THE ORNSTEIN-WEISS LEMMA FOR DISCRETE
AMENABLE GROUPS.

FABRICE KRIEGER

ABSTRACT. In this note we prove a convergence theorem for invariant subad-
ditive functions defined on the finite subsets of a discrete amenable group. The
theorem can be proved using a quasi-tiling result due to D.S. Ornstein and B.
Weiss but the proof given here follows ideas of M. Gromov.

Let us point out that we generalize here to discrete amenable groups the
version of the convergence theorem given for countable amenable groups in a
preceding paper by the same author.

1. INTRODUCTION

Let G be a group. We denote by F(G) the set of all finite subsets of G. Let K
and A be subsets of G. The K-boundary of A denoted by Jx(A) is the set of all
elements g in G such that Kg = {kg: k € K} intersects both A and G\ A.

There are several equivalent definitions of amenable groups in the literature. The
following is a characterization due to Fglner [Fgl]. For a more complete description
of this class of groups see for example [Gre] or [Pat].

A (discrete) group G is said to be amenable if for all € > 0 and for all K € F(G),
there exists F' € F(G) satisfying

|0k (F)| < €| F,

where |F| denotes the cardinality of the set F. Such a set F' is called an (e, K)-
invariant set of G, or an (e, K)-invariant Folner set of G .

It can be shown that a group G is amenable if and only if there exists a net

(F})ier of elements of F(G) such that

10
o |Fi
for every K € F(G). Such a net (F;);es is called a Fplner net of G.

The class of amenable groups includes finite groups, abelian groups, it is closed
under the operations of taking subgroups, taking factors, taking extensions and
taking increasing unions. Typical examples of non-amenable groups are the groups
containing a subgroup isomorphic to a non-abelian free group. But this property
of containing a non-abelian free group don’t characterize at all the non-amenable
groups (see for example [OI9]).

The aim of this paper is to prove the following convergence theorem:

=0

Theorem 1.1 (Ornstein-Weiss). Let G be an amenable group and h: F(G) — R
a function satisfying the following conditions:
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(a) h is subadditive, i.e.
h(AU B) < h(A) 4+ h(B) for all A, B € F(G);
(b) h is right invariant, i.e.
h(Ag) = h(A) for all g € G and A € F(G).
Then, for every Folner net (F;)icr for G, the limit

. h(F)
A= AG,h) =lim
(G0 =l g
ezists and is finite. Moreover, this limit does not depend on the choice of the Fglner
net for G.

This theorem is a generalized version of the one containing in [Kri]. For countable
amenable groups and with more stronger conditions of h, this convergence theorem
was proved using the Ornstein-Weiss quasi-tiling result [OrWl, Section 1.2, Th. 6] in
[LiWl Th. 6.1]. In [Grol Section 1.3], Gromov gives a sketch of the proof of by
using tools introduced in [OrW]. The proof given here follows the ideas of Gromov.

Theorem is used to define topological invariants of amenable group actions as
metric entropy, mean topological dimension (see [Gro], [LiW], [OrW], [CoK]). One
can find in [Mou] such a convergence theorem for invariant functions satisfying a
more stronger assumption than subadditivity. The result in [Mou| is sufficient for
defining the metric entropy of amenable groups.

The paper is organized as follows. In Section 2, we recall the notion of K-
boundary of a subset of a group G and the definition of Fglner subsets. Then
we establish the Fglner characterization of amenability in terms of Fglner nets for
(non-necessary countable) discrete groups. We prove in Section 3 the Filling-lemma
(Lemma used in the induction step of the proof of Theorem [L.1} In Section 4,
we prove the Theorem The idea of the proof is the following. We construct
by induction a process needed to e-cover every large Fglner subset D of the group
by translates of some fixed small Fglner subsets. The property of this particular
covering will make easy the estimation of % needed in the proof of the convergence
theorem.

