An index for gauge-invariant operators and the Dixmier-Douady invariant

Victor Nistor^∗ and Evgenij Troitsky^†

Abstract

Let G → B be a bundle of compact Lie groups acting on a fiber bundle Y → B. In this paper we introduce and study gauge-equivariant K-theory groups K^i_G (Y ). These groups satisfy the usual properties of the equivariant K-theory groups, but also some new phenomena arise due to the topological non-triviality of the bundle G → B. As an application, we define a gauge-equivariant index for a family of elliptic operators (P_b)_{b∈B} invariant with respect to the action of G → B, which, in this approach, is an element of K^0_G (B). We then give another definition of the gaugeequivariant index as an element of K_0(C^∗(G)), the K-theory group of the Banach algebra C^∗(G). We prove that K_0(C^∗(G)) ≃ K^0_G (G) and that the two definitions of the gauge-equivariant index are equivalent. The algebra C^∗(G) is the algebra of continuous sections of a certain field of C^∗-algebras with non-trivial Dixmier- Douady invariant. The gauge-equivariant K-theory groups are thus examples of twisted K-theory groups, which have recently proved themselves useful in the study of Ramond-Ramond fields.

Contents

1 Gauge-invariant pseudodifferential operators 4

2 Finite holonomy conditions 8

3 Gauge equivariant K-theory 10

4 The analytic index: a geometric approach 18

5 The structure of G-equivariant K-groups 23

6 The analytic index: an algebraic approach 29

7 Appendix 31

∗Partially supported by the NSF Young Investigator Award DMS-9457859, NSF Grant DMS-9971951, and NSF Grant DMS-9981251.

†Partially supported by RFFI Grant 99-01-01202 and Presidential Grant 00-15-99263. 1

Introduction

Families of elliptic operators invariant with respect to a family of Lie groups appear in gauge theory and in the analysis of geometric operators on certain non-compact manifolds. They arise, for example, in the analysis of the Dirac operator on a compact S^1-manifold M, provided that we desingularize the action of S^1 by replacing the original metric g with ϕ^{−2}g, where ϕ is the length of the infinitesimal generator of the S^1-action. The main result of [30] states that the kernel of the new Dirac operator on the open manifold M ∖ M^{S1} is naturally isomorphic to the kernel of the original Dirac operator. A natural question to ask then is when is this new Dirac operator (on M ∖ M^{S1} ) Fredholm. The answer [25, 26] is that, in general, the Fredholm property of elliptic geometric operators on M ∖ M^{S1} is controlled by the invertibility of a certain family of operators invariant with respect to a family of solvable Lie groups. Operators invariant with respect to a family of Lie groups G → B will be called gauge-invariant operators or G-invariant operators in what follows.

Gauge-invariant operators were studied in [29], where an index theorem for these operators was also obtained in the case when G → B is a family of solvable Lie groups. In this paper, we study the case of G-invariant operators when G is a bundle of compact Lie groups. In a certain way, the general case of operators invariant with respect to a family of connected Lie groups can be reduced to the cases when the fibers are solvable or compact groups, by using the structure of connected Lie groups. There exist, however, quite significant differences between families of solvable Lie groups and families of compact Lie groups.

Here are two of the most important differences between families of compact Lie groups and families of solvable Lie groups. First, a family of compact Lie groups is always locally trivial. In particular, all fibers of a family of compact Lie groups are isomorphic over each connected component of the base, see Section 1. This need not be the case for families of nilpotent groups, for example. Second, the theory of families of compact Lie groups is more closely related to gauge theory and Physics than to Analysis on non-compact manifolds. This is mainly because bundles of compact Lie groups are one of the main objects of study in gauge theory (see, for example, [4, 21, 40, 14]), but there are also other reasons. For example, gauge-invariant operators are related to anomalies in physics and to the Aronov-Bohm effect [2, 1, 7, 8, 11, 27, 32]. Also, it is also possible that gaugeinvariant operators are related to the second quantization in field theory [14, 19]. An interesting possibility is to study whether Ramond-Ramond charges [17, 18, 28, 41, 42] can be realized as gauge-equivariant indices.

From now on and throughout this paper, we shall assume that G → B is a bundle of compact Lie groups (except in Section 1 or when explicitly mentioned otherwise). The relation between gauge-invariant operators and Physics provides further motivation for the study of gauge-invariant operators.

A first problem that we solve for gauge-invariant operators is to define their index. We actually give two definitions of this index. The first definition is geometric and the second one is algebraic. The advantage of the geometric definition is that it is closer to the classical definition of the index of a family of operators in the Atiyah and Singer paper on families [5]. The advantage of the algebraic definition of the index, however, is that it works in general, whereas the geometric definition requires a certain finite holonomy assumption on our bundle of Lie groups. This finite holonomy assumption is automatically satisfied if the typical fiber of our bundle of Lie groups has a center of dimension ≤ 1, but not in general.

For the geometric definition of the gauge-equivariant index, we first define groups K^j_G (Y ) for any fiber bundle π : Y → B on which G acts smoothly. (We assume that the action of G preserves the fibers of Y → B.) These groups are defined geometrically in terms of G-equivariant vector bundles on Y and give rise to a contravariant functor in Y that has all the usual properties of equivariant K-theory: homotopy invariance, continuity, and Bott periodicity. These groups behave well when G has finite holonomy (or, more generally, representation theoretic finite holonomy, see Section 3 where these conditions were introduced). The geometric definition of the index associates an element of the group K^0_G (B) to any G-invariant continuous family of pseudodifferential operators on Y . This is done as in the classical case by perturbing our family to a family consisting of operators whose range is closed (or, equivalently, such that the family of their kernels defines a vector bundle over the base). The difficulty is that we have to perform all these constructions equivariantly.

For the algebraic construction of the analytic index of a G-equivariant family of elliptic operators, we consider C^∗(G), the C^∗-algebra of G, which (in our case) can be defined as the completion of the convolution algebra of G with respect to the action on each L^2(G_b). Then

K^j_G (B) ∼= K_j(C^∗(G)) (1)

whenever G satisfies the finite holonomy assumption mentioned above (Theorem 5.2). Using some basic constructions in K-theory, we can then give a direct definition of the gauge-invariant index with values in K_0(C^∗(G)), which turns out to be equivalent to the geometric definition of the gauge-equivariant index, if we take into account the isomorphism of Equation (1) above. For this construction, we need no assumption on G (except that the fibers of G → B are compact Lie groups), but it has the disadvantage that it is less elementary and certainly less explicit. We leave the problem of determining the gauge-equivariant index of a G-invariant family of elliptic operators for another paper [31], since it requires several new techniques.

The algebra C^∗(G) turns out to decompose naturally as a direct sum of (algebras of continuous sections of) fields of finite dimensional algebras on finite coverings of B. Assume that the typical fiber G of G → B is connected and denote by G^′ the derived group of G. The Dixmier-Douady invariants of these fields can be recovered from a unique class in H^2(B, Z(G) ∩ G^′) (see also [13, 15, 16, 36] for more on these invariants). The K-theory groups of these algebras are twisted K-theory groups, as the ones appearing in the study of Ramond-Ramond fields [10, 17, 18, 41, 42]. This suggests some possible connections between the structure of Ramond-Ramond fields and gauge-equivariant index theory. An interesting possibility would be that the Ramond-Ramond charges can be realized as gauge-equivariant indices.

Let us now briefly describe the contents of each section. In Section 1, we introduce bundles of Lie groups and define their actions on spaces. We also introduce the algebras of (families of) gauge-invariant pseudo-differential operators. This is the only section were we do not assume that the fibers of G → B are compact. In Section 2, we discuss the holonomy of the representation spaces associated to bundles of Lie groups. For instance, we introduce the condition that a bundle of Lie groups have finite holonomy, which will play an important role in the study of gauge-equivariant K-theory. The gauge-equivariant K-theory groups K^0_G (Y ) of a bundle Y → B on which G acts are introduced in Section 3. In that section, we establish several properties of these groups. If the bundle G → B has finite holonomy, then the groups K^0_G behave like the usual equivariant K-theory groups, but they can behave very differently if this condition is not satisfied. For example, not every G-equivariant vector bundle can be realized as a sub-bundle of a trivial bundle in general; this is possible, however, if G → B has representation theoretic finite holonomy, which is actually the reason why we introduced this condition, in the first place. The gauge-equivariant K-theory groups appear naturally as the receptacles of the indices of gauge-equivariant families of elliptic operators. These indices are defined geometrically in Section 4 and analytically in Section 6. These two definition are shown to coincide using the structure of the K-theory of C^∗(G) and, especially, the isomorphism K^0_G (B) = K^0(C^∗(G)). In the Appendix we recall several basic constructions in K-theory.

We would like to thank the Max Planck Institut for Mathematics in Bonn for its kind support and hospitality while part of this work has been completed. We would also like to thank M. Karoubi and A. Rosly for useful discussions at Max Planck Institute. Also, we would like to thank M. Dadarlat for providing the example included in Section 5.

1 Gauge-invariant pseudodifferential operators

We now describe the settings in which we shall work. If f_i : Y_i → B, i = 1, 2, are two maps, we shall denote by

Y_1 ×_B Y_2 := {(y_1, y_2) ∈ Y_1 × Y_2, f_1(y_1) = f_2(y_2) } (2)

their fibered product.

Fiber bundles will figure prominently in this paper. Even if we are often interested primarily in smooth fiber bundles, we have found it more convenient to work in the framework of “longitudinally smooth” fiber bundles, whose definition is recalled below. This simplifies and makes more natural certain constructions in this paper, The reader can safely assume for most results that the bundles are smooth. In fact, we have included in “[ ]” the corresponding statements for smooth fiber bundles.

Definition 1.1. Let B be a locally compact topological space. A locally trivial fiber bundle π : Y → B with typical fiber F is called longitudinally smooth if, by definition, F is a smooth manifold and the structure group of this bundle reduces to Diff(F ), the group of C^∞-diffeomorphisms of the fiber F .

In particular, every smooth bundle is longitudinally smooth. We now introduce bundles of Lie groups.

Definition 1.2. Let B be a compact Hausdorff [respectively, smooth manifold], and let G be a Lie group. We shall denote by Aut(G) the group of automorphisms of G. A [smooth] bundle Lie groups G with typical fiber G over B is, by definition, a [smooth] fiber bundle G → B with typical fiber G and structure group Aut(G).

We do not assume in this section that G → B has compact fibers. We see thus that a [smooth] bundle of Lie groups with typical fiber G over B is a longitudinally smooth [respectively, smooth] fiber bundle over B with typical fiber G whose structure group reduces from Diff(G) to Aut(G).

Let G → B and G^′ → B^′ be bundles of Lie groups. A morphism of bundles of Lie groups (or simply, a morphism) γ : G → G^′ is a continuous map covering a continuous map γ_1 : B → B^′ such that the induced map G_b → G^′_{γ1(b)} is a group morphism for any b ∈ B. Let d : G → B be a bundle of Lie groups. We shall often let G act on spaces Y . Let π : Y → B be a fiber bundle. We say that G acts continuously on Y if each group G_b acts continuously on Y_b := π^{−1}(b) and the induced map μ G ×_B Y := {(g, y) ∈ G × Y, d(g) = π(y)} ∋ (g, y) −→ μ(g, y) := gy ∈ Y, continuous. We shall also say that Y is a G-fiber bundle. If π : Y → B is longitudinally smooth bundle and G_b × Y_b → Y_b are smooth, then we shall say that Y → B is a longitudinally smooth G-fiber bundle. If G is a smooth bundle of Lie groups, Y → B is a smooth fiber bundle and the map μ is smooth, we shall say that Y → B is a smooth G-fiber bundle.

Assume for the rest of this section that the quotient Y/G := ∪Y_b/G_b is compact. Then we shall denote by ψ^m_{inv}(Y ) the space of continuous [respectively, smooth] families D = (D_b), b ∈ B, of order m, classical pseudodifferential operators acting on the fibers of Y → B such that each D_b is invariant with respect to the action of the group G_b. Unless mentioned otherwise, we assume that these operators act on half densities along each fiber. Then ψ^∞_{inv}(Y ) := ∪_{m∈Z}ψ^m_{inv}(Y ) is an algebra, by classical results [5, 20]. Note also that ψ^m_{inv}(Y ) also makes sense for m not an integer.

We now discuss the principal symbols of operators in ψ^∞_{inv}(Y ). Let

T_{vt}Y := ker(π_∗ : T Y → T B)

be the bundle of vertical tangent vectors to Y , and let T^∗_{vt}Y be its dual. We fix compatible metrics on T_{vt}Y and T^∗_{vt}Y , and we define S^∗_{vt}Y , the cosphere bundle of the vertical tangent bundle to Y , to be the set of vectors of length one of T^∗_{vt}Y . Also, let

σ_m : Ψ^m(Y_b) → C^∞(S^∗Y_b)

be the usual principal symbol map, defined on the space of pseudodifferential operators of order m on Y_b and with values smooth functions on the unit cosphere bundle of Y_b. The definition of σ_m depends on the choice of a trivialization of the bundle of homogeneous functions of order m on T^∗_{vt}Y , regarded as a bundle over S^∗_{vt}Y . The principal symbols σ_m(D_b) of an element (or family) D = (D_b) ∈ ψ^m_{inv}(Y ) then gives rise to a smooth function on C^∞(S^∗_{vt}Y ), which is invariant with respect to G, and hence descends to a smooth function on S^∗_{vt}Y . The resulting function,

σ_m(D) ∈ C(S^∗_{vt}Y ))^G , (3)

will be referred to as the principal symbol of an element (or operator) in ψ^m_{inv}(Y ). Note that, σ_m(D) ∈ C^∞(S^∗_{vt}Y )^G when G and Y are smooth fiber bundles. As usual, an operator D ∈ ψ^m_{inv}(Y ) is called elliptic if, and only if, its principal symbol is everywhere invertible.

