LOCAL TYPES OF CONFORMALLY-EINSTEIN KÄHLER METRICS IN HIGHER DIMENSIONS

A. Derdzinski and G. Maschler

Abstract. The requirement that a Kähler metric in any given complex dimension m > 2 be conformally Einstein (but not Einstein) turns out to be much more restrictive, even locally, than in the case of complex surfaces. The local-isometry types of such metrics depend, for each m > 2, on three real parameters along with an arbitrary Kähler-Einstein metric h in complex dimension m − 1. We provide a complete classification of these local-isometry types (for any given h) via an explicit description in terms of suitable rational functions of the conformal-factor function.

§0. Introduction

The present paper deals with the local structure of Kähler metrics in complex dimensions m > 2 which are conformally Einstein, but not Einstein. We provide a complete local classification of the local-isometry types of such metrics at points “in general position”. (See Theorem 20.1 in §20.) As it turns out, for each m > 2 they depend on three real constants plus an additional parameter in the form of an arbitrary local-isometry type of a Kähler-Einstein metric in complex dimension m − 1. The result in question is derived from a more general local-classification theorem (Theorem 13.2) for Kähler manifolds admitting a nonconstant special ρ-ω potential, that is, a function τ whose second covariant derivative is a suitable functional combination of the Ricci tensor and the metric; see (5.1), (5.3) and (5.4) in §5.

Our classification procedure works in dimensions m > 2, but not for Kähler surfaces. The reason is that, when m = 2, the requirement that a given Kähler metric be conformally Einstein is (in its local, almost-everywhere version) much less restrictive than in higher dimensions. This is illustrated by the fact [14] that, at points where the scalar curvature s of a Kähler-surface metric g is nonzero, the conformally related metric g̃ = g/s^2 already satisfies a “part” of the Einstein condition (namely, vanishing of the divergence of the self-dual Weyl tensor) and is, up to a constant factor, the only metric conformal to g with this property. Nothing similar seems to occur in higher dimensions.

Various aspects of this question have been studied, especially in the compact case. Here belong, for instance, LeBrun’s structure theorem [25] for Hermitian Einstein metrics on compact complex surfaces, as well as a family of (globally) conformally- Kähler compact Einstein manifolds representing all complex dimensions m > 2, which was found by Bérard Bergery (see [2], or Chapter 9, Section K in [3]). Bérard

1991 Mathematics Subject Classification. Primary 53B35, 53B20; Secondary 53B99. Key words and phrases. Conformally Einstein metric, Kähler metric.

Typeset by AMS-TEX 1

Bergery’s construction is a higher-dimensional analogue of the conformally-Kähler Einstein metric on M = CP^2 # CP^2 discovered by Page [28], whose conformally related Kähler metric was among those independently found by Calabi ([7], [10]).

There are also known examples of compact Kähler-surface metrics which are almost-everywhere (but not globally) conformally Einstein ([17], [32]). Further papers on this and related topics are listed in the bibliography.

In a forthcoming paper [13] we use the results presented here to construct various examples of compact non-Einstein Kähler manifolds in dimensions m > 2 which are almost-everywhere conformally Einstein, and prove a classification theorem for the compact case.

§1. Preliminaries

To save space, we sometimes display several equalities as a single block of expressions (such as (6.2) in §6). When referring to each individual formula in such a block, we will label it by a lower-case roman numeral; thus, the equations forming (6.2) are (6.2)i) – (6.2)v).

We will denote ∇, R, r and s the Levi-Civita connection, curvature tensor, Ricci tensor and scalar curvature of a given Riemannian metric g on a manifold M. (See also (1.18) and (1.19) below.) In addition, the symbol ∇τ will stand for the g-gradient of a C^1 function τ : M → R.

For a C^1 vector field v on a Riemannian manifold (M, g) we will write

(1.1) ∇v : T M → T M with (∇v)w = ∇_wv ,

treating the covariant derivative ∇v as a vector-bundle morphism T M → T M sening each w ∈ T_xM, x ∈ M, to ∇_wv ∈ T_xM. Note that, since ∇ is torsion-free,

(1.2) ∇_vw − ∇_wv = [v, w]

for any two C^1 vector fields v, w.

For a multiply-covariant tensor b and a vector (field) v, we use the standard notation (1.3) ı_vb = b(v, · , . . . , · ) . This applies in particular to the case where b is a 1-form; a twice-covariant symmetric tensor (such as g, the second covariant derivative ∇dτ of a C^2 function τ, or the Ricci tensor r); or, a differential 2-form. For instance,

(1.4) ı_vg = dτ if v = ∇τ .

The divergence operator δ acts on such C^1 tensor fields b by

(1.5) δb = ∑ u [∇_ub](u, · , . . . , · ) , the summation being over the vectors of any orthonormal basis of the tangent space at the given point. For instance, we have the Bianchi identity for the Ricci tensor:

(1.6) 2δ r = ds , whose local-coordinate version is 2r_{jl,}^j = s_{,l} (see, e.g., [15, (5.2)]). Another example is (1.7) Δτ = δ(dτ) for any C^1 function τ on the Riemannian manifold in question.

We will also write (1.8) δv = Trace ∇v for C^1 vector fields v, which is consistent with (1.3) as δv = δξ, where ξ = g(v, · ) = ı_vg is the 1-form corresponding to v via g. Thus, (1.7) can be rewritten as Δτ = δ(∇τ).

We will also use the formula (1.9) (∇dτ)(u, w) = g(u, ∇_wv) = g(w, ∇_uv) , where v = ∇τ , for C^2 functions τ and vector fields u, w in any Riemannian manifold, as well as the obvious relations (1.10) δ[fw] = d_wf + f δw , δ[fb] = ı_vb + f δb , with v = ∇f , for functions f, C^1 vector fields w, and twice-covariant symmetric tensor fields b, all of class C^1. Here d_w is the directional derivative corresponding to the tangent vector (field) w. For instance, any C^1 function τ in a Riemannian manifold has (1.11) d_vτ = Q , with v = ∇τ and Q = g(∇τ, ∇τ) . For any C^2 function τ in a Riemannian manifold, we have (1.12) 2ı_vb = dQ , where v = ∇τ, b = ∇dτ and Q = g(∇τ, ∇τ) ,

(1.13) ı_wb = ∇_wdτ for b = ∇dτ , with an arbitrary vector (field) w, and (1.14) δb = ı_v r + dΔτ for v = ∇τ and b = ∇dτ . In fact, (1.13) is immediate from (1.3), while (1.12) is obvious in view of the localcoordinate expression 2τ^{,k}τ_{,jk} = [τ^{,k}τ_{,k}]_{,j} . As for (1.14), it follows from the “contracted” Ricci-Weitzenböck formula (1.15) ı_v r = δ([∇v]^∗) − dδv applied to v = ∇τ (so that [∇v]^∗ = ∇v = ∇dτ, with ∇v as in (1.1), and δv = Δτ). Formula (1.15) is valid for every C^2 vector field v in any Riemannian manifold and has the local-coordinate form r_{jk}v^k = v^k_{,jk} − v^k_{,kj}.

As for the exterior product and exterior derivative of 1-forms ξ, ξ^′ on a manifold M, they are given by (1.16) (ξ ∧ ξ^′)(u, v) = ξ(u)ξ^′(v) − ξ(v)ξ^′(u) ,

(1.17) (dξ)(u, v) = d_u[ξ(v)] − d_v[ξ(u)] − ξ([u, v])

for any C^1 vector fields u, v on M.

Finally, let us note that the Levi-Civita connection ∇ of a given Riemannian metric g has the property that, for any C^1 vector fields v, w, the covariant derivative ∇_wv is uniquely characterized by the requirement that, for all C^1 vector fields u,

(1.18) 2g(∇_wv, u) = d_w[g(v, u)] + d_v[g(w, u)] − d_u[g(w, v)] + g(v, [u, w]) + g(u, [w, v]) − g(w, [v, u]) . Our sign convention for the curvature tensor R of any connection ∇ in a real/complex vector bundle E over a manifold M is (1.19) R(u, v)w = ∇_v∇_uw − ∇_u∇_vw + ∇_{[u,v]}w for any C^2 (local) sections u, v of T M and w of E. Denoting m the real/complex fibre dimension of E and choosing C^∞ sections w_a, a = 1, . . . , m, which trivialize the bundle E over some open set U ⊂ M, we have

(1.20) ∇_vw_a = Γ^b_a (v)w_b (summed over b = 1, . . . , m)

for any vector field v on U, with some real/complex valued 1-forms Γ^b_a . From (1.19) and (1.16) – (1.17), we now obtain

(1.21) R(u, v)w_a = R^b_a(u, v)w_b with R^b_a = − dΓ^b_a + Γ^c_a ∧ Γ^b_c .

Remark 1.2. Given a connection ∇ in a complex line bundle E over a manifold M, let ζ denote the curvature form of ∇, that is, the 2-form characterized by R(u, v)w = iζ(u, v)w for u, v, w and R(u, v)w as in (1.19). For any local C^∞ section w without zeros, the connection 1-form Γ characterized by ∇_vw = Γ (v)w (i.e., (1.20) with m = 1) then satisfies

(1.22) ζ = idΓ .

In fact, this is immediate from (1.21) for m = 1.

§2. Kähler metrics and the Ricci form

We discuss Kähler manifolds primarily in real terms, using real-valued functions and differential forms, and real vector fields (rather than complexified ones). The few exceptions, such as Lemma 2.2 below, will be clearly identified as such. All components of tensors refer to real coordinate systems.

For any complex manifold M we will denote J its complex-structure tensor, treated (depending on the circumstances) either as a real vector-bundle morphism J : T M → T M with J^2 = − 1, or as the multiplication by i in the complex vector bundle T M.

Let (M, g) now be a Kähler manifold, that is, a complex manifold M with a Riemannian metric g that makes J : T M → T M both skew-adjoint and parallel. We will use the generic symbols ω and ρ for its complex-structure tensor, Kähler form and, respectively, Ricci form. Our notational conventions are such that ω and ρ are related to g, J and the Ricci tensor r by (2.1) ω(u, v) = g(Ju, v) , ρ(u, v) = r(Ju, v) for any u, v ∈ T_xM, x ∈ M. Skew-symmetry of ω and ρ reflects the fact that the symmetric twice-covariant tensors b = g and b = r are both Hermitian, in the sense that

(2.2) b(Jw, w^′) = − b(w, Jw^′) for all w, w^′ ∈ T_xM and x ∈ M .

The components of ρ in any local coordinates thus are

(2.3) ρ_{jk} = − r_{jl}J^l_k .

The following lemma describes a well-known fact that the Ricci form of any Kähler manifold (M, g) is, essentially, the curvature form of the natural connection in the highest complex exterior power of T M.

Lemma 2.1. For any C^2 vector fields u, v on a Kähler manifold (M, g),

(2.4) Trace_C[R(u, v)] = iρ(u, v) ,

R(u, v) : T M → T M being the complex-linear bundle morphism sending any C^2 vector field w to R(u, v)w given by (1.19).

Proof. Both J and the unique Hermitian fibre metric ⟨ , ⟩ in T M whose real part is g are ∇-parallel. Thus, ∇ is a connection in the complex bundle T M, and it is compatible with ⟨ , ⟩. Therefore, the morphisms R(u, v) and J commute, and are both skew-adjoint (relative to ⟨ , ⟩); consequently, their composite is selfadjoint. Denoting that composite F (for fixed vector fields u, v), we now have 2i Trace_C[R(u, v)] = 2 Trace_CF = Trace_RF (the last equality being clear when one evaluates both traces using a complex basis e_1, . . . , e_m of any given tangent space which diagonalizes F and, respectively, the real basis e_1, ie_1, . . . , e_m, ie_m). On the other hand, in terms of components (relative to any real local-coordinate system), symmetry of F means that r_{jpkq}J^q_l is symmetric in k, l. Thus, by (2.3),

(2.5) ρ_{jk} = − r_{jq}J^q_k = g^{pl}r_{jplq}J^q_k = g^{pl}r_{jpkq}J^q_l = r_{jpkq}α^{pq} ,

α being the bivector field corresponding to J via g, so that α^{jk} = g^{jl}J^k_l . The Bianchi identity gives (r_{jpkq} − r_{jkpq} − r_{jqkp})α^{pq} = 0, i.e., 2r_{jpkq}α^{pq} = r_{jkpq}α^{pq} = − r_{jkq}^pJ^q_p . Summing (2.5) against u^j v^k we thus obtain 2ρ(u, v) = − Trace_RF = − 2i Trace_C[R(u, v)], with F as above, which completes the proof. ■

Lemma 2.2. Let (M, g) be a Kähler manifold of complex dimension m and let w_a, a = 1, . . . , m, be C^∞ vector fields on an open set U ⊂ M which trivialize the tangent bundle T U treated as a complex vector bundle. Furthermore, let Γ^b_a be the complex-valued 1-forms with (1.20) for the Levi-Civita connection ∇ of g. The Ricci form ρ of (M, g), restricted to U, then is given by

(2.6) ρ = idΓ^a_a (summed over a = 1, . . . , m) .

In fact, the matrix [R^b_a(u, v)] (see (1.21)) represents the operator R(u, v) (cf. Lemma 2.1) in the complex basis w_a(x) at any point x ∈ U. Now (2.4) and (1.21) give iρ = R^a = − dΓ^a_a , as required. (Note that Γ^c_a ∧ Γ^a_c = 0 due to obvious pairwise cancelations.) ■

§3. Killing potentials

A (real) C^∞ vector field v on a complex manifold M is called holomorphic if it satisfies the Lie-derivative relation L_vJ = 0. Thus, since L_v(Jw) = (L_vJ)w + J(L_vw) and L_vw = [v, w] for C^1 vector fields v, w, we have

(3.1) [v, u] = 0 if L_vJ = 0 and u = Jv .

