q-LEIBNIZ ALGEBRAS

A.S. DZHUMADIL’DAEV

ABSTRACT. An algebra (A,0) is called Leibniz if ao (boc¢) =
(aob)oc—(aoc)ob for all a,b,c € A. We study identities for
the algebras A@ = (A, 0q), where aogb=aob+gboa is the
q-commutator. We show that the class of ¢-Leibniz algebras is
defined by one identity of degree 3 if ¢2 # 1, g # —2, by two
identities of degree 3 if ¢ = —2, and by the commutativity iden-
tity and one identity of degree 4 if ¢ = 1. In the case of ¢ = —1
we construct two identities of degree 5 that form a base of identi-
ties of degree 5 for —1-Leibniz algebras. Any identity of degree
< 5 for —1-Leibniz algebras follows from the anti-commutativity
identity.

1. INTRODUCTION

Denote by A = (A, o) an algebra with vector space A over a field K
of characteristic # 2,3 and multiplication (a,b) — aob. Let (a,b,c) =
ao(boc)—(aob)oc be the associator and ao,b = aob+gboa be the ¢-
commutator, where ¢ € K. Denote by A@ = (A, o,) the algebra with
the g-commutator. Notice that ao_1b=aob—boa is a commutator
(Lie bracket, usually denoted by [a,b]) and ao;b=aob+boa is an
anti-commutator (Jordan bracket, sometimes denoted by {a,b} ).

Ezample. If A is an associative algebra, then A1 = (A,[,]) is a
Lie algebra,

[a,b] = —[b,d],

[[CL, b]> C] + Hb7 C]? a] + HC, CL], b] =0,
and AFY = (A,{, }) is a Jordan algebra,
{CL, b} = {b7 a},

{{a’v a}7 {b7 a}} = {{{CL, CL}, b}7 CL}.

Usually, g-commutators are studied in a frame of quantum groups.
It seems that studying of ¢-identities has their own interest. We try
to demonstrate it in a class of Leibniz algebras. We call an algebra A
Leibniz (more exactly right-Leibniz) if for all a,b,c € A

aO(boc):(aO?)oc—(aoc)ob.
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Leibniz algebras were introduced in [2], [3]. In other words, Leibniz
algebras are algebras with the identity lei = 0, where

167: = lei(tl, tQ, tg) = tl (tztg) — (tltg)tg + (tltg)tg.

Ezample. Let (L,*) be a Lie algebra under multiplication * and let
M be an L-module under the right action (M, L) — M, (m,a) — ma.
Make M a trivial left L-module: am = 0,a € L,m € M. Then the
vector space L @& M under multiplication

(a+m)o(b+n)=axb+mb
becomes right-Leibniz. Indeed,
(a+m)o((b+mn)o(c+s))=(a+m)o(bxc+nc)
=ax*(bxc)+m(bxc)=(axb)xc— (a*xc)xb+ (mb)c— (mc)b
=((a+m)o(b+n))o(c+s)—((a+m)o(c+s))o(b+mn).
We call the so-obtained algebra L + M (a semi-direct sum of Leibniz
algebras) standard Leibniz.

Endow a standard Leibniz algebra (L + M, o) with the commutator
[, ]. Then
l[a+m, b+n] = (a+m)o(b+n)—(b+n)o(a+m) = (axb)+mb—(bxa)—na

= 2[a, b] + mb — na,
where [a,b] = axb—bxa. The algebra (L + M,[, ]) (more exactly,
L + M under multiplication [a, b] + (mb — na)/2) is called Omni-Lie
4, 5.

Given non-associative polynomials fi,..., fs, welet Var(fi,..., fs)
denote the variety of algebras with identities f; =0,..., fs =0.

In this paper we construct identities for ¢-(right)-Leibniz algebras.
In particular, we describe identities for Omni-Lie algebras.

We prove that the category of ¢-Leibniz algebras is equivalent to the
category of Leibniz algebras if ¢ # 1,q # —2. This means that, for
q # £1, -2, every algebra with identity lei(® = 0 can be obtained as
A from some Leibniz algebra A and, conversely, if B is an algebra
with identity lei® = 0, then B9 is right-Leibniz. In the case of

q = —2 we should add to the identity lei(@ = 0 the identity leigq) =0
in order to obtain equivalent categories.

Theorem 1.1. (¢ # —1,1,—2) The class of q-Leibniz algebras Lei@
satisfies the identity lei'® =0, where

lei(q) — lei(q) (tl, to, t3) =

(@°=1) (ta(tats) —ta(tits))+(g*+q—1) (tatr)ta+(tata)ti —t1 (tata) —q ta(trto).
The varieties Lei, £ei'? and Var(lei®) are equivalent.
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In particular, Var(lei'? has no special identity for £@ if ¢ #
—2,¢% # 1. The identity leil” = 0 is a consequence of the identity
lei' =0 if ¢ # —2,¢%> # 1.

Theorem 1.2. (¢* # 1) Let ¢ = —2. The class of q-Leibniz algebras

£ei™2 satisfies the identities lei™2 =0 and leig_m =0, where lei?
1 given above and

leit® = 1ei\? (1), ta, t3) = —t1 (tats + tsta) + q(tats + tsta)ty.
The varieties Lei, £ei™? and Var(lei(_Q),leig_m) are equivalent.

So the identity leig_m = 0 is a special identity for Var(lei*=?)
which does not follow from the identity lei‘=? = 0, and there are no
other special identities for £ei(™?.

Define non-commutative non-associative polynomials leilieq, leilies
of degree five by

leiliel (t17 t27 t37 t47 t5> =2 leLC(ljaC(tl, t27 t3)7 t47 t5>—[lja0(t1, t27 t3)7 [t47 t5]]7

l€7:l7:€2 (tl, tQ, t3, t4, t5)

=—c > sign o(—4(((to@2)to@))to@ )te)) 1+2(((to@) to@) ) t1)to@) ) o)
o€ Sym(2,3,4,5)

+2(((to2)to@))to@) )t)tes)+((tite@ o)) (to@ o))+ ((tite@)) (to@tos)) o) )-

For a non-commutative non-associative polynomial f(t1,... %),
denote by Alt(f) its skew-symmetrization

Alt f(tl, ... ,tk) = Z Sign(ff(tg(l), ... 7ta(k:))'

aESymk

Let
l€ili€(t1, tQ, tg, t4, tg,) = Alt(4(((t1t2)t3)t4)t5 — ((tltg)tg)(t4t5)).

Theorem 1.3. (¢ = —1) Let A be a right-Leibniz algebra. Then
ACY satisfies the identities acom = 0, leilie; = 0 and leilie; = 0.
Any polylinear identity of L£ei”™V of degree no more than 4 follows
from the anti-commutativity identity. Any polylinear identity of Leil™
of degree 5 follows from the identities acom = 0, leilie; = 0 and
letlies = 0.

Corollary 1.4. Let A be a right-Leibniz algebra. Then AV satisfies
the identity leilie = 0.
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Corollary 1.5. Fvery Omni-Lie algebra satisfies the polynomial identi-
ties acom = 0, leilie; =0, leilie; =0 and leilie = 0. The identities
acom = 0, leilie; =0 and leilie; = 0 form a base of identities in the
space of polylinear identities of degree no more than 5 for the class of
Omni-Lie algebras.

Note that the polynomials leilie;, leilies and leilie have 9, 60
and 90 terms respectively.
Let

l€Z‘jO7’(t1, tg, tg, t4) = (tltg)(t3t4).

Theorem 1.6. (¢ = 1) Let A be a right-Leibniz algebra. Then AW
satisfies the identities com = 0 and leijor = 0. Fvery polylinear
identity which is true for any Leibniz-Jordan algebra follows from the
tdentities com =0 and leijor = 0.

In other words, there are no special identities for the class of Leibniz-
Jordan algebras.

2. NON-COMMUTATIVE NON-ASSOCIATIVE POLYNOMIALS

Let K(ti,ts,...) be the space of non-commutative non-associative
polynomials in variables ¢,ts,... (free magma). For a polynomial
f=ft,... . tx) € K(t1,t2,...), we say that f =0 is an identity on
an algebra (A, o) if f(ai,...,ax) =0 forall ay,...,a; € A.

Recall that there are exists %(2%“__11)) types of bracketing for the
string t;...t;. For example, there are 5 types of bracketing for 4 ele-
ments:

((tat2)ts)ta, (tata)(tsta), ti(ta(tsts)), ti((tats)t), (t1(tats))ta.

