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FOURIER-MUKAI TRANSFORM IN THE QUANTIZED
SETTING

FRANCOIS PETIT

ABSTRACT. We prove that a coherent DQ-kernel induces an equiv-
alence between the derived categories of DQ-modules with coherent
cohomology if and only if the graded commutative kernel associ-
ated to it induces an equivalence between the derived categories of
coherent sheaves.

1. INTRODUCTION

Fourier-Mukai transform has been extensively studied in algebraic
geometry and is still an active area of research (see [1] and [4]). In
the past years, several works have extended to the framework of de-
formation quantization of complex varieties some important aspects
of the theory of integral transforms. In [6], Kashiwara and Schapira
have developed the necessary formalism to study integral transforms
in the framework of DQ-modules and some classical results have been
extended to the quantized setting. In particular, in [9], Ben-Bassat,
Block and Pantev have quantized the Poincaré bundle and shown it
induces an equivalence between certain derived categories of coherent
DQ-modules.

Our paper grew out of an attempt to understand which properties
the integral transforms associated to the quantization of a coherent
kernel would enjoy.

The main result of this paper is Theorem 3.16 which states that a
coherent DQ-kernel induces an equivalence between the derived cat-
egories of DQ-modules with coherent cohomology if and only if the
graded commutative kernel associated to it induces an equivalence be-
tween the derived categories of coherent sheaves. Whereas the second
part of the proof relies on technique of cohomological completion, the
first part builds upon the results of [10]. Indeed, as explained in sec-
tion 2 there is a pair of adjoint functors between the categories of qcc
objects and the derived category of quasi-coherent sheaves. Both of
these functors preserve compact generators. Then, roughly speaking,
to show that a certain property of the quantized integral transform

implies a similar properties at the commutative level it is sufficient to
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check that the category of objects satisfying this properties is thick and
that this property hold at the quantized level for a compact generator
of the triangulated category of qcc objects.

This paper is organized as follow. In the second section we review
some material about DQ-modules, cohomological completeness, com-
pactly generated categories, thick subcategories and qcc modules. In
the third section, we study integral transforms in the quantized set-
ting. We start by extending the framework of convolutions of kernels
of [6] to the case of qcc objects and prove that an integral transform
of qcc objects preserving compact objects has a coherent kernel (Thm.
3.12). Then, we concentrate our attention to the case of integral trans-
forms with coherent kernel. We start by extending to DQ-modules
some classical adjunction results and then establish the main theorem
of this paper. Finally, in an appendix we show that the cohomological
dimension of a certain functor is finite.

Aknowledgement: I would like to thank Oren Ben-Bassat, Andrei
Caldararu, Carlo Rossi, Pierre Schapira, Nicolo Sibilla, Geordie
Williamson for many useful discussions and Damien Calaque and
Michel Vaquié for their careful reading of early version of the
manuscript and numerous suggestions which have allowed substantial
improvements.

2. SOME RECOLLECTIONS ON DQ-MODULES

2.1. DQ-modules. We refer the reader to [6] for an in-depth study
of DQ-modules. Let us briefly fix some notations. Let (X,Ox) be
a smooth complex algebraic variety endowed with DQ-algebroid Ax.
It is possible to define a quotient algebroid stack Ax/hAx. It comes
with a canonical morphism of algebroid stack Ax — Ax/hAx. On a
smooth complex algebraic variety the stack Ay /hAx is equivalent to
the algebroid stack associated to Ox. Thus, there is a natural mor-
phism Ax — Ox of C-algebroid stacks which induces a functor

tg : Mod(Ox) — Mod(Ax).

The functor ¢4 is exact and fully faithful and induces a functor

1y : D(Ox) — D(Ax).

Definition 2.1. We denote by gr;, : D(Ax) — D(Ox) the left derived
functor of the right exact functor Mod(Ax) — Mod(Ox) given by
M= M/IM ~ Ox @4, M. For M € D(Ax) we call gr,(M) the
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graded module associated to M. We have
L
gr, M ~0Ox @ M.
Ax

Finally, we have the following proposition.
Proposition 2.2. The functor gr;, and 14 define pairs of adjoint func-
tors (gry, tg) and (4, gry[—1]).

