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~itel~ 7-dimensional Einsteins Manifolds with SU(3) x SU(2) x U(l)-symme­
try.

Autor: Matthias Kreck and Stephan Stolz

Adress e: Johannes Gutenberg-Un i vers ität, Fachbere ich 17 Mathemat ik,
Postfach 3980, 0-6500 Mainz

It is an interesting open question which smooth manifolds admit Einstein me­
~rics and how many. Except in dimension 4 where Hitchin proved that for a~ .
Einstein manifold !sign (M)j ~ 2/3~(M) no obstructions are known. On the other
hand only for rather few classes of manifolds one has a positive answer for the
existence of an Einstein metric (for instance Calabi-Yau manifolds). In the re­
cent years some families with positive scal~curvature were constructed by
M. Wang and W. ZilleT[M.Z.1, mainly homogeneous spaces but also some others.
~hey asked for a classification of the diffeomorphism type of these families
which is of some importance for the question how many Einstein metrics these
tnanifolds have.

Independently some of these families where also introduced by theoretical
bhysists.. EspeciQ..lly E. Witten [Wl in his study of f1-dimensional Kaluza-Klein
~heory considered 7-dimensional closed manifolds Mwith
G= SU(3) x SU(2) x U(1)-symmetry. By this we mean that the group of isometries
(with respect to some Riemannian metric on M) is G and that G acts transitively
rrmplying Mis a homogeneous space.

Although there are some serious difficulties with this version of Kaluza­
Klein theory (the physisists changed their viewpoint in the meantime from 11 to
no dimensions) one should analyse the differential topclogy of these manifolds
bccuring in physics and differential geometry.

More precisely the manifolds introduced by Witten are, homogeneous spaces

)U(3) x SU(2) x U(1)/SU(2) x U(1) x U(1) for the different embeddings of sub-

groups. In this note we restrict ourself to the simply connected case (in gene~

fral the fundamental group . is finite cyclic). From the point of view of differen~

~ial topology er of algebraic geometry the followiAg description of Witten is
hore appropriate .: The manifolds are total soaces M of S1-bundles over

2 1 . p,q
~P x ap where the first Chern class of this bundle is qx + py for x and y ge-
herators of H2(ap2) and H2

(ap
1). To guaran~that the symmetry group is not big-

ger than Gone has to exclude the cases where p or q is zero and M is
, ( ,- p, q

........_l-_c_o_n_n__ec_t_,e_d_.-_i-f_-f_,...:.-.:...p'.:....'q~)....;·......;.=_-._1._------------------ -J '-.
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The cohomological structure of Mp,q is a foliows:

Seite: 2

H
2

(Mp ,q) ~ ZK, H
3

(Mp ,q) = {O} , H't-(Mp,q) ~:Zq2·/l(2.

'2 2 -3 2he linking form is given by L( D< , b( ) = p mod q t3:7l.. 2. The relevant charac-

teristic classes are W2(Mp ,q) = P med 2 and P, (Mp,q) ~ 3 p2,x,2 med q2.

Theorem: Let q be prime to 3. a) The diffeomorphism type of a Spin-manifold M
of the form Mp,q is determined by two invariants:

S(M) = S(M,g):= ~1(B,O)+14(dim, Ker'D +1(D,O)- 2i {p1(g )/lhE 1ll/
28

71. where 9

is seme metric on M,B and D are the signature and Dirac operator, ?is the in­

variant of Atiyah-Patodi-Singer CA.P.S.],

p,(g) is the Pontajagi~ form and h is a 3-form s.t. dh = p,(g).

b) The homeomorph i sm type i s determ ined by IH4 (M; .tl ) land S(M) = (S (M II ~ ~/71.
. /

c) The values of these invariants in terms of p and q are:
IH4

(Mp,q) I = q2

2 2
S(M ) = 3p(g +3)(q -1) ~ ~/

p ,q 25 q2 282L

We also have a classification if 3 divides q ,and in the non-Spin case but the
~ormulation is more complicated.

~orollary: If pis even and 31'q then M is diffeomorphic to MI ,#q=±.q'and
P,Q p ,q ,_

q =0,3,4

mod 7

q :: 1,2,5,6

mod 7

piep mod 28 q2

pl=.p mod 4 q2

p':p mod 14 q2

p'::p mod 2 q2
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Mp,q is homeomorphic to Mpl ,ql 4 ~ q=~9Iand pl:p mod 2 q2. The statement of
this Corollary holds also if 3 divides q (This result was misstated in the talk).

Since the middle of the 60th the Hsiang brothers asked at various qccasions
rH.H.] whether homeomorphic homogeneous spaces are diffeomorhic. Dur result
shows that this in general not true:

Corollary: There exist homeomorphic homogeneaus spaces which are not diffeomor­
ph ic'.

Remark: As H
3

(Mp,q) ={o\ , general smoothing theory [KoS.l. implies that the ma­
ximal numb~r of smooth structures on sudLa 7-manifold is 28 and if two sudtmani­
fo~ds Mand MI are homeomorphic there exists a hemotepy sphere ~ s.t. M#~ is
diffeomorphic to MI. Dur classification result ;~ the non-Spin case implies that
M19 ,56 ha's 28 di~ferent smooth structures wh ich are all homogeneaus spaces G/H

with different embeddings of H into G.

Corollary: There exist Einstein manifolds (with positive scalar curvature) which
have an exotic structure which is again Einstein (with positive scala.r curvature)

Corollary: For all Mp ((p,q)=1) the moduli space of Einstein metrics has infi­,q
nitely many components.

this fellows immediately from our Theorem and the results of ew.z.l where this
result is contained for the case q = 1.

Remark (M.F. Atiyah): The simplest manifolds with exotic smooth structure, the
7-spheres, have two natural descriptions: they are total spaces of S3-bundles
over S4 (Milnor) and links of isolated singularities (Brieskorn). No direct
proof is known that these constructions give the same homotopy spheres. If p < 0

and q < 0 the manifolds Mp q unify both aspects: They are total spaces of S1_
bundles over ap2 x ap1 or if we project to 4p2 of Lens-space bundles over ap2.
And they are links of isolated singularities: Consider the associated disk-bundle
Wp,q andblow the zero-section down to obtain an isolated singularity with link
Mp,q.