This work was done at Max Planck Institute for Mathematics (Bonn, Germany).
The author is grateful for the financial support and hospitality of the Institute
during his stay (April 2010).

2. AMENABILITY

In this section we introduce the notions of K-interior, K-exterior and K-boundary
of a subset of a group G. These tools are very convenient for proving the Filling-
lemma (Lemma . We present the Fglner characterization of amenability using
K-boundaries. We introduce Fglner nets which are generalizations of Fglner se-
quences and are very convenient for handling with non-countable amenable groups.

2.1. Relative amenability. Let K and A subsets of a group G. The K-interior
(resp. K-exterior) of A is the subset Inty (A) (resp. Extg(A)) of the elements g in
G such that Kg = {kg: k € K} is contained in A (resp. in G \ A). We define the
K-boundary of A as follow:

Ok (A) = G\ (Tntg(A) UExtr (A)).
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Thus, the K-boundary of A is the subset of all elements g in G such that Kg
intersects both A and G\ A.

An immediate consequence of the definition of K-boundary is the following:

Proposition 2.1. Let K, A, B be subsets of a group G and g an element of G.
We have:

(1) O (4) = 01 (G \ A) ;

(ii) 9 (AU B) C 9k (A) Udk(B) ;
(iii) 9x(A\ B) C 0 (A) Udk(B) ;
(IV) BK(A) C 8K/(A) siKCcK cG ;
() Dicg(A) = 9105 (A) ;
(Vi) Ok (Ag) = Ok (A)g.

O

Suppose K and A be finite subsets of G. Then 0k (A) is finite. Suppose A # .
We define the relative amenability constant of A with respect to K denoted by
a(A, K) by:

|0k (A)]
a(A,K) = .
Al
Equalities (v) et (vi) of Proposition 2.1] imply
(2.1) a(A,Kg) = a(Ag,K) = a(A,K) for all g € G.

If « = a(A, K), the set A is called an (a, K)-invariant Fglner subset of G or simply
n (a, K)-invariant subset of G.

Recall that a discrete group G is said to be amenable if for all e > 0 and K € F(G)
there exists an (e, K)-invariant subset of G.

If the group G is countable then the amenability of G is equivalent to the existence
of a Folner sequence (Fy,) of G, i.e. a sequence of elements of F(G) satisfying the
following:

lim 19k (F)] =0 forall K € F(G).
If the group is not countable, there is an analogue of Fglner sequences in terms of
nets (see Proposition [2.2| below).

Nets are very useful tools since much results about sequences in topological spaces
extend to nets. Let us recall some results about nets needed in this paper.

2.2. Basic facts about nets. We give here some basic definitions and results
about nets (also called generalized sequences). For more details, see for example
[Ke] or [DuS].

Recall that a partially ordered set (I,>) is said to be directed if I is not empty
and if every finite subset of I has an upper bound.

A map f from a directed set I to a set X is called a net in X. We will use the
notation x; instead of f(i) (for ¢ € I) and also (z;) instead of f.

A net (z;) in a topological space X is said to converge to x € X if for every open
neighborhood V' of x, there exists iy € I such that x; € V for all ¢ > ig. If ()
converges to x, we note lim; z; = z.

Let (z;) and (y;) be nets in a topological space X. The net (y;) is called a subnet
of (x;) if there exists a function ¢: J — I satisfying the two conditions:

(1) yj = xy(y) forall j € J;
(2) for all ¢ € I there is m € J with the property that, if j > m then ¢(j) > i
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The set C of all cluster points (sometimes called limit points) of a net (x;) in a

topological space X is the (closed) subset of X defined by

iel
The point z is a cluster point of the net (x;) if and only if there is a subnet (y;) of
(z;) converging to x.

If C # @, the limit inferior liminf; x; (resp. limit superior limsup, x;) of a net
(x;) of real numbers is the supremum (resp. the infimum) of its cluster points. If
liminf; z; (resp. limsup, z;) is finite, then it is the minimum (resp. maximum) of
the set of cluster points. Thus, if liminf; z; = limsup, z; < co then the net (x;)
will converge to its unique cluster point.