Order the types of bracketing somehow. If o is a type of bracketing,
denote by o(t;,... ,t; ) the string ¢; ...t¢; with bracketing type o.
For example, if £k =4 and o is the bracketing type (¢;(taot3))ty then
O'(tl, tg, tl, t3) = (tl (tQtl))tg

Let a be some bracketing type of tq,... ,t,. We say that a monomial
of the form «(t;,,... ,t;,) has polydegree (rq,...,7x) if {i1,... i} C
{1,...,k} and 7, = |{s : is = m,s = 1,...,n}| is the number of
indexes i; equal to m for any m =1,... k. Call f = f(z1,...,2%)
homogeneous of degree (rq,...,r) if f is a linear combination of
monomials of polydegree (ry,...,ry). Say that a homogeneous poly-
nomial f has degree [ if ri+---+r,=1.

A homogeneous polynomial f = f(t1,...,t) of polydegree (1,... 1)
is called polylinear. Notice that the degree of a polylinear polynomial
f € K(ty,... ,tx) is equal to the number of variables, k. In other
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words a polynomial f is polylinear if f is a linear combination of

monomials of the form «(t;,---,t;), where (lefk) € Symy is a
permutation of the set {1,...,k} and « is a bracketing.

Given polynomials fi,..., fs,g € K({t1,...,t;), we say that the
identity g = 0 follows from the identities f; = 0,...,fs = 0, and
write {f1 =0,...,fs =0} = ¢g =20, if g =0 is an identity for any
algebra A € £ with the identities f; =0,...,f; =0.

Suppose that polynomials fi,..., f; are homogeneous and have de-
grees n; < --- < n,. Suppose that (A4,0,) € L@ has identities
fi =0,...,f; = 0. We say that these identities are £ -minimal
if

o for any r = 1,...,s the identity f, = 0 does not follow from
the identities f; =0,...,f,.1=0,f,01=0,..., fs =0

o if {flz(),...,fr_lzo,g:O,fr+1:0,...,fT:O}:>fT:0
then {f1:O,...,fT_l:0,fT:0,fT+1:0,...,fs:0}:>
g=0.

The space K(t1,ts,...) has the natural multiplication (f,g) — f -
g = fg. Let us endow it with the multiplication (f,g)+— f -, g given

by fq9=1Ff-9+qg-f Forexample,
(t1 + 3t1ta) - ((tatz)tr) = t1((tat3)tr) + 3(t1t2) ((t2ts)t1),

(t1 + 3tita) -4 ((tats)t1)
= t1((tat3)t1) + 3(t1te) ((tats)tr) + q((tatz)tr)tr + 3q((tats)tr) (t1ts).
Let
Tq - K<t1,t2,...> — K<t1,t2,...>
be a linear map defined by
7q(t:) = ti,

([ - 9) = 74(f) - 7(9) + a7 (9) - T(f),
for any f,g € K(ti,t2,...). Then
Tq - (K<t1,t2, ‘e >, ) — (K<t1,t2, ‘e >, 'q)
is the homomorphism
7—q(f g) = Tq(f) q Tq(9)~
Given a bracketing type o, we set

Oq = T4O.
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In other words, o,(ty,... ,tx) is a polynomial obtained from o (¢4, ... , )
by multiplication o, . For example, if o is the bracketing type (¢1t2)ts,
then

og(ts, tr,t) = (tstr)ts + q((tits)ts + ta(tsty)) + q*ta(tits).
Lemma 2.1. For any bracketing type o
O'_qO'q(tz'l, ... 7t2k> = (]_ — qz)k_on(til, ... 7tlk>
Proof. We use the induction on k. For £ = 2 the statement is true:
oq(tiy, tiy) = tirti, + qtiytiy,
and
U_qu(til, tiz)
= titi, — Qliyti, + qtiy - iy — it
- (1 - q2)ti1ti2 - (1 - q2)00(ti17ti2>‘
Suppose that our statement is true for £k — 1. Let
U(ti1> e ,tlk) = Ul(ti1> e atik/)o—/,(tik/+1a . 7t7'k)
for some 1 <k’ <k and for some bracketings o', ¢”. Then
Uq(tz'la .. 7tlk>

=0 ( 11yt 0t 7tlk/)U¢;/( VAR 7tlk)
g0ty st )bt )
and
o_qoq(tiy, ..., ti,)

= U—ng(ti1a s ,tik,)Uqu—q (tik/+17 ce >tzk)
Zq q(tzk/_H, cee ,t )O’l_qO'q(til, c. 7tik/>
-H]U_q q(tlk'+17 e ,t )O'/ ng(tiv PPN ,tik,)
—q? 0_q q(t“, . ,tik,)a_qaq (Bigr s o tiy)
= O—/_qo—é(tzla 7tlk/) —q ;/(tikurl? st 7t7«k>

—¢? ol oo (tiys oty )l ol (tig s s tiy)-
By the induction hypothesis

U—qaq(ti17 Ce ’tik’)

= (1= oyt ti,),

a_qaq (tik’+1’ oo tiy)
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=(1- qz)k_k,_laf)’(tik,ﬂ, co b ).
Therefore,
ol ot ti ,) 0" oy (tigsys oo s tiy)
=(1—=¢*) ooltiy, .. ty),
—q20’_qaé(til, sty )ol o iy sty
= —¢*(1 = ) Pooltiy, ... t;,)
and
0_q0q(tiy, .. i)
=o' oyt ...ty )0 o0 (Bir s+ o tiy)
—q U_q(fq(til, oty )l o] (tik,ﬂ, coutiy)

= (1 — q2)k_100(ti1, Ce 7tlk)
JFrom Lemma 2.1 we infer the following

Theorem 2.2. (¢> # 1) Let fi,...,fs be homogeneous polynomials
of degree k. Then the class of q-algebras Var(fy, ..., f) 9 forms a
variety generated by the polynomial identities o_yf1 = 0,... ,0_4fs =
0. This variety is equivalent to Var(fi,...,fs) and the equivalence
can be given by A= (A, %) — AT = (A, %_,).

The equivalence of varieties means the following. There exist func-
tors

F:Var(fi,...,fs) = Var(o_qf1,...,0-¢fs), (A,0) — (A, 0,),

G:Var(o_gf1,...,0-4fs) = Var(fi,..., fs), (A, %) = (A, %)
such that

GF(A, o) = (A,o), FG(A,x) = (A, *).

Here 1
/ —
a *q b= W a *q b.
Recall that all polynomials fi,... , fs are supposed homogeneous. No-

tice that, for any (A,0),(B,-) € Var(fi,...,fs) and a morphism be-
tween them, i.e., a homomorphism ¢ : (A,0) — (B,-), there corre-
sponds a morphism of algebras v : F(A,0) — F(B,-) in the category
Var(o_gfi,...,0-4fs), i.e., a homomorphism ¢ : (A,0,) — (B,-)-
Indeed,
Y(ay og as)
=1(ar0ay +qazoay)
= (a1 0az) + q¥(az o ar)
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= (ar) - P(ag) + q(az) - Y(ar)

= Y(a1) ¢ ¥(az).

If I is an ideal of (A,0) then I is an ideal of (A, o,). Therefore, sim-
plicity, nilpotency and solvability properties of algebras in the category
Var(fi,...,fs) remain the same for the corresponding algebras in
Var(o_gfis...,0-qfs). If (A,0) is free in the variety Var(fi,..., fs),
then (A, o,) is free in the variety Var(o_,f1,...,0-4fs). We pay at-
tention to the fact that the categories Var(fi,..., fs) and
Var(o_qf1,...,0_4fs) are equivalent only in the case of ¢* # 1.

Let gi1,...,9s, h be non-commutative non-associative polynomials.
Suppose that, for a class £ of algebras, the corresponding class £(@
of g-algebras satisfies the identities gy =0,... ,9s=0 and h=0. In
this case we say that h = 0 is a special identity or an s-identity for

Var(gi,... ,gs)-
We give another application of Lemma 2.1.

Theorem 2.3. If ¢ # +1, then the map
Tq - (K<t1,t2,. . >,) — (K<t1,t2,. . ‘>>'q)
s an isomorphism.

Let £ be some class of algebras. For a polynomial f € K(ty,ts,...),
we say that f = 0 is an identity for £ if every algebra A € £ sat-
isfies the identity f = 0. Recall that each class of algebras satisfying
polynomial identities forms a variety.

Let £ei be the class of Leibniz algebras, i.e., the variety of algebras
generated by the (right)-Leibniz identity lei = 0. Denote by £eil? the
class of q-Leibniz algebras, i.e., algebras of the form AW = (A4, o),
where A € Lei.

