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Programm der Mathematischen Arbeitstagung 1986 (I)
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Freitag, den 13.6.1986

16.00 - 17.00 Uhr M.F. ATIYAH: The logarithm of the Dedekind
n-function

Samstag, den 14.6.1986

10.00 - 11.00 Uhr CH. SOULE: Higher dimensional Arakelov
theory

11.45.- 12.45 Uhr - M. KRECK: 7-dimensional Einstein manifolds with
SU(3) x SU(2) x U(1) - symmetry

17.00 - 18.00 Uhr K. FUKAYA: Collapsing and eigenvalues

Sonntag, den 15.6.1986

9.45 - 10.00 Uhr Festlegung der ndchsten Vortrige

10.00 - 11.00 Uhr A. FLOER: Holomorphic curves and fixed points
of symplectic maps

11.45 - 12.45 Uhr P. KRONHEIMER: Gravitational instantons and
Kleinian singularities

17.00 - 18.00 Uhr G. FALTINGS: Hodge-Tate structures

Die Vortrdge finden alle im "GroBen Hérsaal'", WegelerstraBe 10, statt.

Exngrischungspausen mit Tee: Samstag und Sonntag 11.00 - 11.30 Uhr vor
dem GroBen H&rsaal und ab 15.00 Uhr im Max-Planck-Institut.

Post, die nicht ans MPI adressiert ist, liegt wdhrend der Teepausen
vor dem GroBen HOrsaal aus. Alle Teilnehmer m&gen sich bitte in die
Teilnehmenlisten eintragen Teilnehmerlisten und Informationen liegen
vor dem GroBen HGrsaal aus.

Fiir Diskussionen stehen das MPI, der D.ishussionsraum BeringstraBe 1
und der S.{itzungssaal (Raum 4) BeringstraBe 4 zur Verfilgung.
Tischtennis im Keller des Hauses BeringstraBe 4.

Den Tagungébeitfrag bitte an Frau Karge bezahlen (Samstag und Sonntag
13.00 - 17.00 Uhr im Empfang des MPI).

Alle Tagungsteilnehmer mit ihren Damen oder Herren sind herzlich zum
Empgang des Rektors eingeladen. Zeit: Freitag, 13.6.1986, 20.00 Uhr.
Ort: Festsaal der Universitdt, Hauptgebdude; Eingang von der StraS8e

"Am Hof" durch das Tor gegeniiber Buchhandlung RShrscheid.



Max-Planck-Institut Mathematisches institut

fliir Mathematik und der Universit&t Bonn
Gottfried-Claren-Str. 26 WegelerstraBe 10
5300 Bonn 3 5300 Bonn 1

Programm der Mathematischen Arbeitstagung 1986 (II)
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Montag, den 16.6.1986

10.30 - 11.30 Uhr M. KERVAIRE: Jones's knot polynomials

13.00 Uhr Schiffsausflug nach Bad H6nningen. Abfahrt
punktlich um 13.00 Uhr mit Motorschiff
"Carmen Silva" am Alten Zoll. Riickkehr
ca. 19.30 Uhr.

Dienstag, den 17.6.1986

10.00 - 10.15 Uhr Festlegung der nidchsten Vortridge

10.15 - 11.15 Uhr K. RIBET: Modular forms, £-adic representations
and Fermat's last theorem

11.45 - 12.45 Uhr M.F. ATIYAH: Donaldson invariants for
4-manifolds

15.30 - 16.30 Uhr F.A. BOGOMOLOV: Rationality problems,

(informal talk) stable cohomology

3

17.00 - 12.00 Uhr _U. PINKALL: New minimal surfaces in S

Mittwoch, den 18.6.1986

10.15 - 11.15 Uhr H. KNORRER: Fermi curves and density of states

Die Vortrédge finden alle im MGaoBen Hirsaal", Wegelerstr. 10, statt.

Enfrischungspausen mit Tee: Dienstag 11.00 - 11.30 Uhr und 16.30 -
17.00 Uhr vor dem GrofBen -Hbrsaal. )

Post, die nicht ans MPI adressiert ist, liegt wdhrend der Teepausen
vor dem GroBen H®rsaal aus.

Alle Tagungsteilnehmer m&gen sich bitte in die Tedlfnehmenlisten
eintragen. Tedlnehmerlisten und Infoamationen liegen vor dem GroBen
Hérsaal aus.

Den Tagungsbeitrag bitte an Frau Karge bezahlen (Dienstag von 13.00
- 17.00 Uhr im Empfang des MPI}.
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Programm der Mathematischen Arbeitstagung 1986 (III)

Mittwoch, den 18.6.1986

16.30 - 17.30 Uhr G. WUSTHOLZ: Baker's method and
effectivity
17.45 = 18.45 Uhr R. LEE: Finite group actions on the

complex projective plane

Donnerstag, den 19.6.1986

10.15 - 11.15 Uhrx J. BRUNING: L2—index theorems for
regular singular operators

12.00 - 13.00 Uhr H. ESNAULT: Characteristic classes of
flat bundles

17.00 - 18.00 Uhr F. HIRZEBRUCH: 3-folds with ¢, =0

Freitag, den 20.6.10986

12.30 - 13.30 Uhr M. REID: Progress in 3-folds
(Sondervortraqg)
16.30 - 17.30 Uhr H. KURKE: Modulrdume von Vektor-Blindeln

(Kolloquiumsvortrag)

Der Sondeavorntrag findet im Seminarraum des MPI fiir Mathematik statt.
Der Kolloqudiumsvortrag findet im "Kledinen Hénsaal", Wegelerstr. 10
statt. Alle andexren .Vortrdge. £inden im "GroBen Hirsaal" statt.

