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Sklyanin algebras and a cubic root of 1

Natalia Iyudu and Stanislav Shkarin

Abstract

We consider 3-dimensional Sklyanin algebras S, which are quadratic algebras over a field K
given by generators x, y, z and relations pry+qyzr+rzz = 0, pyz+qzy+rze = 0 and pzx+qrz+ryy =
0, where p, q,r € K. This class of algebras has enjoyed much attention. In particular, using tools
from algebraic geometry, Feigin, Odesskii [9], and Artin, Tate and Van Den Bergh [3], showed
that if at least two of the parameters p, ¢ and r are non-zero and at least two of three numbers
p?, ¢ and r® are distinct, then S is Artin-Schelter regular. More specifically, S is Koszul and
has the same Hilbert series as the algebra of commutative polynomials in 3 indeterminates.
The authors [7] have previously proved the same result using only combinatorial and algebraic
techniques. However our proof was no less complicated than the one based on algebraic geometry.
In this paper we exhibit a linear substitution after which it becomes possible to determine the
leading monomials of a reduced Grobner basis for the ideal of relations of S (without passing
to a suitable S-module as was the case in our previous proof). We also find out explicitly (in
terms of parameters) which Sklyanin algebras are isomorphic. The only drawback of the new
technique is that it fails for characteristic 3.

MSC: 17A45, 16A22
Keywords: Sklyanin algebras, Quadratic algebras, Koszul algebras, Hilbert series, Grobner bases, PBW-
algebras, PHS-algebras

1 Introduction

Throughout this paper K is an arbitrary field of characteristic different from 3. If B is a graded
algebra, let B,, denotes the m'™ graded component of the algebra B. If V is an n-dimensional
vector space over K, then F' = F/(V) is the tensor algebra of V. For any choice of a basis z1, ...,z
in V, F is naturally identified with the free K-algebra with the generators zy,...,z,. We always
consider the degree grading on the free algebra F: the m'™ graded component of F is V™ = V™,
If R is a subspace of the n?-dimensional space V2 = V ® V, then the quotient of F' by the ideal T
generated by R is called a quadratic algebra and denoted A(V, R). This is a standard notation, used
for example, in [10]. Since each quadratic algebra A is degree graded, we can consider associated
generating function, - its Hilbert series

Hu(t) = dimgA; t7.
3=0

Another concept playing an important role in this paper is Koszulity. For a quadratic algebra
A = A(V,R), the augmentation map A - K equips K with the structure of a commutative graded
A-bimodule. The algebra A is called Koszul if K as a graded right A-module has a free resolution

cw> M, - > My > A - K — 0 with the second last arrow being the augmentation map and
the matrices of the maps M,,, - M,,_1 with respect to some free bases consisting of homogeneous
elements of degree 1.

One of the important features of Sklyanin algebras, as of many other algebras, originated in
physics, is that they are potential algebras (or in other terminology vacualgebras, or Jacobi alge-
bras). The notion of a noncommutative potential was introduced by Kontsevich in [8, 5]. We make



use of an equivalent definition from [4]. An element F of K(xy,...,xy,) is called cyclicly invariant
if F' is invariant for the linear map C : K(x1,...,z,) > K(z1,...,2,) defined by its action on
monomials as follows: C(1) =1 and C(z;u) = ux; for every j and every monomial u. The sym-
bol K¥(z1,...,x,) stands for the vector space of all cyclicly invariant elements of K(z1,...,z,).
We also consider the linear maps % K{zy,...,xn) = K(z1,...,2,) defined by their action on

monomials u as follows: % = 0 if u does not start with x; and % =v if u = xju. A potential
J

J
algebra Ap defined by the potential F' € K¥(xq,...,x,) is a K-algebra given by the generators

r1,...,T, and the relations % =0 for 1 £ 7 < n. For the sake of convenience, we consider the
J

onto linear map G + GO from K(z1,...,z,) to K¥(z1,...,2,) defined by its action on homo-
geneous elements by ©© = C(u) + ...+ C%, where d is the degree of u. For example, 24© = 4gt

and x2yo = 2%y + zyx + yx®. There is a number of generalizations of potential algebras, see, for
instance, [4].

Recall that if (p,q,7) € K3, the Sklyanin algebra QP%" is the quadratic algebra over K with
generators x,y, z given by 3 relations

pyz+qzy+rzx =0, pzx+qrz+ryy=0, pry+qyxr+rzz=0.

and it is a potential algebra with the potential r(z3 +y3 + 23) + pryz© + qu2zy©.

Artin, Tate and Van den Bergh [3, 2], and Feigin, Odesskii [9], considered a certain family
of infinite dimensional representations of Sklyanin algebra. Namely, they used graded modules
with all graded components being one-dimensional, known as pointed modules. The geometric
interpretation of the space of such modules is in the core for most of their arguments. Artin, Tate
and Van den Bergh showed that if at least two of the parameters p, ¢ and r are non-zero and the
equality p® = ¢® = 73 fails, then Q9" is Artin-Shelter regular. More specifically, QP¢" is Koszul
and has the same Hilbert series as the algebra of commutative polynomials in three variables.

It became commonly accepted that it is impossible to obtain the same results by purely algebraic
and combinatorial means like the Grobner basis technique, see, for instance, comments in [13]. We
have dispelled this notion in [7]. However our previous proof is rather complicated. It uses a
construction of a Grébner basis in a suitable one-sided module over QP°¢" and has quite a number
of cases to consider. In this paper we exhibit a linear substitution after which it becomes possible
to determine the leading monomials of a reduced Grébner basis for the ideal of relations of S itself.

In section 3 we explicitly classify all Sklyanin algebras (in terms of parameters) up to isomor-
phism.

The only drawback of the new technique is that it fails if the characteristic of the ground field
equals 3.

We say that a Sklyanin algebra SP97 is degenerate if either p® = ¢® = r
zeros among p, ¢ and r.

3 or there are at least two

Theorem 1.1. The algebra A = QP9 is Koszul for any (p,q,7) € K3. The equality Hy = (1 -1)73
holds if and only if the Sklyanin algebra A is non-degenerate.