Define non-commutative polynomials com (commutativity), acom
(anti-commutativity), ljac (left-Jacobian), rjac (right-Jacobian), lalia
(left-anti-Lie-admissible), ralia (right-Anti-Lie-admissible), lia (Lie-

admissible), st (standard left-skew-symmetric), st (standard right-

skew-symmetric) and sg] ( sy -Lie-admissible) by
com(ti, ta) = tity — tatq,
acom(ty, ta) = tity + toty,

ZjCLC(tl, t2, tg) = (tltg)tg + (tgtg)tl + (tgtl)tg,
TjCLC(tl, tQ, tg) = tl (tgtg) + t2(t3t1) + t3(t1t2),

lalz’a(tl, tg, tg) = [tl, tg]tg + [tQ, tg]tl + [tg, tl]tg,
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ralia(tl, tg, tg) = tl [tQ, tg] + tg [tg, tl] —+ tg [tl, tg],
lia(ty, ta, t3) = [[t1, ta], ta] + [[t2, ta], th] + [[t3, 1], L],
alia'? = lalia + qralia, g€ K.

Recall that for a non-commutative non-associative polynomial f(t1, ..

we denote by Alt(f) its skew-symmetrization
Alt f(tr, ... t) = Y signo flteays- - to))-
o€Symy,
Let
Sp(try .oy tr) = Alt(ty (t2(- - - (tk—1t1)))),
sh(ty, ... ty) = Alt((- - (tita) - tr_1)ts,

sty ote) = Alt([tr, [ty -+ ey, t]]]).
Notice that
com = Sa,

lalia = sy, ralia = s5, lia = sy — s5 = lalia — ralia.

If polynomials are anti-commutative, i.e., satisfy the identity acom =
0, then
ljac = —rjac,

lia = 4 ljac.

3. RIGHT-CENTER AND LIE ELEMENTS

Let F'= F(V) be a free right-Leibniz algebra generated by a
space V. Let (F' [, ]) be the subspace of F generated by V un-
der the commutator [ , |. We say that a € F is a Lie-element if
a € (F [, ]). Homomorphic images of Lie elements of any Leibniz
algebras are called Lie elements as well.

Let (A,o) be a right-Leibniz algebra. An element z € A is called
right-central if

aoz=0
for all @ € A. Let A" be the set of right-central elements of A.
It was noticed in [3] that A" is an ideal with trivial left action,
aoz=0,z¢€ A" q € A, such that

{a,b} =aob+boaec A™™"

for all a,b € A. We construct new right-central elements.
Observe that
k+1

32,_'_1((1,1, Ce ,Clk+1) = Z(—l)isk(al, e 7di> e >ak+l) o a;. (1)
=1

. 7tk)7
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Lemma 3.1. Let (A, o) be a right-Leibniz algebra. Then A" is an
ideal such that

aoz=0.
For any q € K,

(@aogb)oc=(aoc)osb+ao,(boc). (2)

In particular,
{a,b} oc={aoc,b} +{a,boc}.

For any k>3
st(ar, ... ap), si(ay,..., ag) € A",
Moreover,
sk(ay,... ap) = sg](al, cee Q)
are Lie elements,
sp(ay,. ... a) =0,k >4,

and
si(a, b, c) = 2s(a, b, c).
In other words, any right-Leibniz algebra A is —1/2 -Alia,
alia="?(a,b,c) = 0
for all a,b,c € A.

Proof. We have
(aogb)oc
=(aob+gboa)oc
=ao(boc)+ (aoc)ob+gbo(aoc)+qglboc)oa
=(aoc)osb+ao,(boc).
So, (2) is established. Thus, in the case ¢ = 0 we obtain the right-
Leibniz identity
(aob)oc=(aoc)ob+ao(boc).
Let k£ = 3. Notice that
sy(a, b, c) = ralia(a, b, c).
We have
ralia(a, b, c)
=aolbc+bocal+cola,b
=2(ao(boc)+bo(coa)+co(aob))—ao{b,ct—bo{c,a} —co{a,b}
= 2rjac(a, b, c).
By the right-Leibniz identity
lac(a,b,c) = [a,bloc+ [b,c]oa+ [c,a] ob=lalia(a,b,c),
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and
liala, b, ¢) = lalia(a, b, c)—ralia(a, b, c) = rjac(a, b, c)—2rjac(a, b, c) = —rjac(a, b, c).

So, s4(a,b,c) = 2rjac(a,b,c) = —2lia(a,b, c) is a Lie-element.
By the right-Leibniz identity

wo rjac(a, b, c)
= (woa)o(boc)— ((uo (boc))oa+ ((uob)o(coa)
~((wo(coa)ob+ ((woc)o(aob) — ((uo(aobh))oc
= ((woa)ob)oc— ((uoa)oc)ob— ((uob)oc)) oa+ ((uoc)ob)oa
+((uob)oc)oa—((uob)oa)oc— ((uoc)oa)ob+ (uoa)oc)ob

+((uoc)oa)ob— ((uoc)ob)oa— ((uoca)ob)oc+ ((uob)oa)oc

= 0.
So, the element s4(a,b,c) is right-central.

Suppose that sk (ai,...,ax) = s(ay,...  a;) is a Lie element and
is right-central. Prove that si, (ai,...,a511) is also a Lie element
which is right-central. Since sﬁc(al, ey Ay ey aprr) € AT for every
t1=1,...,k+1 and since A™"" is an ideal, we have

k+1 4
si,H(al, c. ,G,k+1) = Z(—l)H—k—i_ngg(CLb c. ,di, Ce ,akﬂ) oa; € Arennt,
i=1
Further,
] S ]
T 3 T A
sk—i-l(ah s 7ak+1) - Z(_1>Z+1[ai7 Sk (ah vy Gy 7ak+1)]
i=1

(by the induction hypothesis)

k+1 )
- Z(_l)l"rl[ai, Séf(ala s 7di7 s 7ak+1)]
i=1
(since st (ay,...,di ... ap11) € ATO™)

k41
= Z(—l)’sﬁc(al, ey gy Apg1) O = sggﬂ(al, ce Q1)
=1
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4. ¢-COMMUTATORS OF LEIBNIZ ALGEBRAS IN CASE ¢? # 1.

Lemma 4.1. For any Leibniz algebra A its q-algebra AD satisfies
the identities lei'® =0 and leigq) =0.

Proof. We have
lei'?(a, b, c)

= (¢ —1)aog (bogc) —aoy (cogb) — (¢* — 1) bog (aogc) —qcog (aoyb)
+(q2+q— 1) (boqa) oqc—i—(boqc) Oq @

= (¢*—1)(ao(boc)+(1+q)ao(cob) —bo(aoc)—gbo(coa)+(q+q?)co(aob)
+qco(boa)+qlaob)oc—gqlaoc)ob+ (1 —¢q)(boa)oc
+(g—1)(boc)oa—q¢*(coa)ob+ ¢*(cob)oa)

=(¢* —1)(ao(boc)+ (14 q)ao(cob) —bo(aoc)+gbo(aoc)
+q*co(aob)+glaob)oc—g(aoc)ob+ (1 —g)(boa)oc
+(g—=1)(boc)oa—g*(coa)ob+¢*(cob)oa)

= (¢"—1)(gao(cob)+(g—1)bo(aoc)+q*co(aob) +q((aob)oc—(aoc)ob)
+(L—q)((boa)oc—(boc)oa) —g*((coa)ob—(cob)oa))

= (¢°~1)(g(ao(cob)+(aob)oc—(aoc)ob)+(1—q)(~bo(aoc)+(boa)oc—(boc)oa)
—¢*(—co(aob)+ (coa)ob— (cob)oa))
(by the right-Leibniz identity)
= 0.
Similarly,
leigq)(a, b,c) = —aog(bogc) —aoy(cogb)+q(bogc)oga+q(cogb)oga

=—ao(boc)—qao(cob)—qlboc)oa—q*(cob)oa
—ao(cob)—qao(boc)—q(cob)oa—q¢*(boc)oa

+q(boc)oa+g*(cob)oa+q’ao(boc)+q’ao(cob)

+g(cob)oa+g’(boc)oa+qao(cob)+q’ao(boc)

—(aob)oc+ (aoc)ob—q(aoc)ob+qg(aob)oc
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—q(boc)oa—q*(cob)oa
—(aoc)ob+ (aob)oc—glaob)oc+qg(aoc)ob
—q(cob)oa—q*(boc)oa
+q(boc)oa+q*(cob)oa
+¢*(aob)oc—qg*(aoc)ob+qg*(aoc)ob—g*(aob)oc
+q(cob)oa+q*(boc)oa
+¢*(aoc)ob—g*aob)octg*(aob)oc—g’(aoc)ob

=(-1+q+1—qg+¢ - - +¢*)(aob)oc
+1-g=1+q—+¢@+ ¢ —¢*)(aoc)ob
+(—¢— ¢ +q+¢)(boc)oa
+(—=¢* —q+ ¢ +q)(cob)oa

=0.
Lemma 4.2. If q # —2, then

—(2q+1))

Alt(lei'9) = —(q + 2) (¢ — 1)alia "2
If g = -2, then

Alt(1ei™?) = 9ralia.
Proof. Consider the case g # —2. We have
161D (ty, Ly, t3) + 1ei'D (g, t3, 1) + lei'D (L3, 11, L)
—1ei D (ty, t1, ts) — 1ei'D (tg, ty, 1) — lei'D (ty, t3, 1)
= (¢ — D{(2q + D)(ta[ta, ta] + to[ts, ta]] + t3[t1, 2]])
—(q +2)([tr, talts + [ts, ta]ta + [ta, t3]t1 }

—(2g+1) )

=(2—q— q2)7’alia( a+2

The case ¢ = —2 is considered in a similar manner.

