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Linear forms with coefficients in N((1 + N)

Symphonic drama in memory of professor Alexander Buchstab.

This is a brief exposition of my work ” The lower estimate for some linear forms
with coefficients prpotional to the values of ((s) for integer s”.

“VINTTL,1967,No 3072-BO7,pp. 1-77.

It is proved

2
Theorem. If ¢i(z1,22) = Y (2ek—i—k+2)({(i+k+1))ze (i = 1,2), |||l (d € R)
k=1
1]
the distance between d and Z,~y = 43,464412,then there exist such ¢ > 0,that
i1 (1, z2)l] + llp2(z1, 22) || 2 c(iz1] +|22]) 7 (|21] € Z, 22 € Z, |24] + |22| > 0)).

Corollary. Ifp € Q,q € Qp*+4¢* > 0,then {2p{(3)+3¢((4), 3p((4)+69((5)} £
Q
and therefore {¢(3 + 2k)/¢(4), (12¢(3)¢(5) — 9(¢(4))*)/¢(4)} £ Q (k =0,1).
In this paper are used the G - functions of C.S.Meijer.
(Invitati&n)Let)zl >1,-37/2 < arg(z) < 7/2,log(z) = In(|z]) + iarg(z). We take
further z in the domain Re(z) > O;then In(—z) = In(z) — i=.
Let AeN1<Ad=A+(-1)) (1=1,2),r€EN,

, —vdy, -vdy, -vdy, l4+vdy, 1+wvdy, 1+vd
(1) fi(z,v) = G&Y (Z’ 0,1 O,1 O,1 v, ’ v, ’ v 2),(

(—(-pra+) = ~(-1)r e Em) 98I (s)ds,
) 1

where g{%)(s) = (2)°T(=8)(T(1 + 8))2(T(1 +vdy +))/(T(1 v+ $)[(1 + vdz —
s,
curve L; goes from +o0 to +00, passing around the set N—1 in negative direction
but not including any point of the set —N,
fa(z,v) = ~(-1)*2(2mi) ! [ gg (s)ds = —(~1)"2x
Lg

(4,3) —vd;, —vdy, —vdi, l+vdy, l+4vds, 1+vdy
Gs's —Z| 0, 0, O) v, v, v ’

where Re(z) > 0,|2| > L,v € N, ggés) = g;:g)(s) =

((=2)*(T(=8))3T(~s — ¥))(T(1 — v + 8))"AT(1 + vdy + 8))*(T(1 + vd; — 5))73,
1



curve Ly goes from —oo to —oo,passing around the set —N in the positive direc-
tion,

but not including any point of the set N— 1,
fo= () EA0@n) T [ o3P (9)ds = -1+
2
G’éséa) (_Zl_ydl, —vdy, —vdy, 1+vdy, 1+vdy, 1T+ vdy ) ’
’ 0, 0, 0, v, v, v
where ggig” = gfq () = ((2)"
(L(=8))*T(=s — v))2(I'(1 = v + 8))"Y([(1 + vdy + 8))3(T'(1 + vdz — 5)) 73,

=-(-raem) [ 9P (s)ds = —(-1)"2x
2

(6,3) —vdy, -vdy, -vdy, l+vdy, 1+vdy, 1+vd;
Gos {7l 0, 0, 0, v, v, v ’

where g{” = g% (s) = ((~2)*x

(T(=8))3T(=s — v))3(C(1 + vd; + 5))3(C(A + vdy - 5))73,

fa(z,v) = f3(z,v) — (log(2)) fa(2,v), fs(z,v) =

fs (2,v) +imf3(z,), fo(2,v) = fs(2,v) — fa(z,v)(l0g(2))?/2 - fa(z,v)log(2),
fi(z,0) = (WA (vd1)))? fa(z,v) (k=1,...,6),

Rlaibit) = gy ( T1 (6= m)(I] 2ho)Ro(6i) = Rivi)

Therefore

2 vA X
Ro(t;) = 3 32 o p(t+ )

where
3 3
Q) o = 05, = (—1)VATVHE(VE) ("fd‘:k) (k=0,...,vA),
vA+k vA—k 1 N
a1 =B =30, ( X Z K+ Z k) (k=0,..,vA),
n=v+k+1 k=1

S x2 =Tk =2719a], x

vA+k vA—k vA+k vA—k k
DN RS W S NS S S o
n=u+k+1 K=1 ’ k=v+k+1 k=1 r=1

(k=0,...,vA),

fryar(z,v) = (1) (R) ™! }: (((d/dt)"((Ro)a))(t V)= (k=0,1,2),

t=vA



vA
i) = =08 Y
Since Ro(t;v) =0 (t =v +1,...,vA),then

fiva(zv) = (-D* ()~ tzil(((d/dt)"((Ro)a))(t; V)2~ (k=0,1,2).