We stress again that the above theorem is essentially one of the main results in [3] with a
different proof provided in [7]. Our new proof is however much easier and shorter. Concerning
another result of this paper, where we give an explicit description in terms of parameters, which
Sklyanin algebras are isomorphic as graded algebras. The question when two different Sklyanin
algebras are isomorphic is touched in [3]. The authors associate to each Sklyanin algebra certain
geometric data (an elliptic curve and its automorphism) and observe that Sklyanin algebras are
isomorphic precisely, when the same happens to geometric data associated to them. This certainly
may be useful on many occasions, however this characterization of isomorphic Sklyanin algebras is
hard to use when the only data we have are just the triples of parameters (possible, of course, but



rather inconvenient). In this section we find out explicitly in terms of just the values of parameters
which Sklyanin algebras are isomorphic to each other. Note that according to Proposition 2.3
below, the answer does not change if we allow all algebra isomorphisms instead of just graded
(=linear substitutions in our case) ones. Keeping this in mind, we just deal with isomorphisms
in the category of graded algebras. The next theorem yields a complete description of isomorphic
Sklyanin algebras. Note that monomiality of degenerate Sklyanin algebras was first noticed by
Smith [12], while their Koszulity was noticed in [13].

Theorem 1.2. Let K be a field such that there is 0 € K satisfying 0% = 1 # 0 (a non-trivial cubic
root of 1). Then the following statements hold true:

(I1) A degenerate Sklyanin algebra A = QP9" is isomorphic to one of the following three pairwise
non-isomorphic monomial algebras Q%Y = K(z,y, z), QY0 given by the relations xy = zx =
yz =0 or QVO! given by the relations xx = yy = zz = 0. Furthermore,

(I1.1) A is isomorphic to Q*%° if and only if p=q=1r=0;

(I1.2) A is isomorphic to Q%0 if and only if either r = pq = 0 and (p,q) # (0,0) or p® = ¢ =
r3+0 and p % q;

(I1.3) A is isomorphic to Q*%1 if and only if either p=q=0 andr #0 orp=q#0 and p* = r3.

Finally, a degenerate Sklyanin algebra is never isomorphic to a non-degenerate one.

(I12) A non-degenerate Sklyanin algera A = QP?" is isomorphic to a quantum polynomial algebra
B¢ given by the relations xy = ayx, zx = axz and yz = azy with o € K* if and only if r =0
or (p+q)3 +12=0. More specifically, A is isomorphic to B® with given o € K* if and only if

- _ P _4 3, .3 _ p=0q p2 p-9q
eitherr =0 and « € {_5’ —5}, or (p+q)°+r°=0 and a e {HW,H p—02q}' Furthermore, B*
and BP are isomorphic if and only if either o= 8 or o8 = 1.

(I3) A non-degenerate Sklyanin algera A = QP'?" non-isomorphic to any quantum polynomial
algebra B® with o € K* satisfies r # 0 and (p+q)> + 13 % 0 and therefore up to scaling of the
parameters (dividing by r), (p,q,r) turns into (a,b,1) with (a,b) € M, where

M ={(a,b) eK*: (a,b) #(0,0), (a+b)>+1%0, (a®>-1,0°-1) % (0,0)}.

If both (a,b) and (a',b") belong to M, then the Sklyanin algebras Q**' and QYY1 are iso-
morphic if and only if (a,b) and (a’,b") are in the same orbit of the group action on M
generated by two maps

(a,b) > (0a,00) and (a,b) r> (PEhL, Cashel ),
This group is finite, consists of 24 elements (thus if K is infinite, for generic (a,b) € M,
there are exactly 23 other elements of M giving rise to an isomorphic Sklyanin algebra) and
is isomorphic to SLo(Z3). The complete list of pairs (a’,b") € M such that for a given
(a,b) e M, Q¥ and QYY1 are isomorphic is as follows:

(07a,67b) and (07b,67a) with j € {0,1,2};
(91“+9’“b+9’”, 9’““+9jb+9’") with n € {0,1,2} and {j,k,m} = {0,1,2}.

a+b+Om a+b+0™

Throughout this paper, we always use the left-to-right degree-lexicographical order on
monomials in z, y and 2z assuming = >y > z. We recall some general well-known facts on quadratic
algebras in Section 2. Elementary observations concerning Sklyanin algebras are collected in Sec-
tion 3. Most of them are borrowed from our paper [7]. We prove Theorem 1.1 in Section 4. Section 5
is devoted to the proof of Theorem 1.2, while the final Section 6 contains some extra comments.



2 General background

We shall use the following well-known facts, all of which can be found in [10]. A quadratic algebra
A = A(V,R) is called PBW if there are linear bases z1,...,z, in V and r1,...,r, in R and a well-
ordering of monomials in x; compatible with multiplication such that rq,...,r,, form a Grobner
basis of the ideal of relations of A. Here we follow notation from [10]. As a matter of warning,
the term PBW is overused in the literature: we are aware of at least four pairwise non-equivalent
definitions of PBW algebras. This is probably because all these notions generalizes in a different
directions the PBW property of the universal enveloping of Lie algebra.

Note that every monomial quadratic algebra A = A(V, R) is a PBW-algebra, in our sense (see
also [10]), which we will fix once and for all.

Let us pick a basis x1,...,x, in V, we get a bilinear form b on the free algebra F' = F/(V') defined
by b(u,v) = &y, for every monomials u and v in the variables z1,...,z,. The algebra A' = A(V,RY),
where R* = {u € V2 : b(r,u) = 0 for each r € R}, is called the dual algebra of A. Clearly, A' is a
quadratic algebra in its own right. One easily sees that up to a graded algebra isomorphism, A'
does not depend on the choice of a basis in V. We recall that

every PBW-algebra is Koszul;

Ais Koszul < A'is Koszul;
if A is Koszul, then Hx(-t)H 4 (t) = 1.

The latter property of A, when the Hilbert series satisfies the property: H(-t)H 4 (t) =1, we
will call numeric Koszulity.

The following lemma proved in [7] allows us to prove Koszulity of Sklyanin algebras once we
have computed their Hilbert series. We say that u € A = A(V, R) is a right annihilator if Vu = {0}
in A. A right annihilator u is non-trivial if u # 0.

Lemma 2.1. Let A = A(V,R) be a quadratic algebra such that Ail = {0}, A!3 is one-dimensional
and wAIQ # {0} for every non-zero w € A!l. Then the following statements are equivalent:

(2.1.1) A is Koszul,
(2.1.2) A has no non-trivial right annihilators and Ha(—t)H 4 (t) = 1.

Next, we stress upon a well-known fact that neither Koszulity nor the Hilbert series of a quadratic
algebra A = A(V, R) is sensitive to changing the ground field.