Lemma 4.3. Let L be a free Leibniz algebra with 3 generators, q €
K,q#0,%1. Then any polylinear identity of L' of degree 3 follows
from the identities lei'? =0 and leigq) =0. If ¢ # —2 then lez'gq) =0
is a consequence of the identity lei'? = 0. If ¢ = —2, then lei'® =0
and lez'gq) =0 are independent identities.
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Proof. Let L = (L,0) be a free Leibniz algebra generated by three
elements a, b, c. Write the g-commutator in L9 by wv = uov+quou.

The polylinear part of the free magma algebra (the algebra of non-
commutative non-associative polynomials) in degree 3 has dimension
12. Tt is generated by the following 12 monomials:

er = ei(t1,ta, t3) = t1(tats), ex = ea(ts,ta, ts) = ta(tsty),
es = es(ty, to, t3) = t3(tita), €4 = eq(ly,ta, t3) = ta(tils),
es = 65(t1, to, tg) tg(tgtl) eg = eﬁ(tl, to, tg) t1 (tgtg)
er = eq7(t1, la, t3) = (Lita)ls, es = es(t1,la,t3) = (tats)ty,

eg = eg(t1,ta,t3) = (tst1)ta, €10 = eio(t1, ta,t3) = (tat1)ts,
enn = et ta, t3) = (tsto)t, ein = eia(ty, to, t3) = (tats)ta.
Let X = X(t1,t2,t3) = 2i2, Miei(t1, ta, t3) be a polynomial such
that X (a,b,c) = 0 is an identity on L@
Substitute the generator elements a,b,c € L for the parameters
t1,ta,t3. Write e; instead of e;(a,b,c). We have
e1=ao(boc)+qao(cob)+qlboc)oa+qg*(cob)oa
=(aob)oc—(aoc)ob+qlaoc)ob—gq(aob)oc
+q(boc)oa+q*(cob)oa
Similar calculations show that
eg=(boc)oa—(boa)oc+q(boa)oc—q(boc)oa
+g(coa)ob+g*(aoc)ob,

es = (coa)ob—(cob)oa+g(cob)oa—gq(coa)ob
+q(aob)oc+¢*(boa)oc,

es=(boa)oc—(boc)oa+q(boc)oa—gq(boa)oc
+qlaoc)ob+q*(coa)ob,

es = (cob)oa—(coa)ob+q(coa)ob—q(cob)o
+q(boa)oc+ ¢*(aob)oc,

eg =(aoc)ob—(aob)oc+qglaob)oc—q(aoc)ob
+q(cob)oa+q*(boc)oa,

e =(aob)oc+qglboa)oc+q(coa)ob—q(cob)o
+q*(cob)oa—g*(coa)ob,
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es=(boc)oa+q(cob)oa+glaob)oc—glaoc)obd
+¢*(aoc)ob—qg*(aob)oc,

eg = (coa)ob+g(aoc)ob+gqlboc)oa—g(boa)oc
+¢*(boa)oc—g*(boc)oa,

ero=(boa)oc+qg(aob)oc+qg(cob)oa—q(coa)ob
+¢*(coa)ob—¢*(cob)oa,

en = (cob)oa+qboc)oa+tglaoc)ob—glaob)oc
+q¥(aob)oc—qAaoc)ob,

e =(aoc)ob+q(coa)ob+qlboa)oc—qg(boc)oa
+¢*(boc)oa—¢q*(boa)oc.

X —

A(aob)oc—A(aoc)ob+ghi(aoc)ob—qgAri(aob)oc
+ghi(boc)oa+ ¢*Ai(cob)oa)
+X(boc)oa—N(boa)oc+gla(boa)oc—qgry(boc)oa
H+qla(coa)ob+ ¢*Ny(aoc)ob
+A3(coa)ob—A3(cob)oa+grs(cob)oa—qgAs(coa)obd
+qAz(aob)oc+g*Mz(boa)oc
M(boa)oc—N(boc)oa+ghy(boc)oa—qgh(boa)oc
+gh(aoc)ob+g*N(coa)ob
As(cob)oa— As(coa)ob+grs(coa)ob—gAs(cob)oa
+gAs(boa)oc+g*Ns(aob)oc
X¢(aoc)ob—Ng(aob)oc+ grg(aob)oc—qgrg(aoc)obd
+qAs(cob)oa+g*N¢(boc)oa
+A7(aob)oc+ghr(boa)oc+ ghr(coa)ob—qgrs(cob)oa
+¢*Mr(cob)oa— ¢*N(coa)ob
+As(boc)oa+ghs(cob)oa+grg(aob)oc—grg(aoc)ob
+¢*Xs(aoc)ob—g*dglaob)oc
+Xg(coa)ob+ghg(aoc)ob+glg(boc)oa—ghg(boa)oc
+@*Ng(boa)oc—g*Ng(boc)oa
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+Ao(boa)oc+ ghp(aob)oc+ ghg(cob)oa—ghip(coa)obd
+¢*Ap(coa)ob— ¢*Ag(cob)oa

+A11(cob)oa+ghi(boc)oa+ gri(aoc)ob—gi(aob)oc
+¢*A1(aob)oc—qg*A(aoc)ob

+A2(aoc)ob+ ghia(coa)ob+ ghia(boa)oc—ghia(boc)oa
+¢*Aa(boc)oa — g*Aa(boa)oc

= (M—gM+aAs+¢* A=A+ A+ A+ As—¢* As+g 0 —g A +¢* A ) (aob)oc
(=M + Ao+ gA+ A6 — A6 —gAs ¢ As+qAo+qA1—q* Mi+A12) (aoc)ob
(= A Ao+ A3+ A=A+ As+gA\r—g Ao+ Ao+ A 10+ M2 — g Ai2) (boa)oc
+(gA A=A — MM+ A+ As+Hqho— G Ao +q A1 —q Ao+ A1z ) (boc)oa
+(gAa+A3— A3+ M= A5 H A5 +Hq 1 — P Ar Ao —qA10+G% MioFgAi2) (coa)ob
(P A= A3+qA3 X5 — A5 A6 — A+ Mg s Fg A 10— A o+A11 ) (cob)oa

We thus we obtain the following system of equations
(1=@)M+gAs+¢° As+(g—1)As+A7+(g—¢") As+gMo+(¢° —g) A = 0,
(= DM+ Ao+ M+ (1= X +(* =) As+qro+(¢— %) M1+ M2 = 0,
(=D Ao+ A+ (1= q)Aa+qAs+ A7+ (" —q) o+ Ao+ (¢—¢*) Az = 0,
M+ (1= A+ (= DA+ A +As+(q— ) Ao+ A+ (7 — ) M2 = 0,
o+ (1=9) A3+ M+ (g =D X5+ (g—¢*) A+ Ao+ (¢ =) Ao +ghia = 0,
X+ (g= A3+ (1 =) X +9X6 +(0* =) A+ As +(g—¢*) Ao+ = 0.

The transposed matrix of this system is

1-q ¢ 0 0 q> g—1
0 1—q ¢ g—1 0 q>
q 0 1—q ¢ qg—1 0
0 qg—1 ¢ l1—q 0 q
¢ 0 g—1 ¢ l—q 0
qg—1 ¢ 0 0 q 1—gq
1 0 - q *—q O
q—q* 1 0 0 q @ —q
0 q—q* 1 >—q 0 q
q 0 ?—q 1 qg—q¢* 0
¢—q q 0 0 1 q—q°
0 *—q q qg—q* 0 1

The determinant of the 6 x 6-matrix composed of the first 6 rows is
(1—¢)°¢*(14+q)3(q+2). So, this system has rank 6 if ¢ # 1,q # 0, —2.
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One can choose \;,7 <1 < 12 as free parameters. Now, we consider
two cases.