Let (M, g) be a Kähler manifold. A real-valued C^∞ function τ on M is said to be a Killing potential if u = J(∇τ) is a Killing vector field on (M, g). On the other hand, a (real) C^∞ vector field v on (M, g) then is holomorphic if and only if it satisfies the condition

(3.2) [J, ∇v] = 0 ,

whose local-coordinate form is J^p_k v^l_{,p} = J^l_pv^p_{,k}. (In fact, as ∇J = 0, we have L_vJ = [J, ∇v] for any C^1 vector field v, as one sees applying both sides to an arbitrary C^∞ vector field and using (1.2), (11).)

Remark 3.1. For a C^∞ function τ on a Kähler manifold (M, g), the following three conditions are equivalent:

(a) τ is a Killing potential.

(b) Its gradient v = ∇τ is a holomorphic vector field.

(c) b = ∇dτ is Hermitian, i.e., satisfies (2.2) for all v, v^′ ∈ T_xM and x ∈ M. In fact, let v = ∇τ and u = Jv. Then ∇_wu = J(∇_wv) for every tangent vector w, so that ∇u = J ∘(∇v), while [∇v]^∗ = ∇v, that is, ∇v is self-adjoint at every point. Thus, ∇u + [∇u]^∗ = J ∘ (∇v) + [∇v]^∗ ∘ J^∗ = [J, ∇v], and so (a) is equivalent to (b). On the other hand, in view of (2.2) for b = g and (1.9), Hermitian symmetry of ∇dτ is equivalent to [J, ∇v] = 0, i.e., to (a).

For a nonconstant Killing potential τ : M → R, Remark 3.1 yields

(3.3) dτ ≠ 0 on a dense open subset of M .

Remark 3.2. Using Remark 3.1 we now arrive at a (well-known) complete characterization of Killing potentials: locally, up to an additive constant, a Killing potential τ may be represented by u = J(∇τ), which is a completely arbitrary holomorphic Killing vector field on the Kähler manifold in question. In fact, if τ is a Killing potential, u = J(∇τ) is not only Killing, but also holomorphic as, for v = ∇τ, ∇u = J ∘ (∇v) commutes with J since so does ∇v (see Remark 3.1(b) and (3.2)). Conversely, given a holomorphic Killing vector field u, setting v = − Ju we get ∇v = − J ∘ (∇u) and, as J and ∇u commute and are skewadjoint, their composite ∇v must be self-adjoint, so that, locally, v = ∇τ for some function τ.

A function τ satisfying u = J(∇τ) with a given a holomorphic Killing field u on a Kähler manifold (M, g) will be referred to as a (local) Killing potential for u.

Lemma 3.3. Let τ : M → R be a Killing potential on a Kähler manifold (M, g). Setting v = ∇τ, u = Jv = J(∇τ) and ξ = g(Jv, · ) we then have

(3.4) ξ = ı_vω = ı_ug .

Moreover, setting b = ∇dτ and (3.5) β(w, w^′) = b(Jw, w^′) for w, w^′ ∈ T_xM, x ∈ M, we obtain a differential 2-form β on M with (3.6) dξ = 2β .

Proof. Relation (3.4) is obvious from (1.3) and (2.1). Since b = ∇dτ is Hermitian (Remark 3.1(c)), (3.5) is skew-symmetric in w, w^′. Finally, by (1.17), (dξ)(w, w^′) = g(Aw, w^′) with A = ∇u − [∇u]^∗, for vectors w, w^′ ∈ T_xM and x ∈ M, whenever ξ = ı_ug = g(u, · ) for a C^1 vector field u. In our case u is a Killing field (as τ is a Killing potential), so that A = 2∇u and, as u = Jv with v = ∇τ, (dξ)(w, w^′) = 2g(∇_wu, w^′) = 2g(J∇_wv, w^′) = − 2g(∇_wv, Jw^′) = − 2b(w, Jw^′) = 2β(w, w^′) in view of (1.9) with b = ∇dτ and (3.5). This completes the proof. ■ The coordinate form of the identity (1.15) gives (3.7) r_{jk}u^k = u^k_{,jk} for a C^2 vector field u with δu = 0 , e.g., in the case where u is a Killing field. Applied to the Killing field u = J(∇τ), where τ is a Killing potential on a Kähler manifold (M, g), (3.7) easily yields (3.8) 2ı_v r = − dΔτ , where v = ∇τ .

In fact, J^p_k u^k = − v^p (i.e., Ju = − v, as u = Jv), while J^p_l u_p = τ_{,l} since, for any vector w, w^lJ^p_l u_p = g(Jw, u) = − g(w, Ju) = g(v, w) = d_wτ = w^lτ_{,l}. Thus, the relations ∇J = 0, u_{p,k} + u_{k,p} = 0 along with (3.7) and (2.3) give τ_{,lk}^k = (J^p_l u_p)_{,k}^k = J^p_l u_{p,k}^k = − J^p_l u_{k,p}^k = − J^p_l r_{pk}u^k = ρ_{kl}u^k = − ρ_{lk}u^k = r_{lp}J^p_k u^k = − r_{lp}v^p. Thus, δb = − ı_v r, with v and b as in (1.14). Combined with (1.14), this yields (3.8).

Finally, applying to (3.8) the divergence operator δ and using (1.6), we obtain the formula ([26], [6], [7]): for any Killing potential τ in a Kähler manifold, (3.9) Δ^2τ + 2⟨r , ∇dτ⟩ + g(∇s, ∇τ) = 0 . §4. Conformally-Einstein Kähler metrics

For the Ricci tensors r̃, r and scalar curvatures s̃, s of two conformally related pseudo-Riemannian metrics g and g̃ = g/τ^2 in any real dimension n, we have, with ∇ and Δ = g^{jk}∇_j ∇_k corresponding to g, (4.1) r̃ = r + (n − 2) τ^{−1}∇dτ + [ τ^{−1}Δτ − (n − 1)τ^{−2}Q ] g , (4.2) s̃ = sτ^2 + 2(n − 1) τ Δτ − n(n − 1)Q , where (4.3) Q = g(∇τ, ∇τ) . (See, for instance, [15, (16.13)].) In view of (4.1), g̃ is Einstein if and only if (4.4) (n − 2) ∇dτ + τ r = Φg , where Φ = (1 − 2/n)Δτ + sτ/n . Remark 4.1. Although relation (4.4) (as well as (4.6) below) are directly established only in the open set with τ ≠ 0, they are automatically valid everywhere in M. In fact, the left-hand sides are zero both in the set where τ ≠ 0 and in the interior of the zero level τ^{−1}(0), while the union of these two open sets is clearly dense in M. Consequently, equalities (4.5), (4.7), (4.8) below then hold everywhere in M as well.

We now proceed to study Kähler metrics which are locally conformally Einstein.

Lemma 4.2. Let (M, g) be a pseudo-Riemannian Kähler manifold of any real dimension n ≥ 4 with a nonconstant C^∞ function τ : M → R, and let g̃ be the conformally related metric defined, wherever τ ≠ 0, by g̃ = g/τ^2. If g̃ is Einstein, then τ is a Killing potential on M.

In fact, this is clear from Remark 3.1 as, by (4.4), the Hermitian symmetry of ∇dτ follows from that of g and r (cf. (2.1) – (2.2)). (The final phrase ‘on M ’ is added to emphasize that (3.2) with v = ∇τ must hold everywhere in M even in the case where τ : M → R is allowed to vanish somewhere; see Remark 4.1.) ■

Suppose now that (M, g), n and τ are as in Lemma 4.2, and the metric g̃ = g/τ^2 is Einstein on M ∖ τ^{−1}(0). Applying to both sides of (4.4) the operator ı_v for v = ∇τ and using (1.12), (1.4) and (3.8), we then obtain, with Q = g(∇τ, ∇τ),

(4.5) 2 sτ dτ + 2(n − 2)(Δτ) dτ + nτ dΔτ − n(n − 2) dQ = 0 .

On the other hand, since g̃ is Einstein, s̃ in (4.2) must be constant, and taking the differential of (4.2) we get

(4.6) 2 sτ dτ + τ^2ds + 2(n − 1)[(Δτ) dτ + τ dΔτ] − n(n − 1) dQ = 0 .

Subtracting (4.5) from (4.6) or, respectively, adding (1 − n) times (4.5) to (n − 2) times (4.6), we now see that, whenever g̃ = g/τ^2 is Einstein, we have

(4.7) τ^2ds + 2(Δτ) dτ + (n − 2)τ dΔτ − n dQ = 0 , with Q = g(∇τ, ∇τ) ,

(4.8) (n − 1)(n − 4) dΔτ + (n − 2)τ ds − 2 s dτ = 0 .

Note that we canceled a τ factor to obtain (4.8), which is possible for reasons stated in Remark 4.1.

Proposition 4.3. Suppose that τ : M → R is a nonconstant C^∞ function on a pseudo-Riemannian Kähler manifold (M, g), of any real dimension n > 4, such that the conformally related metric g̃ = g/τ^2, defined wherever τ ≠ 0, is Einstein. Then, locally in the open set where dτ ≠ 0, each of the functions s , g(∇τ, ∇τ) , Δτ is a function of τ. The symbol s stands, as usual, for the scalar curvature of g.

Proof. Applying d to both sides of (4.8), we obtain n dτ ∧ ds = 0, which proves our assertion for the function s. Similarly, taking the exterior derivative of of (4.7) and using our assertion for s, we see that (n − 4)dτ ∧ dΔτ = 0. Our assertion has thus been established also for the functions s and Δτ. Now (4.2) (with a constant s̃) yields our assertion for Q = g(∇τ, ∇τ) as well. This completes the proof. ■

Remark 4.4. The part of the above assertion concerning s clearly remains valid when n = 4. More precisely, (4.8) with n = 4 gives τ ds − s dτ = 0, so that, in every connected component of the open set where s ≠ 0, τ is a constant multiple of s (see also [14]).

§5. One particular type of Killing potentials

By a ρ-ω potential on a Riemannian manifold (M, g) we mean any C^∞ function τ : M → R such that

(5.1) ∇dτ + χ r = σg

for some C^∞ functions σ, χ : M → R. For instance, by (4.4), condition (5.1) holds for suitable σ and χ whenever the metric g̃ = g/τ^2 on M ∖ τ^{−1}(0) is Einstein. (See also Example 5.2 below.)

Lemma 5.1. Let a C^∞ function τ on a Kähler manifold (M, g) satisfy (5.1) with some C^∞ functions χ and σ. Then τ is a Killing potential, i.e., u = J(∇τ) is a Killing field on (M, g). Furthermore,

(5.2) dξ = 2 [σω − χρ] , with ξ = ı_vω and v = ∇τ .

In fact, τ is a Killing potential in view of Remark 3.1(a), (c) along with (2.2) for b = g and b = r. As for (5.2), it is nothing else than (3.6). (Note that ξ = g(J(∇τ), · ) = ω(∇τ, · ), cf. (2.1) and (1.3)).) ■

A C^∞ function τ : M → R on a Riemannian manifold (M, g) will be called a special ρ-ω potential if it satisfies condition (5.1) with some σ, χ of class C^∞ such that

(5.3) dσ ∧ dτ = dχ ∧ dτ = 0 everywhere in M ,

(5.4) dχ ≠ 0 on a dense open subset of M .

Condition (5.3) amounts to requiring that, locally, at points with dτ ≠ 0, both σ and χ be functions of τ. As for (5.4), it does not follow from (5.1) and (5.3). (See §21.)

Example 5.2. Let τ : M → R be a nonconstant C^∞ function on a Kähler manifold (M, g) of real dimension n > 4 such that the metric g̃ = g/τ^2, defined on the open set U where τ ≠ 0, is Einstein. Then τ is a special ρ-ω potential on (M, g). (This is immediate from (4.4), Proposition 4.3 and (3.3).)

Although it is Example 5.2 that makes special ρ-ω potentials interesting for us, it will nevertheless be convenient to discuss them in full generality (on Kähler manifolds). Such general examples will be presented in §12, and preceded by some simpler examples (see §9) on product manifolds. We start here by discussing a class 2-dimensional examples which will provide one of the factors for such products.

In dimension 2, equation (5.1) clearly amounts to (5.5) ∇dτ = [Δτ/n]g with n = 2. Assuming that the Riemannian surface in question is oriented, we may treat it as a Kähler manifold of complex dimension 1, with the obvious complex structure tensor J. The following well-known lemma states that, on oriented Riemannian surfaces, functions τ with (5.5) for n = 2 are nothing else than Killing potentials for Killing fields (as defined in §3).

Lemma 5.3. Let (M, g) be an oriented Riemannian surface, and let us set n = 2. For every C^∞ function τ : M → R satisfying (5.5), formula u = J(∇τ) defines a holomorphic Killing vector field on (M, g). Conversely, every Killing field u on (M, g) is holomorphic and, locally, there exists a C^∞ function τ, unique up to an additive constant, with u = J(∇τ) and (5.5).

In fact, a function τ with (5.5) must be a Killing potential in view of Lemma 5.1, and so u = J(∇τ) is holomorphic and Killing by Remark 3.2. On the other hand, let u be a Killing field. Since the vector bundle morphism ∇u : T M → T M (cf, (1.1)) is skew-adjoint, it must, for dimensional reasons, coincide with σJ for some function σ. In particular, ∇u commutes with J, i.e., u is holomorphic. Setting v = − Ju we now obtain ∇_wv = − J(∇_wu) = − JσJw = σw for all vectors w, which, according to Remark 3.2 and (1.9), is nothing else than (5.5) for τ chosen to be a (local) Killing potential for u. ■

Remark 5.4. Equation (5.1) becomes (5.5) when the Riemannian manifold in question is Einstein or 2-dimensional. This can be again rewritten as (5.1) with a completely arbitrary choice of χ (and a suitable σ). Hence, in this case, whether (5.3) or (5.4) (or both) are satisfied may depend on the choice of χ. Choosing χ = 0 we then automatically have (5.3) (but not (5.4)). More precisely, dψ ∧ dτ = 0 for ψ = Δτ/n whenever a C^∞ function τ satisfies (5.5) on a Riemannian manifold of any dimension n. In fact, applying the operator ı_v for v = ∇τ to the equality ∇dτ = ψg and using (1.12) and (1.4), we obtain dQ = 2ψ dτ and so 0 = ddQ/2 = dψ ∧ dτ, as required.