SR '] - S R I - .
Letaf(z0) = (-2)7 2. ob 0,2 € Q] (1= 0,1, %0 € N, Li(s) = - 2t~ (i
k=0 t=1
z),

vA k+v 2 o4i i
a3y i(zv) = (-1)” Zo ?:1 Zktv-t 20( t%)ag , t73 0 (1=0,1,2,v €N).
= —_— =]

Then f(z,v) = af(z;v),

f242:(2,v) = (2 +9) (1 +9)aj(2;v) La4i(1/2)) /2 +

(1 +8)aj(z;v)La4i(1/2) +a3(z;v)L14i(1/2) —aj,(z5v) (i=0,1,2,v € N).
Let D" (z,v,w) = z(w + 1 + vd1)*(w — vd2)® — w(w — 3v)3,6 = zd/d=.
According to general properties of functions of C.S.Meijer ,
ifk=1,2,3,5,v€ N~1,Re(z) > 0,]z] > 1, then D" (2,v,0)fi(z,v) =0,

((6—v) ‘ﬁ (vdi +1) (8 +vdy +0))2 fi(z,v) = (lﬁ (6-1+(v+1)do+1)3) f2 (2, v+1).
=1 =1

Let (first bars of main theme),v ™! is variable,taking values in C including 0,3 = 0,1,
D} (z,v -, w) =

v SDMz, v+, vw) = b (2, v )l + ..+ b5 (z, v )wd + (2 - 1)ub,

- A-142i ]
Pr=Pr(vw) = (w- 1)3_3‘( MTAa-i+ kv—1)3) IT (w+ (-1)¥d1+: +
E=1 k=1
ky~1)3 -
Pio( W0 + .. + pizassi(v w3 € Z[(v1, w], Pi(w) = P70, w).

Then D} (z,v~},w) € Q[z,v™!,w}, D§(2,0,w) = D}(z,0,w). f v € N,Im(z) >
0,

[2| > 1, then D} (z,v~1, v~ 1) fe(z,v +1) = 0,(Py (v~ v 20) i)z, v + 1) =
(Pe(vY,v728) f2)(z,v) (k= 1,2,3,5). Let Xi(z,v) (k = 1,2,3,5) is the column

with 6 elements ((v~28)""! fz)(z,v) (j = 1,...,6),4% = i, Bi(z,v™") is the 6 x 6-
matrix

with the unit matrix on its first 5 rows and last 5 columns,b};_, (z, v 1/(1-2)
in its

j - th column of its last row and 0 in its first 5 rows and first column,D™(z,w) =

D}(z,0,w) = D}(z,0,w), B'(z) = Bo(z,0) = B1(2,0). i =14,k =1,2,3,5,

v € N, Im(z) > 0,]z| > 1,then (v"18)Xk(2,v +1) = Bi(z,v ) Xi(2,v +i),



2) @*(v 1, v10)Xi(z,v + 1) = P*(v~!,v710) X(2,v).
(Development of main theme)Lemma 1. Let m € N K = Qfz](z - 1)"™]|NnQf(z —

=1,

H™ € Matg(K),H* € Mats(K,v™]),a0 € Qa1 € QH = H + v~ 1H*. Then
there is

-.such Ri(z,¥) € v='Mate(K, 1)) (i.=.0,1) that( k=1 é+ag+a16- ) H X iz, 64
i) =

(H"(B™(2)+aoE)+ Ri(z,v) Xy (z,k+1i) (k =1,2,3,5,k € N, Im(z) > 0,]|z| > 1).
It is proved in [5],p. 12. In [5],p.13 may be found the proof of the following

Lemma 2. Let 20; = Mat((Qz,v](z = 1)32-3nQ(z - 1)L, »~1]) (i =
0,1).