Post, die nicht ans MPI adressiert ist, lieg widhrend der Teepausen aus.

Engrischungspausen mit Tee: Mittwoch, 16.00-16.30 vor dem GroBen HOr-
saal. Donnerstag.11.15 - 11.45 vor dem GroBen HOrsaal, ab 15.00 Uhr
im MPI. Freitag, 16.00 - 16.30 Uhr vor dem GroBen HOrsaal.

Informationen liegen vor dem GroBen Hdrsaal aus.

Den Tagungsbeitrag bitte an Frau Kanrge bezahlen (Mittwoch und Donner-
stag von 13.00 - 17.00 in Raum 20-4 des MPI).
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It is an interesting open question which smooth manifolds admit Einstein me-
Rrics and how many. Except in dimension 4 where Hitchin proved that for an -
Einstein manifold [sign (M)| < 2/ X(M) no obstructions are known. On the other
hand only for rather few classes of manifolds one has a positive answer for the
pxistence of an Einstein metric (for instance Calabi-Yaw manifolds). In the re-
cent years some families with positive scalarcurvature were constructed by

M. Wang and W. Ziller[M.Z.l, mainly homogeneous spaces but also some othets.
They asked for a classification of the diffeomorphism type of these families

khich is of some importance for the question how many Einstein metrics these -

manifolds have.

Independently some of these families where also introduced by theoretical
physists. Especially E. Witten [Wl in his study of 11-dimensional Kaluza-Klein
theory considered 7-dimensional closed manifolds M with

G - SU(3) x SU(2) x U(1)-symmetry. By this we mean that the group of isometries
(with respect to some Riemannian metric on M) is G and that G acts transitively
implying M is a homogeneous space.

Although there are some serious difficulties with this version of Kaluza-
Klein theory (the physisists changed their viewpoint in the meantime from 11 to
10 dimensions) one should analyse the differential topology of these manifolds
pccuring in physics and differential geometry.

More precisely the manifolds introduced by Witten are.homogeneous spaces
5U(3) x SU(2) x U(1)/SU(2) x U(1) x U(1) for the different embeddings of sub-

Jroups. In this note we restrict ourself +to the simply connected case (in gene-
ral the fundamental group ' is finite cyclic). From the point of view of differen
Lial topology or of algebraic geometry the following description of Witten is
nore appqoprlate The manifolds are total spaces MD,Q of S1 bundles over

EP x CP where the first Chern class of this bundle is gx + py for x and y ge-

herators of H (GP ) and H2(¢P1). To guarantethat the symmetry group is not big-

ger than G one has to exclude the cases where p or q is zero and Mp q is

~1-connected. iff (p,q) . =1. - - S -1
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The cohomological structure of MD q is a follows: -

2 ~ Lf“ a . 2
CNIED 219 {o} Ho _zq2 °.

-3

[he linking form is given by L(o{z, uz) = p - mod qzcz.z. The relevant charac-

2 2 2

q
isti = M m .
teristic classes are wZ(Mp,q) p mod 2 and p1( D,q) 3p od q

Theorem: Let g be prime to 3. a) The diffeomorphism type of a Spin-mahifold M
of the form Mp q is determined by two invariants:

-|H4(M;22)| and

S{M) = S(M,g) 37 (B,0)+14(dim. KerD +q (D,0)- 15: ‘(P (g)ahe WZBZ where g

1s some metric on M,B and D are the signature and Dirac operator, 7 is the in-
variant of Atiyah-Patodi-Singer CA.P.S.],

p,(g) is the Pontajagin form and h is a 3-form s.t. dh = p,(9).

b) The homeomorphism type is determined by |H (M;Zz)] and S(M) = [S(M 160/1.
) The values of these invariants in terms of p and q are:
2
W', ) =g

P.q

3p(g%43) (%-1)
S(Mp’q) 2 q

€ Yz

We also have a classification if 3 divides q.and in the non-Spin case but the
formulation is more complicated.

Lorollary: If p is even and 3 is di i =tg'
. y P even and 3 .4 q then Mp,q is diffeomorphic to Mp.’qr<?> q=tg’ and

164 q°-1 16| q°-1
- 1 2 2
q=0,3,4 p'sp mod 28 q p'zp mod 14 q
mod 7
- L} 2 ] 2
q=1,2,5,6 p'=p mod 4 q p'zp mod 2 q
mod 7
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Mp q is homeomorphic to Mp <?f> q=tq and p'=p mod 2 q . The statement of

this Corollary holds also 1f 3 divides q (This result was misstated in the talk).

Since the middle of the 60th.the Hsiang brothers asked at various occasions
[H.H.1 whether homeomorphic homogeneous spaces are diffeomorhic. Our result
shows that this in general not true:

Corollary: There exist homeomorphic homogeneous spaces which are not diffeomor-
phic. .

Remark: As H( ) = 4o} , general smoothing theory CK.S.1 implies that the ma-
ximal number of smooth structures on sudva 7-manifold is 28 and if two sucdimani-
folds M and M' are homeomorphic there exists a homotopy sphere 2 s.t. M#3X is
diffeomorphic to M'. Qur classification result jn the non-Spin case implies that
M19,56 has 28 different smooth structures which are all homogeneous spaces G/H
with different embeddings of H into G.

