(s, 7 x1I;,)
has only a simple pole at s = 1. Hence, II;, = II; can only occur if Iy = 1.
The compatibility of global to local base change is addressed by Proposition 9.5 (i).
We have that
I1, = BC(my)
is unique and must be given by Theorem 9.10. Notice that II, = f[g for every
v ¢ S. By multiplicity one for GLy, we globally have II & I°.
It remains to show that, for each j, we have 1I; = ﬁ?. For this, let T; = II; ® .
From Corollary 4.2 of [35], L(s,7 x II;) is a Laurent polynomial if o (T;) 2 T;.
In this case, would have no poles. However

d
L(s,m x II;) = [ [ L(s. 11; x 11;)

has only a simple pole at s = 1, reasoning as before. Thus, it must be the case that
wo(T;) = Tj, giving the desired TI; = IT9. O

10. RAMANUJAN CONJECTURE AND RIEMANN HYPOTHESIS

Let K/k be a quadratic extension of global function fields of characteristic p.
We can now complete the proof of the existence of extended ~-factors, L-functions
and root number in order to include products of two unitary groups. Note that
the Base Change map of Theorem 8.5 was strengthened in Theorem 9.11 so that it
agrees with the local functorial lift of Theorem 9.10 at every place v of k. In this
way, we can prove one of our two main applications for the unitary groups. The
Riemann Hypothesis for L-functions associated to products of cuspidal automorphic
representations of two general linear groups was proved by Laurent Lafforgue in [26].

Theorem 10.1. Let v, L and € be rules on Loc(p) satisfying the azioms of The-
orem 7.3. Gien (K/k,7,7,¢) € Lyon(p), define

L(s,mx 1) = HL(S,ﬂ'U X Ty) and e(s,m X T,1) = Hs(s,wv X Tyy y).

Automorphic L-functions on Luon(p) satisfy the following:
(i) (Rationality). L(s, 7 X T) converges absolutely on a right half plane and has

a meromorphic continuation to a rational function on q%.
(ii) (Functional equation). L(s,m X 7) = &(s,m X 7)L(1 — 8,7 X 7).
(iii) (Riemann Hypothesis). The zeros of L(s,m x T) are contained in the line

R(s) =1/2.
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10.1. Extended local factors. Let us complete the definition of extended local
factors of Theorem 7.3. The case of a unitary group and a general linear group
already addressed in § 6. An exposition, within the Langlands-Shahidi method, of
the case of two general linear groups can be found in [20]. We now focus on the
new case of G; = Up; and Go = Uy.

Definition 10.2. Given (E/F, 7y, 70,%) € Loc(p, Uns, Un), let
HO = BC(?T()) and TO = BC(T())
be the corresponding base change maps of Theorem 9.10. We define

/7(877.(0 X TOawE) = fY(SaHO X T07’(/}E)
L(S,?TO X To) = L(S,HO X To)
e(s,mo x 10, YE) = (s, o x Tp, k).

The defining Properties (vii)—(x) of Theorem 7.3 allow us to construct L-functions
and root numbers from 7-factors in the tempered case. This is compatible with the
decomposition of my and 7y of Theorem 9.10. The rules v, L and ¢ then satisfy all of
the local properties of Theorem 7.3. The remaining property, the global functional
equation, is part (ii) of Theorem 10.1.

10.2. Proof of Theorem 10.1. The case of two general linear groups, i.e., for
(K/k,m,7,¢) € Lyob(p,Resk/iGLr, Resg/p,GLy), is already well understood.
Properties (i) and (ii) of Theorem 10.1 are attributed to Piatetski-Shapiro [43].
They can be proved in a self contained way via the Langlands-Shahidi method over
function fields, see [20, 34]. The Riemann Hypothesis in this case was proved by
Laurent Lafforgue in [26].