2.2. Cohomologically complete modules. We briefly present the
notion of cohomologically complete module and state the few results
that we need. Again, we refer the reader to [6, §1.5] for a detailed
study of this notion. We denote by C" the ring of formal power series
with coefficient in C. Let R be a C-algebroid stack without A-torsion.
We set Ro = R/AR and R!*¢ = CM°¢ @cn R where C™°¢ is the field of

formal Laurent’s series.

Definition 2.3. An object M € D(R) is cohomologically complete if
RHomg (R, M) ~ 0. We write D..(R) for the full subcategory of

D(R) whose objects are the cohomologically complete modules.
The category D¢.(R) is a triangulated subcategory of D(R).

Proposition 2.4 ([6, Cor. 1.5.9]). Let M € D.(R). If gr, M ~ 0,
then M ~ 0.

Proposition 2.5. Let f : M — N be a morphism of Dec(R). If gr,(f)
is an isomorphism then f is an isomorphism.

By Proposition 1.5.6 of [6], for any object M of D(R), the object
RHomg ((R"/R)[—1], M) belongs to D..(R).

Definition 2.6. We denote by (-)° the functor
RHomz ((R"°/R)[—1],-) : D(R) — D(R).
We call this functor the functor of cohomological completion.

The name of functor of cohomological completion is also justified by
the fact that (-)° o ()% ~ ().
There is a natural transformation

(2.1) ce:id — (1)«

It enjoys the following property.

Proposition 2.7 ([10, Prop. 3.8]). The morphism of functors
gry(cc) : gryoid — grjo(:)

is an isomorphism in D(Ry).

cc
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2.3. Compactly generated categories and thick subcategories.
In this subsection, we review a few facts about compactly generated
categories and thick subcategories. These facts play an essential role
in the proof of Theorems 3.12 and 3.16. A classical reference is [8]. We
also refer to [2, § 2.

Definition 2.8. Let 7 be a triangulated category. Let & = {G,}ics
be a set of objects of 7. One says that & generates 7T if the following
condition is satisfied.

If F €T is such that for every G; € ® and n € Z
Homy(Gy[n], F) = 0 then F ~ 0.

Definition 2.9. Assume that 7 is a cocomplete triangulated category.

(i) An object L in T is compact if the functor Hom+(L, ) commutes
with coproducts. We write T for the full subcategory of 7 whose
objects are the compact objects.

(ii) The category T is compactly generated if it is generated by a set
of compact objects.

Definition 2.10. (i) A full subcategory of a triangulated category
is thick if it is closed under isomorphisms and contains all direct
summands of its objects.

(ii) The thick envelop (S) of a set of objects S of a triangulated
category 7 is the smallest thick triangulated subcategory of T
containing S.

(iii) One says that S classicaly generates 7T if its thick envelop is equal
to T.

Theorem 2.11 ([7] and [11]). Let T be compactly generated trian-
gulated category. Then a set of compact objects S of T classically
generates TC if and only if it generates T .

The next result is probably well known. We include a proof for the
sake of completeness.

Proposition 2.12. Let F, G : T — S be two functors of triangulated
categories and o : F = G a natural transformation between them.
Then the full subcategory T, of T whose objects are the X such that
ax : F(X) — G(X) is an isomorphism is a thick subcategory of T.

Proof. The category 7T, is triangulated and is closed under isomor-
phism. Let X be an object of T, and Y and Z two objects of T such
that X ~ Y & Z. By definition of the direct sum there is a map
iy : Y =Y ®Z and amap py : Y & Z — Y such that py o7y = idy.
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Since « is a natural transformation we have the following commutative
diagram.

FY)—2  G(Y)

F(iy) \LG('LY)
F(Y@Z)?:DZ-G(Y@Z)
F(py) J{G(pY)

FY)—2 = G(Y).

It follows that F(py) o ayl, o G(iy) is the inverse of ay. Thus, Y
belongs to 7T,. It follows that 7, is a thick subcategory of T . O

2.4. Qcc modules. We review some facts about qcc modules. They
may be considered as a substitute to quasi-coherent sheaves in the
quantized setting. For a more detailed study one refers to [10]. In this
subsection, (X,Ox) is a smooth complex algebraic variety endowed
with a DQ-algebroid Ax. We denote by Dgyeon(Ox) the derived cate-
gory of sheaves with quasi-coherent cohomology and by D%, (Ox) (resp.
DY, (Ax)) the derived category of bounded complexes of Ox-modules
(resp. Ax-modules) with coherent cohomology.