Corollary: There exist Einstein manifolds (with positive scalar curvature) which
have an exotic structure which is again Einstein (with positive scalar curvature)

Corollary: For all Mp q((p,q)=1) the moduli space of Einstein metrics has infi-

nitely many components.

This follows immediately from our Theorem and the results of [W.Z.1 where this
result is contained for the case q = 1.

Remark (M.F. Atiyah): The simplest manifolds with exotic smooth structure, the
7-spheres, have two natural descriptions: they are total spaces of 53-bundles
over s (Milnor) and links of isolated singularities (Brieskorn). No direct
proof is known that those constructions give the same homotopy spheres. If p <0
and q < o the manifolds M unify both asoects They are total spaoes of S -
bundles over GP2 X EP1 orp1? we project to dP of Lens-space bundles over EP2
And they are links of isolated singularities: Consider the associated disk-bundle

HD q and blow the zero-section down to obtain an isolated singularity with link
M. .
P.q

The proof of the Theorem is based on the modified surgery theory of TKI. In our

Situation this theory deals with the classification of M
M —> ¢P™ inducing an_isomorphism on H2

D q's together with a map
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Uﬁ to sign and homotopy such a map is unique. If F:W — ¢p™ is a bordism bet-
ween M and M' there is an obstruction 8(W) in a monoid -ﬂo(‘4€]') for transfor-
ming W into an h -cobordism. The monoid {(Jﬁeﬂ) is in general very complicated
but if we assume that M and M' have same linking form and Pontrjagin class it is
shown in [K] that 8(W) is complétely determined by relative characteristic num-
bers of W. In the case where w=wp,q-wp.,q. is the union of the corresponding disk
bundles these numbers can easily be computed and are non-zero. The diffeomorphism
classification is derived from this information by computing §?gp1n(aP°‘)

(using Riemann-Rochtheorems) which determines the possible variations of the
characteristic numbers of W for different bordisms.

The formula for S(Mp q) is proved with the Atiyah-Patodi-Singer Index theorem
_|for the Signature and Dirac operator in the case of compéct manifolds with
boundary.
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Titel: Holomorphic curves and fixed points of symplectic maps
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i

A
Let .P be a smooth compact manifold with a symplectic,vi.e. closed .and
nondegenerate, 2-formv . Then for every (time dependent) function Ht:

P 4]{, one defines the (time dependent) Hamiltonian vector field X, by

m(Xt, ‘) = dHt .

If we integrate such a family of vector fields, we obtain a family of &
dif feomorphisms ¢, of P , which preserve the symplectic form, The set
of all diffeomorphisms obtained in such a way by any function Ht is called

e

the set y@e of exact deformations of P .

We are interested in the fixed points of exact deformations. Clearly, the
number of fixed points of '¢€§ZL satisfies the same estimates as the
number of zeroes of a smooth vector field on P ., This follows from the
Lefschetz fixed point theorem, since each ¢c£é@ is homotopic to the
identity. It has been conjectured by V.I. Arnold that due to the
additional restrictions on GZL , the number of fixed points of an exact
deformation even satisfies estimates similar to those for the critical
points of a smooth function on P . We have the following resultlin this

direction:

Theorem: Let (P,w) be a compact symplectic manifold.and let ¢ - be ;:an exact

deformation. If all fixed points of ¢ are nondegenerate, then there

number is greater than or equal to the sum of the Z, - Betti numbers of P,

r=
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More précisely, we show that if C denotes the free Zz-module over the set
of fixed points of ¢ , then there exists a homomorphism §S: C > C satis-

fying 66 =0 and
3 a N
HX®P, 2,) = kern@ /ind .

If %) is a deformation induced by a time independent function H, then
this follows immediately from *Morse theory , see f.e. M . In the general
case, there is still a variational approatch, however one has to pass to the

infinite dimensional space
@) = {z7C (o, 1 ,P) [2(1) =¢plzloN } .

There is a function & : & > TR (sometimes defined only locally), which is

called the symplectic action functional and which satisfies

1
d(z) €= fw(t:,é)
°
The: (nohdegenerate) critical points correspond to the (nondegenerate) fixed
points of ¢« . Since standard variational methods do not apply in this case
(for reasons of lack of Palais-Smale compactness and definiteness), we use
the following method: For suitable almost complex structures J on P ,

maps . us: R > Q | u(s)(t) = u(s,t) which satisfy

Jdu X _
u=§-.s‘ +J§:—O

can be interpreted as trajectories of the "gradient flow" of o .-Henre=we

b g i
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On the other hand, they can be considered as holomorphic maps from
IR%[D,U C:Lt into (P,J). It turns out that if such a holomorphic map
has finite area, then it represents a trajectory connecting two critical
points., Moreover, there exists a "relative llerse index" w(x,y) for critical
points x and y so that the set of trajectories connecting x and y is a smooth
manifold of dimension W(x,y). In particular, if #(x,y) = 1, then there are

/
is a discrete and, in fact, finite set of one dimensional trajectories. If

v

we use these ﬁumbers as the matrix elements of the cobouﬁdary Operator'5-,
then by establishing i existence and continuation properties for ﬁolomorphic
curves one can show that ¢ has the properties stated above. This proves

the theorem.