Remark 2.2. Fix the bases z1,...,z, and r1,...,7, in V and R respectively. Then A = A(V, R)
is given by generators x1,...,x, and relations ry,...,r,. Let Ky be the subfield of K generated
by the coefficients in the relations rq,...,7,, and B be the Kyp-algebra defined by the exact same
generators x1,...,x, and the exact same relations ry,...,7,. Then A is Koszul if and only if B
is Koszul (see, for instance, [10]) and the Hilbert series of A and of B coincide. The latter follows
from the fact that the Hilbert series depends only on the set of leading monomials of the Grobner
basis. In particular, replacing the original field K by its algebraic closure or by an even bigger field
does not change the Hilbert series or Koszulity of A. On the other hand, the PBW-property is
sensitive to changing the ground field [10].

Since our secondary task is to describe all isomorphic Sklyanin algebras, a natural question arises.
Do we deal with isomorphism in the category of K-algebras or consider only isomorphisms in the
category of graded K-algebras. Formally speaking, the answer may depend on the choice of the
category. It does not do so in our case. This follows from the next elementary and very general
result.



Proposition 2.3. Let A= A(Vy,Ry) and B = A(Va, Rs) be quadratic algebras over the same ground
field K (any field of any characteristic is allowed here). Assume also that A and B are isomorphic
as K-algebras. Then they are isomorphic as graded K-algebras.

Proof. Let A= A(Vy,R;) and B = A(Va, R2) be quadratic algebras over the same ground field K.
Let x1,...,2, be a linear basis in V; and y1,...,yn be a linear basis in V5. Pick a linear basis
fi,---, fs in Ry and a linear basis gi1,...,g; in Ro. Let ¢ : A - B be a K-algebra isomorphism.
The proof will be complete if we construct another algebra isomorphism ¢ : A - B such that its
restriction to Vj is a linear isomorphism from V; onto V5 (then v is a graded algebra isomorphism).
Since f; € V2, fj= 1<k2< a,(g)xkxp with a,(f’l)) e K. Let u¥) = o(x;) for 1 < j <n. As usual, for an
<k,psn
element u of a graded algebra, u; stands for degree 7 homogeneous component of u. Since ¢ is an

algebra isomorphism, u) must generate B. Since the first component of every element of B in
the subalgebra generated by 19 is in the linear span of ugj ), the said span must coincide with V5.
In particular, n>m. T he same argument with the roles of A and B switched yields m > n. Hence

m =n and u(j ) for 1 <7 <n form a linear basis in V5. Since ¢ is an algebra homomorphism, we
have '
> a,(i;u(k)u(p) =0 in Bfor1<j<s. (2.1)
1<k, psn

The zero component of the above equation reads

> a(])ugk)uép) 0 inKfor1<j<s. (2.2)
1<k, p<n

The degree 1 component of (2.1) looks like

> a(]) (()k)ugp) +u((]p)u§k)) =0 in Va for 1<j<s. (2.3)
1<k, p<n
Since ugj ) are linearly independent, the left-hand sides in (2.3) are zero as polynomials in ugj ).
Hence, ‘
> a;{;(uék)u(p) + u(()p)u(k)) =0 in Bfor1<j<s. (2.4)
1<k, p<n

Combining (2.1), (2.2) and (2.4) we get

> a]g{;(u(k) —u(()k))(u(p) —uép)) =0 in Bfor1<j<s. (2.5)

1<k, p<n

The second degree component of (2.5) now is

> a(]) (k) (p) =0 in Bfor1<j< (2.6)

1<k, p<n

Since f; are linearly independent and u(J ) are linearly independent, (2.6) provides s linearly inde-
pendent quadratic relations in B. In partlcular s <t. The same argument with the roles of A and
B reversed, gives t < s. Hence s =t and the linear span of the left-hand sides of (2.6) must coincide
with Rs. It follows that the map x; — ug D extends to an algebra isomorphism of A and B. Clearly,
this is a graded isomorphism, we were after. ]



3 Elementary observations

The following elementary facts are proved in [7]. The next lemma is proved by a direct computation
of the reduced Grobner basis for the ideal of relations of the dual of Sklyanin algebra (using the
usual left-to-right degree lexicographical ordering on monomials assuming x > y > z. The last
statement is verified directly since knowing the Groner basis we know the multiplication table in
the relevant finite dimensional (in this case) algebra A'.

Lemma 3.1. Let (p,q,7) e K> and A= QP9". Then the Hilbert series of A' is given by

1+3t  ifp=q=r=0;
H,y(t) = 11+—_2tt if p? = q® =13+ 0 or exactly two of p, ¢ and r equal 0; (3.1)
(1+t)3  otherwise.

Moreover, wAl # {0} for each non-zero w e A% provided H 4 (t) = (1 +1)3.

Note [10] that for every quadratic algebra A = A(V, R) (Koszul or otherwise), the power series
H(t)H 4 (~t) - 1 starts with t* with k& > 4. This allows to determine dim A3 provided we know
dim A!j for j < 3. This observation together with (3.1) yield the following fact.

Corollary 3.2. Let (p,q,7) e K3 and A= QP%". Then

27 ifp=q=r=0;
dimAs =1 12 ifp>=¢> =13 %0 or exactly two of p, ¢ and r equal 0; (3.2)
10 otherwise.

The following two lemmas can be found in [7]. Since their proof is very short, we present it for
the sake of reader’s convenience.

Lemma 3.3. Assume that (p,q,7) € K3 and 6 € K is such that 63 =1 and 6 + 1. Then the graded
algebras QPP and QP19 are isomorphic.

Proof. The relations of QP%" in the variables u, v, w given by = u, y = v and z = #?w read
puv + quu + Orww = 0, pwu+ quw + Orvv = 0 and pvw + quwv + Oruu = 0. Thus this change of variables
provides an isomorphism between QP%" and QP4 O

Lemma 3.4. Assume that (p,q,7) € K3 and 6 € K is such that 83 =1 and 6 + 1. Then the graded
algebras Q%" and QP9 are isomorphic, where p' = 0*p+0q+r, ¢ =0p+02q+r andr' =p+q+r.

