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MCNPORQTSVUTWXQ7Y5Z$[�\^]`_badce]`fgchfgikjml`noce[Rprqsiut�vwfyx	qonsj
_gv{z|ns_�\e[(}~z|_yik��[|�
\^�`�`\^[Rcr\	_yv=f
l`iuqoce[ 6 }uqox	[RiX\^qs_yi`fyn A�;7I������ \e�`f�z|[

X
]`f�\?f�i`_yi 6 [Rx	��c�j�qoi�cr[Rp�\^[�z�ceqs_yi�qsi�cr]u[��kq�\^�`fyn

�P_yp�}�q�lPzRfbcrqo_�i
X = X ∪ ∂X � > \^qsiut�ce]`qs\{vwf�z�c���\e[R�y[(prfyn�pe[�\^�unocr\{�kiu_ba5i,v�_yp��`pe_��X[(pA�;7I��w��� \e�`fyzR[�x�f�j��X[4[R�kce[RiX}�[(}Ccr_{l`iuqoce[ 6 }�qsx	[Ri`\eqo_�i`fgnX\^�`f�z|[�\R�gqsi`zRno�`}uqoiut�ce]u[4[R��qs\ 6

ce[(i`z|[5_yvVz(fgiu_�iuq�zRfgnkl`�k[�}C�X_�qoi�cr\3fbc/qsi�l`iuqoc�j�v�_�p/�`fyprfy�X_�noq�z�qs\e_yx	[|crpeqs[(\(�yfynot�[R�up�fgq�z3fyi`}
ty[(_yx	[|crpeq�z{pr[(\^ceprqsz|ceqs_yi`\?_yi�fgx	[(i`fg�uns[�t�pe_��u��fyz|ceqs_yi`\(�Pfyi`}�t�[R_yx	[Rceprqsz�\e�u�P[Rprpeqstyq�}�qoc�j
v�_yp�iu_�i 6 [(no[(x	[Ri�crfypej	fyz|ceqs_yi`\3_gv�qsprpe[�}��`z|qs�uns[?�ui`q�v�_�pexdn�fbceceq�z|[(\3qsi��upr_�}��`z�c�\�_gv�ns_�zRfgnsnsj
z|_�x	�`fyz|c*t�pe_��u�`\ �

�V�����? 4¡3¢{£J¤?¥* 4¦1¢{�
§�¨�©P¨�ª�«P¬V­^«P®�¯°¬°¯�¨�±:²P­�³7´�¯�µ�¨y¶�·�¯°®�¨�´�±(¯°²V´�«P¬X¸C¹�º�»e¼T½*±�¾�«P¿�¨�±?´�«Xµ�À�ª�«P¬°¬wÁ�¯�´�¿�¬�À�·�¨{±(¾3¨�¿�¯�®~¨�´�±

ÂhÃ ¯°¿ Ã «Pª�¨�´�²Pµ,¬°²�¿k«P¬�¬�Á�¿�²V®�¾7«P¿yµkÄ�Å�ÆÈÇTÆ�É�À�¯°¬�·�¯°´ËÊV±�²P­	³7´�¯wµ�¨�ª�«P´ËÌÍ»eÎ�À�¿�¬�¯°·�¨�«P´Ï²Pª,´�²Xµg½yÐ
³7´�¯wµ�¨y¶�·�¯°®�¨�´Ë±�¯°²P´7«P¬�¸C¹�º�»^¼T½
¿�À�É3¨E¿�²V®�¾�¬�¨yÑ�¨�±�Ð�²Pª�«P±RÁ�®~¾Ëµ�²Pµ�¯�¿�¿�²V´�¨�±Ò²P­
Ó�«P·7«P®~«Pª(·
®Ô«X´�¯�­�²V¬�·�±C²Pª�²P­�¸C¹�º�»^¼T½	ÊVª�²PÀ�¾�± �
¹�®Ô«�Õ(²Vª	·�¯wÖ~¿�À�¬�µ�Á&²V´�¨�¨�´Ë¿�²VÀ�´Tµ�¨�ª�± ÂhÃ ¨�´
·�¨�«P¬°¯�´�Ê Â ¯�µ Ã ´Ë²V´�¶�¾Ëª�²V¾:¨�ª�±(¾7«P¿�¨�±�¯�±	µ Ã «`µ

µ Ã ¨~©�¯�±�À7«X¬CÉ:²VÀ�´�·7«Xª(Á×®Ô«kÁ Ã «k©V¨�«�©P¨�ªRÁØ¾7«Xµ Ã ²V¬�²VÊV¯°¿�«P¬�É:¨ Ã «k©�¯°²VÀËª ��Ù ²Vª$¨gÑË«P®~¾Ë¬°¨PÐ{«P´
À�´FÉ3²PÀ�´�·�¨�·
¸C¹�º�»e¼T½�±(¾7«P¿�¨Ú®Ô«kÁ Â ¨�¬°¬ Ã «k©V¨Ú«P´EÅyÛ�Ü:Ý^Þ
©�¯�±�À7«P¬:É:²VÀ�´�·7«Xª(Á � º Ã ¨Ú¾�À�ª(¾3²V±(¨
²P­	µ Ã ¯°±,¾7«P¾:¨�ª�¯°±,µ�²�± Ã ² Â µ Ã «Xµ,­�²Vª�³�´�¯�µ�¨y¶�·Ë¯°®�¨�´�±(¯°²V´7«X¬{±�¾7«X¿�¨�±�Ð{µ Ã ¨~©�¯�±�À7«X¬�É:²VÀ�´Ë·7«Pª(Á
´�¨�©P¨�ªRµ Ã ¨�¬°¨�±(±�¨�´`Õ(²�Á�±�±�¯�®~¯�¬8«Pª(¬�Áß´Ë¯°¿�¨�¾�ª(²V¾:¨�ª(µ�¯°¨�±h«P±h¯°´!µ Ã ¨�¿�«P±�¨�²P­=¾�ª�²P¾3¨�ª�±(¾7«P¿�¨�± �
Ù ²V¬°¬�² Â ¯�´�Êáà ��â ¬°¨�¯�´�¨�ªÏã â ¬�¨käVä årÐ Â ¨æ·�¨�³�´�¨Íµ Ã ¨ %(ç/èFé:êÏèTë�ì`íeî�)ðï?íeêÏè�ñ?òkí�é3ñ ²P­Ô«

¸C¹�º�»e¼T½$±(¾7«P¿�¨
X

µ�²óÉ3¨&µ Ã ¨&±(À�¾�ª�¨�®mÀ�®ô²�©P¨�ª�«P¬°¬�¿�²P®~¾7«X¿�µß±(À�É�±�¨yµ�±
K ⊂ X

²X­�µ Ã ¨
µ�²V¾:²V¬�²VÊV¯°¿�«P¬�·�¯°®�¨�´�±(¯°²V´d²X­

K
�Øõ ¨�ª�¨�­�¨�ªßµ�²æö°÷�ø�Æ�øyù1ÝrÆæ­�²Vªß®�²Vª�¨!·Ë¨�µb«X¯°¬°±m«P´�·Í±�¨�©P¨�ª�«P¬

¿ Ã «Pª�«P¿�µ�¨�ª�¯�úk«Xµ�¯°²V´Ë±�²X­Cµ Ã ¯°±�´�²Pµ�¯°²V´ � ¹ 0
¶�·Ë¯°®�¨�´�±(¯°²V´7«X¬�¸C¹�º�»e¼T½�±�¾�«P¿�¨�¯°±�ª�¨�·�À�¿�¨�·Ïµ�²�«

±�¯�´�ÊV¬°¨yµ�²V´�Ð ÂhÃ ¯°¬�¨ 1
¶�·Ë¯°®�¨�´�±(¯°²V´7«X¬5¸C¹�º�»e¼V½�±(¾7«P¿�¨�±�¿�²V¯°´Ë¿�¯°·Ë¨ Â ¯wµ Ã

R
¶�µ�ª�¨�¨�± ��õ ¨�¨�®~¾ Ã «`¶

±�¯�ú�¨&µ Ã «Xµmµ Ã ¨
´Ë²Pµ�¯�²V´Ø²P­�ÊV¨�²V®~¨yµ�ª(¯°¿&·�¯�®~¨�´�±�¯�²V´Ø¯�±!ö°÷�ø�ûPö �Eü µßµ�À�ª�´�±ß²PÀËµßµ Ã «`µkÐ�­�²Vªm²VÀËª
¾�À�ª(¾3²V±(¨�±�Ð3¯wµ Â ¯°¬°¬�É3¨�±�À�Ö~¿�¯°¨�´Fµ�µ�²�·�¨�®~«P´�·�µ Ã «Xµhµ Ã ¨�±�¾�«P¿�¨�± Ã «k©V¨�³7´�¯wµ�¨�·�¯°®�¨�´Ë±�¯°²P´ÏûPÝ
öwûPýeÇ�Å�þ�ø�ûPö°Å �{ü ´Ô²Vª�·�¨�ª�µ�²m·�¨�³�´�¨�µ Ã ¯°±C¿�²V´�·�¯wµ�¯�²V´~¾Ëª�¨�¿�¯°±(¨�¬�ÁPÐ Â ¨Ú± Ã «P¬°¬:±�«kÁ�µ Ã «XµC«ß¸C¹�º�»^¼T½
±�¾7«X¿�¨

X Ã «P± ë�è�ÿ^è�òkîVé��=íeî
ï?íeêÏè�ñ?òkí�é3ñ ≤ n
¯�­=¨�©P¨�ª(Á�«P±RÁ�®�¾Ëµ�²Pµ�¯�¿�¿�²V´�¨

limω(εnX, ?n)Ã «P±�ÊV¨�²V®�¨�µ�ª�¯�¿�·�¯�®~¨�´�±�¯�²V´ ≤ n
� ¹ ±(¾7«P¿�¨ Ã «P±�µ�¨�¬�¨�±(¿�²V¾�¯�¿�·�¯�®~¨�´�±�¯�²V´ 0

¯�­4«X´�·&²V´�¬wÁ�¯�­5¯wµ
¯°±{É:²VÀ�´Ë·�¨�· ��ü µ Ã «P±�µ�¨�¬°¨�±(¿�²V¾Ë¯°¿	·�¯�®~¨�´�±�¯�²V´ ≤ 1

¯�­:«X´�·
²V´�¬�Á$¯�­/¯wµ�¯°±���ª�²V®�²�© Ã Á�¾:¨�ª(É3²V¬�¯°¿ �
¹ ¸C¹�º�»e¼T½�±�¾7«X¿�¨�²X­�³7´�¯wµ�¨hÊV¨�²V®~¨yµ�ª(¯°¿�·�¯�®~¨�´�±�¯�²V´ Ã «P±�³7´�¯wµ�¨�µ�¨�¬°¨�±(¿�²V¾Ë¯°¿�·�¯°®�¨�´�±(¯°²V´ �?õ ¨
ª�¨y­�¨�ª�µ�²�� � ��� É:¨�¬°² Â ­�²Vª�®~²Pª�¨�·�¨yµb«P¯�¬°±�«P´Ë·�±(²V®~¨�¨gÑË«P®~¾Ë¬°¨�± �
���4èFé:ìuè�ê 	�
�	�
�
 ÅyÝ

X � Å$û
øb÷`Û�Ü:ö°ÅyÝ|Å�¸C¹�º�»e¼T½�þ�ÜËû�øbÅß÷������7ù1Ý�Å�Ý�Åyö°Åbþ�øb÷bÜ:ùrø��Pù1ÛÔÅ��Ëþyùr÷��û���� {Xα}α∈A � Å�û���öÈÝ�Åyýgù���Ç���ûPÛßù1öÈÞæ÷���øyö°÷�þ�Å��æøb÷��� PÅ"!×þ�# � þ�ÜËû�øbÅbþ�Æ%$'&7Å�� Åyù1Ý�&7Åyý
Ý�&7Å
ù��7Ý|Åyý�þ�ÅbøyÝ^ùr÷�� ⋂

α∈AXα

ù°þ(��÷���)�ÅyÛ�Ü:Ý^Þ+*,÷`ý~Ý,&7Å~ù��7Ý�Åyýbþ�ÅbøyÝ^ùr÷�� ÷���Ý,&7Å� �ù°þ�#ËûPö � ÷�#-���TûPýgùrÅbþ
⋂

α∈A ∂Xα

ù°þ$û���÷���)�ÅyÛ�Ü:ÝeÞmþ�# � þ�ÅyÝh÷�� ∂X ÷���ù��7Ýeýgù��Ëþyùrø�ý(û.�Pù�#Tþ$ûPÝ�ÛÔ÷�þyÝ
π/2

Æ
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h ¨�¿k«P¬�¬Pµ Ã «Xµ=«�­^«P®�¯°¬wÁ F ²X­�±�ÀËÉ�±�¨yµ�±{²P­�«�ÊP¯�©V¨�´,±(¨�µ=¯°±4¿k«X¬°¬°¨�·ji ÿ1ë�èFìXí^ñ4ç ¯�­�­�²Vª?«P¬°¬
E, F ∈

F µ Ã ¨�ª�¨$¨gÑ�¯°±(µ�± D ∈ F ±�À�¿ Ã µ Ã «Xµ D ⊆ E ∩ F �hü ´Ò¾7«PªRµ�¯°¿�À�¬8«Xªhµ Ã ¨$¾Ëª�¨�¿�¨�·�¯�´�Ê!«P¾Ë¾�¬°¯�¨�±µ�²Í´�¨�±Rµ�¨�· ­^«P®~¯�¬°¯�¨�±Ô²X­ß¿�¬�²V±�¨�· ¿�²V´T©V¨yÑ ±�ÀËÉ�±�¨yµ�±�Ð,«P´�· ¾�ª�²�©�¯°·Ë¨�±Ò«æ¿�ª(¯�µ�¨�ª�¯�²V´ ¨�´�±(À�ª�¯�´�Ê
µ Ã «`µÚµ Ã ¨ß©�¯°±(À7«P¬{É:²VÀ�´Ë·7«Pª(Á ∂X ¯°±Ú´�²P´�¶�¨�®~¾Ëµ�Á �mü ´óµ Ã ¨ß¿�²VÀ�ª(±�¨
²P­�µ Ã ¨ß¾Ëª�²�²P­|Ð Â ¨�± Ã «P¬�¬
¨�±Rµb«PÉ�¬�¯°± Ã «Úª�¨�±�À�¬wµ{±�¯�®~¯�¬8«Pª5µ�²Úº Ã ¨�²Pª�¨�® �V�w� ­�²VªJ³7´Ë¯�µ�¨g¶�·�¯�®~¨�´�±�¯�²V´7«P¬

CAT(1)
±�¾7«P¿�¨�±�»^±(¨�¨k ª�²V¾:²V±�¯wµ�¯�²V´ l �nm É3¨�¬°² Â ½ �hõ ¨,ª�¨�®Ô«Pª(Ì Ã ² Â ¨y©V¨�ªÚµ Ã «Xµ�º Ã ¨�²Vª�¨�® �V�w� ­^«X¯°¬°±�­�²Vª�¿�²P®~¾�¬�¨�µ�¨

¸C¹�º�»e¼T½	±(¾7«P¿�¨�± Â ¯wµ Ã ³7´�¯wµ�¨g¶�·�¯�®~¨�´�±�¯�²V´7«P¬:º�¯�µ�±�É:²VÀ�´Ë·7«Pª(ÁPÐ7±�¨�¨,ÎJÑË«P®�¾�¬°¨ l �no É:¨�¬°² Â �
p ÅyÛ�ûPý3q �V� ��Æ=º Ã ¨�²Vª�¨�® �V�w� ®~«kÁ�É3¨�ª�¨�­�²Pª�®mÀ�¬°«Xµ�¨�·ÔÀ�±(¯°´�Ê,µ Ã ¨�µ�²V¾:²V¬°²PÊPÁ

Tc

¯°´Tµ�ª�²�·�À�¿�¨�·
ÉTÁsr�¯°¿�²P¬8«P±�t�²V´�²�· ã t�²V´7¼ o Ð1� m��vu å�²V´Ïµ Ã ¨&±(¨�µ X = X ∪ ∂X

�Òü µm¯°±�·�¨�³7´Ë¨�·Í«P±,µ Ã ¨
¿�²T«Xª�±�¨�±(µÚµ�²V¾:²V¬°²VÊXÁ!±�À�¿ Ã µ Ã «Xµ�­�²Vª�«P´TÁ�¿�²V´T©V¨gÑó±�ÀËÉ�±�¨yµ Y ⊆ X

Ð/µ Ã ¨!»^ÀË±�À7«P¬8½h¿�¬°²V±(À�ª�¨ Y¯°´
X

¯°±
Tc

¶�¿�¬°²P±�¨�· ��ü µÚ¯°±hÌF´�² Â ´Òµ Ã «XµÚ«X´FÁ
É:²VÀ�´�·Ë¨�·Ò¿�¬°²V±(¨�·Ò±(À�É�±�¨yµ�²P­ X ¯°±
Tc

¶JwFÀ7«X±�¯w¶
¿�²V®�¾7«P¿yµÔ»^±�¨�¨�ã t�²V´�¼ o Ð?º Ã ¨�²Vª(¨�® �yx å8½�«P´�·�µ Ã «`µkÐ?¯�­ X ¯°±j��ª�²P®~²�© Ã Á�¾3¨�ª�É:²V¬°¯�¿PÐ5µ Ã ¨�´
X
¯°±

Tc

¶Ow�À�«P±�¯�¶�¿�²P®~¾7«X¿�µ�»�±�¨�¨ k ª�²P¾3²V±(¯�µ�¯°²V´z� m ¯�´óö°÷�ø�Æ�øyù1Ý�ÆÈ½ � Ó�² Â ¨�©V¨�ª�Ð:¯�­ X ¯°±�¯�´Ë³7´�¯wµ�¨y¶
·�¯°®�¨�´Ë±�¯°²P´7«P¬5µ Ã ¨�´ X ¯�±�ÊV¨�´�¨�ª�«P¬°¬wÁ�´�²Pµ

Tc

¶OwFÀ7«P±�¯�¶�¿�²V®~¾�«P¿�µ � º Ã ¨�²Vª�¨�® �P��� Õ(ÀË±(µ�®�¨k«P´Ë±
µ Ã «`µkÐ4ÇPù� PÅ��Ïûóøb÷`Û�Ü:ö°ÅyÝ�Å�¸C¹�º�»^¼T½$þ�ÜËû�øbÅ~÷��{���7ù1Ý|ÅmÝ|Åyö°Åbþ�øb÷bÜ:ùrø|�Pù1ÛÔÅ��Ëþyùr÷��}*	Ý�&7Å$þ�ÅyÝ X ù°þ
~ #�û`þyù�)�øb÷`Û�ÜËû�øyÝ��k÷`ýmÝ�&7ÅßÝ�÷bÜ7÷`ö°÷�ÇPÞ

Tc

� º Ã ¯�±Ú¿�²V®�¾7«P¿yµ�´�¨�±�±�¾�ª(²V¾:¨�ª(µ�Á�¯°±�µ Ã À�±�± Ã «Pª�¨�·�ÉFÁ
¾�ª�²P¾3¨�ªh¸C¹�º�»e¼T½C±(¾7«P¿�¨�±�Ð���ª�²V®�²�© Ã Á�¾:¨�ª(É3²V¬�¯°¿�¸C¹�º�»^¼T½C±�¾�«P¿�¨�±�«X´�·&³7´�¯wµ�¨y¶�·�¯°®�¨�´Ë±�¯°²P´7«P¬
¸C¹�º�»e¼T½	±(¾7«P¿�¨�± �
¹áÌX¨�Á$¯°·�¨�«�¯°´�µ Ã ¨�¾�ª�²�²P­7²X­7º Ã ¨�²Pª�¨�® �V�w� ¯�±=µ�²�²VÉËµ�«P¯°´,¾3²V¯�´Tµ�±=«XµJ¯�´Ë³7´�¯wµ�Á�ÉTÁm«P¾Ë¾�¬�Á�¯°´ËÊ

»e«�©V¨�ªRÁÏ±(¾3¨�¿�¯°«P¬�¿k«P±(¨&²P­�½�«�ª�¨�±(À�¬�µ,²P­�¹ �?â «Xª�¬°±(±�²V´Ï«P´�·�� � t�«Pª(ÊVÀ�¬°¯�±�ã â t�äVä å�µ�²�µ Ã ¨
ÊVª�«X·�¯°¨�´Fµ��7² Â ²X­�«Ò¿�²V´T©V¨gÑd­�À�´�¿yµ�¯°²P´Øµ Ã «Xµm¯°±m«X±�±�²�¿�¯°«Xµ�¨�·d¯°´æ«�¿�«P´�²V´Ë¯°¿k«X¬ Â «�ÁEµ�²Òµ Ã ¨
ÊV¯�©P¨�´
³7¬�µ�¨�ª(¯°´�ÊÚ­^«P®�¯°¬wÁ � º Ã ¯�±�±Rµ�ª�«Xµ�¨�ÊPÁßª�¨6wFÀ�¯°ª(¨�±�µ�²�± Ã ² Â µ Ã «Xµ�µ Ã ¨�©P¨�¬�²�¿�¯�µ�Ám²X­�¨�±�¿k«X¾3¨�²P­
µ Ã ¨�ÊVª�«P·Ë¯°¨�´Tµ{�7² Â ¯�´(wFÀ�¨�±(µ�¯�²V´!¯°±�±(µ�ª�¯°¿yµ�¬wÁ~¾:²V±(¯�µ�¯w©V¨ � º Ã ¯°±C¯°± ÂhÃ ¨�ª�¨�µ Ã ¨�«X±�±�ÀË®~¾Ëµ�¯°²V´Ô²V´
µ Ã ¨�µ�¨�¬°¨�±�¿�²P¾�¯°¿�·�¯°®�¨�´�±(¯°²V´�²P­Ëµ Ã ¨C«P®mÉ�¯�¨�´Tµ?±�¾7«P¿�¨C¯�±=À�±(¨�·*ÄVµ Ã ¨C®~«P¯�´�¾:²V¯�´Fµ?¯�´$¨�±Rµ�¯�®Ô«Xµ�¯°´�Ê
µ Ã «`µ?©P¨�¬�²�¿�¯�µ�Á�¯°±5µ Ã ¨�­�²P¬°¬°² Â ¯�´�Ê�´7«Xµ�À�ª�«P¬TÊP¨�´�¨�ª�«P¬�¯°±�«`µ�¯°²P´Úµ�²�´Ë²V´�¶�¾:²V±(¯�µ�¯w©V¨�¬�ÁÚ¿�À�ª(©P¨�·m±(¾7«P¿�¨�±
²P­4Ó �S� À�´ËÊS�o±�¿�¬°«P±�±(¯°¿k«X¬/µ Ã ¨�²Pª�¨�® ã � À�´7¼ � å � ¹�´�²Pµ Ã ¨�ªC¿�¬°²V±(¨�¬wÁ
ª�¨�¬°«Xµ�¨�·ÔÊV¨�´�¨�ª�«P¬°¯�±�«Xµ�¯°²V´ Â «P±
¨�±Rµb«PÉ�¬�¯°± Ã ¨�·�¯°´×ã �?§Ëä u å �
���4èFé:ìuè�ê 	�
F�'
�
 ÅyÝ

X � Å$ûß¸C¹�º�»^¼T½�þ�ÜËû�øbÅ�û���� n � Å$û�Ü7÷�þyù1Ý^ù� PÅ�ù��7Ý�ÅrÇ�Åyý�Æ$'&7Å��
X
&Ëû`þ�Ç�Åb÷`ÛÔÅyÝ^ýgùrø��Pù1ÛÔÅ��Ëþyùr÷�� ≤ n

ù �,û�����÷��7öÈÞ~ù ���k÷`ýmÅ�û�ø3&&þ�# � þ�ÅyÝ Y ÷��
X

÷��
���7ù1Ý|Åj�Pù^ûPÛÔÅyÝ|Åyý��CÅ�&Ëû� PÅ

radX(Y ) ≤
√

n

2(n+ 1)
diam(Y )