In the particular case when Y = G and G is a smooth bundle, ψ^∞_{inv}(G) identifies with convolution operators on each fiber G_b that have compactly supported kernels, are smooth outside the identity, and have only conormal singularities at the identity. In particular, ψ^{−∞}_{inv} (G) = C^∞_c (G), with the fiberwise convolution product.

All constructions and definitions above extend to operators acting between sections of a G-equivariant vector bundle E → Y . Recall that a bundle E → Y is G-equivariant if G acts on the total space of E, the projection E → Y is G equivariant, and the induced action E_y → E_{gy} between the fibers of E → Y is linear. The space of order m, classical, G-invariant pseudodifferential operators acting on sections of E will be denoted by ψ^m_{inv}(Y ; E). The same construction then generalizes also to G-invariant operators acting between sections of two G-equivariant vector bundles E_i → Y , i = 0, 1. The resulting space of order m, G-invariant pseudodifferential operators acting between sections of E_0 and E_1 will be denoted by ψ^m_{inv}(Y ; E_0, E_1).

Let T_{vt}Y denote the bundle of vertical tangent vectors to the fibration π : Y → B. Assume that there are given a G-invariant metric on T_{vt}Y and a G-equivariant bundle W of modules over the Clifford algebras of T_{vt}Y . Then a typical example of a family D = (D_b) ∈ ψ^∞_{inv}(Y ) is that of the family of Dirac operators D_b acting on the fibers Y_b of Y → B. (Each D_b acts on sections of W |_{Yb} , the restriction of the given Clifford module W to that fiber.)

Later on, we shall need the following structure theorem for smooth G-fiber bundles Y (that is, when G, Y , and the action of G on Y are smooth). Recall that π : Y → B is the structural projection map. Fix b_0 ∈ B and let G = G_{b0} := d^{−1}(b_0) and F = Y_{b0} := π^{−1}(b_0). Let Aut(G, F ) be the group of automorphisms of the pair (G, F ), that is, Aut(G, F ) consists of pairs (α, β), where α is an automorphism of G and β : F → F is a diffeomorphism satisfying β(gf) = α(g)β(f). Note that Aut(G, F ) acts on both G and F . Moreover, the map (action) G × F → F is Aut(G, F )-equivariant.

Theorem 1.3. Let G → B be a smooth bundle of Lie groups acting smoothly on the smooth fiber bundle Y → B, whose typical fiber is denoted by F . Then there exists a principal Aut(G, F )-bundle Q → B such that G ∼= Q ×_B G , Y ∼= Q ×_B Y, and the induced map G ×_B Y → Y is obtained from the Aut(G, F )-equivariant map G × F → F . Proof. Let Q be the set of triples (b, α, β) where b ∈ B, α : G → G_b is a group isomorphism, and β : F → Y_b is an equivariant map, in the sense that β(gf) = α(g)β(f) (as in the definition of the group Aut(G, F )). The projection map p : Q → B is given by the projection onto the first coordinate. By definition, p^{−1}(b_0) = Aut(G, F ), so in particular, this fiber is not empty.

It is clear that Aut(G, F ) acts simply, transitively on each non-empty fiber p^{−1}(b). To complete the proof, all we need then is to check that Q is locally trivial. To this end, we may assume that G = B × G. The action of G on Y reduces then to an action of G. Since G is compact, we can choose a G-invariant metric on Y . The Levi-Civita connection will give then rise to a G-equivariant diffeomorphism Y_b ≃ F of the fibers Y_b, for b close to b_0. This proves the local triviality.

Similar ideas can be used to prove that a family of Lie groups with connected compact fibers is locally trivial, and hence that it defines a bundle of Lie groups. Let us first define the concept of a family of Lie groups, a concept that we consider only in the smooth category.

Definition 1.4. Let B be a smooth manifold. A family of Lie groups is a submersiond : G → B such that each G_b := π^{−1}(b) is a Lie group and the induced map G ×_B G := {(g^′, g) ∈ G × G, d(g^′) = d(g)} ∋ (g^′, g) −→ g^′g^{−1} ∈ G (4) is differentiable.

We remark that B embeds naturally in G as the space of units of the groups G_b. If G is a smooth family of Lie groups, then B is a smooth submanifold of G. We also remark that a bundle of Lie groups is a particular case of a continuous family groupoid (see [25, 26] for definitions) whose space of units identifies with B. Let us denote by d, r : G → B the domain and, respectively, the range maps of this groupoid. Then d = r, for our groupoid. If we work in the differentiable category, this groupoid is a differentiable groupoid.

For the rest of this section and then throughout the paper, we shall assume that the fibers of the bundles (or families) of Lie groups that we consider are compact. The following result is probably already known.

Theorem 1.5. Suppose that G → B is a family of Lie groups, that B is connected, and that all groups G_b := d^{−1}(b) are compact and connected. Then G → B is a locally trivial fiber bundle with structure group Aut(G).

Proof. It is enough to prove that G → B is locally trivial. Fix b_0 ∈ B, and let t_0 ∈ G_{b0} be a topological generator of a maximal torus of G_{b0} (recall that this means that the least closed subgroup of G_{b0} containing t_0 is a maximal torus). Choose a smooth local section t of G, such that t(b_0) = t_0. Let H_b be the set of elements of G_b commuting with t(b).

Let g = ∪ Lie G_b be the union of the Lie algebras of the fibers of G → B. Then g maps naturally to B and can be identified with the restriction to B of the vertical tangent bundle to G → B.

Assume that in a small neighborhood of b_0 all the groups G_b have maximal tori of the same dimension. Let H^0_b be the connected component of H_b. Then H^0_b contains a maximal torus of G_b, has the same dimension as a maximal torus of G_{b0} , and hence H^0_b is a maximal torus in G_b, for any b in a small neighborhood of b_0. Then the root spaces associated to these maximal tori vary continuously with b and hence the root systems of all the groups G_b are isomorphic. This proves that the bundle g of Lie algebras is locally constant, by Serre’s theorem. Since π_1(G_b) is also constant, we also obtain that all the groups G_b are isomorphic.

Let us verify now the assumption that we made above, that is that in a small neighborhood of b_0 all the groups G_b have maximal tori of the same dimension.

The Lie algebra Lie H_b is the kernel of ad_{tb} . Since the operators ad_{tb} depend continuously on b (on any trivialization of g as a vector bundle), the dimension of the kernels of ad_{tb} is ≤ the dimension of H_{b0} in a small neighborhood of b_0. Since H_b contains a maximal torus of G_b, for any b, we obtain that the set of points b such that the dimension of a maximal torus of G_B is ≤ n is an open subset of B. We can approach then b_0 with a sequence of distinct points b_n such that G_{bn} have maximal tori of the same dimension l, for any n.

Then the maximal tori of H^0_{bn} also have dimension l. Fix a metric on g and let X_1, . . . , X_d ∈ Lie G_{b0} be a basis of Lie G_{b0} , which we extend to a basis of Lie H^0_{bn} , at least for n large. Let ϵ > 0 be small, but fixed. If we denote by

g_{ijn} := exp(ϵX_j(b_n)) exp(ϵX_i(b_n)) exp(−ϵX_j (b_n)) exp(−ϵX_i(b_n))

then dist(g_{ijn}, 1) → 0 (5) as n → ∞, for any i and j. Let δ > 0 be arbitrary. This proves that for n large all the elements exp(ϵX_j (b_n)) are in a δ neighborhood of a torus of dimension l. By letting δ → 0 and n → ∞, we obtain that l coincides with the dimension of H_{b0} .

2 Finite holonomy conditions

From now on and throughout the paper all bundles of Lie groups that we shall consider will have compact fibers. Also, unless explicitly otherwise mentioned, B will be a compact space and G → B will be a bundle of compact Lie groups.

We shall now take a closer look at the structure of bundles of Lie groups whose typical fiber is a compact Lie group G. Let Aut(G) be the group of automorphisms of G. By definition, there exists then a principal Aut(G)-bundle P → B such that G ∼= P ×_{Aut(G)} G := (P × G)/ Aut(G).

Let ^G be the (disjoint) union of the sets ^G_b of equivalence classes of irreducible representations of the groups G_b. Using the natural action of Aut(G) on ^G, we can naturally identify ^G with P ×_{Aut(G)} ^G as fiber bundles over B.

Let Aut_0(G) be the connected component of the identity in Aut(G). The group Aut_0(G) will act trivially on the set ^G, because the later is discrete. Suppose,

H_R := Aut(G)/ Aut_0(G), P_0 := P/ Aut_0(G).

Then P_0 is an H_R-principal bundle and ^G ≃ P_0 ×_{HR} ^G.

Assume now that B is a path-connected, locally simply-connected space and fix a point b_0 ∈ B. Then the bundle P_0 is is classified by a morphism π_1(B, b_0) → H_R because the structure group H_R of this principal bundle is discrete.

The space ^G will be called the representation space of G, the covering ^G → B will be called the representation covering associated to G. Fix arbitrary a base point of B. If B is path-connected and locally simply-connected, then the resulting morphism

ρ : π_1(B, b_0) → H_R := Aut(G)/ Aut_0(G), (6)

will be called the holonomy of the representation covering of G.

For our further reasoning, we shall sometimes need the following finite holonomy condition.

Definition 2.1. We say that G has representation theoretic finite holonomy if every σ ∈ ^G is contained in a compact-open subset of ^G.

In the interesting cases, the above condition can be reformulated as follows.

Proposition 2.2. Assume that B is path-connected and locally simply-connected. Then G has representation theoretic finite holonomy if, and only if, the following condition is satisfied: for any irreducible representation σ of G, the set π_1(B, b_0)σ ⊂ ^G is finite.

Proof. Since ^G is a covering of B, its compact-open subsets coincide with the finite unions of the connected components of ^G that are finite coverings of B (i.e. cover B finitely-many times to one). Let B_σ be the connected component of ^G containig a given point σ ∈ ^G. The typical fiber of B_σ → B is π_1(B, b_0)σ. The result now follows.

The above condition ensuring representation theoretic finite holonomy are difficult to check directly, so we shall also consider the following closely related condition.

Definition 2.3. Assume B is smooth and connected. We shall say that G has finite holonomy if the image H_{G,b} of π_1(B, b_0) in H_R := Aut(G)/ Aut_0(G) is finite.

These two “finite holonomy” conditions are related as follows.

Theorem 2.4. Let G → B be a bundle of compact Lie groups over a smooth connected manifold B. If G has finite holonomy then it has also representation theoretic finite holonomy. If the fibers of G → B are connected, then the converse is also true.

Proof. Let σ be an irreducible representation of G = G_{b0} . Then π_1(B, b_0)σ = H_G σ and hence π_1(B, b_0)σ is a finite set.

To prove the converse, let us write G = G^′_0Z_0, where G^′_0 ⊂ G is the connected component of the subgroup G^′ generated by commutators and Z_0 ⊂ G is the connected component of the center of G. This is possible because G is connected. Then G^′_0 ∩Z_0 = A is a finite subgroup and G ≃ (G^′_0 × Z_0)/A, where A is embedded diagonally in the two subgroups. Every automorphism of G maps each of G^′_0 and Z_0 to itself. This shows that the group of automorphisms of G identifies with the subgroup of automorphisms of G^′_0 ×Z_0 that map A to itself. Moreover, we have a canonical morphism Aut(G) → Aut(Z_0). Since Aut(G^′_0)/ Aut_0(G^′_0) is a finite group, it is enough then to show that the image of π_1(B, b_0) in Aut(Z_0) is finite whenever G has representation theoretic finite holonomy.

The set ^S_0 of irreducible representations of Z_0 identifies with a lattice in the vector space V = Lie Z_0. Choose a basis v_1, . . . , v_n ∈ ^S_0 of V . By assumption, the sets S_j = π_1(B, b_0)v_j are finite. The action of π_1(B, b_0) then defines a group morphism from π_1(B, b_0) to ∏ Aut(S_j), the product of the permutation groups of the sets S_j . Let K be the kernel of this morphism, then the morphism π_1(B, b_0) → Aut(Z_0) factors through K. This is enough to complete the proof of the fact that representation theoretic finite holonomy implies finite holonomy for a bundle of compact Lie groups G with connected fibers.

Let us note the following two consequence of the above proof that will be useful in proving our results on the Dixmier-Douady invariants in Section 5. Denote by G_{int} ⊂ Aut(G) the subgroup of inner automorphisms of G.

Proposition 2.5. Suppose G is a compact, connected Lie group. Then Aut_0(G) consists of inner automorphisms. If the center of G has dimension ≤ 1, then Aut(G)/ Aut_0(G) is a finite group.