Proof. A direct computation shows that the space of the quadratic relations of Q%" in the variables
u, v, w given by £ = u+v+w, y = u+60v+0?w and z = v+ 0%v + fw (the matrix of this change
of variables is non-degenerate) is spanned by p'uv + ¢'vu + r'ww = 0, p'wu + ¢'vw + r'vv = 0 and
p'vw + ¢'wv + r'uu = 0. Thus QP2 and Q4" are isomorphic. O

Lemma 3.5. Assume that K contains an element 0 such that 63 =1 # 0. Let A = QP%" be a
degenerate Sklyanin algebra. Then

e A=K{z,y,2) <> p=q=r-0;

e A is isomorphic to the monomial algebra Q%° given by the relations xy = zx = yz = 0 if and
only if either r =0, pg =0 and (p,q) # (0,0) orp> =¢® =r3+0 and p # ¢;

e A is isomorphic to the monomial algebra Q"% given by the relations xx = yy = 2z = 0 if and
only if either p=q=0 and r+0 orp=q+0 and p> =13;

Furthermore, the algebras K(z,y, z), Q*%° and Q"% are pairwise non-isomorphic and a degenerate
Sklyanin algebra can not be isomorphic to a non-degenerate one.



Proof. The statement A = K(z,y,z) <= p=q =1 =0 is obvious. If exactly two of p, ¢ and r
are zero, then up to scaling we have three options for (p,q,r): (1,0,0), (0,1,0) and (0,0,1). Note
that swapping « and y, while leaving z as it is, provides an isomorphism between Q%%° and Q0.
It remains to deal with the case p® = ¢3 = 73 # 0. If p = ¢, then by scaling we can make p = ¢ = 1.
Then 73 = 1. By Lemma 3.3, QP%" is isomorphic to @Q""!. By Lemma 3.4, Q"' is isomorphic
to QP4 where p' =02 +0+1=0,¢ =0+62+1=0and ' =1+1+1=3#0. Hence QP?" is
isomorphic to Q%%!. Tt remains to deal with the situation p? = ¢> = 7> and p # ¢. By scaling, we
can make p = 1. Then 73 = ¢®> =1 and ¢ # 1. By Lemma 3.3, QP%" is isomorphic to Ql’q’q2. By
Lemma 3.4, QL‘W2 is isomorphic to QP4"" where p' =q+¢®* +¢*> =0, ¢ = >+ ¢*> + ¢*> = 3¢*> # 0 and
' =1+q+¢?>=0. Thus Q™% is isomorphic to Q*%C.

Clearly, K(xz,y,z) is not isomorphic to any of Q%Y and Q"%! (for example, K(z,v,z) has
no non-trivial zero divisors, while Q%%° and Q%! have non-trivial zero divisors provided by the
defining relations). The algebras Q1*? and Q%%! are non-isomorphic since the only one-dimensional
representation of Q%%! is the augmentation map, while the map sending = to 1 and y and z to 0
extends to a one-dimensional representation of Q%0.

Finally, by Corollary 3.2, a degenerate and a non-degenerate Sklyanin algebras always have
different dimensions of their third graded components. Hence a degenerate Sklyanin algebra can
not be isomorphic to a non-degenerate one. O

Lemma 3.6. Assume that K contains an element 0 such that 62 =1+ 0. A non-degenerate Sklyanin
algebra A = QPT7 is isomorphic to a quantum polynomial algebra B given by the relations xy = ayx,
2x = axz and yz = azy with o € K* if and only if r =0 or (p+¢)> + 13 = 0. More specifically, A 18
isomorphic to B® with given o € K* if and only if either r =0 and o € {—— ——} or (p+¢q)3+r3=0

and o € {«92; oeqq 925 992‘1 } Furthermore, B® and B® are isomorphic if and only if either o = 8 or

af =1.
Proof. If r =0, then obviously A = Q%" is isomorphic to B® with a = —]% (these algebras coincide).
Assume now that (p+¢q)®+r3=0and r # 0. Clearly, QP¢" = Q%"!, where s = 2 and t = 1,

Since (p+q)3 + 73 = 0, we have (-s - t)3 = 1. By Lemma 3.3, Q*%! is 1somorph1(: to QSt —st, By
Lemma 3.4, Q%% is isomorphic to QP 7" where p' = (02 -1)s+ (0 -1)t, ¢ = (0 —1)s+ (8% - 1)t
and r’ = 0. Note that the assumptions yield that QP*%" is non-degenerate and therefore so is QP 7" .

a _ 2_
Hence p'q’ #0. Then Q74" = Q10 with a = —%. After easy simplifications, one gets

a = 0p 0 q € K*. Thus A is isomorphic to B* with a = 01;;‘;2(;1. Since swapping z and y, while

leavmg z as it is, provides an isomorphism between B® and BC“_I7 we see that A is isomorphic to
B® if either 7 =0 and « € {—— ——} or (p+q)?+73=0and ae {0]; eeqq 925:—;22

Next, we shall verify that A is not isomorphic to any B® provided r # 0 and (p + ¢)3 + 3 # 0.
Indeed, assume that 7 # 0 and (p + ¢) + 3 # 0. We shall verify that A has no one-dimensional
representations except for the augmentation map. Let ¢ : A - K be a representation (=an algebra
homomorphism) and let a = ¢(x), b = ¢(y) and ¢ = ¢(z). We have to prove that a =b = c = 0. From
the defining relations of A it follows that (p + ¢)ab = —rc?, (p + ¢)bc = —ra® and (p + ¢)ac = —rb?.
Multiplying these equalities, we get a?b2c?((p+q)3 +73) = 0. Since (p+q)® +73 # 0, we have abc = 0.
Without loss of generality, we may assume that a = 0. From (p + ¢)ab = —rc? and (p + q)ac = —rb?
we now get rb =rc = 0. Since r # 0, we obtain a = b = ¢ = 0. On the other hand, the map = ~ 1,
y+ 0 and z — 0 extends to a one-dimensional representation for each B®. Thus each B* has more
than one one-dimensional representations. Thus A is not isomorphic to any B* provided r # 0 and
(p+q)+r3+0.