Then 29; (i = 0,1) contains such U;(z,v™1)),that Up(z,v~1) — P (B (2)) €
U_lﬂno,

Ur(z,v™ 1) — Q7 (B (2)) € v, P* (k7 1, k718) Xk (2, 8) = Up(2, 67 1) Xi (2, K)
Q* (k1,670 Xe(2, 6+ 1) = Uy (2, 6 ) Xp(2,6 + 1),if k = 1,2,3,5;s € N,

Let € €]0,1[,N(e) = {k~* € C | |s71| < &}, F is a compact in C, H(F,¢) is

the ring of all defined on F x 91(¢) elements from Q(z,v!), Ho(F) is the ring
of all defined on F elements from Q(z). In [5],p. 14, is proved the following
Lemma 3. For each compact F € C\{1} there is such g9 = €o(F) €]0,1[} ,that
(3) A(z,v71) = (Ui(2,v71)) " Wo(z,v™") € Mats(H(F,e0),

and A(z,0) = A(2) = (Q7(B(2))) ' P(B(2)) (z € F).

According to (2),lemmas 2 and 3,if F is a compact in {z € C|0 < Im(z),{z] >
1},then

(4) Xe(z;v+ 1) = A(z,v" V) Xk(2;v) (k=1,2,3,5;z € F,v € N+ [1/eo(F))).

Lemma 4. (It is proved in [5],pp. 15 - 19.) Let F is a compact in C,v €
N+ [1/60],

n € N, X, (2) € (CF)" A(z,v™!) € Mat,(5(F,€0)), X,41(2) = A(z,v™ )X, (2) (z €
F))

the multiplicity of any root of To(z,)) = det(AE — A(z,0)) € C[\] (z € F) is

equal to 1,C(z) € Mat,(CF),det(C(z)) # 0 (2 € F),(C(2))*A4(z,0)C(2) (z €
F)is

a diagonal matriz and all elements of the first row in C(z) aren’t equal to 0.
Then for

some €3 €)0,¢€0[,9; (2,v™') € H(F,e2) (j =0,..,n~1), if z € F,v € N+ [1/e3),

the equation —z,4n(2) = ¢§(2, V" )Tp40(2) + ... + @1 (2, V" ) Tpsn-1(2) is sat-
isfied



5
by the first element in X, (z);besides A™ + ¢3(2,0)A° + ... + ¢5_,(z,0)A" ! =
TO(Z,A).

Lemma 5. Let A(z,v™') € Mat,5(F,€0),bi(z) € Ho (G = 0,...,n),b5(z) =
1,for

each z € F the multiplicity of any root of D™(z, ) = bg(2)A° + ... + bi(2) A" is
_equalto 1,

B7(z) is a n x n - matriz,having —b;_1(2) (j = 1,...,n) as the j-th element of
its

last row,(if n > 1) the unit matriz on its first n — 1 rows and last n — 1 columns
and 0

in first n — 1 rows of its first column,P™(z,)) € Ho(F)[A), @ (z,)) € Hio(F)[A),

ifz€ F,A € C and D"(z,)) = 0,then @7 (2,A) #0,0n {A € C|D"(2,1) =0} (z €
F)

the map A = P7(2,))/Q7 (2, \) is injective and Q™ (2, B™(2))A(z,0) = P (2, B (2))-

Then the multiplicity of any root of the polynomial To(z,\) (z € F) is equal to
1,there s

such C(z) € Mat,(CF),that for each z € F all elements of its first row aren’t
equal to 0,

det(C(2)) # 0 and (C(z2)) *A(z,0)C(2)is a diagonal matriz. It is proved in
[31),pp. 20 - 21.

Let 6o = 1/A,v; = (1 — 8)/(1 + dp). The substitution w = (ndy + d;)/(n - 1)
turns

the polynomials D™(z,w), P;(w) (¢ = 0, 1) and rational function Pg(w)/Pi(w)into
 respectively D™(z,w) = —(n—1)"%A%(A+1)3((n+1)}(n+1)* - 2°(1+m)320°), Pi(w) =
P71(n) = A% (~1)738-3(d, ) =3 (n+1)-3234+in ()1 =) and Pj(w)/Pi(w) =

R(n) = Ps (m)/Pi(n) = (n? — 1)3(1 — &) 34 2-81;this substitution and
inverse to it

connects the roots of D™(z,w) and D*(z,n) = (n+1)3(n+m)* —23(1+ 71 )32n°.