Riemannian (and pseudo-Riemannian) manifolds admitting (nonconstant) C^∞ functions τ with (5.5) have been studied extensively; see, e.g., [24] and the references therein. Note that (5.5) means that v = ∇τ is both a gradient and a conformal vector field. A special case of (5.5) is also briefly discussed in §21.

§6. Some ordinary differential equations

Let m ≥ 2 be a fixed integer. In the space R^7 with the Cartesian coordinates (Q, Y, ϕ, ψ, λ, μ, s), we denote Z the function of (Q, Y, ϕ, ψ, λ, μ, s) given by

(6.1) Z = 2(m − 1)(ψ − ϕ) λ − μ wherever λ ≠ μ .

We will study the system

(6.2) dQ = 2ψ dτ , dY = − 2μ dτ , Q dϕ = 2(ψ − ϕ)ϕ dτ , Q dψ = [2(m − 1)(ϕ − ψ)ϕ − μQ] dτ , Q dλ = 2(μ − λ)ϕ dτ ,

(6.3) QZ dμ = [ 2(m − 1)μQ + (λ − μ)Q + 4(m − 1)^2(ψ − ϕ)ϕ ] dτ , Z ds = 2[(2m − 3)μ + λ] dτ ,

of seven ordinary differential equations, imposed on the septuple (Q, Y, ϕ, ψ, λ, μ, s), the constituents of which now are treated as unknown C^1 functions of the real variable τ, with

(6.4) (λ − μ)(ϕ − ψ)Q ≠ 0 everywhere in the open interval of the variable τ on which such a septuple (Q, Y, ϕ, ψ, λ, μ, s) is defined. In other words, we are studying the vector field corresponding to (6.2) – (6.3) in the open subset of R^7 defined by the inequality (6.4).

We will often assume that, besides (6.2) – (6.3), the septuple (Q, Y, ϕ, ψ, λ, μ, s) also satisfies the following constraints (see (6.9) and Corollary 7.3 below): (6.5) Y = 2ψ + 2(m − 1)ϕ , s = 2μ + 2(m − 1)λ , Z = τ . The system (6.2) – (6.5) arises in our classification (in §4 and §7) of conformally- Einstein Kähler manifolds in complex dimensions m > 2. If such a Kähler metric happens to be a Riemannian product (see §15), we obtain a “special” solution to (6.2) – (6.5), namely, one in which λ is constant and ϕ = 0 identically. These special solutions are easy to classify (see §14); it is the remaining case, in which (6.6) ϕ ≠ 0 everywhere in the open interval, that will require further discussion. Among solutions to (6.2) – (6.5) which satisfy (6.6), we will separately deal with those having (6.7) p ≠ 0 , where p is the constant appearing in (6.11) below, as they are quite different from solutions to (6.2) – (6.6) with p = 0. (The latter are classified in §17.) Lemma 6.1. Let Z be as in (6.1). Each of the following six functions of the octuple (Q, Y, ϕ, ψ, λ, μ, s, τ), defined wherever the inequality (6.4) holds, namely: p and κ, given by (6.8) 2p = 2Z − Q/ϕ , κ = (ϕY + λQ)/|ϕ| , the functions (6.9) 2ψ + 2(m − 1)ϕ − Y , 2μ + 2(m − 1)λ − s , Z − τ , and the function γ, with (6.10) mγ = [μ + (m − 1)λ]Z^2 + 2(2m − 1)[ψ + (m − 1)ϕ]Z − m(2m − 1)Q , then is an integral of the system (6.2) – (6.3), i.e., is constant along any solution to (6.2) – (6.3).

Furthermore, the three functions of τ given by (6.11) 2ψ + 2(m − 1)ϕ − Y , 2p = 2τ − Q/ϕ , κ = (ϕY + λQ)/|ϕ| are constant whenever (Q, Y, ϕ, ψ, λ, μ, s) satisfy (6.2) alone. Proof. From (6.2) we have d[Q/ϕ]/dτ = 2 and (6.12) d[2ψ + 2(m − 1)ϕ]/dτ = − 2μ , which clearly implies the clause about (6.11). Similarly, Z − τ and 2μ + 2(m − 1)λ − s are constant (cf. the last equation in (6.3)) since, by by (6.1) – (6.3),

(6.13) dZ dτ = 1 and d dτ [2μ + 2(m − 1)λ] = 2 Z [(2m − 3)μ + λ] .

Also, evaluating m dγ/dτ (for mγ given by (6.10)) from (6.13), (6.12) and the equation dQ/dτ = 2ψ in (6.2), and then replacing Z with the right-hand side of (6.1), we now find that dγ/dτ = 0. Finally, constancy of the functions (6.8) and 2ψ + 2(m − 1)ϕ − Y is clear from that of (6.11). This completes the proof. ■ The solutions (Q, Y, ϕ, ψ, λ, μ, s) to equations (6.2) – (6.3) that are of particular geometric interest are those which, in addition, satisfy (6.5), i.e., for which the integrals (6.9) are all zero. (See Corollary 7.3 in §7.) A solution (Q, Y, ϕ, ψ, λ, μ, s) to (6.2) – (6.5) must also satisfy the relations

(6.14) 2(λ − μ) = 2mλ − s ,

(6.15) τ ds/dτ = (2m − 3)s − (2m − 1)(2m − 4)λ .

In fact, the second equality in (6.5) gives (6.14) and 2μ = s + (2 − 2m)λ, so that 2(2m − 3)μ = (2m − 3)[s + (2 − 2m)λ]. Consequently, the last equation in (6.3) with Z = τ (cf. (6.5)) is nothing else than (6.15).

Suppose that (Q, Y, ϕ, ψ, λ, μ, s) form a C^1 solution to equations (6.2) – (6.5), defined on some interval of the real variable τ. Denoting p the first constant in (6.8), we then have

(6.16) Q = 2(τ − p)ϕ

(by (6.8) with Z = τ) which, for reasons of continuity, holds in the whole interval.

§7. More on ρ-ω potentials We now proceed to prove several lemmas which later, in §13, will enable us to classify special ρ-ω potentials (locally, at points “in general position”). Lemma 7.1. Let a nonconstant C^∞ function τ : M → R on a Kähler manifold (M, g) of any complex dimension m ≥ 2 satisfy (5.1) and (5.3), (5.4) with some C^∞ functions χ and σ. If v and u are the vector fields on M given by v = ∇τ and u = Jv, and M^′ ⊂ M denotes the open set where dτ ≠ 0, then V = Span (v, u) is a 2-dimensional distribution on M^′, and

(7.1) T M^′ = V ⊕ H , with H = V^⊥ ,

while, setting Q = g(∇τ, ∇τ) we have (7.2) g(v, v) = g(u, u) = Q , g(v, u) = 0 . Moreover,

(i) The vector fields v, u on M are holomorphic and [v, u] = 0. (ii) The distribution V on M^′ is integrable and its leaves are totally geodesic.

(iii) The distribution H is invariant under the flows of both v and u. (iv) The distributions V and H are both J-invariant, as well as g-ortho-gonal, and (7.3) r(V, H) = (∇dτ)(V, H) = {0} , that is, V and H are both r-orthogonal and ∇dτ-orthogonal to each other. Furthermore,

(7.4) r = μg on V , r = λg on H , ∇dτ = ψg on V , ∇dτ = ϕg on H , with the “eigenvalue functions” λ, μ, ϕ, ψ characterized by

(7.5) λ = dσ/dχ , 2μ = s + (2 − 2m)λ , ϕ = σ − χλ , 2ψ = 2σ − s χ + 2(m − 1)χλ , in the open dense set where dχ ≠ 0, and, at points with λ ≠ μ,

(7.6) χ = ψ − ϕ λ − μ , σ = ψλ − ϕμ λ − μ . (iv) For λ, μ, ϕ, ψ as in (iv) and v = ∇τ, u = Jv,

(7.7) Δτ = 2ψ + 2(m − 1)ϕ , s = 2μ + 2(m − 1)λ ,

(7.8) ∇_vv = − ∇_uu = ψv , ∇_vu = ∇_uv = ψu . Proof. Assertion (i) is immediate from Lemma 5.1, Remark 3.1(b), (3.2) (which implies [J, ∇u] = 0 as ∇u = J ∘ (∇v)), and (3.1).

Furthermore, at points with dτ ≠ 0, we have, for some function G, (7.9) (dχ/dτ) ρ − (dσ/dτ) ω = G ξ ∧ dτ , with ξ = ı_vω . In fact, applying d to (5.2) we obtain 0 = ddξ/2 = β^′ ∧ dτ, where β^′ denotes the left-hand side of (7.9). Thus, wherever dτ ≠ 0, β^′ = ζ ∧ dτ for some 1-form ζ. In the open set where dτ ≠ 0, the nullspace distribution H = Ker β^′ of β^′, formed by all tangent vectors w with ı_wβ^′ = 0, is (by (1.3) and (1.16)) nothing else than the intersection of Ker ζ and Ker dτ. In other words, H = w^⊥ ∩ v^⊥, where v = ∇τ and w is the vector field with ζ = ı_wg. On the other hand, b^′ = (dχ/dτ) r − (dσ/dτ)g is a Hermitian tensor, related to β^′ as in (3.5) (cf. (2.1), (2.2)), so that Ker β^′ = Ker b^′ and Ker b^′ is J-invariant. Hence [Ker b^′]^⊥ = Span (v, w) is J-invariant as well. Therefore, at every point with dτ ≠ 0, our w is a combination of v and u = Jv, and so ζ = ı_wg is a combination of dτ = ı_vg and ξ = ı_ug (cf. (1.4), (3.4)). Thus, ζ ∧ dτ = G ξ ∧ dτ for some G, which proves (7.9).

Since H = u^⊥ ∩ v^⊥, we obviously have H^⊥ = V with V = Span (v, u). Furthermore, as H = Ker ξ ∩ Ker dτ, the left-hand side of of (7.9) annihilates H, i.e., nonzero vectors in H are, at every point with dτ ≠ 0 ≠ dχ, eigenvectors of r for the eigenvalue (dσ/dτ)/(dχ/dτ) = dσ/dχ. Now (5.1) (along with the fact that V is J-invariant) yields assertion (iv). Also, (7.7) follows from (7.4) and the relations Trace r = s, Δτ = Trace ∇dτ. On the other hand, we easily obtain (7.8) using the fact that ∇_vv = ψv by (7.4), while the other three relations in (7.8) follow from the first one since J is parallel and we have [v, u] = 0 and (1.2). This in turn yields (ii).

Let w now be any vector field which commutes with v and u, so that ∇_vw = ∇_wv, ∇_uw = ∇_wu. (Such fields w exist, locally, and realize all vectors at any given point x, as one verifies by prescribing w along a submanifold N with x ∈ N and T_xN = H_x, and then spreading it over a neighborhood of x using the flows of v and u, cf. (i).) Therefore, setting ϑ = g(v, w) and ϑ^′ = g(u, w) and using the Leibniz rule along with (7.8), (1.9), (7.4) and the fact that ∇v is self-adjoint (as v = ∇τ), while ∇u is skew-adjoint (as u is Killing), we now obtain d_vϑ = 2ψϑ, d_vϑ^′ = 2ψϑ^′, d_uϑ = d_uϑ^′ = 0. (For instance, d_vϑ = 2ψϑ since d_vϑ = g(∇_vv, w) + g(v, ∇_vw), while g(v, ∇_vw) = g(v, ∇_wv) = g(∇_vv, w).) If ϑ = ϑ^′ = 0 at one point of a leaf of V, it follows now that ϑ = ϑ^′ = 0 along the whole leaf. This implies (iii), and completes the proof. ■

Lemma 7.2. Let a nonconstant C^∞ function τ : M → R be a special ρ-ω potential on a Kähler manifold (M, g) of some complex dimension m ≥ 2, i.e., satisfy conditions (5.1), (5.3), (5.4) with suitable C^∞ functions χ and σ. If (7.10) Q , Y , ϕ , ψ , λ , μ , s is the septuple of functions defined wherever dτ ≠ 0 and consisting of Q = g(∇τ, ∇τ), Y = Δτ, the eigenvalue functions ϕ, ψ, λ, μ characterized by (7.4), and the scalar curvature s of g, then

(a) In a neighborhood of any point with dτ ≠ 0, each of the seven functions (7.10) is a function of τ.

(b) The septuple (7.10) satisfies equations (6.2) at points with dτ ≠ 0.

Proof. Let us refer to the five equations forming (6.2) as (6.2)i) – (6.2)v) (cf. §1). We will successively prove them in the open subset M^′ of M on which dτ ≠ 0.

The first relation (6.2)i) is, in our case, immediate from (1.12) and (1.3), along with (7.4) and (1.4). On the other hand, using (3.8) we see that dΔτ = − 2ı_v r which, by (7.4), implies (6.2)ii) with Y = Δτ. Thus, by (7.7),

(7.11) 2μ dτ = (2 − 2m) dϕ − 2 dψ .

Also, from (1.14) and (3.8), δ(∇dτ) = dΔτ/2 and so, by (6.2)ii), (7.12) δ(∇dτ) = − μ dτ . Hence, applying the divergence operator δ to (5.1) and using (1.10), (1.6) and (1.4), we see that − μ dτ + (dχ/dτ)ı_v r + χ ds/2 = dσ, where v = ∇τ. As ı_v r = μ dτ by (7.4) and (1.4), this gives χ ds = 2[(dσ/dτ) + μ − (dχ/dτ)μ] dτ. Consequently, χ ds ∧ dτ = 0. However, χ ≠ 0 on a dense subset of M^′. (In fact, any open set on which χ = 0 must be empty by (5.4).) Thus, ds ∧ dτ = 0, i.e., ds equals a function times dτ, which proves that s is, locally, a function of τ. The same is true for Q and Y = Δτ (since we already proved (6.2)i), (6.2)ii)), as well as for χ and σ (since we assume (5.3)) and hence, by (7.5), also for λ, μ, ϕ and ψ. This proves (a).