[ﬁ) : Milnor, Lectures on the H-cobordism theorem

Dﬂ : Witten, Supersymmetry and Morse theory

[?g] Freed/Uhlenbeck: Instantons and 4-dimensional topology
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Titel:
Fermat's Last Theorem, Modular Forms,...

Autor :yannethAlanRbbet
Adres sWC Math Department, Berkeley CA 94720 USA

The talk concerned recent efforts to show that “Fermat's
Last Theorem" is a consequence of general conjectures in
various branches of arithmetic. One starts with an odd
prime r and a non-trivial co-prime solution (a,b,c) to the
Fermat equation

a+b = ¢

- Using it, one writes down the elliptic curve E defined by
the affine equation

y? = x(x-a")x-c").

Then E is a semi-stable elliptic curve over Q, whose
conductor: N is the product of all primes p which divide
abc. Moreover, the discriminant A associated with the
above affine equation is the product of a certain power
of 2 (namely: 64) with an r_"‘ power (namely (abc)®").

Here r is a prime number which is not ridiculously smal]
(e.g., we will use that r»23, which follows from the
work of Kummer). The problem is to show that E does not
exist, 1.2, to derive a contradiction.
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For this, one writes down the 2-dimensional F_ vector
space
V = Elr],
defined to be the kernel of multiplication of ron E. We view it
~ initially as a representation of the group G = Galg, It is
irreducible by a theorem of Mazur, since r is not small. Also, it is
unramified at all primes p prime to Nr, simply because E has good
reduction at all primes outside N.

The hypothesis that A is an r™ power at all piN implies
further thaf V is unramified at all primes pIN other than 2 and r.
Moreover, if riN, then the hypothesis on A implies an analogous
(though more subtle) fact about the behavior of V atr. The end

| result is that V may be viewed as the G-representation attached
to a finite flat commutative group scheme V over Z[1/2], of type
(r,r), which is "semistable at 2°. Most people seem to feel that
there should be no such group schemes except the trivial ones:
products of copies of Z/rZ and .. Inparticular, one can hope that
the methods of affine group schemes (a al Fontaine) will someday
show that V must be reducible; if so, we will get a contradiction
and thereby prove Fermat's Last Theorem.

| shouid have mentioned at the beginning of this summary
that the idea of writing down E, given a solution to the Fermat
equation, is due to G. Frey {1]. Frey's philosophy, | believe, is it
may be too hard to prove outright that E does not exist. However,
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it rhay be easier to show, at least, that the existence of E is
incompatible with the sténdard conjecture, due to Taniyama and
Shimura, that all elliptic curves over G are modular.

Suppose, then, that E is modular. This means that there is a

weight-2 newform

f=Zag
with integral coefficients, on " (N), whose L-function coincides
with that of E. In particular, the» representation

' p: G - Aut(V)
defined by V = E[r] is tsomorphic to the mod r repr;esentation of G
which is attached to f. We can say, informally, that p is "modular
of level N (and weight 2)."
In general, now, suppose that

0:6 - GL(2,F )
is modular of level N and that ¢ is unramified at a prime number
pIN. Then there are strong reasons to believe that o comes from a
newform of level N/p (as well as from a newform of level N).
Analogously, 1f riN and if ¢ has appropriate local properties atr,
one should be able to deduce that g is modular of level N/r.

It may be possible to obtain results of this nature in the
near future. Assume that they are at our disposal, and apply them
to p. We obtain, by induction, that p is modular of level 2. The
desired incompatibility then follows from the observation that

there are no non-zero cusp forms on l’o(2)l
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Precise conjectures ébout the possibility of replacing N by
N/p have been given by Serre in [2] (and in [3]). Serre takes a
somewhat different viewpoint from the one above. Namely, he
starts with a representation
0:6 - GL(2,F )
~ whose determinant is an odd character of G (it takes complex
conjugations to -1). He conjectures that o is automaticatly
modular, Spetifying a level N and 2 weight k»2 for 6. (The modular
form giving o will be on " (N), rather than " (N), if det(o) is
ramified outside r.) Serre's general recipe givesN =2 andk = 2 in
the special case g=p, giving again the incompatibility.
There is yet another way of trying to obtain an
- incompatibility: by giving an upper bound for A in terms of N.
Thanks are due to S. Lang for pointing this out after my talk. He
has written an appendix to this résumé which summarizes his

remarks.

References
1. G. Frey. Links between stable elliptic curves and certain
diophantine equations. Annales Universitatis Saraviensis 1 (1986)
2. J-P. Serre. Letter to J-F. Mestre, August 13, 1985. To appear
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In his talk Ribet explained the conﬁection of Fermat's Last Theorem

with adic representations and finite group schemes via Frey's elliptic
curve. -1 want here to mention another approach, also given in Frey's paper)|
Associated with a fermat point

M n n
a+b = ¢

with positive relatively prime integers(a,b,c) we have the discriminant
_ 2n 3 . 2
A = (abe)™" = g, 2785

A bound for 1 then follows immediately from.

SZPIRO's conjecture. There exists a number ¢ » 0 such that if N

is the conductor, then |A| £ ~°.

This conjecture can be formulated independently of elliptic curves:

There exists a number c¢*» 0 such that for all integers u, v

relatively prime we have
[ ¢ TTTs
P 2

where the product is taken over all primes dividing u3-v .