Æ
�/ù1Ûßù1öwûPýgöÈÞ

X
&Ëû`þ�Ý|Åyö°Åbþ�øb÷bÜ:ùrø��Pù1ÛÔÅ��Ëþyùr÷�� ≤ n

ù ��û�����÷��7öÈÞ�ù ���k÷`ý�û��7Þ
δ > 0

Ý�&7Åyý�Å�Å"!Vù°þyÝ�þ
þ�÷`ÛÔÅßøb÷��ËþyÝ�û��7Ý

D > 0
þ�#/ø3&
Ý�&ËûPÝ��k÷`ý$û��7Þ � ÷�#�����Å���þ�# � þ�ÅyÝ Y ⊂ X

÷����Pù^ûPÛÔÅyÝ|Åyý
> D

*
�CÅ�&Ëû� PÅ

radX(Y ) ≤
(

δ +

√

n

2(n+ 1)

)

diam(Y )
Æ

h ¨�¿k«P¬�¬{µ Ã «`µ,µ Ã ¨ îTí�ì`î.�=êÏìA�7ï?í��=ò radX(Y )
²P­h«
±�À�É�±(¨�µ

Y ⊆ X
¯�±,·�¨y³7´�¨�·æ«P±�µ Ã ¨
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²P­�«P´ n ¶�·Ë¯°®�¨�´�±(¯°²V´7«X¬=ª(¨�ÊVÀ�¬°«Pª�Î�À�¿�¬°¯°·Ë¨k«P´�±�¯�®~¾Ë¬°¨yÑ�²V´�¨ Ã «P±¨�wFÀ7«P¬�¯�µ�Á�¯°´óµ Ã ¨
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σ
)�øb÷`Û�ÜËû�øyÝ

ÇPý�÷�#uÜ7þ�Æ 
 ÅyÝ
X � Å,û
øb÷`Û�Ü:ö°ÅyÝ|Å�¸C¹�º�»e¼T½�þ�ÜËû�øbÅ$÷������7ù1Ý|Å�Ý�Åyö°Åbþ�øb÷bÜ:ùrø��Pù1ÛÔÅ��Ëþyùr÷��¼��ù1Ý�&7÷�#�Ý½ #/øyöÈù���Å�û��j��û�øyÝ|÷`ý�Æ�$'&7Å��Òû��7Þ�Ûßù��7ù1Û�ûPö3ù°þ�÷`ÛÔÅyÝeýgùrø

Γ
)Rû�øyÝ^ùr÷��×÷��

X
��ù1Ý�&7÷�#�Ý���!�Å���Ü7÷`ù��7Ý

ûPÝ�ù��y���7ù1Ý^Þ!Å"!VÝ|Å����`þ�Ý�÷Ôû�øb÷��7Ý^ù���#/÷�#Tþ
G
)Rû�øyÝeùr÷�� � Þ~ù°þ�÷`ÛÔÅyÝ^ýgùrÅbþ�Æ©Ú´ðµ Ã ¨�²Pµ Ã ¨�ª Ã «X´�·*Ð�¿�²P®mÉ�¯°´Ë¯°´�Ê k ª(²V¾:²V±�¯wµ�¯°²P´ �V� � Â ¯wµ Ã º Ã ¨�²Vª(¨�® �P�no Á�¯�¨�¬�·�±~µ Ã ¨

­�²V¬°¬�² Â ¯°´�Êm¨gÑ�µ�¨�´Ë±�¯°²P´�²P­Cã ¸Dt�¼�� Ð:¸C²Vª(²V¬°¬°«Pª(Á x�� �Xå �
",é:ìué:ÿ^ÿ���ì+�¾	�
�	F'¿
�
 ÅyÝ

G � Å�û
ö°÷�ø�ûPö1öÈÞ~øb÷`Û�ÜËû�øyÝ?ÇPý�÷�#uÜ�û�øyÝeù���Ç&øb÷��7Ýeù���#7÷�#TþyöÈÞ�û�����Ûßù��7ù�)Û�ûPö1öÈÞ,÷��Ôû�¸C¹�º�»e¼V½Cþ�ÜËû�øbÅ
X

÷������7ù1Ý�ÅCÝ|Åyö°Åbþ�øb÷bÜ:ùrøD�Pù1ÛÔÅ��Ëþyùr÷��}*'��ù1Ý�&7÷�#�Ý���!Vù���Ç,û��7Þ�Ü7÷`ù��7Ý
ûPÝ�ù��y���7ù1Ý^ÞVÆ±$'&7Å��dÝ�&7ÅÔûPÛÔÅ��:û � ö°Å
ý(û.�Pùrø�ûPö R ÷��

G
þyÝrû � ù1öÈùHÀ`Åbþ�Ý�&7Å�Û�ûy!Vù1Û�ûPö ½ #7øyöÈù���Å�û����û�øyÝ|÷`ýß÷��

X
Æ¦¯��ÔÜËûPýgÝeùrø�#�öwûPýÁ*	ù �

X
&Ëû`þj��÷���÷���)�Ý^ýgù� �ù^ûPö ½ #7øyöÈù���Å�û�����û�øyÝ�÷`ý3*�Ý�&7Å��

R
û�øyÝ�þ

Ýeýgù� �ù^ûPö1öÈÞPÆ
�~îAÂ5ñ4é�Ã~ÿ�è�ï4ç/è�êÏè�ñ3ë.
 õ ¨ Â ²PÀ�¬°·ó¬�¯°ÌP¨mµ�²&µ Ã «X´�Ì¼�Ú¯�ÌTµ�²Vª�§�¿ Ã ª�²�¨�·�¨�ª�­�²VªÚ­�ª�À�¯wµ�­�À�¬=¿�²V´�¶
©V¨�ª�±�«`µ�¯°²P´�±,²P´Ï«XÖ�´�¨
­�À�´�¿yµ�¯�²V´�± ��õ ¨~«Pª(¨�ÊPª�«Xµ�¨�­�À�¬{µ�²�¹�´Fµ�²V´ k ¨�µ�ª�À�´�¯�´E­�²Vª�¾�ª(²�©�¯�·�¯°´ËÊ
ÎJÑ�«X®~¾�¬�¨ x��¹x ��Ù ¯°´7«P¬�¬�Á Â ¨�µ Ã «P´�Ì�r�¯�¿�²V¬°«P±Ät
²V´�²�·&­�²Vª�´FÀ�®�¨�ª(²VÀ�±	¯�¬°¬�À�®~¯�´7«Xµ�¯°´�Ê�¿�²V´T©V¨�ª|¶
±�«Xµ�¯°²V´Ë±�«P´�·ó­�²VªÚ¾:²V¯�´Fµ�¯°´�ÊÔ²VÀËµÚµ Ã «Xµ�´�²�±(¨�¾7«Pª�«PÉ�¯�¬°¯�µ�Á�«P±(±�À�®�¾Ëµ�¯°²V´ó²V´ G ¯°±Ú´Ë¨�¨�·Ë¨�·�­�²Vª
º Ã ¨�²Pª�¨�® �P�no µ�² Ã ²P¬°· �

� �ÆÅ	¡�Ç�È�¦�É�¦1��Ê=¡4¦�Ç�Ë
� �w�V�ÆÌ èFé:êÏèTë�ì`íeîÍ��ñ=ï ë�è�ÿ�è�òkîVé��Jí^î ï=í^êÏè�ñ?òkí^é:ñ�
 õ ¨Òª�¨�¿k«P¬�¬�±(²V®~¨
­^«P¿�µ�±&«PÉ:²VÀËµÔ·�¯w¶
®~¨�´�±�¯�²V´�±m²X­�±(¾7«P¿�¨�± Â ¯�µ Ã À�¾�¾:¨�ªß¿�À�ª(©X«Xµ�À�ª�¨!É:²VÀ�´�·Ë± � º Ã ¨ ç/è�é:êÏèTë�ì`í^îdï=í^êÏè�ñ?òkí^é:ñ
»^±(²V®~¨yµ�¯�®~¨�±ß±�¯°®�¾�¬wÁÏ¿�«P¬°¬�¨�·Î�Pù1ÛÔÅ��Ëþyùr÷��*½�²P­�±(À�¿ Ã ±(¾7«P¿�¨�± Â «P±�·�¨�³�´�¨�·á¯°´�·�ÀË¿�µ�¯w©V¨�¬�ÁØ¯�´
ã â ¬�¨käVä årÐ�ÉTÁ ±�¨yµ�µ�¯�´�Êdµ Ã ¨ó·Ë¯°®�¨�´�±(¯°²V´ ²X­m«Ø·�¯�±�¿�ª�¨�µ�¨�±�¾7«P¿�¨óµ�²dÉ:¨

0
«P´�· É3¨ó·Ë¨�³7´�¯�´�Ê

dim(X) = sup{dim(SxX) + 1|x ∈ X} Ð ÂhÃ ¨�ª�¨ SxX
·Ë¨�´�²Pµ�¨�±	µ Ã ¨Ú±�¾�«P¿�¨Ú²X­4·�¯°ª(¨�¿�µ�¯°²V´Ë±

«Xµ{µ Ã ¨�¾3²P¯°´Tµ x �{ü µJµ�À�ª(´�±�²VÀËµ{µ Ã «Xµ{µ Ã ¯°±J´�²Pµ�¯�²V´m²P­:·�¯�®~¨�´�±�¯�²V´m¯�±{¿�¬�²V±�¨�¬�Á,ª�¨�¬°«Xµ�¨�·$µ�²�®�²Vª(¨µ�²V¾:²V¬�²VÊV¯°¿�«P¬F´�²Pµ�¯°²V´�± � r�«P®~¨�¬�Á
dim(X) ≤ n

¯�­3«P´Ë·�²P´�¬�Á$¯�­7­�²Vª�«P¬�¬Ë²V¾:¨�´
±(À�É�±�¨yµ�±
V ⊂ U²P­

X
µ Ã ¨
ª(¨�¬8«`µ�¯�©P¨$±(¯°´�ÊVÀË¬8«Pª Ã ²V®�²V¬°²VÊXÁ Hk(U, V )

©X«P´�¯°± Ã ¨�±Ú­�²Pª�«P¬°¬ k > n
� t�²Vª(¨�²�©V¨�ª�Ð

µ Ã ¯�±�¯°±�¨�wFÀ�¯w©X«P¬°¨�´Fµ�µ�²�µ Ã ¨�­^«P¿�µ�µ Ã «Xµ�µ Ã ¨�µ�²V¾3²P¬°²VÊV¯�¿k«P¬�·�¯�®~¨�´�±�¯�²V´
²P­*«X¬°¬�¿�²V®~¾�«P¿�µ�±�ÀËÉ�±�¨yµ�±
²P­
X
¯�±�É3²PÀ�´�·�¨�·Ò«PÉ:²�©V¨�ÉTÁ

n
Ð7±(¨�¨�ö°÷�ø�Æ�øyù1Ý�Æ

à�Á~·�¨�³7´Ë¯�µ�¯�²V´*Ð�«
¸C¹�º�»e¼T½�±�¾7«P¿�¨
X
¯°±	±�«P¯°·~µ�² Ã «k©V¨ ëkè�ÿ�è�òkîVé��Jí^î&ï?íeêEè�ñ?òkí�é:ñ ≤ n

¯�­
¨�©P¨�ª(Á�«X±(Á�®~¾�µ�²Pµ�¯°¿�¿�²P´�¨

limω(εnX, ?n) Ã «P±�ÊV¨�²V®~¨yµ�ª(¯°¿	·�¯�®~¨�´�±�¯�²V´ ≤ n
� ¹�¬wµ Ã ²VÀËÊ Ã µ Ã ¯�±

Â ¯°¬�¬�´�²Pµ�¾�¬°«kÁ!«P´TÁ�ª�²P¬°¨�¯°´!µ Ã ¨�±�¨�wFÀ�¨�¬rÐ Â ¨,ª(¨�®~«Pª�Ì�µ Ã «Xµhµ Ã ¨�µ�¨�¬�¨�±(¿�²V¾�¯�¿�·�¯°®�¨�´Ë±�¯°²P´
¯�±h«wFÀ7«P±�¯�¶�¯�±�²V®�¨�µ�ª(Á�¯°´T©X«Pª(¯8«P´Tµ � t�²Pª�¨�²�©P¨�ª�Ð�¯�µ�­�²V¬°¬�² Â ±h­�ª�²P® ã â ¬°¨�äVä Ð3º Ã � ¸�å=µ Ã «`µ�«~¬�²�¿�«P¬°¬wÁ
¿�²V®�¾7«P¿yµ
¸C¹�º�»e¼V½Ô±�¾7«P¿�¨ Â ¯�µ Ã «d¿�²�¿�²V®~¾�«P¿�µ!¯�±�²V®�¨�µ�ª(ÁáÊVª�²PÀ�¾ Ã «P±&³7´Ë¯�µ�¨Òµ�¨�¬�¨�±�¿�²V¾�¯�¿
·�¯°®�¨�´Ë±�¯°²P´ � Ï



¸C²V´T©V¨gÑ�±�À�É�±(¨�µ�±C¯°´ Ã ¨�ª(¯�µ{µ Ã ¨hÊV¨�²V®�¨�µ�ª�¯�¿	·�¯°®�¨�´Ë±�¯°²P´ßÉ3²VÀË´�·�­�ª(²V® µ Ã ¨�«P®mÉ�¯�¨�´Tµ�±�¾�«P¿�¨ �t�²Vª(¨�²�©V¨�ª�Ð/¯�­
(Xi, xi)

¯�±h«
±(¨�wFÀ�¨�´�¿�¨�²P­=¾3²V¯�´Tµ�¨�·
CAT(κ)

±�¾7«P¿�¨�±�²P­?ÊV¨�²P®~¨yµ�ª�¯�¿Ú·�¯�®~¨�´�¶
±�¯�²V´ ≤ n

ÐJµ Ã ¨�´Ïµ Ã ¨�¯°ª�À�¬wµ�ª�«X¬°¯°®�¯�µ limω(Xi, xi)
Â ¯wµ Ã ª(¨�±(¾3¨�¿�µ$µ�²�±(²V®~¨�À�¬wµ�ª�«`³7¬�µ�¨�ª�¯°±,«

CAT(κ)
±(¾7«P¿�¨
²P­�·�¯°®�¨�´Ë±�¯°²P´á«`µ
®~²V±Rµ

n
Ð�±�¨�¨Ïã �*ÁFµb¼�lXÉ Ð{�4¨�®~®~« �V�V�w� å �dü ´á¾7«Xª(µ�¯�¿�À�¶

¬8«Pª�Ð�¯wµß­�²V¬°¬�² Â ±mµ Ã «Xµ~«×¸C¹�º�»e¼V½
±(¾7«P¿�¨
²P­�ÊV¨�²V®�¨�µ�ª�¯�¿!·�¯°®�¨�´�±(¯°²V´ ≤ n Ã «P±
µ�¨�¬�¨�±(¿�²V¾�¯�¿
·�¯°®�¨�´Ë±�¯°²P´ ≤ n

��Ù À�ª(µ Ã ¨�ª(®~²Pª�¨PÐ Â ¨ Ã «k©V¨�µ Ã ¨�­�²P¬°¬°² Â ¯�´�Ê �
+,ìué���é:òkí1ëuí^é:ñ�Ð'
�	�
D
 ÅyÝ

X � Å�û,¸C¹�º�»e¼T½�þ�ÜËû�øbÅ�Æ{¯,� X &Ëû`þÚÝ|Åyö°Åbþ�øb÷bÜ:ùrø��Pù1ÛÔÅ��Ëþyùr÷�� ≤ n
*

Ý,&7Å��×Ý�&7Å| �ù°þ�#ËûPö � ÷�#-���TûPýgÞ ∂X Å�����÷��CÅ�����ù1Ý�&±$4ù1Ý1þmÛÔÅyÝ^ýgùrø�&Ëû`þ�Ç�Åb÷`ÛÔÅyÝeýgùrø��Pù1ÛÔÅ��Ëþyùr÷��
ûPÝ�ÛÔ÷�þyÝ

n− 1
Æ

Ñ ýb÷�÷���Æ��5¨�µ
o ∈ X

É:¨$«�É7«P±(¨,¾:²V¯°´Tµ�«P´�·
CωX

É:¨�µ Ã ¨$«X±(Á�®~¾�µ�²Pµ�¯°¿�¿�²V´Ë¨ limω( 1
n
X, o)

�
º Ã ¨~Î�ÀË¿�¬°¯�·�¨k«X´×¿�²V´�¨ C(∂X)

¨�®$É3¨�·�±,¯�±�²V®�¨�µ�ª�¯�¿k«P¬�¬�Á�¯°´Tµ�²
CωX

Ð4±(¨�¨�ã â ¬°¨�äVä Ð��5¨�®�®~«
� ¼ �To å � º Ã ÀË± dim(∂X) = dim(C(∂X)) − 1 ≤ dim(CωX) ≤ n

�
�

õ ¨h¨�®~¾ Ã «P±�¯�ú�¨	µ Ã «Xµ�«$¸C¹�º�»^¼T½{±�¾7«P¿�¨ X ®~«kÁ Ã «k©V¨h³7´�¯wµ�¨y¶�·�¯°®�¨�´Ë±�¯°²P´7«P¬�º�¯�µ�±�É:²VÀ�´�·�¶
«Pª(Á Â ¯wµ Ã ²VÀ�µÔÉ:¨�¯�´�ÊÏ²P­�³7´�¯�µ�¨
µ�¨�¬�¨�±�¿�²V¾�¯�¿�·�¯�®~¨�´�±�¯�²V´*ÐC¨y©V¨�´ ¯�­

X
¯°±�¾�ª�²V¾:¨�ª � ü ´Ë·�¨�¨�·*Ð

¿�²V´Ë±�¯°·Ë¨�ªÔ­�²Vª~¯°´�±Rµb«P´Ë¿�¨�µ Ã ¨ó¾3²P±�¯�µ�¯�©P¨�ª�¨�«P¬ Ã «P¬�­8¶�¬°¯°´Ë¨�«P´�· ÊV¬�À�¨Ò«Xµ&¨k«P¿ Ã ¾:²V¯°´Tµ
n ∈ N«P´

n
¶�·Ë¯°®�¨�´�±(¯°²V´7«X¬�Î�À�¿�¬�¯°·�¨�«P´EÉ�«P¬°¬{²X­	ª�«X·�¯°À�±

n
� º Ã ¨�ª�¨�±(À�¬�µ�¯°´�Ê
±�¾�«P¿�¨�¯°±�¾�ª(²V¾3¨�ª$«X´�·

¸C¹�º�»e¼T½gÐ�¯wµ�±�¯°·�¨�«P¬=É:²VÀ�´Ë·7«Pª(Á
¿�²V´�±�¯�±(µ�±�²P­�«�±�¯°´ËÊV¬°¨�¾3²P¯°´TµkÐ:É�ÀËµ�¨k«P¿ Ã ²P­{¯�µ�±�«P±(Á�®�¾Ëµ�²Xµ�¯°¿
¿�²V´Ë¨�±�¿�²V´Tµb«X¯°´�±h«P´�¯�´Ë³7´�¯wµ�¨y¶�·�¯°®�¨�´Ë±�¯°²P´7«P¬3Ó�¯°¬�É3¨�ª(µ�±(¾7«P¿�¨ �
õ ¨�± Ã «P¬�¬*À�±�¨�«$µ�²V¾3²P¬°²VÊV¯�¿k«P¬/©V¨�ª�±(¯°²V´
Ó�¨�¬°¬wÁ���±�¿�¬°«P±�±(¯°¿�«P¬3µ Ã ¨�²Vª(¨�® µ Ã «Xµ Ã ²P¬°·�±�¯�´!®mÀ�¿ Ã

ÊVª�¨�«Xµ�¨�ª�ÊV¨�´Ë¨�ª�«X¬°¯�µ�Á!»^±(¨�¨,ã Ò�ÀËÊ o.u å:«P± Â ¨�¬�¬/«P±�ã Ù «Pª�¼�� ÐS� m å7­�²Vª�«�ª�¨�¬8«Xµ�¨�·
·�¯°±(¿�À�±(±�¯�²V´/½ � º Ã ¨
­�²V¬°¬�² Â ¯°´�Ê�±Rµb«Xµ�¨�®�¨�´Tµ	¯�±�«X´Ô¯°®�®�¨�·�¯°«Xµ�¨�¿�²V´�±�¨6wFÀ�¨�´�¿�¨�²P­�ã â ¬°¨�äVä Ð k ª�²V¾:²V±�¯wµ�¯�²V´�l �nm å/±(¯°´�¿�¨
¯°´Tµ�¨�ª�±(¨�¿�µ�¯°²V´Ë±�²X­J¿�²V´T©V¨yÑ�±(¨�µ�±�«Pª(¨�¨�¯�µ Ã ¨�ª�¨�®~¾�µ�Á!²Vª�¿�²P´Fµ�ª�«P¿yµ�¯�É�¬°¨ �
 �è�êØê���Ð'
YÐ¿
�
 ÅyÝ

X � Å�ûÚ¸C¹�º�»^¼T½Cþ�ÜËû�øbÅ�÷���Ç�Åb÷`ÛÔÅyÝ^ýgùrø��Pù1ÛÔÅ��Ëþyùr÷�� ≤ n
Æ 
 ÅyÝ {Uα}α∈A� Å
û����7ù1Ý�Å1��ûPÛßù1öÈÞ�÷��
÷bÜ7Å��Øøb÷��� PÅ"!Ôþ�# � þ�ÅyÝ1þÔ÷�� X Æ�¯,���k÷`ý�Å�û�ø3&
þ�# � þ�ÅyÝ B ⊂ A

��ù1Ý,&�ûPÝ
ÛÔ÷�þyÝ

n + 1
Åyö°ÅyÛÔÅ��7Ý1þ�Ý,&7ÅÒù��7Ý|Åyý�þ�ÅbøyÝ^ùr÷�� ⋂

α∈B Uα

ù°þ���÷���)�ÅyÛ�Ü:Ý^ÞA*�Ý�&7Å�� ⋂

α∈A Uα

ù°þ��÷���)�ÅyÛ�Ü:ÝeÞPÆ
�� � � � ��ñ?ñ4è�ìÓ��é:í^ñ3ëuò�
 Ù ²P¬°¬°² Â ¯�´�ÊØã �?§Ë¼ u åeÐ Â ¨!± Ã «P¬°¬C±�«kÁØµ Ã «Xµ
«ó¾3²P¯°´Tµ o ²X­Ú«�¸C¹�º�»^¼T½±�¾7«X¿�¨

X
¯°±�« ë�é���é:ÿ^é/ç:í^î��7ÿeÿ��áíeñ?ñ4è�ì ¾:²V¯�´Fµ�¯�­

X \ {o} ¯°±�´�²Pµ�¿�²V´Tµ�ª�«P¿yµ�¯°ÉË¬°¨ ��Ù ²Vª�¨k«P¿ Ãµ�²V¾:²V¬�²VÊV¯°¿�«P¬°¬wÁ
¯°´�´Ë¨�ªh¾3²P¯°´Tµhµ Ã ¨�ª�¨�¯°±h±�²V®�¨ ε > 0
«X´�·�«
¿�²P®~¾7«X¿�µ�±�À�ÉË±�¨�µ

K
²P­
X Â ¯wµ Ã

d(o,K) ≥ ε Â ¯wµ Ã µ Ã ¨
­�²V¬°¬�² Â ¯�´�Ê!¾�ª(²V¾3¨�ª(µ�Á�Ô Ù ²Vª�¨k«X¿ Ã x ∈ X
µ Ã ¨�ª�¨Ô¯�±�±�²V®�¨ x̄ ∈ K±�À�¿ Ã µ Ã «Xµ xox̄ ¯°±$«ÒÊV¨�²�·�¨�±(¯°¿ � º Ã ÀË±ß¨�©V¨�ª(ÁdÊP¨�²�·�¨�±(¯°¿&±(¨�ÊV®�¨�´Tµ ÂhÃ ¯�¿ Ã µ�¨�ª�®�¯°´7«Xµ�¨�±$«Xµ

o
®~«kÁ�É3¨,¬°²�¿k«P¬�¬�ÁÔ¾�ª�²V¬�²V´�ÊV¨�·ÒÉ:¨�ÁV²P´�·

o
Ä�¯�´Ò¬°²�²V±�¨�µ�¨�ª�®�±�Ð/µ Ã ¨,±�¾7«X¿�¨ X ¯�±ÚÇ�Åb÷���Åbþyùrø�ûPö1öÈÞ

øb÷`Û�Ü:ö°ÅyÝ|Å&ûPÝÚÝ�&7Å�Ü7÷`ù��7Ý
o
�Òü ´d«ó¸C¹�º�»^¼T½,±�¾�«P¿�¨ ÂhÃ ¯°¿ Ã ¯°±,¬°²�¿k«X¬°¬�Á�²P­�³7´�¯wµ�¨~ÊV¨�²V®�¨�µ�ª�¯�¿

