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NON-VANISHING SQUARE-INTEGRABLE AUTOMORPHIC
COHOMOLOGY CLASSES - THE CASE GL(2) OVER A CENTRAL
DIVISION ALGEBRA

JOACHIM SCHWERMER

ABSTRACT. Let k be a totally real algebraic number field, and let D be a central divi-
sion algebra of degree d over k. The connected reductive algebraic k-group GL(2, D)/k
has k-rank one; it is an inner form of the split k-group GL(2d)/k. We construct auto-
morphic representations m of GL(2d)/k which occur non-trivially in the discrete spec-
trum of GL(2d, k) and which have specific local components at archimedean as well
as non-archimedean places of k so that there exist automorphic representations 7’ of
GL(2,D)(Ag) with E(7’) = 7 under the Jacquet-Langlands correspondence. These re-
quirements depend on the finite set Vp of places of k at which D does not split, and on
the quest to construct representations 7’ of GL(2, D)(Ay) which either represent cusp-
idal cohomology classes or give rise to square-integrable classes which are not cuspidal,
that is, are eventually represented by a residue of an Eisenstein series. The demand for
cohomological relevance gives strong constraints at the archimedean components.

1. INTRODUCTION

1.1. The square-integrable cohomology groups H(*Sq)(G,(C). Let G be a reductive al-
gebraic group over a totally real algebraic number field &k, and suppose that G modulo its
radical has k-rank greater than zero. We write G, for the group Ry, /q(G)(R) of real points
of the algebraic Q-group R}, /g(G) obtained from G by restriction of scalars, and K, for a
maximal compact subgroup of G,. Within the framework of the automorphic cohomology
H*(G,C) of a reductive algebraic group G over k one has the notion of square-integrable co-
homology (see Section 8 for details). This subspace of H*(G, C), to be denoted H(, (G, C),

reflects the contribution of the discrete spectrum Lﬁisc’ ;(G@) of G to the cohomology. It

contains the cuspidal spectrum qusg ;(G). In fact, there is a decomposition
(11) chiisc,J(G) = Lgusp,J(G) D L?es,J(G)

2

where the complement Ly . ;

(@) denotes the residual spectrum of G. Each constituent of

Lfes’ ;(G) can be structurally described in terms of residues of Eisenstein series attached

to irreducible representations occurring in the discrete spectra of the Levi components of
proper parabolic k-subgroups of G.
On the cohomological level, this presents itself as a chain of inclusions

(1.2) H,.,(G,C) C H{(G,C) C H{,,,(G,C) C H"(G,C).
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2 JOACHIM SCHWERMER

where H:usp(G, C), the cuspidal cohomology of G, corresponds to the cuspidal spectrum.

The so-called interior cohomology H{ (G, C), a topologically defined object, is sandwiched
between two analytically defined cohomology groups.

1.2. Non-vanishing results for the square-integrable cohomology of GL(2, D). The
question arises how one can detect non-vanishing square-integrable cohomology classes in
H (*Sq)(G, C) and related automorphic representations. In this paper we study this problem
in the case of the general linear group GL(2, D) over a finite-dimensional central division
algebra D of degree d > 1, defined over a totally real algebraic number field k. The group
GL(2,D)/k is an inner form of the general linear group GL(2d)/k.

Two ingredients are essential in this investigation: Firstly, the global Jacquet-Langlands
correspondence by Badulescu [2] and Badulescu-Renard [3] which relates via an injective
map, to be denoted =, the set of the irreducible constituents of the discrete spectrum
of GL(2,D)(Ag) with the set of the irreducible constituents of the discrete spectrum of
GL(2d,k) (see Section 3 for details).

Secondly, we have to construct automorphic representation m = ®; .y, 7, of GL(2d)/k
which occur non-trivially in the discrete spectrum of GL(2d, k) and which have specific local
components at archimedean as well as non-archimedean places of k£ so that there exists a
corresponding automorphic representation 7' = ®; .y, m, of GL(2, D)(Ay) with Z(7') = .
These requirements depend on D, more precisely, on the finite set Vp of places of k at
which D does not split, and on the quest to construct representations 7’ of GL(2, D)(Ay)
which either represent cuspidal cohomology classes or give rise to square-integrable classes
which are not cuspidal, that is, are eventually represented by a residue of an Eisenstein
series. The demand for cohomological relevance gives strong constraints at the archimedean
components of 7, v € Vi 0.

We finally construct three different kinds of non-vanishing square-integrable cohomology
classes in H{Sq)(G,C) (see Theorems 8.1, 7.3, and 8.5):

(a) classes in the cuspidal cohomology H(, . (GL(2, D), C) which correspond to a cus-
pidal representation of GL(2d, k),

(b) classes in the cuspidal cohomology H(,, . (GL(2, D), C) which correspond to a resid-
ual representation of GL(2d, k),

(¢) non-cuspidal classes in H (*Sq)(GL(Q, D), C) which correspond to a residual represen-
tation of GL(2d, k) of a type different from the one occuring in (b).