Let z = —r%* (1 < r,~n/3 < ¢ < 7/3),% = v+ 2n/3 (k* = k). Then

D*(z,m) =

m+m)m+)+2re¥Q+mp (1 <r,-7 <P <7). Let p=0(1+m),8¥ =
—e~ W9,

DY(r,%,6) = 624+2(3+re™)0+ rliyr = ((6¥)7—-2(e™"/2+7)6Y +e7 ¥ sy )e™.
Then DV (r,%,7) = (14m)3DY (r,¢4,6).Let 1 <7, || < 7,0 < 8o < 1, Do(r,¥,00) =
2 + re=¥ 4 (80/2)%e=2¥, Ro(r, v, 80) = (|Do(r,%,80)| + Re(Do(r,%,80))"/% -



1(319n(¢))(|D0(T>’¢7 ’Y)| - Re(DO(r1w)60))1/2' Then RO(T’ 1/)1 1) = e~i¢/2 + T,
(RO(T71/)1 60)2 = DO(Tr ¢)50) and _ei'p(RO(Ta "1’, 1) + ('—1)kR0(T, 1/}1 60)) =

9?(7,1/1,50) (k =0, 1)7"£(T1¢760) = 01/:(1'7 ¥, 60)(1 + 71) (k =0, 1) forms the set
of

all roots of respectively DY (r,4,8),DV(r,¢,n). Let 1 < r,—n /3 <p < 7/3,z =

ST ST v T G en S SR e T e e T 0 T e T R SR PR I
—r3¢% Qfz,n) 3 F(r,¢,m) = [1 I1(n— b (nf(r,(¢ + 2m1)/3)) (we use the
l=—1 k=0
theorem

about symmetric polynomials) and Qfz| includes its discriminant D(z) respec-
tively to 7.

(Exercise) Lemma 6. If0 < 6 < 1,then D(1) # 0. It is proved in [4],pp. 25 - 30.
According to the lemma 6,there is such €; €]0,1],that D(z) #0 (]2 — 1] < &1).

If € €]0,e1[then Q) = {z € C|e+1 < |z],]z2 - 1] < 1,27 arctg(§) <
arg(z)} # 0.

The closure Fj(e)of the domain Q(e) is a compact in C\{1}. It follows from
(3),(4),

the inequality D(z) # 0 (]2 — 1} < &;),Jemmas 3 and §,that for n = 6,any
€ €]0,&1],

A(z,v~1) from (30),with Fi(e),eo(Fi(€)) and Xi(z,v) (k = 1,2,3,5) respec-
tively in

the role of F,z¢ and X, (z) are fullfilled all conditions of the lemma 4;then there
are

such & €]0,¢0f, ¢} (2,¥-1) € H(Fi(e),€2) (z € Fi(€),5 =0, ..., 5),that To(z, A) =
a3 (2, 00X+ ...+ ¢¥ (2,0)X° + A® = F(r, $, \) and the first element y(v) = f2 (z;v)
in Xi(z,v) (k=1,2,3,5) for z € Fi(¢),v € N + [1/e,] satisfies to the equation
(5) qo(2: v )y(¥) + @z, v )y(v + 1) + .. + go(z, 07 )y (v + 6) = 0,

where g;(z,v7!) € Qfz,v7t] (j =0, ..., 6),they haven’t common divisors,exepting
inequal to 0 constants,g;(z,v~")/ge(2,v~!) = ¢} (z,v7!) ( = 0,...,6).

Lemma 7 ([3],pp.36 - 37). The rank over C(z)of {Li(z)lk = 1,...,n} (n € N)
equals n. ’

Since fi{z,v)(k = 4,6) also are solutions of the equation (5) in Q(¢) for v €
[1/62] +N,

according to the lemma 7,af(z,v) (i =0, ..., 5} are its solutions for v € [1/e3] +
N, z

in Q(¢) and then for all z € C. But M = {j € {1,2,3,4,5,6}|g;(1;¥) # Oqj,-11} #
0.

Let n = sup(M). There is such €3 €]0,¢2[,that g,(1,v71) # 0 (v € [1/e3] + N).



Let ¢; (v71) = ¢;(1,471)/gn(1,v71) (v € /&3] + Njj =0, ..., n).

Then y(v) = a}(1,v) (i =0,...,5),if v € [1/e3] + N, are solutions of the equation
6) g™ +0)+... +gi(v)(¥+n)=0.

(For the left hand) Lemma 8. For each m € N five sequences ax(1,v) (v € m+N)

with k = 0,1,3,4,5 form a linear independent system over C. It is proved in [4

B e N

The lemma 8 implies for n in (6) the ineqality n > 4.