Furthermore, applying the divergence operator δ to the equality ∇_vv = ψv (see (7.8)), we obtain ı_v(δb) + ⟨b, b⟩ = d_vψ + ψΔτ, where v = ∇τ and b = ∇dτ. (In fact, the two left-hand sides coincide due to the obvious local-coordinate equality [τ^{,k}τ_{,jk}]^{,j} = τ^{,k}τ_{,jk}^j + τ_{,jk}τ^{,jk}, while the right-hand sides do so in view of (1.10).) However, by (7.12) and (1.11), ı_v(δb) = − μ d_vτ = − μQ. Thus, in view of Lemma 7.1(iv), the preceding relation can be rewritten as −μQ + 2ψ^2 + 2(m − 1)ϕ^2 = d_vψ + [2ψ + 2(m − 1)ϕ]ψ, i.e., d_vψ = 2(m − 1)(ϕ − ψ)ϕ − μQ. Both sides of (6.2)iv) thus yield the same value under ı_v and, since they both are functional multiples of dτ (by (a)), while d_vτ ≠ 0 by (1.11), they must be equal. We thus have shown (6.2)iv). Replacing dψ in (7.11) with the expression resulting from (6.2)iv), we now also obtain (6.2)iii).

To establish (6.2)v), we will separately prove it in two open sets whose union is dense in M^′, namely: the interior U of the set given by ϕ = 0, and the open subset on which ϕ ≠ 0. To prove (6.2)v) in U, it suffices to show it holds everywhere in the open set U^′ ⊂ U characterized by the additional requirement that χ dχ ≠ 0. (That U is dense in U is clear from (5.4), cf. the argument following (7.12).) By (7.5) we have, in U^′, σ = χλ and dσ = λ dχ, so that χ dλ = 0, i.e., dλ = 0. This, with ϕ = 0, yields (6.2)v) in U^′, and hence in U.

Finally, to prove (6.2)v) at points where ϕ ≠ 0, note that combining (6.2)iii) with (6.2)i) we obtain d(Q/ϕ) = 2 dτ. On the other hand, we have, by (7.4), ⟨r, ∇dτ⟩ = 2ψμ + 2(m − 1)ϕλ, while, as a consequence of relations (6.2)ii), (1.10) and (7.7), −Δ^2τ = − δ (dΔτ) = 2 δ (μ dτ) = 2 d_vμ + 2μΔτ = 2 d_vμ + 4ψμ + 4(m − 1)ϕμ, with v = ∇τ. This, along with (7.4), allows os to rewrite (3.9) as − [2 d_vμ + 4ψμ + 4(m − 1)ϕμ] + 2[2ψμ + 2(m − 1)ϕλ] + d_vs = 0. In other words, as s = 2μ + 2(m − 1)λ (by (7.7)), 2(m − 1)d_vλ = d_v(s − 2μ) = 4(m − 1)(μ − λ)ϕ. This in turn implies (6.2)v) since, as we just saw, both sides of (6.2)v) give the same value under ı_v (by (1.11)) and, by (a), they both are functional multiples of dτ (cf. the argument above that led to (6.2)iv)). This completes the proof. ■

Corollary 7.3. Let τ : M → R be a nonconstant C^∞ function on a Kähler manifold (M, g) of complex dimension m > 2 such that the metric g̃ = g/τ^2, defined wherever τ ≠ 0, is Einstein. Then, in the open set of all points at which τ dτ ≠ 0 and the Ricci tensor is not a multiple of g, the functions Q, Y, ϕ, ψ, λ, μ, s with Q = g(∇τ, ∇τ), Y = Δτ, s denoting the scalar curvature of g, and ϕ, ψ, λ, μ as in (7.4), satisfy conditions (6.2) – (6.5).

Proof. Since τ is a special ρ-ω potential on (M, g) (Example 5.2), Lemma 7.2(b) and (7.7) give (6.2) and the first two equalities in (6.5). Furthermore, wherever (λ − μ) dτ ≠ 0, we have Z = τ, with Z given by (6.1). In fact, (4.4) is a special case of (5.1), with χ = τ/(2m − 2), while χ is simultaneously given by (7.6) (see Lemma 7.1(iv)). This yields (6.5).

Applying d to both sides of the equality Z = τ (with Z given by (6.1)), and using the expressions for dϕ, dψ and dλ provided by (6.2), we now easily obtain the first relation in (6.3). The second one is in turn immediate from the first along with the formula for dλ in (6.2) and the second equality in (6.5).

Finally, we have (6.4) at the points in question since Q ≠ 0 (as dτ ≠ 0), λ ≠ μ (as r is not a multiple of g) and ϕ ≠ ψ (for otherwise ∇dτ would be a multiple of g at the given point, which, by (4.4) with τ ≠ 0, would imply the same for r).

This completes the proof. ■

§8. Reducibility and ρ-ω potentials

Recall that special ρ-ω potentials are those functions τ which satisfy (5.1) and (5.3), (5.4) for some χ and σ.

Lemma 8.1. Let a nonconstant C^∞ function τ : M → R be a special ρ-ω potential on a Kähler manifold (M, g) of any complex dimension m ≥ 2, and let (Q, Y, ϕ, ψ, λ, μ, s) be the septuple appearing in (7.10). Then

(i) Locally, at points with ϕ dτ ≠ 0, there exist constants p and κ with

(8.1) Q ϕ = 2(τ − p) and λQ + ϕΔτ |ϕ| = κ . (ii) For any two C^1 vector fields w, w^′, defined in the open set M^′ where dτ ≠ 0 and orthogonal to v = ∇τ and u = Jv, a) If, in addition, w, w^′ commute with both v and u, then (8.2) ∇_vw = ∇_wv = ϕw , ∇_uw = ∇_wu = ϕJw , (8.3) d_vΨ = d_uΨ = 0 for Ψ = ϕ Q g(w, w^′) . b) The V components of ∇_ww^′ and the Lie bracket [w, w^′] relative to the decomposition (7.1) with V = Span (v, u) and H = V^⊥ are

(8.4) [∇_ww^′]^{vrt} = − ϕ Q [g(w, w^′)v + ω(w, w^′)u] , (8.5) [w, w^′]^{vrt} = − 2ϕ Q ω(w, w^′)u . Proof. (i) is immediate from Lemma 7.2(b) and the final clause of Lemma 6.1. Let w, w^′ now satisfy the assumptions of (ii). Thus, the expression g(∇_wv, w^′) = (∇dτ)(w, w^′) = ϕg(w, w^′) (cf. (1.9) and (7.4)) is symmetric in w, w^′. Since g(∇_wv, w^′) = g(∇_vw, w^′) whenever w, w^′ commute with v, this gives d_vΥ = 2ϕΥ for the function Υ = g(w, w^′). Similarly, g(∇_wu, w^′) = g(∇_w(Jv), w^′) = g(J(∇_wv), w^′) = − g(∇_wv, Jw^′) = − (∇dτ)(w, Jw^′) = − ϕg(w, Jw^′) = ϕ ω(w, w^′) (cf. (1.9), (7.4), (2.1)) is skew-symmetric in w, w^′. As g(∇_wu, w^′) = g(∇_uw, w^′) whenever w, w^′ commute with u, its skew-symmetry implies d_uΥ = 0 for Υ = g(w, w^′). On the other hand, by (8.1), d(ϕ/Q) = −(ϕ/Q)^2 d(Q/ϕ) = −2(ϕ/Q)^2 dτ and, as d_vτ = Q (see (1.11)) and d_uτ = g(u, v) = 0, we have d_v(ϕ/Q) = −2ϕ^2/Q and d_u(ϕ/Q) = 0. Since Ψ in (8.3) equals (ϕ/Q)Υ , the above formulae for d_vΥ and d_uΥ now yield (8.3).

Moreover, g(∇_wv, w^′) = − g(v, ∇_ww^′) (and similarly for u instead of v). This proves (8.4); in fact, the above formulae for g(∇_wv, w^′) and g(∇_wu, w^′) now show that both sides of (8.4) have the same inner product with u and v (cf. (7.2)), while V = Span (v, u). Now (8.5) is immediate from (8.4) and (1.2).

Finally, for w, w^′ as in (ii)a), the covariant derivatives listed in (8.2) are all orthogonal to v and u (by (7.8) and the Leibniz rule), while their inner products with any horizontal vector field w^′ are given by the relations g(∇_wv, w^′) = ϕg(w, w^′) and g(∇_wu, w^′) = ϕ ω(w, w^′) established above. Now (8.2) follows, as both sides of each of the four equalities in (8.2) yield the same inner products with v, u and any such w^′. This completes the proof. ■

Corollary 8.2. Let a nonconstant C^∞ function τ : M → R on a Kähler manifold (M, g) of some complex dimension m ≥ 2 satisfy conditions (5.1), (5.3), (5.4) with some C^∞ functions χ and σ, and let x ∈ M be a point at which dτ ≠ 0 and the Ricci tensor r(x) is not a multiple of g(x). Then the following two conditions are equivalent:

(a) ϕ = 0 identically in a neighborhood of x, where ϕ is the function appearing in (7.4).

(b) g restricted to a neighborhood of x is decomposable, as a Kähler metric, into a Riemannian product of two Kähler metrics in lower dimensions.

Moreover, if a decomposition as in (b), exists, then there exists one for which V and H = V^⊥, defined in Lemma 7.1, are the factor distributions.

Proof. Assuming (a), let us choose a connected neighborhood U of x with ϕ = 0 and dτ ≠ 0 everywhere on U. The distribution V = Span (v, u) is parallel on U since, by (7.8) and (8.2), the covariant derivatives of v and u in all directions lie in V. Hence, making U smaller if necessary, we conclude that V and H = V^⊥ are the factor distributions for a Riemannian-product decomposition of g on U which (as V and H are J-invariant, cf. Lemma 7.1(iv)) is also a product decomposition of the Kähler manifold (U, g). Thus, (a) implies (b).

Conversely, let us assume (b). Since, near x, λ ≠ μ (notation of (7.4)), for any Riemannian-Kähler product decomposition of a neighborhood of x the distribution V defined in Lemma 7.1 is contained in the tangent bundle of one of the factors. Applying (8.4) to a nonzero vector w = w^′ tangent to the other factor, we now obtain ϕ = 0. This completes the proof. ■

§9. Riemannian-product examples

Lemma 9.1. Suppose that τ : M → R is a C^∞ function on a Riemannian manifold (M, g) and V is a distribution on M such that, setting H = V^⊥, we have (7.3) and (7.4) for some functions λ, μ, ϕ, ψ on M. Furthermore, let U ⊂ M be the open set of all points at which λ ≠ μ, i.e., r is not a multiple of g. Then equation (5.1) holds everywhere in U with σ and χ given by (7.6).

In fact, (7.6) gives ψ + χμ = σ and ϕ + χλ = σ, so that (7.4) yields (5.1). ■

Example 9.2. We will now construct C^∞ functions τ : M → R on suitable Riemannian-product manifolds (M, g) of any real dimension n ≥ 4 which are special ρ-ω potentials, i.e, satisfy (5.1) and (5.3), (5.4) for some χ and σ while, in addition, dτ ≠ 0 and r − sg/n ≠ 0 everywhere in M, and ϕ = 0 identically, ϕ being the function appearing in (7.4). (Cf. also Corollary 8.2.)

To this end, we choose oriented Riemannian manifolds (N, h) and (P, η) with dim P = 2, and let M = N ×P be endowed with the metric g which is the product of h and η. In addition, we assume that (P, η) admits a function τ satisfying (5.5) (with n = 2, and η instead of g) and having dτ ≠ 0 everywhere; according to Lemma 5.3, this amounts, locally, to assuming that (P, η) admits a nontrivial Killing field u (namely, u = J(∇τ)) and then replacing P with an open subset in which u has no zeros. Let us treat τ as a function M → R constant in the direction of the N factor. A further assumption we make is that (N, h) is Einstein, so that its Ricci tensor equals r^{(h)} = λh for a constant λ, and that the Gaussian curvature μ of (P, η) has μ ≠ λ everywhere in P . Let V and H now denote the P and N factor distributions on M. Conditions (7.3) and (7.4) are obviously satisfied by λ, μ just described, ϕ = 0, and ψ = Δτ/2 (cf. (5.5)). By Lemma 9.1, we thus have (5.1) everywhere in (M, g), with σ and χ defined by (7.6). Thus, we have (5.3) as well, since ϕ and λ are constant, while ψ and μ are, locally, functions of τ in view of Remark 5.4 and the fact that the Gaussian curvature μ is invariant under the flow of the Kiling field u = J(∇τ) in (P, η).

As for condition (5.4), it will be satisfied once we replace P with an open subset on which (λ − μ) dψ + ψ dμ ≠ 0. (This is clear from (7.6) with ϕ = 0 and dλ = 0.)

If, in addition, (N, h) is a Kähler-Einstein manifold, our (M, g) is a product Kähler manifold.

§10. Submersions and horizontal vectors

For any submersion π : M → N we will denote V = Ker dπ its vertical distribution.

Throughout this section we assume that π : M → N is a C^∞ submersion with π(M) = N, while M is endowed with a fixed Riemannian metric g. This gives rise to the horizontal distribution H = V^⊥, with T M = V ⊕ H. The symbols w^{vrt} and w^{hrz} will stand for the V and H components of any vector or vector field w tangent to M.