Proof. We shall use the notation introduced in the proof of Theorem 2.4. First, since G^′_0 is semi-simple and connected, the connected component Aut_0(G^′_0) of Aut(G^′_0) consists of inner automorphisms. Since the image G_{int} ⊂ Aut(G) of G acting by inner automorphisms is contained in Aut_0(G^′_0), we obtain that G_{int} = Aut_0(G^′_0) = Aut_0(G).

If dim Z_0 ≤ 1, the group of automorphisms of Z_0 is finite and this is enough to complete the proof.

Here is an example that the finite holonomy condition is not always satisfied by a bundle of compact Lie groups G → B. Let A be the matrix A = [ 3 2 4 3 ] . This matrix induces an automorphism α of the compact torus T = S^1 ×S^1 by the formula

α(z, w) = (z^3w^2, z^4w^3).

Let us consider on the unit circle S^1 a bundle of tori G_A with fiber T and holonomy A. This bundle can be realized as the quotient of R × T by the equivalence relation (t + n, z, w) ≡ (t, α^n(z, w)), n ∈ Z. The morphism Z ≃ π_1(S^1) → Aut(T ) sends then a generator of Z to the automorphism α. Clearly the range of this morphism is not finite. The only irreducible representation σ of T with the property that π_1(S^1)σ is finite is the trivial representation.

3 Gauge equivariant K-theory

In this section, we define the gauge equivariant K-theory groups for spaces endowed with the action of a bundle of compact Lie groups G. As we shall see, these are the right K-theory groups for our index calculations. We formulate everything for the case of (locally) compact Hausdorff topological spaces and continuous fiber bundles. However, one can easily extend the following results to the smooth setting (we usually include the necessary changes inside square brackets).

Let d : G → B be a bundle of compact Lie groups over a compact space B and let π : Y → B be a fiber bundle. We assume, as in the previous section, that Y is a G-fiber bundle (that is, that G acts on Y ). Let E be a finite-dimensional vector bundle E → Y equipped with an action of G. Such a vector bundle will also be called a G-equivariant vector bundle. This implies, in particular, that E_b := E|_{Yb} is an ordinary G_b-equivariant vector bundle over the G_b-space Y_b, for any b ∈ B.

Definition 3.1. Let E → Y be a G-equivariant vector bundle and let E^′ → Y^′ be a G^′-equivariant vector bundle, for two bundles of Lie groups G → B and G^′ → B^′. A morphism (γ, φ) : (G^′, E^′) → (G, E) is a pair of morphisms (γ, φ), γ : G^′ → G, φ : E^′ → E, assumed to satisfy φ(ge) = γ(g)φ(e), e ∈ E^′_b, g ∈ G^′_b. (A map φ with these properties will be called γ-equivariant.)

[All the above maps are assumed to be smooth when working in the smooth category.]

In particular, the maps (γ, φ) in the above definition give rise also to a map B^′ → B and to a γ-equivariant map Y^′ → Y .

As usual, if ψ : B^′ → B is a continuous [respectively, smooth] map, we define the inverse image (ψ^∗G, ψ^∗E) of a G-equivariant vector bundle E → Y by ψ^∗G = G ×_B B^′ and ψ^∗E = E ×_B B^′. A particular case of this definition is when ψ is an embedding, when it gives the definition of the restriction of a G-equivariant vector bundle E to a closed subset B^′ ⊂ B of the base of G, yielding a G_B′ -equivariant vector bundle. Usually G will be fixed, however.

The set of isomorphism classes of equivariant vector bundles E on Y , as above, will be denoted by E_G(Y ). On this set we introduce a monoid operation, denoted “+,” using the direct sum of vector bundles. This defines a monoid structure on the set E_G (Y ).

Definition 3.2. Let G → B be a bundle of compact Lie groups acting on the fiber bundle Y → B. Assume Y to be compact. The G-equivariant K-theory group K^0_G (Y ) is defined as the group completion of the monoid E_G(Y ).

If E → Y is a G-equivariant vector bundle on Y , we shall denote by [E] its class in K^0_G (Y ). Thus K^0_G (Y ) consists of differences [E] − [E_1].

The groups K^0_G (Y ) will be called gauge equivariant K-theory groups, when we do not need to specify G. If B is reduced to a point, then G is a Lie group, and the groups K^0_G (Y ) reduce to the usual equivariant K-groups. More generally, this is true if G ≃ B × G is a trivial bundle. The familiar functoriality properties of the usual equivariant K-theory groups extend to the gauge equivariant K-theory groups.

Theorem 3.3. Assume that the bundle of Lie groups G → B acts on a fiber bundle Y → B and that, similarly, G^′ → B^′ acts on a fiber bundle Y^′ → B^′. Let γ : G → G^′ be a morphism of bundles of Lie groups and f : Y → Y^′ be a γ-equivariant map. Then we obtain a natural morphism

(γ, f)^∗ : K^0_G′ (Y^′) → K^0_G (Y ) (7)

(denoted also f^∗ : K^0_G (Y ) → K^0_G (Y^′) if γ is the identity morphism).

Proof. The pull-back operation preserves the direct sum of equivariant vector bundles, so it induces a morphism of monoids E_G′ (Y^′) → E_G(Y ). The morphism (γ, f)^∗ : K^0_G′ (Y^′) → K^0_G (Y ) is the group completion of this morphism.

We now proceed to establish the main properties of the gauge equivariant K-theory groups. Most of them are similar to those of the usual equivariant K-theory groups, but there are also some striking differences.

First, let us observe that we can extend as usual the definition of the gauge-equivariant groups to non-compact G-fiber bundles Y . Let Y be a G-fiber bundle. We shall denote then by Y^+ := Y ∪ B the space obtained from Y by one-point compactifying each fiber.

Definition 3.4. Assume that the typical fiber of the G-fiber bundle Y → B is a locally compact space. We define then

K_G(Y ) := Ker{K_G (Y^+) → K_G (B)}.

Note that the above groups are “compactly supported” K-groups. These are the only K-theory groups that we shall consider when working with non-compact manifolds.

We now discuss induction. Let G ⊂ G^′ be a sub-bundle of the bundle of Lie groups G^′ → B. Also, let Y be a G-fiber bundle and Y^′ be a G^′-bundle. The fibered product over G, namely ×_G , is defined as the quotient of ×_B , the fibered product over B, by the action of G, its action on G^′ being by right translations, namely G^′ ×_G Y := (G^′ ×_B Y )/G. Then to any G-equivariant vector bundle E → Y we can associate a G^′-equivariant vector bundle E^′ = ι(E) over Y^′ := G^′ ×_G Y by the formula E^′ := G^′ ×_G E. This operation gives rise to a morphism

ι : K^0_G(Y ) → K^0_G′ (G^′ ×_G Y ), (8)

called the induction morphism.

Theorem 3.5. The induction morphism ι : K^0_G (Y ) → K^0_G′ (G ×_G′ Y ) is an isomorphism. The inverse is given by the restriction to Y ⊂ Y^′ and G ⊂ G^′.

Proof. Note that Y identifies with the image of B ×_B Y (same B) in Y^′ := G^′ ×_G Y . Moreover, the map Y → Y^′ is G-equivariant. This shows that it makes sense to consider the restriction map r : K^0_G′ (Y^′) → K^0_G (Y ). It follows from the definition of ι(E), for a G-equivariant bundle E → Y , that r ∘ ι is the identity.

The proof of the fact that ι ∘ r is the identity follows from the fact that any Gequivariant isomorphism β : E|_Y → F |_Y of two G^′-equivariant bundles extends uniquely to a G^′-equivariant isomorphism E → F . We shall use this as follows. Let E be a G^′- equivariant bundle. Then take F := ι ∘ r(E). By what we have proved, we know that r(E) = E|_Y ≃ F |_Y = r(F ) as G-equivariant bundles. Then E ≃ F , as wanted.

The groups K^0_G (Y ) can be fairly small if the holonomy of G is “large.” This is a new fenomenon, not encountered in the usual equivariant K-theory. Here is an example.

Proposition 3.6. Let G_A be the bundle of two dimensional tori over the circle S^1 introduced at the end of Section 1, then K^0_{GA} (S^1) ≃ K^0(S^1).

If G were a compact group, the analogous statement would be that K^0_G(point) ≃ K^0(point), which is clearly true only if G is trivial. This kind of pathologies are ruled out by considering only bundles of Lie groups with representation theoretic finite holonomy.

Let us denote by C(G) the group of continuous sections of G, that is, the group of continuous maps γ : B → G. The group C(G) acts on Γ(E) according to the rule (γs)(y) = γ(b)s((γ(b))^{−1}y), where γ ∈ C(G), s ∈ Γ(E), and y ∈ Y_b. We now define a continuous map Av_G : Γ(E) → Γ^G (E), where Γ^G (E) is the space of C(G)-invariant sections of E, by the formula [ Av_G (s) ] (x) := ∫ G_b s(g^{−1}x)dg, if x ∈ Y_b, the measure on G_b being normalized to have total mass one. In the following, by a Ginvariant section of a C(G)-module we shall understand a C(G)-invariant section.

Lemma 3.7. Let X be a closed G-invariant sub-bundle of a compact G-fiber bundle Y , and let E → X be a G-equivariant bundle. Let s^′ be a G-invariant cross-section of the restriction E|_X → X. Then s^′ can be extended to a G-invariant cross-section of E.

Proof. We proceed as in the classical case (cf. [3]). First extend the section s^′ to a section s_1 of E over the whole of Y , not necessarily equivariant. The desired extension is obtained by setting s = Av_G (s_1).

We have the following analog of the corresponding classical result (see [3] or [23], for example).

Theorem 3.8. Let E and F be G-equivariant vector bundles over X, and α : E → F a G-equivariant morphism such that α_x : E_x → F_x is an epimorphism for all points x ∈ X. Then there exists a G-equivariant morphism β : F → E such that αβ = Id_F .

Proof. First, we can define a possibly not equivariant morphism of bundles ~β : F → E such that α~β = Id_F (see, e.g. [23, Theorem I.5.13]). Then, let us take β := Av_G (~β), which we define by regarding ~β as an element of the G-equivariant vector bundle Hom(F, E). Then αβ = αAv_G (~β) = Av_G (α~β) = Av_G (Id) = Id .

A G-equivariant vector bundle E → Y on a G-fiber bundle Y → B, Y compact, is called trivial if, by definition, there exists a G-equivariant vector bundle E^′ → B such that E is isomorphic to the pull-back of E^′ to Y . Thus E ≃ Y ×_B E^′.

Theorem 3.9. Assume that G → B has representation theoretic finite holonomy. Let Y → B be a compact G-fiber bundle and E → Y be a G-equivariant vector bundle. Then there exists a G-equivariant vector bundle V → B and a G-equivariant vector bundle E^′ such that Y ×_B V ∼= E ⨁ E^′.

Proof. Let Y_b be the fiber of Y → B above some point b ∈ B. Let us recall how to embed E_b := E|_{Yb} into a trivial bundle, for each b ∈ B. Choose sections s_1, . . . , s_n of E|_{Yb} such that they generate a finite dimensional G_b-invariant subspace V_b and they generate Γ(E_b) as a C(Y_b)-module. Then there exists a G_b-equivariant map C(Y_b) × V_b → Γ(E_b) that is surjective. The required embedding into a trivial bundle is then obtained by an application of Theorem 3.8 for B reduced to b.

A set of sections s_1, . . . , s_n as above will be called a generating set of sections. Let V_b be the representation space of G_b defined by these sections. Because G has representation theoretic finite holonomy, there exists a G-equivariant vector bundle W (b) → B such that the fiber of this bundle at b is a representation of G_b containing V_b. There will exist then a C(B)-linear map Φ_b : Γ(W (b)) → Γ(E) and sections ξ_j ∈ Γ(W (b)) such that Φ_b(ξ_j)|_{Yb} = s_j . By averaging with respect to G (using the map Av_G ), we can assume that Φ_b is G-equivariant.

Then Φ(ξ_j) will define by restriction a set of generating sections of E_b′ , for b^′ in a neighborhood U_b of b. Cover B with finitely many such neighborhoods U_{bj} , and let V → B be the direct sum of all the bundles W (b_j) and Φ := ⊕Φ_{bj} .

Our construction then gives a G-equivariant map

1 ⊗ Φ : C(Y ) ⊗_{C(B)} Γ(W ) → Γ(E) (9)

that is surjective by construction. We have thus constructed a surjective map Y ×_B V → E. An application of Theorem 3.8 concludes the proof.

Let us observe that the above result is not true for G_A, the bundle of two dimensional tori over S^1 considered at the end of Section 1. Indeed, let G ⊂ G_A be subset of all elements of order two of the fibers of G_A. Then G → S^1 is a trivial bundle of finite groups: G = S^1 × A, with A ≃ (Z/2Z)^2. Let

Y^′ := G_A ×_G S^1 = G_A/G.