(Ballad) Lemma 9 ([5 ],pp. 27 - 35). The equality q5(1,v7')} = Og(,-1) is
true.

1t follows now from lemma 8,that n = 6 and g/ (1,v™') = g} (L,v7!) (j = 1,..., 5).

If gf*(v™!) = g3 (v~ 1)7)(F = 0,...,4),then ¢f*(L,v~1) # 0 (v € [1/e3) +
N+1)

and aj(1;v) (j = 0,1,3,4,5) forms a basis of space of solutions of the equation

(@@ Hw+0)+ ... +¢* v Hwv+4)+y(r+5) =0 (v e [l/es] + N+ 1).

(Pizzicato) Lemma 10. Let g3 > 0,8;(v) (j = 1,...,n), is o basis of space of
solutions of

the equation ag(v 1) (v +0)+...+an (v )(v+n) = 0 (v € [1/e3]+N),a, (v™1) = 1,
ao(v™1) # 0,ifv € [1/e3]+N, and there are such C > 0, > 0,that |8;(v)| < CM*,
when j =1,...,n,v € [1/es] + N. If besides, aj(v~1) € Qv !) (j =0,..,n - 1),
then they are defined at the point v~! = 0. It is proved in [5 },p. 35 - 37.

Since ([5],p. 35 - 37) for the equation (7) are fullfiled all conditions of the lemma
10,

it is the equation of Poincaré type;we use the inclusion f{(z,v) € Z[z] (v € N)to
study

its characteristic polinomial Fo(n) = ¢§*(1,0)7° + ... + ¢2*(1,0)n* + n°. Let ©

is the ring of all rational functions in Q{z;v~!),defined at the point (1,0),D <
v >=

[e <]

U D, < v >,where 9, < v > is the set of all differential polinomials D =

n=0
oC
Y (D)%,
k=0

with v = v~lzd/dz,cx(D) € O (k € N-1),¢.(D) = 0 (k € N+ n). Since
vf+ fov=

vof€eND <v> (f €O)theset D <v>isaQ - subalgebra of a Q - algebra
Mo(9)

of all Q - linear operators acting on . For eachn € N—1let D}, < v > is the
set of



all D € O, < v > with (¢(D))(1,0) #0},9* <v > isthejoinofall O < v > .
(Metamorphosis) For all k € N—1,D € O3, < v > let bi(D) = (D) +ver41(D) —
(veo (D)) ek4+1(D)/co(D); then b (D) € O (ke N-1),

(8) bx(D) = (D) (k € n+ N —1),b,(D)(2,0) = cx(D)(2,0) (k € N-1).

Let 0 denote the map of the set o* <v> in D‘ <v> for whxch ck(OD) = bk(D)

ﬂDeD‘<v>keN—1TmnMD‘<v»e£V<v>(neN U

Lemma 11 (proved in [5 ],p. 41). If D € O* < v >,then (v — 3";—"((552) oD =
(0D) o v.

Because vO € v, then Dov® —v"oDev O <v>(DeD <v>n€E
N—l))

DioDy—DyoDyeviD <v>(D; €90 <v>i=12) and for each
DeD<v>

the right ideal Do O < v > +v~'D < v > is two-sided. In particular,two-sided
is the right

ideal (z — 1)D <v > +v~'9D < v > . If k = 1,then,according to lemma 11 and
(15),

(9) v*Ker(D) C Ker(@®*D)}D €D <v>),0*D-DcCcviO<v>DCO* <
v >);

the induction shows,that (9) are true for all k € N. Let v, (n € N) is the
projection,for

which tp (D) = D - ¢, (D))" (D€ D <v>). Thent, 0" <v>CO* <v>
(neN).

Let D € O < v > and ¢, (D) € (z — 1)9. According to (8),0¥D — r,(0*D) =
¢, (0*D) =

t(D)e(z-1)D <v>(keN-1),r,(0*D)Ker(?*D) Cc (2 -1)O (ke N-1)
and,

according to (9),(t; (0¥ D) o v*)Ker(D) C va((0*D))Ker(v*D) C (z — 1)D,if
keN-1.

If besides, (¢n—1(D))(1;0) # 0,then, according to (8),cn—1(0¥D)(1;0) # 0 (k €
N-1).