·�¯°®�¨�´Ë±�¯°²P´*ÐTµ Ã ¨Ú±(¨�µ�²X­5µ�²V¾:²V¬°²PÊV¯°¿�«P¬°¬wÁ$¯�´�´�¨�ª�¾3²P¯°´Tµ�±�¯°±�·�¨�´�±(¨PÐ7±(¨�¨ßã �?§Ë¼ u Ð�º Ã ¨�²Pª�¨�® �V� l`å �
ü ´�¾�«Pª(µ�¯°¿�ÀË¬8«Pª�¯�µh¯°±�´Ë²V´�¶�¨�®~¾�µ�Á �

m���Õ�¤=��ÖD×@Ë� :Ø�Ç/¢{¡:Ç�É
mË�w�V� "$���Ô%�'�)óî���ò�è�
 º Ã ª�²VÀËÊ Ã ²VÀËµ
µ Ã ¨�¾7«P¾:¨�ª�Ð Â ¨
± Ã «P¬�¬h«P·�²V¾Ëµßµ Ã ¨!­�²V¬°¬�² Â ¯°´�ÊÒ´Ë²Pµb«`¶
µ�¯�²V´7«P¬�¿�²P´F©P¨�´Tµ�¯�²V´ � ��¯�©P¨�´d«�±(À�É�±(¨�µ

Y ⊆ X Â ¨&·�¨�´Ë²Pµ�¨Ôµ Ã ¨&·�¯�±(µ�«P´�¿�¨~µ�² Y ÉFÁ
dY

Ð
´7«P®�¨�¬wÁ

dY : X → R : x 7→ infy∈Y d(x, y)
��õ ¨�­�ÀËª(µ Ã ¨�ª�ª�¨�¿�«P¬°¬{µ Ã «Xµ�µ Ã ¨ í^ñ3ë�ì`íeñ?òkí^î

ìA�7ï=í��?ò ²X­�«ß±�À�ÉË±�¨�µ
Z
²P­J«�®�¨�µ�ª�¯°¿�±�¾7«P¿�¨

X
¯�±�·�¨�³7´Ë¨�·Ò«X±

rad(Z) = inf
z∈Z

{r ∈ R>0 | Z ⊆ B(z, r)}.
º Ã ¯°±J´�²Pµ�¯�²V´m± Ã ²VÀ�¬�·ß´�²Pµ�É:¨	¿�²V´�­�À�±�¨�· Â ¯wµ Ã µ Ã ¨ îTí^ì`î.�?êÏìA�7ï?íÙ�?ò »�²Vª ìuè�ÿ��Ëë�í,µ:èßìA�7ï?íÙ�?ò ½yÐ
·�¨�³�´�¨�·�«P±

radX(Z) = inf
x∈X

{r ∈ R>0 | Z ⊆ B(x, r)}.Ú



àC²VÀ�´Ë·�¨�· ¿�¬�²V±�¨�· ¿�²V´T©V¨gÑ ±(À�É�±(¨�µ�±
²P­,´�²V´�¶�¾3²P±�¯�µ�¯�©P¨�¬�Áá¿�ÀËª(©V¨�· ±(¾7«P¿�¨�± Ã «�©P¨óµ Ã ¨�i �
ñ=í1ë�èEíeñ:ë�èFìXò�è�îPë�í^é:ñ¾�=ìué���èFìuëX� »^±(¨�¨�ã �=§�ä u Ð k ª�²�²P­�²P­�º Ã ¨�²Pª�¨�®�à�å{²Vª
ã t�²V´�¼ o Ð*º Ã ¨g¶
²Vª�¨�® �yx å1½ � º Ã ¯�±ß®~¨�«P´�±mµ Ã «Xµß­�²Vªß«P´TÁØ­^«X®~¯�¬�Á {Xα}α∈A

²P­ � ÷�#�����Å��Ø¿�¬�²V±�¨�·á¿�²V´T©V¨gÑ
±�À�ÉË±�¨�µ�±
²P­�«ó¸C¹�º�»e¼V½,±�¾7«X¿�¨

X
µ Ã ¨&¯°´Tµ�¨�ª�±(¨�¿�µ�¯°²V´ ⋂

α∈AXα

¯°±$´Ë²V´�¶�¨�®~¾�µ�Á ÂhÃ ¨�´�¨�©P¨�ª
µ Ã ¨�¯�´Fµ�¨�ª(±�¨�¿yµ�¯�²V´�²P­J¨�«P¿ Ã ³�´�¯�µ�¨�±�À�É�¶r­^«P®�¯°¬�Á�¯�±�´�²V´�¶�¨�®�¾Ëµ�Á �
 �è�êØê��s�'
�	�
�
 ÅyÝ

X � Å$ûß¸C¹�º�»e¼T½�þ�ÜËû�øbÅß÷���Ç�Åb÷`ÛÔÅyÝ^ýgùrø��Pù1ÛÔÅ��Ëþyùr÷�� ≤ n
û����

Y ⊆ X� Å�û$þ�# � þ�ÅyÝC÷��Q���7ù1Ý�Å��Pù^ûPÛÔÅyÝ�Åyý�Æ1¯��Q�k÷`ýÚûPö1ö/þ�# � þ�ÅyÝ�þ Y ′ ⊆ Y
÷���ø�ûPý"�Pù��:ûPöÈù1ÝeÞ |Y ′| ≤ n+ 1�CÅ�&Ëû� PÅ

radX(Y ′) ≤ r
Ý�&7Å��

radX(Y ) ≤ r
Æ

Ñ ýb÷�÷���Æ Ù ¯�Ñ�«P´�«Pª(É�¯�µ�ª�«PªRÁ
r′ > r

��Ù ²Vª
y ∈ Y

Ð3·�¨�´Ë²Pµ�¨mÉTÁ
Oy

µ Ã ¨m²V¾:¨�´ÒÉ�«P¬°¬4²P­�ª�«P·�¯°ÀË±
r′
«Pª�²VÀË´�·

y
� º Ã ¨�±(¨�É�«P¬°¬�±Ú«Pª(¨$¿�²V´T©V¨yÑE«X´�·*Ð�ÉTÁÒ«P±�±(À�®~¾�µ�¯°²P´*Ð3µ Ã ¨ß¯°´Tµ�¨�ª�±(¨�¿�µ�¯°²V´ó²X­�«P´TÁ

¿�²V¬�¬°¨�¿�µ�¯�²V´Ú²P­Ë«Xµ4®�²V±(µ
(n+1)

±(À�¿ Ã É�«P¬°¬�±�¯°±5´Ë²V´�¶�¨�®~¾�µ�Á � à�Á��5¨�®�®Ô« � � � µ Ã ¨�¯�´Fµ�¨�ª(±�¨�¿yµ�¯�²V´
²P­�«P´TÁ�³7´Ë¯�µ�¨$¿�²V¬�¬°¨�¿yµ�¯�²V´�²P­�±(À�¿ Ã É�«P¬°¬�±�¯°±�´�²V´�¶�¨�®�¾Ëµ�Á � §�¯°´Ë¿�¨ r′ > r

¯°±�«Xª�É�¯wµ�ª�«Xª(ÁVÐ:µ Ã ¯�±
¯°®�¾�¬°¯�¨�±hµ Ã «`µÚ¨k«X¿ Ã ³�´�¯�µ�¨m±�À�ÉË±�¨�µ Y ′

²P­
Y Ã «P±�ª�«P·�¯�À�±Ú«XµÚ®~²V±Rµ r ��Ù ²Pª y ∈ Y

Ð�·�¨�´�²Xµ�¨
´�² Â ÉFÁ

By

µ Ã ¨&¿�¬°²V±(¨�·dÉ7«X¬°¬�²P­�ª�«P·Ë¯°À�±
r
«Pª(²VÀ�´�·

y
� º Ã ¨�´dµ Ã ¨&¯°´Tµ�¨�ª�±(¨�¿�µ�¯°²V´d²X­h¨k«P¿ Ã

³7´�¯wµ�¨�¿�²V¬°¬�¨�¿yµ�¯°²P´~²P­
By

¯�±C´�²V´�¶�¨�®�¾Ëµ�ÁPÐ Ã ¨�´�¿�¨Úµ Ã ¨Ú¯°´Tµ�¨�ª�±(¨�¿yµ�¯°²P´&²P­?«P¬�¬ By

¯°±�´�²V´�¶�¨�®�¾Ëµ�Á �
Ù ²Vª
«P´TÁæ¾3²P¯°´Tµ

x
¯°´dµ Ã ¯°±
¯°´Tµ�¨�ª�±(¨�¿yµ�¯°²P´*Ð Â ¨�ÊP¨�µ d(x, y) ≤ r

­�²Vª�«P¬�¬
y ∈ Y

� Ó�¨�´�¿�¨
radX(Y ) ≤ r

�
�Ñ ýb÷�÷��,÷���$'&7Åb÷`ýbÅyÛ ÛTÆ¥Ü Æ�º Ã ¨�²Vª(¨�® ¹á­�ª�²V® ã �?§Ëä u å�¨�´�±�À�ª(¨�±�µ Ã «Xµ{­�²VªJ«P´TÁ
¸C¹�º�»e¼V½J±�¾7«P¿�¨

X
«P´Ë·&¨k«P¿ Ã ±(À�É�±(¨�µ Y ⊂ X

²X­5¿k«Pª(·�¯°´�«P¬°¯wµ�Á
«Xµ�®~²V±Rµ
n+1

Ð�µ Ã ¨Ú¯°´�¨6wFÀ7«P¬°¯wµ�Á radX(Y ) ≤
√

n
2(n+1)

diam(Y ) Ã ²V¬°·Ë± �Ôü ´×©�¯°¨ Â ²P­	µ Ã ¯°±�Ð4¯wµ�­�²P¬°¬°² Â ±Ú­�ª(²V®��5¨�®�®Ô« mË�w� µ Ã «Xµ�µ Ã ¨�¯°´�¶
¨�wFÀ7«P¬�¯�µ�Á

radX(Y ) ≤
√

n
2(n+1)

diam(Y ) Ã ²V¬�·�±Ú­�²Vª�«P´TÁó±(À�É�±(¨�µ Y ²P­�«�¸C¹�º�»^¼T½Ú±�¾7«X¿�¨

X
²P­JÊP¨�²V®�¨�µ�ª�¯°¿�·Ë¯°®�¨�´�±(¯°²V´ ≤ n

�
¹�±(±�À�®�¨�¿�²V´T©V¨�ª�±(¨�¬�Áæµ Ã «Xµ X Ã «P±�ÊV¨�²V®�¨�µ�ª�¯�¿&·�¯°®�¨�´Ë±�¯°²P´ > n

� à�Á ã â ¬°¨�äVä Ð�º Ã ¨�²X¶
ª�¨�® u��w� åeÐ�µ Ã ¨�ª�¨�¨gÑ�¯°±(µ�«m±(¨�wFÀ�¨�´�¿�¨ (λk)

²X­=¾:²V±(¯�µ�¯w©V¨�ª�¨k«X¬*´FÀ�®mÉ:¨�ª�±�±(À�¿ Ã µ Ã «Xµ limk λk =
∞ Ð7«P´�·�«ß±�¨6w�ÀË¨�´�¿�¨

(Yk, ?k)k≥0

²P­=¾3²V¯�´Tµ�¨�·�±(À�É�±�¨yµ�±�²P­
X
±(À�¿ Ã µ Ã «Xµ

lim
ω

(λkYk, ?k) = R
n+1

­�²Vª�«P´TÁ�´�²P´�¶�¾�ª(¯°´�¿�¯°¾7«X¬5À�¬�µ�ª�«X³7¬wµ�¨�ª
ω
�hõ ¨,®Ô«kÁ�µ Ã ¨�´�³7´Ë· n + 2

±�¨6w�ÀË¨�´�¿�¨�±
(yi

k)k≥0

²P­
¾3²P¯°´Tµ�±�²P­

Yk

¯�´�·�¨gÑË¨�·&ÉTÁ
i ∈ {0, 1, . . . , n+1} ±�À�¿ Ã µ Ã «Xµ�µ Ã ¨�±�¨�µ ∆ = {limω(yi

k) | i =
0, . . . , n + 1} ¿�²V¯�´�¿�¯�·�¨�± Â ¯wµ Ã µ Ã ¨�©P¨�ª(µ�¨yÑ ±(¨�µ!²X­$«Eª�¨�ÊPÀ�¬8«Pª~±�¯�®~¾�¬�¨yÑá²P­�·�¯°«P®�¨�µ�¨�ª

1¯°´
R

n+1 � §�¯°´�¿�¨&µ Ã ¨�¨�wFÀ7«X¬°¯�µ�ÁE¿k«X±�¨�²P­hµ Ã ¨ (n + 1)
¶�·�¯°®�¨�´Ë±�¯°²P´7«P¬ � À�´�Ê�¯°´Ë¨�wFÀ7«P¬�¯�µ�ÁE¯°±

«P¿ Ã ¯�¨�©V¨�·~¯�´ßµ Ã ¨�¿�«P±�¨h²P­ ∆ Ð Â ¨h·�¨�·ËÀ�¿�¨�µ Ã «Xµ�µ Ã ¨�ª�¨h¨yÑ�¯�±(µ�±�±(²V®~¨ k ≥ 0
±(À�¿ Ã µ Ã «Xµ�µ Ã ¨ n ¶·�¯°®�¨�´Ë±�¯°²P´7«P¬ � À�´�Ê,¯°´�¨6wFÀ7«P¬°¯wµ�Ám­^«P¯�¬°±�­�²Vª�µ Ã ¨�±�À�ÉË±�¨�µ ∆k = {yi

k | i = 0, . . . , n+1} ⊂ X
�

¹�±(±�À�®�¨Ô´�² Â µ Ã «Xµ X Ã «P±�µ�¨�¬°¨�±(¿�²V¾Ë¯°¿�·�¯°®�¨�´�±(¯°²V´ ≤ n
«P´Ë·Ï±�ÀË¾�¾3²P±�¨Ô­�²Vª,«�¿�²V´Tµ�ª�«`¶

·�¯°¿yµ�¯�²V´Ïµ Ã «Xµm­�²Vªm±(²V®�¨Ô³ËÑ�¨�· δ > 0
«P´�·Ø­�²Vªm¨�«P¿ Ã ¯°´Tµ�¨�ÊV¨�ª

k > 0
µ Ã ¨�ª�¨!¯�±ß«Ò±�ÀËÉ�±�¨yµ

Yk ⊂ X
±�À�¿ Ã µ Ã «Xµ diam(Yk) > k

«P´�·
radX(Yk) ≥ (

√

n
2(n+1)

+ δ)diam(Yk)
� �5¨yµ

?k

É:¨!µ Ã ¨!¿�¯°ª�¿�À�®�¿�¨�´Tµ�ª�¨�²P­ Yk

� §�¨yµ�µ�¯�´�Ê
λk = radX(Yk)

Ð�¯�µ$µ Ã ¨�´æ­�²P¬°¬°² Â ±$µ Ã «Xµßµ Ã ¨
«P±(Á�®�¾Ëµ�²Xµ�¯°¿$¿�²V´�¨

limω( 1
λk
X, ?k)

¾3²P±�±�¨�±�±(¨�±m«!±(À�É�±�¨yµ
limω(Yk)

ÂhÃ ¯°¿ Ã ­^«P¯�¬°±�µ�²
±�«Xµ�¯�±(­1Á
µ Ã ¨ n ¶�·�¯�®~¨�´�±�¯�²V´7«P¬ � À�´�Ê�¯°´�¨6w�À�«P¬°¯wµ�Á � º Ã ¨�¿�²V´Tµ�ª�«P·�¯°¿yµ�±�µ Ã ¨h³�ª�±(µ�¾7«Xª(µ�²P­:µ Ã ¨h±Rµb«Xµ�¨�®�¨�´TµÂhÃ ¯°¿ Ã
Ã «P±�«P¬�ª�¨�«P·ËÁ&É:¨�¨�´�¨�±(µ�«PÉ�¬°¯�± Ã ¨�· �
¹�±(±�À�®�¨�¿�²V´T©V¨�ª(±�¨�¬�ÁÍµ Ã «Xµ X Ã «X±~µ�¨�¬°¨�±�¿�²P¾�¯°¿
·�¯°®�¨�´Ë±�¯°²P´ > n

� º Ã ¨�´*Ð�ÉTÁ ã â ¬°¨�äVä Ð
º Ã ¨�²Pª�¨�® u���� å7µ Ã ¨�ª(¨�¨gÑ�¯°±(µ�±�«�±(¨�wFÀ�¨�´Ë¿�¨ (Yk, ?k)k≥0

²P­3¾3²P¯°´Tµ�¨�·~±(À�É�±�¨yµ�±�²P­
X
±�ÀË¿ Ã µ Ã «`µ

limω(Yk, ?k) = R
n+1 ��ü ´�¾7«Xª(µ�¯�¿�À�¬°«Pª diam(Yk)

µ�¨�´�·�±�µ�² ∞ Â ¯wµ Ã k «P´�· Â ¨�¿�²P´�¿�¬�À�·�¨ÉTÁ&µ Ã ¨�±�«P®~¨�«Pª(ÊVÀ�®�¨�´Tµ�«P±hÉ:¨�­�²Vª(¨ �
�Ý



mË� � �DÞ í�ç3í^ï?í�ëX�ß�7ñ=ï é/ë+�?èFì î.�?ì+µS��ëA�?ìuè���é��=ñ?ï?ò�
 ü ´ µ Ã ¯�±�±�À�É�±(¨�¿yµ�¯°²P´*Ð Â ¨EÉ�ª�¯�¨6��Á
±�ÌX¨�µ�¿ Ã µ Ã ¨h«P´�«P¬°²VÊPÀ�¨�±�²P­3º Ã ¨�²Vª�¨�® �V�nm ¯�´mµ Ã ¨h¿k«X±�¨h²P­3´�²V´�¶�ú�¨�ª(²,¿�À�ª(©X«Xµ�À�ª�¨hÉ:²VÀ�´�·Ë±�«X´�·
«P·�·�ª(¨�±(±�µ Ã ¨,¨6wFÀ7«P¬°¯wµ�Á&¿�«P±�¨ � §�¯�´�¿�¨�µ Ã ¨�ª(¨�±(À�¬�µ�±�«Pª(¨�´�²Pµ�À�±(¨�·�¯�´
µ Ã ¨�±�¨6w�ÀË¨�¬rÐ Â ¨,·Ë²~´�²Xµ
¾�ª�²�©�¯°·Ë¨�¿�²V®�¾�¬°¨yµ�¨Ú¾�ª(²�²X­�± �
Ù ²V¬°¬�² Â ¯�´�Ê Â ²Vª�·ßÉTÁ Â ²Pª�·mµ Ã ¨C¾�ª(²�²P­�²P­7º Ã ¨�²Vª�¨�® �V�Tm «X´�·mÀ�±(¯°´�Ê�µ Ã ¨	ª(¨�±(À�¬�µ�±J²P­4ã �?§Ëä u å

­�²Vª�²Pµ Ã ¨�ªh¿�ÀËª(©X«Xµ�ÀËª�¨�É3²PÀ�´�·�±�Ð7²V´�¨�²VÉËµ�«P¯°´�±	µ Ã ¨�­�²V¬°¬�² Â ¯°´�Ê �
+,ìué���é:òkí1ëuí^é:ñà�'
FÐ'
�
 ÅyÝ

X � Å�û CAT(−1)
þ�ÜËû�øbÅ�÷��
Ç�Åb÷`ÛÔÅyÝ^ýyùrø��Pù1ÛÔÅ��Ëþyùr÷��áûPÝ�ÛÔ÷�þyÝ

n
Æ 
 ÅyÝ

Y � ÅóûEþ�# � þ�ÅyÝ�÷�� X ÷��e�Pù^ûPÛÔÅyÝ�ÅyýÒûPÝ,ÛÔ÷�þyÝ
D
Æ§$'&7Å�� Ý�&7Å�ý(û.�Pù�#Fþ�÷��

Y
ù��

X
ù°þ � ÷�#�����Å��×û � ÷� PÅ � Þ rn(D)

*j�^&7Åyý�Å
rn(D)

��Å���÷`Ý�Å!Ý�&7Å!ý(û.�Pù�#Tþ�÷��!Ý�&7Å!ý�ÅrÇ�#�öwûPý
n
)�Pù1ÛÔÅ��Ëþyùr÷��:ûPöVþyù1Û�Ü:ö°Å"!

∆D

ù��ÔÝ�&7Å
n
)C�Pù1ÛÔÅ��Ëþyùr÷��:ûPöTýbÅ�ûPö¶&�ÞgÜ7Åyý � ÷`öÈùrø�þ�ÜËû�øbÅ Hn

÷��Ä�Pù^ûPÛÔÅyÝ|Åyý
D
Æ

�

ü ´dµ Ã ¨�¾:²V±�¯wµ�¯�©P¨�¬wÁÏ¿�À�ª(©P¨�· ¿�«P±�¨�²V´�¨�´�¨�¨�·�±
µ�²×«P±(±�À�®�¨�«�É3²VÀË´�·æ²V´Íµ Ã ¨!ª�«X·�¯°À�±ß¯�´
²Vª�·Ë¨�ªm­�²Vªmµ Ã ¨!É7«P¬�¬°±m¯�´Ów�ÀË¨�±(µ�¯°²V´æµ�²�É:¨!¿�²V´T©P¨yÑ � ¹�´Í«P·�·�¯wµ�¯°²P´7«P¬�µ�¨�¿ Ã ´�¯°¿�«P¬�·�¯�Ö�¿�À�¬�µ�Á
«Pª�¯�±�¨�±�­�ª(²V® µ Ã ¨�­^«P¿�µ�µ Ã ¨hµ Ã ¨ ÂhÃ ²V¬�¨�±(¾7«P¿�¨Ú®Ô«kÁ
É:¨�´�²P´�¶�¿�²V´Tµ�ª�«X¿�µ�¯�É�¬°¨h¯�´~µ Ã ¯°±�¿k«P±(¨PÐ�«X´�·
µ Ã ¨Ô±(µb«`µ�¨�®�¨�´Tµ
²P­��5¨�®~®~« � � � Ã «P±$µ Ã ¨�ª(¨�­�²Vª(¨&µ�²ÒÉ:¨!±�¬�¯°Ê Ã µ�¬�Á�®�²�·�¯w³7¨�·Ï¯°´Ïµ Ã «Xµß¿�«P±�¨ �
º Ã ¨�ª�¨�±�À�¬wµ�¯°´ËÊ�ª�«P·�¯�À�±�á�·Ë¯8«P®�¨�µ�¨�ª	¨�±(µ�¯�®Ô«`µ�¨Ú¯�±	µ Ã ¨�­�²V¬�¬°² Â ¯°´�Ê �
+,ìué���é:òkí1ëuí^é:ñ¸�¿
Y�'
1
 ÅyÝ

X � Å�û CAT(1)
þ�ÜËû�øbÅ�÷��Æ�Pù1ÛÔÅ��Ëþyùr÷�� ≤ n

Æ 
 ÅyÝ
Y � ÅÚûmþ�# � þ�ÅyÝ÷��

X
÷��Úøyù1ý�ø�#�Ûßý(û.�Pù�#Tþ

r < π
2

Æ�$'&7Å��&Ý�&7ÅÆ�Pù^ûPÛÔÅyÝ|ÅyýÚ÷��
Y
ù°þ�ûPÝ?ö°Å�û`þyÝ

sn(r)
*^�^&7Åyý�Å

sn(r)ù°þ�Ý�&7Å��Pù^ûPÛÔÅyÝ|Åyý$÷���Ý�&7Å�ý�ÅrÇ�#�öwûPýÚþyù1Û�Ü:ö°Å"!�÷���ý(û.�Pù�#Tþ
r
ù��ÒÝ,&7Å�ý�÷�#-���

Sn
Æ

p ÅyÛ�ûPý3q mË�¹x Æ ü ´$«�±(¯°®�¯°¬8«Xª Â «�Á�¯wµ=¿�«P´$É:¨�± Ã ² Â ´*Ð`µ Ã «Xµ?µ Ã ¨C«P±(±�À�®�¾Ëµ�¯°²V´ r = radX(Y ) <
π
2