The proof will be complete if we verify that B® and B? are isomorphic if and only if either o = 8
or af = 1. Since B! = K[z,y, 2] is the only commutative algebra among B?, it is non-isomorphic
to any B® with « # 1. Thus it remains to deal with the case a« # 1 and S # 1. Let o, e K*, a # 1



and 8 # 1. Assume that there is a graded algebra isomorphism ¢ : B* - B?. Let z, y, z be the
usual generators of B?, while u, v and w be the images under ¢ of the usual generators of B®.
Then u, v and w form a linear basis in the degree 1 component Bf =V of B and satisfy uv = avu,
wu = auw and vw = awv. Furthermore, the linear span of uv —avu, wu—ouw and vw — aww treated
as elements of K(x,y, z) must coincide with the linear span of xy — Syx, zx — fzz and yz — Bzy. In
particular, uv — cvu, wu — cuw and vw — awv must be ’square-free’: when written in terms of z, y
and z they should not contain any of zx, yy and zz. Since a # 1, it immediately follows that each
of u, v and w, when written in terms of x, ¥ and z must be a scalar multiple of a single element
of {z,y,z}. That is, the matrix of our linear substitution ¢ is a product of a diagonal matrix and
a permutation matrix (of size 3 x 3). If the permutation in question is even, one easily sees that
uv — avu, wu - auw and vw — awv are scalar multiples of xy — ayz, zx — arz and yz — azy (in some
order), while if the permutation is odd uv — avu, wu — cuw and vw — cwv are scalar multiples of
azy-yz, azx—xz and ayz—azy (in some order). Thus, the spans of the triples uv—avu, wu—auw
and vw — awv and xy — Byx, zx — frz and yz — Bzy can coincide only if o = 8 or af8 = 1, which
completes the proof. O

Lemma 3.7. Degenerate Sklyanin algebras A = QP9" are Koszul and have the Hilbert series H 4 =
(1-3)Yifp=q=r=0and Hy = 11—_+2tt otherwise. Non-degenerate Sklyanin algebras A = QP27
satisfying either r = 0, or (p+¢q)> +7° =0, or p* = ¢ are Koszul and have the Hilbert series

Hp=(1-1)73.

Proof. By Remark 2.2, by passing to a field extension, we can, without loss of generality, assume
that K is algebraically closed. Since charK # 3 and K is algebraically closed, we can find 6 € K
such that #3 =1 # 6. Now by Lemmas 3.5 and 3.6 in all cases except for p®> =¢> # 0 and r # 0, A is
PBW and therefore Koszul. Indeed, A is either isomorphic to a monomial algebra or to quantum
polynomials. The computation of the Hilbert series is straightforward and very easy.

It remains to consider the case p3 = ¢ # 0 and r # 0. By normalizing, we can without loss
of generality assume p = 1. Then ¢® = 1 and the defining relations take form zx = —%yz - %zy,
xy = —quz —rzz and xz = —zx — Zyy. A direct computation shows that the reduced Grober basis
of the ideal of relations comprises the defining relations rxx +yz +qzy, xy+qyr+rzz, qQrz+ryy+ zx
together with yyz—q?zyy and yzz—q*2zzy (the basis is finite; one has to use the equality ¢ = 1). Now
the normal words (the words, which do not contain any of the leading monomials zz, zy, xz, yyz,
yzz of the basis as submonomials) are exactly 2F(yz)™yla®, where k,m,[ are non-negative integers
and € € {0,1}. As there are precisely w normal words of degree n, we have Hq = (1-1)73.
Since the set of normal words is closed under multiplication by z on the left, the map u — zu
from A to itself is injective. In particular, A has no non-trivial right annihilators. By Lemma 3.1
H,y = (1+1t)® and wA, # {0} for every non-zero w € A}. Now Lemma 3.2 implies that A is
Koszul. O

We need another observation made in [7].

Lemma 3.8. For every p,q,r € K, the Sklyanin algebra A = QP%" satisfies dim A, > w for

every n € 2.

4 Proof of Theorem 1.1

Throughout this section p,q,r €¢ K and A = Q”%". By Remark 2.2, by passing to a field extension,
we can, without loss of generality, assume that K is algebraically closed. Since charK # 3 and K is
algebraically closed, we can find § € K such that #3=126. If p>=¢3 orr=0o0r (p+q)3+73 =0,
the conclusion of Theorem 1.1 follows from Lemma 3.7. Thus for the rest of the proof, we can
assume that none of these equalities holds. Moreover, if p+q = 0, one easily sees that a substitution



from Lemma 3.4 breaks this equality. Thus we can additionally assume that p + ¢ # 0. Since 7 # 0,
by scaling the relations, we can without loss of generality assume that r = 1. Then (p,q) # (0,0),
(p®-1,¢-1)#(0,0), p+q#0and (p+¢q)3+1%0.

Our proof hinges on finding a convenient linear substitution. The main objective is to make
specific monomials (namely, zx, zy and yz) into leading monomials of defining relations with respect
to the standard left-to-right degree-lexicographical ordering assuming x > y > z. We perform the
substitution in a number of steps: each of the steps is a linear sub itself and the resulting substitution
is their composition. We keep the same letters x,y, z for both old and new variables. We introduce
a substitution by showing by which linear combination of (new) xz,y,z must the (old) variables
be replaced. For example, if we write t > x +y + 2, y > 2 —y and z — 7z, this means that all
occurrences of x (in the relations, potential etc.) are replaced by z + y + z, all occurrences of y are
replaced by z —y, while z is swapped for 7z.

Note that our Sklyanin algebra Q%! is potential with the potential

Fyq= 3+ y3 + 23 +pa;yzO + qa:zyO

First, we perform the sub z — —p—q, y - y and z - z. As a result, we see that 4 = QP%! is
isomorphic to the potential algebra with the potential

pro— _(pra)’+1

L 23+ (23 + 93+ 23) - 20 - Lg2y©

P+q p+q

Note that we have used the condition p+ ¢ # 0. Next, we do the sub . -z +y + 2, y » x + 0%y + 0z
and z — x + 0y + 0%z, As a result, A is isomorphic to the potential algebra with the potential

pro— _(pra)’41

3((1—9)p+(1—92)q)x 3((1-6*)p+(1-6)q)
(p+q)?

3
(z+y+2)°+ ore y2© + P x2y©

Note that the (x + y + z)3-coefficient in F,, is non-zero since (p + q)®+1 # 0. Since multiplying
a potential by a non-zero constant has no effect on the corresponding potential algebra, A is
isomorphic to the potential algebra with the potential

Gap = (z+y+2)% +axyz° +brzy®

where
q = 3+a)*((0-D)p+ (0= Da) - 3(p+a)* (6~ D)p+(9-1)q)
(p+q)3+1 (p+q)3+1
Note that a =0 < p=62¢,b=0 — p=6ganda=>b < p=gq. Since p* # ¢>, we have
3
ab(a —b) # 0. Furthermore, a +b = - (?g(qur)%)Jrl and therefore a + b # 0 as well.