Furthermore, g and its Levi-Civita connection ∇ naturally induce a connections ∇^{vrt} and ∇^{hrz} in V and H (treated as vector bundles over M), with

(10.1) ∇^{vrt}_w v = [∇_wv]^{vrt} , ∇^{hrz}_w v = [∇_wv]^{hrz}

for vector fields w and C^1 vertical/horizontal vector fields v on M. On the other hand, since π(M) = N, we can now identify C^∞ vector fields on N with those C^∞ vector fields w on M which are both horizontal and projectable under π. The identification in question is achieved by the horizontal lift operation.

Remark 10.1. In the situation just described, we will always treat vector fields on N as nothing else than projectable horizontal vector fields w on M. Most of the time this will not lead to ambiguities in the notation; one important exception is, however, the Lie bracket. Although the Lie-bracket operation preserves projectability (in fact, in a “homomorphic” way, see [19]), it usually does not preserve horizontality. However, all vertical vector fields are projectable (onto 0). These facts, combined, show that, for any projectable horizontal C^∞ vector fields w, w^′ on M, if [w, w^′] denotes their Lie bracket in M, then, under our identification,

(10.2) [w, w^′]^{hrz} is the Lie bracket of w and w^′ in N .

Remark 10.2. Let (M, g) be a Riemannian manifold with a surjective submersion π : M → N. Later (in §11 and §13) we will encounter situations such that (a) [w, w^′]^{vrt} = β(w, w^′)u for all horizontal vector fields w, w^′ of class C^1, and (b) [∇_uw]^{hrz} = Θw for all projectable horizontal vector fields w of class C^1, where (c) u is a specific vertical vector field on M, β is a differential 2-form on M, and Θ : H → H is a fixed vector-bundle morphism.

Conditions (a) – (c) are perfectly plausible. In (a), [w, w^′]^{vrt} is the “horizontal curvature form” of the “nonlinear connection” H and its dependence on w, w^′ is pointwise, i.e., the value of [w, w^′]^{vrt} at any x ∈ M depends only on w(x) and w^′(x). (To see this, multiply w or w^′ by a function.) In (b), projectable horizontal vector fields form a trivializing space of sections in the vector bundle H restricted to any of the submanifolds π^{−1}(y), y ∈ N, and this is why, for ∇^{hrz} as in (10.1), ∇^{hrz}_u makes sense as a bundle morphism. (See Remark 10.3 below.)

Remark 10.3. Let V be a trivializing space of C^∞ sections of a vector bundle E over a manifold P , that is, a vector space such that for every y ∈ P and Φ ∈ E_y there exists a unique Ψ ∈ V with Ψ(y) = Φ. For any fixed connection ∇ in E and any vector field u on P , we then may treat ∇_u as a bundle morphism E → E, sending any Φ ∈ E_y, y ∈ P , to (∇_uΨ)(y), with Ψ chosen as above for y and Φ.

§11. Horizontally homothetic submersions

Let (M, g) and (N, h) be Riemannian manifolds. We will call a given C^∞ submersion π : M → N horizontally homothetic if, for some function f : M → (0, ∞),

(11.1) π^∗h = fg on H , with [∇f]^{hrz} = 0 .

In other words, the pullback tensor π^∗h agrees with fg on the horizontal distribution H, while f has a vertical gradient, i.e., is constant along all horizontal curves.

Lemma 11.1. Let π : M → N be a horizontally homothetic, surjective submersion between Riemannian manifolds (M, g) and (N, h), and let ∇ and D stand for the Levi-Civita connections of g and h, respectively. If w, w^′ are projectable horizontal C^∞ vector fields on M and we treat them, according to Remark 10.1, as vector fields on N, then [∇_ww^′]^{hrz} is projectable and

(11.2) D_ww^′ = [∇_ww^′]^{hrz} .

Proof. Equality (1.18) holds, as written, for g, ∇ and any projectable horizontal C^∞ vector fields u, v, w on M. Due to the inner products involved, it will obviously remain valid when all Lie brackets in (1.18), as well as ∇_wv on the left-hand side, are replaced by their horizontal components. Since the function f in (11.1) is constant along u, v and w, (1.18) will still hold if, in addition, we replace every occurrence of g by fg. Finally, using (10.2) we see that this last modified version of (1.18) is also valid after [∇_wv]^{hrz} has been replaced by D_wv (since (1.18) holds for (N, h) as well). Both sides of (11.2) thus are horizontal vector fields on M having the same inner product with every horizontal field, and hence must coincide. This completes the proof. ■

Remark 11.2. A horizontally homothetic submersion π with π^∗h = fg on H obviously becomes a Riemannian submersion if one replaces g with the conformally related metric fg. The assertion of Lemma 11.1 thus can also be derived from its well-known special case for Riemannian submersions (see [4]), combined with the obvious expression for the Levi-Civita connections of fg in terms of ∇ and df.

Lemma 11.3. Let V = Ker dπ and H = V^⊥ be, as usual, the vertical and horizontal distributions of a holomorphic, surjective, horizontally homothetic submersion π : M → N between Kähler manifolds (M, g) and (N, h). Furthermore, let conditions (a) – (c) in Remark 10.2 hold for some u, β and a complex-linear morphism Θ : H → H. Denoting ρ, ρ^{(h)} and ζ the Ricci forms of g, h and, respectively, the curvature form, defined as in Remark 1.2, of the connection in the highest complex exterior power of V, induced by the connection ∇^{vrt} with (10.1), and letting Trace_CΘ : M → C stand for the pointwise trace of Θ, we then have

(11.3) ρ = ζ + π^∗ρ^{(h)} − i[Trace_CΘ]β on H = V^⊥ .

Proof. Let m and q be the complex dimensions of M and N, and let us fix the fol- lowing ranges for indices: a, b ∈ {1, . . . , m}, j, k ∈ {1, . . . , q}, λ, μ ∈ {q+1, . . . , m}. Locally, we can choose projectable horizontal vector fields w_j and vertical vector fields w_λ, which together trivialize the complex vector bundle T M on an open set U ⊂ M. Choosing the corresponding 1-forms Γ^b_a as in (1.20), we now have [∇_vw_j ]^{hrz} = Γ^k_j (v)w_k and [∇_vw_λ]^{vrt} = Γ^μ_λ (v)w_μ for any vector field v on U (due to (1.20) with [w_j ]^{vrt} = [w_λ]^{hrz} = 0). Now (10.1) gives ∇^{vrt}_v w_λ = Γ^μ_λ (v)w_μ, and so, for w = w_{q+1} ∧ . . . ∧ w_m we have ∇^{vrt}_v w = Γ (v)w with Γ = Γ^λ_λ . Thus, (1.22) yields ζ = idΓ^λ_λ . (As usual, we sum over repeated indices.)

Aside from being 1-forms in M, the Γ^k_j (or, more precisely, their restrictions to the horizontal distribution H) may be viewed as 1-forms in N, sending any vector field in N (that is, a projectable horizontal vector field v in M) to the function Γ^k_j (v). Relation [∇_vw_j ]^{hrz} = Γ^k_j (v)w_k established above, combined with the projectability clause of Lemma 11.1, shows that Γ^k_j (v) then is indeed projectable, i.e., descends to a function in N, and at the same time it implies, by (11.2), that D_vw_j = Γ^k_j (v)w_k. From Lemma 2.2 applied to (N, h) we obtain ρ^{(h)} = i d_NΓ^j_j . Here d_N is the exterior derivative in N and it differs from d (the exterior derivative in M) due to the Lie-bracket term in (1.17) and the difference between the M and N Lie brackets of two projectable horizontal vector fields w, w^′. By (10.2), the latter difference equals [w, w^′]^{vrt}, i.e., β(w, w^′)u (cf. Remark 10.2(a)). Therefore, on H, dΓ^j_j − d_NΓ^j_j = − Γ^j_j (u)β. However, Γ^j_j (u) = Trace_CΘ, since we have Θw_j = [∇_uw_j ]^{hrz} = Γ^k_j (u)w_k. Thus, dΓ^j_j = d_NΓ^j_j − [Trace_CΘ]β. Since, by Lemma 2.2 for (M, g), ρ = idΓ^a_a = idΓ^j_j + idΓ^λ_λ , combining the last relation with the previously established equalities ζ = idΓ^λ_λ and ρ^{(h)} = i d_NΓ^j_j , we obtain (11.3). This completes the proof. ■

Corollary 11.4. Let V and H again denote vertical and horizontal distributions of a holomorphic, surjective, horizontally homothetic submersion π : M → N be between Kähler manifolds (M, g) and (N, h), and let the complex dimensions of M and N be m and m − 1, with m ≥ 2. Furthermore, suppose that we are given a C^∞ vertical vector field v without zeros on M and functions Q, ϕ, ψ : M → R such that Q|ϕ| > 0 everywhere and, setting u = Jv, we have, for all C^∞ horizontal vector fields w, w^′ on M,

(a) [π^∗h](w, w^′) = |ϕ| g(w, w^′)/Q with [∇(ϕ/Q)]^{hrz} = 0, i.e., (11.1) for f = |ϕ|/Q. (b) ∇_vv = ψv, ∇_uv = ψu and ∇_wv = ϕw, ∇_uw = ϕJw if, in addition, w is projectable under π.

(c) Relation (8.5) with ω standing for the Kähler form of (M, g). Under these assumptions, and with r and r^{(h)} denoting the Ricci tensors of g and h,

(i) If r^{(h)} = κh for a function κ : N → R, then r = λg on H, with λ = (κ|ϕ| − ϕY )/Q and Y = 2ψ + 2(m − 1)ϕ. (ii) If r = λg on H for a function λ : M → R, then r^{(h)} = κh with κ : N → R given by κ = (λQ + ϕY )/|ϕ| for Y as in (i).

Proof. Due to our assumption on the dimensions, V is a complex line bundle and v is a global trivializing section of V. Now, for all vectors w, ∇^{vrt}_w v = Γ (w)v with the complex-valued 1-form Γ given by Γ (v) = ψ, Γ (u) = iψ, and Γ (w) = 0 if w is horizontal. (This is clear from (b) and (10.1) plus the fact that the dependence of ∇^{vrt}_w v on w is pointwise.) Using (1.17) for ξ = Γ and (c) we find that dΓ (w, w^′) = [2iψϕ/Q]ω(w, w^′) for all horizontal vectors w, w^′. Since the ‘highest complex exterior power’ of V appearing in Lemma 11.3 now is V itself, the curvature form ζ in (11.3) is given by (1.22), so that ζ = − [2ψϕ/Q] ω on H.

Lemma 11.3 now yields, on H, ρ − π^∗ρ^{(h)} = − [ϕY/Q] ω = − εY π^∗Ω, where ρ, ρ^{(h)} stand for the Ricci forms of g, h, while ω, Ω are their Kähler forms, and ε = sgnϕ = ± 1. In fact, we can use Lemma 11.3, since conditions (a) – (c) of Remark 10.2 are satisfied by u = Jv along with β = − [2ϕ/Q] ω and Θ = ϕJ (that is, iϕ times the identity). This choice of Θ gives Trace_CΘ = (m − 1)iϕ and − i[Trace_CΘ]β = − 2(m − 1)[ϕ^2/Q] ω (while, on H, π^∗Ω = |ϕ|ω/Q due to (2.1) and our assumption (a)).

By (a), assertions (i), (ii) now follow from (2.1). This completes the proof. ■

§12. Irreducible examples

Suppose that we are given the following objects.

(a) An open interval I ⊂ R and a positive C^∞ function Q of the real variable τ ∈ I. (b) An integer m ≥ 1 and real constants a, p, κ, ε with a ≠ 0, p /∈ I and ε = ± 1, such that ε is characterized by ε = sgn (τ − p) for all τ ∈ I, i.e., ε(τ − p) > 0 whenever τ ∈ I.

(c) A Kähler-Einstein manifold (N, h) of complex dimension m − 1, with the Ricci tensor r^{(h)} = κh.

(d) A holomorphic line bundle L over N with a Hermitian fibre metric ⟨ , ⟩. (e) A connection in L compatible with ⟨ , ⟩ whose curvature R^L is a specific multiple of the Kähler form Ω of (N, h), namely R^L = − 2εaiΩ.

Note that when m = 1 the manifold N is a one-point set and conditions (c) – (e) are devoid of geometric content. The reason we allow this case at all is that Lemma 12.1 with m = 1 will be needed later in §15.

Let us denote H the horizontal distribution of the connection chosen in L. Thus, H is a subbundle of the tangent bundle T L of the total space (also denoted L, and treated as the set of all pairs (y, z) with y ∈ N and z ∈ L_y). Hence T L = H ⊕ V, with the vertical distribution V characterized by V_{(y,z)} = T_zL_y (so that V_{(y,z)} may be viewed as the fibre L_y identified with a subspace of T_{(y,z)}L). Using this identification, we will denote v and u the vertical vector fields on L given by (12.1) v(y, z) = az , u(y, z) = iaz , with the same constant a ≠ 0 as in (e) above.

More generally, denoting R^L the curvature tensor of any connection in any real or complex vector bundle L, we have the formula

(12.2) [w, w^′]^{vrt} = R^L(w, w^′)z

(with ...^{vrt} standing for ‘the vertical component’), valid at any point (y, z) ∈ L, whenever w, w^′ are C^∞ vector fields defined near y in the base manifold (and identified with their horizontal lifts to L).

Let us again assume (a) – (e). Condition Q d[log r]/dτ = a determines, uniquely up to a positive constant factor, a function r : I → I^′ which is a C^∞ diffeomorphism onto some open interval I^′ ⊂ (0, ∞). Fixing such a function r, we can use its inverse I^′ → I to treat τ as a function of r.