Recall also that every net in a compact space admits at least one cluster point.

2.3. Amenability and Fglner nets. The next result gives a characterization of
amenable discrete groups in terms of Fglner nets:

Proposition 2.2. A (discrete) group G is amenable if and only if there exists a
net (Fy)ier in F(G) satisfying

|0k (F3)|
lim ————— =0,
o R

for all K € F(G). Such a net (F;) is called a Folner net of G.
Proof. Suppose that G is amenable. Let I be the (non-empty) set defined by
I={(¢,K): e>0and K € F(G)}.
Direct I as follow:
(e2,K2) > (€1, K1) & €2 < €1 and K; C K.

As G is amenable, we can choose for every ¢ = (n, L) an (1, L)-invariant subset F;
of G. This define a net (F;) in F(G). Let € > 0 and K € F(G). Let ig = (¢, K).
For i = (n, K') > ig we have

|0k (F3)] < |0k (F)| <n<e
|Fy| |E;]

since K C K’ and since ) < € (see Proposition (w)) Hence lim; % =0.

Suppose now that there exists a net (F;) of finite subsets of G satisfying

|0k (F))]
lim ———— =0,
i |F

for all K € F(G). We will show that G is amenable. In fact, let ¢ > 0 and

K € F(G). As lim; % = 0, there is an 79 € I such that % < € for all
i > ip. In particular, F;, is (e, K)-invariant. Hence G is amenable. O

3. THE FILLING LEMMA

In this section we introduce some tools needed for proving the Filling-lemma
(Lemma . This lemma is the key-result in the induction step of the proof of
Theorem [L11
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Let X be a set and € > 0. A family (A;);cr of finite subsets of X is said to be
e-disjoint if there is a family (B;);cr of disjoint subsets of X such that B; C A; and
|B;| > (1 —€)|A;| for all i € I.

Lemma 3.1. Let X be a set and (A1, Aa, ..., Ay,) be an e-disjoint family of subsets

of X. Then
1 *G)Z\AH <| UA2|
i=1 i=1

Proof. Since (A1, As, ..., Ay) is e-disjoint, there exists a disjoint family (By, Ba, ..., By)
of subsets of X such that B; C A; and |B;| > (1 —€) |A;] for all 1 <i < n. Thus

-0 14l <> Bl= 1Bl <Al
=1 =1 =1 =1

Lemma 3.2. Let G be a group, K a finite subset of G, and 0 < ¢ < 1. Let
Ay, Ag, ..., A, be an e-disjoint family of non empty finite subsets of G and let n > 0
such that a(A;, K) <n for all1 < i <n. Then one has

ol JAnK) < 11.
=1

Proof. Using Proposition [2.1] (ii), we obtain

i=1

Thus

n

|6KU \<Z|8K Z AZ,K|A|<nZ|A|
= = =1

As the family (A )1<Z<n is e dlsJomt Lernma implies

(1 *E)Z\Aﬂ <| UA1|

=1 i=1

We deduce

! Ok (Ui  Ai)l _ 7
A, k) = 12 < 1
OZ(U ) |Ui:1 Az| 1 —¢

Lemma 3.3. Let G be a group and let K, A and Q be finite subsets of G such that
@ # A C Q. Suppose that there exists € > 0 such that |2\ A| > €|Q|. Then

a(Q,K)Jra(A,K)'

a(Q\ A K) <

Proof. The Proposition (iii) gives
O (2\ A) C 9k () Uk (A).
Thus
10k (Q2\ A)| < |0k ()] + |0k (A)] = a(Q2, K)|Q| + a(A, K)|A].
Since |2\ A| > €] > €| A|, we deduce
0@\ A)] _ @ K) +a(4, K)

a(Q\AK) = Al ;
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Lemma 3.4. Let G be a group and let A and B be two finite subsets of G. Then
one has