The proof of the Theorem is based on the modified surgery theory of [Kl-. In our
pituation this theory deals with the classification cf Mp,q's together with a map
M --a,.. apoo inducina an isomerohism on H2



Autor: Kreck / Sto Iz Seite: 4

Up to sign and homotopy such a map is unique. If F:W ~ apt)? is a bordism bet­
ween M and -MI there is an obstruction Q(W) in a monoid lo(.{ e} ) for transfor­
ming Winto an h -cobordism. The monoid -(ol~e~) is in general very complicated
but if we assurne that M and MI have same linking form and PontTjagin ~lass it is
shown in [Kl that Q(W) is completely determined by relative characteristic num­
bers of W. In the case where W=Wp,q-Wp' ,q' is the union of the correspanding disk~

bundles these numbers can easily be computed and are non-zero. The diffeomorphism
classification is derived fram this information by computing ~~Pin(ap65)

(using Riemann-Rodttheorems) which determines the possible variations of the
characteristic numbers of Wfor different bordisms.

The formula for S(M ) is proved with the Atiyah-Patadi-Singer Index theoremp,q ,
for"the Signature and Dirac operator iri the case of compact manifolds with
boundary.
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Let .P be a smooth compae t manifold with a symplee tie, ':i. e. c,losed .and

nondegenerate, 2-form w. Then for every (time dependen t) ftme tion H ·t •

P -+R, oue defines the (time dependent) Hamil tonian vector field Xt by

Cl dH
t

If we integrate such a family of vector fields, we obtain a family of ;:

diffeomorphisms tP t
of P , whieh preserve the symplectie form. The set

of all diffeomorphisms obtained in such a way by any function
r'

the set J0 of exact deformations of P-' e

H
t

is ealled

We are interested in the fixed points of exact deformations. Clearly, the

number of fixed points of ·tP~e satisfies the same estimates as the

number of zeroes of a smooth vector field on P . This follows from the

Lefschetz fixed point theorem, since each is homotopic to the

identity. It has been eonjectured by V.I. Arnold that due to the

additional restrietions on ~ , the number of fixed points of an exact
e

deformation even satisfies estimates similar to those for the critical

points of a smooth funetion on P We have the following result)in this

diree tion:

Theorem: Let (p,w) be a compaet symplectic manifold.and let tP 'be:an exact

deformation. Ir, all fixed points of p are nondegenerate, then there

number is greater than or equal to the surn of the 22 - Betti numbers of P.
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More preeisely, we show that if C denotes the free Zz-module over the set

of fixed points of ~ , then there exists a homomorphism 8: C + C satis-

fying 88 o and

1\ Cl
= kern l§ firn <:0 0

If ~t is adeformation indueed by a time independent fune tion H, then

this follows immedia tely from ':'Morse theory , see f oe 0 M o In the general

case, there is still a variational approateh, however one has to pass to the

infinite dimensional spaee

There is a fune tion a.. : n + IR (somet imes def ined only loeally), whieh is

ealled the sympleetie action funetional and which satisfies

TIhe,~(nbhdegenerate) eritical points eorrespond to the (nondegenerate) fixed

points of CL 0 Sinee standard variational methods do not apply in this case

(for reasons of lack of Parais-Smale compactness and definiteness), we use

the following method: For suitable almost complex struetures J on P

maps. Uo!: :IR + (2., u(s)(t)::::I u(s,t} which satisfy

U I::: +~:=Jt o

can be interpreted as trajectories of the lIgradient flow ll of t::"l.... u. Me
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On the other hand, they can b~ considered as holomorphic maps from

IR)(. [0, 1J C4; into (p ,J). It turns out that if such a holomorphic map

has finite area, then it represents a trajectory connecting two critical

points. Moreover, there exists a "relative r.ic)1~-se index" 11.(x,y) for critical

point~ x and y so that the set of trajectories connecting x and y is a smooth

nianifold of dimension ).l.(x ,y). In particular, if tll (x ,y) = 1, then there are
I

is a discrete and, in fact, finite set of one dimensional trajectories. If

we use these numbers as the matrix elements of the coboundary operator Ö ,

then by' es,tablishimg ll. existence an4 continuation properties for holomorphic

curves one can show that Ö has the properties stated above. This proves

the theorem.

[M] Milnor, Lectures on the H-cobordism theorem

[~ Witten, Supersymmetry and Morse theory

I!~ Freed/Uhlenbeck: Instantons and 4-dimensional topology
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The talk concerned recent efforts to show that -Fermat's

Last Theorem" 1s a cons~Quence of general conjectures in

var10us branches of ar1thmet1c. One starts w1th an odd

prime rand a non-trivial co-prime solution (a,b,c) to the

Fermat eQuation

ar
+ br = cr.

, Us1ng 1t, one wr1tes down the ellipt1c curve Edefined by

the affine eQuat10n

y2 = x(x-ar)(x-cr).

Then E1s a sem1-stable ell1pt1c curve over 0, whose

conductor N1s the product of a11 pr1mes p which d1v1de

abc. Moreover, the d1 scr1m1nant 6 a5SOC1ated w1th the

above affine eQuat10n 15 the product of a certain power

of 2 (namely: 64) with an r~ power (namely (abc)2r).

Here r Is a prime number which 1s not rid1culously small

(e.g., we will use that r;.23, wh1ch follows from the

work cf Kummer). The problem 1s to show that Edoes not

ex1st, 1.e., to der1ve a contrad1ct1on.
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For th1s, one wrttes down the 2-d1menstonal Fr vector

v = E[r],

def1ned to be the kernel of mult1pl1cat1on of r on E, We v1ew 1t

1n1t1ally as a representat10n of the group G=GalQ. It is

1rreduc1ble by a theorem of Mazur, s1nce r is not smal1. Also, 1t 1s

unram1f1ed at all primes p prime to Nr, s1mply because Ehas good

reductton at all prlmes outside N.