Let L ∖ N be the m-dimensional complex manifold obtained by removing the zero section from the total space of L. We will at the same time use the symbol r for the function L ∖ N → (0, ∞) assigning to each (y, z) the norm |z| = ⟨z, z⟩^{1/2}. In this way τ, as a function of r, will from now on be treated as a function

(12.3) τ : U → R

on a suitable open set U ⊂ L ∖ N. Any C^1 function F of the real variable τ defined on I now becomes a function F : U → R (the composite of (12.3) and F ), and the vector fields defined in (12.1) then obviously satisfy

(12.4) d_vF = ar dF dr , d_uF = 0 . Using the data (a) – (e), we now proceed to define a Riemannian metric g on the m-dimensional complex manifold U by requiring that

(12.5) g = (ar)^{−2}Q Re⟨ , ⟩ on V , g(V, H) = {0} , g = 2|τ − p| π^∗h on H , with π : L → N standing for the bundle projection. (Here g(V, H) = {0} means that H and V are g-orthogonal.) In other words, using the the same symbols w, w^′ both for any given C^∞ vector fields in N, and for their horizontal lifts to L, we obtain, with v, u given by (12.1),

(12.6) g(v, v) = g(u, u) = Q , g(w, w^′) = 2|τ − p|h(w, w^′) , g(v, u) = g(v, w) = g(u, w) = 0 . Lemma 12.1. Let g, V, H and U be as in (12.5), (12.3) with (a) – (e), and let ∇ denote the Levi-Civita connection of the metric g on the complex manifold U. Furthermore, let the functions ψ, ϕ, Y, λ, μ : U → R be given by

(12.7) ψ = 1 2 dQ dτ , ϕ = Q 2(τ − p) , Y = 2ψ + 2(m − 1)ϕ ,

(12.8) λ = κ|ϕ| − ϕY Q , μ = − 1 2 dY dτ .

Then g is a Kähler metric on U and τ is a Killing potential on (U, g), while the g-gradient and g-Laplacian of τ are ∇τ = v, Δτ = Y , and ∇dτ along with the Ricci tensor r of g, and the distributions V, H defined above, satisfy relations (7.3) – (7.4) with ψ, ϕ, λ, μ given by (12.7) – (12.8). Finally, with ε as in (b),

(12.9) 2(λ − μ) τ − p = d dτ Y − εκ τ − p .

Proof. Throughout this argument, w, w^′ will stand for any two C^∞ vector fields in N and, simultaneously, for their horizontal lifts to L.

Combined with (12.1) and the assumption R^L = − 2εaiΩ in (e), formula (12.2) gives

(12.10) [w, w^′]^{vrt} = − 2εΩ(w, w^′)u .

Denoting D the Levi-Civita connection of h we have, with ψ, ϕ as in (12.7),

(12.11) ∇_vv = − ∇_uu = ψv , ∇_vu = ∇_uv = ψu , ∇_vw = ∇_wv = ϕw , ∇_uw = ∇_wu = ϕJw , ∇_ww^′ = D_ww^′ − ε[h(w, w^′)v + Ω(w, w^′)u] . To verify (12.11), note that the connection ∇ defined by (12.11) makes g parallel (by (12.6)) and is torsion-free (by (12.10)), so that it must coincide with the Levi- Civita connection of g.

Using the same symbol J for the complex structure tensors of N and L, we now have ∇J = 0 in U in view of (12.11) along with the obvious relations Jv = u, Ju = − v and the fact that the meaning of Jw does not change whether w is treated as a vector field in N, or as a projectable horizontal field in U ⊂ L ∖ N. Thus, g is a Kähler metric. Note that the Kähler forms Ω of h and ω of g satisfy (12.12) ω(w, w^′) = 2|τ − p|Ω(w, w^′) as a consequence of (2.1) and the expression for g(w, w^′) in (12.6).

The fact that the g-gradient of τ is ∇τ = v now is clear since, by (12.4) and (12.56), v − ∇τ is g-orthogonal to v, u and all horizontal vectors w.

By (1.9), the eigenvalues and eigenvectors of the symmetric 2-tensor ∇dτ are the same as those of ∇v (with (1.1)). This implies the part of (7.3) – (7.4) involving ∇dτ, with ψ, ϕ as in (12.7). As an obvious consequence, we now have Δτ = Y , with Y defined in (12.7).

Assumptions (a) – (c) of Corollary 11.4 are now satisfied. In fact, (a) holds in view of (12.6), (12.7), and f = |ϕ|/Q = [2|τ − p|]^{−1} has a vertical gradient as ∇τ = v with (12.1); (b) is immediate from (12.11); and (c) is clear from (12.10), (12.12) and (12.7). Since r^{(h)} = κh (see (c) earlier in this section), we may apply Corollary 11.4(i), obtaining r = λg on H, with λ as in (12.8).

By (12.11), the bundle morphism ∇u (cf. (1.1)) is skew-adjoint (by (12.6), as it sends v to ψu and u to ψv, and equals ϕJ on H). Since u = Jv = J(∇τ), this means that τ is a Killing potential (§3), so that (3.8) with (1.3) and Δτ = Y give 2 r(v, · ) = − [dY/dτ] dτ. Thus, v is an eigenvector of r at every point, with the eigenvalue μ given by (12.8), and by Hermitian symmetry of r the same is true for u = Jv. Along with the relation r = λg on H, this proves the part of (7.3) – (7.4) dealing with r. Finally, (12.9) is immediate from (12.7) – (12.8), which completes the proof. ■ For (a) – (e) as at the beginning of this section, let us consider the additional requirement that

(12.13) d dτ Y − εκ τ − p ≠ 0 everywhere in I ,

with Y as in (12.7). Note that vanishing of the derivative in (12.13) is a secondorder linear differential equation imposed on Q as a function of τ. Thus, as long as Q is chosen not to be a solution to that equation, we will have (12.13) with I replaced by a suitable (nonempty) open subinterval.

Proposition 12.2. Given any set of data (a) – (e) as above, with m ≥ 2, which also satisfies (12.13), let g be defined by (12.5). Then g is a Kähler metric on the complex manifold U of the complex dimension m appearing in (12.3), and the nonconstant function τ with (12.3) satisfies conditions (5.1) and (5.3) for some C^∞ functions χ and σ.

In fact, this is immediate from Lemma 12.1 combined with Lemma 9.1; as for (5.3), it holds since λ, μ, ϕ, ψ all are functions of τ (cf. (12.7) – (12.8)), and hence so are χ and σ with (7.6). ■ Remark 12.3. The function τ obtained in Proposition 12.2 is a special ρ-ω potential, i.e, satisfies (5.4) (in addition to (5.1) and (5.3)), if and only if dχ ≠ 0 everywhere for χ given by (7.6) (with λ, μ, ϕ, ψ as in (12.7) – (12.8)). Requiring dχ to vanish identically now amounts to imposing a specific third-order ordinary differential equation on Q (treated as a function of the variable τ). We now obtain (5.4) by choosing Q which is not a solution to that equation, and suitably restricting the interval I in (a).

Remark 12.4. Since our discussion is local, i.e., N in (c) is not assumed compact, a in (e) may be any real number; in fact, as Ω is closed, a connection with R^L = − 2εaiΩ may be obtained, locally, from any given Hermitian connection via an obvious gauge transformation. On the other hand, if κ ≠ 0, (c) and (e) together yield R^L = − 2εa κ iρ^{(h)} . Thus, if N is compact, the number q = 2a/κ is necessarily rational (unless κ = 0); in fact, c_1(L) and c_1(N) then lie in H^2(N, Z).

§13. A local classification theorem

Any set of data with the properties (a) – (e) of §12 and (12.12) gives rise, by the construction described in Proposition 12.2 (with Remark 12.3) to a Kähler manifold (U, g) of the complex dimension m on which the function τ is a nonconstant special ρ-ω potential. Another family of special ρ-ω potentials (this time on product Kähler manifolds) has been described in Example 9.2.

We will now show that these examples are, locally, the only ones that may exist. More precisely, we establish that fact at points x which are “in general position”, that is, satisfy (a) or (b) in Theorem 13.2 below; such points form (in view of Lemma 5.1, (3.3) and (5.4)) an open dense subset of the manifold in question.

Lemma 13.1. Let a real vector field v on a complex manifold M of complex dimension m ≥ 2 be holomorphic, i.e., satisfy (3.2), and let u = Jv. Given a real constant a ≠ 0 and a point x ∈ M with v(x) ≠ 0, there exists a biholomorphic identification of a neighborhood of x in M with an open set in L ∖ N for some holomorphic line bundle L over a complex manifold N which makes v and u appear as the vector fields defined by (12.1). Furthermore, let H be a C^∞ distribution on a neighborhood U of x in M such that

(i) H is invariant under the flows of both v and u, (ii) T U = H ⊕ V, where V = Span (v, u), (iii) The real span of H and u is an integrable distribution on U, then, under a biholomorphic identification as above, H becomes the horizontal distribution of some linear connection in L which makes a Hermitian fibre metric parallel.

Proof. Using the flow of v and the holomorphic inverse mapping theorem we can find holomorphic local coordinates y_1, . . . , y_m for M at x for which v and u are the coordinate vector fields for the real coordinate directions of Re y_m and Im y_m. A new coordinate system y_1, . . . , y_{m−1}, z obtained by replacing y_m with z = exp ay_m now identifies points near x with pairs (y, z), where y = (y_1, . . . , y_{m−1}). We have thus biholomorphically identified a neighborhood of x in M with N × D for some open sets N ⊂ C^{m−1} and D ⊂ C. Regarding N × D as an open subset of the product line bundle L = N × C, we easily see (for instance, by expressing the flows of v and u in terms of (y, y_m), and then (y, z)) that v and u now have the form (12.1), and the flows of v and u consist of multiplications by complex scalars in the line bundle L = N × C.

Let us now define a complex-valued 1-form Γ on N by assigning, to any vector w ∈ T_yN, y ∈ N, the complex number Γ (w) such that for some (or any) z ∈ C with (y, z) ∈ N ×D, (0, Γ (w)z) is the V component of the vector (w, 0) ∈ T_{(y,z)}L or, equivalently, (w, − Γ (w)z) is its H component. Assumption (i) guaranteeing the invariance of H (and V, cf. (3.1)) under multiplications by complex scalars in the line bundle L now implies that this connection is well-defined, i.e., independent of the choice of z. Furthermore, H coincides, on N × D, with the horizontal distribution of the linear connection in L = N × C which associates with a C^1 section of L, i.e., a C-valued function y → z on N, and with a vector field w on N, the covariant derivative d_wz + Γ (w)z. (In fact, both lead to the same horizontal-lift operation T_yN ∋ w → (w, − Γ (w)z) ∈ T_{(y,z)}L.)

Finally, by (iii), there exists (locally in N × D) a C^∞ function φ with d_vφ > 0 and d_uφ = d_wφ = 0 for all w in H. In view of (i) and (3.1), d_vφ is constant along u and H as well, so that d_vφ = H(φ) for some C^∞ function H of a real variable. Choosing a positive function r of the variable φ with H(φ) d[log r]/dφ = a, and treating it as a function on (an open subset of) N × D, we now get d_vr = ar and d_ur = 0, so that r is the restriction to an open subset of the norm function L ∖ N → (0, ∞) corresponding to some Hermitian fibre metric in L. Since r is also constant along H, the horizontal distribution of the linear connection defined above, that connection makes the fibre metric parallel (as its parallel transport is norm-preserving). This completes the proof. ■

Theorem 13.2. Let (M, g) be a Kähler manifold of complex dimension m ≥ 2, and let a nonconstant C^∞ function τ : M → R be a special ρ-ω potential on M, that is, satisfy (5.1) and (5.3), (5.4) for some C^∞ functions χ and σ. Suppose that x ∈ M is a point at which dτ ≠ 0, dχ ≠ 0, and the Ricci tensor r(x) is not a multiple of g(x). Finally, for ϕ appearing in (7.4) with H defined in Lemma 7.1, let either

(a) ϕ = 0 identically in a neighborhood of x, or (b) ϕ(x) ≠ 0.

Then x has a neighborhood U such that, up to a biholomorphic isometry, g and τ restricted to U are obtained, in case (a), as in Example 9.2 or, in case (b), as in Proposition 12.2. In the latter case, the parameters a, p, κ, ε needed in (b) of §12 include an arbitrary prescribed real number a ≠ 0 and the constants p, κ given by (6.11).

Proof. Let v = ∇τ and u = Jv. In case (a), Corollary 8.2 allows us to choose a connected neighborhood U of x such that (U, g) is a product Kähler manifold for which V and H = V^⊥ are the factor distributions. The fact that (U, g) and τ : U → R are obtained as in Example 9.2 is now immediate since λ in (7.4) is constant (by Lemma 7.2(b) and the last formula in (6.2) with ϕ = 0), so that, as r = λg on H by (7.4), the factor Kähler manifold (N, h) tangent to H is Einstein; while, as u = J(∇τ) is tangent to the factor surface (P, η) corresponding to V and is a Killing field (by Lemma 5.1), τ treated as a function on P is a Killing potential for u treated as a Killing field on (P, η). This proves our assertion in case (a).

Let us now assume (b). Using the notations of Lemma 7.1, we may consider a connected neighborhood U of any given point in M at which ϕ dτ ≠ 0, such that ϕ dτ, dχ and 2m r − sg are all nonzero throughout U and U forms a bundle over a manifold N with the fibres that are the leaves of V restricted to U. Thus, N is the quotient (leaf space) U/V and points of N may be thought of as leaves y of V in U. The tangent space T_y N at any leaf y is clearly nothing else than the set of those sections of H restricted to y (i.e., those normal vector fields on the submanifold y of (M, g)) which are invariant under the local action of C in U with the infinitesimal generators v and u. Consequently, C^∞ vector fields on N may be (and from now on will be) identified with those C^∞ vector fields w on U which commute with, and are orthogonal to, both v and u.

Since the leaves of V are the orbits of the action of C in U just mentioned, and that action is holomorphic (cf. Lemma 7.1(i)), it follows that N has a natural structure of a complex manifold such that the projection mapping π : U → N is holomorphic. We will use the same symbol J for the complex structure tensors of both M and N. Thus, for a vector field w as in the last paragraph, both meanings of J give rise to the same meaning of Jw (where Jw stands both for a vector field on U with the special properties just listed, and for a vector field on N).