Now we perform the sub z - -, y — ﬁxﬂ/—z and z — z. We need the fact that a(a+b) # 0
for it to be non-degenerate. As a result, A is isomorphic to the potential algebra with the potential

o b =(z+y)>+ a+bxxzo + —xyzo + —a:zy —axz22°.

By this point, we have already reached our main objective. One easily sees that the leading

monomials of the defining relations of the last algebra are indeed xz, zy and yz. However, we shall

perform one final sub (with a triangular matrix) in order to simplify the potential. Namely, we use
2 2 2 2

the sub z — x - “bey+ %z, Yy — “TJ’y— (“EI’))_—b;S”z and z — —%z, which is non-degenerate

since ab(a +b)(a—b) # 0. As a result, A is isomorphic to the potential algebra with the potential
Poy=a—2yz® +yyz© +ayz2© - (y - a?)2?, (4.1)

where

(a+b)3+ab(a?+b?) _ (a+b)*(a®-ab+b?)+ab(a+b)3(2a%+2b%~3ab)+a?b? (a* +b* +a?b?—a3b— ab3)
@t 7T (a-0)°




Remark 4.1. There is no black magic to this string of substitutions. There is no visible pattern
to the leading monomials of the Grobner basis of the ideal of relations of the Sklyanin algebras in
their original form. We had to change something and the most drastic change ensues from altering
the leading monomials of the defining relations. However for generic Sklyanin, it is impossible to
get rid of the square zx of the largest generator. It is equally impossible to lose both zy and xz,
so we might as well keep zy. The only freedom we have now is to find a sub, which will change the
smallest leading term xz and this can not possibly go below yz. So we set on changing it into yz.
We use elementary linear algebra to find necessary and sufficient conditions on a potential for the
corresponding potential algebra to have zy, xz and yz as the leading terms of defining relations.
These have the form of equations on the coefficients of the potential. Each of the first few of the
above subs were designed to alter the potential in such a way that one equation is satisfied without
spoiling the previously obtained ones. The last sub is there for the sake of neatness.

The case « = v = 0 does not occur (does not come from a Sklyanin algebra). One can see it
directly using the above formulas for « and . However there is an indirect way. The potential
algebra with the potential Py o enjoys a rank 1 quadratic relation zy = yy (we mean the usual rank in
V®V). On the other hand, it is elementary to see that no such thing exists for any non-degenerate
Sklyanin algebra. We shall discuss the potential Py o later since it is peculiar indeed.

Thus A is isomorphic to the potential algebra B defined by the potential P, . of (4.1) with
a,v €K, (a,7v) #(0,0). Since A and B are isomorphic, the proof will be complete if we show that
B is Koszul and Hp = (1 -t)™3. A direct computation shows that B is presented by generators
x,1, z and relations

rrx—zr+zy+azz=0, xy—yy—azr+vzz=0, yz—zx+zy+azz=_0 (4.2)

(observe the leading monomials zx, zy and yz). Let I be the right ideal in B generated by y and
z: I =yB+zB. For f,g € B, we write f = g(modI) if f —g e I. For each k € Z, consider the
following property:

(ITj,) there exist ay, by, € K such that zzFz = apzzF*! (mod I) and z2*y = bpazF*! (mod I).

Note that according to (4.2), Il is satisfied with ag = by = 0. We shall prove the following Claim.
Claim: If k € Z, and Il is satisfied, then either II;,; is satisfied or

(Shs1) 2282 = 228y (mod I) and 2252 = 0 (mod I).

Proof of Claim. Assume that IIj, holds. Then 22 = apz2**! (mod I) and z2*y = brz2*** (mod I).
Using (4.2), we see that z2Fyz = 22812 — 2281y — az2¥*? for some ay, by, € K. On the other hand,

x2yz = brez¥*? (mod I). These equalities yield

—x2 g a2y 4 (b + a)$2k+2 =0 (mod ).

x—yxzFt2, Usmg (IT,), we then have z2Fzy = byzzF*ly+axzF+la -

k+1y (mod I). These two equalities yield

By (4.2), z2Fzy = z2Fyy +axk*t

yxzF*2 (mod I). Directly from (IIj), we have z2Fzy = a2

a2 + (by — ag)xz" 1y — y22**? = 0 (mod I).

Again, by (4.2), zzFzx = z2Me — 228y — az2F*2. By (1), z2¥zz = apzzF'z (mod I). By the
last two equalities,
(ap - a2z + 22y + azz"? = 0 (mod I).

In the matrix form, the equations in the above three displays have the form

kg 0 -1 1 b +
M| xzz*Yy =] 0 | (modI), where M = a  bp-ar -y |- (4.3)
s 0 ap—1 1 a
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If the first two columns of matrix M are linearly independent, I, follows straight away.
It remains to consider the case when the first two columns of matrix M are proportional. In this
case a, = 0 and b, = —a and M has the form

-1 1 0
M= o« -a -v
-1 1 «

Since (a,v) # (0,0), (4.3) is now equivalent to zz*"'z = z2*"'y (mod ) and x2**2 = 0 (modI),
which is ¥;,1. This concludes the proof of the claim. O

According to the above claim we have two options: either II; holds for all k € Z, or for some
keZ,, ly,..., 11 and ¥p,1 are satisfied. Note that the first option is what happens for generic
(o, 7) € K2, while the validity of Ily, ..., II; and X3, occurs for (a,~) from an algebraic curve.

Case 1: IIj holds for all k € Z,. The only monomials, which do not contain any of yz, zz*x
and zzFy for k € Z, are zFy™ and zFy™axz? for k,m,j € Z.. Denote this set of monomials N.