Suppose that ¢ # —2. In this case the system has the following
solution

AL = —%(12—;;]2()\7 + s+ Ao+ (1= ¢ —¢*) o+ (14 A1 — Aia),
A2 = e _:2)(]()\7+(q2—|—q—1))\8+)\9—)\10+(1—q—q2))\11+(q+1))\12),
Az = N _:2)(]()\7+)\8+(q2+q_1)/\9+(Q+1))\10_)\11_(q2+q_1))‘12)a
Ay = g+ 2)(]((1—q—q2)>\7—)\8+(Q+1)/\9+(q2+q—1))\10+>\11+>\12)7
As = e 2)q((1+9)>\7—(q2+q—1) As— Ao+ A0+ (¢°+q—1) A1+ A1),
= +12)q(—A7+(q+1)/\8+(1—q—q2)A9+Alo+Au+(q2+q—1)A12)'

Substitute these expressions for A;, 1 < i < 6, in X(¢1,t,t3) and
collect the coefficients of A;,7 < j < 12. We obtain a presentation of
the polynomial X (1,%5,%3) as a linear combination of the following 6
polynomials

=
(g—Dt1(tats) — (¢° — g+ Dta(tsta) — (g — D)ta(tits) — (¢* + g — D)ta(tst1)
+(¢* — Qts(tita) + (¢ + ¢ — @) (trts)ta + qltats)ty

fa=
(—1+q2)t1 (tgtg)—tl (tth)—(q2—1)t2 (tltg)—qtg (t1t2)—|—(q2+q—1) (t2t1)t3+(t2t3)t1

fs =
(_q3 +q — 1)t1 (t2t3) — tl (tgtg) + (q3 — q—|— ].)tQ(tltg) — (q2 -+ q— 1)t2(t3t1)
—qts(tit2) + (¢° + ¢* — @) (tuta)ts + (¢ + q) (tats)ta

fa=
—tl(tgtg) — (1 + (])tl(tgtg) -+ tg(tltg) — ((]2 + q — 1)t2(t3t1) — tg(tltg)
+(¢* + g — Dts(tats) + (¢ + 2q) (tats)ty
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I5 =
(1 — q)ti(tats) + (¢° — g + Dti(tata) — ¢*ta(tats) — (¢° — q)ta(tits)
—q(tats)ts + (¢° + ¢° — q) (tst1)ts

fo = —ti(tats) — ti(tste) + q(tats)ts + q((tsta)tr).
We see that if ¢% # 1,q # —2, then
1

fi= —1ei'D (L, tg, t3)— (—14q+q*)lei' D (ty, 1y, L3
D gy e )= Jiei® (12, 1, 15)
+(=1 4 g+ ¢*)%eiD (ts, t1, ts) + (=1 + ¢ + ¢H)1eiD (t5, 15, 1)),
f2 = lei(q),
1 (a) 2127 ()
fs = (—(14q)lei'? (t1, to, t3)+(—14q+q°)lei' Y (Lo, t, t3)

(¢—1(g+1)(g+2)
—(—1+q+@*)lei'D (ty, t1,ts) + (L+ q) (=1 + g + ¢*)lei'? (t5, 82, 1)),

1
(¢+1)(g—1)
1
(¢—1D(g+1)(g+2)
—(=1+q+ PA)lei'D(ty, ts, t1) — (=1 + q + ¢*)lei' D (ts, 2, 11)),

fi= (—1ei D (t1, ta, t3) + (=1 + ¢ + ¢>)ei'?D (t5, 15, 1)),

fs = (1ei'D (11, t, t3)+(—1+q+q*)? 1ei'D (ty, t3, Lo)

1
(¢—1(g+1)(g+2)
(=14 g+ ¢H)lei'D(ty, t5, t1) + (=1 + ¢ + ¢*)1ei'D (t3, ty, 11)).

Now, we consider the case ¢ = —2. In this case, similar arguments
show that X is a linear combination of the following polynomials

g1 = tg(tgtl) + 2/3(t1t2)t3 + 4/3(t1t3)t2 + 4/3(t2t1)t3 — 4/3(t2t3)t1
+5/3(tst1 )ty — 5/3(tsta)t,

fo= (—1ei'D (ty, ty, t3) — 1ei'D (b, s, L)

go = tg(tgtl) + 4/3(t1t2)t3 + 2/3(t1t3)t2 + 5/3(t2t1)t3 — 5/3(t2t3)t1
+4/3(tsty )ty — 4/3(tsty)ty,

g3 = t1(tats) — 5/3(t1te)ts + 5/3(t1ts)te — 4/3(tat1)ts + 4/3(tats)t
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43ty )by + 2/3(tsts)t1,

ga = t1(tsty) + 5/3(tita)ts — 5/3(trts)ts + 4/3(taty ) ts + 2/3(tats)t
—4/3(tst) )ty + 4/3(tsts)ts,

g5 = to(tits) — 4/3(tyty)ts 4+ 4/3(tyts)ty — 5/3(taty )t + 5/3(tats )ty
1+2/3(tsty )ts + 4/3(tsts)ty,

g6 = ts(tity + 4/3(t1ty)ts — 4/3(t1ts)ty + 2/3(toty )ts + 4/3(tots)ty

—5/3(tsty )ty + 5/3(tsta)t.
We have

g1 — 1/3(4[62 (tl,tQ,tg) +3l€2 (tl,tg,tg) + 2[6@ (tz,tl,tg)
+4l611 (tl,tg,tg) l€i1_ )(tQ,tl,tg)) = ]_/3 Talia(tl,t27t3>,

go — 1/3(5[62 (tl,tQ,tg) +6l€2 (tl,tg,tg) +4l€l (tz,tl,tg)
+5l611 (tl,tQ,tg) + lezl (tg,tl,tg)) = 8/3 Talia(tl,tg,t?,),

gs — 1/3( 4l€Z (tl,tg,tg) 6l62 (tl,tg,tQ) - 5l€Z (tQ,tl,tg)
—4l611 (tl,tQ,tg) - 5[621 (tg,tl,t?,)) = —10/3 Talia(tl,t2,t3),

g4 — 1/3(4[62 (tl,tQ,tg) +6l€2 (tl,tg,tg) + 5l€Z (tz,tl,tg)
+l€Z1 (tl,tQ,tg) + 5l621 (tg,tl,t3>) = 10/3 ralia(tl,tg,tg),

gs — 1/3( 5l€Z (tl,tg,tg) 6l62 (tl,tg,tQ) 4l€Z (tQ,tl,tg)
—5l€Z1 (tl,tQ,tg) 4[621 (tg,tl,t3>) = —8/3 ralia(tl,t2,t3),

Je — 1/3(2[62 (tl,tQ,tg) +3l€2 (tl,tg,tg) +4l€l (tz,tl,tg)
—leil )(tl, tQ, t3> + 4[6@1 (tQ, tl, tg)) = 8/3 ral@'a(tl, tQ, t3>

By Lemma 4.2 ralia = 0 is a consequence of the identity leil® = 0.
Therefore, all the identities g; = 0 are consequences of the identities

lei® = 0 and leil? = 0.
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We have proved that any identity of degree 3 of L@ for ¢ = —2
follows from the identities lei” = 0 and lei&'ﬁ = 0. Notice that the
equation

lez'gq)(a, b,c) = ullez’(q)(a, b,c) + M2l€i(Q)(b, c,a) + uglez'(q)(c, a,b)

+114lei@ (b, a, ¢) + pslei'? (e, b, a) + pelei'® (a, ¢, b)

in L9 with unknowns fu, fto, ft3, fta, /15, fi¢ iS not solvable. Therefore,
this system of identities lei(? = 0, leigq) =0 is £ei” -minimal if ¢ =
—2.

Lemma 4.4. Suppose that q # 0,+1 and an algebra (A,x) satisfies

the identities lei'” =0 and leigq) = 0. Then the algebra (A, o), where
aob=(1—q¢*)Yaxb—qbxa), is a (right)-Leibniz algebra, and the
algebras (A,x) and (A,o,) are isomorphic.

Proof. One checks that
lei(ty, to, t3) =
—21eiD (ty, ty, t5)—2/31ei'D (ty, ts, ty)—1eiD (Lo, t1,t5)+2/3 (1ei'D (ty, t5, 1)
—21ei\? (t1, Lo, t3) — 1ei\? (ta, 11, t3)
for > #1,q=—2, and
lei(ty, o, t3) =

1
(¢ = Dlg+2)

—(q+ 1) 1ei'D(ty, t1,t5) + (1 — g + ¢> + ¢>)1ei'D (ty, t5, 1)
+(q + ].)lel(q) (tg, t1, tg) - (q + q2>l€’L(q) (tg, to, t1)>

for ¢> #1,q # —2.