¯°±	­�À�¬w³7¬°¬�¨�·�«P±h±(²�²V´
«P±
diam(Y ) < kn = arccos(−1/(n+ 1))

�
ü µ�¯°±�± Ã ² Â ´
¯°´óã �?§Ëä u å3µ Ã «`µ	­�²Vª�«m±(À�É�±�¨yµ Y ²P­?¿k«Pª(·�¯°´�«P¬°¯wµ�Á ≤ n+ 1

Ð�µ Ã ¨�¨�wFÀ7«P¬�¯�µ�Á�¯°´
º Ã ¨�²Pª�¨�® �V�Tm Ã ²V¬°·�±�¯�­{«P´�·�²V´�¬�Á&¯�­Jµ Ã ¨$¿�²V´T©V¨gÑ Ã À�¬�¬?²X­Jµ Ã ¨�±�¨$¾3²V¯�´Tµ�±h¯°±�¯°±(²V®~¨yµ�ª(¯°¿Úµ�²Ô«
ª�¨�ÊVÀ�¬8«Xª�Î�ÀË¿�¬°¯�·�¨k«X´×±(¯°®�¾�¬°¨gÑ � ¹�ª�ÊPÀ�¯°´�Ê
«P±�¯�´�µ Ã ¨
¾�ª�²�²P­�²P­�º Ã ¨�²Vª(¨�® �V�Tm ²V´�¨
²VÉËµ�«P¯°´Ë±
µ Ã «`µ	¯�­ X ¯°±C¬�²�¿�«P¬°¬wÁß¿�²P®~¾7«X¿�µkÐFµ Ã ¨Ú¯°´�¨6wFÀ7«P¬°¯wµ�Á�É3¨�¿�²V®�¨�±C«P´!¨�wFÀ7«P¬�¯�µ�Á�¯�­5«P´�·!²V´�¬wÁ�¯�­*µ Ã ¨
¿�²V´T©P¨yÑ Ã À�¬°¬*²X­ Y ¿�²P´Fµ�«P¯°´Ë±�«ßª(¨�ÊVÀ�¬°«Pª

n
¶�·�¯°®�¨�´Ë±�¯°²P´7«P¬*Î�À�¿�¬°¯�·�¨k«P´�±(¯°®�¾�¬°¨gÑ!²P­=·�¯8«X®~¨yµ�¨�ª

¨�wFÀ7«P¬:µ�²�µ Ã ¨�·�¯8«P®�¨�µ�¨�ª�²P­ Y �Jü ­ X ¯°±�´�²Pµ�¬°²�¿k«P¬�¬�Áß¿�²V®�¾7«P¿�µ�µ Ã ¨�±�«X®~¨�±(µb«`µ�¨�®�¨�´Tµ Ã ²V¬°·Ë±
­�²VªJµ Ã ¨�¿�²V´T©P¨yÑ Ã À�¬�¬Ë²P­/µ Ã ¨�À�¬�µ�ª�«P¾�ª(²�·ËÀ�¿�µ Y ω ⊂ Xω � §�¯°®�¯°¬°«Pª�¬wÁVÐ�µ Ã ¨h«P´7«P¬�²VÊV²VÀ�±=ª�¯�ÊV¯°·�¯wµ�Á±(µ�«Xµ�¨�®~¨�´Fµ�± Ã ²V¬°·!­�²Vª�±(¾7«P¿�¨�± Â ¯�µ Ã ²Pµ Ã ¨�ªh¿�À�ª(©X«Xµ�À�ª�¨�É:²VÀ�´�·�±�­�²Vª	µ Ã ¨�±�«P®�¨�ª�¨�«P±�²V´Ë± �

x���â�¢{�¿ã«ÇSäæåË¤=�?¥* 4¦1¢{��ËçÊ=�?£á :Ø�Ç:¦1¡èÖ�¡¿ÊJ£=¦�Ç/�? �åSÈ�¢'é
x��w�V�ÆÌ ìA�7ï?í^è�ñ3ë�êJé-Ãz
 õ ¨!ª(¨�¿k«X¬°¬	±(²V®~¨�É7«X±�¯°¿�±
«PÉ:²VÀËµ
ÊVª�«P·�¯°¨�´Tµ|�7² Â ±Ô«P±(±�²�¿�¯°«Xµ�¨�·æµ�²
¿�²V´T©P¨yÑ~­�À�´�¿�µ�¯°²V´Ë± �Jõ ¨�ª(¨�­�¨�ª�µ�²~ã t�«kÁËä�� å:­�²Pª�µ Ã ¨�ÊV¨�´�¨�ª�«P¬:¿k«X±�¨Ú«X´�·~µ�²Ôã �*Á�µ�¼.lP« å/­�²Vª�µ Ã ¨
±�¯�®~¾�¬�¨�ªÚ¿�«P±�¨
²P­1�5¯°¾�±(¿ Ã ¯�µ�ú
¿�²V´Tµ�¯�´FÀ�²VÀ�±�­�À�´�¿yµ�¯�²V´�±�Ä?²V´�¬wÁ�µ Ã ¨
¬8«Xµ(µ�¨�ª�¯�±�ª�¨�¬°¨�©X«P´Tµ�µ�²�²VÀËª
¾�À�ª(¾3²V±(¨�± ���¯w©V¨�´�«~¸C¹�º�»e¼T½�±�¾�«P¿�¨

X
Ð:«�®~«P¾

f : X → R
¯°±h¿k«P¬�¬°¨�· îVé:ñ�µ:è.ë ¯w­J¯wµ�±hª�¨�±(µ�ª�¯°¿yµ�¯�²V´

f ◦γ µ�²$¨�«P¿ Ã ÊV¨�²�·�¨�±�¯�¿ γ ¯°±�¿�²V´T©V¨yÑ � à	«P±(¯°¿�¨yÑË«P®�¾�¬°¨�±�²P­*¿�²V´T©V¨gÑÔ­�ÀË´�¿�µ�¯°²V´�±�²V´&¸C¹�º�»e¼T½±�¾7«X¿�¨�±h«Xª�¨�·Ë¯°±(µ�«P´�¿�¨�­�À�´�¿yµ�¯�²V´�±�µ�²m¾:²V¯°´Tµ�±�²Vª�µ�²m¿�²P´F©P¨yÑ&±�À�É�±(¨�µ�±�Ð/«P´�·&àCÀ�±�¨�®Ô«X´�´&­�À�´�¿g¶
µ�¯�²V´�±�ÐË±�¨�¨~ã à	Ó�äVä Ð ü�üb� �ß«P´�· ü�üb� �Xå ��5¨�µ

f
É3¨�«Ï¿�²V´Tµ�¯°´FÀ�²VÀ�±Ô¿�²V´T©V¨gÑ ­�ÀË´�¿�µ�¯°²V´ ²P´ «d¸C¹�º�»e¼V½�±�¾�«P¿�¨

X
� Ù ²Vª&«E¾3²V¯�´Tµ

p ∈ X
Ð*µ Ã ¨ �S�=ò�é:ÿ��4ë�èÏç:ìA�7ï?í�è�ñ:ë ²P­�µ Ã ¨
¿�²V´Ë¿k«k©V¨
­�À�´�¿yµ�¯°²P´ (−f)

«Xµ
p
¯°±�·Ë¨�³7´�¨�·ÏÉTÁ

µ Ã ¨�­�²Vª(®mÀ�¬°«

|∇p(−f)| = max
{

0, lim sup
x→p

f(p) − f(x)

d(p, x)

}

.ì



º Ã ¨�«PÉ�±�²P¬°ÀËµ�¨�ÊPª�«P·�¯�¨�´Tµ4¯°±?«h´�²V´�¶�´�¨�ÊV«Xµ�¯w©V¨PÐ`¾:²V±�±(¯°É�¬wÁ�¯°´Ë³�´�¯�µ�¨{­�À�´�¿�µ�¯°²V´ �=ü µ?¯°±4É:²VÀ�´�·Ë¨�·
«PÉ:²u©P¨EÉTÁ µ Ã ¨í�4¯�¾�±�¿ Ã ¯�µ�ú�¿�²V´�±(µ�«P´Tµ�¯w­ f ¯�±î�4¯�¾�±�¿ Ã ¯�µ�ú�¿�²V´Tµ�¯°´FÀ�²PÀ�± � ¹ ­�ÀË´�·7«P®�¨�´Tµb«X¬
²VÉ�Õ(¨�¿�µ�«Xµ(µb«P¿ Ã ¨�·óµ�²Ôµ Ã ¨$­�À�´Ë¿�µ�¯�²V´ f ¯°±�µ Ã ¨ ç/ìA�7ï?í^è�ñ3ë�ê=é�Ã ÂhÃ ¯°¿ Ã ¿�²V´�±�¯�±(µ�±Ú²P­�«&®~«P¾
φ : [0,∞) × X → X ÂhÃ ¯�¿ Ã Ð�¬�²�²V±(¨�¬wÁ�±�¾:¨k«PÌF¯°´ËÊ�Ð Ã «X±�µ Ã ¨$¾�ª(²V¾3¨�ª(µ�Á
µ Ã «`µ φ0 = Id

«P´�·
φt(x)

­�²V¬°¬�² Â ±Ú­�²Vª�¨k«P¿ Ã x µ Ã ¨
¾7«Xµ Ã ²P­�±(µ�¨�¨�¾:¨�±Rµm·�¨�±�¿�¨�´Tµm²P­ f ­�ª�²V®
x
� º Ã ¨
ÊVª�«P·�¯�¨�´Tµ�7² Â ¯�±{¯°´�·Ë¨�¨�·�«��7² Â ¯�´mµ Ã ¨�±(¨�´�±(¨�µ Ã «Xµ�¯wµ�±�«Xµ�¯°±R³7¨�± φs+t(x) = φs◦φt(x)
­�²Vª�«P¬°¬

x ∈ X
�

º Ã ¨
®~²P±(µ�¯�®~¾:²Vª(µ�«P´TµÚ¾�ª(²V¾:¨�ª(µ�ÁÒ²P­�ÊVª�«P·Ë¯°¨�´Tµ���² Â ±�Ð4²Vª�¯�ÊV¯°´7«X¬°¬�Á�²PÉ�±�¨�ª(©V¨�·EÉTÁ°��¬8«P·Ë¯°®�¯°ª
§ Ã «Pª�«X­�ÀËµ�·�¯°´�²�© ã ïË«Pª u�u å�¯°´æµ Ã ¨ h ¯°¨�®Ô«P´Ë´�¯8«P´d¿�²V´Tµ�¨gÑ�µ�Ð�¯°±
µ Ã «`µ�µ Ã ¨e��² Â φt

¯�± ò�è�êÏí1�
îVé:ñ3ë�ìA�7îPëuí^ñ?ç ��ü ´
²Pµ Ã ¨�ª Â ²Vª(·�±�Ð7­�²Vªh¨k«X¿ Ã t ≥ 0

Ð7µ Ã ¨�®Ô«P¾ φt : X → X
¯°±

1
¶J�5¯°¾�±(¿ Ã ¯�µ�ú

»^±(¨�¨�ã �*ÁFµb¼�lP« Ð�º Ã ¨�²Vª(¨�® �V�nu å8½ �Jõ ¨�ª�¨�­�¨�ª	µ�²�ã t�«kÁ�ä�� å*²Vª�ã �*ÁFµb¼.lP« ÐW�bäXå�­�²Vª	®�²Vª�¨Ú·Ë¨�µb«X¯°¬°±
«P´�· Ã ¯°±Rµ�²Vª(¯°¿�«P¬�¿�²V®~®�¨�´Tµ�± �
p ÅyÛ�ûPý3q x��w� Æ¿©Úª�¯°ÊP¯°´7«P¬�¬�ÁPÐkµ Ã ¨	ÊPª�«P·�¯�¨�´Tµ{¬�¯°´�¨�±J«X´�·��7² Â ± Â ¨�ª�¨C·�¨�³7´Ë¨�·ß­�²VªJ¿�²V´�¿�«�©P¨	­�À�´�¿g¶
µ�¯�²V´�±�ÉTÁÒ§ Ã «Pª�«X­�ÀËµ�·�¯°´�²�©Eã ïË«Pª u�u åJ¯�´�µ Ã ¨m¿k«P±(¨m²P­�®~«P´�¯w­�²V¬°·�±�Ä7µ Ã ¨yÁó«Pª(¨m«P¬�±�²&¿�²V®~®�²V´�¬wÁ
À�±�¨�·á­�²Vª
±(¨�®�¯w¶�¿�²V´�¿�«�©P¨Ø»�É�ÀËµ~´�²Pµ�±�¨�®~¯�¶�¿�²V´T©V¨yÑ�½m­�À�´�¿yµ�¯°²P´�± � t�²Vª�¨�²�©V¨�ª�µ Ã ¨
ÊVª�«P·�¯°¨�´Tµ
À�±�À�«P¬°¬wÁmª�¨�¾�ª�¨�±�¨�´Fµ�±�µ Ã ¨h·�¯°ª(¨�¿yµ�¯°²P´ß²P­3µ Ã ¨h®Ô«uÑË¯�®Ô«X¬�ÇPý�÷���Ý�&�²P­3µ Ã ¨	­�À�´�¿yµ�¯�²V´
ª�«Xµ Ã ¨�ª�µ Ã «P´
¯�µ�±�®Ô«`Ñ�¯�®Ô«P¬W��Åbø�ûPÞ � º Ã ¯°±�¨gÑ�¾�¬8«P¯�´�±{µ Ã ¨�±(¬°¯�Ê Ã µ�¬�Á,¿�ÀË®mÉ3¨�ª�±(²V®~¨h´�²Xµb«Xµ�¯°²V´ |∇x(−f)| µ Ã «XµÂ ¨�À�±(¨ Ã ¨�ª�¨ �
Ù ²VªJ¨�«P¿ Ã x ∈ X

µ Ã ¨ ç:ìA�7ï?í�è�ñ:ë�î.�?ì+µ:è t 7→ φt(x)
²P­
f Ã «P±{µ Ã ¨	­�²V¬°¬�² Â ¯�´�Ê�¾Ëª�²V¾:¨�ªRµ�¯°¨�±»e«P´Ë·
¯�±hÀ�´�¯FwFÀ�¨�¬�ÁÔ¿ Ã «Pª�«X¿�µ�¨�ª�¯�±�¨�·
ÉTÁ!µ Ã ¨�®&½ �

» � ½,º Ã ¨&¿�À�ª(©P¨ t 7→ φt(x)
Ã «P±$©P¨�¬°²�¿�¯wµ�Á |φt(x)

′| = |∇φt(x)(−f)| ­�²Vª$«P¬°®�²V±(µ$«P¬�¬
t ≥ 0

�
»U�P½,º Ã ¨�ª�¨�±Rµ�ª(¯°¿�µ�¯°²V´ t 7→ f(φt(x))

²P­
f
µ�²�µ Ã ¨�ÊPª�«P·�¯�¨�´Tµ�¿�À�ªR©V¨�¯°±�¿�²P´F©P¨yÑ �!Ù À�ª|¶

µ Ã ¨�ª�®�²Vª�¨�¯wµ�±�«`µ�¯°±R³7¨�± (f ◦ φt(x))
′ = −|∇φt(x)(−f)|2 �õ ¨�·Ë¨�³7´�¨�µ Ã ¨ µ:è�ÿ�é5îTí�ëX�dé�ð�è�òkî��S��è ²P­?µ Ã ¨��7² Â φt

«Xµ�µ Ã ¨�¾:²V¯°´Tµ x ∈ X
ÉFÁ

lim sup
t→∞

d(x, φt(x))

t
.

§�¯°´Ë¿�¨�µ Ã ¨j�7² Â φt

¯�±�±(¨�®�¯w¶�¿�²V´Tµ�ª�«P¿�µ�¯°´�ÊËÐ�µ Ã ¨,¬°¯°® ±�À�¾Ò¯�´
µ Ã ¨m«XÉ3²�©V¨,·�¨�³�´�¯�µ�¯°²V´
®Ô«kÁ�É:¨
ª�¨�¾�¬8«P¿�¨�·æÉTÁæ«óÀ�±�À�«P¬�¬°¯�®~¯wµ � t�²Vª(¨�²�©V¨�ª�ÐC¯wµ
·�²�¨�±ß´�²Pµ
·Ë¨�¾:¨�´�·á²V´dµ Ã ¨!±Rµb«PªRµ�¯°´ËÊ×¾:²V¯�´Fµ
x
� º Ã ¨m­�²V¬°¬�² Â ¯�´�ÊÔ±Rµb«Xµ�¨�®�¨�´Tµ�¯�±�«P´�«P¾�¾Ë¬°¯°¿�«Xµ�¯�²V´�²X­�µ Ã ¨m®~«P¯°´�ª�¨�±(À�¬�µÚ²P­�ã â t�äVä åh»�µ�²�«
·�¨�µ�¨�ª(®~¯�´�¯°±Rµ�¯°¿�±�¨�µ(µ�¯�´�ÊF½ �
+,ìué���é:òkí1ëuí^é:ñsñ:
YÐ'
�
 ÅyÝ

f � Å�û!øb÷��� PÅ"! 
 ùsÜ7þ�ø3&�ù1ÝFÀ��X#-��øyÝeùr÷���÷��Òû,¸C¹�º�»e¼T½�þ�ÜËû�øbÅ X ÆÄ¯,�
ε = infx∈X |∇x(−f)| > 0

Ý�&7Å��ØÝ�&7Åyý�Å
ù°þ~ûe#-�7ù ~ #/Å�Ü7÷`ù��7Ý ξf ∈ ∂X
þ�#7ø3&�Ý,&ËûPÝ¿�k÷`ý�ûPö1ö

x ∈ X
Ý,&7Å�ÇPý(û.�PùrÅ��7Ý	ø�#�ýX PÅ

φt(x)
��Å,����Å�� � Þ f øb÷��� PÅyýeÇ�Åbþ�Ý�÷

ξf
�k÷`ý

t→ ∞ Æ
p ÅyÛ�ûPý3q x��Tm Æ ü ´ ¾7«PªRµ�¯�¿�À�¬°«Pª�Ð�µ Ã ¨�¨yÑ�¯°±Rµ�¨�´�¿�¨Ò²X­�«×­�À�´Ë¿�µ�¯�²V´ f

«P±~¯°´ k ª(²V¾:²V±�¯wµ�¯°²P´ x�� �
¯°®�¾�¬°¯�¨�±�µ Ã «Xµ�µ Ã ¨�¯°·�¨�«P¬*É:²VÀ�´�·�«Pª(Á!²X­ X ¯°±h´�²P´�¶�¨�®~¾Ëµ�Á �
º Ã ¨�­�²P¬°¬°² Â ¯�´�Ê�¿�²V´Ë±(µ�ª(À�¿�µ�¯°²V´~·�À�¨�µ�²$¹�´Tµ�²V´ k ¨�µ�ª�À�´Ë¯°´&± Ã ² Â ±�µ Ã «Xµ�µ Ã ¨�¿�²V´�¿�¬°À�±(¯°²V´�²P­k ª�²V¾:²V±�¯wµ�¯�²V´ x�� � ­^«X¯°¬°± Â ¯�µ Ã ²VÀËµ�«ßÀ�´�¯w­�²Vª�® ¬°² Â ¨�ª�É3²PÀ�´�·
²V´!µ Ã ¨�«PÉ�±(²V¬°À�µ�¨�ÊVª�«X·�¯°¨�´Fµ �

½ !FûPÛ�Ü:ö°Å x��¹x Æ�¸ Ã ²�²V±(¨Ô«P´Ï«P¿�À�µ�¨&«X´�ÊV¬°¨
¯�´
R

2
¨�´�¿�¬°²V±(¨�·ÏÉTÁ�µ Â ²Òª�«kÁ�± γ±(t) = t · v±¨�®~«P´7«Xµ�¯°´�ÊØ­�ª(²V® µ Ã ¨�²Vª�¯�ÊV¯°´ � �5¨�µ

fn(w) = 〈w, xn〉
É:¨�¬°¯�´�¨k«Pª~®Ô«X¾�±!²V´

R
2
±�À�¿ Ã

µ Ã «`µ$µ Ã ¨Ô­�²V¬°¬�² Â ¯°´�Ê�¿�²P´�·�¯�µ�¯°²V´Ë± Ã ²V¬�· �ÒÙ ¯°ª�±RµkÐ?­�²Vªm«P¬�¬ n Ð Â ¨&ª�¨6w�ÀË¯°ª�¨~µ Ã «Xµ 〈xn, v
±〉 É:¨¾3²P±�¯�µ�¯�©P¨ �{Ù ²Vª�²�·�·�»^ª(¨�±(¾ � ¨�©P¨�´/½

n
ÐTµ Ã ¨h·�¯°ª(¨�¿�µ�¯°²V´ v+

»^ª(¨�±(¾ �
v−
½J¯°±�É:¨�µ Â ¨�¨�´ xn

«P´�·
v−»^ª(¨�±�¾ �

xn

«X´�·
v+ ½ � t�²Vª(¨�²�©V¨�ª�Ð5µ Ã ¨ß±�¨�wFÀ�¨�´�¿�¨ (xn)

±�«Xµ�¯�±(³7¨�±Úµ Ã ¨ßª(¨�¿�ÀËª�±�¯w©V¨ß¿�²V´�·�¯wµ�¯°²P´
〈xn, v

−〉 = 〈xn−1, v
+〉 ­�²Vªh¨�©V¨�´ n «X´�· 〈xn, v

+〉 = 〈xn−1, v
−〉 ­�²Vªh²�·�· n ��Ù ¯°´�«P¬°¬wÁVÐ Â ¨ª�¨6w�ÀË¯°ª�¨�µ Ã «`µ,µ Ã ¨~¬�¨�´�ÊXµ Ã ‖xn‖

µ�¨�´�·�±�µ�²
0
«P±
n
µ�¨�´�·�±,µ�²�¯�´Ë³7´�¯wµ�Á �!ü µ,¯°±�¨k«P±RÁEµ�²�±(¨�¨

µ Ã «`µh±�À�¿ Ã «
±(¨�wFÀ�¨�´�¿�¨ (xn)
¨gÑ�¯°±(µ�± � ò



r�² Â ¬°¨yµ
p1 = v−

«P´Ë·ó·�¨�³7´Ë¨�¯�´�·�À�¿yµ�¯w©V¨�¬wÁ
pn

²V´
γ+

»^ª(¨�±(¾ �
γ−
½�­�²Pª

n
¨�©P¨�´ð»^ª(¨�±�¾ �

²�·Ë·/½Jµ�²�É3¨�µ Ã ¨�¾:²V¯°´Tµ�±�ÀË¿ Ã µ Ã «Xµ pn−pn−1

¯°±�¾7«Pª�«P¬°¬�¨�¬Ëµ�²
xn

� º Ã ¯�±5Õ(À�±Rµ�®~¨�«P´�±�µ Ã «Xµ pn«Pª�¯�±�¨�±�­�ª�²P®
pn−1

ÉTÁ
­�²V¬°¬�² Â ¯°´�Êßµ Ã ¨$ÊVª�«P·�¯°¨�´TµÆ�7² Â ²P­{µ Ã ¨ß«XÖ�´�¨&»e«P´Ë· Ã ¨�´Ë¿�¨m¿�²V´�¿k«k©P¨�½
­�À�´�¿yµ�¯°²P´

fn

�Ò�¨�³�´�¨!µ Ã ¨�´FÀ�®mÉ:¨�ª(± Cn

ÉFÁ
C0 = 0

«P´�·
fn(pn+1) − fn+1(pn+1) = Cn+1 − Cn

�
¸C²V´�±(¯°·�¨�ª
µ Ã ¨E¿�²V´�¿�«�©P¨E­�À�´Ë¿�µ�¯�²V´ f(x) = inf(fn(x) + Cn)

� ©Ú´�¨×©P¨�ª(¯�³7¨�±
µ Ã «Xµ�²V´
µ Ã ¨�ÊV¨�²�·�¨�±�¯°¿
±�¨�ÊV®�¨�´Tµ (pn, pn+1)

µ Ã ¨�­�À�´�¿yµ�¯�²V´ f
¿�²V¯�´�¿�¯�·�¨�± Â ¯�µ Ã fn

»^¯�´Í­^«P¿yµ&²V´ð«
´�¨�¯�Ê Ã É3²PÀ�ª Ã ²�²�·~²P­*«P¬°¬Ë¾3²V¯�´Tµ�±�¨yÑ�¿�¨�¾Ëµ pn+1