We know by Theorem 3.5 that

K^0_{GA} (Y^′) ≃ K^0_A(S^1) ≃ R(A) ⊗ K^0(S^1) = R(A),

the isomorphism being given by restriction to S^1 ⊂ Y^′. On the other hand, if E → Y^′ were a sub-bundle of a trivial E^′ bundle over Y^′, then E|_S1 would also be a G-equivariant sub-bundle of the trivial G-equivariant bundle E^′|_S1 . If E^{′′} is a G_A-equivariant bundle over S^1, then the pull-back to Y^′ followed by the restriction to S^1 corresponds to restricting the action of G_A to an action of G. Thus any bundle of the form E^′|_S1 , with E^′ a trivial G_A-bundle, will be trivial over S^1 and will have the trivial action of A, by Proposition 3.6. Any sub-bundle of E^′ will again have the trivial action of A. This shows that the G_A-equivariant bundles over Y^′ that can be realized as sub-bundles of trivial bundles have a class in K^0_{GA} (Y^′) ≃ R(A) corresponding to multiples of the trivial representation. This gives the following result.

Proposition 3.10. Thus not every G_A-equivariant bundle over Y^′ can be realized as a sub-bundle of a trivial bundle.

We now check that the category of G-equivariant vector bundles is a Banach category (see Definition 7.3). All the other properties of the gauge equivariant K-theory groups that we shall prove will turn out to be consequences of a some general theorems on Banach categories from [22, 23]. We shall obtain, in particular, that gauge equivariant K-theory has long exact sequences and satisfies Bott periodicity.

Proposition 3.11. The category of G-equivariant vector bundles over a G-fiber bundle Y → B, Y compact, is a Banach category.

Proof. First, the set Γ(E) of all continuous sections s : Y → E of a G-equivariant vector bundle E → Y over a compact G-fiber bundle Y → B becomes a Banach space when endowed with the “sup”-norm. Consider now two G-equivariant vector bundles E and F over a compact G-fiber bundle Y . The vector bundle Hom(E, F ) will have a natural G-action. As usual, we can identify Γ^G(Hom(E, F )) with the set of G-equivariant morphisms φ : E → F , which is hence a Banach space. The composition of morphisms Hom(E_1, E_2) × Hom(E_2, E_3) → Hom(E_1, E_3) is continuous because the category of vector bundles is a Banach category. The restriction to G-equivariant morphisms will also be continuous. This checks all conditions of Definition 7.3 (see the Appendix, where Banach categories are discussed following [22, 23])), and hence the proof is now complete.

This proposition allows now to establish several useful Lemmata.

Lemma 3.12. Let E, F → X be G-equivariant vector bundles and let Y ⊂ X be a Gequivariant sub-bundle over B. Let φ^′ : E|_Y → F |_Y be a morphism of the restrictions of the G-fiber bundles E and F to Y . Then φ^′ can be extended to a G-equivariant morphism φ : E → F . If φ is an isomorphism, then there exists a G-invariant open neighborhood U of Y such that φ|_U : E|_U → F |_U is an isomorphism. Any two such extensions are homotopic to each other in the class of G-equivariant isomorphisms over some G-invariant neighborhood of X.

Proof. We apply Lemma 3.7 to the bundle Hom(E, F ) and use the fact that the set of isomorphisms forms an open subset of the set of all homomorphisms.

If Y is a G-fiber bundle over B and I is the unit interval, then we define the action of G_b on Y_b × I by the formula g(y, t) = (gy, t). So we obtain a G-fiber bundle Y × I over B. This is a particular case (for Z = B × I and the trivial action of G on Z) of the following construction. Suppose that Y and Z are G-fiber bundles over B. Then the bundle Y ×_B Z → B can be equipped with the diagonal action of G.

Lemma 3.13. Let π_Y : Y → B and π_X : X → B be compact G-fiber bundles and f_t : Y → X be a continuous homotopy of G-equivariant mappings (0 ≤ t ≤ 1) satisfying π_X ∘ f_t = f_t ∘ π_Y . Suppose that E is a G-equivariant vector bundle over X. Then f^∗_0 E ∼= f^∗_1 E.

Proof. We proceed as in [3], Lemma 1.4.3. Denote by I the unit interval [0, 1]. Let π : Y × I → Y be the first projection, and let f : Y × I → X, f(y, t) := f_t(y) be the given homotopy. Let us consider the bundles f^∗E and π^∗f^∗_t E for some fixed t. Over Y × {t} we have a natural isomorphism (identification) of these bundles. By Lemma 3.12, since Y is compact, there exists a neighborhood U_t of t in I such that f^∗E and π^∗f^∗_t E are isomorphic over U_t. Hence the isomorphism class of (f^∗E)|_t = f^∗_t E is a locally constant function of t. The connectedness of I completes then the proof.

Corollary 3.14. Let Y → B be a G-fiber bundle and E → Y be a G-equivariant vector bundle. Then there exists a G-invariant Hermitian metric on E.

Proof. Choose an arbitrary Hermitian metric on E, regarded as an element of the Gequivariant vector bundle E^∗ ⊗ E^∗. Its average will then be a G-invariant Hermitian metric.

Another immediate consequence of Theorem 3.9 is the following important property. Theorem 3.15. Let ρ^{Y,Y ′} : E_G(Y ) → E_G(Y^′) be the restriction functor, where Y^′ is a closed G-invariant sub-bundle of Y . Then ρ^{Y,Y ′} is a full quasi-surjective Banach functor in the sense of 7.5 .

Proof. We shall use the concepts recalled in the Appendix. Since the restriction map ρ_∗ : Γ^G (Hom(E, F )) → Γ^G (Hom(E|_Y ′ , F |_Y ′ )) is a continuous linear map of Banach spaces (cf. the proof of Proposition 3.11), ρ is a Banach functor. By Lemma 3.12, ρ is full. Finally, it is quasi-surjective by Theorem 3.9, because Y ×_B V extends Y^′ ×_B V .

Definition 3.16. Following the general scheme presented in the Appendix (Section 7), we define the K-groups for a compact space B by setting K^{p,q}_G (Y ) = K^{p,q}(E_G(Y ), K^n_G (Y ) = K^n(E_G(Y )), K_G (Y ) = K^{0,0}(E_G (Y )).

By Theorem 3.15, setting K^n_G (Y, Y^′) := K^n(ρ^{Y,Y ′} ) in the sense of Definition 7.12, we get (by [23, II.3.22] and [22, 2.3.1]) a long exact sequence

· · · → K^{n−1}_G (Y, Y^′) → K^{n−1}_G (Y ) → K^{n−1}_{G1} (Y^′) → K^n_G (Y, Y^′) → K^n_G (Y ) → K^n_G (Y^′) → . . . (10) Theorem 3.17. (Bott-Clifford periodicity) We have a natural isomorphism K^n_G (Y, Y^′) ∼= K^{n−2}_G (Y, Y^′). Proof. The category of G-equivariant vector bundles is a Banach category (see Definitions 7.3 and 7.4 of the Appendix) This and the periodicity of the Clifford algebras directly implies our result (see, for example, [23, §III.4]).

Theorem 3.18. (Periodicity.) Let Y → B be a compact G-fiber bundle. We have a natural isomorphism K^1_G (Y ) ∼= K_G(Y × D^1, Y × S^0), where (D^n, S^{n−1}) is a ball and its boundary.

Proof. This is proved for general (complex) Banach categories in [22, Theorem 2.3.3].

Theorem 3.19. Suppose that Y → B is a closed invariant sub-bundle of a compact G-fiber bundle X → B. Then the projection κ : X → X/Y induces an isomorphism κ^∗ : K_G (X/Y, {y}) → K_G (X, Y ).

Proof. We shall follow the proof in [23, II.2.35].

Let us prove first that κ^∗ is surjective. Let d(E, F, α) be an element of K_G (X, Y ). By adding the same bundle to E and F , we may assume, without loss of generality, that F ∼= X ×_B V (that is, that F is the pull-back from B of a vector bundle V → B). We want to find a triple (E^′, F^′, α^′) defining an element of K_G (X/Y, {y}), such that the triples (κ^∗(E^′), κ^∗(F^′), κ^∗_1(α^′)) and (E, F, α) are isomorphic, where κ_1 : Y → {y} maps Y to a point. According to Lemma 3.12, there is a closed G-invariant neighborhood N of Y and an isomorphism β : E|_N → F |_N such that β|_Y = α. Let E^′ be the vector bundle over X/Y obtained by clutching the bundle E|_{X\Y} and the bundle n/Y ×_B V , using β|_{X\Y} . One has X \ Y = (X/Y ) \ {y} and N \ Y = (N/Y ) \ {y}. Let F^′ = X/Y ×_B V , and let α^′ : E^′|_{{y}} → F^′|_{{y}} be the isomorphism induced by the above clutching.

Then we can define an isomorphism f : E → κ^∗(E^′) by f|_{X\Y} = Id, with the identification κ^∗E^′|_{X\Y} = E^′|_{X\Y} = E|_{X\Y} , and f|_N = Id with the identification κ^∗(E^′)|_N = (X ×_B V )|_N . It is now obvious that the diagram

E|_Y^α � f|_Y � F |_Y

κ^∗(E^′)|_Y^{κ∗1 (α′)}� κ^∗(F^′)|_Y

is commutative.

We now prove that κ^∗ is injective. Let d(E^′, F^′, α^′) be an element of K_G (X/Y, {y}) such that κ^∗(d(E^′, F^′, α^′)) = d(κ^∗(E^′), κ^∗(F^′), κ^∗_1(α^′)) = 0.

According to Proposition 7.7, there is a bundle T over X such that κ^∗_1(α^′) ⊕ Id |_{T |Y} can be extended by an isomorphism β : κ^∗(E^′) ⊕ T → κ^∗(F^′) ⊕ T . As before we may assume that T = X ×_B V . Let T^′ = X/Y ×_B V . Let β^′ : E^′ ⊕ T^′ → F^′ ⊕ T^′ be the isomorphism which is equal to β over X \ Y , and to α^′ over {y}. Then β^′ is continuous and is an extension of α^′ ⊕ Id_{T |{y}} over X/Y . By Proposition 7.7, d(E^′, F^′, α^′) = d(E^′ ⊕ T^′, F^′ ⊕ T^′, α^′ ⊕ Id_T ′ ) = 0. Lemma 3.20. Let Y → B be a compact G-fiber bundle. Then K_G(Y ) ∼= K_G (Y^+, B).

Proof. It follows by writing the long exact sequence (Equation (10)) for the pair (Y^+, B).

Using the above Lemma, we see that the long exact sequence extends of Equation (10) extends to non-compact G-fiber bundles X and Y .

Definition 3.21. Assume Y → B is a possibly non-compact G-fiber bundle. Let Y^+ := Y ∪ B be the fiberwise one-point compactification. Let

K^{−1}_G (Y ) = Ker{K^{−1}_G (Y^+) → K^{−1}_G (B)},

K^n_G (Y, Y^′) = K_G ((Y \ Y^′) × R^n ).

It is necessary to verify the compatibility condition K^{−1}_G (Y ) ∼= K_G (Y × R). For this purpose, let us consider the bundle Z := Y × R_+ , where R_+ = [0, +∞) (c.f., [23, Theorem II.4.8]). Then Z is fiberwise homeomorphic to Y^+ × [0, 1] \ Y^+ ∨ [0, 1], where 1 is the base point of [0, 1]. Hence Z^+ is fiberwise homeomorphic to the fiberwise quotient Y^+_b × [0, 1]/Y^+_b ∨[0, 1]. Since Y^+_b ∨[0, 1] is invariant, the identification is equivariant. Under this identification, let us define an equivariant fiberwise homotopy r : Z^+ × [0, 1] → Z^+ by the formula r([y, t], u) = [y, 1+(1−t)u], where y ∈ Y^+, t, u ∈ [0, 1], and [, ] means the class in the quotient space. When u = 0, the image is B. Hence K_G (Y ×R_+ ) = K^{−1}_G (Y ×R_+ ) = 0. The long exact sequence of the pair (Y × R_+ , Y )

K^{−1}_G (Y × R_+ ) → K^{−1}_G (Y ) → K_G (Y × R) → K_G (Y × R_+ ),

proves immediately the required compatibility: K^{−1}_G (Y ) ∼= K_G (Y × R). In this proof we have also used the identifications

K_G (Y × R_+ , Y ) ∼= K_G(Y × R_+ \ Y ) ∼= K_G(Y × R),

in view of Theorem 3.19.

4 The analytic index: a geometric approach

For a family of elliptic operators invariant with respect to a bundle of compact Lie groups G → B, it is possible to extend the definition of the family index to obtain an index with values in the gauge-equivariant K-theory groups K^0_G (B) introduced in the previous section. In this section we provide an explicit geometric construction of this index when G has representation theoretic finite holonomy. The general case requires different methods and will be treated in Section 6. We continue to assume that B is compact.

Definition 4.1. A locally trivial bundle of Hilbert spaces over B is a fiber bundle H → B such that B can be covered with open sets U_α with the property that H|_{Uα} ≃ U_α × H_0, for some fixed Hilbert space H_0 and the transition functions are continuous in norm.

Let G → B be a bundle of Lie groups. A locally trivial bundle of G-Hilbert spaces over B is a locally trivial bundle of Hilbert spaces H → B together with a fiber-preserving action of G on H that consists of continuous families in any trivialization of H.