1.3. Example. We illustrate these results by the following example: Let k be a totally
real field of degree [k : Q] = 4, and let D be a central division algebra of degree 2 over
k. Suppose that |Vp| = 6 and that Vo, C Vp. Then the cuspidal representation 7’
of GL(2,D)(Ay) constructed in Theorem 8.1 contributes non-trivially to the cuspidal co-
homology Hp,(H',C) of H' = GL(2, D) in degrees 8,9,10, 11,12, that is, in a range of
degrees centered around the middle dimension 10. By contrast, the cuspidal representation
constructed in Theorem 7.3 contributes non-trivially in degrees 4, 7,10, 13,16. The cohomol-
ogy class obtained via the residual spectrum contributes in degree 4 to the square-integrable
cohomology. Note that these residual classes are carried at the archimedean components
by the same irreducible non-tempered unitary representation as the non-tempered cuspidal
classes.

1.4. We describe two of the results obtained in a more precise way.

Theorem 1.1. Given a totally real number field k of degree £, let D be a finite-dimensional
central division algebra over k of degree d > 1. Let Vp C Vj be the finite set of places of k at
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which D does not split. Let t denote the number of archimedean places in Vp, and suppose
that t > 0. Then there exist automorphic representations ™' = @, oy, ™y of GL(2, D)(Ay)
which occur as irreducible constituents in the residual spectrum of GL(2,D)(Ay), whose
archimedean components vl are irreducible non-tempered unitary representation of GL(d,H)
forv € Vp N Vi oo (resp. of GL(2d,R) for v € Vi o0, v ¢ Vp), and which give rise to a

non-trivial cohomology class in H{, \(GL(2,D),C) that is not cuspidal.

The proof relies on the description of the residual spectrum of GL(2d, Ay) in [36] and an
explicit construction of an irreducible tempered representation of GL(d, Ay) with prescribed
local and global properties, aligned with the demands (see Proposition 3.4) defined by the
Jacquet-Langlands correspondence.

We will give the archimedean components 7, v € Vj o, of the representation 7’ in the
Theorem in a precise form in Section 4, denoted by Jg(2,6) in the case of the group
GL(2d,R), and denoted by Jg(2,6') in the case of GL(d,H). These two representations
correspond to one another by the local Jacquet-Langlands correspondence. In the latter
case, the Poincare polynomial is given in Proposition 4.2. This permits, for example, to
conclude the following result.

Corollary. Suppose that D does not split at all archimedean places, i.e., Vi oo C Vp. Then
there exists a non-vanishing non-cuspidal cohomology class of degree q = £ - W in the

square-integrable cohomology H{,  (GL(2,D)).

With regard to the construction of cuspidal cohomology classes we discuss the case of
non-tempered classes. For the other one we refer to Theorem 8.1

Theorem 1.2. Let k be a totally real number field, and let D be a finite-dimensional cen-
tral division algebra over k of degree d > 1. Suppose that the set Vp of places of D at
which D does not split contains at least one archimedean place. Then there exist cuspi-
dal automorphic representations @' = ®nl of H'(Ax) = GL(2,D)(Ag) with Z(7') =: 7w a
residual representation of the group H(Ay) = GL(2d, A) under the Jacquet-Langlands cor-
respondence = so that the archimedean components m,,v € Voo 1, have the following form:
If v € Vp N Vi oo, that is, H], = GL(d,H), then w, = Jt(2,0"), and if v € Vi 00,v ¢ VD,
that is, H], =2 GL(2d,R), then w,, = Jr(2,0). In both cases the archimedean component is a
non-tempered representation of H!,. The representation ' represents a non-trivial class in
H}\o(GL(2,D),C).

For the proof of this result, consider the uniquely determined standard maximal parabolic
k-subgroup Qq of H/k = GL(2d,k) which is conjugate to its opposite. We construct a
specific residual automorphic representation of H(Ay), essentially via the residue of an
Eisenstein series attached to a cuspidal automorphic representation of the Levi component
Lo, = GL(d)/k x GL(d)/k of Q4. Required by the description of the image of the map
=, this cuspidal representation has to satisfy some local conditions at places in Vp as well
as at the archimedean places. Thus, secondly, we use the process of global automorphic
induction (see [23]) to comstruct such a cuspidal representation. It is decisive that the
global automorphic induction is compatible with the local automorphic induction. We refer
to Subsection 5.2 for the construction.

Remark 1.3. The archimedean components of the cuspidal representations as constructed
above are of the form J}(2,6"). This non-tempered unitary representation of GL(d,H) also
appears as an archimedean component (for a place v € Vp NV} ) of the global automor-
phic representation of the adele group GL(2, D)(Ay) which contributes to the non-cuspidal
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4 JOACHIM SCHWERMER

cohomology. However, in the former case, the contribution to cohomology is over the full
range of cohomological degrees associated with the representation Jg(2,6’), whereas in the
latter case the degree ¢ =/ - w is just the minimal degree in which the representation
has cohomology. It is an important question if there are higher degrees in which there is a
contribution to the non-cuspidal square-integrable cohomology. If v € Vj, o, v ¢ Vp, thus,
w2 Jr(2,0), the same question arises (see Remarks 8.6 and 8.7 for details).