> l4gn Bl =|4||B].

geG

Proof. For E C G, denote by xg: G — {0,1} the characteristic fonction of E. We

have
D IAgNBI =" xagns(d) =Y > xald's " )xslg).

geG geG g’'eG geG g’'eG
Now, after changing the order of summation and changing the variable, we obtain:

Y 1AgnBl=Y x5(d) ) xald'g™!) =IBJIAl

geG g'eG geG

Let G be a group. Let K and ) be finite subsets of G and € > 0. A subset
R C G is called an (e, K)-filling of Q if the following conditions are satisfied:

(C1) R C Intx(Q);

(C2) the family (Kg)4er is e-disjoint.

Remark that an (e, K)-filling is a finite set and that it could be empty.

Lemma 3.5 (Filling-lemma). Let Q and K be non-empty finite subsets of a group
G. For all € €]0;1], there exists a finite subset R C G such that:

(a) R is an (e, K)-filling of Q;
(b) ’UgeRKg| > (1 — a)|Q|, where ag = a(Q, K) is the relative amenability
constant of 0 with respect to K.

Proof. Since K # &, we can suppose 1g € K (otherwise choose kg € K, replace K
with Kky' and remark that o(Q, K) = a(Q, Kky ') according to Equalities (2:1)).
As 1g € K, we have Intg (2) C Q and Extg(Q2) C G\ Q. We deduce

thus
(3.1) (1= ao)|€ <[\ 9k ()] = |Intx (2)].
Since Intg (2) C Q, every (e, K)-filling of €2 is contained in €2 and has a bounded
cardinality. Thus we can choose an (¢, K)-filling R C G of Q with maximal car-
dinality. Define A = (J,cp Kg. We will prove that [A| > €(1 — ao)|2[, which is
exactly condition (b). Lemma implies
(3.2) S |Kgn Al < KAl

g€lntx (Q2)
Let us prove that
(3.3) €|K| <|KgnA| forall g€ Intg(f).
If g € R, then KgN A = Kg and (3.3]) is true since ¢ < 1. Suppose now g €
Intx () \ R and |[Kg N A| < ¢|K|. Then

[Kg\ Al > (1 - ¢)[Kgl,
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which implies that RU{g} is an (e, K)-filling of Q. This contradicts the maximality
of the cardinality of R. Thus Inequality (3.3)) is true. We deduce

(3.4) (K| Intg ()< Y |[KgnAl
g€Int i (Q)

Inequalities (3.1)), (3.2)) and (3.4]) imply
| Al = €(1 = ap)[€2].

4. PROOF OF THE THEOREM [L.1]

Let us first give some remarks:

(1) If one choose A = B in condition (a) of Theorem [I.1] we get h(A) < 2h(A) for
all A € F(G). This shows that A > 0.

(2) To prove Theorem it is sufficient to prove the existence of the limit of
(h(F;)/|F;]) for all Fglner net (F;) of G. In fact, the limit will be independent
of the choice of the Fglner net. To see this fact, let (4;) and (B;) be two Fglner
nets of G. Let I = {i: i e I} (vesp. J={j:j € J}) a copy of the directed set
I (resp. J). Direct the set K = (I x J)|J(I x J) with the binary relation >
defined in the natural way by:

(i,j) > (I,7) © i>iandj>jif (i,j)elxJandi,j €IxJ,
(i.j) = (1)) & iziandj>j if (i,j)€IxJand i, j €lxJ,
(G,j) = (Ih5) & i>iandj>j"if (i,j) € [ x Jand (¢/,j') € I x J,
(G,7) > (i",7) < i>iandj>jif (i,)) el xJand (¢,j) el xJ.

Now define the net (Fy) as follows: if k = (4,5) then let Fr, = A; and if
k = (i,7) then let Fy, = B;. Defined in this way, the net (F) is a Folner net
of G. Moreover, if (h(Fy)/|Fy|) converges to A with respect to the directed set
K, then both nets (h(A;)/|A;]) and (h(B;)/|B;|) converge to A with respect
to their directed set.