The hypothesis that 6 1s an rth power at a11 plN 1mpl1es

further that V i5 unramif1ed at all primes plN other than 2 and r.

Moreover, if rlN, then the hypothesis on 6 1mpl1es an analogous

(though more subtle) fact about the behav10r of V at r. The end

result 15 that V may be vtewed as the G-representatton attached

to a finite flat commutattve group scheme V over Z[ 1/2], of type

(r,r), wh1ch 15 "semtstable at 2-, Most people seem to feel that

there shou1d be no such group schemes except the tr1v1al ones:

products of copies of l/rZ and Pr' In part1cular, one can hope that

the methods of aff1ne group schemes (a a1 Fonta1ne) will someday

show that V must be reduc1ble; If so, we will get a contrad1ctton

and thereby prove Ferrnat's Last Theorem.

I should have mentioned at the beglnn1ng of this summary

that the ldea of wr1ting doWn E, gtven a solut10n to the Fermat

equat1on, Is due to G. Frey [1]. Frey·s phl1osophy, I bel1eve, 15 lt

may be too hard to prove autrtght that Edaes not ex1st. Hawever,
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1t may be easter to show, at least, that the ex1stence of E1s

tncompat1ble wtth the standard conjecture, due to Tan1yama and

Sh1mura, that a11 ell1pt1c curves over Q are modular.

Suppose, then, that E1s modular. Th1s means that there 1s a

we1ght-2 newform

f = r anqn

wtth 1ntegral coeff1c1ents, on ro(N), whose L-funct10n c01ncides

w1th that of E. In particular, the representat10n

p: G-+ Aut(V)

deftned by V = E[r] 1s tsomorph1e to the mod r representat10n of G

wh1eh 1s attaehed to f. We can say, 1nformal1y, that p 1s -modular

of level N(and weight 2).-

In general, now, 5uppose that

a:G ..... GL(2,Fr V )

1s modular of level Nand that a 15 unramif1ed at a prime number

piN. Then there are strong reasons to bel1eve that a comes from a

newform of level N/p (as well as from a newform of level N).

Analogously, 1f rlN and lf a has approprtate loeal propert1es at r,

one shauld be able to deduce that a 1s modular of level N/r.

It may be PQsstble to abtatn results of thts nature tn the

near future. Assume that they are at our dtspasal, and apply them

to p. We obtatn, by tnduct10n, that p 1s modular ef level 2. The

destred 1neompattbl1tty then fellows from the observation that

there are no non-zero eusp farms on r0(2)1
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Preclse conjectures about the posslbtltty of replaclng Nby

N/p have been g1ven by Sen:-e in [2] (and in [3]). Serre takes a

somewhat dtfferent vlewpotnt from the one above. Namely} he

starts w1th a representatlon

a:G -+ GL(2}Frv )

whose determtnant ts an odd character of G(lt takes complex

conjugattons to -1). He conjectures that a 1s automattcally

modular} spec1fylng a level Nand a wetght k)2 for a. (The modular

form gtvtng a will be on r leN)} rather than roeN)} If detea) ts

ramlfled outside r.) Serre's general rectpe glves N=2 and k =2 In

the spectal case a=p} gjvlng agaln the Incompatlbt11ty.

There Is yet another way of trylng to obtatn an

. tncompattb111ty: by gtvlng an upper bound for ~ In terms of N.

Thanks are due to S. Lang for polntlng thls out after my talk. He

has wrltten an appendix to thls resume wh1ch summarlzes his

remarks.
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In his talk Ribet explained the connection of Fermat's Last Theorem

with adic representations and ~inite group schemes via Frey's e11iptic

curve. ·1 want here to mention another approach, also given in Frey's paper

Associated with a Fermat point
:0 n n

a- +b = c

with positive re1ative1y prime inteßers(a,b,c) we have the discriminaot

A 2n 3
/.J. = (abc) = g

2

Abound for n then fo11ows immediate1y from.

SZPIRO's conjecture. There exists a number c> 0 such that if N

is the conduc tor, then l~\ ~ N
C

•

This conjecture can be'formu1ated independently of elliptic curves:

There exists a number c/ 0 such that for all integers u, v

relative1y prime we have

(U3_V2
( ~lTp~

p . 3 2
where the product is taken over all primes dividing u -v .

3 2 3 2
There is a simi1ar statement if instead of u -v one considers Au +Bv ,

m nor Au +Bv, with u, v relatively prime, or divisible only by a bounded

power of primes. The constant ethen depends on such data. Such a

conjecture is reminiscent of the Hall conjecture, which gives a lower bound

1 3 21 ~ 1 /2- ~ . f 3 2...J 0u -v '/ U 1 u -v 7 •

Szpiro's conjecture can then be viewed as a c9njecture purely in

number theory, free of elliptic or modular ~nterpretations, only as a

diophantine inequality. If one decides to give it a modular interpretation

a la Taniyama-Shirnura, then it is equivalent to the following statement

concerning the degree of a Taniyama-Shimlira representation of the elliptic

curve:
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of conductor

There exists a number c""7 0 such that if TS: X (N) ----/..." -'E is
-------, 0,

the Taniyama-Shimura representation of an·el1iptic curve

N by the modular curve of level_ .~, then deg TS ~

On the other hand, one cannot dismiss the possibility of proving Szp~ro's

conjecture by other means, for instance via diophantine inequalities.

In fac~,_ Vojta's conjecturedheight inequality, motivated by Nevanlinna

theory, also implies abound on the degrees of Fermat eurves as foliows.

A very special ease of Vojta's inequality, for curves, can be formulated as

foliows:

Let X be a curve of genus ~ 2, over the rationals. Let d(P) be

the log of the absolute discriminant of an aigebraic point P on X.