It is known that every locally trivial bundle of infinite dimensional Hilbert spaces on a finite dimensional base is actually trivial, because the space of unitary operators of an infinite dimensional Hilbert space is contractable (Kuiper’s theorem [24]). See also Dixmier’s book [15].

We fix in this section a bundle of compact Lie groups G → B, with representation theoretic finite holonomy and with a B compact, path connected, and locally simply-connected topological space.

Lemma 4.2. Assume that G → B has representation theoretic finite holonomy (as above). Suppose that H^0 → B and H^1 → B are two locally trivial bundles of G-Hilbert spaces. Suppose also that F = (F_b : H^0_b → H^1_b )_{b∈B} is a family of G-invariant Fredholm operators that is norm-continuous in any trivialization of H^i → B. Then there exists a finite-dimensional G-invariant vector sub-bundle KER ⊂ H^0 such that:

1. F_b : (KER_b)^⊥ → F_b((KER_b)^⊥) is a G_b-isomorphism for every b ∈ B;

2. COK := ⋃ b∈B (F_b(KER_b))^⊥ ⊂ H^1 is a finite-dimensional G-invariant sub-bundle.

Proof. For any irreducible representation σ of G, let us denote S_σ = π_1(B, b_0)σ. Our assumption that G has representation theoretic finite holonomy is equivalent to saying that all sets S_σ are finite (Proposition 2.2). These sets then partition ^G, the set of irreducible representations of G.

For each b ∈ G_b we obtain a subset S_{σ,b} ⊂ ^G_b, defined as the fiber above b of the space P ×_{Aut(G)} S_σ. Let us identify G with one of the fibers G_{b0} of G → B. In particular, this identifies S_σ with S_{σ,b0} . Since B is path connected, the set S_{σ,b} of irreducible representations of G_b is the fiber above b of the path connected component of S_σ.

For each σ ∈ ^G, we define then H^i_σ to be the union of the isotypical components corresponding to S_{σ,b} in H^i_b. Then H^i_σ is again a bundle of Hilbert spaces. Moreover, F_b will map H^0_σ to H^1_σ, and the resulting map will be an isomorphism except maybe for finitely many irreducible representations σ.

We shall construct the bundle KER as a union of sub-bundles corresponding to each representation σ ∈ ^G, for those σ ∈ ^G for which F_b : H^0_σ → H^1_σ is not already an isomorphism. We can thus fix σ in the following discussion.

If the bundle H^0_σ is consists of finite dimensional vector spaces, then H^1_σ consists also of finite dimensional vector spaces, and hence we can choose KER = H^0_σ. Let us assume then that H^0_σ does not consist of finite dimensional vector spaces, then H^1_σ does not consist either of finite dimensional vector spaces. The triviality of the bundle H^0_σ implies then that we can choose an increasing sequence of finite dimensional sub-bundles L_n ⊂ H^0_σ such that their union is dense in each fiber of H^0_σ. Using the fiberwise averaging with respect to G_b, we see that we can assume each L_n to be invariant. We can then take the component of KER corresponding to σ to be L_n, for some large n.

Definition 4.3. Let F = (F_b : H^0_b → H^1_b )_{b∈B} be a family of G-invariant Fredholm operators that is norm-continuous in any trivialization of H^i → B, as in Lemma 4.2. The element ind_G (F ) := [KER] − [COK] ∈ K_G (B)

is called the gauge-equivariant index of the invariant Fredholm family F .

Lemma 4.4. The gauge-equivariant index ind_G F is well defined, that is, it depends only on F and not on the choice of the G-equivariant sub-bundle KER.

Proof. Let us consider two possible choices for the bundle KER of Lemma 4.2 that was used to define the gauge-equivariant index. Denote these two sub-bundles by KER_1 and KER_2 and identify them with the orthogonal the projections onto their ranges. Let P_1 and P_2 be these two projection. The proof of Lemma 4.2 shows that we can find a new subbundle KER with associated projection P such that ‖P_1 − P_1P ‖ < ϵ and ‖P_2 − P_2P ‖ < ϵ, with ϵ as small as we want. It is enough to check then that both KER_1 and KER give rise to the same index.

But P_1 is close to the subprojection χ(P P_1P ) of P obtained by applying the functional analytic calculus to P P_1P , where χ is locally constant, equal to 0 in a neighborhood of 0 and equal to 1 in a neighborhood of 1. Since close projections are homotopic and the index does not change under homotopies, we see that we can actually assume that P_1 ≤ P (that is, that P_1 is a subprojection of P ). But then F is injective from the range of P −P_1, (P − P_1)H^0 to F (P − P_1)H^1. Moreover, F (P − P_1)H is also a finite-dimensional vector bundle over B. Let COK_1 be the cokernel of F acting on P_1H^0. The above discussion shows that

[KER] − [COK] = [KER_1] + [(P − P_1)H^0] − [COK_1] − [F (P − P_1)H^1] = [KER_1] − [COK_1].

The gauge-equivariant index has the usual properties of the index of elliptic operators.

Lemma 4.5. Let F and F^′ be two invariant families as in Lemma 4.2. Assume F consists of Fredholm operators. Then there exists ϵ > 0 such that if ‖F − F^′‖ < ϵ, then F^′ consists also of Fredholm operators and has the same gauge-equivariant index. In particular, the gauge-equivariant index is homotopy invariant.

Proof. The family F^′ is Fredholm by the usual Hilbert space argument which applies since our operators are norm continuous in any trivialization. Moreover, for F^′ sufficiently close to F , we can choose the same sub-bundle KER to define the gauge-equivariant index of F^′, while the corresponding COK and COK^′ will be isomorphic. See also [39].

Let us now consider a longitudinally smooth G-fiber bundle Y → B with a G-invariant complete metric on each fiber of Y . The invariant metrics give rise to Laplace-Beltrami operators Δ_b acting on functions. The Sobolev spaces H^l(Y ) are defined as the domains of Δ^l_b (this choice is classical, see [6, 33], for example). This definition extends right away to Sobolev spaces of sections of a G-equivariant vector bundle E equipped with a G-invariant hermitian metric to define a locally trivial bundle of G-Hilbert spaces.

Assume that F = (D_b)_{b∈B} is a G-invariant family of order m operators acting between sections of some G-equivariant vector bundles E_0, E_1 → Y . The lth Sobolev spaces H^l(Y ; E_0) of sections of E_0 along the fibers of Y → B defines a locally trivial bundle of G-Hilbert spaces H_0. Let H_1 be defined similarly using the (l − m)th Sobolev spaces of sections of E_1. Then F : H_0 → H_1 is a Fredholm family as in the statement of Lemma 4.2. The homotopy invariance of the gauge-equivariant index shows that the gauge-equivariant index of the family F = (D_b)_{b∈B} depends only on the principal symbol of this family. As in the non-equivariant case, the principal symbol of F gives rise to an element x of K^0_G (T^∗Y_{vert}), and the index depends only on x. Since every class x ∈ K^0_G (T^∗Y_{vert}) arises in this way, we obtain a well defined group morphism

a − ind : K^0_G(T^∗Y_{vert}) → K^0_G (B), (11)

which will be called the analytic index morphism. A more general definition of this morphism (without finite holonomy conditions will be obtained in Section 6.

The locally trivial bundle of G-Hilbert spaces H_0 defined above will be called the bundle of Sobolev spaces of order l associated to Y → B.

Definition 4.6. A locally trivial bundle of G-Hilbert spaces π : H → B is called saturated if, for any b ∈ B and any σ ∈ ^G_b, the multiplicity of σ in the Hilbert space H_b = π^{−1}(b) is either zero of infinite.

One has the following easy but useful statement.

Lemma 4.7. Suppose that dim Y > dim G. Than any bundle of Sobolev spaces H^s(Y ; E) associated to Y → B is saturated.

Proof. Let G be the typical fiber of G → B and fix σ ∈ ^G. Let H → B be a bundle of Sobolev spaces associated to Y → B. Then the multiplicity of σ in the fiber H_b is a multiple of the dimension of L^2(Y_b/G_b).

The following lemma explains why we are interested in saturated Hilbert bundles.

Lemma 4.8. Suppose that H → B is a saturated locally trivial bundle of G-Hilbert spaces. Let E → B be a G-equivariant vector bundle. Assume that for any b ∈ B and any σ ∈ ^G_b appearing in E_b, the multiplicity of σ in H_b is non-zero. Then E is G-equivariantly isomorphic to a sub-bundle of H.

Proof. Choose compact subsets U_α ⊂ B and trivializations

G|_{Uα} ≃ U_α × G, E|_{Uα} ≃ U_α × E_0, and H|_{Uα} ≃ U_α × H_0.

We can choose the sets U_α such that their interiors cover B.

We can choose then embeddings J_α : E|_{Uα} → H|_{Uα} inductively such that J_α and J_β have orthogonal ranges above each b ∈ U_α ∩ U_β, if α ≠ β. Let ϕ^2_α be a partition of unity subordinated to the interiors of U_α. Then J = ∑ ϕ_αJ_α is the desired embedding.

For the proof of the next theorem we shall need the following lemma.

Lemma 4.9. Let E_1, E_2 → B be two G-equivariant vector bundles on a path-connected, locally simply-connected topological space B such that their classes in gauge equivariant theory coincide (that is, [E_1] = [E_2] ∈ K^0_G (B)). Then there exists a G-fiber bundle E → B such that

1. E_1 ⊕ E ∼= E_2 ⊕ E;

2. if an irreducible representation σ ∈ ^G_b appears in E_b, then it appears also in (E_1)_b and in (E_2)_b.

Proof. The existence of E satisfying the first assumption follows from the definition of the group completion of a monoid.

To obtain the second property, we just decompose the vector bundles according to representations σ in the orbits of π_1(B, b_0) on ^G. (See the discussion at the end of Section 1.) Then we notice that the dimension of the isotypical subspace (E_b)_σ is the same for any σ ∈ ^G_b belonging to a fixed connected component of ^G.

In the proof of the following theorem, we shall use the completion of the algebra ψ^{−∞}_{inv} (Y ; E) of order −∞, invariant operators on Y and acting on square integrable sections of E. We shall denote by C^∗(Y ; G, E) the resulting algebra. It has a natural norm

‖T ‖ = sup_{b∈B} ‖T_b‖_b, (12)

where ‖ ‖_b is the norm of operators acting on the Hilbert space L^2(Y_b; E_b), E_b := E|_{Yb} . Since all operators in ψ^{−∞}_{inv} (Y ; E) act as compact operators on L^2(Y_b; E_b), a density and an averaging argument shows that C^∗(Y ; G, E) identifies with the algebra of continuous families of G-invariant, compact operators acting on the family of Hilbert spaces L^∗(Y_b; E_b). If E is a trivial vector bundle, we omit it from the notation. Also, if Y = G, then we shall denote the resulting algebra C^∗(Y ; G) simply by C^∗(G). Recall for the next theorem that the spaces ψ^m_{inv}(Y ; E, F ) were defined in Section 1.

The following theorem shows that the G-equivariant index identifies the obstruction to invertibility, as the usual (or Fredholm) index.

Theorem 4.10. Suppose that dim Y > dim G and let D ∈ ψ^m_{inv}(Y ; E, F ) be a G-equi-variant family of elliptic operators acting along the fibers of Y → B. Then we can find R ∈ ψ^{m−1}_{inv} (Y ; E, F ) such that

D_b + R_b : H^s(Y_b; E_b) → H^{s−m}(Y_b; F_b)

is invertible for all b ∈ B if, and only if, ind_G (D) = 0. Moreover, if ind_G (D) = 0, then we can choose the above R in ψ^{−∞}_{inv} (Y ; E, F ).

Proof. Suppose that such a perturbation R exists. Then ind_G (D + R) = 0. Since the index depends only on the principal symbol of D, we obtain that ind_G (D) = 0.

Let D ∈ ψ^m_{inv}(Y ; E, F ) and choose KER and COK as in Lemma 4.2. If ind_G (D) = 0, then, by Lemma 4.9, we can find a G-equivariant vector bundle E → B such that KER ⊕E ∼= COK ⊕E. We can choose this bundle E such that all irreducible representations σ ∈ ^G that appear in (some fiber of) E also appear in (some fiber of) the bundle of Sobolev spaces H^s(Y ; E). Lemma 4.8 then shows that we can identify E with a G-equivariant sub-bundle the orthogonal complement of KER. Then, by replacing our original choice of KER with KER ⊕E and then by replacing COK with the new cokernel space, we can assume that KER ∼= COK.

Let T : KER → COK be a G-equivariant isomorphism of these two G-equivariant vector bundles. Then T is a G-invariant family of compact operators acting on sections of H^s(Y ; E) with values sections of H^{s−m}(Y ; F ). Let P be the orthogonal projection onto KER. Then D^′ = D(1 − P ) + T is invertible. Moreover, R^′ := D^′ − D is also a G-invariant family of compact operators acting on sections of H^s(Y ; E) with values sections of H^{s−m}(Y ; F ). Since ψ^{−∞}_{inv} (Y ; E) is dense in C^∗(Y ; G, E), we can find an operator R ∈ ψ^{−∞}_{inv} (Y ; E) that is close enough to R^′ to ensure that D + R is also invertible in all fibers.