. . . s e , 2
There is a similar statement if instead of u3-v2 one considers Au3+Bv s
or Aum+an, with u, v relatively prime, or divisible only by a bounded
power of primes. The constant c¢ then depends on such data. Such a

conjecture is reminiscent of the Hall conjecture, which gives a lower bound
I-u3-v2, > ullz-i if u3-—V2 # 0.

Szpiro's conjecture can then be viewed as a conjecture purely in
number theory, free of elliptic or modular dnterpretations, only as a
diophantine inequality. If one decides to give it a modular interpretation
a la Taniyama-Shimura, then it is equivalent to the following statement
concerning the degree of a Taniyama-Shimura representation of the elliptic

curve:
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There exists a number ¢ > 0 such that if TS: XO(N) —> E is

the Taniyama-Shimura representation of an-elliptic curve of conductor

N by the modular curve of level N, then deg TS & NC.

On the other hand, one cannot dismiss the possibility of proving Szpiro's
conjecture by other means, for instance via diophantine inequalities,

In fact, Vojta's conjecturedheight inequality, motivated by Nevanlimna
theory, also implies a bound on the degrees of Fermat curves as follows.

A very special case of Vojta's inequality, for curves, can be formulated as
follows:

Let X be a curve of genus ;; 2, over the rationals. Let d{P) be

the log of the absolute discriminant of an algebraic point P on X.

Let hK be the absolute height with respect to the canonical class K.

Then for all algebraic points P of bounded degree on X one has

by (P) & c.d(P) + 0Q)

where the constant ¢ and O(l) depend only on X and the degree.

Vojta also has a higher dimensional version, with a divisor D, but the above
suffices for Fermat. Indeed, let X be the curve defined by x4+y4=z4, of
genus 3. To each Fermat point (a,b,c) we associate the point

P = (an/4 : bn/4 : cn/4) on X. Then

hK(P) =‘% log max(a,b,c) <& 1log(abe) + 0(1),

which gives the desired bound on n.
References

Y. TANIYAMA, Problems, Tokyo-Nikko Number Theory Conference, 1955

G. FREY, Links between stable elliptic curves and certain diophantine
equations, Annles Universitatis Saraviensis Vol. 1 No. 1, 1986

P, VOJTA, Diophantine approximation and value distribution theory, to

appear, Springer Lecture Notes

Remark added after these two pages were typed: Szpiro's conjecture was

actually proved by Parshin ca. 1973.for surfaces over the complex numbers,
and more recently by Szpiro's in characteristic p (the "function field case")
with a low constant ¢, using the methods of intersection theory on surfaces,

that is diophantine (in)equalities.
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Rationality problems, stable cohomology

An algebraic variety X of dimension n is defined to be
rational if there exists a dense Zariski open set U of X which
is isomorphic to an open set of &N; equivalently, the rational
function field C€(X) 1is a purely transcendental extension of

Here we are concerned with qguotients of the form X = V/G
where V is a vector space with a linear action of a group G ;
recent progress has been made in two directions: (1) new examples
where rationality has been proved (esp. results of Katsylo and
Shepherd-Barron) . For example, Theorem. If V 1is a representation
of G = SLp then V/G rational. The key case here was the proof
of the rationality of the moduli space of hyperelliptic curves,
where the group is actually PGLjp. (2) Counter-examples, esp. that
of D.Saltman, and a new understanding of obstructions to rational-
ity. )

§1. Stable rationality.

This section runs through the results of [f]. For the dur-
ation of §1, G is a connected, simply-connected linear algebraic
group; we usually consider 'generically faithful' representations
V, satisfying the condition

(f) for general x&V, stab(x) = (1).

A weakening of the rationality condition is the following:
Definition. X 1is stably rational if X x M is rational for
some m .

The advantage of this notion is that it depends only on G:
Proposition. Let V4, Vo be two representations of G satisfying
(f); then V¢/G 1is stably rational if and only if V,/G is.

The idea of the proof is that if we consider the diagonal
action of G on Vq x Vp, = W then W/G i1is a Zariski fibre bundle
over a dense open set of V¢/G with fibre V3, so that V4/G
is stably birationally equivalent to W/G, hence to V3/G.

More generally, the same kind of argument shows that if
Vh = Vp-1 > .. > V4 =V 1is a G-tower of varieties such that
each step is genericaily a vector bundle then V,/G is stably
birationally equivalent to V/G.

Theorem. Suppose that G has no Eg factor (that is, G ¥ G'@Eg);
then V/G is stably rational for any representation V satisfying
(£).

The statement reduces using arguments of the above type to
considering only a simple group G ; this case can be reduced
further by the following notion:

Definition. Let H be a subgroup of G; a subvariety S CV is
a (G, H)-section if

(1) GS = V; and (2) for X€ES, gx€S <> ge&H.

The point is that V/G = S/H, so that the problem réduces to a
smaller group.

It turns out that for some groups the problem reduces
directly to a quotient of the form L/H with L a linear space
and H a finite group, and that the quotient L/H can be shown to
be rational by direct computations. In the remaining exceptional
cases a reduction of the problem can be obtained by considering
small-dimensional representations.
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§2. Computing the Brauer invariant. g

For finite groups G; the quotient X = V/G will not usually
be stably rational; counter-examples with G of order p9 were
given by D. Saltman E{]. Here we are mainly interested in discus-
sing the obstructlon to rationality used, namely the torsion
subgroup of H3 (X, &)

Let V be a representation of G and write VL for the
free locus, and X for a smooth compactification of the gquotient
vL/G. Now set Bry (G) := u3 (X, Z) torg (the subscript v stands
for 'unramified at every valuation').