Let ~ be the absolute height with respect to the canonical class K.

Then for all algebraic points p of bounded degree on X one has

where the constant c and 0(1) depend only on X and the degree.

Vojta also has a higher dimensional version, with a divisor D, but the above
444suffices for Fermat. Indeed, let X be the curve defined by x +y =z , of

genus 3. To each Fermat point (a,b,c) we associate the point

P = (an / 4 : bn / 4 : cn / 4) on X. Then

n /<: log(abc) + 0(1),hK(P) = 4 log max(a,b,c) ~

which gives the desired bound on n.
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Remark added after these two pages were typed: Szpiro's conjecture was

aetually proved by Parshin ca. 1973.for surfaces over the comp1ex numbers,

and more recently by Szpiro's in characteristic p (the "function field case")

with a low constant c, using the methods of intersection theory on surfaces,

that is diophantine (in)equalities.



r

~itel:. 'DoNI/LDSolY Ttrv4RIAIVTr

~utor: J'1. (. ATly)f I( .

Adresse:

k tl tfl''Y7 - UL<ULck( ~c.

flA-yfoc.e. 0.......1 af n.... KtL f{...J I ti"./~A/1'a..A7 I X

h !i Ut-< t<.t dv }'I..t-~ 1 .2 ;.- /W.L.....~ )(, I ,(L

Tkl4. x, (Y,(l AtI;,J 1Ug ....;,,;.. 6l 4 "1< t...uLrCl-I": ~}(.« l!l'<

HZ- . f/ 'T'

~ t'~lA­

t<-v. f ~ tl'cf /...u( ·

T~ ~'k

Ir fl-J I ~ fL

il/~A~lJ{. 1I\'W- t J1'J ~·c F""ru-.

~ e.{;c...... A.dL; /lttft~o?ttß!:.

Ilt ~ce,J 7~r ~. K· 7)oJ1aLsll"tr'" Aa .r

il1.tro "" cut. ?t.t-f<1 111 e fl..tJth ( t.. J~ '1' i" r "" .. /us)

/';z. t-o r' k IU","-Ji~d r~7 "1. .. .,( dJ/tJu"-'

/lt.
4
7 I"r c. ;...~ ~dl-f, .r~ 1 ~ /u.---

la.... ?<.f,.4c.,( ~ d ~'GY Ar~e<:l-J'I-Ir..."r .

lYl H..t.s A~ .7 M,{( /Jre"~J jn-c.f1 11....



l

-
Seite: '2

7~·c- rv..,r~

h s-. Tt..u.. )(.(

H.4 ",f~ ""'" ""p t..:e.. +» .. c<fk.1AAcJ-.

~ 4. ... .,L J; (,~ p~ tvt11. 11""1.. (f><"M<It~)

i
r/"" rf-...~ n ~ uh7 lt/lMJ ill.~a-uA

,.,,,),,, ,{,v. eu<.. ~ /)~(JM.. TI-c. /111/ "'Y" eu-vfr 4.-<

/JJ./~ r ;;"t-f1 - 6/k-""d-« 1~1.. 4-' IW:U-<!IU. X

Mfi. 1>/ 6hL 4.k~ ~ 3 (I..~ 6J-+ ". t:L It.< )I; )
w4<- H~ /J a. /k e;.'f c·(,v..J I tfrI /I Ho "f ....1t F...fl 'I ce. r11'2

Tf..< ,It.""",," fA,...,h Oy-( ,"/1-~ vi~ I< ofA.-L·.".,h ~ tTLt.

1-1; {)(, z) rk.;; ~ ..uj'l-<J{ r ,,{'?"- k

(/I.. "? 1<., 0/ i) f)l.v.-,( /.s.-.... tit-r ti. (k) -:: lfk, 3 (rn)

w-t..~ 6/ -:0 21 t-f Tk7 ~etd "" 4:" ~''''' "'-A~ '1 K

41<.' J-,IJ tfk Q,.t.. ~ ;. ,< '!!:.-r 11
2

-1-,

TI.... 7J ;t.. J.,t. """ Irlr /A.~"J" ~ It....-o f4, rt o(/u:. :

6) 11 r ~ X; ~ Xl ,,;,f/. b,.+ {Xi »0 fr i::.L. 2

-tk. "- o..J( Pit = 0

(1) r; X '" ~'c 1"'/.00. Ir ~~ k aJt PA
o.-.l 11. (k, ,,~(): """-tl't'- p e.:~ c{ C n (;

~f~r~"'<. Ju!tr... ~ (c) > Cl

w..o L L lyLY J I_---' 1..-(/ Xdi .c.. f.." Ix QM

1 ~ d. I {#l'k c;{ ~d. ~ ....e(

Autor:

-

I
~



r
Autor: 11L ·F kT/rAH Seite: 3

-
t! alt

~.

~F=--F

c vt-,r f X' u,;, 11.. c2 ==- k /

f.. . kJ. F ~t..

fl. y"'-"'z ' ltd&-. -

fL~f/7 I
LJ tA p~ IL rillte. 1~ 1/ ·

~. 94 e-- M~ (x,:J)

;L /t.fJ - t?(i tu.fl.1A. h,(,..c...(

ot: rHE

7 A
J.

11 F//

--------~ IV r rll (Je T/O AI

ol.Au. cf Ki (..IAA. fÄ- t-<-M A."

k ~ ,.~ ) ;e;. "'- fit"- ,y"'- X

?..~ // F1/ J. JJtt.Jr.

i J c. /,(tl.-It;i.. i fL
M '! -; IIcJ 1ft be-

~"..rrA.-!J ti<...J' , a ..."-

ft..-.... fL / '" I J.,.... /11"'-~ ~

I

,I

I
I

. I

I

L -----~



r
Autor: Seite: ~

I) 11/( n a. '*"~~ 1 &U f.,..A.t-Lc.'" 'rt( :2 d Oe)

~) NI /l CA-tA p,,- ,(~;/f;"''''.u,) ~/c<-/Jf-u< Pr
~ '1 '" 1tSt< e..L7 7 Cdi<' l4..ut.,.' rP- ~ 2-

';) ''1k ~ ... 1.. .".-t:; 6- If.Gjl.lor~ (fYI <-k ~ /I n. ~.f-k-
1

Vh't-JcJ.~ 1 fit (x) .
~ I) _ ~) t";- ~ f1--... t fhe. A~J

tkrJ [Mte. (x,;})] E IJ2dCk) (v{11 I z) .,; 4jJ~,
6lk. I-L ~ iJ ~ ; iAc4f'"4.tlvJ 1 Ir.... ~~c j ,

~ k tI..... c>-+4 l..w...tL tlIu CR-k el-<-f"(,..c ~ '1

i /..M.~ "'i.fO.ti cJ t<-d-~ a
lt

l1M 1ft-- r-v f. t..; rCA..