5 The structure of G-equivariant K-groups

In this section we shall study the structure of the algebra C^∗(G) introduced in the previous section as the completion of ψ^{−∞}_{inv} (G) in the norm ‖ ‖ of Equation 12. We shall also relate the gauge-equivariant K-theory groups of G with the K-theory groups of C^∗(G).

For each b ∈ B, denote by μ_b the translation invariant measure on G_b whose total mass is one. Because the bundle G → B is locally trivial, we know that the function B ∋ b → μ_b(f) ∈ C is continuous, for any continuous function f on B. Let us denote by C(B) the space of continuous functions on G with the fiberwise convolution product and the involution f^∗(g) = f(g^{−1}). The algebra C(G) also acts on each L^2(G) and we can check using the local trivialization of G that C(G) is dense in C^∗(G).

The algebra that we have introduced above is usually denoted C^∗_r (G), whereas the notation C^∗(G) is reserved for the envelopping C^∗-algebra of C(G). It can be shown, but we shall not need this, that in our case C^∗(G) = C^∗_r (G), which justifies our notation. (See [26] for the definition of the envelopping C^∗-algebra of a groupoid and for related concepts).

Recall that we have denoted by P a principal Aut(G)-bundle that defines G in the sense that G = P ×_{Aut(G)} G, for some fixed Lie group G. Also, recall that in this paper G was assumed to be compact beginning with Section 3.

If G (or, equivalently, P) is trivial, then C^∗(G) ≃ C(B, C^∗(G)), the algebra of continuous functions on B with values in C^∗(G). (As usual, we have denoted by C^∗(G) the norm completion of the convolution algebra of G actiong on L^2(G).) This leads us to the following construction. Let C^∗_G → B be the locally trivial bundle with fibers C^∗(G_b). It is the fiber bundle associated to P and its action on C^∗(G), that is, C^∗_G ∼= P ×_{Aut(G)} C^∗(G) as bundles over B. The local triviality of this bundle allows us to talk about the space of continuous sections of this bundle, which is a complete normed algebra (even a C^∗- algebra).

Lemma 5.1. The algebra C^∗(G) identifies naturally with the algebra Γ(C^∗_G) of continuous sections of the bundle C^∗_G → B.

If G has representation theoretic finite holonomy, then there exist projections p_n ∈ C^∗(G), such that p_np_{n+1} = p_n, p_nx = xp_n, for any x ∈ C^∗(G), and ∪p_nC^∗(G) is dense in C^∗(G).

Proof. The first statement follows from the fact that these two algebras are the completions of the same algebra ψ^{−∞}_{inv} (G) with respect to the same norm.

Assume first that B is path-connected. We shall use the notation and the constructions introduced at the end of Section 1. In particular, H_G is the image of the holonomy morphism π_1(B, b_0) → H_R := Aut(G)/ Aut_0(G). Let H be the inverse image of H_G in Aut(G). Then we can reduce the structure group of P to H. Choose sets S_n ⊂ ^G such that S_n ⊂ S_{n+1}, each S_n is π_1(B, b_0)-invariant and ∪S_n = ^G. Also, let q_n be the central projection of C^∗(G) corresponding to S_n. By construction, q_n is invariant for H, and hence it gives rise to a section p_n of C^∗_G, which is the desired projection.

In general, we use an exhaustion of ^G by compact-open subsets.

Let A be a (possibly non-unital) algebra. By a finitely-generated, projective module over A we shall understand a left A-module of the form A^N e, where e ∈ M_N (A) is a projection (that is, e^2 = e). All modules over non-commutative algebras used below will be assumed to be left-modules, unless otherwise mentioned.

Theorem 5.2. Assume that the bundle of compact Lie groups G → B has representation theoretic finite holonomy and that B is compact. Then there is a natural equivalence of categories between the category of locally trivial G-equivariant vector bundles over B and the category of finitely-generated, projective modules over C^∗(G). In particular,

K^∗_G (B) ∼= K_∗(C^∗(G)).

Proof. If E → B is a G-equivariant vector bundle, we can endow E with a G-invariant metric (Corollary 3.14) and hence we obtain that C(G) acts on Γ(E). Using the local triviality of G and the metric on E, we see that we can extend this action of C(G) to an action of C^∗(G). Thus Γ(E) is a C^∗(G)-module. We shall prove that if is projective and that E → Γ(E) is an equivalence of categories.

By looking at the representations of G that appear in the fibers of E → B, we see that by choosing n large enough we can assume that p_n acts as the identity on Γ(E). Then there exists a surjective map (C^∗(G)p_n)^N → Γ(E) of C^∗(G)-modules. By regarding ∪_b(C^∗(G_b)p_n)^N as a G-equivariant vector bundle, we see that E has a direct summand in it, which implies then that the C^∗(G)-module Γ(E) is a direct summand of (C^∗(G)p_n)^N , and hence it is of the form C^∗(G)^N e, for some projection e ∈ M_N (p_nC^∗(G)p_n).

Conversely, let us assume that M is a finitely-generated, projective C^∗(G)-module, that is, that M ∼= C^∗(G)^N e, for some projection e ∈ M_N (C^∗(G)). Then the space of continuous sections of G will also act on M. Using the local triviality of G → B, we then see that there exists n such that p_ne = e. Then M = (p_nC^∗(G))^N e is also a projective module over the unital algebra p_nC^∗(G)p_n = p_nC^∗(G), which contains C(B) in its center. Since p_nC^∗(G) is a projective C(B)-module, M will also be a projective C(B)-module, and hence it can be identified with the space of sections of a vector bundle E → B. Then the action of C^∗(G) on E is fiberwise and, by restricting to G, we obtain that E is also a G-equivariant vector bundle. Thus M ∼= Γ(E) as C^∗(G)-modules.

We remark that the first part of the above theorem remains true even without the representation theoretic finite holonomy condition, but the proof has to be slightly modified. The second part, that is the isomorphism of the K-theory groups, is not true, in general, without the representation theoretic finite holonomy condition.

We now take a closer look at the structure of the algebra C^∗(G). Let us denote by ( ^G)_d the space of irreducible representations of dimension d of the groups G_b. By the local triviality of G → B, ( ^G)_d is open and closed in ^G and is a covering space of B. Let f be a continuous function on G. Then the function ( ^G)_d ∋ σ → f_{T R} := T r(σ(f)) ∈ C is a continuous function on ( ^G)_d (this also follows from the local triviality of G → B). Moreover, |T r(σ(f − g))| ≤ (dim σ) ‖f − g‖, so if f_n ∈ C(G) converges in C^∗(G), the functions (f_n)_{T R} converge uniformly on each of the sets ( ^G)_d, which shows that the definition of f_{T R} can be extended to f ∈ C^∗(G) by continuity, and the result will still be continuous on ^G.

Let us denote by P GL(d, C ) := GL(d, C )/Z(GL(d, C )) the group of automorphisms of the algebra M_d(C ). If A → X is a bundle of algebras with structure group P GL(d, C ), then every fiber A_x ∼= M_d(C ) will have a unique C^∗-norm denoted ‖ ‖_x, for any x ∈ X. (Recall that a norm ‖ ‖ on a ∗-algebra A is called a C^∗-norm if it is a complete Banach algebra norm and ‖x^∗x‖ = ‖x‖^2 for any x ∈ A. A normed ∗-algebra is called a C^∗-algebra if its norm is a C^∗-norm.) We shall denote by Γ_0(A) the space of continuous sections ξ of A such that for any ϵ > 0, the set {x, ‖ξ‖_x ≥ ϵ} is a compact subset of ^G. Then Γ_0(A) is complete in the norm ‖ξ‖ = sup_x ‖ξ(σ)‖_x and is a C^∗-algebra.

Theorem 5.3. Let G → B be a bundle of compact Lie groups. Then there exists on each ( ^G)_d a locally trivial bundle of algebras A_d with fiber M_d(C ) and structure group P GL(d, C ) := GL(d, C )/Z(GL(d, C )) such that the space Γ_0(A_d) identifies with a direct summand of C^∗(G) and C^∗(G) ∼= Γ_0(A_d).

In particular, K_i(C^∗(G)) ∼= ⊕K_i(Γ_0(A_d)) and the primitive ideal spectrum of C^∗(G) is homeomorphic to ^G, which in turn is homeomorphic to the disjoint union of the sets ( ^G)_d.

Proof. The first part of the result follows from the fact that the pointwise trace f → f_{T R} defined above is continuous for any f ∈ C^∗(G). The second part is also a general property of continuous trace C^∗-algebras. (See [15] and the references therein.)

We thus obtain a description of K_i(C^∗(G)) in terms of twisted K-theory. (A twisted K-theory group of a space X is the K-theory of a bundle of matrix algebras or compact operators over X. See [10, 35, 18] and the references therein for more information on the subject.)

The above theorem has several consequences.

Proposition 5.4. Suppose that all the fibers of G → B are compact abelian Lie groups. Then K_∗(C^∗(G)) ∼= ⊕K^∗( ^G). Proof. If the fibers of G → B are abelian groups, then C^∗(G) is also abelian and its primitive ideal spectrum is ^G.

We shall assume until the end of this section that B is a path-connected, locally simply-connected space. (Also, recall that beginning with Section 3, B is assumed to be compact.)

Let P be the principal Aut(G) bundle defining G → B. We shall identify G with one of the fibers of G → B. Fix σ ∈ ^G, we shall denote then by B_σ the connected component of ^G containing σ. Recall that π_1(B, b_0) acts on ^G. Then B_σ → B is the covering space associated to the isotropy of σ in π_1(B, b_0), more precisely, if B̃ → B is a universal covering space of B, then the covering B_σ → B is equivalent to the covering B̃ ×_{π1(B,b0)} (π_1(B, b_0)σ) → B.

The space B_σ is contained in the space ( ^G)_d, with d = dim σ. We shall denote by A_σ the bundle of finite dimensional algebras obtained by restricting A_d to B_σ. We then have the following corollary.

Corollary 5.5. Assume G → B is a bundle of compact Lie groups over a path-connected, locally simply-connected space. Then we have a canonical isomorphism

C^∗(G) ∼= ⊕_σΓ_0(A_σ),

where σ ranges through a set of representatives of the orbits of π_1(B, b_0) on ^G and A_σ → B_σ are bundles of algebras with fiber M_d(C ), d = dim σ, obtained as the restriction of A to B_σ, as above.

For the following result, we shall need the following lemma.

Lemma 5.6. Let A → X be a locally trivial bundle of finite dimensional algebras with fiber M_d(C ). Then K_i(Γ_0(A)) ⊗ Q ∼= K^i(X) ⊗ Q .

Proof. Let A = Γ_0(A). Endow each fiber of A → X with the inner product (T, T_1) := T r(T^∗_1 T ), with T and T_1 in the fiber. Then A → X is a Hermitian vector bundle. Let B = Γ_0(End(A)), which will be then a C^∗-algebra Morita equivalent to C_0(X). In particular, K_i(C_0(X)) ∼= K_i(Γ_0(End(A))), isomorphism that we shall denote by j in what follows. Note also that we have a natural morphism j_0 : C_0(X) → B, which sends a function f to the operator of multiplication with that function f. Let [A] be the class in K^0(X) = K_0(C_0(X)) of the vector bundle A → X. Then, at the level of K_0-groups, we have (j_0)_∗(ξ) = j_∗(ξ) ⊗ [A].

The center of A is isomorphic to C_0(X), which gives rise to an algebra morphism ϕ : C_0(X) → A. Left multiplication with the elements of A gives rise to a second algebra morphism ψ : A → B. The composite morphisms (j ∘ ψ_∗) ∘ ϕ_∗ : K_0(C_0(X)) → K_0(B) ≃ K_0(C_0(X)) is then multiplication by [A].

Assume A is a trivial bundle of rank d^2. Then (j ∘ ψ_∗) ∘ ϕ_∗ : K_0(C_0(X)) → K_0(B) ≃ K_0(C_0(X)) is multiplication by d^2. Similarly, ϕ_∗ ∘ (j ∘ ψ_∗) : K_0(A) → K_0(A) is also multiplication by d^2. This proves the rational isomorphism for trivial bundles A.

In general, we use the fact that the maps ϕ_∗ and ψ_∗ are natural and a Meyer-Vietoris argument [9], to complete the proof.

The above example is not true if we do not include rational coefficients, as implied by the following example due to M. Dadarlat.

Example 5.7. Let X be the mapping cone of the map z → z^n of the circle. Then X is a two dimensional CW complex with

K_0(C(X)) = Z ⊕ Z/n, K_1(C(X)) = 0.

Using the homotopy exact sequence T → U(n) → P U(n) → BT → BU(n), we see that any C(X)-linear automorphism of A = C(X) ⊗ M_n(C ) that is given by a map X → P U(n) is determined up to unitary equivalence by a line bundle E over X with E ⊕ · · · ⊕ E (n-times) trivial.

One also can verify that the map α_∗ : K_0(A) = K^0(X) → K_0(A) = K^0(X) is induced by multiplication (in the ring K^0(X)) with the K_0-class [E]. Define the mapping cylinder M_α of α:

M_α = {f : [0, 1] → A : f(1) = α(f(0))}.