For vector fields w, w^′ on N interpreted as before, the formula

(13.1) h(w, w^′) = |ϕ| Q g(w, w^′) defines a Riemannian metric h on N, which is clearly Hermitian relative to J. In fact, for vectors w, w^′ ∈ T_yN, the left-hand side of (13.1) is a function on the leaf y and, by (8.3), it is constant on y. Since the Levi-Civita connection D of the metric h on N is given by (11.2), and H is J-invariant (Lemma 7.1(iv)), it now follows easily that J (on N) is D-parallel, i.e., (N, h) is a Kähler manifold. Denoting Ω its Kähler form we have, by (2.1), Ω(w, w^′) = h(Jw, w^′), that is, for w, w^′ as in (13.1),

(13.2) Ω(w, w^′) = |ϕ| Q ω(w, w^′) . By Lemma 7.2(a), as v = ∇τ lies in V, condition (a) of Corollary 11.4 is satisfied. So are conditions (b) and (c) (by (7.8), (8.2), (8.5)), and the premise of Corollary 11.4(ii) (by (7.4)). The conclusion of Corollary 11.4(ii), along with (7.7) and Lemma 8.1(i), now states that (N, h) is a Kähler-Einstein manifold with the Ricci tensor

(13.3) r^{(h)} = κh ,

where κ is the constant appearing in (8.1).

Furthermore, conditions (i) – (iii) in Lemma 13.1 are satisfied, on U, by our v, u, H and V. (This is clear from Lemma 7.1(iii), (7.1) and (8.5), (8.2) along with (1.2).) Applying the conclusion of Lemma 13.1 to a smaller version of U we now see that (U, g) and τ are obtained as in Proposition 12.2. Specifically, Lemma 7.2(a) for the function Q gives (a) in §12, the interval I being the range of τ on U ; since Q ≠ 0 on U by (7.2), the first equality in (8.1) shows that τ ≠ p on U (i.e., we have (b) in §12) and, at the same time, yields (12.6) as a consequence of (13.1); furthermore, (c) in §12 is clear from (13.3); (d) is provided by Lemma 13.1; (e) is a consequence of Lemma 13.1, (13.2), (8.5), (12.2) and (12.1); and, finally, since Lemma 12.1 now applies, we have (12.13) in view of (12.9) and our assumption 2m r ≠ sg (i.e., λ ≠ μ, cf. (7.3) – (7.4). This completes the proof. ■

§14. Solutions to (6.2) – (6.5) with ϕ = 0

Let a solution (Q, Y, ϕ, ψ, λ, μ, s) to the system (6.2) – (6.5) be, in addition, “special” in the sense that ϕ = 0. By (6.2), λ then is constant and, setting K = λ/(3 − 2m) we obtain the explicit expressions

(14.1) (2m − 1)Q = (1 − 2m)Kτ^2 + ατ^{2m−1} − γ ,

(14.2) Y = − 2Kτ + ατ^{2m−2} , ϕ = 0 , ψ = − Kτ + ατ^{2m−2}/2 ,

(14.3) λ = (3 − 2m)K , μ = K − (m − 1)ατ^{2m−3} , and (14.4) s = − (2m − 1)(2m − 4)K − 2(m − 1)ατ^{2m−3} ,

with arbitrary constants K, α, γ.

In fact, replacing λ in (6.15) with (3 − 2m)K and multiplying the resulting equality by τ^{2−2m}, we obtain (14.4), with α representing a constant of integration. On the other hand, using (6.14) with λ = (3 − 2m)K and the relation ψ − ϕ = ψ = Y/2 (due to (6.5) with ϕ = 0), we can rewrite (6.1) with Z = τ as τ = (m − 1)Y/[m(3 − 2m)K − s/2] which, combined with (14.4), gives (14.2). Finally, the first equation in (6.3) with ψ = Y/2 becomes dQ/dτ = Y dτ, which implies (14.1) for some constant γ which is easily seen to be the same as in (6.10).

§15. Conformally-Einstein, product Kähler metrics

Lemma 15.1. There exist Riemannian metrics g on oriented real surfaces U along with C^∞ surjective functions τ : U → I, where I ⊂ R is an open interval, for which ∇dτ = [Δτ/2]g and g(∇τ, ∇τ) coincides with any prescribed positive C^∞ function Q of τ defined on I.

This is a special case of Lemma 12.1 (with m = 1 in the assumption (b)); the fact that τ is a Killing potential, which is a part of the conclusion of Lemma 12.1, now yields our assertion in view of Lemma 5.3. ■

Example 15.2. Let (M, g) be a product Kähler manifold of complex dimension m ≥ 2 with a C^∞ function τ : M → R obtained as in Example 9.2. In addition, let the oriented Riemannian surface (P, η) used in the construction and the function τ (originally defined on P ) be such that, on P , g(∇τ, ∇τ) = Q for a fixed function Q of the variable τ given by (14.1) with arbitrary constants K, α, γ such that |K| + |α| > 0. By (14.3), the latter assumption allows us to assume that λ ≠ μ everywhere in the given interval of the variable τ and, restricting the interval further and imposing additional restrictions on K, α and γ, we may assume that Q with (14.1) is positive on the whole interval. Note that the existence of (P, η) with such a function τ and g(∇τ, ∇τ) = Q is a consequence of Lemma 15.1.

It follows now that the metric g̃ = g/τ^2, defined wherever τ ≠ 0, is Einstein. In fact, as stated in Example 9.2, we now have (5.1) everywhere in (M, g), with σ and χ defined by (7.6). Combining (7.6) with (14.2) – (14.3) we thus obtain χ = τ/(2m − 2). In other words, relation (5.1), generally valid in Example 9.2, states in our case that (2m − 2) ∇dτ + τ r equals a function times the metric g, and so we have (4.4), as required.

Example 15.3. As a special case of Example 15.2 we obtain compact product Kähler manifolds (M, g) of any complex dimension m ≥ 2 which admit C^∞ functions τ : M → R such that g̃ = g/τ^2 is an Einstein metric on he open set where τ ≠ 0. (Since τ in these examples must vanish somewhere, (M, g) thus is conformally Einstein “almost everywhere”, but not globally.)

To obtain such manifolds, it suffices to choose α = 0, K > 0 and γ < 0 in (14.1). The formula for ψ in (14.2), combined with (7.3) – (7.4) for the product manifold, now gives, on the surface (P, η), ∇dτ = ψη = − K η, which is satisfied when we choose (P, η) to be a 2-sphere S^2 of constant Gaussian curvature K. As for the other product factor (N, h), we may let it be any compact Kähler-Einstein manifold of complex dimension m−1 ≥ 1 whose constant Ricci curvature (Einstein constant) is the negative number λ = (3 − 2m)K.

The function τ leading to the required conformal change is constant in the direction of N, i.e., is a function on S^2. Specifically, it is an eigenfunction of the spherical Laplacian for the first nonzero eigenvalue. When S^2 is realized as a sphere of radius 1/ √ K about 0 in a Euclidean 3-space V , τ is just the restriction to S^2 of any nonzero linear functional on V .

§16. A single equation replacing (6.2) – (6.6)

As stated at the beginning of §1, we will refer to individual equations in a multiformula expression (e.g., (6.2)) by using tags such as (6.2)i) – (6.2)v). We will also write F^′ = dF/dτ.

For a fixed integer m ≥ 2, let (Q, Y, ϕ, ψ, λ, μ, s) be a solution to (6.2) – (6.6), and let p be the constant in (6.11). Then

(16.1) Q = 2(τ − p)ϕ , ψ = ϕ + (τ − p)ϕ^′ , Y = 2mϕ + 2(τ − p)ϕ^′ ,

In fact, (16.1)i) is just (6.16); applying d/dτ to (16.1)i) and using (6.2)i), we obtain 2ψ = Q^′ = 2(τ − p)ϕ^′ + 2ϕ, i.e., (16.1)ii); and (16.1)iii) is immediate from (6.5)i) and (16.1)ii). Similarly,

(16.2) μ = − (m + 1)ϕ^′ − (τ − p)ϕ^{′′} , λ − μ = 2(m − 1)(τ − p)ϕ^′/τ .

To see this, we may apply d/dτ to (16.1)iii) obtaining, by (6.2)ii), − 2μ = Y^′ = 2(m + 1)ϕ^′ + 2(τ − p)ϕ^{′′}, i.e., (16.2)i); as for (16.2)ii), it is obvious from (6.1) with Z = τ (cf. (6.5)), as ψ − ϕ = (τ − p)ϕ by (16.1)ii).

Remark 16.1. A solution (Q, Y, ϕ, ψ, λ, μ, s) to (6.2) – (6.6) with a fixed integer m ≥ 2 is uniquely determined by its constituent function ϕ and the constant p given by (6.11). In fact, explicit formulae for Q, Y , ψ, μ and λ in terms of ϕ and p are provided by (16.1) and (16.2), while a similar formula for s is immediate from (6.5)ii) combined with (16.2).

Lemma 16.2. Given an integer m ≥ 2 and a solution (Q, Y, ϕ, ψ, λ, μ, s) to (6.2) – (6.6), let p be the constant appearing in (6.11). Then

(16.3) (τ − p)τ^2 d^3ϕ dτ^3 = [(m − 4)τ^2 − 2(m − 1)pτ] d^2ϕ dτ^2 + 2(m − 1)(τ + p) dϕ dτ .

Proof. By (16.1)ii), ψ − ϕ = (τ − p)ϕ^′, and so, from (16.1)i), (ψ − ϕ)ϕ = Qϕ^′/2. Hence (6.3)i) with Z = τ (cf. (6.5)), divided by Q, becomes τ μ^′ = (2m − 3)μ + λ+2(m−1)^2ϕ^′, that is, τ μ^′ = λ−μ + 2(m−1)μ + 2(m−1)^2ϕ^′. If we rewrite this, replacing λ−μ by the right-hand side of (16.2)ii), and 2(m−1)μ by 2(m−1) times the right-hand side of (16.2)i), we obtain τ μ^′ = 2(m − 1)(τ − p)ϕ^′/τ − 4(m − 1)ϕ^′ − 2(m − 1)(τ − p)ϕ^{′′}. On the other hand, applying d/dτ to (16.2)i) and multiplying the result by τ we get τ μ^′ = − (m + 2)τ ϕ^{′′} − (τ − p)τ ϕ^{′′′}. Equating the last two expressions for τ μ^′ we arrive at (16.3). This completes the proof. ■

Proposition 16.3. Let us fix an integer m ≥ 2, a real number p and an open interval of the variable τ, not containing 0 or p. Then there exists a bijective correspondence between solutions (Q, Y, ϕ, ψ, λ, μ, s) to (6.2) – (6.6), defined on our interval, for which p is the constant in (6.11), and functions ϕ on this interval which satisfy equation (16.3) and have ϕ dϕ/dτ ≠ 0 everywhere. The correspondence in question associates with (Q, Y, ϕ, ψ, λ, μ, s) the constituent function ϕ.

Proof. The fact that ϕϕ^′ ≠ 0 for any solution (Q, Y, ϕ, ψ, λ, μ, s) to (6.2) – (6.6) is clear from (6.6) and (6.4) (since ϕ^′ = 0 somewhere would, by (16.1)ii), give ψ = ϕ somewhere, contrary to (6.4)). Also, the assignment of ϕ to (Q, Y, ϕ, ψ, λ, μ, s) is injective according to Remark 16.1.

As for surjectivity, it follows since the other constituent functions, determined by ϕ as in Remark 16.1, are easily verified to satisfy (6.2) – (6.6). Specifically, (6.2)i) follows from (16.1)i), (16.1)ii); (6.2)ii) from (16.1)iii), (16.2)i); (6.2)iv) from (16.1)i), (16.1)ii), (16.2)i); and (6.2)iii) is clear since, by (16.1)ii) and (16.1)i), ϕ^′ = (ψ − ϕ)/(τ − p) = 2(ψ − ϕ)ϕ/Q. Similarly, (6.5)i) is immediate from (16.1)ii) and (16.1)iii); (6.5)iii) from (6.1), (16.1)ii), (16.2)ii); and (6.5)ii) is the equality defining s in Remark 16.1. Furthermore, (6.3)i) is a direct consequence of (16.1)i), (6.5)iii), (16.2)i), (16.1)ii) and (16.3). To obtain (6.2)v), we first rewrite it, using (6.5)iii) and (6.3)i), in the form Qτ (λ^′ − μ^′) = 2(μ − λ)ϕτ − 2(m − 1)μQ − (λ − μ)Q − 4(m − 1)^2(ψ − ϕ)ϕ, which in turn is easily verified using (16.1)i), (16.1)ii) and (16.2). Now (6.3)ii) is obvious from (6.5)ii), (6.2)v) and (6.3)i). Finally, (6.4) follows since our assumption ϕϕ^′ ≠ 0 leads, by (16.1)i), (16.1)ii) and (16.2)ii) to Q ≠ 0, ψ ≠ ϕ and λ ≠ μ. This completes the proof. ■ Remark 16.4. For an integer m ≥ 2, let (Q, Y, ϕ, ψ, λ, μ, s) and p satisfy (6.2) – (6.6) and (6.11) on some interval of the variable τ. Then λ−μ cannot be identically zero on the interval. In fact, if it were, (16.2)ii) would imply that ϕ is constant, contradicting the conclusion ϕϕ^′ ≠ 0 obtained in Proposition 16.3.

§17. Solutions to (6.2) – (6.6) with p = 0 For any fixed integer m ≥ 2, equation (16.3) with p = 0 is a special case of an Euler equation imposed on dϕ/dτ. As a result, we can easily find a basis of the solution space for (16.3) formed by power functions (with exponents m, 0 and − 1). Thus, setting ε = sgn τ, we have

(17.1) ϕ = εκ 2m + ατ^m − γ (m + 1)τ , where α is a constant of integration (and the other two coefficients have been expressed in terms of m and the constants κ and γ given by (6.11)). As Q = 2ϕτ by (6.16), this gives

(17.2) Q = κ m |τ| + 2ατ^{m+1} − 2γ m + 1 . Using Remark 16.1, it is now easy to write explicit formulae for all the constituent functions. For instance,

(17.3) s =

2(m − 1)(m − 2)γ (m + 1)τ^2 − 4m(2m − 1)ατ^{m−1} ,

(17.4) 2(n − 1)λ = s + 2(m − 1)γ/τ^2 ,

and (as 2ψ = dQ/dτ),

(17.5) ψ = εκ 2m + (m + 1)ατ^m .