Notation and conventions

Let k be an algebraic number field, i.e., an arbitrary finite extension k/Q of the field Q
of rational numbers, and let O denote its ring of integers. The set of places of k£ will be
denoted by Vi, and Vj oo (resp. Vi ) refers to the subsets of archimedean (resp. non-
archimedean) places of k. Given a place v € V, the completion of k with respect to v is
denoted by k,. For a finite place v € Vi ¢ we write Oy, for the valuation ring in k,. If the
field k is fixed, we write V =V}, etc.

Let Ay (resp. I;) be the ring of adeles (resp. the group of ideles) of k. We denote by
Ay oo = Hve\/k.oo k, the archimdean component of the ring Ay, and by Ay ¢ the finite adeles
of k. There is the usual decomposition of Ay into the archimedean and the non-archimedean
part A = Ak,oo X Ak’f.

2. GENERALITIES

In this section, mainly to fix notations, we recollect some background material regarding
the general linear group over a finite-dimensional central division algebra defined over some
algebraic number field.

2.1. The algebraic k-group GL(gq,D). Let A be a central simple algebra of degree d
over an algebraic number field k. Given a positive integer ¢, let GL(g, A) be the connected
reductive algebraic k-group whose group GL(q, A)(l) of rational points over a commutative
k-algebra [ containing k equals the group

(21) GLq(Al) = {(E S Mq(Al) | nrdMq(Al)(x) 7é 0} ,

where A; = A ® [, and nrdyy, (4,) is the reduced norm on the algebra M,(4;) of (¢ x g)-
matrices with entries in A;. If ¢ = 1 then GL1(4;) is the group A; of invertible elements
in the [-algebra A;. The reduced norm defines a surjective k-morphism GL(q, A) — G, of
k-groups, whose kernel is a connected semi-simple algebraic k-group, to be denoted SL(g, A).
If A = D is a central division k-algebra of degree d, that is, dimy D = d?, then the
connected reductive k-group GL(q, D) is of semi-simple k-rank ¢ — 1. Let [ be a splitting
field of D, thus, there is an isomorphism ¢ : D ®; I — My(l) of l-algebras. We fix this
isomorphism % once and for all. We denote by the same letter the isomorphism

(2.2) ¥ : GL(q,D) xy I — GL(qd,1),
of algebraic I-groups induced by . The group GL(q, D)/k is a k-form of the general linear
k-group H := GL(qd, k)/k.

In the specific case of the connected reductive k-group GL(2,D) the group Z'(k) of
k-rational points of its center Z’ is given by

Z'(k) = {g = diag(\, ) | A € k" 1p}
of scalar diagonal matrices. We fix a maximal k-split torus S’ C GL(2, D) subject to
S0 = (9= (30) 1Ak 10},
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The centralizer L' := Zg,(2,p)(S") of S" is given by

L'(k) = {gz (6’2) | x,y € DX}.
Note that L’ is isomorphic to the k-group GL(1, D) x GL(1, D).

Let @, = ®(GL(2,D),S’) C X*(5’) be the set of roots of GL(2,D) with respect to
S’. A basis of @} is given by the non-trivial character o : S'/k — G,,/k, defined by the
assignment (6‘ 2) — Au~'. The corresponding minimal parabolic k-subgroup determined
by {a} is denoted by @Q’. Its Levi factor is Lo, = L', and we have a Levi decomposition of
Q' into the semidirect product Lg/Ng- of its unipotent radical Ngr by L.

2.2. Splitting. Given a place v € Vj, there exist a positive number r, and a central
division algebra A, over k, of degree d,, > 1 (uniquely determined up to isomorphism) so
that D ®g k, & M, (A,) with r,d, = d. We say that a given central division algebra D
over k splits at the place v € Vi if D ®j k, = My(k,). Let Vp be the finite set of places
of k at which D does not split, that is, d, > 1. Note that, if v € V}, o is an archimedean
place which is complex, then necessarily d,, = 1, that is, A, = C. If there exists a real place
v € Vp NV o, then A, is isomorphic to the Hamilton quaternion algebra H, hence d,, = 2,
and, by r,d, = d, we get that d is even in this case.

2.3. Parabolic k-subgroups and Levi subgroups in GL(n, k). Let QQy denote the min-
imal parabolic k-subgroup of GL(n, k), n > 1, consisting of upper triangular non-singular
matrices, and let Qo = LoNg be its Levi decomposition where Ly denotes the maximal
torus of diagonal matrices and Ny denotes the unipotent radical of Qy. Let ®, &, A de-
note the corresponding sets of roots, positive roots, simple roots, respectively. The set A is
given as A = {a1,aa,...,a,_1} where a; denotes the usual projection Ly — k™ given by
the assignment diag(ti,...,t,) — t;/ti+1. The conjugacy classes with respect to GL(n, k)
in the set P(GL(n)) of parabolic k-subgroups are in one-to-one correspondence with the
subsets of A. The class corresponding to J C A is the class represented by the standard
parabolic subgroup Q. We define S; = (Naesker «)°, and we write Lg, := Zgrm)(Sr)
for its centralizer. The group L¢, is reductive, a so-called Levi subgroup of ) s, and Qs is
the semi-direct product of its unipotent radical Ng, by Lg,.