~: /~2.{X,Z).-::-} HZ.(A!~)Z),

F" ""~ ~ clf'~
~ (cxJ -:; f (r;<)d.{tl)[ Mif1 ;1 0( €- }{~ ( t 2

) ,

J ~ ~ t.J /b ~ /Ce.-<- u .fI..<- 10; rr~ 1 CE",

r .. Y}J i/ Y I-t a-lfJ,e-ie 0....,(. Ol-- Alk.!; ~ Pe.

6- lu.lJN 4frt~ J ;4t- ) lIk J M"'- (t J '-0-. ,r~
~ NI< CP<A i-< t'kv-fr'ß'~ ~ tL ~.,... c-

i ,-wt.. +k='e- y{~ /h-vut/t,. (t<t....J? s CI::;.O/:~=k) .

/Vl(TYf!~ ~ (c) ~ t7'vf -Ir> J< fL ~
1 N/t.. (ffr ~t /(4L4, y~) dLu.t..I"D t? joM'YC .



-,
Autor: Seite: 5

-

.. A.. I, k
'W . P-< r~ fhc. • W fL'J

f! /A.,I.. '1 L~ ~ /c ,

% -==- t J)l( X1- I-Ä k. ~ tu

/' W (ß.k.-( 1/.1 I-t.... f I Jt...,....

II

k_ (Ii. J~ /a'kl C/k X ~ -fl....... p.....;v ur tJ"'J.

1 rI ~ ,... ,/e..... p../ dl.. t ( "- <-"'- (A -j)' ," 14.... .!lJ,.r "'" x~

Ivf-li-" . u"iL d r.R.. ..7/' 1"/..-; J fIj ~t.. ?>~
flvl tdt $/t ~ efJr,IA. /t'JIy tp fl.- ~~'1
t-~'/0 ~ Je- ~ ",-14- 6yt:... (.~~ f ,ti..

fwL4 """J a.. t<.~ rJ0 ;t-L ,(lt-r /1.;...' ~ td#- "... ..rC""

aJ/ V4 c-/l0 .

(t 7f-k ~tl.. f'>«-' L,(I..~. ,I.{..ß.,Fe7c. S'o(t1
U

), I-z.(, ·

[2 7S. K. '1J 1f1I'.rJet, AA : ;T. '/)il/ - <f<fi-J'- fry l,f 0'/~3? ,.27 '1-~ f}-

13J J.K. J)"..dIh... : c ß JL_ J C, IJ .)
{,- .• K. 'r......... tr"'-' r-·(. Jo I ('"$"1>, ,>L 7 -~ Z-o ,

L ..J





Autor: F.A. Bogomolov Seite: 1

Rationality problems, stable eohomology ,

An algebraie variety· X of dimension n is defined to be
rational if there exists a dense Zariski open set U of X whieh
is isomorphie to an open set of ~n; equivalently, the rational
funetion field ~(X) is a. purely transeendental extension of ~ .

Here we are eoneerned with quotients of the form X = V/G
where V is a veetor space with a linear action of a group G;
recent progress has been made in two directions: (1) newexamples
where rationality has been proved (esp. results of Katsylo and
Shepherd-Barron). For example, Theorem. If V is a representation
of G = SL2 then V/G rational. The key case here was the proof
of the rationality of the moduli spaee of hyperelliptie curves,
where the group is actually PGL2. (2) Counter-examples, espe that
of D.Saltman, and a new understanding of obstruetions to rational~

ity.

§1. Stable rationality.

This section runs through the results of [1J. For the dur­
ation of §1, G is a connected, simply-connected linear algebraic
group; we usually consider 'generically faithful ' representations
V, satisfying the condition

(f) for general xE:v, stab(x) = (1).
A weakening of the rationality condition is the following:
Definition. X is stably rational if X x ~m is rational for
some m.

The advantage of this notion is that it depends only on G:
Proposition. Let V1' V2 be two representations of G satisfying
(f); then V1/G is stably rational if and only if V2/G is.

The idea of the proof is that if we consider the diagonal
action of G on V1 x V2 = W then W/G is a Zariski fibre bundle
over a dense open set of V1/G with fibre V2' so that V1/G
is stably birationally equivalent to W/G, hence to V2/G.

More generally, the same kind of argument shows that if
Vn -> Vn-1 -) .. -> V1 = V is aG-tower of varieties such that
each step is generically a vector bundle then Vn/G is stably
birationally equivalent to V/Ge

Theorem. Suppose that G has no ES factor (that is, G T GI EB ES) ;
then V/G is stably rational for any representation V satisfying
( f) •

The statement reduees using arguments of the above type to
considering only a simple group G; this case can be redueed
further by the following notion:
Definition. Let H be a subgroup of Gi a subvariety S CV is
a (G, H)-section if

(1 ) GS = V; and ( 2 ) f or x ES, gx E S ~ 9 E. H.
The point is that V/G = s/H, so that the proble~ reduces to a
smaller group.