½ � Ó�¨�´Ë¿�¨�µ Ã ¨�±�¨�ÊP®~¨�´Fµ4Õ(²V¯°´Ë¯°´�Ê pn

µ�²
pn+1

¯�±
¾7«PªRµ	²P­4«,ÊVª�«P·Ë¯°¨�´Tµ�¿�À�ªR©V¨Ú²X­

f
� º Ã ¨�ª�¨y­�²Vª�¨�µ Ã ¨Ú«X¾�¾�ª�²P¾�ª�¯°«Xµ�¨�¬�Á
¾7«Pª�«P®�¨�µ�ª(¯°±(¨�·Ô¾Ë¯°¨�¿�¨ Â ¯�±�¨

¯°´Ë³�´�¯�µ�¨ÚÊV¨�²�·�¨�±�¯°¿
γ
ª�ÀË´�´�¯°´ËÊ
µ Ã ª�²PÀ�Ê Ã «P¬°¬ pi

¯°±h«ßÊVª�«P·�¯°¨�´Tµ�¿�À�ªR©V¨�²P­
f
��ü µh¯°±C¿�¬°¨�«Pª	µ Ã «Xµ

É3²Xµ Ã v− «P´Ë·
v+

»e«P´�·�«X¬°¬4À�´�¯wµ�©V¨�¿�µ�²Vª�±�É:¨�µ Â ¨�¨�´�µ Ã ¨�®Ô½�¿�²V´�±�¯�·�¨�ª(¨�·�«P±�¾3²P¯°´Tµ�±Ú¯�´�µ Ã ¨
¯°·�¨�«P¬*É:²VÀ�´�·�«Pª(Á�«Xª�¨�«P¿�¿�À�®mÀË¬8«Xµ�¯°²V´!¾:²V¯°´Tµ�±�²P­

γ
«Xµh¯°´�³7´�¯�µ�Á �

Ñ ýb÷�÷��,÷�� Ñ ý�÷bÜ7÷�þyù1Ý^ùr÷�� ó:ÆFô Æ Ù ª�²V® µ Ã ¨�«P±�±(À�®~¾�µ�¯°²P´Ôµ Ã «`µ ε = infx∈X |∇x(−f)| > 0
Ð Â ¨

·�¨�·ËÀ�¿�¨�µ Ã «Xµ f(φt(x)) − f(x) ≤ −ε2t
­�²Vª�«P¬�¬

x ∈ X
��ü ´�©�¯�¨ Â ²P­ k ª�²V¾:¨�ªRµ�Á×»U�V½C²X­?µ Ã ¨

ÊVª�«X·�¯°¨�´Fµ�¿�ÀËª(©V¨�ª(¨�¿�«P¬°¬�¨�·&«XÉ3²�©V¨�«P´�·Ôµ Ã ¨�­^«P¿yµ�µ Ã «Xµ f ¯�±Ä�5¯°¾�±(¿ Ã ¯�µ�úPÐ Â ¨�·�¨�·�ÀË¿�¨Úµ Ã «Xµ�µ Ã ¨©V¨�¬°²�¿�¯�µ�ÁÔ²P­=¨�±�¿�«P¾:¨,²P­?µ Ã ¨�ÊPª�«P·�¯�¨�´Tµh¿�ÀËª(©V¨�¯°±�±Rµ�ª(¯°¿�µ�¬�ÁÔ¾3²V±(¯�µ�¯�©V¨ �
¹�´m¯�®~¾:²VªRµb«P´Tµ?¿�²V´Ë±�¨�wFÀ�¨�´�¿�¨h²P­5ã â t�äVä ÐVº Ã ¨�²Pª�¨�®õ� �w� å�¯°±4µ Ã «Xµ{«P´TÁ$±(¨�®�¯w¶�¿�²V´Tµ�ª�«P¿�µ�¯°´�Ê

®Ô«X¾
F : X → X

²P­h«�¿�²V®�¾�¬°¨yµ�¨~¸C¹�º�»e¼T½�±�¾�«P¿�¨
X Â ¯�µ Ã ±Rµ�ª(¯°¿�µ�¬�Á�¾:²V±�¯wµ�¯w©V¨ß©V¨�¬°²�¿�¯�µ�Á

²P­	¨�±�¿�«P¾3¨
lim supn→∞

d(p,F n(p))
n

Ã «P±�µ Ã ¨~­�²P¬°¬°² Â ¯�´�Ê!¿�²V´T©P¨�ª�ÊP¨�´�¿�¨!¾�ª�²V¾:¨�ªRµ�Á�Ômº Ã ¨�ª(¨Ô¯�±
«�À�´Ë¯FwFÀ�¨�¾3²V¯�´Tµ

ξF
¯�´×µ Ã ¨~¯�·�¨k«X¬�É:²VÀ�´Ë·7«Pª(Á ∂X ²P­

X
Ð=±�À�¿ Ã µ Ã «Xµ�­�²Vª,«P¬°¬ p ∈ X

µ Ã ¨
±�¨6w�ÀË¨�´�¿�¨

pn = F n(p)
¿�²P´F©P¨�ª(ÊV¨�±Úµ�²

ξF
¯°´�µ Ã ¨m¿�²V´�¨,µ�²V¾:²V¬°²VÊXÁ �hü ´�©�¯°¨ Â ²P­�µ Ã ¨$«PÉ:²u©P¨

·�¯°±(¿�À�±(±�¯�²V´*Ð Â ¨&«Xª�¨�¯°´E«
¾:²V±�¯wµ�¯�²V´×µ�²�«X¾�¾�¬�Áóµ Ã ¯°±�ª(¨�±�ÀË¬�µ�µ�² F = φ1

Ð4­�ª�²V® ÂhÃ ¯�¿ Ã µ Ã ¨
·�¨�±(¯°ª(¨�·
¿�²V´�¿�¬°À�±(¯°²V´!­�²V¬�¬°² Â ± �

�x�� � � �!ò6�4ê¸�4ë�é7ëuí^î!òkÿ�é���èe�7ñ?ï¾��ìA�7ï?íÙ�?ò
è�òyëuíeê��Ëë�è�
 Ù ¯�´7«P¬�¬�Á Â ¨�ª(¨�¿k«X¬°¬5«P´
²VÉ�±(¨�ªR©P«u¶
µ�¯�²V´�²P­	Î�É:¨�ª(¬°¨�¯�´á»(ã Î�É:¨kä o årÐ=§�¨�¿�µ�¯°²V´ x��w� ½Ú«PÉ:²VÀËµ�µ Ã ¨~±(¯°ú�¨
²P­�µ Ã ¨�±(¨�µ,²P­�¾3²V¯�´Tµ�±�¯°´óµ Ã ¨
¯°·�¨�«P¬*É:²VÀ�´�·�«Pª(Á Â ¯wµ Ã ´�¨�ÊT«Xµ�¯w©V¨�«P±RÁ�®�¾Ëµ�²Pµ�¯�¿Ú±�¬�²V¾3¨�± ��5¨�µ

f : X → R
É3¨!«Ò¿�²V´Tµ�¯�´�ÀË²VÀ�±m¿�²V´T©V¨yÑØ­�À�´�¿�µ�¯°²V´ ��Ù ²Pª,¨�«P¿ Ã ÊV¨�²�·�¨�±(¯°¿&ª�«kÁ

γ :
[0,∞) → X

²V´Ë¨�·Ë¨�³7´�¨�±�µ Ã ¨ �7ò6�4ê��?ë�é7ëuí^î×òkÿ^é���è ²P­ f ²V´
γ
ÉFÁ

limt→∞(f ◦ γ′(t)) �º Ã ¯°±h·�¨y³7´�¨�±�«�´FÀ�®$É3¨�ª�¯�´ (−∞,+∞] ÂhÃ ¯°¿ Ã ·�¨�¾:¨�´Ë·�±�²V´Ë¬�Á!²V´�µ Ã ¨,¾:²V¯°´Tµ�«Xµ�¯�´Ë³7´�¯wµ�Á
γ(∞) ∈ ∂X

� º Ã À�±�²V´�¨ß²PÉËµb«P¯�´�±�«Ô­�À�´Ë¿�µ�¯�²V´ slopef : ∂X → (−∞,+∞]
� ©�´Ë¨ß±�«kÁ�±

µ Ã «`µC«�¾:²V¯°´Tµ ξ ∈ ∂X
¯°±
f
��êÏé:ñ4é/ëké3ñ4è ¯w­

slopef (ξ) ≤ 0
� º Ã ¯°±�¯°±�¨6wFÀ�¯�©X«P¬�¨�´Tµ�µ�²�±�«kÁ�¯°´�Ê

µ Ã «`µ{µ Ã ¨�ª(¨�±Rµ�ª�¯�¿�µ�¯°²V´ß²P­ f µ�²,«X´TÁmª�«kÁm«P±(Á�®�¾Ëµ�²Pµ�¯°¿Cµ�² ξ ¯°±J´�²V´�¶�¯°´�¿�ª�¨k«X±�¯°´ËÊ � ©Ú´�¨�·�¨�´�²Pµ�¨�±µ Ã ¨�±(¨�µ�²P­J«P¬°¬ f ¶�®�²V´�²Pµ�²V´�¨Ú¾:²V¯�´Fµ�±�ÉTÁ Xf(∞).
 �è�êØê��èñ:
Y�'
Æ
 ÅyÝ

f � Å�û�øb÷��� PÅ"! 
 ùsÜ7þ�ø3&�ù1Ý¥ÀD�X#���øyÝ^ùr÷��Í÷��dûóøb÷`Û�Ü:ö°ÅyÝ�Å�¸C¹�º�»e¼V½ßþ�ÜËû�øbÅ
X

þ�#/ø3&áÝ�&ËûPÝ
infx∈X |∇x(−f)| > 0

Æö$'&7Å��°�k÷`ýóÅ�û�ø3&óÜ7÷`ù��7Ý
ξ ∈ Xf(∞)

*ç�CÅ�&Ëû� PÅ
dTits(ξ, ξf) ≤ π

2

*��^&7ÅyýbÅ
ξf

ù°þ�Ý�&7Åmø�û���÷��7ùrø�ûPö�Ü7÷`ù��7Ý*Ü:ý�÷� �ù���Å�� � Þ Ñ ý�÷bÜ7÷�þyù1Ý^ùr÷�� ó:ÆFô ÆÑ ýb÷�÷���Æ�Î�É:¨�ª�¬�¨�¯�´'�o±�«Pª(ÊVÀ�®�¨�´Tµ�­�²Vª�µ Ã ¨�¾�ª(²�²P­�²P­Úã Î�É:¨kä o Ð k ª�²V¾:²V±(¯�µ�¯�²V´ x��w�V��� å�» ÂhÃ ¯�¿ Ã ¯�±
«P¬°±(²mª�¨�¾�ª�²�·�À�¿�¨�·�¯°´~µ Ã ¨Ú¾Ëª�²�²P­4²P­�ã Ù rÚ§Ë¼ o ÐËº Ã ¨�²Vª�¨�® �V�w� å8½�± Ã ² Â ±�Ð�µ Ã «`µC­�²Vª�«X´FÁ p ∈ X«P´�·ó«X´FÁ�±�¨6wFÀ�¨�´�¿�¨

ti
Ð:±�À�¿ Ã µ Ã «Xµ φti(p)

¿�²V´T©P¨�ª�ÊP¨�±Úµ�²Ô±�²V®�¨$¾:²V¯°´Tµ
ξ ∈ ∂X

Ð�µ Ã ¨,º�¯�µ�±R¶
·�¯°±Rµb«P´Ë¿�¨�É3¨yµ Â ¨�¨�´ ξ «P´�·�«P´TÁ!²Pµ Ã ¨�ªh¾3²P¯°´Tµ ψ ∈ X

¯�±�«`µh®~²V±Rµ
π
2

�
�x��TmË� ���4èÏò6�Q�7îVè�é�ð�îVé:ñ�µ:è.ë¾ðJ�?ñ=îPëuí�é:ñ=ò8
 k ¯°¿bÌ�«~É7«P±(¨$¾:²V¯°´Tµ

o ∈ X
� Ò�¨�´�²Xµ�¨mÉTÁ C0µ Ã ¨!±(¨�µ�²P­�«P¬°¬ 1

¶J�4¯�¾�±�¿ Ã ¯�µ�úÔ¿�²V´T©V¨gÑæ­�À�´�¿yµ�¯°²P´�±
f
²V´

X Â ¯�µ Ã f(o) = 0
�Ïõ ¨&©�¯°¨ Â ¯�µ

«P±m±(À�É�±�¨yµ
²P­�µ Ã ¨&¬°²�¿k«P¬�¬�Á�¿�²V´T©V¨gÑdµ�²P¾3²V¬�²VÊV¯�¿k«P¬{©P¨�¿�µ�²Vªm±(¾7«P¿�¨ B ²P­�«P¬°¬�­�À�´Ë¿�µ�¯�²V´�±
f
²V´

X Â ¯wµ Ã f(o) = 0
Ð ÂhÃ ¨�ª�¨�µ Ã ¨
¬°«Xµ�µ�¨�ª�¯°±�¿�²V´�±�¯�·�¨�ª(¨�· Â ¯�µ Ã µ Ã ¨�µ�²V¾3²P¬°²VÊPÁ�²P­	¾:²V¯�´Fµ Â ¯�±�¨

¿�²V´T©P¨�ª�ÊP¨�´�¿�¨ � º Ã ¨Ò±�À�ÉË±�¨�µ C0

®~«kÁdµ Ã À�±~É3¨�¿�²V´�±(¯°·�¨�ª�¨�· «P±&«×¿�¬�²V±�¨�·ð±�ÀËÉ�±�¨yµ!²P­Úµ Ã ¨
¯°´Ë³�´�¯�µ�¨�¾�ª�²�·�À�¿yµ ∏

x∈X Ix
Ð ÂhÃ ¨�ª�¨ Ix

¯�±	µ Ã ¨�¯°´Tµ�¨�ª(©X«P¬ Ix = [−d(o, x), d(o, x)] � §�¯°´�¿�¨�«÷



¿�²V´T©P¨yÑ~¿�²V®$É�¯°´7«`µ�¯°²P´ß²P­*¿�²V´T©V¨yÑ
1
¶��5¯°¾�±(¿ Ã ¯�µ�ú�­�À�´�¿�µ�¯°²V´Ë±�¯�±�¿�²V´T©P¨yÑ&«P´�· 1

¶��5¯°¾Ë±�¿ Ã ¯wµ�úPÐVµ Ã ¨
±�¨yµ C0

¯�±h«ß¿�²V´T©V¨gÑ�¿�²V®�¾7«P¿yµh±�À�É�±(¨�µ�²P­ B �º Ã ¨&¯�±�²V®�¨�µ�ª(ÁEÊVª�²VÀË¾ G = Is(X)
²P­
X

«P¿yµ�±m¿�²V´Tµ�¯°´FÀ�²PÀ�±�¬wÁØ²V´ B ÉTÁ
g · f : x 7→

f(gx)− f(go)
«P´�·&¾Ëª�¨�±(¨�ªR©V¨�±	µ Ã ¨�±�À�É�±(¨�µ C0

� ¸C²P´�±�¯�·�¨�ª�µ Ã ¨�®Ô«X¾ i : X → C0

ÊV¯w©V¨�´ÔÉFÁ
i(x) := d̄x

Ð ÂhÃ ¨�ª(¨ d̄x

¯�±Cµ Ã ¨�´�²Vª�®~«P¬�¯°ú�¨�·Ô·�¯�±(µ�«P´�¿�¨Ú­�ÀË´�¿�µ�¯°²V´ d̄x(y) = d(x, y)− d(x, o)
�r�²Pµ�¨�µ Ã «Xµ�µ Ã ¨�®Ô«X¾ i ¯�± G ¶�¨�wFÀ�¯w©P«Xª�¯8«X´Fµ �{ü ´
¾7«Pª(µ�¯°¿�À�¬8«Pª�Ð�µ Ã ¨�±�À�É�±(¨�µ C = i(X) ⊂ C0

«P±
Â ¨�¬°¬:«P±�¯�µ�±�¿�¬°²V±(À�ª�¨�«P´�·~¿�¬�²V±�¨�·Ô¿�²P´F©P¨yÑ Ã À�¬°¬:«Pª(¨ G ¶�¯�´T©P«Xª�¯8«X´Fµ �=ü ­ X ¯�±�¬�²�¿�«P¬°¬wÁ$¿�²V®~¾�«P¿�µ�Ð
µ Ã ¨�´ C ¿�²V´�±(¯°±Rµ�±�¾�ª�¨�¿�¯�±�¨�¬wÁÒ²P­�´�²Vª(®Ô«X¬°¯°ú�¨�·Ò·Ë¯°±(µ�«P´�¿�¨~«X´�·×àCÀ�±�¨�®Ô«X´�´×­�ÀË´�¿�µ�¯°²V´�±�²P´

X
Ð

«P´�·×¯°±�µ Ã À�±�´�²Pµ Ã ¯°´ËÊ
ÉËÀËµ,µ Ã ¨ß©�¯°±�À�«P¬�¿�²V®�¾7«P¿yµ�¯w³7¿k«Xµ�¯°²V´�²P­ X � Ó�² Â ¨�©V¨�ª�Ð{¯w­ X ¯°±�´�²Xµ
¬°²�¿k«P¬�¬�Á�¿�²V®~¾�«P¿�µ�Ð�µ Ã ¨�´ C̄ ®~«�Á�É:¨ß®mÀ�¿ Ã ¬8«Pª(ÊV¨�ª�Ð*«P´Ë·�µ Ã ¨m¿�²V´T©V¨�ª(ÊV¨�´Ë¿�¨�¯°´ C0

®~«kÁ�É:¨
ª�«Xµ Ã ¨�ª�±Rµ�ª�«P´�ÊV¨ �
½ !FûPÛ�Ü:ö°Å x��To Æ��4¨yµ

X ′
É3¨�«�±�¨�¾7«Pª�«XÉ�¬°¨�Ó�¯°¬°É:¨�ªRµ5±�¾�«P¿�¨ Â ¯�µ Ã ²Pª�¯°ÊP¯°´ o «P´Ë·$«P´�²VªRµ Ã ²P´�²Vª(®Ô«P¬É7«P±(¨ {en}n≥0

� º Ã ¨�´�µ Ã ¨�±�¨6wFÀ�¨�´�¿�¨ d̄nen

¿�²P´F©P¨�ª(ÊV¨�±�¯°´ C0

µ�²ßµ Ã ¨�¿�²V´�±Rµb«P´Tµh­�À�´�¿yµ�¯�²V´ �
½ !FûPÛ�Ü:ö°Å x��nu Æ��4¨yµ

X ′′
É3¨$«~®�¨�µ�ª�¯°¿�µ�ª(¨�¨,¿�²V´�±(¯°±Rµ�¯°´ËÊÔ²P­�«�±�¯°´ËÊV¬°¨�©V¨�ª(µ�¨gÑ

o
­�ª�²V® ÂhÃ ¯°¿ Ã

¨�®~«P´7«Xµ�¨!¿�²VÀË´Fµ�«PÉ�¬wÁØ®~«P´TÁØ¯°´�³7´�¯�µ�¨!ª�«kÁ�±
ηn

�dü ´Í²Xµ Ã ¨�ª Â ²Vª(·�± X ′′
¯°±$µ Ã ¨
Î�À�¿�¬�¯°·�¨�«P´

¿�øV´Ë¨�²�©P¨�ª�«�·�¯�±�¿�ª�¨�µ�¨�¿�²VÀ�´Tµ�«PÉ�¬�Á�¯�´Ë³7´�¯wµ�¨Ú±(¨�µ � �5¨�µ
bn
·�¨�´Ë²Pµ�¨�µ Ã ¨�àCÀË±�¨�®~«P´�´�­�À�´�¿yµ�¯�²V´

«P±�±(²�¿�¯8«Xµ�¨�· Â ¯�µ Ã ηn

� º Ã ¨�´ bn
¿�²V´T©V¨�ª(ÊV¨�¯°´ C0

µ�²ßµ Ã ¨�·�¯°±Rµb«P´�¿�¨�­�À�´�¿�µ�¯°²V´ do

�
õ ¨,¨�®�¾ Ã «P±(¯°ú�¨$µ Ã «`µ�µ Ã ¨m¿ Ã ²V¯�¿�¨m²P­�µ Ã ¨mÉ7«X±�¨m¾:²V¯°´Tµ o ·�²�¨�±�´�²Pµ�¾�¬8«kÁ�«P´TÁÒª(²V¬°¨8Ôh«P´TÁ¿ Ã «P´�ÊP¨�²X­JÉ7«X±�¨�¾3²V¯�´Tµh«P®�²VÀ�´Tµ�±�µ�²�«P·Ë·�¯°´�Ê�«P´
«P·Ë·�¯�µ�¯�©V¨�¿�²V´�±Rµb«P´Tµ �
ü ´
±�²V®�¨h±�¨�´Ë±�¨PÐFµ Ã ¨�±(¨�µ C ®~«�Á$±�¨�ª(©V¨�¯°´ßµ Ã ¨h´�²V´�¶�¬°²�¿k«P¬�¬�Á�¿�²P®~¾7«X¿�µ�¿k«P±(¨�«P±�«�ÊP¨�´�¨�ª�«P¬�¶¯°ú�¨�·�¯°·�¨�«P¬*É:²VÀ�´�·�«Pª(Á ��ü µ�¯�±Cµ Ã ¨�ª�¨y­�²Vª�¨�¯�®~¾:²Vª(µ�«P´TµCµ�²�ÀË´�·�¨�ª(±(µ�«P´�· Ã ² Â¾ù ¬°«Pª�ÊV¨Xú�¯�µ�ª(¨k«P¬�¬�Á

¯°± � º Ã ¯°± Â ¯°¬�¬�É:¨�µ Ã ¨�¾�À�ª(¾3²P±�¨�²P­?µ Ã ¨�´�¨gÑ�µ�±(À�É�±�¨�¿�µ�¯°²V´ �
x��¹x�� �(ûdñ4è�ðJ�?ñ=îPëuí�é:ñ=ò�é:ñæò��Q��îVè�ò�é�ð i ñ=í1ë�è~ëkè�ÿ�è�òkîVé��Jí^î�ï=í^êÏè�ñ=ò�í^é:ñ�
 h ¨�¿k«P¬�¬�µ Ã «`µ
«&­�À�´�¿�µ�¯°²V´

f : X → R
¯°±Ú¿�«P¬°¬�¨�· �}ûØñ?è ¯w­�¯�µ�±�ª�¨�±Rµ�ª(¯°¿�µ�¯°²V´Òµ�²�«P´TÁóÊV¨�²�·�¨�±�¯�¿ß¯°±�«XÖ�´�¨ �

Î�w�ÀË¯�©X«P¬°¨�´Tµ�¬�ÁPÐ�­�²Pª�«P¬°¬:¾7«P¯�ª�±
x+, x− ∈ X Â ¯�µ Ã ®~¯�·�¾3²P¯°´Tµ m Â ¨ Ã «k©V¨ f(x+) + f(x−) =

2f(m)
� ¹ ±�¯°®�¾�¬�¨y¶�®�¯°´Ë·�¨�·�É�ÀËµ�´�²Pµ�¨ Â ²Vª(µ Ã ÁÒ²VÉ�±(¨�ªR©P«`µ�¯°²P´�¯°±hµ Ã «XµÚ«`Ö~´Ë¨,­�À�´�¿yµ�¯�²V´�±Ú«Xª�¨

¾�ª�¨�¿�¯�±�¨�¬wÁÒµ Ã ²V±�¨
¿�²P´F©P¨yÑ×­�À�´�¿yµ�¯�²V´�± f ÂhÃ ²V±(¨~²V¾Ë¾3²V±(¯�µ�¨ (−f)
¯°±�«P¬�±�²�¿�²P´F©P¨yÑ � ¸C¬�¨k«Pª(¬�ÁPÐ