Definition 2.13. An object M € D(Ax) is qcc if it is cohomologically
complete and gr, M € Dgeon(Ox). The full subcategory of D(Ax)
formed by qcc modules is denoted by Dgec(Ax).

One easily shows that the category Dgc.(Ax) is a triangulated sub-
category of D(Ax).

Proposition 2.14 ([10, Cor. 3.14]). If N' € Dyeon(Ox), then 1,(N) €
Doee(Ax)-

The functors gr, and ¢, induce the following functors.

&rp

(2.2) Dyee(Ax) ? Dycon(Ox).

We have the following proposition.

Proposition 2.15. Let X be a smooth complex algebraic variety en-
dowed with a DQ-algebroid Ax. The functors ty : Dycon(Ox) — Dgee(Ax)
and gry, : Dgec(Ax) = Dgeon(Ox) preserve compact generators.

Proof. (i) We refer to [10, Cor. 3.15] for the case of the functor ¢,.
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(ii) Let us prove the claim for the functor gr,. Let M &€ Dyeon(Ox)
such that RHome, (gr;, G, M) ~ 0. Then, we have

RHomo, (gr, G, M) ~ RHomu (G, t,M)
~ (.

It follows that ty(M) ~ 0. Hence, for every i € Z, H (1,M) =~ 0.
Since ¢, : Mod(Ox) — Mod(Ay) is fully faithful and exact, we
have H'(M) ~ 0. It follows that M =~ 0. Moreover, gr, G is
coherent and on a smooth algebraic variety coherent sheaves are
compact.

0

Remark 2.16. We know by [2] that for a complex algebraic variety the
category Dycon(Ox) is compactly generated by a single compact object
i.e by a perfect complex. As shown in [10], this implies in particular
that Dyec(Ax) is compactly generated by a single compact object.

Corollary 2.17. Let X be a smooth complex algebraic variety endowed
with a DQ-algebroid.

(1) If G is a compact generator of Dycon(Ox) then gry, 1,G is still a
compact generator of Dqcon(Ox).

(i) One has Dgoh(OX) = (gr),14(G))-

Proof. (i) Follows immediatly from Proposition 2.15.

(ii) On a complex smooth algebraic variety the category of compact
objects is equivalent to D%, (Ox). Hence the results follows from
Theorem 2.11.

0

Finally, let us recall the following result from [10].

Theorem 2.18. An object M of Dyec(Ax) is compact if and only if
M e Db, (Ax) and A @4, M = 0.

3. FOURIER-MUKAI FUNCTORS IN THE QUANTIZED SETTING

The aim of this section is to study integral transforms in the frame-
work of DQ@-modules. In the first subsection, we review some results,
from [6], concerning the convolution of DQ-kernels. In the second one,
we adapt to qcc modules the framework for integral transforms devel-
loped in [6]. We prove that an integral transform preserving the com-
pact objects of the qcc has a coherent kernel. In the last subsection, we
focus our attention on integral transforms of coherent DQ-modules on
projective smooth varieties. We first extend some classical adjunction
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results and finally prove that a coherent DQ-kernel induced an equiv-
alence between the derived categories of DQ-modules with coherent
cohomology if and only if the graded commutative kernel associated
to it induces an equivalence between the derived categories of coherent
sheaves.

All along this section we use the following notations.

Notation 3.1. (i) If X is a smooth complex variety endowed with
a DQ-algebroid Ay, we denote by X* the same variety endowed
with the opposite DQ-algebroid AY¥ and we write Aya for this
algebroid.

(ii) Consider a product of smooth complex varieties X; x Xo X X3, we
write it Xi93. We denote by p; the i-th projection and by p;; the
(1, 7)-th projection (e.g., p13 is the projection from X; x X¢ x X,
to X1 X XQ)

(ili) We write A; and A;j« instead of Ay, and Ay, xe and similarly
with other products.

(iv) We set D', = RHomu, (-, Ax) : D(Ax) — D(Axa).