We use the following description: Let p = (r1,....,75) be an ordered partition of n into
positive integers, i.e., an ordered sequence of positive integers so that r; +.... +74 = n. The
corresponding standard parabolic subgroup @), consists of all matrices in GL(n, k) admitting
a block decomposition in the form (p; ;) with p; ; a (r; x r;j)-matrix, and p; ; = 0 for ¢ > j.
Every parabolic subgroup of GL(n, k) is conjugate to a subgroup of this type. More precisely,
Q, is of type J, = A\ {ap, 4. 4r, 10 =1,...,n — 1}, and the assignment p — J, defines
a bijection between ordered partitions of n and subsets of A. The standard Levi subgroup
Lq, of Q, is the subgroup of matrices in (), where each block above the block diagonal is
zero, i.e., p;; = 0 for 4 < j. Thus, there is an isomorphism Lg, = GL(r1) X ..... x GL(rs).
By definition, a cuspidal parabolic subgroup corresponds up to conjugacy to the case where
rp=1lor2fori=1,....;s.

3. THE GLOBAL JACQUET-LANGLANDS CORRESPONDENCE

3.1. The global correspondence. Let k be a totally real number field of degree ¢, and
let D be a central division algebra over k of degree d > 1. Let Vp C Vi be the finite set of
places of k£ at which D does not split. Let ¢ denote the number of archimedean places in Vp.
Denote by H' the connected reductive algebraic k-group GL(2, D). This group is of semi-
simple k-rank 1; it is an inner form of the algebraic k-group H := GL(2d, k). Let Z denote
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6 JOACHIM SCHWERMER

the center of one of the two groups H/k or H’'/k. In both cases the locally compact group
Z(Ay) is isomorphic to the group of ideles I. The isomorphism is provided by assigning to
an element a € [ the scalar matrix of the appropriate size with a on the diagonal. Thus,
we may view a unitary character of Z(k)\Z(Ay) as a unitary character of k™\I;. We fix
such a character w.

The global Jacquet-Langlands correspondence due to Badulescu [2] and Badulescu-Renard
[3]) relates the discrete spectrum of H(Ay) = GL(2d,A) and the discrete spectrum of
H'(Ar) = GL(2,D)(Ay). The definition uses the local Jacquet—Langlands correspondence
(cf. [2, Sect. 3]). It is defined for Harish—Chandra modules at infinite places v € Vi, o, and
smooth representations at finite places v € Vj, r. Hence, one should have in mind, when deal-
ing with irreducible constituents of the discrete spectrum, that we actually pass to the un-
derlying (g, Kr; G(Ay))-module without mentioning that explicitly. Note that, by definition,
the adele group H'(Ay) of the group H'/k is the restricted product H'(Ay) = H;evk H'(k,)
with respect to the maximal compact subgroups H'(Oy,,) C H'(k,), for almost all v € Vj 5.
If v € Vp N Vi 0, then H'(k,) = GL(d,H). If v € Vi 0, v ¢ Vp, then H'(k,) = GL(2d,R).

To be more precise, as in [2, 5.1], we have the following

Definition 3.1. We say that an irreducible constituent of L3 (H,w) is (globally) compati-

ble with respect to D if every local component 7, of w at a place v € Vp, is locally compatible
as a unitary representation of H(k,) = GLo4(k,), i.e., there is a unitary representation
of H'(k,) & GLs(D,) corresponding to m, by the local Jacquet-Langlands correspondence
(cf. [3, Sect. 13], [2, Sect. 3]).

In our case at hand, the main result regarding the Jacquet-Langlands correspondence is
as follows (cf. [2, Thm. 5.1.]):

Theorem 3.2. There is a unique map, to be denoted =, from the set of irreducible con-
stituents of L3, .(H',w) to the set of irreducible constituents of L3, .(H,w), such that if
m=Z2(r"), with T = Quev, T and ™ = Quev, T, then

e 7 is compatible (with respect to D),

o 7, 21, forv & Vp,

e 7, corresponds to w, by the local Jacquet-Langlands correspondence at v € Vp.
The map Z is injective, and the image of = consists of all compatible constituents of
L2, (H,w) with respect to D.

disc

3.2. The classical correspondence. Suppose that B is a central division algebra of
degree d = 2 over k, that is, B is a quaternion division k-algebra. Note that all irre-
ducible automorphic representations of B gk are cuspidal. The original correspondence due
to Jacquet-Langlands [25] is a bijection between (cuspidal) automorphic representations of
B gk which are not one—dimensional and cuspidal automorphic representations of GL(2, Ay)
with square-integrable local component at each place where B does not split, such that if
7' 2 ®,m, corresponds to T & ®,m,, then 7, = w, at v ¢ Vg, and 7, corresponds to ,
by the local Jacquet-Langlands correspondence at v € V. This is extended in [2], [3] to an
injective map =, analoguous to the one described in Theorem 3.2. In particular, = maps
a one-dimensional representation, given by x o nrd with x a unitary character of k*\I, to
X o det.