¿�²V´Ë±(µb«X´Fµ�­�ÀË´�¿�µ�¯°²V´�±�«Xª�¨�«XÖ�´�¨XÄ�µ Ã À�±�«P´TÁ�¸C¹�º�»e¼V½J±�¾7«P¿�¨h«P·�®�¯�µ{«XÖ�´�¨	­�À�´�¿yµ�¯°²P´�± � Ó�² Â ¶
¨�©P¨�ª�Ð5µ Ã ¨m©V¨�ª(Áó¨gÑË¯�±(µ�¨�´�¿�¨�²X­¦��÷���)�øb÷��ËþyÝrû��7Ý�«XÖ�´�¨m­�À�´�¿yµ�¯�²V´�±�¯°®�¾:²V±�¨�±�©V¨�ª(ÁÒ±Rµ�ª(²V´�Ê�ª�¨g¶
±(µ�ª�¯°¿yµ�¯�²V´�±h²V´�µ Ã ¨$ÀË´�·�¨�ª(¬�Á�¯°´ËÊÔ±�¾�«P¿�¨XÐ3±(¨�¨!ã �?§Ë¼ u å � º Ã ¨,­�²P¬°¬°² Â ¯�´�Ê
ª�¨�±(À�¬�µ�«P¬�±�²�¾�ª�²�©�¯°·�¨�±
«P´ó¯°¬�¬°À�±Rµ�ª�«Xµ�¯�²V´�²X­�µ Ã ¯°±�¾ Ã ¨�´Ë²V®~¨�´�²V´*Ð ÂhÃ ¯°¿ ÃÒÂ ¯°¬�¬JÉ:¨mª�¨�¬°¨y©P«X´Fµ�µ�²&µ Ã ¨ß¾�ª�²�²P­�²P­�º Ã ¨�²X¶
ª�¨�® �V�To �
+,ìué���é:òkí1ëuí^é:ñèñ�
Y®'
�
 ÅyÝ

X � Å$ûß¸C¹�º�»e¼V½�þ�ÜËû�øbÅß÷��«���7ù1Ý�Å�Ý|Åyö°Åbþ�øb÷bÜ:ùrøj�Pù1ÛÔÅ��Ëþyùr÷��°�^&�ùrø3&ù°þ���÷`Ý�ý�Å���#7øbÅ���Ý�÷�ûßþyù���ÇPö°Å�Ü7÷`ù��7Ý�û����ßþ�#7ø3&!Ý�&ËûPÝ
Is(X)

û�øyÝ�þÚÛßù��7ù1Û�ûPö1öÈÞVÆ{¯,� C øb÷��7Ý�ûPù��Ëþ
û���û"üè��Å��X#���øyÝ^ùr÷��}*�Ý�&7Å��óÝ,&7Åyý�Å�ù°þ$û�þ�Ü:öÈù1Ý^Ý^ù���Ç

X = R ×X ′
Æ

h ¨�¿k«P¬�¬C­�ª�²P® ã àCÓ�äVä Ð ü�üb�ToË�w� l�» o ½|å	µ Ã «Xµ~«P´TÁæ¿�²V®�¾�¬�¨�µ�¨
¸C¹�º�»^¼T½ß±�¾7«P¿�¨
X

«P·�®�¯�µ�±
«
¿k«P´Ë²V´�¯°¿�«P¬{±(¾�¬°¯wµ�µ�¯�´�Ê

X = E × X ′
¾�ª�¨�±�¨�ªR©V¨�·ØÉTÁ×«P¬°¬=¯°±�²P®~¨yµ�ª�¯�¨�±�Ð ÂhÃ ¨�ª(¨ E

¯�±�«Ï»�®Ô«uÑ�¶
¯°®~«P¬1½,Ó�¯°¬�É3¨�ª(µ
±(¾7«P¿�¨�¿k«P¬�¬°¨�·Íµ Ã ¨ ���=îTÿ^íeï4è¶�7ñýðO�7îPë�é/ì ²P­

X
� ü µ~¯°±�± Ã ² Â ´ ¯�´ ã �?§Ë¼ u Ð

¸C²Vª�²P¬°¬8«Xª(Á x�� �Xå4µ Ã «Xµ�¯w­ X ¯�±�¬�²�¿�«P¬°¬wÁÔ³7´Ë¯�µ�¨g¶�·�¯�®~¨�´�±�¯�²V´7«P¬*«P´�·�¯w­
Is(X)

«P¿�µ�±�®�¯°´�¯�®Ô«X¬°¬�ÁPÐ
µ Ã ¨�´ X ′

·Ë²�¨�±�´Ë²Pµ�«P·�®�¯�µ
û��7ÞE´�²V´�¶�¿�²V´Ë±(µb«X´Fµ~«XÖ�´�¨!­�À�´Ë¿�µ�¯�²V´ � º Ã ¨�®~«P¯°´Øµ�¨�¿ Ã ´Ë¯°¿k«X¬
¾3²P¯°´Tµh¯°´&µ Ã ¨�¾�ª�²�²P­=²P­=µ Ã ¨�¬8«Xµ(µ�¨�ªC­^«P¿�µ�¯�±	µ Ã ¨�¨yÑ�¯�±(µ�¨�´�¿�¨�²P­=¯°´�´Ë¨�ª�¾:²V¯°´Tµ�±�»�±�¨�¨�� � � � ½ �
ü ´Ô²Vª(·�¨�ª�µ�²�·�¨�«P¬ Â ¯�µ Ã µ Ã ¨�¿k«X±�¨�²X­�û`þyÞ`Û�Ü:Ý|÷`Ý^ùrøh·�¯�®~¨�´�±�¯�²V´~É:²VÀ�´Ë·�±�Ð Â ¨�´�¨�¨�·Ôµ�²�±�ÀËÉ�¶

±(µ�¯�µ�À�µ�¨hµ Ã ¯�±�ÉTÁ�±�²V®�¨�¿�²T«Pª(±�¨�¨�wFÀ�¯�©X«P¬�¨�´Tµ � º Ã ¯°±�±�À�ÉË±(µ�¯wµ�ÀËµ�¨�¯�±�¾�ª(²�©�¯�·�¨�·~ÉTÁ(�5¨�®~®~« xË� ä Ð
ÂhÃ ¯°¿ Ã ¯�±Ú²P­�µ�¨�¿ Ã ´�¯°¿�«P¬{´7«`µ�À�ª(¨ ��ü ´Òµ Ã ¨ß±(¾3¨�¿�¯8«X¬{¿k«P±(¨ß²P­�±�¾7«X¿�¨�±�²P­�³7´Ë¯�µ�¨ßÇ�Åb÷`ÛÔÅyÝeýgùrø,·�¯w¶
®~¨�´�±�¯�²V´*Ð7¯wµ�­�²V¬°¬�² Â ±DwFÀ�¯wµ�¨�¨k«X±�¯°¬wÁ&­�ª�²P® µ Ã ¨�¨yÑ�¯�±(µ�¨�´�¿�¨,²P­=¯°´�´�¨�ªh¾3²V¯�´Tµ�±�Ä7µ Ã ¨�ª�¨�­�²Pª�¨PÐ7µ Ã ¨
ª�¨�«P·�¨�ª ÂhÃ ²�¯°±�²P´�¬�ÁÔ¯°´Tµ�¨�ª�¨�±Rµ�¨�·�¯�´�µ Ã ²V±(¨�±(¾7«P¿�¨�±�®Ô«kÁ Â ¯�± Ã µ�²�±�ÌF¯°¾�¯wµ �gJþ



 �è�êØê���ñ�
Yº'
D
 ÅyÝ
X � Å�û��°#�� � ÷�#-����Å��ßþ�ÜËû�øbÅ$÷��^���7ù1Ý�Å�Ý|Åyö°Åbþ�øb÷bÜ:ùrøj�Pù1ÛÔÅ��Ëþyùr÷��Òû����~ö°ÅyÝ

C � Å&û`þ&û � ÷� PÅ�Æ¾$'&7Å��dÝ�&7Åyý�Å!ûPý�Å
þ�Å ~ #7Å���øbÅbþ!÷���Ü7÷�þyù1Ý^ù� PÅ���#�Û � Åyýbþ Dj → ∞ *
δj → 0û�����þ�Å ~ #7Å���øbÅbþÔ÷���Ü7÷`ù��7Ý1þ pj ∈ X

û�����÷��Ä���7ù1Ý�Åmþ�# � þ�ÅyÝ�þ Qj ⊂ X
��ù1Ý�&�Ý�&7ÅD�k÷`ö1ö°÷���ù���Ç

ÝÙ�C÷�Ü:ý�÷bÜ7ÅyýgÝ^ùrÅbþ�Æ
» � ½

Qj

ù°þßøb÷��7ÝrûPù���Å��~ù��ÒÝ�&7Å � ûPö1ö=÷���ý(û.�Pù�#Fþ Dj(1 + δj)
ûPý�÷�#-���

pj

Æ
»U�P½çÿ=÷`ý�ûPö1ö

s ∈ X
*�Ý,&7Åyý�Å�ù°þ�þ�÷`ÛÔÅ

qj ∈ Qj

��ù1Ý�&
d(s, qj) − d(s, pj) ≥ Dj

Æ
Ñ ýb÷�÷���Æ�¸C²V´Ë±�¯°·Ë¨�ª

X̃ = limω( 1
n
X, o)

«P´�·×¬°¨yµ
p̃ = (pn)

É3¨�«P´�¯°´Ë´�¨�ª�¾:²V¯°´Tµ�²X­
X̃
� �5¨yµ

ε > 0
«P´�·
µ Ã ¨,¿�²V®�¾7«P¿yµ�±(À�É�±(¨�µ K ⊂ X̃

É3¨,¿ Ã ²V±�¨�´ó«P±�¯°´²� � � � � t�²�©�¯°´�Ê~¾3²V¯�´Tµ�±�²P­ Kµ�² Â «Pª�·�± p̃ Â ¨,®~«kÁ!«P±(±�À�®�¨Úµ Ã «Xµ�«P¬°¬�¾3²V¯�´Tµ�²P­ K Ã «k©P¨,·�¯�±(µ�«P´�¿�¨ ε µ�² p̃ ��Ù ÀËª(µ Ã ¨�ª�®�²Vª(¨PÐµ Ã ¨�ª�¨�¯°±�´Ë²~¬�²V±�±�²P­=ÊV¨�´�¨�ª�«P¬°¯wµ�Á&¯°´
«P±(±�À�®�¯°´ËÊ ε < 1
�

§�¯°´Ë¿�¨
K
¯�±�¿�²V®�¾7«P¿yµkÐËµ Ã ¨�ª(¨�¨yÑ�¯°±Rµ�³�´�¯�µ�¨�±�À�É�±(¨�µ�± Qn ∈ 1

n
X Â ¯�µ Ã limω Qn = K

«P´�·
d(pn, q) ≤ εn

­�²Vªh«P¬�¬
q ∈ Qn

�
ü ´�©�¯°¨ Â ²P­=µ Ã ¨�·�¨�³�´�¯°´�Ê~¾�ª�²P¾3¨�ª(µ�Á
²P­ K Ð Â ¨$·�¨�·�À�¿�¨,µ Ã «Xµ�­�²Pª�«X¬°¬ δ ∈ (0, ε)

«P´Ë·Ò«P¬�¬
n0

Ð5µ Ã ¨�ª�¨
¯�±�±�²V®�¨ n = n(δ, n0) > n0

±(À�¿ Ã µ Ã «Xµ�­�²Vª�«P´TÁ s ∈ X Â ¯wµ Ã d(s, pn) ≤ n
Ð

µ Ã ¨�ª�¨�¯°±�±(²V®�¨ q ∈ Qn
Â ¯wµ Ã d(s, q) ≥ d(s, pn) + n(ε− δ)

�
¹�±(±�À�®�¨,´Ë² Â δ ∈ (0, ε

2
)
� ��¯w©V¨�´

s̃ ∈ X Â ¯�µ Ã d(s̃, pn) ≥ n
«P´�·�¿ Ã ²�²V±(¨�µ Ã ¨�¾3²V¯�´Tµ sÉ3¨yµ Â ¨�¨�´ pn

«P´�·
s̃ Â ¯�µ Ã d(pn, s) = n

� �5¨yµ
q ∈ Qn

É3¨�±(À�¿ Ã µ Ã «Xµ d(s, q) ≥ d(s, pn) +
n(ε − δ)

��� ±�¯�´�ÊÒµ Ã ¨óöwû�� ÷��
øb÷�þyù���Åbþ�¯°´æ«Ò¿�²V®~¾�«Pª�¯�±�²V´Ïµ�ª�¯°«P´�ÊV¬�¨~­�²Vª
∆(s̃, pn, q)

Ð Â ¨
·�¨�·ËÀ�¿�¨�­�ª�²V® µ Ã «`µÚ¸C¹�º�»^¼T½	¯°´�¨6wFÀ7«P¬°¯wµ�Á~µ Ã «Xµ

d(s̃, q)2 − d(s̃, pn)
2 − d(pn, q)

2

d(s̃, pn)
≥ n2(ε− δ)(2 + ε− δ) − d(pn, q)

2

n
.

§�¯°´Ë¿�¨
d(pn, q) ≤ εn

«P´�·
d(s̃, pn) = n+ d(s, s̃)

Ð Â ¨�·�¨�·ËÀ�¿�¨

d(s̃, q)2 − d(s̃, pn)
2 ≥ n2(ε− δ)(2 + ε− δ) + 2n(ε− δ(1 + ε) + δ2

2
)d(s, s̃)

≥ n2(ε− 2δ)(2 + ε− 2δ) + 2n(ε− 2δ)d(s, s̃)
= n2(ε− 2δ)2 + 2n(ε− 2δ)d(s̃, pn).

º Ã ¯°±h¯�®~¾�¬�¯°¨�±�µ Ã «Xµ d(s̃, q) ≥ d(s̃, pn) + n(ε− 2δ)
�

ü µCª(¨�®~«P¯°´Ë±�µ�²,·Ë¨�³7´�¨�µ Ã ¨�·�¨�±(¯°ª(¨�·Ô±(¨�wFÀ�¨�´�¿�¨�±�ÉTÁ
®~«PÌF¯°´�Ê�µ Ã ¨�«P¾Ë¾�ª�²V¾Ëª�¯8«`µ�¨h¿ Ã ²V¯�¿�¨�±�²P­
¯°´�·Ë¯°¿�¨�± � º Ã ¯°±h®~«kÁ!É3¨�·�²P´�¨$«X±h­�²P¬°¬°² Â ± ��Ù ²Vª�¨�«P¿ Ã ¯�´Tµ�¨�ÊP¨�ª j > 0

Ð Â ¨�´�² Â ±�¨yµ
δj = ε

2j«P´�·
nj = n(

εδj

4
, j)

Ð ÂhÃ ¨�ª(¨ n : (0, ε) × N → N : (δ, n0) 7→ n(δ, n0)
¯�±mµ Ã ¨
®Ô«X¾

¿�²V´Ë±�¯°·Ë¨�ª�¨�·�«XÉ3²�©V¨ ��Ù ¯°´7«X¬°¬�Á Â ¨,±(¨�µ pj = pnj

Ð
Qj = Qnj

«P´Ë·
Dj = εnj(1 − δj

2
)
�

�Ñ ýb÷�÷��,÷�� Ñ ý�÷bÜ7÷�þyù1Ý^ùr÷�� ó:Æ�� Æ{¹�±(±�À�®�¨mµ Ã «`µÚµ Ã ¨ß±(¨�µ A ²P­�«XÖ�´�¨m­�À�´Ë¿�µ�¯�²V´�±Ú¿�²V´Tµb«P¯�´�¨�·ó¯�´
C ¯°±�´�²P´�¨�®�¾Ëµ�Á ��Ù ²Vª	¨�«P¿ Ã ¯�´Tµ�¨�ÊP¨�ª j > 0 Â ¨�±�¨yµ

Cj = {p ∈ X | ∀f ∈ A ∃z ∈ X, f(z) − f(p) = Dj

«P´Ë·
d(p, z) ≤ (1 + δj)Dj},

ÂhÃ ¨�ª(¨ (Dj)
«P´Ë·

(δj)
«Pª�¨�µ Ã ¨�±�¨�wFÀ�¨�´�¿�¨�±�¾�ª(²�©�¯�·�¨�·
ÉTÁz�5¨�®�®Ô« x�� ä �

� ÅmøyöwûPù1Û Ý�&ËûPÝ
Cj

ù°þ���÷���)�ÅyÛ�Ü:Ý^ÞVÆ
ü ´�·�¨�¨�·*Ð�ÉTÁs�5¨�®~®~« x�� ä ­�²Vª,¨k«P¿ Ã j «P´�·æ«X¬°¬

p, s ∈ X
ÐJµ Ã ¨�ª�¨!¨gÑ�¯°±(µ�± q ∈ Qj

±�À�¿ Ã
µ Ã «`µ d̄s(q)− d̄s(p) = Dj

«P´Ë·
d(p, q) ≤ (1+ δj)Dj

Ð ÂhÃ ¨�ª(¨ d̄s

·�¨�´Ë²Pµ�¨�±�µ Ã ¨�´�²Pª�®~«P¬°¯�±�¨�·
·�¯°±Rµb«P´Ë¿�¨C­�À�´Ë¿�µ�¯�²V´

d̄s(·) = d(s, ·)−d(o, s) � §�¯°´�¿�¨ Qj

¯�±J³7´�¯wµ�¨PÐXµ Ã ¯�±{¨yÑ�¯°±Rµ�¨�´�¿�¨�¾�ª(²V¾:¨�ª(µ�Á
¾7«P±(±�¨�±hµ�²
¨y©V¨�ªRÁ
¬°¯°®�¯�µ�¯°´�Ê�­�À�´�¿yµ�¯�²V´

f ∈ A ÉTÁ�·�¨y³7´�¯wµ�¯°²P´!²P­=µ Ã ¨�µ�²V¾:²V¬�²VÊPÁ~²V´ C0
�

� ÅmøyöwûPù1Û Ý�&ËûPÝ
Cj

ù°þmøb÷��� PÅ"!FÆ
ü ´�·�¨�¨�·*Ð:¬°¨yµ

p1, p2 ∈ Cj

Ð
f ∈ A «P´�·

z1, z2
±�À�¿ Ã µ Ã «Xµ�­�²Vª i = 1, 2 Â ¨ Ã «�©P¨ f(zi) −

f(pi) = Dj

«X´�·
d(pi, zi) ≤ (1 + δj)Dj

� ��¯w©V¨�´
p ∈ [p1, p2]

«`µ$·�¯�±(µ�«P´�¿�¨
λd(p1, p2)­�ª�²V®

p1

Ð ÂhÃ ¨�ª(¨ λ ∈ (0, 1)
ÐF¬°¨yµ

z ∈ [z1, z2]
É3¨hµ Ã ¨�À�´Ë¯FwFÀ�¨�¾3²V¯�´Tµ�«Xµ�·�¯°±Rµb«P´�¿�¨ λd(z1, z2)g�g



­�ª�²V®
z1
� §�¯°´�¿�¨
µ Ã ¨�·Ë¯°±(µ�«P´�¿�¨
­�À�´Ë¿�µ�¯�²V´Í¯°±�¿�²V´T©V¨gÑ3Ð Â ¨ Ã «�©P¨ d(p, z) ≤ (1 + δj)Dj

�
Ù À�ª(µ Ã ¨�ª(®~²Vª(¨PÐ�±(¯°´�¿�¨ f ¯�±h«XÖ�´�¨ Â ¨ Ã «k©P¨ f(z) − f(p) = Dj

� Ó�¨�´�¿�¨
p ∈ Cj

�
� ÅmøyöwûPù1Û Ý�&ËûPÝ

Cj = X
Æ

§�¯°´Ë¿�¨ A ¯°±
Is(X)

¶�¯°´T©X«Pª�¯°«P´TµkÐX±�²�¯°±
Cj

�{ü ´�©�¯�¨ Â ²X­3µ Ã ¨�«P±�±(À�®~¾�µ�¯°²P´�²X­�®�¯°´�¯�®Ô«X¬°¯�µ�ÁÚ²V´
µ Ã ¨ Is(X)

¶|«P¿yµ�¯°²P´*ÐP¯wµ�­�²V¬°¬�² Â ±=µ Ã «Xµ Cj

¯�±�·�¨�´�±(¨�¯�´
X
­�²Pª�«P¬°¬

Dj, δj > 0
� r�² Â µ Ã ¨h¿�¬°«P¯°®

­�²V¬°¬�² Â ±C­�ª�²V® «�ª(²VÀËµ�¯°´�¨�¿�²V´Tµ�¯°´FÀ�¯wµ�Á!«Pª(ÊVÀ�®�¨�´TµhÀ�±(¯°´�Êßµ Ã ¨�­^«X¿�µhµ Ã «`µ f ¯°± 1
¶J�4¯�¾�±�¿ Ã ¯�µ�ú �

Ù ²Vª�¨�«P¿ Ã f ∈ A «P´�·
p ∈ Cj

Ð Â ¨ Ã «k©P¨ |∇p(f)| ≥ 1
1+δj

±�¯°´Ë¿�¨
f
¯°±Ú«XÖ�´�¨ � à�Á�µ Ã ¨

¾�ª�¨y©�¯°²VÀ�±�¿�¬8«P¯�®�ÐFµ Ã ¨�¬8«Xµ(µ�¨�ª�¯°´�¨6wFÀ7«P¬°¯wµ�Á Ã ²V¬°·�±�­�²Vªh«P¬°¬ p ∈ X
«P´�·�«P¬�¬

δj > 0
� §�¯�´�¿�¨

f
¯�±

1
¶J�4¯�¾�±�¿ Ã ¯�µ�ú�¯wµ�­�²V¬�¬°² Â ±�µ Ã «`µ |∇p(f)| = 1

­�²Vª�«P¬°¬
p ∈ X

� r�² Â k ª�²P¾3²V±(¯�µ�¯°²V´ x�� � Á�¯�¨�¬°·Ë±
«�¾:²V¯°´Tµ

ξ ∈ ∂X
µ�² ÂhÃ ¯�¿ Ã µ Ã ¨&ÊVª�«X·�¯°¨�´Fµ$¿�À�ªR©V¨ t 7→ φt(p)

¿�²V´T©V¨�ª�ÊV¨�±
«P±
t
µ�¨�´�·�±,µ�²

¯°´Ë³�´�¯�µ�Á � §�¯�´�¿�¨
µ Ã ¨�ÊPª�«P·�¯�¨�´Tµ�¿�À�ªR©V¨Ô«P±�©P¨�¬�²�¿�¯�µ�Á 1
»^±(¨�¨î� x��w� ½ Â ¨~·�¨�·ËÀ�¿�¨�µ Ã «Xµ�¯wµ�¯°±�«

ÊV¨�²�·�¨�±�¯°¿�ª�«�Á&¾3²V¯�´Tµ�¯°´ËÊ$µ�²
ξ
��ü µh­�²V¬�¬°² Â ±Cµ Ã «Xµ −f ¯�±h«~àCÀË±�¨�®~«P´�´�­�À�´�¿yµ�¯�²V´
«P±�±(²�¿�¯8«Xµ�¨�·

Â ¯�µ Ã ξ �~ü ´×¾7«PªRµ�¯°¿�À�¬8«Xª −f = limn d̄(φn(p), ·)
É:¨�¬�²V´�ÊV±Úµ�²

C
Ð Ã ¨�´Ë¿�¨~µ�² A ±�¯�´�¿�¨

f
¯°±

«XÖ�´�¨ � º Ã ¯°±�Á�¯�¨�¬�·�±m«P´Ë²Pµ Ã ¨�ª$¾:²V¯°´Tµ ξ′ ∈ ∂X
«P´�·æ«
ÊV¨�²�·�¨�±�¯°¿Ôª�«kÁ

φ′
t(p)

¾:²V¯°´Tµ�¯�´�Ê�µ�²
ξ′
� º Ã ¨
¿�²P´�¿k«Xµ�¨�´7«`µ�¯°²P´ó²P­CÉ:²Pµ Ã ª�«kÁ�±�¯�±�«&ÊV¨�²�·�¨�±�¯°¿ß¬�¯°´�¨ γ Õ(²P¯°´�¯�´�Ê ξ′ µ�² ξ ±�À�¿ Ã µ Ã «`µ

(f ◦ γ)′ = 1
� ¹	µhµ Ã ¯°±�¾:²V¯°´Tµ�Ð5ã �?§Ë¼ u Ð��5¨�®�®Ô« x��w� å*Á�¯°¨�¬°·�±	µ Ã ¨�·�¨�±(¯°ª(¨�·
±�¾�¬�¯�µ�µ�¯°´�Ê �

�

õ ¨�¿�²V´�¿�¬°À�·�¨Úµ Ã ¯°±C±�¨�¿yµ�¯�²V´ Â ¯�µ Ã «$µ�¨�¿ Ã ´�¯�¿k«P¬5¾Ëª�²V¾:¨�ªRµ�Á&²P­?µ Ã ¨�±(¾7«P¿�¨�²X­?­�ÀË´�¿�µ�¯°²V´�± C0©X«P¬°¯�·&­�²Vªh«Pª�ÉË¯�µ�ª�«Pª(Á&¸C¹�º�»e¼V½�±(¾7«P¿�¨�± �
 �è�êØê���ñ�
�	F'¿
�
 ÅyÝ

X � Å�û��7Þ$¸C¹�º�»^¼T½�þ�ÜËû�øbÅ�û���� C0 � Å,û`þ�û � ÷� PÅ�Æ��	ù� PÅ���û�øb÷`Û�ÜËû�øyÝþ�# � þ�ÅyÝ A ⊂ C0

*Cù � A ��÷�Åbþ���÷`Ý�øb÷��7Ý�ûPù��Eû��7Þ�û"üè��Å{�X#���øyÝ^ùr÷��}*CÝ,&7Å��×Ý,&7Å�øyö°÷�þ�Å���øb÷��� PÅ"!&-#�ö1ö
Conv(A)

��÷�Åbþ���÷`Ý�øb÷��7ÝrûPù���û��7Þ&û"üè��Å��X#-��øyÝ^ùr÷��EÅyù1Ý,&7Åyý�Æ
Ñ ýb÷�÷���Æ Ù ²Vªh«P´TÁ

f ∈ A Â ¨�³�´�·�±(²V®�¨�¾7«P¯°ªC²P­J¾:²V¯�´Fµ�± x+
f , x

−
f ∈ X Â ¯wµ Ã ®�¯°·�¾:²V¯°´Tµ mf

Ð
±�À�¿ Ã µ Ã «Xµ εf = f(x+

f ) + f(x−f )− 2f(mf ) > 0
��Ù ²Vª	¨k«X¿ Ã f ∈ A ÐË¬°¨�µ Uf

É3¨Úµ Ã ¨�²V¾3¨�´
±�À�ÉË±�¨�µ
²X­ A ¿�²V´�±(¯°±(µ�¯°´�Ê�²P­�«P¬°¬

h Â ¯�µ Ã h(x+
f ) + h(x−f ) − 2h(mf ) > εf/2

� §�¯°´Ë¿�¨ A¯°±�¿�²V®�¾7«P¿yµkÐ?³7´�¯�µ�¨�¬wÁ�®Ô«P´TÁ
Ufi

¿�²�©P¨�ª A � º Ã ¨�ª�¨�­�²Pª�¨PÐ�ÀË±�¯°´ËÊ�µ Ã ¨Ô¿�²P´F©P¨yÑ�¯�µ�ÁÏ²P­ h Ð Â ¨·�¨�·ËÀ�¿�¨�µ Ã «`µ

r(h) :=
∑

i

(

h(x+
fi

) + h(x−fi
) − 2h(mfi

)
)

≥ inf{εfi
} > 0

­�²Vª�«P¬°¬
h ∈ A � º Ã À�±�µ Ã ¨�¿�²V´Tµ�¯�´FÀ�²VÀ�±�­�À�´�¿�µ�¯°²V´�«P¬ h 7→ r(h)

¯�±�±Rµ�ª(¯°¿�µ�¬�Á!¾:²V±(¯�µ�¯w©V¨�²V´ A ÐÃ ¨�´Ë¿�¨h¯�µJ¯°±{¾:²V±�¯wµ�¯w©V¨	²V´mµ Ã ¨�¿�²P®~¾7«X¿�µ�¿�²V´T©V¨yÑ Ã À�¬�¬Ë²P­ A � º Ã ¨�ª(¨�­�²Vª(¨�¨�«P¿ Ã f ∈ Conv(A)¯°±�´�²P´�¶|«XÖ�´�¨�²V´
«Xµh¬�¨k«P±Rµh²V´�¨�²P­?µ Ã ¨�ÊV¨�²�·Ë¨�±�¯�¿�± [x+
fi
, x−fi

]
�

�

l ����¦�È� :Ç/¡4¦1��ÖÍå6ÊQÉ�¦�È�¦�Ç�Ë~¢«åó¥5¢{�¿ã«ÇSä±Ë�Ç7 :Ë
º Ã ¨ß¾�À�ª(¾3²P±�¨ß²P­�µ Ã ¯°±Ú±(¨�¿yµ�¯°²P´ó¯°±�µ�²!¾�ª�²�©V¨ßº Ã ¨�²Vª(¨�® �V�w� ��õ ¨m±(µ�«Pª(µ�ÉTÁ�¿�²V´�±(¯°·�¨�ª�¯�´�Ê

«P´
«P´7«P¬�²VÊV²VÀË±�¾�ª�²V¾:¨�ªRµ�Á&­�²Vª	³7´Ë¯�µ�¨g¶�·�¯�®~¨�´�±�¯�²V´7«P¬�¸C¹�º�» � ½�±(¾7«P¿�¨�± �
l �w�V� "$���Ô%�	Ë)�î���ò�è�
 õ ¨	±Rµb«PªRµ Â ¯wµ Ã µ Ã ¨�­�²V¬�¬°² Â ¯°´ËÊ�«P´�«P¬°²VÊPÀ�¨�²X­�µ Ã ¨�³7´�¯�µ�¨C¯�´Fµ�¨�ª(±�¨�¿yµ�¯�²V´
¾�ª�²P¾3¨�ª(µ�Á&­�²Vª�É:²VÀ�´Ë·�¨�·
¿�²V´T©P¨yÑ�±�¨yµ�±�¯°´�¸C¹�º�»e¼T½	±(¾7«P¿�¨�± �
 �è�êØê����'
�	�
�
 ÅyÝ

X � Åhûmøb÷`Û�Ü:ö°ÅyÝ|Å�¸C¹�º�» � ½Cþ�ÜËû�øbÅ�÷���ý�û.�Pù�#Tþ < π
2

Æ�$'&7Å��&û��7ÞQ��öÈÝ|Åyýgù���Ç��ûPÛßù1öÈÞ {Xα}α∈A

÷��$øyö°÷�þ�Å���øb÷��� PÅ"!�þ�# � þ�ÜËû�øbÅbþÆ&Ëû`þ$û���÷���)�ÅyÛ�Ü:Ý^Þ
ù��7Ý|Åyý�þ�ÅbøyÝ^ùr÷��:ÆÑ ýb÷�÷���Æ���¯�©P¨�´Òã à	Ó�äVä Ð ü�üb� � �To » � ½�«P´Ë· ü�üb� � �nu åeÐ�µ Ã ¨�¾Ëª�²�²P­*¯�±�¯�·�¨�´Tµ�¯°¿k«X¬/µ�²�µ Ã «Xµ�¯°´�ã t
²V´7¼ o Ð
º Ã ¨�²Pª�¨�® ��x å �

�

 �è�êØê��è�¿
YÐ'
Æ
 ÅyÝ
X � Å
û����7ù1Ý�Å�)C�Pù1ÛÔÅ��Ëþyùr÷��:ûPö:¸C¹�º�» � ½$þ�ÜËû�øbÅßû���� {Xi}i≥0 � Åßû¼��Å�)øyý�Å�û`þyù���Ç�þ�Å ~ #/Å���øbÅ�÷���øyö°÷�þ�Å��~øb÷��� PÅ"!mþ�# � þ�ÅyÝ1þ�þ�#7ø3&~Ý,&ËûPÝ rad(Xi) ≤ π

2

Æ�$'&7Å��!Ý�&7Å�ù��7Ý|ÅyýX)
þ�ÅbøyÝeùr÷�� ⋂

iXi

ù°þ,û(��÷���)�ÅyÛ�Ü:Ý^Þmþ�# � þ�ÅyÝ�÷���ù��7Ý^ýyù��Ëþyùrø�ý�û.�Pù�#Tþ ≤ π/2
Æg��



Ñ ýb÷�÷���Æ��5¨�µ
zi

É3¨�«m¿�¨�´Tµ�ª(¨�²P­
Xi

«X´�·
Z = {zi | i ≥ 0} � à�Á&«P±�±(À�®~¾�µ�¯°²P´ d(zi, zj) ≤ π

2­�²Vª�«P¬�¬
i, j

� §�¯°´�¿�¨h«P´TÁßÉ7«P¬�¬Ë²P­3ª�«X·�¯°À�± ≤ π
2

¯�±�¿�²V´T©P¨yÑ3ÐË¯wµ{­�²V¬°¬�² Â ±Jµ Ã «`µ�µ Ã ¨h¿�¬�²V±�¨�·~¿�²V´T©V¨gÑ
Ã À�¬°¬ C ²X­

Z Ã «X±�¯�´Tµ�ª�¯�´�±�¯�¿Úª�«X·�¯°À�± ≤ π
2

�
õ ¨ß¿�¬8«P¯�®#µ Ã «Xµ rad(C) < π

2

� ©�µ Ã ¨�ª Â ¯�±�¨ Â ¨ Ã «k©P¨ rad(C) = π
2

«P´�·�¨�©P¨�ªRÁ
z ∈ Z¯°±�«æ¿�¨�´Fµ�ª�¨×²P­

C
� §�¯°´Ë¿�¨óµ Ã ¨×±�¨yµ
²P­ß«P¬�¬Ú¿�¨�´Tµ�ª�¨�±�¯�±Øøb÷��� PÅ"!VÐ�¯�µ!­�²P¬°¬°² Â ±Ôµ Ã «Xµ
¨�©P¨�ªRÁ

¾3²P¯°´Tµh²P­
C
¯°±h«ß¿�¨�´Tµ�ª�¨ � º Ã ¯°±h¯°®�¾�¬°¯�¨�± diam(C) ≤ rad(C)

Ð ÂhÃ ¯°¿ Ã ¿�²V´Tµ�ª�«P·�¯�¿�µ�±�ã àÄ�4¼.l Ðk ª�²V¾:²V±�¯wµ�¯�²V´ �V� �`å4«P´�·!µ Ã ¨�ª(¨�ÉTÁ
¨�±(µ�«PÉ�¬�¯°± Ã ¨�±�µ Ã ¨�¿�¬8«P¯�® ��5¨�µ
Ci

É3¨�µ Ã ¨�¿�²V´T©V¨gÑ Ã À�¬�¬3²P­ {zj | j ≥ i} � º Ã ¨�´ (Ci)i≥0

¯�±	«,·Ë¨�¿�ª(¨k«P±(¯°´�Êß±(¨�wFÀ�¨�´�¿�¨
²P­{¿�¬°²V±(¨�·�¿�²V´T©V¨gÑ�±�À�É�±(¨�µ�±Ú¯°´�«Ô¸C¹�º�» � ½�±�¾7«P¿�¨$²P­Jª�«P·Ë¯°À�±

< π/2
� à�Áz�5¨�®~®~« l � � Ð7µ Ã ¨

¯°´Tµ�¨�ª�±(¨�¿�µ�¯°²V´
Q =

⋂

i Ci

¯�±,´Ë²V´�¶�¨�®~¾�µ�Á � r�²Pµ�¯°¿�¨�µ Ã «Xµ Ci ⊆ Xi
ÂhÃ ¨�´�¿�¨ Q ⊆

⋂

iXi

�
º Ã ¨�¬8«Xµ(µ�¨�ª�¯°´Tµ�¨�ª�±�¨�¿�µ�¯°²V´�¯°±	µ Ã À�±�´Ë²V´�¶�¨�®~¾�µ�Á �
Ù ²Vªh¨k«P¿ Ã x ∈

⋂

iXi
Â ¨ Ã «k©P¨ d(x, zj) ≤ π

2

­�²Vª�«P¬°¬
j
� º Ã À�± Cj

¯°±h¿�²V´Tµ�«P¯°´�¨�·�¯�´
µ Ã ¨
É7«P¬�¬=²P­�ª�«P·�¯�À�±

π
2

«Pª�²VÀË´�·
x
� º Ã ¨�ª(¨�­�²Vª(¨ d(x, q) ≤ π/2

­�²Vª�«P¬°¬
x ∈

⋂

iXi

«P´Ë·
q ∈ Q

�
º Ã ¯°±h± Ã ² Â ±�µ Ã «Xµ ⋂

iXi
Ã «X±�ª�«P·�¯�À�±�«Xµh®~²P±(µ π

2

�
�

+,ìué���é:òkí1ëuí^é:ñ��'
Y�¿
�
 ÅyÝ
X � Å
û����7ù1Ý�Å�)C�Pù1ÛÔÅ��Ëþyùr÷��:ûPö:¸C¹�º�» � ½,þ�ÜËû�øbÅßû���� {Xα}α∈A � Åû¦��öÈÝ|Åyýgù���Ç���ûPÛßù1öÈÞ!÷��møyö°÷�þ�Å���øb÷��� PÅ"!�þ�# � þ�ÅyÝ1þÚþ�#/ø3&
Ý�&ËûPÝ rad(Xα) ≤ π

2

�k÷`ýmÅ�û�ø3&
α ∈ A

Æ$'&7Å��ÒÝ�&7Å�ù��7Ý|Åyý�þ�ÅbøyÝ^ùr÷�� ⋂

α∈AXα

ù°þ$û���÷���)�ÅyÛ�Ü:Ý^Þmþ�# � þ�ÅyÝ�÷���ù��7Ýeýgù��Ëþyùrø�ý(û.�Pù�#Tþ ≤ π/2
Æ

Ñ ýb÷�÷���Æ õ ¨�¾Ëª�²�¿�¨�¨�· ÉTÁÍ¯°´�·�ÀË¿�µ�¯�²V´Í²V´
n = dimX

� º Ã ¨�ª�¨Ò¯�±�´Ë²Pµ Ã ¯�´�Ê�µ�²Ï¾Ëª�²�©V¨�¯°´
·�¯°®�¨�´Ë±�¯°²P´

0
Ð Ã ¨�´�¿�¨�µ Ã ¨�¯�´�·�À�¿yµ�¯�²V´�¿k«P´�±(µ�«Pª(µ �

ü ­
dim(X0) < n

­�²Vª�±(²V®~¨
¯�´�·�¨yÑ
0 ∈ A

Ð4µ Ã ¨�´Eµ Ã ¨�¯�´�·�À�¿yµ�¯�²V´ Ã Á�¾:²Pµ Ã ¨�±�¯�±$«P¾Ë¾�¬°¯�¨�·
µ�²�µ Ã ¨~³�¬�µ�¨�ª�¯�´�Ê�­^«P®�¯°¬wÁ {X0 ∩ Xα}α∈A

Á�¯°¨�¬�·�±,µ Ã ¨Ô·Ë¨�±�¯�ª�¨�·d¿�²V´�¿�¬°À�±(¯°²V´ ��õ ¨&«P±(±�À�®�¨
Ã ¨�´Ë¿�¨�­�²Pª(µ Ã µ Ã «Xµ dim(Xα) = n

­�²Vª�¨k«P¿ Ã α ∈ A
�

Ù ²Vª
β ∈ A

Ð�¬�¨�µ
zβ

É:¨!«Ò¿�¨�´Tµ�ª(¨
²X­
Xβ

��ü ­
dXα

(zβ) = π
2

­�²Vª,±�²V®�¨
β ∈ A

Ð�µ Ã ¨�´
µ Ã ¨�¿�¬°²V±(¨�·
¿�²V´T©P¨yÑ Ã À�¬°¬�²P­ zβ

«P´�·
Xα

¿�²V¯°´Ë¿�¯°·Ë¨�± Â ¯�µ Ã µ Ã ¨�±(¾ Ã ¨�ª(¯°¿�«P¬5±�À�±(¾3¨�´�±�¯�²V´
²P­ zβ«P´�·
Xα

»^±(¨�¨�ã �*Á�µ�¼.lXÉ Ð'�4¨�®~®~« xË��� å8½�«X´�· Ã ¨�´Ë¿�¨ Ã «P±Ú·Ë¯°®�¨�´�±(¯°²V´ 1 + dim(Xα)
� º Ã ¯�±

¯°±h«PÉË±�À�ª(·�±(¯°´�¿�¨
dim(Xα) = dim(X)

�{õ ¨�·Ë¨�·�À�¿�¨
dXα

(zβ) < π
2

­�²Vªh«P¬�¬
α, β ∈ A

�
¹�±(±�À�®�¨�´�² Â µ Ã «Xµ supα∈A dXα

(zβ) = π
2

� º Ã ¨�´ µ Ã ¨�ª�¨�¯°±~«E¿�²VÀ�´Tµb«PÉË¬°¨�±(¨�wFÀ�¨�´�¿�¨
(Xαi

)i≥0
Â ¯�µ Ã αi ∈ A

±(À�¿ Ã µ Ã «Xµ limi dXαi
(zβ) = π

2

�	� ¾:²V´�ª�¨�¾�¬8«P¿�¯°´�Ê
Xαj

ÉTÁ ⋂j

i=0XαiÂ ¨�®~«�Ám«P´�·
± Ã «P¬°¬/«P±(±�À�®�¨�µ Ã «`µ�µ Ã ¨h±�¨6wFÀ�¨�´�¿�¨ (Xαi
)i≥0

¯�±�·�¨�¿�ª�¨�«P±�¯�´�Ê � à�Á|�4¨�®~®~« l � �
µ Ã ¨~¯°´Tµ�¨�ª�±(¨�¿�µ�¯°²V´ Y =

⋂

i≥0Xαi

¯°±,«�´Ë²V´�¶�¨�®~¾�µ�ÁE¿�¬°²V±(¨�·Ø¿�²V´T©V¨gÑd±�ÀËÉ�±�¨yµß²P­
X
��Ù À�ªR¶

µ Ã ¨�ª�®�²Vª�¨�ÉTÁÔ·Ë¨�³7´�¯wµ�¯�²V´ Â ¨ Ã «k©P¨ dY (zβ) = π
2

�{ü ´&¾�«Pª(µ�¯°¿�ÀË¬8«Pª�Ð Â ¨Ú·Ë¨�·�À�¿�¨ÚÉTÁ~µ Ã ¨�±�«P®�¨
«Pª�ÊPÀ�®~¨�´Tµ�«P±�«PÉ3²�©P¨�µ Ã «Xµ dim(Y ) < n

�r�² Â ­�²Vªh¨�«P¿ Ã α ∈ A
Ð Â ¨$«P¾Ë¾�¬�Áî�5¨�®~®~« l � � µ�²
µ Ã ¨�´�¨�±(µ�¨�·�­^«P®�¯°¬wÁ (Xα ∩Xαi

)i≥0

Ð
ÂhÃ ¯°¿ Ã ± Ã ² Â ±	µ Ã «`µ Yα =

⋂

i≥0(Xα ∩Xαi
)
¯°±C«$¿�¬�²V±�¨�·!¿�²V´T©V¨gÑ�´�²V´�¶�¨�®�¾Ëµ�Á�±�ÀËÉ�±�¨yµh²P­

YÂ ¯�µ Ã ¯�´Tµ�ª�¯�´�±�¯�¿�ª�«P·�¯°ÀË±h«Xµh®~²P±(µ π
2

� t�²Vª�¨�²�©V¨�ª�Ð7µ Ã ¨�­^«P®�¯°¬wÁ {Yα}α∈A

¯�±	³7¬�µ�¨�ª�¯�´�Êß«P´Ë· Â ¨
Ã «k©V¨ ⋂

α Yα =
⋂

α(Xα)
��ü µÚ­�²V¬°¬�² Â ±�ÉTÁ�¯�´�·�À�¿yµ�¯�²V´�µ Ã «Xµ ⋂

αXα

¯°±�´�²V´�¶�¨�®�¾Ëµ�ÁÒ«X´�·ó²P­
¯°´Tµ�ª(¯°´�±(¯°¿Úª�«P·�¯�À�±h«Xµh®�²V±(µ π

2

Ð/«P±�·�¨�±(¯°ª(¨�· �
ü µßª�¨�®Ô«X¯°´�±�µ�²ó¿�²V´�±�¯�·�¨�ª,µ Ã ¨!¿�«P±�¨ ÂhÃ ¨�´ r = supα dXα

(zβ) < π/2
�Òõ ¨&«Pª�¨Ôµ Ã ¨�´

¯°´
«
¾3²V±(¯�µ�¯°²V´&µ�²Ô«P¾Ë¾�¬�Á��4¨�®~®~« l �w� µ�²
µ Ã ¨�³7¬�µ�¨�ª�¯�´�Êm­^«P®�¯°¬wÁ {B(zβ, r) ∩Xα}α∈A

��õ ¨
·�¨�·ËÀ�¿�¨�µ Ã «Xµ Y =

⋂

αXα

¯�±=´Ë²V´�¶�¨�®~¾�µ�Á � t�²Vª�¨�²�©V¨�ª�ÐT±�¯�´�¿�¨
dY (zβ) ≤ r < π

2

Ð Â ¨�·�¨�·�ÀË¿�¨
ÉTÁÔ¿�²V´�±�¯�·�¨�ª(¯°´�Ê�µ Ã ¨�´�¨k«Pª(¨�±Rµ	¾:²V¯°´Tµ	¾Ëª�²`Õ(¨�¿�µ�¯�²V´Ô²X­ zβ

µ�²
Y
»�±�¨�¨mã à	Ó�äVä Ð ü�üb� � �no » � ½�å1½{µ Ã «`µ

rad(Y ) < π
2

�
�l � � � "$���Ô%�'�)�î��7ò�è�
 õ ¨Ú±(µ�«Pª(µ Â ¯�µ Ã µ Ã ¨Ú±(¾3¨�¿�¯8«X¬�¿k«X±�¨�²P­?´�¨�±(µ�¨�·�±�¨�wFÀ�¨�´�¿�¨�±�²X­=¿�²V´T©V¨gÑ

±�¨yµ�± �
 �è�êØê��s�'
@ñ:
�
 ÅyÝ

X � Å$û
øb÷`Û�Ü:ö°ÅyÝ�Å�¸C¹�º�»e¼T½�þ�ÜËû�øbÅß÷���Ý|Åyö°Åbþ�øb÷bÜ:ùrø��Pù1ÛÔÅ��Ëþyùr÷�� n < ∞û����
(Xi)i≥0 � Å�û¸��ÅbþyÝ�Å���þ�Å ~ #7Å���øbÅó÷���øyö°÷�þ�Å��æøb÷��� PÅ"!×þ�# � þ�ÅyÝ1þ!þ�#/ø3&ÍÝ�&ËûPÝ ⋂

i≥0Xi

ù°þgJ´



ÅyÛ�Ü:ÝeÞPÆ 
 ÅyÝ
o ∈ X � Å&û � û`þ�Å�Ü7÷`ù��7ÝÚû����
þ�ÅyÝ fi : x 7→ dXi

(x) − dXi
(o)

Æ�$'&7Å��æÝ,&7Å
þ�Å ~ #/Å���øbÅ (fi)i≥0

þ�# � )�øb÷��� PÅyýeÇ�ÅbþßÝ�÷�û 1
) 
 ùsÜ7þ�ø3&�ù1ÝFÀ�øb÷��� PÅ"!��X#���øyÝ^ùr÷��

f
�^&�ùrø3&Òþ�ûPÝ^ù°þ,�	Åbþ

infp∈X |∇p(−f)| ≥ 1
2

(

1 − √

n
n+1

) Æ
Ñ ýb÷�÷���Æ{º Ã ¨h­�À�´�¿yµ�¯�²V´�± fi

«Pª(¨
1
¶��5¯°¾Ë±�¿ Ã ¯wµ�úh«P´�·�¿�²P´F©P¨yÑÒ»(ã à	Ó�äPä Ð ü�üb� � � l�» � ½�å1½gÐ Ã ¨�´�¿�¨�µ Ã ¨�Á