(n+1)(n+2)
2

The number of monomials of degree n in N is exactly . Since I is satisfied for each k,

B is the linear span of N. It follows that dim B, < w for each n and these inequalities
turn into equalities precisely when monomials from IV are linearly independent in B. On the other
hand, by Lemma 3.8, dim A,, = dim B,, > w for each n. Hence dim B,, = %2(“2) for every
n, that is, Hg = (1 -t)73, and monomials from N are linearly independent in B. Equalities in
II;, can be written as the equalities 22"z — arz2*"1 + f; and z2*y — byzz*"1 + g, in B with fi, gk
being homogeneous elements of I of degree k+2. According to the above observations, the equality
Hp = (1-t)~3 implies that yz - zx + zy+azz together with z2Fz—apzzF*1 + £, and z2Fy—bpazF1 + g,
for k € Z, form a reduced Grobner basis in the ideal of relations of B and that NV is the set of
corresponding normal words. Since N is closed under multiplication by z on the left, the map
u —~ zu from B to itself is injective. Thus B has no non-trivial right annihilators. Since A and
B are isomorphic Hy = (1 -t)™ and A has non non-trivial right annihilators. By Lemma 3.1
H, = (1+1)% and wAb # {0} for every non-zero w € A}. Now Lemma 3.2 implies that A is Koszul.

Case 2: there is k € Z, such that Iy, ..., II; and X44; hold. By Zj,1, 22812 = 2281y (mod I)
k42 = 0 (mod T). Using these equalities and (4.2), we have z2¥*'zz = 228" yz (mod I) and
w2 ax = 22F 20 — 2282y — axzF*3 = 0 (mod I). Hence

and zz

22"y = 0 (mod 1),

The only monomials, which do not contain any of yz, zz/z for 0 < j < k+ 1, 27y for 0 < j < k,
222 and z2"*lyz are the words of the form 27y™w, where m,j € Z, and w is an initial subword

(empty allowed) of the infinite word zz**'yyyy.... Denote this set of monomials N. As before,

the number of monomials of degree n in N is w Now exactly the same argument as in
Case 1 yields Hq = Hp = (1 -t)™® and shows that A is Koszul. Note that this time the reduced
Grobner basis in the ideal of relations of B turns out to be finite: it consists of 2k + 6 elements.

This concludes the proof of Theorem 1.1.

5 Isomorphic Sklyanin algebras

Recall that we still assume that char K # 3. Throughout this section we shall also assume that there
is 6 € K such that #% = 1 # 0 and use 6 for this element without further reference. Note that the
absence of a non-trivial cubic root of 1 does effect the results below both directly (when 6 features
in a statement) and indirectly.
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By Lemmas 3.5 and 3.6, a non-degenerate Sklyanin algebra AP?®" is non-isomorphic to any
quantum polynomial algebra B® if and only if  # 0, (p+¢)3+r3 £ 0, (p,q) # (0,0) and p3 = ¢3 =13
fails. That is, by dividing by 7, (p,q,r) can be turned into a unique triple (a,b,1) with

(a,b) e M, where M ={(a,b) eK?:(a,b) % (0,0), (a+b)>+1%0, (a®>-1,b°-1)%(0,0)}.

Since scaling the triple of parameters does not change the Sklyanin algebra, in order to describe
which non-degenerate Sklyanin algebras non-isomorphic to quantum polynomials are isomorphic
to each other, it suffices to do so in the case (p,q,r) = (a,b, 1) with (a,b) € M.

Lemma 5.1. If both (a,b) and (a’,b") belong to M, then the Sklyanin algebras Q**' and QYY1 gre
isomorphic if and only if (a,b) and (a’,b") are in the same orbit of the group action on M generated
by two maps (a,b) — (a,0b) and (a,b) — (6a+92b+1 92‘”%”). This group is finite, consists of 24

a+b+1l 7 a+b+l
elements (thus if K is infinite, for generic (a,b) € M, there are exactly 23 other elements of M
giving rise to an isomorphic Sklyanin algebra) and is isomorphic to SLa(Z3).
The complete list of pairs (a',b') € M such that for a given (a,b) € M, Q¥»' and Q%*>! are

isomorphic is as follows:

e (07a,0°b) and (07b,67a) with j € {0,1,2};
. <0ja+9kb+9m, ek“+9jb+9m) with n € {0,1,2} and {j,k,m} ={0,1,2}.

a+b+Om a+b+0™

The first line line in the above list provides 6 pairs, while the second line yields 18.

Proof. Assume that (a,b) and (a’,d") belong to M, then the Sklyanin algebras A = Q%! = A(V, R)
and B = Q"1 = A(V,R') are isomorphic. By Theorem 1.1, dim A3 = dim B3 = 10. Since dim V3 =
27, we have dim (VR+RV) =dim (VR '+ R'V) =27-10 = 17. Since dimVR =dim RV =dim VR’ =
dim R'V =9, it follows that dim (RV nVR) =dim (R'V nV'R) = 1. On the other hand, obviously,
the potentials F = 23 + y3 + 2% + azyz0 + bazy© and F' = 23 + ¢ + 23 + d/zyz0 + V'xzy© for
A and B respectively satisfy F' ¢ RV nVR and F' € R'V nVR'. Since a linear substitution
T € GL3(K) facilitating the graded isomorphism of A and B must send RV nVR to R'VnVR,
it transforms F' to F’ up to a scalar multiple. Hence T must transform the abelianization of F'
G=a3+y3+23+3(a+b)axyz e K[z,y, 2] (the image of F under the canonical map from K(z,v, z)
to K[z,y,2]) into the abelianization G = 2% +y3 + 23+ 3(a/ + b')zyz € K[, y, 2] of F' up to a scalar
multiple. Hence, T provides an isomorphism between the elliptic (projective) curves C' given by
G =0 and C’ given by G’ = 0.

Since (a,b) and (a’,b") belong to M, we have (a+b)®+1#0 and (a’ + )3 +1 # 0 and therefore
the curves C' and C’ are regular. Note that the each of the curves C' and C’ have the same exactly
collection of nine inflection points which are the nine lines Ly for 1 < k <9 spanned by (1,-1,0),
(1,-6,0), (1,-6%,0), (1,0,-1), (1,0,-6), (1,0,-6%), (0,1,-1), (0,1, -0) and (0,1, -0?) respectively.
Since T is an isomorphism between CP¢ and Cp,’q', T must leave the union of L; invariant. It is
a routine exercise to verify that the subgroup G of GL3(K) leaving the union of L; invariant is
generated by

A0 O 010 100 0 0% 1
00X 0] MXeK*), 00 1], 1010} and | 6 6 1] (5.1)
0 0 X\ 100 00 6 1 1 1