Then M_α is the C^∗-algebra of sections of a bundle of n × n-matrices with spectrum Y = T × X and center C(Y ). The exact sequence 0 → SA → M_α → A → 0 induces a six-term exact sequence 0 = K_1(A) −−−→ K_0(M_α) −−−→ K_0(A) = Z ⊕ Z/n 1−α_∗ 1^{−α}∗ 0 = K_1(A) ←−−− K_1(M_α) ←−−− K_0(A) = Z ⊕ Z/n Choose E such that its class in K^0(X) ∼= Z ⊕ Z/n is equal to (1, −1) and set n = 4. Then K_0(M_α) = Z ⊕ Z/2 so that K_0(M_α) ≠ K_0(C(Y )) = K_0(C(T × X)) = Z ⊕ Z/4. This completes the example of a bundle of algebras whose K-theory is not isomorphic to that of its center.

The decomposition of Corollary 5.5 leads to the following determination of the Ktheory groups of the algebras C^∗(G), up to rational isomorphism.

Theorem 5.8. Suppose B is a path-connected, locally simply-connected space and let G → B be a bundle of compact Lie groups with representation theoretic finite holonomy. Then K_i(C^∗(G)) ⊗ Q ≃ K^i( ^G) ⊗ Q ≃ K^i(B) ⊗ R(G)^{π1(B,b0)} ⊗ Q . Proof. Let G be the typical fiber of G → B and choose a set of representatives S ⊂ ^G for the orbits of π_1(B, b_0) on ^G. We shall use the results and the notation of Corollary 5.5.

We have then

K_i(C^∗(G)) ⊗ Q ≃ ⊕_{σ∈S} K_i(Γ_0(A_σ)) ⊗ Q ≃ ⊕_{σ∈S} K^i(B_σ) ⊗ Q .

But K^i(B_σ)⊗Q ≃ K^i(B)⊗Q , because B_σ → B is a finite covering. Thus K_i(C^∗(G))⊗Q ≃ K^i(B) ⊗ Q^S , where Q^{(S)} is the vector space with basis S. Moreover, Q^{(S)} identifies with R(G)^{π1(B,b0)} ⊗ Q , because R(G) = Z^{( ^G)} (that is, the free abelian group with basis ^G).

Recall that the conditions of the above theorem are automatically satisfied if the typical fiber G of G → B is a semi-simple Lie group or if G is the product of a semisimple Lie group by the one-dimensional torus S^1.

Let us now take a closer look at the algebras A_σ = Γ_0(A_σ) used above. Each of these algebras is the algebra of sections of the field A_σ of finite dimensional matrix algebras over B_σ. Let us denote the dimension of these fibers by d^2_σ, for any fixed σ, as above. In particular, d_σ = dim V_σ. Then the bundle A_σ is a bundle with structure group P GL(d_σ, C ) := GL(d_σ, C )/Z(GL(d_σ , C )) = SL(d_σ, C )/C_{dσ} =: P SL(d_σ, C ), (13) where by C_m we denote the cyclic group with m elements. The bundle A_σ is hence classified by a 1-cocycle in H^1(B_σ, P SL(d_σ, C )). The connecting morphism

H^1(B_σ, P SL(d_σ, C )) → H^2(B_σ, C_{dπ} )

in non-abelian cohomology then gives rise to an element χ_σ ∈ H^2(B_σ, C_{dπ} ) (see [15, 16]). By definition, χ_σ is the Dixmier-Duady invariant of A_σ (see [15, 16]). We want to analyse these invariants for the fields of matrix algebras A_σ → B_σ introduced above before the statement of Corollary 5.5.

Assume now that G, the typical fiber of G, is connected. We shall use the notation used at the end of Section 1. In particular, P is the principal Aut(G)-bundle defining G and π_1(B, b_0) → H_R = Aut(G)/ Aut_0(G)

is the holonomy morphism defining the principal H_R-bundle P_0 := P/ Aut_0(G). Recall that, in our case (G connected), G → B has representation theoretic finite holonomy if, and only if, the connected components of ^G are compact. We then know by Theorem 2.4 that these conditions are also equivalent to the condition that the range H_G of the holonomy morphism be finite. We identify G with a fiber of G → B and let B_σ be the connected component in ^G of σ ∈ ^G, as above. Let B̃ → B be a universal covering space of B and let B^′ := B̃ ×_{π1(B,b0)} H_R. Then for any σ we obtain a map

f_σ : B^′ → B_σ = B̃ ×_{π1(B,b0 )} H_Rσ. (14)

Let us lift P to an Aut(G)-principal bundle on B^′. Then, by construction, the resulting bundle reduces to a principal Aut_0(G) = G_{int} = G/Z(G) bundle classified by a one-cocycle in H^1(B^′, G_{int}) (we are using here Corollary 2.5). Let us denote by χ ∈ H^2(B^′, Z(G)) the image of this cocycle under the connecting morphism in non-abelian cohomology associated to the exact sequence of groups 1 → Z(G) → G → G/Z(G) → 1. Let G^′ be the derived group of G (G^′ is connected because we assumed G to be connected). Denote

Z^′ = G^′ ∩ Z(G), (15) a finite abelian group. Because G^′ maps onto G/Z(G), the obstruction χ comes from a canonical element

χ^′ ∈ H^2(B^′, Z^′). (16)

Let σ : G → GL(V_σ) be an irreducible representation of G and d_σ = dim V_σ, as before. Then σ(Z^′) ⊂ C_{dσ} = Z(GL(C , d_σ )) ∩ SL(C , d_σ ), which induces a morphism

σ_∗ : H^2(B^′, Z^′) → H^2(B^′, C_{dσ} ) ≃ H^2(B^′, Z/d_σZ).

From the above constructions, we obtain the following theorem.

Theorem 5.9. Let G → B be a bundle of compact, connected Lie groups on a compact, connected smooth manifold B. Let f_σ : B^′ → B and Z^′ = G^′ ∩ Z(G) be as before (Equations (14) and (15)). The obstructions χ^′ ∈ H^2(B^′, Z^′) of Equation (16) and the Dixmier-Douady invariant χ_σ ∈ H^2(B_σ, Z/d_σZ) are related by f^∗_σ (χ_σ) = σ_∗(χ^′).

Proof. This follows from the definitions of the obstructions χ^′ and χ_σ, from the fact that the morphism G → GL(V_σ) maps Z^′ ⊂ C_{dσ} , and from the naturality of the boundary map in non-abelian cohomology.

The Dixmier-Douady invariant was recently been shown to be relevant in the study of Ramond-Ramond fields (see [18, 10, 41, 42] and the references therein). On the other hand, the algebra C^∗(G) is naturally a direct sum of algebras with controlled Dixmier- Douady invariant. This suggests then the question whether Ramond-Ramond fields can be obtained as indices of operators invariant with respect to a bundle of compact Lie groups G → B. The Dixmier-Douady invariant of the resulting fields of algebras can be determined in terms of a unique obstruction defined in terms of G, at least in the case when the holonomy map π_1(B, b_0) → Aut(G)/ Aut_0(G) is trivial.

6 The analytic index: an algebraic approach

We shall use below ^⊗, the minimal tensor product of C^∗-algebras. Recall that the minimal tensor product of C^∗-algebras is defined to be (isomorphic to) the completion of the image of π_1 ⊗ π_2, the tensor product of two injective representations π_1 and π_2. The same definition applies to the tensor products ^⊗_C over a central subalgebra C [37].

Lemma 6.1. Assume dim Y > dim G. Also, let K → B denote the locally trivial bundle of algebras whose fiber at b ∈ B is the algebra K(Y_b) of compact operators on L^2(Y_b). Define C^∗(G)^⊗K = C^∗(G)^⊗_{C(B)}Γ(K). Then C^∗(Y, G) is Morita-equivalent to a direct summand of of C^∗(G)^⊗K. Consequently, there is a natural map K_i(C^∗(Y, G)) → K_i(C^∗(G)^⊗K) ≃ K_i(C^∗(G)).

Proof. We shall regard C^∗(G)^⊗K as an algebra of operators acting on functions on Y ×_B G. Let π(g) be the action of some g ∈ G_b on Y_b × G_b. Denote by p_b = ∫ G_b π(g)dg, the integral being with respect to the normalized Haar measure. Then p^2_b = p_b is a self-adjoint projection in the algebra B(L^2(Y_b))⊗C^∗(G_b). Let p = (p_b). Then pointwise multiplication by p_b defines a multiplier of C^∗(G)^⊗K (that is, it maps C^∗(G)^⊗K to itself by left or right multiplication).

By a standard argument [34], the algebra p(C^∗(G)^⊗K)p is isomorphic to C^∗(Y, G). It is then known that p(C^∗(G)^⊗K)p is Morita equivalent to (C^∗(G)^⊗K)p(C^∗(G)^⊗K) [9]. This completes the proof.

We proceed now to define the index of an elliptic, invariant family of operators D = (D_b) ∈ M_N (ψ^m_{inv}(Y )) = ψ^m_{inv}(Y ; C^N ), without any holonomy assumption on G → B. We assume that Y is compact, for simplicity; otherwise, we need to use algebras with adjoint units. First, we observe that there exists an exact sequence 0 → C^∗(Y, G) → E → C^∞(S^∗_{vt}Y ) → 0, E := ψ^0_{inv}(Y ) + C^∗(Y, G). (17) The operator D (or, rather, the family of operators D = (D_b)) has an invertible principal symbol, and hence the family T = (T_b), T_b := (1 + D^∗_b D_b)^{−1/2}D_b, consists of elliptic, invariant operators, because the algebra of pseudodifferential operators on a compact manifold is closed under holomorphic functional calculus. Moreover, T ∈ E = ψ^0_{inv}(Y ) + C^∗(Y, G). It’s principal symbol is still invertible, and hence defines a class [T ] ∈ K_1(C^∞(S^∗_{vt}Y )) ≃ K^1(S^∗_{vt}Y ). Let ∂ : K^{alg}_1 (S^∗_{vt}Y )) → K^{alg}_0 (C^∗(Y, G)) ≃ K_0(C^∗(Y, G)) (18) be the boundary map in the K-theory exact sequence K^{alg}_1 (C^∗(Y, G)) → K^{alg}_1 (E) → K^{alg}_1 (S^∗_{vt}Y )) ∂→ K^{alg}_0 (C^∗(Y, G)) → K^{alg}_0 (E) → K^{alg}_0 (S^∗_{vt}Y )) associated to the exact sequence (17). We hence obtain a group morphism ∂ : K^{alg}_1 (C^∞(S^∗_{vt}Y )) → K_0(C^∗(Y, G)).

By combining ∂ with the canonical morphism K_0(C^∗(Y, G)) → K_0(C^∗(G)), we obtain our desired morphism, ind_a : K^{alg}_1 (C^∞(S^∗_{vt}Y )) → K_0(C^∗(G)), (19) which we shall call the analytic index morphism. The image of D under the composition of the above maps, that is ind_a([T ]), will be denoted ind_a(D) and will be called the analytic index of D. The analytic index morphism descends to a group morphism K^1(S^∗_{vt}Y ) → K_0(C^∗(G)) denoted in the same way. For T acting between not necessarily equal vector bundles, we can proceed similarly by using bivariant K-theory [12, 38] to define a morphism

ind_a : K^0(T^∗_{vt}Y ) → K_0(C^∗(G)). (20)

We still need to prove that the two definitions of the analytic index coincide.

Theorem 6.2. Let G → B be a bundle of Lie groups with representation theoretic finite holonomy. Then the morphisms a − ind and ind_a defined in Equations (11) and (20) are equal:

a − ind = ind_a : K^0(T^∗_{vt}Y ) → K_0(C^∗(G)).

Proof. Let F = (D_b) be a family in ψ^m_{inv}(Y ; E_0, E_1). Choose KER as in our first definition of the analytic index. Let P be the orthogonal projection onto the range of KER. By a small perturbation, we can arrange that P ∈ ψ^{−∞}_{inv} (Y ; C^N ). We can replace then F by F (1 − P ). A standard calculation (see [9] for example) then shows that ∂[F ] = [KER] − [COK].

7 Appendix

Let us recall some general constructions of K-theory from [23] and [22]. First we need some definitions.

Definition 7.1. [23, I.6.7] An additive category C is called pseudo-Abelian, if for each object E from C and each morphism p : E → E, satisfying to a condition p^2 = p (i. e. an idempotent) there exists the kernel Ker p. For an arbitrary additive category C there exists associated pseudo-Abelian category ~C which is a solution of the corresponding universal problem and is defined as follows [23, I.6.10]. Objects of C are pairs (E, p), where E ∈ Ob(C) and p is a projector in E. A morphism from (E, p) to (F, q) is such a morphism f : E → F in C, that f ∘ p = q ∘ f = f.

Definition 7.2. [23, § II.1] Let M be an abelian monoid. On the product M × M we consider the equivalence relation (m, n) ∼ (m^′, n^′) ⇔ ∃ p, q : (m, n) + (p, p) = (m^′, n^′) + (q, q). Let S(M) be the quotient of M × M by the above equivalence relation. Then S(M) is a group, called the group completion. If we consider now an additive category C and denote by Ė the isomorphism class of an object E from C, then the set Φ(C) of these classes is equipped with a structure of an Abelian monoid with respect to operation Ė + Ḟ = (E ⊕ F )•. In this case the group S(Φ(C)) is denoted by K(C) and is called Grothendieck group of the category C.