«Pª�¨�¨�¬�¨�®�¨�´Tµ�±&²X­�µ Ã ¨�±�¾7«P¿�¨ C0

·Ë¨�³7´�¨�· ¯°´ §�¨�¿�µ�¯°²V´ x��nm � §�¯°´Ë¿�¨ C0

¯°±~¿�²V®�¾7«P¿yµkÐ	µ Ã ¨
±�¨6w�ÀË¨�´�¿�¨

(fi)
¯°´�·�¨�¨�·�±�ÀËÉ�¶�¿�²V´T©V¨�ª(ÊV¨�±�µ�²�«Ô­�ÀË´�¿�µ�¯°²V´

f ∈ C0
��ü µ�ª�¨�®Ô«P¯�´�±�µ�²!¨�±(µ�¯°®~«Xµ�¨

µ Ã ¨�«PÉË±�²V¬�ÀËµ�¨�ÊVª�«P·�¯�¨�´Tµh²P­ f �k ¯°¿bÌd«ó¾:²V¯°´Tµ
p ∈ X

� à�ÁÍ«X±�±�ÀË®~¾Ëµ�¯°²V´dµ Ã ¨�¯°´Tµ�¨�ª�±�¨�¿�µ�¯°²V´ ⋂

iXi

¯°±ß¨�®~¾Ëµ�Á � §�¯°´�¿�¨
É3²PÀ�´�·�¨�·�¿�¬°²V±(¨�·ß¿�²V´T©V¨yÑß±�¨�µ�±�¨�´`Õ(²�Á$µ Ã ¨C³7´Ë¯�µ�¨C¯°´Tµ�¨�ª�±�¨�¿�µ�¯°²V´ß¾�ª(²V¾:¨�ª(µ�Á!»^±(¨�¨�§�¨�¿�µ�¯�²V´ mË�w� ½yÐ
¯�µ�­�²V¬°¬�² Â ±�µ Ã «Xµ dXi

(p)
µ�¨�´Ë·�±Úµ�²&¯�´Ë³7´�¯wµ�Á Â ¯�µ Ã i � º Ã À�±Ú­�²Vª�¨k«P¿ Ã t > 0

µ Ã ¨�ª(¨m¯°±�±�²V®�¨
Nt

±�À�¿ Ã µ Ã «Xµ dXi
(p) > t

­�²Vª�«P¬°¬
i ≥ Nt

��õ ¨�®~«�Á
«X´�·�± Ã «P¬�¬=«X±�±�ÀË®~¨ Â ¯�µ Ã ²VÀËµ�¬°²P±�±h²P­
ÊV¨�´Ë¨�ª�«X¬°¯�µ�Á~µ Ã «`µ N1 = 0

��5¨�µ
xi

·�¨�´�²Pµ�¨óµ Ã ¨ó´�¨k«Xª�¨�±Rµ
¾3²V¯�´Tµ!¾�ª�²uÕ(¨�¿�µ�¯°²V´ ²X­
p
µ�²

Xi

»�±�¨�¨Íã à	Ó�äPä Ð k ª(²V¾3²P±�¯w¶
µ�¯�²V´ ü�üb� � �¹x å1½�«P´Ë·

ρi : [0, d(p, xi)] → X
É:¨�µ Ã ¨�ÊV¨�²�·�¨�±�¯�¿�¾7«Xµ Ã Õ(²V¯�´�¯°´�Ê p µ�² xi

� §�¨�µ

Dt = diam{ρi(t) | i ≥ Nt}.
õ ¨�·�¯�±(µ�¯°´�ÊVÀË¯°± Ã µ Â ²�¿k«P±(¨�± �
¹�±(±�À�®�¨�³7ª�±Rµ�µ Ã «Xµ suptDt < ∞ ��ü µhµ Ã ¨�´�­�²P¬°¬°² Â ±Cµ Ã «Xµh­�²Vª�«P¬�¬ t > 0

Ð�µ Ã ¨�±�¨6w�ÀË¨�´�¿�¨
(ρi(t))i≥Nt

¯°±�¸	«PÀ�¿ Ã Á � Ò�¨�´�²Pµ�¯�´�Ê�ÉTÁ ρ(t) ¯�µ�±J¬°¯°®�¯�µ�Ð�µ Ã ¨�®~«P¾ ρ : t 7→ ρ(t)
¯�±�«�ÊV¨�²�·�¨�±�¯°¿

ª�«kÁ�¨�®~«P´7«Xµ�¯°´�Ê�­�ª�²V®
p
� º Ã ¨�ª(¨�­�²Vª(¨ f = limi fi

¯°±	«,àCÀ�±(¨�®~«P´�´&­�À�´�¿yµ�¯�²V´&«P´Ë· Â ¨ Ã «k©V¨
|∇p(−f)| = 1

� º Ã À�± Â ¨�«Pª(¨�·�²V´�¨�¯°´&µ Ã ¯°±h¿�«P±�¨ �
¹�±(±�À�®�¨�´Ë² Â µ Ã «Xµ suptDt = ∞ � º Ã ¨�´ Dt

µ�¨�´�·�±�µ�²�¯°´Ë³7´Ë¯�µ�Á Â ¯wµ Ã t � ¸ Ã ²�²P±�¨ δ > 0±�®~«P¬°¬?¨�´Ë²VÀ�Ê Ã ±�²&µ Ã «Xµ √2δ < 1 − √

n
n+1

«P´�·�¬�¨�µ
D > 0

É:¨$µ Ã ¨ß¿�²V´�±Rµb«P´Tµ�¾�ª(²u©�¯�·�¨�·
ÉTÁ�º Ã ¨�²Vª�¨�® �P�nm ��õ ¨$´�² Â ¾Ë¯°¿bÌ

t
¬8«Pª(ÊV¨,¨�´�²VÀ�Ê Ã ±�²&µ Ã «Xµ Dt > D

«P´�·Ò±(¨�µ
yi = ρi(t)­�²Vª�«P¬°¬

i ≥ Nt

�&Ù ²Vª
j > i Â ¨ Ã «k©P¨ ∠xi

(p, xj) ≥ π
2

«X´�·Ï¿�²V´�±�¯�·�¨�ª(¯°´�Ê�«�¿�²V®�¾7«Pª(¯°±�²P´
µ�ª(¯8«P´�ÊP¬°¨
­�²Vª

∆(p, xi, xj)
Â ¨�·�¨�·�À�¿�¨ d(yi, yj) ≤ t

√
2
� §�¨yµ

Y = {yi | i ≥ 0} � à�Áº Ã ¨�²Pª�¨�® �P�nm Â ¨ Ã «�©P¨ rad(Y ) ≤ t(
√

2δ +
√

n
n+1

)
��5¨�µ

z
É:¨×µ Ã ¨×¿�¯°ª(¿�À�®�¿�¨�´Tµ�ª�¨×²P­ Y � õ ¨ Ã «k©V¨ dXi

(z) ≤ dXi
(yi) + d(yi, z)

«P´�·
d(yi, z) ≤ rad(Y )

� §�¯°´�¿�¨�®~²Vª(¨�²�©V¨�ª
dXi

(p) = dXi
(yi) + t

Ð Â ¨�·Ë¨�·�À�¿�¨

fi(z) − fi(p) = dXi
(z) − dXi

(p)
≤ d(yi, z) − t

≤ −t(1 − √

n
n+1

−
√

2δ)

­�²Vª	¨�«P¿ Ã i ≥ 0
� º Ã ¨�ª�¨y­�²Vª�¨ f(p)− f(z) ≥ δ′t

Ð ÂhÃ ¨�ª�¨ δ′ = 1 − √

n
n+1

−
√

2δ
� ©Ú´�µ Ã ¨

²Pµ Ã ¨�ª Ã «P´�·�Ð Â ¨ Ã «k©V¨ d(z, p) ≤ d(p, yi) + d(yi, z) ≤ 2t
Ð�µ Ã À�± f(p)−f(z)

d(p,z)
≥ δ′/2

�
§�¯°´Ë¿�¨hµ Ã ¨�ª�¨�±Rµ�ª(¯°¿�µ�¯°²V´~²P­ −f µ�²,µ Ã ¨ÚÊV¨�²�·�¨�±�¯°¿�±�¨�ÊV®�¨�´Tµ [p, z]

¯°±�¿�²P´�¿k«k©V¨�ÉFÁÔ«P±(±�À�®�¾�¶
µ�¯�²V´*Ð Â ¨�·�¨�·�ÀË¿�¨

|∇p(−f)| ≥ δ′/2.
Ù ¯°´�«P¬°¬wÁVÐ�ª�¨�¿k«P¬�¬°¯�´�Ê	µ Ã «`µ δ′ = 1−√

n
n+1

−
√

2δ
«X´�·,µ Ã «Xµ δ > 0

®Ô«kÁ�É:¨�¿ Ã ²V±�¨�´ß«Pª�ÉË¯�µ�ª�«Pª(Á
±�®~«P¬°¬eÐ�µ Ã ¨�·�¨�±(¯°ª(¨�·
¨�±(µ�¯°®~«Xµ�¨Ú­�²P¬°¬°² Â ± �

�
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X � Å	û$øb÷`Û�Ü:ö°ÅyÝ|Å{¸C¹�º�»^¼T½�þ�ÜËû�øbÅh÷������7ù1Ý�Å�Ý|Åyö°Åbþ�øb÷bÜ:ùrøÄ�Pù1ÛÔÅ��Ëþyùr÷���û����

(Xi)i≥0 � Å�ûe��ÅbþyÝ|Å��&þ�Å ~ #/Å���øbÅÔ÷��~øyö°÷�þ�Å��óøb÷��� PÅ"!!þ�# � þ�ÅyÝ1þ�Æ(¯�� ⋂

i≥0Xi

ù°þ&ÅyÛ�Ü:Ý^ÞA*�Ý�&7Å��
⋂

i≥0 ∂Xi

ù°þhûj��÷���)�ÅyÛ�Ü:Ý^Þ�þ�# � þ�ÅyÝ{÷��	Ý�&7Å� �ù°þ�#ËûPö � ÷�#-���TûPýgÞ ∂X ÷���ù��7Ý^ýgù��Ëþyùrø�ý(û.�Pù�#Fþ ≤ π
2

Æ
Ñ ýb÷�÷���Æ��5¨�µ

φt : X → X
·Ë¨�´�²Pµ�¨�µ Ã ¨hÊVª�«X·�¯°¨�´Fµ���² Â «P±�±(²�¿�¯8«Xµ�¨�·ßµ�²�µ Ã ¨h¿�²V´T©V¨yÑ�­�À�´Ë¿�µ�¯�²V´

f
·�¨y³7´�¨�·á«X±$¯°´¸�5¨�®�®Ô« l �¹x � k ª(²V¾3²P±�¯�µ�¯°²V´ x�� � ¾�ª(²u©�¯�·�¨�±,±�²V®�¨Ô¾:²V¯°´Tµ

ξ
¯�´Eµ Ã ¨Ô¯�·�¨k«P¬g Ï



É3²PÀ�´�·7«PªRÁ
∂X

±�À�¿ Ã µ Ã «`µ�µ Ã ¨hÊVª�«P·�¯°¨�´Tµ�¬°¯°´Ë¨ t 7→ φt(p)
¿�²P´F©P¨�ª(ÊV¨�±�µ�²

ξ
­�²Vª�«P´TÁß±Rµb«PªRµ�¯�´�Ê

¾3²P¯°´Tµ
p ∈ X

�
õ ¨,¿�¬°«P¯°® µ Ã «Xµ ξ ¯�±�¿�²P´Fµ�«P¯°´Ë¨�·�¯�´ ∂Xi

­�²Vª�¨k«P¿ Ã i � º?²Ôµ Ã ¯°±�¨�´�·*Ð Â ¨$³�Ñó«P´�¯°´�·Ë¨yÑ i«P´�·�¿�²V´�±(¯°·�¨�ª�µ Ã ¨�ª�¨�±(µ�ª(¯°¿yµ�¯°²P´ h ²P­ f µ�² Xi

� º Ã ¯°±�¯°±�«
¿�²V´T©P¨yÑ�­�À�´�¿�µ�¯°²V´
²V´ Xi

«P´Ë·�¯�µ
¯°±�±�ÀËÖ�¿�¯�¨�´TµÚµ�²&¾�ª�²�©P¨mµ Ã «Xµ�µ Ã ¨$ÊVª�«P·Ë¯°¨�´Tµ¦�7² Â ²X­

h
¿�²V¯°´Ë¿�¯°·Ë¨�± Â ¯wµ Ã µ Ã ¨mÊVª�«P·�¯�¨�´TµÆ�7² Â

²P­
f
±Rµb«PªRµ�¯�´�Ê&«XµÚ«P´TÁ�¾:²V¯�´Fµ�²P­

Xi

� Ó�¨�´�¿�¨$¯�µ�¯°±�¨�´�²VÀ�Ê Ã µ�²&¾Ëª�²�©V¨$µ Ã «Xµ�­�²VªÚ«P¬�¬ p ∈ Xiµ Ã ¨�¨6w�À�«P¬°¯wµ�Á |∇p(−f)| = |∇p(−h)| Ã
²V¬�·�± �k ¯°¿bÌ�«Ô¾3²P¯°´Tµ

x ∈ X
«P´�·ó¬°¨yµ

xi

·Ë¨�´�²Pµ�¨$µ Ã ¨ß´�¨k«Pª(¨�±Rµ�¾3²P¯°´TµÚ¾�ª(²`Õ(¨�¿yµ�¯�²V´ó²P­ x µ�² Xi

�
õ ¨ Ã «k©V¨ dXj

(x) ≥ dXj
(xi)

«P´�·
d(p, x) ≥ d(p, xi)

­�²Vª�«P¬�¬
p ∈ Xi

� Ó�¨�´�¿�¨�­�²Vª
p ∈ Xi«P´�·�«P¬°¬

j ≥ i Â ¨�ÊP¨�µhµ Ã ¨�¯�´�¨�wFÀ7«P¬�¯�µ�Á
fj(p) − fj(x)

d(p, x)
≤ fj(p) − fj(xi)

d(p, xi)
.

Ó�¨�´�¿�¨óµ Ã ¨ó±�«P®�¨Ò¯°±~µ�ª�ÀË¨Ò­�²VªÔµ Ã ¨ó¬°¯°®�¯�µ�¯°´�Êó­�À�´Ë¿�µ�¯�²V´ f
Ð ÂhÃ ¯�¿ Ã ¯�®~¾Ë¬°¯°¨�±�µ Ã ¨ó·�¨�±�¯°ª(¨�·

¨�wFÀ7«P¬�¯�µ�Á |∇p(−f)| = |∇p(−h)|
� º Ã ¯�±�± Ã ² Â ±�µ Ã «Xµ ξ ¯�±	¿�²V´Tµ�«P¯°´�¨�·�¯°´&µ Ã ¨�¯°´Tµ�¨�ª�±�¨�¿�µ�¯°²V´

⋂

i ∂Xi

Ð ÂhÃ ¯�¿ Ã ¯�±	µ Ã À�±�´�²V´�¶�¨�®�¾Ëµ�Á �
Ù ²Vª�«P´TÁóÊV¨�²�·�¨�±�¯�¿�ª�«kÁ

η
¯°´
X Â ¯�µ Ã ¨�´�·�¾:²V¯°´Tµ�¯°´ ⋂

i ∂Xi

Ð4µ Ã ¨
ª�¨�±(µ�ª�¯°¿yµ�¯�²V´�²P­ fi

µ�²
η
¯�±,É:²VÀ�´Ë·�¨�·Ø­�ª(²V® «PÉ:²u©P¨PÐ Ã ¨�´�¿�¨&´�²V´�¶�¯°´�¿�ª�¨�«P±�¯�´�Ê � º Ã ¨�ª(¨�­�²Vª(¨Ôµ Ã ¨~±�«P®�¨ Ã ²V¬°·�±�µ�ª(À�¨

­�²Vªßµ Ã ¨�ª(¨�±(µ�ª�¯�¿�µ�¯�²V´æ²P­�µ Ã ¨
¬°¯°®�¯�µ�¯°´�Ê�­�À�´�¿yµ�¯�²V´ f
µ�²×µ Ã ¨�ª�«kÁ η �Íü ´ð²Xµ Ã ¨�ª Â ²Vª(·�±�µ Ã ¨

¨�´�·Ë¾3²V¯�´Tµ�²X­
η
¯�±
f
¶�®�²V´�²Xµ�²V´�¨ ��Ù ª�²V® �4¨�®~®~« x�� l Â ¨,·Ë¨�·�À�¿�¨,µ Ã «Xµ d(ξ, ψ) ≤ π/2

­�²Vª
«P¬°¬

ψ ∈ ∩∂Xi

�
�Ñ ýb÷�÷��,÷���$'&7Åb÷`ýbÅyÛ ÛTÆ�Û Æ k ¯�¿bÌÚ«	É7«P±(¨�¾3²V¯�´Tµ

o ∈ X
�=ü ­Fµ Ã ¨�±�¨�µ {dXα

(o)}α∈A

¯°±5É:²VÀ�´Ë·�¨�·*Ð
µ Ã ¨�´ ⋂

αXα
Ã «P±�«�´�²P´�¶�¨�®~¾Ëµ�Á�¯�´Tµ�¨�ª(±�¨�¿�µ�¯�²V´
ÉFÁ�µ Ã ¨�³�´�¯�µ�¨�¯�´Tµ�¨�ª(±�¨�¿�µ�¯�²V´
¾�ª�²V¾:¨�ªRµ�ÁÏ»^±�¨�¨

§�¨�¿yµ�¯�²V´ m���� ½ ��õ ¨$«X±�±�ÀË®~¨ Ã ¨�´Ë¿�¨�­�²Pª(µ Ã µ Ã «`µ�µ Ã ¯°±h¯°±h´�²Xµ�µ Ã ¨�¿k«P±(¨ �	ü ´�¾7«Pª(µ�¯°¿�À�¬8«Pª	µ Ã ¨�ª(¨
¨yÑ�¯°±Rµ�±,«
±(¨�wFÀ�¨�´�¿�¨&²X­	¯°´Ë·�¯°¿�¨�±

(αn)n≥0

±�À�¿ Ã µ Ã «Xµ limn dXαn
(o) = ∞ � r�² Â ­�²Vª�¨k«P¿ Ã

α ∈ A
Ð Â ¨Ô®~«kÁ×«P¾�¾�¬wÁí�5¨�®�®Ô« l � l µ�²
µ Ã ¨�´�¨�±Rµ�¨�·d±�¨�wFÀ�¨�´�¿�¨

(Xα ∩ Xαn
)n≥0

� º Ã ¯�±
± Ã ² Â ±Jµ Ã «Xµ Yα =

⋂

n≥0 ∂(Xα∩Xαn
)
¯�±J«�´�²V´�¶�¨�®�¾Ëµ�Á�±�À�ÉË±�¨�µ{²P­7¯°´Tµ�ª�¯°´Ë±�¯°¿�ª�«P·�¯°ÀË± ≤ π

2

²P­
∂X

� r�²Pµ�¯°¿�¨Úµ Ã «Xµ {Yα}α∈A

¯°±h«m³7¬wµ�¨�ª(¯°´�Êm­^«X®~¯�¬�Á � k ª�²V¾:²V±�¯wµ�¯�²V´ � �w� µ Ã ¨�´�«P¬�¬°² Â ±	²V´Ë¨�µ�²
«P¾�¾:¨k«P¬Fµ�² k ª(²V¾:²V±�¯wµ�¯°²P´ l �Tm Ð ÂhÃ ¯°¿ Ã ± Ã ² Â ±{µ Ã «Xµ ⋂

α Yα

¯°±J«�´�²V´�¶�¨�®�¾Ëµ�Á�±�À�ÉË±�¨�µ�²X­/¯°´Tµ�ª(¯°´�¶
±�¯�¿�ª�«P·�¯�À�± ≤ π

2

� º Ã ¯�±h¾�ª�²�©�¯°·�¨�±�µ Ã ¨�·�¨�±�¯°ª(¨�·
±(µ�«Xµ�¨�®~¨�´Fµ�±(¯°´�¿�¨ ⋂

α ∂Xα =
⋂

α Yα

�
�

õ ¨Ô¨�´�·dµ Ã ¯°±$±(¨�¿yµ�¯°²P´dÉFÁØ«P´d¨yÑË«P®�¾�¬�¨Ô¯°¬�¬°À�±Rµ�ª�«Xµ�¯�´�Ê
µ Ã «Xµßº Ã ¨�²Vª(¨�® �P��� ­^«X¯°¬°±,¯�­�²P´�¨
«P±�±(À�®�¨�±h²V´�¬wÁÔµ Ã «Xµhµ Ã ¨�º�¯�µ�±�É3²PÀ�´�·7«PªRÁ ∂X É3¨�³7´�¯wµ�¨g¶�·�¯�®~¨�´�±�¯�²V´7«P¬ �
½ !FûPÛ�Ü:ö°Å�l �no Æ{�4¨yµ H É3¨~«�±�¨�¾�«Pª�«PÉË¬°¨�»^ª(¨k«P¬8½�Ó�¯°¬�É3¨�ª(µ�±(¾7«P¿�¨ Â ¯�µ Ã ²VªRµ Ã ²P´�²Vª�®~«P¬{É�«P±�¯�±
{ei}

«P´Ë·
X ⊂ H É:¨Úµ Ã ¨Ú±(À�É�±(¨�µ�¿�²V´Ë±�¯°±Rµ�¯�´�Êß²P­?«P¬�¬�¾:²V¯°´Tµ�± ∑

i aiei
Â ¯�µ Ã |ai| ≤ i

­�²Pª�«P¬°¬
i
� º Ã À�± X ¯�±Ú«Ô¿�¬°²V±(¨�·ó¿�²V´T©V¨yÑÒ±�À�ÉË±�¨�µ�²X­ H Â ¯wµ Ã ÅyÛ�Ü:Ý^ÞE» Ã ¨�´�¿�¨m³�´�¯�µ�¨y¶�·Ë¯°®�¨�´�±(¯°²V´7«X¬1½
¯°·�¨�«P¬?É3²VÀË´�·7«PªRÁ � �4¨yµ�´�² Â Xn = {

∑

i aiei | ai ≥ 1
­�²Vªh«P¬�¬

i ≤ n} � º Ã ¨�´ {Xn}
¯�±�«

´�¨�±Rµ�¨�·�­^«P®�¯°¬wÁ~²X­J¿�¬°²V±(¨�·
¿�²V´T©V¨gÑ
±�À�ÉË±�¨�µ�± Â ¯wµ Ã ¨�®�¾Ëµ�Á!¯�´Fµ�¨�ª(±�¨�¿yµ�¯�²V´ �

oË��
��
��È�¦1¥'Ê� 4¦1¢{��Ë
oË�w�V� +���ìA�S��é:ÿ^íeî�í^ò�é:êÏèTë�ì`í^è�ò�

Ñ ýb÷�÷��,÷�����÷`ýb÷`ö1öwûPýgÞ ÛTÆ�� Æ�à�Á k ª(²V¾3²P±�¯�µ�¯°²V´ � ��� Ðuµ Ã ¨�É:²VÀ�´�·7«Xª(Á ∂X ¯�±*³7´�¯�µ�¨y¶�·�¯°®�¨�´�±(¯°²V´�«P¬ �
º Ã ¨!±�ÀËÉ�¬°¨y©V¨�¬�±(¨�µ�±ß²P­hµ Ã ¨&·Ë¯°±�¾Ë¬8«P¿�¨�®�¨�´Tµm­�À�´�¿yµ�¯�²V´d²P­

g
·�¨�³7´Ë¨�«

ZIs(X)(g)
¶�¯�´T©P«Xª�¯8«X´Fµ

´�¨�±Rµ�¨�·Ô±�¨6wFÀ�¨�´�¿�¨�²P­3¿�¬�²V±�¨�·
¿�²V´T©V¨gÑ~±�À�É�±(¾7«P¿�¨ � º Ã ¨h¯°´Tµ�¨�ª�±(¨�¿�µ�¯°²V´
²P­:µ Ã ¨�¯°ª�É:²VÀ�´Ë·7«Pª�¯�¨�±�¯�±
´�²V´�¨�®~¾�µ�ÁßÉTÁ
º Ã ¨�²Vª(¨�® �V�w� «P´�·�¾3²P±�±�¨�±�±(¨�±�«�É7«PªRÁ�¿�¨�´Tµ�ª�¨�ÉTÁ�ã àÄ�4¼.l Ð k ª�²P¾ �7�V�¹x årÐ ÂhÃ ¯°¿ Ã
¯°±	µ Ã ¨�·�¨�±(¯°ª�¨�·
³�ÑË¨�·�¾:²V¯°´Tµ �

�g�Ú
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a(g) = f(gx)− f(x)
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