Remark 3.3. We refer to 4.1 where one finds a description of the local Jacquet-Langlands
correspondence between GL(2,R) and H* in the specific case of unitary square—integrable
representations ¢ of GL(2,R).
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3.3. The residual spectrum of H(Ay) = GL(2d, Ay). The discrete spectrum L3, (H,w)
of H(Ay) with respect to w decomposes into a direct Hilbert space sum

(3.1) Lise(H,w) = L3, (H,w) & L (H,w).

cusp

of the cuspidal spectrum and the residual spectrum of H(Ag). The cuspidal spectrum
Lzusp (H,w) is the direct Hilbert space sum of irreducible cuspidal automorphic representa-
tions of H(Ay) with central character w, each appearing with multiplicity one (cf.[45]). By
the work of Moeglin-Waldspurger [36], the residual spectrum of H(Aj) decomposes along

the cuspidal support into
(3.2) L2 (H,w) @,,Lfe&{Qp}(H, w)

res

where the sum ranges over the associate classes of all proper k-parabolic subgroups @,
corresponding to a partition p = (r,...,rs) subject to the condition 1 = ... =rs. Let us
denote this value by r. Thus, the Levi subgroup L, is a direct product of [ copies of GL(r)
with 7 - s = 2d. The summand corresponding to the associate class {Q,} of k-parabolic
subgroups has the following structure: it is given by the sum Lfe&{Qp}(H, w) ¥ P,J(s,0),

where J(s, o) denotes the unique irreducible quotient of an induced representation’

(3.3) o|det |[57D/2 % g|det |573/2 x ... x o|det |(571/2

with o an irreducible cuspidal representation of GL(r, Ag) whose central character w, equals
w. Note that there is exactly one associate class of maximal parabolic k-subgroups of
G L(2d)/k which can contribute to the decomposition 3.2 of the residual spectrum L2, (H,w).
It is the class of the maximal parabolic k-subgroup Q)4 whose Levi subgroup is isomorphic

to GL(d) x GL(d). In this case, we have
(3.4) Lfes’{Qd}(H,w) ~p,J(2,0),

where o ranges over the irreducible cuspidal representation of GL(d, Ay) with central char-
acter w, = w.

We denote by @' the minimal parabolic k-subgroup of upper triangular matrices in
GL(2,D). Tts Levi subgroup is isomorphic to the k-group GL(1,D) x GL(1, D), and we
have a Levi decomposition of @’ into the semi-direct product L'N’ of its unipotent radi-
cal N’ by L’. The image of the l-group @’ X | under the map 1) as given in 2.2 is the
maximal parabolic [-subgroup Q4 = Qa\{a,}- Its Levi subgroup Lq,/l is isomorphic to
GL(d)/l x GL(d)/1.

The following result concerning one summand in the decomposition of Lfes’ { Qd}(H ,w) is
a consequence of the general work of Badulescu and Badulescu-Renard regarding the global
Jacquet-Langlands correspondence. By [2] and [3, Prop. 18.2] we have

Theorem 3.4. Suppose that the central division algebra D over k is of even degree, say
d=2h. Ifm=J2,0), where 0 = Quev, 0y is a cuspidal automorphic representation of
GL(d,Ay), is a summand of L?es,{Qd}(H’ w), then 7 is always compatible with respect to D,
that is, m = J(2,0) occurs in the image of 2. One has to distinguish the following two cases
in the correspondence via Z:

IHere we use the standard notation: Given a partition (mi, ..., ms) of the natural number m > 1 and
given for each m;, i = 1,...,s, an automorphic representation m; of GL(m;, Ai) we denote by 71 X -+ X 7
the automorphic representation obtained by parabolic induction from 7] ® - -+ ® 7s on the Levi subgroup
Lp, of the parabolic subgroup P, attached to the ordered partition (m1,...,ms) in GL(m).
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8 JOACHIM SCHWERMER

(1) If there is a place vg € Vp such that o, is not square—integrable, then m corresponds
to a cuspidal automorphic representation ' of H'(Ay).

(2) If o, is square—integrable at all non—split places v € Vp, let o’ be the cuspidal
automorphic representation of ng corresponding to o by the Jacquet-Langlands
correspondence. Note that o’ is not one—dimensional. Then 7 corresponds to the
residual representation J'(2,0") of H'(Ay) which is constructed in analogy to J(2,0)
and occurs in the residual spectrum L2, (H',w).

4. SOME COHOMOLOGICAL REPRESENTATIONS OF GL(d,H) AND GL(2d,R)
The investigation of the global injective map = from the set of irreducible constituents
of L2, . .(H',w) to the set of irreducible constituents of L3 .(H,w) involves, if 7 = Z(7’),

with 7 = Quev, Ty and 7@ = ey, 7, a precise knowledge of the local Jacquet-Langlands
correspondence between m, and 7, at places v € Vp. Since we aim to construct global
automorphic representations of H'(Ay) which are of cohomological relevance, this question,
in particular, concerns the archimedean places v € Vp NV . We are interested in those
representations 7w so that the local group in question, say H(k,) resp. H'(ky), v € Vi oo,
has non-trivial continuous cohomology with coefficients in m, ® C resp. 7, ® C. The case of
the groups GL(1,H) = H* and GL(2,R) provides the basic ingredients in dealing with the
general case. Results of Vogan-Zuckerman concerning the general classification of irreducible
unitary representations of a real reductive Lie group with non-zero continuous cohomology
as established in [49] resp. [48] are fundamental in this study.