Moreover,for each s € N — 1 there is such £(D, s) > 0,that all ¢;{((0*D))(z;»~1)
withi=0,..,n,k=0,..,5 and (¢c,—1(0*D)(z; v~ 1)) (k =0, ..., s) are defined

in the set |z — 1| < (D, s),|v™!] < (D, s). Let u € QD™ is the ring of all
elements

in O,defined at the point (1; u).Thus,0® = O and ¢;(8*D) € O™, (cpy (3*D)) !
isin OW if i =0,...,n,k =0,...,8, 4 € [0,£(D, s)[. We denote by §,the natural

extensions of the homomorphism of D*) in the ring B of all elements in QY z),defined



9

at the point z = 1,for which (6, f)(2) = f(z; ) to homomorphism of Mat,(D*))

in Matn(B) (n € N),to homomorphism of Mat,, (D)) - module A, »(O™) of
all

mxn — matrices with all elements in D(*) in Mat,,(B) - module A,, ,(B),where

m

- - -and n are in N,to homomorphism of D) < v > in B < pé > for which §,(D) =
=) 3 0 .
Y (0u(ci(D)(pé) € B< ué > (D=3 (D' € OW < v >)). Then 4,
=0 =0

turns ‘B

into O® < v > - module,t,(B < 0u(v) >) C B < 64(v) > (n € N)and
thby =6O,t, .

Let D € O < v >,(cn-1(D))(1;0) # 0,¢,(D) € (z - 1)D,s e N~ 1,k =0,..., 8,

( B G)éO,E(D,S)[- If f(z) € Qfz] N Ker(8,(D)),then (6,(n(dD)))((6.(v*))f) €
z —1)B,

0 = (8, ((co(2* D)) (1; 1)) (B (v**°) £)(1) +--.+(Bu((cn—1 (0* D))(L; 1)) (B (71 ) £)(1).

Let n > 1,BY(D;z;v7!) is the (n — 1) x (n — 1)- matrix,having,(if n > 2) the
unit

matrix on its first n — 2 rows and last n — 2 columns,0 in first n — 2 rows of its
first

column and —(¢j—1 (0¥ D))(z;47!) /(ca-1(@*D))(z;4#7Y) (f = 1,...,n — 1) in its
last row

“and the j-th column ,CY(D;z;v7!) = ﬁx BY_(D;z;v™!) (k € N=1). According

to (8),BY(D;z,0) = By(D;;0),(By(D;z0))* = CY(D;z0) (k € N 1)sif
s€EN,

p € [0,6(D,s),k =0,...,s,then {BY (D;z;v~1),CY(D;z;v7 1)} C Matp1 (D).

Let X;n, 7 = Xm,1(2;v7 ) (m € N T = T(z) € C[z]) is the column in (C[z; v~ ])™,

having v*~1T as its i -th (i = 1,...,m) element. If H = ¢o(H)v° + ... + ¢,(H)v*

isin O <v>et F(H;D;z;v7Y) = co(H)y (D; ;07 ) + ... + ¢,(H)Y(D;z;v71).

Then F(H; D;1;0) = co(H)(1;0)(By(D; 1;0))° +...+ ¢, (H)(1;0)(By (D; 1;0))°,

6,(BY(D; 2w~ )* X1, 1)(1) = 8,0+ Xoms 1)(1),6,(CY (D3 23~ Xt 1)(1) =

0);:(ka”—1,!)(1),(an(H)Xn—-l.f)(l) = (F(H; D; 1; ) Xn-1,5)(1) (H € OW <
v >),

if f(z) € QzjnKer(8,(D)),k =0, ...,s. We connect with D} (z,v~!,w),P (v, w)
the < v > - polinomials D; = b; o(2z,v™1)1° + ... + bis(2z, v~ 1)v° + (z — 1)v8,

P; = pio(v~" )00 4 ... + pisassi(v1)v*2+3 where 2 = i Then ¢g(D;) € (2 ~
1)0,0 #



10

(es(D:))(1;0),D; € D < v >, P € D3a43 < v >NOW < v > (u € Q),if
i2 =1i. We

take 6,3dz,for i = 0,1 f{(z;v +1), D;, P; respectively in the role of n, s, f, D, H.