Theorem. Brv(G) =%§H2(G, m/%)\nA = 0 VYAbelian subgp. A C G}

Recall that Br(C(X)) is the group of B N_fibre bundles
over open sets of X modulo those of the form B(E) for E a
vector bundle:; a BP-bundle over VvL/G corresporids to an exten-
sion Z_ —» Gy > G and a faithful representation W of Gy
such thdt the cyclic subgroup 2, acts by multiplication by a
character: the bundle is (V x P{(W))/G; now a PEI!-bundle over an
open set of X given by ¥eH3(X, Z ) is a Brauer element if and
only if the bundle extends over the general point of every divisor
of X. Using the relation between divisors and discrete valuatlon
rings A, of (X), the condition that ¥ must satisfy is
ﬁe(\v Br (Ay) ; now if for given v we write GV for the local
Galois group, we have .

Yc Br(ay) & X|Gv comes from G,/ (centre).

It is not hard to get from this to the condition in the theorem.

Incidentally, the same kind of argument shows that Bry (G)
is well-defined for linear algebraic groups (and is zero if G is
connected). In fact if G acts on any variety V, we can compute
in a similar way the contribution of H2(G, D/7Z) in Br(v/G).

Before discussing the examples, we make some remarks. First
of all, computation show that the invariant Br,(G) tends to be
zero for simple groups. Next, .
Lemma 1. If }e¢Br,,G 1is an element of order p then SfiBr(Sp), where

8.’ is the Sylow p-subgroup.
P Thus for simple examples we can stick to p-groups.

Lemma 2. If G 1is a p-group of order <(p6 then Br,(G) = 0; also
there exists a group of order p® (generated by 3 elements) for
which Bry(G) # 0.

We now turn to examples of Saltman type. Suppose that G
is a central extension of G2 of the form

c = G- Gab

where C and G3P are elementary p-groups. In this case C and
Gab can be viewed as vector spaces over the field F., and the
invariant Bry(G) turns into a nice problem of flnléé geometry
over Ty . Taking commutators in the exact sequence for G defines
a linear mag

c : cab o ¢,
and we wrlte S for the kernel of c. Then write S, ¢S for the
vector space generated by the elementary tensors x Ay with
x, y € GaP, Then .
Prop051tlon. Bry, (G) = (S/SA)

This is an easy calculatlon from the above Theorem: elements
of Bry(G) are lifted from Gab, and are trivial on x Ay.
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Now consider the case when G&8P is 4-dimensional, .so that
N cab is a 6-dimensional vector space. The elementary tepsors
form a quadric Q in the corresponding projective space E5; then
by the proposition, Bry(G) # 0 if the linear subspace P(S) .is
not the linear span of its intersection with Q. There are various
cases, of which the first. 3 are geometric:

(1) ®B(S) = point not on Q; this gives the Saltman example
with |Gl = pI;
(2) B(S) = line tangent to Q; this gives |G| = p8:

(3) B(S) = plane touching Q along a line, giving lG]=
then two cases which depend on the field Tr being non-closed:

(4) a line not meeting Q ; p

(5) a plane intersecting Q in one point only.

The example considered here can be considerably generalised,
see for example [3

§3. Stable cohomology.

The purpose of this section is to point out that the invar-
iant Bry(X) we have been considering is a particular case of a
more general construction which might be of use in other contexts
as an obstruction to rationality.

We define the stable cohomology groups of a varlety X to
be the limit in the cohomology of €(X) of Hi(x, F); more
precisely, define .

HI(X, F) = H'(X, F)/K,
where _ , .

K=7_ keriHl(X, F) > H'(X-Up., F)},
here D; are prime divisors of X and the sum takes place over
all finite union of D;. This is the part of the cohomology of X
which survives on passing to an arbitrarily small Zariski open.
Remark. We are grateful to Atiyah for pointing out the similarity
with the construction of [4]. '

The importance of the construction is the following result.

Lemma. If X 1is a smooth projective variety and F 1is a locally
constant sheaf, then Hé(X, F) is a birational invariant of X,
and in particular if X° is rational then Hé(x, F) = 0 for all
i >0.

For i = 2, the invariant Hé(x, m/ %) coincides with the
above invariant Bry (X).

In the spirit of §2 we can define stable cohomology of a
group g to be i i

L, 7 := mipte, » > #lx, M}

where X is VvL/G for any representation of G satisfying (f)
of §1. This definition turns out not to depend on the represen-
tation V. Thé group HLI(G, F) when F = Z or contains
an 1nvar1ant part which”comes from a smooth progectf%e completion
of :»VL/G . The quotient spaces VI/G carry a collection of stable

cohomology clases with coefficients in finite sheaves which are
universal.

Further details can be found in §§1-2 and §4 of [5],
{although the reader should be warned that §3 of this paper
contains essential gaps and errors which invalidate the proof of
the main theorem).
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On a complex projective variety X we consider a flat bundle E . This

means that E has a holomorphic integrable connection V . By a modified

2p-1

splitting principle we defined classes pp(E,V) in H (X,e/Z (p))

(with Z (p) =(2im)P.Z ) which map to the Chern classes c];(E) in the

Deligne cohomology (and thereby to the Chern classes CSOP(E) in

H2p (X,Z (p)). They are functorial and additive in the sense that if

0—3 ¢ > E > F > 0 is a flat exact sequence (i.e
wea @c ) then c(E,V) = c(G,V)c(¥F,V) (see [E ]).