4.1. Discrete series representation of GL(2,R) and the local correspondence. Let
V(r),r > 2, denote the irreducible two-dimensional representation of the orthogonal group
O(2) which is fully induced by the character kg ~— "% of the subgroup SO(2) of rotations
k9,0 € [0,27], in O(2) of index two. Given an integer m > 2, we denote by D,, the
discrete series representation of GL(2,R) of lowest O(2)-type m. The representation D,, is
square-integrable and characterized by the fact that its restriction to the maximal compact
subgroup O(2) of GL(2,R) decomposes as an algebraic sum of the form

Do) = ®resim)V (1), Y(m)={l€Z|l=mmod2,] >m}.

In this labelling of the discrete series representations of GL(2,R) the Harish-Chandra pa-
rameter of D,,,m > 2,is m — 1.

The local Jacquet-Langlands correspondence between GL(1,H) = H* and GL(2,R) is
as follows: Let § be a unitary square-integrable representation of GL(2,R), and let x be a
unitary character of R*. If § = Dy( o dets) is of lowest O(2)-type 2, then it corresponds to
the character x o nrd; of H*. Observe that Ds corresponds to the trivial character of H*,
denoted by 1gx. Next, if § = D,,(xodets) is of lowest O(2)-type m > 2, then it corresponds
to ¢’ = D! (xounrdy), where D! is the representation of H* which corresponds to D,,, and
nrd; denotes the reduced norm on H*. The representation ¢’ is not one-dimensional.

4.2. Non-vanishing continuous cohomology for D,,. Let (o, Fx),k > 0, be the ir-
reducible finite-dimensional representation of GL(2,R) of highest weight uj = k - w [where
w denotes the fundamental dominant weight of GL(2,R)], thus, dim F, = k 4+ 1. The con-
tinuous cohomology HY(GL(2,R), D,, ® F}) vanishes if k # m — 2 since the infinitesimal
character xp,, differs from the one of the contragredient representation of (o, Fi). In the
case k =m — 2 one has HY(GL(2,R), Dy, ® Fy,—2) = C for ¢ = 1; it vanishes otherwise.
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4.3. The classification of Vogan-Zuckerman - the general case. It is necessary,
mainly to fix notation, to recall some results of Vogan-Zuckerman concerning the general
classification of irreducible unitary representations of a connected real reductive Lie group
with non-zero continuous cohomology as established in [49] resp. [48]%. This constructive
approach is algebraic in nature. We fix a maximal compact subgroup K C G, denote
by X = X the associated symmetric space, and write 0 for the corresponding Cartan
involution. Write g = £+ p for the corresponding Cartan decomposition of the Lie algebra g
of G. By definition, a fg-stable parabolic subalgebra of g is a parabolic subalgebra q C g¢
such that 0xq = q, and §Nq = ¢ is a Levi subalgebra of q where the bar refers to complex
conjugation with regard to the real form g of gc. The Levi subalgebra [¢ is necessarily
defined over R, and the real subalgebra [ is stable under the Cartan involution. We define
the Levi subgroup L attached to q by

(4.1) L={g € G[Ad(g)(q) Cq}.

It is a connected real reductive group of the same rank as G. The Cartan involution 6y
preserves L, and the restriction 0k |, to L is a Cartan involution of L. The fact that
L contains a maximal torus T C K is essential in the classification of #-stable parabolic
subalgebras of g up to conjugation by K. Given a 8x-stable parabolic subalgebra ¢ of g with
Levi subgroup L, write u for the nil radical of q, and R(q) := dim(uNpc). Attached to q there
is an irreducible unitary representation 7, of G. Up to infinitesimal equivalence, 7, depends
only on the K-conjugacy class of q. Notice that there are only finitely many K-conjugacy
classes of fi-stable parabolic subalgebras of g. If we write A; for the Harish-Chandra
module of 74, then the continuous cohomology of G' with coefficients in 7, coincides with
the relative Lie algebra cohomology with respect to A,, and we have, using [49, Theorem
3.3],

(42) HY,(G, g ® C) = HP(g, K; Aq) = HP PO (L L 0 K C).
The right hand side is isomorphic to Homyne (AP~ (@ (1N p), C) so that we get
(4.3) H?(G, 74 @ C) 22 Homne (AP~ B (10 p), C).

Thus, the cohomology group H} (G, mq ® C) vanishes in degrees below R(q) and above
R(q) + dim(I N p). Now interpret the right hand side of 4.3 in the following way: Let L,
be the compact form of the real Levi subgroup L, and let Xy, ,, be the compact dual of the
space L/(K NL). Then we have (see, for example, [43, Section 7.1] and the references given
therein)

(4.4) Homne (AP~ #@ (1N p),C) = HP~ RO /(L, N K)°,C).