Definition 7.3. [23, § II.2] A Banach structure on an additive category C is defined by a Banach space structure on all groups C(E, F ), where E and F are arbitrary objects from C such that the composition of morphisms C(E, F ) × C(F, G) → C(E, G) is bilinear and continuous. We also say that C is a Banach category.

Definition 7.4. [23, § I.6] Suppose that C is an additive category. The category C is called pseudo-abelian, if, for each object E of C and each morphism p : E → E satisfying the condition p^2 = p, there exists the kernel of p.

Definition 7.5. [23, § II.2] Let C and C^′ be additive categories. An additive functor φ : C → C^′ is called quasi-surjective if each object of C^′ is a direct summand of an object of type φ(E). A functor φ called full if, for any E, F ∈ Ob(C), the map φ(E, F ) : C(E, F ) → C^′(φ(E), φ(F )) is surjective. For Banach categories φ is called Banach if this map φ(E, F ) linear and continuous.

Definition 7.6. [23, II.2.13] Let φ : C → C^′ be a quasi-surjective Banach functor. We shall denote by Γ(φ) the set consisting of triples of the form (E, F, α), where E and F are objects of the category C and α : φ(E) → φ(F ) is an isomorphism. The triples (E, F, α) and (E^′, F^′, α^′) are called isomorphic, if there are isomorphisms f : E → E^′ and g : F → F^′ such that the diagram

φ(E)^α � φ(f) � φ(F ) φ(g) � φ(E^′)^{α′} � φ(F^′)

commutes. A triple (E, F, α) is elementary if E = F and isomorphism α is homotopic in the set of automorphisms of φ(E) to the identical isomorphism Id_{φ(E)}. We define sum of two triples (E, F, α) and (E^′, F^′, α^′) as (E ⊕ E^′, F ⊕ F^′, α ⊕ α^′). The Grothendieck group K(φ) of a functor φ is defined as quotient set of the monoid Γ(φ) with respect to the following equivalence relation: σ ∼ σ^′ if and only if there exist elementary triples τ and τ^′, that the triple σ + τ is isomorphic to the triple σ^′ + τ^′. The operation of addition introduces on K(φ) a structure of Abelian group. The class of a triple we shall denote by d(E, F, α).

Proposition 7.7. [23, II.2.28] Let d(E, F, α) be an element of K(φ) where φ : C → C^′ is a full quasi-surjective Banach functor. Then d(E, F, α) = 0 if, and only if, there exists an object M of C and an isomorphism β : E ⊕ M → F ⊕ M such that φ(β) = α ⊕ Id_{φ(M)}.

Definition 7.8. [23, II.3.3] Consider the set of pairs of the form (E, α), where E is an object of the category C and α is an automorphism of E. Two pairs (E, α) and (E^′, α^′) are called isomorphic, if there is an isomorphism h : E → E^′ in category C such that the diagram E^h � α � E^′ α^′ � E^h � E^′ commutes. The direct sum defines the operation of addition of pairs. A pair (E, α) is called elementary, if the automorphism α is homotopic to Id_E in the set of automorphisms of E. Abelian group [23, II.3.4] K^{−1}(C) is defined as a quotient set (with operation of addition) of the set of pairs {(E, α)} with respect to the following equivalence relation: σ ∼ σ^′ if and only if there are such elementary pairs τ and τ^′, that σ + τ is isomorphic to σ^′ + τ^′.

Definition 7.9. [23, II.4.1] Let C be a Banach category and C^{p,q} be the Clifford algebra. We shall denote by C^{p,q} the category whose objects are pairs (E, ρ), where E ∈ Ob(C) and ρ : C^{p,q} → End(E) is a homomorphism of algebras. A morphism from a pair (E, ρ) to a pair (E^′, ρ^′) is a C-morphism f : E → E^′ such that f ∘ ρ(λ) = ρ(λ) ∘ f for each element λ ∈ C^{p,q}. Recall that there exist canonical morphisms C^{p,q} → C^{p,q+1}.

Definition 7.10. [23, III.4.11] Let C be a pseudo-Abelian Banach category. The group K^{p,q}(C) is defined as the Grothendieck group of the forgetful functor C^{p,q+1} → C^{p,q} (in the sense of the Definition 7.6).

The following statement can be easily obtained using the properties of Clifford algebras.

Theorem 7.11. [23, III.4.6, III.4.12] The groups K^{p,q}(C) depend only on the difference p−q. Besides, the groups K^{0,0}(C) and K^{0,1}(C) are canonically isomorphic to groups K(C) and K^{−1}(C).

Definition 7.12. Now we can define K^{p−q}(C) = K^{p,q}(C) and similarly for K-groups of functors.

We need also another description of K-groups, which is equivalent [23, §§ III.4, III.5] to the initial.

Definition 7.13. [23, III.4.11, III.5.1] Let C be a pseudo-Abelian Banach category and let E be a C^{p,q}-module (an object of the category C^{p,q}). A grading of E is an endomorphism η of E (considering as an object of C) such that

1. η^2 = 1,

2. ηρ(e_i) = −ρ(e_i)η, where e_i are the generators of Clifford algebra and ρ : C^{p,q} → End(E) is the homomorphism, determining the C^{p,q}-structure on E.

In other words, a grading of E is a C^{p,q+1}-structure on E, extending the initial C^{p,q}- structure (if we put ρ(e_{p+q+1}) = η).

Let us define the group K^{p,q}(C) as the quotient group of the free Abelian group, generated by the triples (E, η_1, η_2), where E is a C^{p,q}-module and η_1, η_2 is a grading of E with respect to the subgroup, generated by relations

1. (E, η_1, η_2) ⊕ (F, ξ_1, ξ_2) = (E ⊕ F, η_1 ⊕ ξ_1, η_2 ⊕ ξ_2),

2. (E, η_1, η_2) = 0, if η_1 is homotopic to η_2 in the set of gradations of E.

As usual, by d(E, η_1, η_2) ∈ K^{p,q}(C) we shall denote the class of triple (E, η_1, η_2).

References

[1] O. Alvarez, I.M. Singer, and B. Zumino, Gravitational anomalies and the family’s index theorem, Comm. Math. Phys. 96 (1984), 409–417.

[2] L. Alvarez-Gaumé, An introduction to anomalies, NATO Adv. Sci. Inst. Ser. B. Phys., vol. 141, Plenum, New York, 1986, Fundamental problems in gauge field theory, Erice 1985.

[3] M. F. Atiyah, K-theory, W.A. Benjamin, Inc., New York – Amsterdam, 1967. [4] M. F. Atiyah and R. Bott, The Yang-Mills equations over riemann surfaces, Phil.

Trans. R. Soc. Lond. 308 (1982), 523–615.

[5] M. F. Atiyah and I. M. Singer, The index of elliptic operators. IV, Ann. of Math. (2) 93 (1971), 119–138.

[6] T. Aubin, Espaces de Sobolev sur les variétés Riemanniennes, Bull. Sc. Math. 100 (1976), 149–173.

[7] A. Belavin and V. Knizhnik, Algebraic geometry and the geometry of quantum strings, Phys. Lett. B 168 (1986), 201–206.

[8] J.-L. Bismut and D. Freed, The analysis of elliptic families II. Dirac operators, eta invariants, and the holonomy theorem, Comm. Math. Phys. 107 (1986), 103–163.

[9] B. Blackadar, K-theory for Operator Algebras, Springer-Verlag, New York, 1986. [10] P. Bouwknegt, A. Carey, V. Mathai, M. Murray, and D. Stevenson, Twisted K-theory and K-theory of bundle gerbes, E-print, hep-th/0106194.

[11] J.-L. Brylinski, Loop spaces, characteristic classes and geometric quantization, Birkhäuser, Boston, MA, 1993.

[12] A. Connes, Noncommutative geometry, Academic Press, San Diego, 1994. [13] M. Dadarlat, A suspension theorem for continuous trace C^∗-algebras, Proc. Amer.

Math. Soc. 120 (1994), 761–769.

[14] P. Deligne and D. S. Freed, Classical field theory, Quantum fields and strings: A course for mathematicians (P. Deligne, P. Etingof, D.S. Freed, L. Jeffrey, D. Kazhdan, J. Morgan, D. Morrison, and Witten E., eds.), AMS, Providence, RI, 1999, pp. 137– 225.

[15] J. Dixmier, Les C*-algèbres et leurs représentations, Gauthier-Villars, Paris, 1967. [16] P. Donovan and M. Karoubi, Graded Brauer groups and K-theory with local coefficients, Inst. Hautes Études Sci. Publ. Math. 38 (1970), 5–25.

[17] D. Freed and M. Hopkins, On Ramond-Ramond fields and K-theory, JHEP 0005 (2000), 044.

[18] D. Freed and E. Witten, Anomalies in string theory with D-branes, E-print, hepth/9907189.

[19] J. Glimm and A. Jaffe, Quantum physics. A functional integral point of view, second ed., Springer-Verlag, New York, NY, 1987, xxii+535 pp.

[20] L. Hörmander, The analysis of linear partial differential operators, vol. 3, Springer- Verlag, Berlin – Heidelberg – New York – Tokyo, 1985.

[21] A. Jaffe and J. Taubes, Vortices and monopoles. Structure of static gauge theories, Progress in Physics, vol. 2, Birkhäuser, Boston, MA, 1980, v+287 pp.

[22] M. Karoubi, Algèbres de Clifford et K-théorie, Ann. Sci. Éc. Norm. Sup., 4e sér. 1 (1968), no. 2, 161–270.

[23] , K-theory. An introduction, Grundlehren der Mathematischen Wissenschaften, vol. 226, Springer-Verlag, Berlin – Heidelberg – New York, 1978.

[24] N. Kuiper, The homotopy type of the unitary group of the Hilbert space, Topology 3 (1965), 19–30.

[25] R. Lauter, B. Monthubert, and V. Nistor, Pseudodifferential analysis on continuous family groupoids, Documenta Math. (2000), 625–655, (electronic).

[26] R. Lauter and V. Nistor, Analysis of geometric operators on open manifolds: a groupoid approach, to appear.

[27] G. Moore and Ph. Nelson, The æthology of sigma model anomalies, Comm. Math.

Phys. 100 (1985), 83–132.

[28] G. Moore and E. Witten, Self-duality, Ramond-Ramond fields, and K-theory, Eprint, hep-th/9912086.

[29] V. Nistor, An index theorem for gauge-invariant families: The case of solvable groups, submitted for publication.

[30] , Higher McKean-Singer index formulae and non-commutative geometry, Contemporary Mathematics 145 (1993), 439–451.

[31] V. Nistor and E. Troitsky, An index theorem for gauge-invariant families: The case of compact groups, (tentative title, work in progress).

[32] D. Quillen, Determinants of Cauchy-Riemann operators on Riemann surfaces, Func.

Anal. i Pril. 19 (1985), 37–41, (in Russian). English translation, Funct. Anal. Appl. 19, 1985.

[33] J. Roe, An index theorem on open manifolds. i, J. Differential Geom. 27 (1988), 87–113.

[34] J. Rosenberg, The role of K-theory in non-commutative algebraic topology, Operator algebras and K-theory (San Francisco, Calif., 1981), Contemp. Math., no. 10, AMS, Providence R.I., 1982, pp. 155–182.

[35] , K-theory of group C^∗-algebras, foliation C^∗-algebras, and crossed products, Index theory of elliptic operators, foliations, and operator algebras (New Orleans, LA/Indianapolis, IN, 1986), Contemp. Math., no. 70, AMS, Providence R.I., 1988, pp. 251–301.

[36] , Continuous trace C^∗-algebras from the bundle theoretic point of view, J.

Aust. Math. Soc. A 47 (1989), 368–381.

[37] S. Sakai, C^∗-algebras and W^∗-algebras, Classics in Mathematics, Springer-Verlag, Berlin, 1998, xii+256 pp., reprint of the 1971 edition.

[38] G. Skandalis, Kasparov’s bivariant K-theory and applications, Exposition. Math. 9 (1991), no. 3, 193–250.

[39] E. V. Troitsky, Actions of compact groups on algebras, C^∗-index theorem, and families, Itogy nauki i tehniki. Ser. Modern Mathematics and Its Applications. Thematical surveys 68 (1999), 129–188, in Russian. English translation in JMS, to appear, (E-print http://xxx.lanl.gov/math.OA/9904002).

[40] E. Witten, Two dimensional gauge theories revisited, J. Geom. Phys. 9 (1992), 303– 368.

[41] , D-branes and K-theory, JHEP 9812 (1998), 019.

[42] , Overview of K-theory applied to strings, Int. J. Mod. Phys. A 16 (2001), 693–706.

Department of Mathematics Moscow State University Pennsylvania State University Dept. of Mechanics and Mathematics University Park, Chair of Higher Geometry and Topology PA 16802 U.S.A. 119 899 Moscow Russia E-mail: nistor@math.psu.edu troitsky@mech.math.msu.su Home page URL:

http://www.math.psu.edu/nistor http://mech.math.msu.su/~troitsky