Proof of Theorem [I.Il Let (F;) be a Folner net of G and fix € €]0, 1]. Remark
that the properties of h imply that h(A) < h({1g})|A]| for all A € F(G) which

shows that the net defined by x; = h|(1§|) is bounded. More precisely, the numbers

x; are contained in [0, h({1c})]. As every net in a compact space admits at least
one cluster point, we can define the real number

A = liminf z;,

which is in fact the least cluster point.

Fix an integer n > 2. Then there exists a finite sequence K1, Ko,..., K, ex-
tracted from (F;) and satisfying the following conditions:
(C1) h(K;)/|K;| <A+e foralll <j<mn,
(C2) a(Kj, K;) <e® forall1 <i<j<n.
In fact, as A is the least cluster point of z; we can find a subnet (z,())rex and
ko € K satisfying

L (k) <A+,

for all £ > ko. Remark that (Fy)) is also a Fglner net of G, i.e. for all K € F(G)

[0k (Fp (1))

Foel = 0. Thus, it is possible to extract a finite sequence
o (k

we have limyg



8 FABRICE KRIEGER
K1, K>, ..., K, from (F,)) satisfying condition (C2).

Let D be a non-empty finite subset of G such that
(4.1) a(D,K;) < e®™ forall1<j<n.

We will show that for a large enough integer n, there is an e-disjoint family in D
composed by certain translates of the type K;g (with 1 < j <n and g € G) which
partially cover D, i.e. such that the proportion of D covered be these sets is at least
1 — e. After that, we will use this partial cover and the properties of h to prove
limsup,_, ., h(F;)/|F;| < A, ending the proof of the Theorem

Let us define by induction a process to e-cover D in at most n steps:

Step 1. Recall that a(D, K;) < €2" for all 1 < j < n. Using Lemma with
Q=D and K = K, there is R,, C G an (¢, K,,)-filling of D such that

|Uger, Engl
Dl

Put D; =D\ UgERn K, g. The previous inequality implies:

>e(l—a(D,K,)) > €1 —€m).

(4.2) |Dy| < |D|(1—€(1—€")).

We continue this covering process by induction as follows. Put Dy = D. Suppose
that the covering process applies k times, with 1 < k <n — 1.
The induction hypothesis at step k is:

(H1) a(Di-1,K;) < 2k —=1)+ 1)@ L forall 1 <j<n—k+1;

(H2) Ry—k+1 C Gis an (¢, Kj,—g+1)-filling of Dy_q;
(H3) If we write

Dr=Dr 1\ |J Knkng,

gERn k11
then
k—1 '
IDe| <D J] (1—e(1 = 2i+ 1))
=0

Remark that this hypothesis is satisfied for k£ = 1. Let us construct step &+ 1 :
Step k+ 1. If |Dy| < €|Dg_1| then |Dg| < €|D] and we stop the covering
process. Otherwise, we have |Dg| > €|Dg_1]. Let 1 <j <n—k. Lemmaimplies

Uger, i1 Kn-k+19, Kj) L oDk, K5)
€ € '
Equalities (2.1)) and condition (C2) imply

(K419, K;) = (K1, Kj) < €™

(4.3) a(Dy, Kj) <

Since the family (K, _r419)ger,_,., is e-disjoint, Lemma gives

6277,
OL( U Kn—k—i—lgij) §

1—€
gERn k41
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Using Inequality (4.3) and the induction hypothesis (H1), we deduce
en (k1) 1 1)eze
Dy, K;) <
a(Dr, J)_(1—€)€+ €
for all 1 < j < n—k. The latter inequality is (H1) for k+ 1. Using Lemmawith
Q =Dy and K = K,,_, we get the existence of R, C G an (¢, K,,_)-filling of
Dy, satisfying
| UgGRnik ankg|
| Di|
In particular, hypothesis (H2) is satisfied for k + 1. Define