By Poincare duality, we obtain R(q) = (1/2)(dim X — dim X7, ,,).
We denote by P(mq,t) the Poincare polynomial of the cohomology space H} (G, mq ® C).
Then, by the preceding argument, we obtain the formula

(4.5) P(rq,t) = tFYP(Xp 1)
where P(Xp, ,,t) denotes the Poincare polynomial of the compact dual X, of the space
L/(KNL).

Suppose (7, H;) is an irreducible unitary representation of G so that the continuous co-
homology of G with coefficients in (7, H,) does not vanish. Then, by [49, Thm. 4.1], there
is a f-stable parabolic subalgebra q of g so that mq = 7, and thus also for the corresponding

2If G is non-connected but still in Harish-Chandra’s class the notation is slightly more complicated but
there arise no essential new difficulties.
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10 JOACHIM SCHWERMER

Harish-Chandra module H; g = A,. Given a 0-stable parabolic subalgebra g, the corre-
sponding irreducible unitary representation m, is a discrete series representation if and only
if [ C & It is a fundamental series representation if and only if [[,I] C €. If [[,1] is not
contained in € then 7 is not tempered (cf. [49, p. 58]). If the #-stable parabolic subalgebra
q coincides with g, then L = G, hence the corresponding representation mq is the trivial
representation.

Let g be a #-stable parabolic subalgebra of g and let 7y be the corresponding unique irre-
ducible representation of G so that the continuous cohomology of G' with coefficients in 74
is non-zero. In the cases of interest for us, it is necessary to determine how these representa-
tions fit into the Langlands classification (cf. [35]) of irreducible admissible representations
of G. Fundamentally, the idea behind the classification is to inductively parametrize the
irreducible admissible representations of G in terms of irreducible tempered representations
of Levi subgroups L of G.

Thus, given a #-stable parabolic subalgebra of g, we have to describe the corresponding so-
called Langlands quotient, characterized by its uniquely determined data (P, o,v), namely,
a (standard) parabolic subgroup P of G with decomposition P = M ApN, o an irreducible
tempered representation of M, and v € a} such that (Rev, o) > 0 for all roots « in n. The
final general result, with regard to the choice of P obtained in a process of two steps, is
described in [49, Thm. 6.16]. In the case GL(2r,R), one can partially read it off from [46,
sect. 4].

4.4. The classification of Vogan-Zuckerman - the cases GL(2r,R) and GL(r,H).
Firstly, we consider the case of the non-connected real reductive group G = GL(2r,R),r > 1,
K =0(2r), and g = £@® p the Cartan decomposition which corresponds to 0. Let mg > 0
be an integer, and let mq, ..., mg be positive integers with r = mg + m1 + ... + ms. Note,
in the case s = 0, my = r. There corresponds a §x-stable parabolic subalgebra q =[G u
whose corresponding real Levi subalgebra is

(4.6) [ = gl(2mo,R) ® gl(m1,C) & ... & gl(ms, C).
Thus, the possible corresponding Levi subgroups L are
(4.7) L =GL(2my,R) x GL(m1,C) x ... x GL(ms, C).
Secondly, let G be the connected real reductive group GL(r,H), K = Sp(r). Let ng > 0
be an integer, and let ny,...,ns be positive integers with » = ng +n; + ... + ns. Note, in

the case s = 0, ng = r. There corresponds a fg-stable parabolic subalgebra q = [ @ u of g
whose corresponding real Levi subalgebra is

(4.8) [ = gl(ng, H) ® gl(n,C) @ ... ® gl(ns, C).
Thus, the possible corresponding Levi subgroups L are
(4.9) L =GL(ng,H) x GL(n1,C) x ... x GL(ns,C).

This result is based on an explicit constructive procedure similar to the one as carried
through in the analogous case of the Lie group SL(r,H), also denoted by SU*(2r), in [44].

4.5. Tempered cohomological representations. Suppose that n is an even positive
integer, say, n = 2r. Within the family of irreducible unitary tempered representations of
the real Lie group GL(2r,R) there is exactly one representation (6, Hyp) (up to infinitesimal
equivalence) so that the continuous cohomology H(GL(2r,R), Hy ® C) of GL(2r,R) with
coefficients in 8 ® C is non-zero. This representation can be described in the following way
(cf. [41, Section 3]).
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Let Ps, be the cuspidal parabolic subgroup of GL(n,R) given by the partition §, =
(2,...,2) of n. Its Levi subgroup Lp; is isomorphic to GL(2,R) x---x GL(2,R). Consider

the representation 7 = ®7;,i = 1,...,7, of Lp, whose i-th component 7; is a discrete series
representation of GL(2,R) of lowest O(2)-type 2i,% =1,...,r. Then
(4.10) Ind(Ps,,7) 2 Dy x Dy x --- Dy,

is an irreducible unitary representation of GL(n,R), the unique one (up to infinitesimal
equivalence) that is tempered and so that HY(GL(n,R),Ind(Ps, ,7) ® C) # {0}. The
continuous cohomology does not vanish in a range of length rk GL(n,R) — rk O(n) around
the middle dimension of the underlying symmetric space (cf. [7, III, Prop. 5.3.]).