3.1. Convolution of DQ-kernel. We review some results, from [6],
concerning the convolution of DQ-kernels.

3.1.1. Tensor product and convolution of DQ-kernels. The tensor prod-
uct of DQ-modules is given by

Definition 3.2 ([6, Def. 3.1.3]). Let K; € D(A;iq1)=) (¢ = 1,2). We

set
L L L L . 1
Ki@Ke=ppKi ®@ Az @ pyyls € D(prs Aiza).
Az Pry Alza PogaA23

The composition of kernels is given by

Definition 3.3. Let K; € D(A;(11)) (i = 1,2). We set

L
Ky ;’Cz =R p13.(Ky %ICQ) € D(Aj34)

L
Ky ° ICo ZRP13!(K1%K2) € D(Aza).

3.1.2. Finiteness and duality for DQ)-modules. The following result is
a special case of Theorem 3.2.1 of [6].

Theorem 3.4. Let X; (i =1, 2, 3) be a smooth complex variety. For
i =1,2, consider the product X; x X,41 and IC; € D? (Aigig1)a). As-

coh

sume that Xy is proper. Then the object Ky gICZ belongs to D, (Ajza).
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Let X; (i =1, 2, 3) be a smooth projective complex variety endowed
with the Zariski topology and let A; be a DQ-algebroid on X;. We
recall some duality results for DQ-modules from [6, Chap. 3]. First,
we need the following result.

Proposition 3.5 ([6, p. 93]). Let K; € D*(Aji1y0) (i = 1,2) and
let L be a bi-invertible Ay @ Age-module. Then, there is a natural
isomorphism

(Klgﬁ)glszlClg(ﬁgng).

We denote by w; the dualizing complexe for A;. It is a bi-invertible
(A; ® Aja)-module. Since the category of bi-invertible (A; ® Aja)-
modules is equivalent to the category of coherent A;;«.-modules simple
along the diagonal, we will regard w; as an A;;«-module supported by
the diagonal and we will still denote it by w;.

Theorem 3.6 ([6, Theorem 3.3.3]). Let K; € DY, (Aiiy1ye) (i =1, 2).
There is a natural isomorphism in D%} (Aja3)

(D:412“IC1) 20a (,L)2a 2% (D:423a lCZ) ; ]D).,Alga (Kl SICQ)

3.2. Integral transforms for qcc modules. In this section, we adapt
to qcc objects the framework of convolutions of kernels of [6]. In view
of Definitions 3.2 and 3.3, it is easy, using the functor of cohomolog-
ical completion (see Definition 2.6), to define a tensor product and a
composition for cohomologically complete modules.

Definition 3.7. Let K; € Deo(Ajigiy1)e) (i = 1,2). We set
L L 1
K1 ® Ky =(K1 @ K2)% € Dee(prg Aisza),
Ao A2
L
/C@/CQ =R p13.(Ky ? Ks) € Dee(Aisza),
2
L
KngZ =Rpi3(Ky i‘@ KCs) € Dee(Aisza).
2
Remark 3.8. If ICl E ch)oh(A12a) and ICQ 6 Dgoh(Agga), then
L L
Ki® Ky~ Ky @ Ks,
As Ao

’leK:Q ~ Ky % Ko,
]Clg’CZ >~ ’Cl 3 ’Cz.
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Lemma 3.9. Let IC; € Dec(Ajig1ye) (0 = 1,2).
]ClglCQ Z(Kl ;ICQ)CC,
lClgICQ Z(Kl <2) ICQ)CC.
Proof. Using morphism (2.1), we get a map
L L
’Cl @ICQ — lCl ®]C2
Az Az
It induces a morphism

L L
(R p13« (K4 % IC2)) — (R p1s« (K1 E? o))

By Proposition 1.5.12 of [6] the direct image of a cohomologically com-
plete module is cohomologically complete. Then,

L L
(R pr3« (K4 ? K2))“ =~ R pis.(Ky ? ICa).
This gives us a map
(31) (IC1 >5 ICQ)CC — IC1§IC2.