It turns out that for some groups the problem reduces
directly to a quotient of the form L/H with L a linear space
and H a finite group, and that the quotient L/H can be shown to
be rational by direct computations. In the remaining exceptional
cases a reduction of the problem ean be obtained by considering
small-dimensional representations.
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§2. Computing the Brauer invariant.

For finite groups Gi the quotient X = V/G will not usually
be stably rational; counter-examples with G of order p9 were
given by D. Saltman DJ. Here we are mainly interested in discus­
sing the obstruction to r~tionality used, namely the torsion
subgroup of H3 (X, :?Z) .

Let V be a representation of G and write VL for the
free locus, and X for a smooth compactification of the quotient
VL/G. Now set Brv(G) := H3(X, :?Z) tors (the subscript v stands
for 'unramified at every valuation') .

Theorem. Brv(G) ={&H 2 (G, W/:?Z)\~A = 0 VAbelian subgp. AC G] .

Recall that Br(~(X» is the group of. ~n-fibre bundles
over open sets of X module those of the form R(E) for E a
vector bundle; a Rn-bundle over vL/G corresponds to an exten­
sion ~ 7 G~ ~ G and a faithful representation W of ~

such thll: the cyclic subgroup ~m acts by mul tipI ication by a
character: the bundie is (V x ~(W»/G; now a ~n-bundle over an
open set of X given by 'iE H3 (x, :?Z) is a Brauer element if and
only if the bundle extends over the general point of every divisor
of X. Using the relation between divisors and discrete valuation
rings Av of ~(X), the condition that ~ must satisfy is
~Env Br(Av ); now if for given v we write Gv for the local
Galois group, we have

'Y; r;;, Br (Av ) <a '6IGv comes from Gv / (centre) ·

It is not hard to get from this to the condition in the theorem.
Incidentally, the same kind of argument shows that Brv(G)

is well-defined for linear algebraic groups. (and is zero if G is
connected). In fact if G acts on any variety V, we can compute
in a similar way the contribution of H2 (G, m/~) in Br(V/G).

Before discussing the examples, we make some remarks. First
of all, computation show that the invariant Brv(G) tends to be
zero for si~?le groups. Next, .
Lemma 1. If Ö€.BrvG is an element of order p then ~e. Br (Sp)' where

S:,· is the Sylow p-subgroup.
P Thus for simple examples we can stick to p-groups.

Lemma 2. If G is a p-group of order < p6 then Brv (G) = 0; also
there exists a group of order p6 (generated by 3 elements) for
which Brv(G) # O.

We now turn to examplesbof Saltrnan type. Suppose that G
is a central extension of Ga of the form

C ->,; G -"') Gab
where C and Gab are elementary p-groups. In this case C and
Gab can be viewed as vector spaces over the field F 0" and the
invariant Brv(G) turns into a nice problem of finite geornetry
over Wp·. Taking commutators in the exact sequence for G defines
a linear rna~

c : .N. Gab ~ C,
and we write S for the kernel of c. Then write BA eS for the
vector space generated by the elernentary tensors x ~ y with
x, Y E Gab. Then
Proposition. Brv(G) = (S/SA)*.

This is an easy calculation from the above Theorem: elements
of Brv(G) are lifted from Gab, and are trivial on x ~y.
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Now eonsider the. ease when Gab is 4-dimensional"so that
/\2 Gab .is a 6-dimensional veetor spaee. The elementary tensors
form a quadrie Q in the eorresponding projeetive spaee ~s; then
by the proposition, Brv(G) i 0 if the linear subspaee ~(S) .is
not the linear span of its interseetion with Q. There are various
eases, of whieh the first. 3 are geometrie:

(1) ~(S) = point not on Qi this gives the Saltman example
with IGI = p9;

(2) ~(s) = line tangent to Q; this gives lGI = pB;
(3) ~(s) = plane touehing Q along a line, giving \GI= p7;

then two cases whieh depend on the field F p being non-closed:
(4) a line not meeting Q;
(5) a plane interseeting Q in one point only.
The exarnple eonsidered here ean be considerably generalised,

see for example [3J. . .
§3. Stable cohomology.

The purpose of this seetion is to point out that the invar­
iant Brv(X) we have been eonsidering is a partieular case of a
more general construction whieh might be of use in other contexts
as an obstruction to rationality.

We define the stable eohomology groups o~ a variety X to
be the limit in the cohomology of ~(X) of H1(X, F); more
preeisely, define .

H~(X, F) = H1 (X, F)/K,
where . . . ~- [1 1K = _)_ k er H (X, F) -> H (X - l? 0 i' F),

here D~ are prime divisors of X and the surn takes plaee over
all finite union of Di . This is the part of the eohomology of X
whieh survives on pass1ng to an arbitrarily small Zariski open.
Remark. We are grateful to Atiyah for pointing out the similarity
with the eonstruction of [4J. .

The importance of the eonstruetion is the following result.

Lemma. If X is a smooth projeetive variety and F is a loeally
eonstant sheaf, then H~(X, F) is a biratiooal invariant of X,
and in partieular if X is rational then H~(X, F) = 0 for all
i > O.

For i = 2, the invariant H~(X, W/~) coincides with the
above invariant Brv(X).

In the spirit of §2 we ean define stable eohomology of a
group f to be { . '}

HS(G, F) := Im Hl.(G, F) -> H~(X, F)

where X is VL/G for any representation of G satisfying (f)
of §1. This definition turns out not to depend on the represen­
tation v. The group H~(G, F) when F = ~ or ~.r contains

an invariant part ~hich comes f;o~~a smooth projeetlve completion
of ;.',V~/G. The quotl.ent spaces VDIG earry a eolleetion of stable

"

eohornology e.lases with coeff icients in f ini te sheaves which are
universal.