One way to see it is to notice that, first of all, each linear map in the above display leaves the
union of L; invariant. Next, one easily checks that the group K generated by matrices in the above
display acts transitively on the set of triples of L; that span K3. This fact together with an (easily
verifiable) observation that K contains all permutation matrices and all scalar matrices yields that
K contains all elements of G and therefore K = G. Thus T € G.
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Now the linear transformations given by the first two matrices in the above display provide au-
tomorphisms of each QP%!, while the linear transformation given by the third matrix in the above
display facilitates an isomorphism between QP%! and Q%% for each (p,q) € M. Finally, a direct
computation shows that the linear transformations given by the last matrix in the above display pro-
vides an isomorphism of Q%! and Q7! for every (p,q) € M, where (p',¢’) = (97[;;91123;1, 02;;:‘19:1;1)
This completes the proof of the isomorphism statement. Thus the existence of an isomorphism
between A and B is equivalent to A and B being in the same orbit of the group action on M

generated by two maps (a,b) — (fa,0b) and (a,b) — (9a+92b+1 92“+9b+1)

a+b+1 ’ a+b+1

A direct computation shows that this group consists of the maps (a,b) ~ (07a,07b) with j e
{0,1,2} (a,b) > (07b,07a) with j € {0,1,2} and (a,b) > (LLf L0 Caxbb?) wigh € {0,1,2}

a+b+0" a+b+0"
and {j,k,m} = {0,1,2}. Hence the group has 24 elements. As for this group being isomorphic
to SLy(Z3), this can be done by computing enough features of this group (for instance, it has a
two-element center, maximal order of an element in it is 6 etc.) to be able to identify it in the

well-known list of 24-element groups. O

Theorem 1.2 is just an amalgamation of Lemmas 3.5, 3.6 and 5.1. That is, it is already proven.
Note that analyzing the conclusion of Theorem 1.2, it is easy to see that it has the following neat
corollary, where we do not distinguish between different types of Sklyanin algebras, like degenerate
and non-degenerate, quantum polynomials or not. The argument for those classes of algebras may
differ (one of the reasons to treat quantum polynomials separately is that the elliptic curve from the
proof of Lemma 5.1 becomes degenerate in this case) but the results admit a "uniform’ description.

Corollary 5.2. Two Sklyanin algebras QP%" and Qp/’q/””, are isomorphic if and only if (p,q,r) and
(p',q',r") lie in the same orbit of the natural action of the subgroup H of GL3(K) generated by

A0 O 100 0 6% 1
0 XN 0| (MeK*), [0 1 0| and | 62 0 1 |. (5.2)
0 0 X 00 6 1 1 1

Curiously enough, the above group H is a subgroup of the group G from the proof of Lemma 5.1.

6 Some remarks

1. Observe that our results on Sklyanin algebras collapse in characteristic 3. Indeed, a cubic root of
1 plays an essential role in the substitution we construct as well as in the description of isomorphic
Sklyanin algebras.

2. Concerning the potential
Poo = 23 - myzo + yyzo,

which does not correspond to a Sklyanin algebra, the algebra W it does generate is quite peculiar.
The defining relations of W are zx —zx +zy = 0, zy —yy = 0 and yz — zz + zy = 0. A direct
computation shows that the reduced Grobner basis in the ideal of relations of W is finite. It
comprises Tx — 2x + 2y, TY — Yy, Yz —zx + 2y = 0, yyy, xzx — 2y + 2yT — 222 + 22y and xzyx, which

allows us to compute the Hilbert series of W : Hyy = (1+t)1(_1t+_t :3)_(;;”2). On the other hand, the dual
algebra W' is given by the relations zz + yz + zz, Ty +yy, xz, yx, zx + zy and zz. Those together
with yyy, zyz, yyz — zyy and yzy — zyy form the reduced Grobner basis in the ideal of relations of
W'. The corresponding normal words are 1, z, y, z, yy, yz, zy and zyy, yielding Hy = (1+1)3.
Clearly, the the duality relation Hyy (t)Hy(—t) = 1 fails and therefore W is non-Koszul. Thus W

provides an example of a non-Koszul quadratic potential algebra on three gemerators.
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3. We would like to make a comment on the groups G and H defined in (5.1) and (5.2), respectively.
Both are subgroups of GL3(K) containing the group S = K*Id of scalar matrices as a normal
subgroup. Consider the groups Go = G/S and Hy = H/S. Both Hy and G turn out to be finite (Hy
is a subgroup of Gy). Naturally, Hy is isomorphic to the group from Lemma 5.1. Thus it has 24
elements and is isomorphic to SLs(Z3). As for Gy, it is rather easy to find its order: Gy contains
216 elements.

4. For the results on isomorphisms we supposed that the filed is algebraically closed, or at least
there is nontrivial cubic root of unity. Analogous results could be obtained if we omit this condition.
In fact, the similar methods, we have used above, allow to deal with the case when char K # 3 but
K possesses no nontrivial cubic roots of 1. Equivalently, the quadratic equation t2 +¢+ 1 = 0 has
no solutions in K. In this case, there are much fewer isomorphic Sklyanin algebras. Namely, Q%"
and QP7"" are isomorphic if and only if either (p',q',r) is proportional to (p,q,r) (in this case
the algebras QP%" and Q”"q”rl coincide) or (p’,¢’,r) is proportional to (gq,p,r). In the latter case
swapping of x and y, while leaving z as it is, provides a required isomorphism. Note that now we
have four pairwise non-isomorphic degenerate Sklyanin algebras. The extra one is Q%! and it is
not isomorphic to any monomial algebra. Similarly, in this case non-degenerate QP?" satisfying
(p+q)® = —r® + 0 are no longer isomorphic to quantum polynomials. To give a taste of how all
this can be verified, we sketch the proof of the analog of Lemma 5.1. Let K; be the extension of
K via the polynomial t* + ¢+ 1 (K; is the quotient of K[t] by the ideal generated by t* +¢+1). Let
6 € K; be one of the two solutions of the quadratic equation t> +¢+1=0. Then 6 =1 # 6. In the
proof of Lemma 5.1 it is shown that T € GL3(K;) provides an isomorphism between some Q%!
and Q%Y for (a,b),(a',b") € M if and only if T belongs to the group G defined in (5.1) (in which
case T preserves the whole class of algebras Q“*! with (a,b) € M). Now the substitutions we are
interested in (those which work in the case when the ground field is K) are precisely 7" € G with all
entries from K. These are easily seen to be only the scalar multiples of permutation matrices. If
the permutation in question is even, T provides an automorphism of each Q@%%!, while if it is odd,
T provides an isomorphism between Q%! and Q®%!.
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