Let us say a few words about the construction.

Write @/Z (p)[-1]1 = Z (p)—>$2X ( QX is the De Rham complex). This

maps to Z (p)D = Z (p) > Q-X > .. > 95-1. One knows that

.HZ(X,Z (1)—> 9}()  is identified with the group of isomorphism classes of
rank one bundles. P.Deligne [B ] remarked that the group

Hz(x,Z (1)——->9X —_ Q;{) is identified with the group of isomorphism
classes (E,V) of rank one bundles E with holomérphic connection V .

As HZ(X,ZZ (1)— Q)'{) is embedded in H2(X,E (1)—>9X—> Q;() , one sees
that . V is integrable if and only if (E,V) lies in HZ(X,Z (1)— Q)'{)

Define the product

(*) (Z (p)—> Q;() x (Z (q)—> Q}'()' —> (Z (p+q)——> Q}'() by

X R x' +—> x°*x' if degree x = 0

0 otherwise.

If a higher rank bundle (E,V) has a flat filtration Ek—1 c Ek
1

(i.e VE, < QX 2 E, ) with rank one quotients (Lk=Ek/

-~

Ek_1,V}, one
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defines cp(E,V) as the p-th symmetric product of the classes (Lk,v)

in HZ(X,Z (1)——> Qi) . In particular, as (*) factorizes over the product

Z (p) x (Z (q)

> (Z (p+q)

> Qi) > Qi), (x,x')—> x-x' ,
cp(E,V) is torsion for p22 in this case.
. . - - * *
In general consider the canonical filtration Ek 1 = Ek of f E on the flag
bundle f : P——> X . This is not a flat filtration. Therefore the question is

to find a substitute for flatness. One shows that there is a morphism of

complexes T : Qé > Q; , with Rf*Q; = Qk , such that the integrable

T-connection Tf*V respects the filtrgtion Ek . This defines classes
(Lk,rf*v) in HZ(R,Z (1)—> Q;) , and taking formally the same product as
(*) , classes cé(f*E,f*V) in HZP(P,ZZ(1)—-—$ Q;) . The point is that this
"t-cohomology" is not a free module over H'(X,Z (.)—> Qi), and one

can not apply the standard Hirzebruch-Grothendieck formalism, It is easy

: X & -1
to see that cp(f E,f V) =f

cp(E,V) for a well defined_class cp(E,V) in
Hzp(x,ZZ(p)———> Qi) which maps to c?(E) . Functoriality and additivity A

(and therefore equivalence of this rt-construction with the direct construction
on X in case of a flat filtration) are a bit more tricky.

J. Cheeger and J. Simons [C,S] constructed in a differential geometric frame-

work, when X 1is a c” manifold, classes o:?p(E)EﬁHzP_1

(X,R/Z ), which
- according to S. Bloch - map to c?(E) . M. Karoubi [K] defined also
classes .GP(E) € H2P_1(X,G/Z (p)) with K-theory and cyclic homology. We did

not study the relationship between EP(E) . EE(E). and cp(E,V)

Our construction can be performed without supplementary difficulties if

V 1is an integrable holomorphic connection with logarithmic poles along a

normal crossing divisor Y . One obtaines classes cp Y(E,V) in
3

HZP(X,ZZ(p) -~—>Rj, € ) ( where j: X-Y ——> X is the open embedding )

top(E)

which map to Cp and to the image of Cg(E) in
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Hzp(X,% (p) ——> QX —_ ... ———>Q§-1<Y>). They are again functorial ~ and

additive for flat exact sequences.

The Atiyah class of a vector bundle with a connection V with logarithmic
singularities along Y 1is the image in Hl(X,Q;UEEQ(E)) of the residue of V .
One obtaines‘the De Rham - Chern classes of E in terms of V . In general ,
integrable logarithmic connections can replace non integrable C” connections

in many situations arising in algebraic geometry ( see [E.V]).
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Suppose that we have a Kdhler manifold X of dimension three
with ¢ = 0 . Then X has the following invariants:
K=z0, h0,0 =1 =m1r0,3 10,1 =0 =h0,2, By duality, the only
variable Hodge numbers are hl:l and h2,1 . From general
theory on Hodge numbers the Euler number= e(X) of X 1is
2hl,1 - 2h2,1 | The most obvious examples are complete intersec-
tions of k smooth hypersurfaces in- B3*k(C) in general posi-
tion
a) A quintic in P4 with Euler number - 200
b) The intersection of a quartic and a quadric resp. two
'~ cubics in BY with Euler number - 176 resp. - 144
c¢) The intersections of a cubic and two quadrics in pb
with Euler number - 144 -
d) The intersection of four quadrics in P’/ : its Eulet
number is - 128
Other important examples aredouble (resp. triple) coverings of
P3(E) , branched along smooth octic (resp. sextic) surfaces; the
Euler numbers of these threefolds are equal to - 296 (resp.
- 204)