Further details ean be found in §§1-2 and §4 of [SJ,
(although the reader should be warned that §3 of this paper
contains essential gaps and. errors which invalidate the proof of
the main theorem) .
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On a complex projective variety X we consider a flat bundle E . This

means that E has a holomorphic integrable connection V . By a modified

splitting principle ~e defined classes c (E,?) in H2p-1(X,~/~ (p))
" - " p

(wi"th 7l (p) =(Zin)P.71) which map to the Chern classes cD(E) 1n the
p

De1igne cohomology (and thereby to the Chern c1asses ctoP(E) in
p

HZp (X,71 (p)). They are functorial and additive in the sense that if

0--5 G ---> E----> F~ 0 is a flat exact sequence (i.e

"?G c 51
1

:i G ) then c(E,V) = c(G,?)·c(F,?) (see [E ]).

Let us say a few words about the construction.

remarked that the group

= 7l (p)->S1' ( n' is the De R~am complex). This
X X

7l (p)-> o --> ...---> p-1 One knows that
-X nX •

is identified with the group of isomorphism classes of

Write fl/71 (p)[-1]

maps to 7l (P)D =

'~2 (X, ~ (1 )-""> .Qx)

rank one bund1es. P.Deligne [B]

Z 1H (X,71 (1)--->0 ---> n) is identified with the group of isomorphism-x X

classes (E,V) of rank one bundles E

As HZ (X, 7l (1)-> n~) is embedded in

tha t " ? is integrab 1e if and only if

with holomorphic connection V .

HZ (X, 7l (1 )-->.QX---> n~) , one see s

(E, V) lies in HZ (X,71 (l)~ n~) •

Define the product

(*) (71 (p)-> n~) x (il (q)-> nxY -> (~ (p+q)-> n~) by

x Xl ~> x·x' if degree x = 0

o otherwise.

If a higher rank bundle (E,V) has a flat filtration Ek- 1 C Ek

(i.e VEk C n~ :i Ek ) with rank one quotients (~=Ek/Ek_1'V), oue
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-->

defines c· (E,V) as the
p

in H2(X,71(1)->n~~.

7l (p) x (Zl (q)-> n~)

p-th symmetric product of the.classes (Lk,V)

In particular, as (*) factorizes over the product

(Zl (p+q)--> n~), (x,x' )--> x.x I

e (E,V) is torsion for p~2 in this ease.
p

In g'eneral eonsider the canonical filtration E cE of
k-1 k

*f E on the flag

bundle f : P--> X • This is not a flat filtration. Therefore the question is

to find a substitute for flatness. One shows that there is a morphism of

n~ , such that the integrableRf O· =
~ T

withcOmPlexes T: n; _._> n~

*T-eonneetion Tf V respeets the filtration E
k

. This defines elasses

(~,Tf*V) in H2
(P,71 (1)~ n;) , and taking formally the same produet as

* * 2 :(*) , elasses e (f E,f V) 1U H p(P,71 (1)--> n·) . The point is that this
p T

" T- cohomologyll is not a free module .over H· (X, Zl (. )--> n~), and oue

can not apply the standard Hirzebrueh-Grothendieck formalism. It is easy

* * 1to see that c (f E,f V) = f- e (E,V) for a weIl defined class e (E,V) in
p p p

H
2p

(X,71 (p)--> n~) whieh maps to C~(E) • Funetoriality and additivity

(and therefore equivalence of this T-construction with the direct construetion

on X in ease of a flat filtration) are a bit more trieky.

J. Cheeger and J. Simons Tc.s] eonstrueted in a differential geometrie frame-

and eyclic homology. We did

c (E) E: H2p- 1(X, 1l/71 ), whieh
P .

M.. Karoubi [K] defined also

manifold, elasses
00

Cis aXwork, when

D- according to S. Bloch - map to e (E) •
P

classes .e (E) E: H2p-1(X,~/~ {p» with K-theory
p

not stu~y the relationship between c (E) , C' (E). and
p p

c (E, V') •
p

Our construction can be performed without supplementary difficulties if

V is an integrable holomorphic connection with logarithmic poles along a

normal crossing divisor Y . One obtaines classes c y(E,V) in
p,

H
2p

(X,71 (p) ->Rj* a:: ) ( where j : X-y -> X is the open embedding )

which map to ctoP(E) and to the image of cD(E) in
p p
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__>n~-l<y». They are again functorial ~ and

additive for flat exact sequences.

The Atiyah class of a vector bundle with a connection V with logarithmic

singularities along Y is the image 1.n of the residue of ~ .

One obtaines the De Rham - Chern classes of E in terms of V In general ,

00

integrable logarithmic connections can replace non integrable C connections

in many situations arising. in algebraic geometry ( see [E. V]) .
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Suppose tha t we have a Käh ler man i fold ~ 0 f d imens ion three

with cl = 0 . Then X has the following invariants:

K = ° , hO,O = I = hO,3 , hO,l =.0 = hO,2 . By duality, the only

variable Hodge numbers are hl,l and h2 ,1. From general

theory on Hodge numbers the Euler number~ e(X) of X is
2h l ,1 - 2h 2 ,l . The most obvious examples are compiete inter sec­

tions of k smooth hypersurfaces in· p3+k(~) in general posi­

tion

a) A quintic in p4 with Euler number - 200 .

b) The intersection of a quartic and a quadric resp. two

cub'ics in pS with Euler number - 176 resp. - 144

c) The intersections of a cubic and two quadrics in p6

with Euler number 144

d) The intersection of four quadrics in p7

number is - 128 .

Other important exarnples are double (resp. tripie) coverings of
p3(~) , branched along smooth octic (resp. sextic) surfaces; the

Eulernumbers of these threefolds are equal to - 296 (resp.

- 204) .

Physicists studying superstring theory are interested in 3-dim.

Kähler manifolds which have Cl = 0 and absolute value of the

Euler number as small as possible, but not equal to zero. In

order to get such manifolds, they take the examples given above,

look for sorne groups acting freely on the manifolds, and divide

by these group-actions. Another method for getting new exarnples

with different Euler numbers will be described now:· we introduce

si,ngularities and then resolve thern in different ways. Let us

consider the double covering of p3(~) J branched along an octic

surface which is allowed to have singularities. Assurne first,
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that these singuiarities are of type g(u,v,z) = 0 , where g is

a homogeneous polynomial defining a smooth eurve of degree 4 .