Dk-‘rl - Dk \ U Kn—kg-
gER &

< (2k + 1) F

> € (1—a(Dy, Kn-y)) =€ (1—(2k + 1) "),

Then we have
|Dis1| < [Di|(1—€(1— (2k + 1) F)).
Using the induction hypothesis (H3) and the latter inequality, we obtain

k
|Diga| < [DIT] (1 —€(1— (20 + 1))
i=0
which is exactly (H3) for k¥ + 1. This finishes the construction of step k& + 1 and
proves the induction step.

Now, suppose that this covering process continues until step n, and that we have
|Dp—1| > €|Dyp—2]. Using (H3) for k = n, we obtain
n—1
(4.4) D] < [D| T (1 —€e(1 = (2i + 1) 7)) .
i=0
The next step is to show that for n large enough (only depending on €) we get
|Dy| < €| D|. From Inequality (4.4), we deduce:

(4.5) ID,| < [D|(1—e(1— (2n— 1) ™)™

Since lim; 0 (2i — 1)t = 0 and lim;_,oo(1 — §)* = 0, there is an integer ng such
that for all i > ng, we have (2i —1)e'T! < % and (1 — %)1 <e. If n > ng, Inequality
(4.5) implies
€ n
Dl < D)1 - )" < D]

From now, we suppose that the integer n fixed at the beginning of the proof is
greater than this ng.

Let us recall what we proved: for all subset D of G satisfying a(D, K;) < €*"
for all 1 < j < n, there is an integer ko (with 1 < ko < n) such that |Dy,| < €|D].
More precisely, the proportion of D covered by the sets of the following e-disjoint
families

(Kn9)ger, s (Kn-19)geRn 1+ - - (Kn_k0+1g)geRn—ko+l7
is at least 1 —e.
Using this cover, we want to obtain a good upper bound for h(D)/|D|. To

simplify the notations, let J = {n — ko +1,...,n} and write K;R; for UgeRj Kjg
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for all j € J. From now, we also will use subadditivity and right-invariance of the
function h. Since

D= |J K;R; U Dy,

jeJ
with
| Dy, | < €D,
we deduce
D) _ hUje; KiRj)  h(Dy,) _ MUjes KiRy)
4. < : 0l < A h(la).
WO T = p ol < o e
‘We obtain
hU;es K R;) h(K;g) h(K;) | K9]
o <22 X XK ol
jEJ gER; jEJ gER, J
Using condition (C1), we deduce
MUjes K;R;j) | K9
(4.7) —HE S < (A Y Y
E 2 22

Remark that the family containing the sets Kj;g, with j € J and g € R;, is an
e-disjoint family of D. According to Lemma [3.1] we get

|D|
(4.8) Z Z |Kjg| < 1_¢
j€J gER;
Thus, inequalities (4.7) and (4.8) imply
h(UjeJ K;Rj) < Ate

4.9 .
(4.9) |D| T 1—ce
Now, using inequalities (4.6) and (4.9) we have

h(D A€
(4.10) |(D|) < T+ eh(l).

Since (F;) is a Folner net, there exists ip € I such that

(i > 1) = o(F;, K;) < e foralll<j<n.

h(F;)
||

) exists and is the biggest

cluster point of this net. In particular, there exists a subnet (h‘(;ﬂ“z(i )‘) )j cJ converging
¢ .

to u. Let jo € J such that ¢(j) > ip for all j > jo. Using inequality (4.10) with
D = F,; and for j > jo, we deduce

h(F,;
i Fe l—e

Note that the limit superior p of the bounded net (

+ eh(lg).

Since the latter inequality is satisfied for all € €]0, %], we can take the limit when e
tends to 0 and we get

h(F})
|Fil
ending the proof of the theorem. O

lim sup h(}?)

J |Z|

= < A =liminf
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