Using the fact that the functor gr; commutes with direct image and
Proposition 2.7, we get the following commutative diagram.

gr((Ky % C2)) gr(Ki3kC2)
grp(ce) [
gy, (K1 % o) g1y, (K1 %K)

e ew

L N L
R p13. g1, (K4 % Ks) — (R p13. gr,(Ky ? KCs)).
2 2

gry(cc)

It follows that the morphism gr,((K, * Ko)e¢) — grh(lClgng) is an

isomorphism. Applying Proposition 2.5, we obtain that the morphism
(3.1) is an isomorphism.
The second formula is proved similarly. U

From now on all the varieties considered are smooth complex alge-
braic varieties endowed with the Zariski topology

Corollary 3.10. Let IC; € Dec(Aigi1)s) (i = 1,2). The kernel IC@ICQ
is an object of Dyee(Aiza).
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Proof. This follows from Lemma 3.9 and [6, Prop 3.1.4] which says
that the functor gr, commutes with the compostion of DQ-kernel (see
Definition 3.3). O

Let K € Dgec(Aize). The above corollary implies that the functor
(3.2) is well-defined.

py M.

Qe

(32) CI);C : DqCC(AQ) — DqCC<A1), M= KgM = Rpl*(lC

-

py Az

Before proving Theorem 3.12, we need to establish the following
result.

Proposition 3.11. Let M € D .(Ax). If gr, M € D*(Ox) then M €
D2 (Ax).-

Proof. Let M € D..(Ax) such that gr, M € D*(Ox). It follows im-
mediately from [6, Prop. 1.5.8], that M € D*(Ax). Then to establish
that M € D°(Ay), it is sufficient to prove that there exists a number ¢
such that 729 M € Db(Ay). For that purpose, we essentially follow the
proof of Proposition 1.5.8 of [6]. Since gr, M € D, (Ox), there exists

coh

p € Z such that for every ¢ > p, H'(gr, M) = 0. We deduce from the
exact sequence H'(gr, M) — HH(M) B HFY(M) — H* (gr, M)
that H (M) 25 H(M) is an isomorphism for i > p. Thus, 72P*' M €
D(A%*) which means that RHom 4, (A%, 72PHI M) ~ 72PTI M. Ap-

loc

plying RHom 4, (A%, ) to the distinguished triangle
TPM = M — 2P M
we get the distinguished triangle
RHom 4, (A%, 7P M) — RHom 4, (A%, M) — RHom 4, (A9, 72PH M) 55

The module M is cohomologically complete. Hence, we have the iso-
morphism RHom 4, (A%, M) ~ 0. It follows that

72PN ~ RHom, (Al)‘;c, =P M)[1].
Corollary 4.4 implies that R”HomAX(Al)?c, TP M)[1] € D~ (Ax). Then
7M€ DF(Ax) N D™ (Ax) = D*(Ax). Thus, M € D’(Ax). O

We now restrict our attention to the case of smooth proper algebraic
varieties. The next result is inspired by [12, Thm. 8.15]. Recall that
the objects of D%, (Ax) are not necessarily compact in Dyec(Ax) (see
Theorem 2.18).



FOURIER-MUKAI TRANSFORM IN THE QUANTIZED SETTING 11

Theorem 3.12. Let X; (resp. Xs) be a smooth complex algebraic va-
riety endowed with a DQ-algebroid A, (resp. As). Let KK € Dyec(Aiga).
Assume that the functor @i : Dgec(A2) = Dyec( A1) preserves compact
objects. Then, KC belongs to Db} (Ajza).

Proof. The kernel gr;, IC induces an integral transform
(I)grth : choh(02> — choh(ol)-

Let G be a compact generator of Dgeon(O2). Then, by Proposi-
tion 2.15 14(G) is a compact generator of Dy..(Az). By hypothesis,
Qs(14(G)) is a compact object of Dyec(Ay). It follows that the object

Dy, c(gr), £4(G)) belongs to DY, (O1) and thus is a compact object of
choh((/)l)‘
Let T be the full subcategory of Db, (O,) such that Ob(T) = {M €

coh

D’y (09)| Py, k(M) € Db (O1)}. The category T is a thick subcate-
gory of D%, (O,) containing gr; ¢,(G). By Corollary 2.17, D, (Os) is

coh coh

the thick envelop of gry, ¢,(G). Thus, T = D2, (O2). It follows that the

coh

image of an object of D2, (O) by ®g,, « is an object of D2, (Oy). Ap-

coh coh

plying Theorem 8.15 of [12], we get that gr, K is an object of Db, (Oy).