Therefore, for any algebra (A,*) with identities lei@ = 0 and
leil? =0 the algebra (A,o), where aob= (1—¢?)(axb—qb*a),
satisfies the identity lei = 0. It is evident that

(Q(q + l)lez(q) (tl, to, tg) - (—1 + 2(] + qz)lez(q) (tl, ts, tg)

aogb
=(1—¢*) Haob+qboa)=(1—¢*)  axb—qbrxa+qbxa—q*>axb)

=axb

Proof of Theorems 1.1 and 1.2. By Lemmas 4.1, 4.3, 4.4 our theo-
rems are true.
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5. LEIBNIZ-LIE ALGEBRAS

In this section we study identities for Leibniz-Lie algebras, i.e., al-
gebras (A,[, ]) under —1-commutator for Leibniz algebras (A,o).
Recall that

l€ili€1 (tl, tg, tg, t4, t5)
)(t4t ) + 2((UGC(t1, tQ, t3))t4)t5 — 2((ljac(t1, tg, t3)t5)t4
)

== leLC(tl tz t3
== t4 ) + 2((7’jac(t1, tQ, t3))t4)t5 — 2((7”]'010(151, tQ, t3)t5)t4

—Tj(lC(tl tz t3

= ((t1t2)t3)(tats) — ((tatz)t2)(tats) + ((tats)t1)(tats)
—2(((t1ta)t3)ta)ts + 2(((t1t2)ts)ts)ts + 2(((t1t3)ta)ts)ts
=2(((tata)t2)ts)ta — 2(((tats)tr)ta)ts + 2(((tats)t1)ts)ta),

leiliey(ty, ta, 3, 4, t5)
—((tata)ts)(tats) + ((tat2)ta) (tats) — ((tite)ts)(tata) — ((tate)(tata))ts

+((t 2)(tsts))ta — ((tat2)(tats))ts + ((tats)ta) (tals) — ((tats)ta)(tals)
+((trts)ts) (tata) + ((Tats)(t2ta))ts — ((Tats)(tats))ta + ((f183)(Tats) )t
—((t1ta)t2)(t3ts) + ((Tata)ts) (tats) — ((Gata)ts)(tats) — ((fata)(tals))ts
+((t1ta) (tat5))ts — ((trta) (tst5))t2 + ((tats)t2) (tata) — ((ats)ts)(tata)
+((tts)ta) (tats) + ((tats)(tats))ta — ((tats)(t2ta))ts + ((t1t5)(Lsta))t2
—2(((tats)t1)ta)ts +2(((tats)t1)ts)ta — 2(((tats)ta)ts)ts + 4(((tats)ts)ts)t1
+2(((tat3)ts)tr)ts — A(((tats)ts)ts)ts + 2(((tata)ts)ts)ts — 2(((tats)tr)ts)ts
+2(((tatg)ts)ts)ts — 4(((tats)ts)ts)tr — 2(((tats)ts)t1)ts + 4(((tats)ts)ts)tq
—2(((tats)t1)ts)tsa +2(((tats)t1)ta)ts — 2(((tats)ts)ts)tsa + 4(((tats)ts)ts)te
+2(((tats)ta)ts)ts — 4(((tats)ta)ts)ts — 2(((tsta)tr)t2)ts +2(((tsta)tr)ts)ts
—2(((tsta)to)ts)ts +4(((tsta)ta)ts)ts +2(((tsta)ts)t1)ta — 4(((tsta)ts)t2)ta
+2(((tsts)tr)ta)ts — 2(((tsts)t1)ta)ta + 2(((tsts)ta)tr)ts — 4(((tsts)te)ta)ts
—2(((tsts)ta)ts)ta +4(((tsts)ta)ta)ts — 2(((tats)t1)ta)ts + 2(((tats)t1)ts)to
—2(((tats)ta)t)ts+4(((tats)ta)ts)tr +2(((tats)ts)ts)ta —4(((tats)ts)t2)ts

We see that leilie; (t1,to,t3,t4,t5) has type (3,2), ie., it is skew-
symmetric in ¢q,ty,t3 and in ty,t5, and leilies(ty, ta, t3, t4, t5) has type
(1,4), is skew-symmetric in to, t3, ty, t5.

Let

l€ig_1) (tl, tQ, t3, t4, t5> =

((tat2)ts)(tats) + ((tata)ts)(tsta) + ((tat2)(tsta))ts — 2((tata)(tals))ts
+((tata)(tats))ts — ((tata)ts)(tata) + ((tatz)(tats))ts — ((t1ta)ts)(tats)
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+((tata)ts)(tats) + ((trta) (tats))ts — ((tita)(tats))ts + 2((tita)(tsts))ta
+((tats)ts) (tats) — ((tats)(tata))ts + ((tatz)ts)(tita) + ((tata)ts)(tits)
—((ata)ts)(tats) — 2((t2ta) (tst5))tr — ((tats)ts) (trta) + ((sts)ta)(tat2)

+2(((t1to)t3)ts)ty — 6(((t1t2)ts)ts)ts + 6(((t1te)ts)ts)ts — 2(((t1t2)ts)t3)ts
—2(((tats)t2)ta)ts +2(((trts)ta)b2)ts + 6(((¢12s)ts )t )ta — 6(((trts)ts)ta)ts
F6(((t12a)t2)ts)ts — 6(((trta)ta)ts)ts — 2(((Tata)ts)ts )to + 2(((E124)E5)t5 )t
+2(((tats)t2)ta)ts — 6(((trts)ts)t2)ta + 6(((t1ts)ts)ta)ta — 2(((t1t5)ta)t2) s
+2(((tats)tr)ta)ts — 2(((t2ts)ta)t1)ts — 6(((Eats)ts)tr)ta + 6(((tals)ts )ta)ty
—6(((tata)t1)ta)ts +6(((tata)t)ts)ts +2(((tata)ts)ts )t — 2(((tata)ts)t3)ta
—2(((tats)t1)ta)ts +6(((tats)ts)t1)ta — 6(((tats)ts)ta)ts +2(((tats)ta)ts)ts
+2(((tsta)tr)t2)ts — 2(((tata)t2)t1)ts — 4(((Eata)ts)t1)t2 +4(((Esta)ts)t2) b1
+4(((tsts)t1)t2)ta — 4(((Eats )t )ta)ta — 4(((Eats)t2)t1 ) ta +4(((Esl5)t2)ta)ty
+2(((tt5)ta)t1)t — 2(((Eats)ta)ta)ts + 2(((tals)t1)t2)ts — 2(((ats ) ta)t)ts

—A(((tats)ts )t )ts + A(((Lats)ts) )11

Lemma 5.1. The identity lez( V=0 isa consequence of the identities
leilie; = 0, letlies = 0 and the anti-commutativity identity.

Proof. Let
R—
leil™V (£, ta, ts, ta, ts) + leiliey (ty, ta, ts, ta, ts) — 2eiliey (ty, ta, ty, ts, t5)
+leiliey (t1, ta, ts, t3, ta) + leilieq (t1, t3, ta, ta, ts) + leilie (1, ta, ts, ta, t3)
—leiliey (to, ts, ta, t1,t5) — leiliey (to, ta, ts, t1, t3) + leiliey (3, ty, ts, t1, t2)
+leilieg(ty, to, ts, ty, ts) — leilieg(ta, 1, ts, ta, ts) — leiliea(ty, t1, ta, t3, t5).
Direct calculations show that

( ty

tq))ts — ((tats)(tats))ts + ((tate)(t1ts))ts
(tats)(tata))ts — ((tat1)(tats))ts
(tat1)(tats))ts — ((tats)(tit2))ts
(tits)(tats))ta + ((tats)(tits))to
+((tta) (tats))t2 + (((Lat1)(tsts))t2
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+((tts)(tata))t2 — ((tats)(tits))te

—((tats)(tats))ts — ((tats)(tats))ta

—((tata)(tsts))th — ((tat2)(tsts))ta
+((tats)(tats))ts — ((tats)(tata))ta
+((t1t2)ts)(tats) + ((tat1)ts)(tats)
+((t1t4)ta) (tsts) + ((tat1)t2)(tsts)

—((tata)t1)(tsts) — ((tat2)t1)(tats))
—((tat2)ta) (tats) — ((tat1)ta)(tsts)
+((t1t2)ts)(tsts) + ((tat1)ts)(tsts)
—((tata)ts)(tats) — ((tata)ts)(tats)
+((tstg)tr)(tats) + ((tats)ty)(tats)
+((t1ta)ts)(tats) + ((tat1)ts)(tats)
+((tats)ts)(trts) + ((tata)ts)(tats)
—(((tata)t2)(tats) — ((t4t3)t2)(t1t5)