Then in Ioeal affine eoo~dinates this threefold singularity is

given, for example, by

(*) w2 + u4 + v4 + z4 = 0 .

Blowing up the singular point of the braneh divisor in f3 , the

exeeptional divisor D is isomorphie to p2. The proper trans-
~

form B of the branehing surfaee B _cuts out a eurve of degree,
4 of this exeeptional divisor. The singular point p of the

threefold is then resolved into a double cover of p2, branehed

along the eurve of degree 4. This is a del-Pezzo-surfaee, whieh is
isomorphie to p2 blown up in seven points. So the Euler number

of the surfaee, which replaees that singular point of the three­

fold-~s 10. The seeond Betti number of the Milnor fiber of the

singularity (*) is 27. When the singular point is taken out of the

threefold, the Euler number ehanges in the same manner as if the

Milnor fiber is taken out of a smooth model. So in our example the

Euler number deereases by 1 - 27 , that means: it inereases by

26 . Gluing in the del-Pezzo-surfaee enlarges the Euler number

. again by 10~ So with every singularity of the deseribed type the
rJ

Euler number of X, which is the double eovering of the blown up

p3 , branehed along l3 ,inereases by 36. The eanonieal elass of
rJ
X vanishes beeause of the special type of the singularities.

Now let us construct an octic surface with 8 singularities of type
~

(4,4,4) . The Euler number of X is then equal to - 8 . In homo-

geneous coordinates XO,.,.,X3 consider the quartic

xt : X~ + x~ = 0 with one singularity. Now use coordinates

TO, ... ,T3 with
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The inverse image of the quartic i11 xi = 0 is an octic with

8 singularities of the type we require.

Similar examples are given by triple coverings of

branched along sextic surfac~s with singularities

g homogeneous of degree 3.

p3 (II) ,

g(u,v,z) = 0 ,

has a point of indeterminancy atmeromorphic function

Assurne now that the singularities of the branching octic are

ordinary nodes. Then the double cover has ordin~ry nodes
4 2
i~l U1 = 0 . This can be written as $1$2 = $3 lf 4 .The local

$1 $4
- =-
4!3 $2

the critical point $1 = $2 = $3 = 4>4 = 0 . The graph of this
meromorphic function is smooth and contains a pI at that criti­

cal point; the singularity is replaced by a set of codimension

two. Therefore this "small" resolution does not influence the ca-

-
$1 $3

nonical class.· The meromorphic function gives us a
4>4 4>2

different small resolution. The Euler number increases by 2 with

every small resolution. Now a different problem comes into the
A

game: It is uncertain whether or not the small resolutions X

are still Kähler. This depends on the number of nodes and their

special position. In general the manifolds X are only Moi~eson:

the transcendence degree of the function field is 3. Theresults of

-Moiseson tell us that a manifold is projective algebraic if and

only if it is Moi~eson and Kähler. So in our examples the proper­

ties "Kähler" and projective algebraic are equivalent. If we t.ake,
v 3

for example, the Cmutov octic iJ!l TS(x:i) - 1 = 0 with lOS nodes

as branching surface - T8 is the ~eQY$ev polynomialofdegree g­
..".

then 00 small resolution is Kähler. But if we take the Cmutov
3

~ctic i~1 T8(xi) + 1 = 0 with 144 nodes, Werner proved that some
X are projective algebraic. These are Kähler manifolds with

trivial canonical bundle and Euler number - 296 + 2 · 144 = - 8 .



Autor: F. 'MAZ eblULc.h Seite: 4

v
A similar example is given by the quintic Cmutov hypersurface

4
i~1 T5(xi) = 0 in p4(~) with 96 nodes. The small resolutions
of that singular variety have Euler number - 200 + 2 . 96 = - 8

again some are projective algebraic.

Now let f(x,y) = 0 be the quintic curve

in the affine plane, which is given by the

product of the five lines of a regular

pentagon. As a ,function of two real

var i ables~, f ha s re la ti ve ext rema in the

center a of the pentagon and,in one

point bi of every triangle Bi . So

hoth partial derivatives of f vanish at these six points and at

the ten intersection points of the five lines. By symmetry

f(bi) = f(bj) for all i and j. Consider the threefold
given in four affine coordinates in F4(~) by the equation

f(u,v) - f(z,w) = 0 . This threefold has 126 nodes, the Euler

number of a small resolution is given by - 200 + 2 . 126 = + 52 .

It is an open question, whether some of the small resolutions are

projective algebraic or not.

454
The quintic i~O xi - 5 .~O Xi = 0 in p4(~) - given by Schoen

1- aO a4 '
has 125 nodes. They are JS5 , ... ,sS ) with a primitive S-th-

root of unity ~S and igO 8i = O(S) , It can be proved that
some of the small resolutions are projective algebraic with

Euler number + 50 .

Furthermore Chad Schoen wrote me that the fibre product of a ra­

tional surface with itself gives rise to examples of nodal three­

folds with cl = 0 . Special small resolutions of various examples

lead to projective threefolds with cl = 0 and Euler number of

~mall absolute value. Other examples have large positive Euler

number.



Autor: F. HiAzebJuLch Seite: 5

Candelaö, P.; Ho~owitz, G.T.; StnomingeA, A.; Witten, E.:

Vacuum configurations for superstrings, to appear in Nucl. Phys. R

H~zeb!tuch, F.: Some examples 0 f three fo Id s wi th tri vi a1 canon i ca 1

bundle, MPI-Preprint 85-58.

Mo-<.Xuon, B.G.: On n-dimensional compact varieties with n

algebraically indepenoont meromorphic functions, Amer. Math. Soc.
TransI. 63 (1967), 51 - 177.

Sc.hoen, eh.: On the geometry of a special determinantal hypersur­
face, J. fUr die reine und angew. Math. 364 (1985), 85 - 111.

WeAnVt, J.: Thesis (in preparation)