Applying Proposition 3.11, we get that X € D?(A;2.). Now, Theorem
1.6.4 of [6] implies that KC € Db} (A;2a). O

3.3. Integral transforms of coherent DQ-modules. In this sec-
tion we study integral transforms of coherent DQ-modules. Recall that
all the varieties considered are smooth complex projective varieties en-
dowed with the Zariski topology.

Let K € D%, (Ajz.). Theorem 3.4 implies that the functor (3.3) is

coh

well-defined.

(3.3) @i : Dlyy(Ar) = Dl (A1), M Ko M = Rpu(K & py' M),

py A2
Proposition 3.13. Let K; € D, (A2a) and Ky € Db (Agsa). The
composition
@ o
Dgoh(A:") _’C>2 Dgoh(Az) _K>1 Dgoh(Al)
is isomorphic to @ oxc, : Doy (Asz) — D2, (A1),
2
Proof. Tt is a direct consequence of Proposition 3.2.4 of [6]. U

We extend to DQ-modules some classical adjunctions results. They
are usually established using Grothendieck duality which does not seem
possible to do here. Our proof relies on Theorem 3.6.
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Definition 3.14. For any object K € D2, (Aj2.), we set
Kr=Dy,.(K) O Wae K; = wia o Dy,. (K)

objects of Db, (Ajaz).

Proposition 3.15. Let &k : D%, (As) — Db, (Ay) be the Fourier-
Mukai functor associated to K and ®x,, : D°, (A1) — Db, (Az) (resp.
i, : Db (A1) — DL (Ag)) the Fourier-Mukai functor associated to

Kr (resp. Kr). Then @, (resp. $i, ) is right (resp. left) adjoint to
O

Proof. We have
RHOIH_A1 (]C 8 M,N) ~ RF(Xl, RHOIIl_Al(IC g M,N))

Applying Theorem 3.6 and the projection formula, we get

RHomy, (K o M,N) ~ RHomy, (K ° M,Al)f%/\/'

p;IAQa Al
~Rpu(Kr © pi'D (M) & prA
~Rpi(Kr @ py Dy,(M) @ pi"N)
Py Aza p; A1

Taking the global section and applying again the projection formula,
we get

RF(Xl,R’HomAl(ICgM,N)) ~
L L
RI(X1,Rpi(Kr @ py' Dy, (M) @ pr'N)

Py Aga py AL

L —1my L -1
~ RI'(X; x Xa, (Kg ® P Dy,(M)) @ pr N)

p; Asa p;lfh

L L
~ RE(Xo, Rpou((Kr & py' Dy, (M) & pr'N))

Do Aga pl_l-Al
L

~ RI(Xs, D/, (M) & (Kr 9 V)

~ RHOHIAQ(M, ,CR ?N)
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Thus, RHom 4, (K ¢ M, N) ~ RHom 4, (M, Kr ?/\/') which proves the
claim. The proof is similar for . U

Finally, we have the following theorem.

Theorem 3.16. Let X (resp. Xs) be a smooth complex projective va-
riety endowed with a DQ-algebroid A, (resp. Az). Let K € D2, (Ajga).
The following conditions are equivalent

(i) The functor ®x : Db, (As) — Db, (A1) is fully faithful (resp. an

coh coh
equivalence of triangulated categories).

(it) The functor @y, : DY, (Os) — DLy, (O1) is fully faithful (resp.

coh
an equivalence of triangulated categories).

Proof. We recall the following fact. Let F' and G be two functors and
assume that F' is right adjoint to G. Then, there are two natural
morphisms

(3.4) GolF —id
(3.5) id— FoG.

The morphism (3.4) (resp. (3.5)) is an isomorphism if and only if
F (resp. G) is fully faithfull. The morphisms (3.4) and (3.5) are
isomorphisms if and only if F' and G are equivalences.

(1) (i) = (it). Proposition 3.15 is also true for O-modules since
the proof works in the commutative case without any changes.
Moreover, the functor gr; commutes with the composition of
kernels. Hence, we have gr,(Kg) ~ (gr, K)g. Therefore, the
functor ®g,, x, is a right adjoint of the functor @, x. Thus,
there are morphisms of functors

(36) (I)grhIC o (I)grﬁ Kr — id,
(37) id — (I)grh/CR o (I)grﬁjc.