Then (61/,(Bi)Xs, fi(z:v + ))(1) = (F(Pi; Di;1;1/v) X5 g7 (zw+)) (DI 4% =
5, vEeN,

- 1/v < min{e(D;,3dy)}i = 0;1}. But (Qlv~']) <2-> 3 Pi-(i =0,1)is commuta- . -

tive;

then P;Xs5 f2(zti) = X5,P.f3 (zivi) (8= 0,1), (F(Po; Do; 1;1/v) X5 £3(2)) (1) =
(F(Py; Dy 151/v) Xs e z41))(1)if v € N 1/v < e(D;, 5) (2 = i). This admits

(repeating of the main theme) to apply the lemmas 5 and 4,since w = (ndz+d1)/(n—1)
runs

over all roots of D™(1,w),if » runs over all inequal to 1 roots of D"(1,7);then
y(v) =

fi(L;v) for some ¢ > 0,¢7(1,v7') € H({1},€) (j = O0,...,4) satisfies to the
equation

(10) y(v +5) + 2 (L, v )y + 4) + ... + g0 (1, v Dy + 0) = 0 (v € N + [1/e])

1 1
of Poincaré type,having Fi () = (n - h(11)) H0 IH (n = h{ng (1, (20 —1)7/3, 6)))
k=01=0
as its

characteristic polynomial. According to Perron’s theorem and lemma 8,since
ffLv)eZ,

(11) |A(ng (1, 7/3), 60))| = 1A(ng' (1, ~/3,80))| > 1 > |h(n{' (1,7, do))| =
[A(m)] > [h(n{ (1, 7/3, 6]}l = [A(n{* (1, —7/3,d0))| >0,
the solution y(v) = f§(1;v) corresponds to the root h(ng(1,7/3,d)).
Lemma 12 ({5],pp 51 - 58). The polynomial F{*(n) = ﬁ%ﬁ is irreducible
over Q.
Let (Q))n < ¥ > (n € N—1) is the set of all difference polinomials D =
S (D)7,

k=0

with ¢, (D) € Qv)(k € N=1),¢, (D) =0(k € N+n),v(2) =z (z € Q),y(v) =
v+1,

(Qv)) < v > is the join of all (Q(v))r < ¥ >;since Yo f = (Yfloy €
Q) <v >,

where f € Q(v)the set (Q(v)) < ¥ > is a Q - subalgebra of the @ - algebra
Mo(Q(»))

of all Q - linear operators acting on X = Q(v).In [5),pp 60 - 62 is proved the
following
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Lemma 13.[f BE X, < ¥ >,Q € £, < V >,tn(B) = ¢,{Q) =1,Qo B €
DYy >,

then B € O < 7 > . The ring X < 7 > 'is the ring of main left (respectively
right) ideals.

Let 2 =4,D; € X5 < v >with ¢5(Di) = 1,¢;(Ds) = i 5(1,v7Y) (5 = 0,...,4)
,,.Conform

to (7) and (10) réépéctively. This equatidns for sufficient small & >0and v €
{1/e]+N

have common solution f{(1;»). According to lemma 13, Do and D;for some
neN

have common right divisor Dy € O, < 7 >with ¢,(D3) = 1.According to lemma
12

and (11),80(co(D2))n° + ... + On{c;(D2))n™ # 1 — h(m1),(first culmination)Fp(n) €
F{ (n)Qfn).

(On one string) Lemma 14.If z > 1 then yli’ngo( 2 (z,))Y* = h(n)(2,7,60)),

yl_i_)n;o Freak(2,0)/ £3(2,v) = 2((log2)/2)*(k = 1,2). It is proved in [4 ],pp,48 - 62.

(Variations on a theme by Poincaré - Perron) Lemma 15.Let {s — 1,n} C N,i =
01 "'1’"104T € Ca

v € Na;(v) € Ca,(v) = 1,a;(v) —a; = O(1/v), Vi, (m € N) is the set of all
solutions of

the equation ag(v)y(v+0)+...4a, (V)y(v+n) =0 (v € m+N),p; (i € Nji < 1+3)
are

the modules of all roots of the polinomial agz® + ... + anz™,ps41 = 0 < p; <
Pi (1 < J < 3),
- e;, ki are respectively the sum and the mazimum of the multiplicities of this roots
with
module p; (1 < i < s+ 1). Then V,, for some m € N is such direct sum of
Vi i C Vi,
where i = 1,...,8 + Lthatif V] ; (§ = 1,...,s+1)is the sum of V[ ; (i = j, ..., s+1)

and V) g\VA g41 for some 8 € {1,...,s} includes a solutiony = y(v),y € m+N,

wny(v) = maz(ly(v), ..., ly(v+n—1)|), then e~ OWUn+ Mg < (1) (pp) Y <
O+ M), (m),where § = B(y) > 0 dusn’t depend on v,0(1) dusn’t
depend