+((t3t4)t5)(t1t2)+(( ) 5)(t1t2)

JO

if t1ty — tot; = 0 is identity.
Lemma 5.2. Let (A,o) be a Leibniz algebra. Then the Leibniz-Lie
algebra (A,[,]) satisfies the identities leit™ =0, leilie; = 0.
Proof. By Lemma 3.1 leilie; = 0 is an identity on A1,
Let us check that leilies = 0. Present
h = h(a,b,c,d,e)

= —[[[[b, ], d]. €], a] + 2[[[b, ] al, d]. e] +2[[[[b, ], d], al, e]
+([[a, 0], c], [d, €]] + [[[a, V], [d, €]], c]
in the form hy + ho, where
hi = hi(a,b,c,d, e) = —4[[[[b, ], d], e], a]+2[[[[b, ], a], d], e]+-2[[[[, ], d], a], €],
hy = hs(a, b, c,d,e) = [[[a,b],cl,[d,e]] + [[[a, ], [d, €], c].
Notice that
—2([[[[[w, 8], ¢, a] + [[[[[[«, a], d], e] + [[[[[[u, d], a]. €]
(aoc)ob)ou)—8(((aoc)ou)ob)
a Joc)—3(((aou)od)oe)
cob)ou)oa) 4(((cou)ob)oa)
d oe ((eoa)od)ou)
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—4(((ecu)oa)od) —4(((eou)od)oa)+ (((uoa)od)oe)
—2(((uob)oc)oa)+ ((ued)oa)oe).

+8(((eca)ou)od) —4(((eod)oa)ou)+8(((cod)ou)oa)

Therefore,
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1,2,3,4,5,

T1+T2+7’3+7’4+7’5,

h

where 7; = r;(a,b,c,d,e),i
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2 = ~2((((boa)oc)odyoe) +2((((boa)oc)oe)od) ~2((((boa)od)oc) oc)
+2((((boa)06)0d)00) 12((((coa)ob)od)oe) +12((((coa)ob)oe)od)

+8((((doa)ob)oc)oe) — ((((do a)oc)ob)oe)+32((((eca)ob)oc)od)
—32((((eoa)oc)ob)od) —16((((eca)od)ob)oc)+16((((eca)od)oc)ob),

rs = 2((((boc)oa)od)oe) + 10((((cob)oa)od)oe) —12((((cob)oa)oe)od)
—6((((doe)oa)ob)oc)—10((((eod)oa)ob)oc)+16((((eod)oa)oc)ob),

—2((((cob)od)oa)oe)+8((((cod)oe)oa)ob)
((dOb)oc)oa)oe)+12((((doc)ob)oa)oe)
(doe)oc)oa)ob)—16((((eob)oc)oa)od)
((((60 )05)0&) d) (((eod)ob)oa)oc) 4((((eed)oc)oa)ob),

rs = —4((((boc)od)oc)oa) +4((((cob)od)oe)oa) ~8((((cod)oe)ob)oa)
+8((((coe)od)ob)oa)+8((((dob)oc)oe)oa)—8((((doc)ob)oe)oa)
4((((doe)oc)ob)oa)+16((((eod)ob)oc)oa)—12((((eod)oc)ob)oa).

Show that Alt(ry) = 0. Let us collect the coefficients of ((((a o b) o
c)od)oe) in . We see that this yields

99 s a b c d e 9 i a b c d e
SV boe d e ] " g b e e d
19 si a b c d e 94 a b c d e
SN\ b d e ¢ SN\ 0 b e d e
) a b c d e . a b c d e
—QOszgn(a c b d e>—24szgn(a d b c e)
) a b c d e . a b c d e
+24szgn<a d c b e>—32529n(a e b c d)
. a b c d e ) a b c d e
+32829n(a c ¢ b d>+3252gn(a e d b c)
) a b c d e
—32 s1gn ( e d c b )

=22424+2+24+20—24—-24+32+4+32—-32—-32=0.
So, by skew-symmetry, r; = 0. Analogous calculations show that
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for all 1 =1,2,3,4,5. Thus,
leiliey = Alt(ry) + -+ -+ Alt(rs) = 0.

Lemma 5.3. Any identity of degree 4 for £ei™Y follows from the
tdentity acom = 0.
Proof. Let
Xy(ty, ta, t3,t4) =
A1 (tite)(tsta)+Aa(tats) (tats)+As(tats) (t1ts) +Aa((t1t2)ts)tatA10((t1t2)ts)ts
5 ((trts)ta)tat A1 ((Erts)ta)tatNe((tata)te)ts+A1a((trta)ts)ta+A7((tats)tr )ty
s ((tats)t) b+ s ((tata )t )+ Ara((Fata )t )t Ao ((tsta )t ot Ars ((Esta ) Ea)ty
be a generic skew-symmetric polynomial of degree 4. For ti,ts,13,t4,
we substitute the elements a,b,c,d of the free Leibniz algebra, and
calculate X4(a,b, ¢, d) under the commutator [u,v] =uov—vou. We
obtain
Xy(a,b,e,d) =
(2A1 + Ay — 27 —4Ai3 +4)Mi5)(((aob) o ¢) o d)
+(—=2\ — 2Xg + Ao — 4A1gs — 4A5)(((a o b) o d) o ¢)
+(2X2 + A5 + 2A7 + 4 i3 + 4A14)(((a o ¢) 0 b) o d)
+(—=2Xy —2Xg + A1 — 4A1gs —4A5)(((a o ¢) o d) o b)
+(—=2X3 + A6 + 2As + 4 13 +4A14)(((a o d) 0 b) o ¢)
+(2X3 4+ 2Xg + A2 — 4A 13+ 4N15)(((a o d) o ¢) 0 b)
+(—2X — Ay — 25 +4Xg —4A11)(((boa) o c) o d)
+(2A1 — 2Xg — 4Xg — Ao — 4A12)(((boa) od) o ¢)
+(2A3 4+ 2X5 + A7 + 4 11 +4X12)(((bo¢) o a) od)
+(—=2XA3 —4Xg — 4A 12 + A3 — 2A5)(((bo ) od) 0 a)
+(—=2X3 + 206 + As + 411 +4XA12)(((bod) o a) o)
+(2XAy + 4hg — 411 + Mg+ 2M15)(((bod) o) 0 a)
+(—2Xy — 2M\g — A5 +4Xs —4A10)(((coa) o b) o d)
+(2Ay —4Xg — 4As — M1 — 2A12)(((coa) od) o b)
+(=2X3 +2M +4X6 — A7 +4X10)(((co b) o a) o d)
+(2A3 —4Xg — 4As — M3 — 2A14)(((cob) od) o a)
+(—=2X\ +4X6 + Ao + 4A10 + 2X012)(((cod) o a) o b)
+(2A1 +4Xs — 4X10 + 2014+ Ai5)(((cod) 0 b) 0 a)
+(2A3 — 44Xy — X +4A7 — 2X10)(((doa) o b) o ¢)
+(—2XA3 —4X5 —4A7 — 22X\ 11 — A2)(((doa) oc) o b)
+(2X2 +4Xg + 405 — A+ 2M10)(((d o b) 0 a) o ¢)
+(—2Xy —4X5 —4A7 — 2X\13 — Ag)(((d o b) oc) 0 a)
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+(2A + 44X+ 45 — Ao+ 2M11)(((doc)oa) ob)

+(—2)\1 — 4)\4 + 4)\7 + 2)\13 - )\15)(((d o) C) o} b) e} CL).
Since all 24 left-bracketed elements like (((a o b) o ¢) o d are basis
elements, the condition X,(a,b,c,d) = 0 gives us the system of 24
linear equations in 15 unknowns \;,i = 1,...,15. We see that the
rank of this system is 15 and our system has the trivial solution only:
A =0 forall i =1,2,...,15. In other words, any polylinear identity
of degree 4 for £ei™ follows from the identity acom = 0.

Lemma 5.4. Any identity of a free Leibniz algebra of degree 5 follows
from the identities leilie; = 0, letlies = 0, lez’3_l =0.

Proof. Let f = f(t1,...,t5) be a non-commutative non-associative
polynomial such that f = 0 is an identity for any right-Leibniz algebra.
Notice that there exist 105 anti-commutative non-associative polyno-
mials. Present f as a linear combination of these 105 elements.