Set &y = @y © Py, k. Let Ty be the full subcategory of
D?.,.(Os) whose objects are the M € D%, (O,) such that

coh
M — Cbg(./\/l)

is an isomorphism. It follows from Proposition 2.12 that 75 is
a thick subcategory of D%, (O5).

coh

Let G be a compact generator of Dycon(O2). By Corollary
2.17, Db, (O,) = (G). Since @k is a fully faithful we have the

coh
isomorphism

Lg(g) = Qi 0 ®K<Lg(g))~
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Applying the functor gr,, we get that gr;, 1,(G) belongs to 73 and
by Corollary 2.17, gr, 1,(G) is a classical generator of D%, (O5).

coh
Hence, T = D%,,,(O5). Thus, the morphism (3.7) is an isomor-
phism of functors. A similar argument shows that if ®g, i is an
equivalence the morphism (3.6) is also an isomorphism which
proves the claim.
2) (id) = (i),

Since ®x and P, are adjoint functors we have natural mor-

phisms of functors

(I)IC O (I)ICR — id,
id — (IDICR o Ok.

If M € DY, (Az), then we have

coh

(3.8) M = By, 0 D(M).

Applying the functor gr;, we get

(39) gl”h./\/l — ®grh Kgr © ®grhK(grhM)‘

If @,  is fully faithful, then the morphism (3.9) is an isomor-
phism. The objects @, 0 Pc(M) and M are cohomologically
complete since they belongs to D%, (As). Thus the morphism
(3.8) is an isomorphism that is to say

id = P, o D,

It follows that ®x is fully faithful.
Similarly, one shows that if ¢
addition

gr, € 1S an equivalence then in

(I)}Coq)lCR :>1d

It follows that ®x is an equivalence.
O

Remark 3.17. The implication (i) = (i) of Theorem 3.16 and Propo-
sition 3.15 still hold if one replaces smooth projective varieties by com-
plex compact manifolds. This result implies immediatly that the quan-
tization of the Poincaré bundle constructed in [9] induces an equiva-
lence.
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4. APPENDIX

In this appendix we show that the cohomological dimension of the
functor RHomgrs, (Chfee M) is finite. We refer to [5] for a detailed ac-

count of pro-objects. Recall that to an abelian category C one associates
the abelian category Pro(C) of its pro-objects. Then, there is a natural
fully faithful functor i¢ : C — Pro(C). The functor i¢ is exact. For any
small filtrant category I the functor “@” : Fet(1°P,C) — Pro(C) is
exact. If C admits small projective limits the functor i¢ admits a right
adjoint denoted 7.

7 : Pro(C) = C, 7 Hm "X Jim X,

If C is a Grothendieck category, then 7 has a right derived functor
R : D(Pro(C)) — D(C).
Let us recall Lemma 1.5.11 of [6].

Lemma 4.1. Let M € D(C"). Then , we have
: 9 n L ,toc
(4.1) R 7((*lim "Ck A ) @ M)~ RHomgey (CY™, M).
n X

Proposition 4.2. The functor RHomen (Che ) has finite cohomo-
logical dimension.

Proof. Let M € Mod(C%). By Lemma 4.1 we have

(42)  RHomgy (C¥, M) ~ R((“lim "Cyh") & M).
. ot

Then by Proposition 6.1.9 of [5] adapted to the case of pro-objects,
we have

€ i DB BT B ~ € i 9 (v £ L
Rx(( l%n Cxh )g?(./\/l) ~ R( l%n (Ckh (CQ?(M))
It follows from Corollary 13.3.16 from [5] that
: L
Vi >1, R'r(“Lim " (CkA" @ M)) ~0
(“lm(C " & M)
which proves the claim. U

Proposition 4.3. The functor RHomgrn (Chlee .y - D(Ch) — D(Ch)
is such that RHomgn (ChHee D~(Ch)) ¢ D~(CL).

Proof. This follows immediately from Example 1 of [3, Ch. 1 §7.]. O
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Corollary 4.4. Let X be a smooth complex (algebraic or analytic) va-
riety endowed with a DQ-algebroid Ax. The functor RHom 4, (A%, )
is such that RHom 4, (A%%°, D~ (Ax)) C D~ (Ax).

1]
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