Physicists studying superstring theory are interested in 3-dim.
Kdhler manifolds which have <¢1 = 0 and absolute value of the
Euler number as small as possible, but not equal to zero. In
order to get such manifolds, they take the examples given above,
look for some groups acting freely on the manifolds, and divide
by these group-actions. Another method for getting new examples
with different Euler numbers will be described now: we introduce
singularities and then resolve them in different ways. Let us
consider the double covering of P3(E) , branched along an octic

surface which is allowed to have singularities. Assume first,
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that these singularities are of type g(u,v,z) = 0 , where g is
a homogeheous polynomial defining a smooth curve of degree 4

Then in local affine coordinates this threefold singularity is
given, for exémple, by

(*) w2 + ub + vh o+ 24 =0

Blowing up the singular point of the branch divisor in B3 , the
exceptional divisor D 1is isomorphic to P2 . The proper trans-
form B of the branching surface B _cuts opt'a curve of degree
4 of this exceptional divisor. The singular point p of the
threefold is then resolved into a double cover of P2 , branched
along the curve of degree 4. This is a del-Pezzo-surface, which is
isomorphic to P2 blown up in seven points. 86 the Euler number
of the surface, which replaces that singular point of the three-
foldis 10. The second Betti number of the Milnor fiber of the
singularity (¥) is 27. When the singular point is taken out of the
threefold, the Euler number changes in the same manner as if the
Milnor fiber is taken out of a smooth model. So in our example the
Euler number decreases by 1 - 27 , that means: it increases by
26 . Gluing in the del-Pezzo-surface enlarges the Euler number
-again by 10. So with every singularity of the described type the
Euler number of i’, which is the double covering of the blown up
B3 , branched along E/,increases by 36. The canonical class of
i’ vanishes because of the special type of the singularities.

Now let us construct an octic surface with 8 singularities of type
(4,4,4) . The Euler number of i’ is then equal to - 8 . In homo-
geneous coordinates Xgp,...,X3 consider the quartic

X% + X% + X% = 0 with one singularity. Now use coordinates
Tg,...,T3 with ’

X1-X0=T%,Xz-X0=T%,X3-X0=T§»X0=T%
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. . , 3
The inverse image of the quartic ;L) X1 T 0 1is an octic with

8 singularities of the type we require.

Similar examples are given by triple coverings of P3(C) ,
branched along sextic surfaces with singularities g(u,v,z) = 0 ,
g homogeneous of degree 3.

Assume now that the singularities of the branching octic are

ordinary nodes. Then the double cover has ordinary nodes

iZ1 U% = 0 . This can be written as .The local .

16 = $q¢
1°2 7 *3%
o1 ¢,

meromorphic function o =$#- has a point of indeterminancy at
3 2

the critical point ¢1 = ¢2 = ¢3 = ¢4 = 0 . The graph of this
meromorphic function is smooth and contains a Bl at that criti-
cal point; the singularity is replaced by a set of codimension

two. Therefore this '"small" resolution does not influence the ca-
. ¢ ¢
nonical class. The meromorphic function $l'= ¢3 gives us a
4 %2
different small resolution. The Euler number increases by 2 with

every small resolution. Now a different problem comes into the
game: It is uncertain whether or not the small resolutions X
are still Kahler. This depends on the number of nodes and their
special position. In general the manifolds g are only MoiSeson:
the transcendence degree of the function field is 3. Theresults of
MoiSeson tell us that a manifold is projective algebraic if and
only if it is Moifeson and Kihler. So in our examples the proper-
ties '"Kdhler" and projective algebraic are equivalent. If we take,
for example, the Cmutov octic ;21 Te(xq) - 1 =0 with 108 nodes
as branching surface - Tg 1is the Eeby!ev polynomial of degree €~
then no small resolution is Kihler. But if we take the Cmutov
2ctic iil Tg(xj) + 1 = 0 with 144 nodes, Werner proved that some
X are projective algebraic. These are Kdhler manifolds with
trivial canonical bundle and Euler number - 296 + 2 - 144 = - 8
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Ahsimilar example is given by the quintic Eﬁutov hypersurface
L1 Ts5(xq{) = 0 in PB4(C) with 96 nodes. The small resolutions
of that singular variety have Euler number - 200 + 2 - 96 = - 8

again some are projective algebraic.

Now let f(x,y)

in the affine plane, which is given by the

0 be the quintic curve

product of the five lines of a regular

pentagon. As a function of two real
variables, f has relative extrema in the
center a of the pentagon and in one
point bj of every triangle Bj . So
both partial derivatives of f vanish at these six points and at
the ten intersection points of the five lines. By symmetry

f(by) = f(bj) for all i and j . Consider the threefold

given in four affine coordinates in PQ(G) by the equation
f(u,v) - f(z,w) = 0 . This threefold has 126 nodes, the Euler
number of a small resolution is given by - 200 + 2 - 126 = + 52
It is an open question, whether some of the small resolutions are
projective algebraic or not.

5 4
The quintic 120 X{ - 5 T Xi = 0 in P4(C) - given by Schoen -
has 125 nodes. They are ég?o,...,iéa ) with a primitive 5-th-

root of unity £g and ;Lo @i = 0(5) , It can be proved that
‘some of the small resolutions are projective algebraic with
Euler number + 50

Furthermore Chad Schoen wrote me that the fibre product of a ra-
tional surface with itself gives rise to examples of nodal three-
folds with c¢1 = 0 . Special small resolutions of vafious examples
lead to projective threefolds with ¢3 = 0 and Euler number of
small absolute value. Other examples have large positive Euler
number.
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