Insert in f the elements of the free Leibniz algebra generated by 5
elements wuq, ug, usz, uyg, us and calculate the polynomial f under the
commutator [u,v] = uov —vowu, where (u,v) — wowv is the mul-
tiplication in a free (right)-Leibniz algebra. Expand this expression in
terms of the multiplication o by using the Leibniz rule

uo(vow)=(uov)ow— (uow)ouw.
We obtain the element that is a linear combination of 120 elements
of the form (((us(1) © Us(2)) © Uo(3)) © Us(a)) © Us(s), Where o € Syms.
The identity condition f =0 on LY gives us 120 linear equations in
105 unknowns ;. Solve this system of equations. We do this using the
computer system Matematica. We find out that the system has 14 free

parameters. It shows that f can be presented as a linear combination
of the following 14 polynomials

fl = leiliel s

fa(t1, ta, ts, ta, t5) =
((trit2)ta)(tats) — ((tata)ta)(tsts) + ((t2ta)tr)(tsts)
—2(((t1t2)ta)ts)ts + 2(((t1t2)ta)ts)ts + 2(((t1ta)t2)ts)ts
—2(((t1tg)ta)ts)ts — 2(((tats)t1)ts)ts + 2(((tata)ty)ts)ts,

f3(t1,ta, ts, ta, t5) =
((trt2)ts)(tata) — ((tats)t2)(tsta) + ((tats)ts)(tsta)
—2(((t1t2)ts)ts)ts + 2(((t1t2)ts)ts)ts + 2(((t1ts)t2)ts)ts
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—2(((tats)ta)ta)ts — 2(((tats)t1)ts)ts + 2(((t2ts)t1)ta)ts,

fa(t1, ta, ts, ta, t5) =
((tatz)ta) (tats) — ((tata)ts)(tats) + ((tsta)tr)(tats)
—2(((t1t3)t4)t2)t5 + 2(((t1t3)t4)t5)t2 + 2(((t1t4)t3)t2)t5
—2(((t1tg)t3)t5)te — 2(((tats)t1)ta)ts + 2(((tsta)ts)ts)ta,

f5(t1,ta, ts, ta, t5) =
((tats)ta)(tits) — ((tata)ts)(tats) + ((tata)t2)(tats)
—2(((t2t3)t4)t1)t5 + 2(((t2t3)t4)t5)t1 + 2(((t2t4)t3)t1)t5
—2(((tatg)ts3)ts)tr — 2(((tats)t2)ts)ts + 2(((tsta)ta)ts)ty,

fo(t1,ta, ts,ta, t5) =
((tt3)ts)(tata) — ((tats)ts)(tata) + ((tats)t1)(tata)
—2(((t1t3)ts)ta)ts + 2(((t1t3)ts)ta)ts + 2(((t1ts)t3)ta)ty
—2(((t1ts5)t3)ta)ta — 2(((tsts)t1)ta)ts + 2(((tsts)t1)ts)ta,

fr(t1, ta, ts, ta, t5) =
((tats)ts)(trta) — ((tats)ts)(tita) + ((tats)t2)(tits)
—2(((t2t3)t5)t1)t4 + 2(((t2t3)t5)t4)t1 + 2(((t2t5)t3)t1)t4
—2(((tats)ts3)ts)ts — 2(((tsts)ta)tr)ts + 2(((tsts)ta)ts)ty,

fg = leilieg,

fo(t1,ta, ts, ta, t5) =

—((t1t2)ts)(tats) + ((tat2)ta)(tats) — ((tat2)ts)(Esta) — ((1t2)(tsta))ts
+((trt2) (t3t5))ta — ((trt2) (tals))ts + ((tats)tz)(tats) — ((tats)ta) (tats)
+((tts)ts) (tata) + ((tats)(tata))ts — ((tats)(tats))ta + ((t1t3)(Lats))t2

—((t1ta)t2) (tats) + ((Trta)ts) (tats) — ((Tata)(tats))ts + ((t1ta)(tals))s

—((t1ta) (t3t5))t2 + ((tats)t2) (Tsta) — ((Tats)ts)(fata) + ((1t5)(tats))ta

—((t1t5)(Tata) ) ts + ((Tats) (Esta) )2 + ((fats)tr)(ats) — 2(((T1ta)ts)t2)ts

+2(((E124)t5)t3)t2 + 2(((t1t5)ta)t2)ts — 2(((fats)ta)ts )t

—=2(((tata)tr)ta)ts +2(((t2ts)tr)t5)ta — 2(((E2ts)ta)tr)ts +4(((tals)ta)ts )ty

+2(((tata)ts )11 )ta — 4(((t2t3)ts)ta)tr + 2(((E2ta)tr)ts)ts — 2(((t2ta)t1)ts)

+2(((tata)ts)tr)ts — 4(((t2ta)ts)ts)t1 — 2(((Lata)ts)t1)ts +4A(((tala)ts)ts )ty

—2(((tats)t1)ta)ta +2(((tats)tn )ta)ts — 2(((tats)ts)tr ) ta + 4(((tats)t3)ta) e
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leilieq (t1,t2, t5, ts, ta),

fs =

leiliel (tl, t3, t47 t27 t5)7

fa=

leilie (ta, t3, ts, b1, t5),

fs =

leiliey (t1, ts, t5, ta, ty),

fo =

leilie (t, ts, ts, t1,ts),

fr=

leiliel (tl, t4, t5, tg, t3) + leili62 (tl, tg, tg, t4, tg,),

fo=

(leiliel (tg, t4, t5, tl, t2)+2 leilie2 (tla t2> t3> t4> t5>+l€ii(’>_1)(t17 t2’ t?” t4’ t5)

flO

b (tb Lo, ty,t3, t5))/27

(-
3

—1eiSV (ty, o, ts, ts, ta) — lei
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f11 = (2 leiliel (tQ, t4, t5, tl, t3)+l6ili61 (tg, t4, t5, tl, t2)+2 l@iliSQ (tl, tg, t3, t4, t5)

Fleil (b, b, s, by, ts)—leiS D (b, ta, s, by, ta)—leiS D (b, t, ta, ts, £5)) /2,

f12 - (lezlzel (t?n t4a t5a t17 t2) + 1623 (tb t27 t37 t4a tS)
+l€7'3 (t17t27t37t57t4> le/l?, )(t17t27t47t37t5>)/27

fl4 - (lezlzel (t?n t4a t5a t17 t2) + 1623 (tb t27 t37 t4a tS)

—lezg )(tl, tQ, t3, t5, t4) + l623 (tl, tg, t4, t3, t5))/2
So, by Lemma 5.1 the 9-term polynomial leilie; and the 60-term

polynomial leilie; form a base of polylinear identities of degree 5.
Proof of Theorem 1.4. Follows from Lemmas 5.1, 5.2, 5.3 and 5.4.

6. LEIBNIZ-JORDAN ALGEBRAS

Proof of Theorem 1.6. It is easy to check that legor = 0 is identity
for any algebra of a form A, where A is a Leibniz algebra.

Let A be an associative algebra and M a right-module over A.
Then AV is a Lie algebra and M can be made into an antisymmet-
ric ACY-module. Let L = A+ M be the standard Lebniz algebra
corresponding to these Lie and antisymmetric module structures. If we
denote by x the multiplication in the Leibniz algebra L, then

(a +m)* (b+n)=|a,b] + mb,
and
{a +m,b+n} = [a,b] + mb+ [b, a] + na = na + mb.
In particular,
{a,m} = ma, {a,b} =0, {m,n} =0 (3)
for all a,b € A,m,n € M. Recall that
{t1,ta} = tyts + toty

is the Jordan commutator.

Suppose that f = 0 is a minimal identity on the Leibniz-Jodan
algebra (L,{, }) which does not follow from the identity leijor = 0.
We can assume that f is polylinear and f = f(t1,...,%) is a linear
combination of left-bracketed monomials of the form ((t tiy) -+ )iy
So,

fltte) = Y0 Al(totor) - Mot

aESymk
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for some A\, € K. Write the condition f(as,...,ar_1,m) =0 by using
the multiplication rules (3) for Leibniz-Jordan algebras. We have

fla,.am) = Y Ao((maon)) -+ )asw-1) (4)
o—GSymk 1
for any aq,...,a,_1 € A,m € M.
Take A = Mat, to be the matrix algebra and M = K™ the n-
dimensional natural module. Then conditions (4) imply that

> A((ar)ao@) -+ )ao@—1) = 0

o—GSymk 1

is an identity on Mat,. By the Amitsur-Levitsky theorem [1], matrix
algebras have no identity of degree k if £ < 2n+ 1. So, f = 0 is
not an identity for Leibniz-Jordan algebras of the form Mat, + K"
if n > (k—1)/2. In other words, any s-identity for Leibniz-Jordan
algebras follows from the identities leijor = 0, com = 0.
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