on v and ¥;if y € Vimsr1,t = koy1 > O,then y(v) = (O(1)/v)*/*wp y(m), where
o(1)

dusn’t depend on v and y;besides dime(Vini) = €; (i = 1,...,5 + 1).1t is proved
in [6].
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Lemma 16 ({2 ],theorem 3).Let m € Ny;j{v) j =1,..,r;v € N+m) isa
basis

of such subspace V of Vi, from lemma 15,that VNV, ;41 = {0},

k3 (V) = maz({k € [1, S)NZ|V C Vi), ka(V) = min({k € [1, S|NZ|V"Vip 141 =
{o}).

Then for each € €]0,1] there are such C3(e) > 0,Ca(€) > O,that, if for all

veEN+m
and X € C having z; (i = 1,...,7) as its i — th coordinate,we let
(1) h(X)=maa(lzi), ... o),y = 9" (X, 1) = 21y Vi (v) + o + 20 (),
then C3(pr, (1 — €))"M(X) < wny(v) < Calpr, +€)"h(X).

(Second culmination). According to (11),lemma 15 with s = 3,n = 5 and lemma
14’F0(77) =

FMn)(n — A) with |A| = |h(71)| and V,, 3 for some m € N contains the solutions
y(v) =
fa:(z,v) (k= 2,3) of the equation (7). According to [3] and [1],N contains (love

to two

oranges) such D**(v),d}(v),that a}(z,v)(D**(dav, 2Av))%(d} (v)) ™3 € Z[z],where
vEN,

In(D**(v)) = (A+1)(1+0(1))v (v = +o0), in(d} (v)) = (1+06(2))vE (v — +00),if
= .
1 . . _ a+(=1)))/2] .
Z;(—((A+(—1)')/2)109(1+(—1)‘/A)+(—1)’7f El (ctg(me/(A+(~1)%)))/2).
= =
(Fortissimo). Lemma 17 ([5 ],pp.64 - 67). Let ajx € R (j = 1,..,¢,k =
1,..,m)leN,

where {¢,7} CNm € Na;(v) (v€N-1,5=1,...,7r+4q) are maps of m+ N in
zZ,

there are such y0,77 > 1,...,70 > Lthat |a; (V)] < %(r})” (v € N+ m,j =
1,..,q),

yp(v) = ai(W)arp+...+ag(V)ag k—agr(v) (v € N+m,k =1,...,7),||z|| denotes

the distance fromxz € R to Z,z; (i = 1,...,r) s i — th coordinate of X € C",

Ri 2 R2 > 1,7 > 0, (1p(Rp) "V A(X) - Iy (X5 v +0)| — ... - [y Xw+ D) (-1)? 2>
0,

where p = 1,2. Let aj = (log(rjR1/Rs))/log(R2) (j =1, ...,q). Then there is

5 such 74 > 0,¢hat {lo1 (X)(R(X))** + ... +llpg (X(A(X))?* 2 74 (X € ZT\{0}) .
mcee

the residue int = oo of (Ro(t,v))® equals 0, a3(z,v) € (z — 1)Q2];therefore 0 =

a3(z,v)Li(2)|:=1 (k € N);then (third culmination) 3, 5, (1,v) = (1+k)a3(1;v)((2+
k)+
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3kag (1;v)((3+ k) — a3,,(1;v) (k=1,2,v € N). Taking 2,2, (2ik —i - k+2)x

€+ k+1) ({i,k} C {1,2}),(D*@)*(d(»))3(aj(z;v) (v € N+ m,j =
0! 11475)7

$i(21,22) = (i + 1)((E +2)z1 + 3iC(i + B)z2 (i = 1,2),In(|h(nd (1, 7/3,00))]) +
5A 4 5~

= 3k € 36 —In({A{nP{1,7/3,00)))) — 5A.— 5 — & with sufficiently small € > 0 and
A=13

respectively in theroleof ¢,7,a;x ( = 1,...,q,k =1,...,1),0;(¥) (j = 1,...,7+¢q),
ye(w) (v) (veN+mk=1,...,7),In(r;) G =1,..,9),In(R;) (j = 1,2) of

the lemma 17 and applying the lemmas 8,16,17 after some computations we

verify,
that assertion of our theorem is true. The theorem is proved.
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