The case of (K/k,m,7,9) € ZLyob(p,ResgxGLy,, Uy) is included in Theo-
rem 5.1 by taking M = GL,, x Uy as a maximal Levi subgroup of G = Uyn_.o.m,
and forming the globally generic representation 7 ® 7 of M(Ay). Property (i) in
this situation is Proposition 1.2 of [35]. Property (ii) is the functional equation of
§ 5.3. To prove the Riemann Hypothesis, we let

BC(r) =T =11, 8- B,

be the base change lift of Theorem 9.11. Then
d
L(s,m x 1) = L(s,TT x 7) = [ [ L(s,10; x 7),
i=1
with each (K/k,I1;,7,v) € ZLyob(p, Resg/xGLm,, Resg/pGLy,). This reduces the
problem to the Rankin-Selberg case, established by L. Lafforgue.
Given (K/k, ™, T, w) S Zglob(p, U, UN), let
BC(m)=II=118---8I; and BC(r)=T=T:8---B8T.
be the base change maps of Theorem 9.11. Then
L(s,mx 1) = L(s,JI x T) = [ [ L(s,1I; x Ty).
,J
For each (K/k,11;,Tj,v) € ZLgob(p, Resg/xGLm,, Resg/pGLy,), 1 < i < d, 1 <
7 < e, we have rationality, the functional equation

L(s,TL; x Tj) = e(s,T; x T;)L(1 — s,10; x T}),
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and the Riemann Hypothesis. Hence the L-function L(s,7 x 7) also satisfies Prop-
erties (i)—(iii) of Theorem 10.1. O

10.3. The Ramanujan Conjecture. Base Change over function fields allows
us to transport the Ramanujan conjecture from the unitary groups to GLy. The
Ramanujan conjecture for cuspidal representations of general linear groups, being
a theorem of L. Lafforgue [26].

Theorem 10.3. Let 1 = ®'m, be a globally generic cuspidal automorphic repre-
sentation of Un(Ag). Then every m, is tempered. Whenever m, is unramified, its
Satake parameters satisfy

‘Oéj,vlkv :1, 1§]§n
Proof. Fix a place v of k, which remains inert in K. We can write m, as the generic
constituent of

Ind (T{,U Q- T(/i)v ® TO,U) ,
as in (9.9), with each ’7'1»/7,0 quasi-tempered and 7y, tempered. Furthermore, we can
write Ti”v = Tmuti»“ with 7; , tempered and Langlands parameters 0 <¢;, <--- <
td.o-

Now, let II = BC(w) be the base change lift of Theorem 9.11. From Theo-

rem 9.11, II, is the local Langlands functorial lift of m,. By Theorem 9.10, II, is
the generic constituent of

(10.1) Ind (7, @+ @7, ®Tow @ Ty @ @F)

with T, the Langlands functorial lift of the tempered representation 7y ,. The
representation Tj ,, is also tempered by Lemma 9.4.
On the other hand, the base change lift can be expressed as an isobaric sum

MN=1I, 8 BIL,

with each II; a cuspidal unitary automorphic representation of GL,,, (Ag). Hence,
II, is obtained from

(10.2) Ind(IT; , ® - - @ 1 ).

Then, thanks to Théoreme VI.10 of [26], each II; , is tempered.
We then look at a fixed 7}, from (10.1), where we now have

L(s,my X Tj) = L(s,1L, X 74)
d
= L(S7 T0,0 X 7~—j,v) H L(S + ti,v; Tiv X %j)v)L(S — ti,v; Tiv X %j,v)-
i=1
The L-function L(s — t; ., Tj» X Tj.») appearing on the right hand side has a pole
at s =t;,. However, from (10.2) we have

e
L(s,Ty x 7) = [ [ L(s, i x F1.0).
i=1
Notice that each representation involved in the product on the right hand side is
tempered. Then each L(s,II;, X 7;,) is holomorphic for $(s) > 0. Hence, so is
L(s,II, x 7j,). This causes a contradiction unless ¢; , = 0.
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If v is split, we have that BC(w,) = 7, ® 7, from § 8.4. For the places w; and
wq of K lying above v, we have that the representation of GLy (k)

Ty = Ind(Il; 4, ® -+ R Il¢ 4, )
is tempered. Hence, so is
o = Ind(My,u, @ -+ @ ey ).
Now, if v is inert and m, is unramified, we have from § 8.3 that the unramified

Base Change BC(m,) = II,, corresponds to a semisimple conjugacy class given by

v

..,ail) if N=2n

v

diag(ag vy - -y Qs Lo Lo afl) ifN=2n+1
®. (Fr — U ) s B gy ’ s
v(Frob,) { diag(a1,v, - - Qnw, 0y,

n,v’ "

Each a;, or aj_j is a Satake parameter for one of the representations II; ,,, which
are unramified. Since we are in the case of GL,,, (K, ), we conclude that

|ajv“|kv = 1
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