§18. Solutions with p ≠ 0 For any fixed integer m ≥ 2, let us introduce the rational functions

(18.1) F (t) = (t − 2)t^{2m−1} (t − 1)^m

, E(t) = (t − 1) m∑ k=1 k m ( 2m − k − 1 m − 1 ) t^{k−1} of the real variable t. Using the dot symbol for the derivative d/dt (as in Ḟ = dF/dt), we now clearly have

(18.2) t(t − 1)(t − 2)Ḟ (t) = Λ(t)F (t) ,

where

(18.3) Λ(t) = mt^2 − 2(2m−1)t + 2(2m−1) = m(t−1)^2 − 2(m−1)(t−1) + m .

Also, we find that

(18.4) t(t − 1)(t − 2)Ė(t) = Λ(t)E(t) + 2(2m − 1)(t − 1)E(0)

by expanding the difference of both sides into powers of t via (18.1).

Lemma 18.1. For a fixed integer m ≥ 2 and any real constant p ≠ 0, the vector space of all solutions ϕ to the linear equation (16.3) has a basis consisting of the constant function 1 along with E(t) and F (t), treated as functions of the variable τ via the substitution t = τ/p.

Proof. Setting Ξ(t) = Λ(t)/(t − 1) we can rewrite (18.2), (18.4) as the equation t(t − 2)φ̇(t) = Ξ(t)φ(t) + 2(2m − 1)φ(0) satisfied both by φ = E and φ = F . Differentiating it, we obtain

(18.5) t(t − 2)φ̈ + 2(t − 1)φ̇ = Ξ̇ φ + Ξ φ̇ ,

where we let φ, φ̇ stand for φ(t), φ̇(t), etc. Differentiating (18.5) again we obtain an equation stating that a combination, with specific functional coefficients, of φ and its derivatives up to order three vanishes. If we now use (18.5) to express φ as a combination of φ̇ and φ̈ and substitute that expression for φ (but not its derivatives) in the latter third-order equation, we will obtain (16.3) with ϕ, τ and p replaced everywhere by φ, t and, respectively, 1. (This is easily verified using (18.3).)

However, the modified version of (16.3) to which, as we just found, both φ = E and φ = F are solutions, is nothing else than the result of applying to (16.3) the variable change τ = pt. This completes the proof. ■

As a consequence of Lemma 18.1, any solution ϕ to (16.3) is a constant-co-efficient combination of E(t), F (t) and 1, treated as functions of τ by setting t = τ/p. In terms of the function Q related to ϕ by (16.1)i), this becomes

(18.6) Q = (t − 1) [AE(t) + B F (t) + C ]

with constants A, B, C. It is easy to verify that these constants are in turn related to p, κ and γ in (6.11) and (6.10) by

(18.7) m ( 2m − 1 m − 1 ) A = (2m − 1)pεκ − mγ , C = pεκ m , with ε = sgn (τ − p) on the given interval.

§19. Irreducible conformally-Einstein Kähler metrics

We will now apply the construction of §12 to obtain examples of nonconstant functions τ on Kähler manifolds (M, g) for which the conformally related metric g̃ = g/τ^2, defined wherever τ ≠ 0, is Einstein. In fact, as we already observed (Example 5.2) the requirement that g̃ = g/τ^2 be Einstein implies conditions (5.1) and (5.3) – (5.4) (for suitable C^∞ functions χ and σ), while the examples described in Proposition 12.2 and Remark 12.3 all satisfy (5.1) and (5.3), (5.4).

All we need to do is choose the data listed in (a) – (e) of §12 in such a way that the function Q > 0 in (a), rather than being completely arbitrary, now has the form (17.2) (when p in (b) is zero) or (18.6) with t = τ/p and (18.7) (when p ≠ 0). In fact, Q must be of this form if g̃ = g/τ^2 is to be Einstein (by Corollary 7.3 and Proposition 16.3).

Proposition 19.1. Let there be given a set of data (a) – (e) as in §12, such that Q as a function of τ is given either by (17.2), with p = 0 and |α| + |γ| > 0, or by (18.6), with p ≠ 0, t = τ/p, |A| + |B| > 0 and (18.7). Then g given by (12.5) is a Kähler metric on the complex manifold U of complex dimension m ≥ 2, appearing in (12.3), while τ with (12.3) is a nonconstant C^∞ function for which the metric g̃ = g/τ^2, defined in the open set where τ ≠ 0, is Einstein.

Proof. Our “positivity assumption” (|α| + |γ| > 0 or |A| + |B| > 0) simply guarantees, by (16.1)i) and (17.2) or (18.6), that ϕ is not constant, i.e., (cf. also Remark 16.4), λ ≠ μ somewhere in the interval I of the variable τ. Since λ − μ is a rational function of τ wherever (τ − p)τ ≠ 0 (by (17.2) or (18.6) along with (16.2)ii)), this means that τ ≠ p on a dense subset I_0 of I. By (12.9), we thus have (12.13) on I_0, and the conclusion of Proposition 12.2 holds with I replaced by I_0. However, formula (7.6)i) for χ becomes in our case χ = τ/(2m − 2) (as one sees using (16.1)ii) and (16.2)ii)). By Proposition 12.2 we have (5.1) on U_0, the part of U corresponding to I_0, so that (n − 2) ∇dτ + τ r equals, on U_0, a function times g, i.e., (4.4) holds on U_0. Since U_0 is dense in U, this completes the proof. ■

§20. Local types of conformally-Einstein Kähler metrics

Our main result now is an immediate consequence of Theorem 13.2, Corollary 7.3, Proposition 16.3, and the explicit formulae for solutions to (6.2) – (6.5) given in §14, §17, and §18.

Theorem 20.1. Let τ : M → R be a nonconstant C^∞ function on a non-Einstein Kähler manifold (M, g) of complex dimension m > 2 such that the conformally related metric g̃ = g/τ^2, defined wherever τ ≠ 0, is Einstein, and let x ∈ M be a point at which dτ ≠ 0 and the Ricci tensor r(x) is not a multiple of g(x). Furthermore, let us assume that the function ϕ appearing in (7.4), with H defined in Lemma 7.1, has either

(a) ϕ = 0 identically in a neighborhood of x, or (b) ϕ(x) ≠ 0.

Then there exists a neighborhood U of x in M such that, up to a biholomorphic isometry, g and τ restricted to U are obtained, in case (a), as in Example 15.2 or, in case (b), as in Proposition 19.1. ■

§21. On ρ-ω potentials satisfying (5.1) and (5.3), but not (5.4)

Conditions (5.1) and (5.3) do not imply (5.4); as the other extreme, let us consider the case where a function τ on a Kähler manifold (M, g) satisfies (5.1) with a constant χ and some function σ. Applying d to (5.2) we now obtain dσ ∧ ω = 0 and so, if M is of some complex dimension m ≥ 2, σ must be constant as well. (In fact, in real dimensions n ≥ 4 the nondegenerate form ω is also nondecomposable.)

Thus, let us consider a C^∞ function τ satisfying (5.1) with some constants χ, σ on a Kähler manifold (M, g) of complex dimension m ≥ 2.

(a) If χσ > 0, one calls τ a Kähler-Ricci soliton. This case has been studied extensively (see [8], [9], [31], as well as [11], [12], [16], [29], [34]).

(b) If χ = 0, assuming compactness of M we conclude that σ = 0 and τ is constant; in fact, the 2-form σ ω then is exact. An obvious noncompact example with a nonconstant function τ is, on the other hand, the standard C^m with the norm-squared function.

References

1. V. Apostolov and P. Gauduchon, Self-dual Einstein Hermitian four manifolds, preprint, Math.

DG/0003162.

2. L. Bérard Bergery, Sur de nouvelles variétés riemanniennes d’Einstein, Publ. de l’Institut E.

Cartan (Nancy) 4 (1982), 1–60.

3. A. L. Besse, Einstein Manifolds, Ergebnisse, ser. 3, vol. 10, Springer-Verlag, Berlin-Heidelberg- New York, 1987.

4. R. L. Bishop and B. O’Neill, Manifolds of negative curvature, Trans. Amer. Math. Soc. 145 (1969), 1–49.

5. R. Bryant, Bochner-Kähler metrics, preprint, Math. DG/0003099.

6. E. Calabi, Extremal Kähler metrics, Seminar on Differential Geometry (edited by S. T. Yau), Annals of Math. Studies 102, Princeton Univ. Press, Princeton (1982), 259–290.

7. E. Calabi, Extremal Kähler metrics, II, Differential geometry and complex analysis, Springer- Verlag, Berlin-New York (1985), 95–114.

8. H.-D. Cao, Existence of gradient Kähler-Ricci solitons, Elliptic and parabolic methods in geometry (Minneapolis, MN, 1994), 1–16, A.K. Peters, Wellesley, MA, 1996.

9. H.-D. Cao, Limits of solutions to the Kähler-Ricci flow, J. Differential Geometry 45, no. 2 (1997), 257–272.

10. Th. Chave and G. Valent, Compact extremal versus compact Einstein metrics, Classical Quantum Gravity 13, no. 8 (1996), 2097–2108.

11. Th. Chave and G. Valent, Quasi-Einstein metrics and their renormalizability properties, Journeés Rélativistes 96, Part I (Ascona, 1996). Helv. Phys. Acta 69, no. 3 (1996), 344–347.

12. Th. Chave and G. Valent, On a class of compact and non-compact quasi-Einstein metrics and their renormalizability properties, Nuclear Phys. B 478, no. 3 (1996), 758–778.

13. A. Derdzinski and G. Maschler, Higher-dimensional compact conformally-Einstein Kähler manifolds, in preparation.

14. A. Derdziński, Self-dual Kähler manifolds and Einstein manifolds of dimension four, Compos.

Math. 49 (1983), 405–433.

15. F.J.E. Dillen and L.C.A. Verstraelen (editors), Handbook of Differential Geometry, Vol. I, Elsevier, 2000.

16. D.Z.-D. Guan, Quasi-Einstein metrics, Internat. J. Math. 6, no. 3 (1995), 371–379. 17. A.D. Hwang and S.R. Simanca, Extremal Kähler metrics on Hirzebruch surfaces which are locally conformally equivalent to Einstein metrics, Math. Ann. 309, no. 1 (1997), 97–106.

18. A. D. Hwang and M. A. Singer, A momentum construction for circle invariant Kähler metrics, preprint, Math. DG/9811024.

19. S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, Vol. I, Interscience, New York, 1963.

20. S. Kobayashi and T. Ochiai, Compact homogeneous complex manifolds with positive tangent bundle, in: Differential geometry (in honor of Kentaro Yano) (1972), Kinokuniya, Tokyo, 221–232.

21. N. Koiso and Y. Sakane, Nonhomogeneous Kähler-Einstein metrics on compact complex manifolds, Curvature and topology of Riemannian manifolds (Katata, 1985), Lecture Notes in Math. 1201, Springer, Berlin-New York (1986), 165–179.

22. N. Koiso and Y. Sakane, Nonhomogeneous Kähler-Einstein metrics on compact complex manifolds, II, Osaka J. Math. 25, no. 4 (1988), 933–959.

23. C.N. Kozameh, E.T. Newman and K.P. Tod, Conformal Einstein spaces, Gen. Relativity Gravitation 17 (1985), 343–352.

24. W. Kühnel, Conformal transformations between Einstein spaces, in: Conformal geometry (Bonn, 1985/1986), Aspects of Math., E12 (1988), Vieweg, Braunschweig, 105–146.

25. C. LeBrun, Einstein metrics on complex surfaces, Geometry and Physics (Aarhus 1995), Lecture notes in Pure and appl. Math., 184, Dekker, New York (1997), 167–176.

26. A. Lichnerowicz, Variétés kählériennes et première classe de Chern, J. Differential Geometry 1 (1967), 195–223.

27. S.A. Merkulov, Twistor transform on conformally Einstein quaternionic manifolds (Russian), Funktsional. Anal. i Prilozhen. 24 (1990), 84–85. English translation in Functional Anal. Appl. 24(1990), no. 4, 334–335 (1991).

28. D. Page, A compact rotating gravitational instanton, Phys. Lett. 79 B (1978), 235–238. 29. H. Pedersen, C. Tønnesen-Friedman and G. Valent, Quasi-Einstein Kähler metrics, Lett.

Math. Phys. 50, no. 3 (1999), 229–241.

30. S.R. Simanca, Strongly extremal Kähler metrics, Ann. Global Anal. Geom. 18, no. 1 (2000), 29–46.

31. G. Tian and X. Zhu, Uniqueness of Kähler-Ricci solitons on compact Kähler manifolds, C.

R. Acad. Sci. Paris, sér. I 329, no. 11 (1999), 991–995.

32. C. Tønnesen-Friedman, Extremal Kähler metrics and Hamiltonian functions II, University of Aarhus, Department of Mathematics Preprint Series No. 22, 12/99.

33. J. Wang and M.Y. Wang, Einstein metrics on S^2-bundles, Math. Ann. 310 (1998), 497–526. 34. P. Zhao and H. Song, Quasi-Einstein hypersurfaces in a hyperbolic space, Chinese Quart. J.

Math. 13, no. 2 (1998), 49–52.

Dept. of Mathematics, The Ohio State University, Columbus, OH 43210, USA E-mail address: andrzej@math.ohio-state.edu

Max-Planck-Institut für Mathematik, Vivatsgasse 7, D-53111 Bonn, Germany E-mail address: maschler@mpim-bonn.mpg.de