For the sake of completeness we ascertain that the f-stable parabolic subalgebra q of
gl(2r,R) which corresponds to the representation Ind(Pj,, 7) is of the form so that the real
Levi subalgebra is

(4.11) [=gl(1,C)® ... gl(1,C) = gl(1,C)".

Thus, its parameter is (mg; ma,...,m,;) = (0;1,...,1).

We now determine a representation (6, Hp) of GL(r,H) which corresponds under the
local Jacquet-Langlands correspondence to the representation (6, Hyp) := Ind(Ps,,7). We
denote by P = Lj Nj the standard minimal parabolic subgroup of G L(r, H) whose Levi
subgroup consists of r copies of GL(1,H) = H*. Then the representation

(4.12) Ind(P5 ,7') 2 1gx x Dy X --- Dy,

is an irreducible unitary representation of GL(r,H). In fact, ¢ := Ind(P; ,7’) is the only
irreducible unitary representation of G'L(r, H) which is tempered and so that the continuous
cohomology of GL(r,H) with coefficients in 6’ ® C is non-zero in a certain range.

Proposition 4.1. Let n = 2r be even. The irreducible tempered representation ' :=
Ind(P; ,7") of GL(r,H) corresponds under the local Jacquet-Langlands correspondence to
the irreducible tempered representation (0, Hg) := Ind(Ps,,7) of GL(n,R). The continuous
cohomology of GL(r,H) with coefficents in 8’ @C is non-zero. More precisely, the continuous
cohomology does not vanish in a range of length rk GL(r,H) — rk Sp(r) around the middle
dimension of the underlying symmetric space.

Proof. Since the local Jacquet-Langlands correspondence at real archimedean places (see [3,
Section 13]) commutes with parabolic induction and the process of forming tensor products
of representations the assertion is an immediate consequence of the construction of both
representations where the building blocks match under the correspondence.

We relate the representation ¢’ = Ind(P; ,7") of GL(r,H) to the corresponding data
within the classification of irreducible unitary representations of the Lie group GL(r, H) with
non-zero continuous cohomology as described in 4.3. The representation 6’ is equivalent to
the representation g which corresponds to the fx-stable parabolic algebra g’ of the Lie
algebra g’ of GL(r,H) so that the real Levi subalgebra [’ of q’ is given by

(4.13) [ =~ gl(1,C)".

Since [I',l'] = {0} C ¥, it follows that ¢’ is tempered. The basis for the coincidence of the
form of I' in this case with the form of the real Levi subalgabra as given in formula 4.11, and
hence finally for the Jacquet-Langlands correspondence, is the fact that the Lie algebras
gc and g¢ attached to the two groups GL(2r,R) and GL(r,H) share Levi subalgebras of
f-stable parabolic subalgebras which are products of gl(m;, C). (]
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4.6. A specific non-tempered representation of GL(d,H). Given our global context,
that is, a central division algebra D over k of even degree, say d = 2h, the representation
(0, Hp) of GL(d,R) as well as the representation (8’, Hy:) of GL(h,H) give rise to two other
representations which are decisive in our construction of non-vanishing square integrable
cohomology classes for the group GL(2, D).

Let Jr(2,0) with 6 = Ind(Ps,, 7) as defined in 4.5 denote the unique irreducible quotient
of the induced representation of GL(2d,R) of the form

(4.14) 0| det |*/2 x 0| det | ~1/2.

Under the local Jacquet-Langlands correspondence this representation Jg(2,6) of GL(2d,R)
corresponds to the analogous representation Jg (2, 0') with ' = Ind(Fj, , 7') as defined in 4.5
for GL(d, H), given as the unique irreducible quotient Jg(2,6’) of the induced representation
of the form

(4.15) ¢'nrd/? x ¢'nrd /2,

Proposition 4.2. The irreducible unitary representation Jg(2,0") of GL(d,H), d even, say
d = 2h, is a non-tempered representation. It corresponds under the local Jacquet-Langlands
correspondence to the irreducible non-tempered representation Jg(2,0) of GL(2d,R), and
the continuous cohomology of GL(d,H) with coefficents in Jg(2,0") @ C is non-zero. The
Poincare polynomial of the representation Jg(2,0") of GL(d,H) has the form

/2 m,
(4.16) PIL(2,0),0) =t = T[T+

s=14=1
with m; = 2,4 = 1,...,d/2. The lowest degree p in which the continuous cohomology

H}(GL(d,H), J4(2,0")) of GL(d,H) with coefficients in Jg(2,0") does not vanish is W.

Proof. We describe the representation Ji(2,60") of GL(d,H) in terms of the classification
of irreducible unitary representations of GL(d,H) with non-zero continuous cohomology as
established in [49] resp. [48] (see subsection 4.4 above). Thus, given the irreducible unitary
representation Jg(2,0") of GL(d,H), we proceed as follows to obtain the corresponding
algebraic data in this framework. Since, in the given case, we already know the Langlands
data by construction, going backwards in the line of arguments in [49, Section 6]) we can
identify the corresponding 6k -stable parabolic subalgebra ¢ in g: the real Levi subalgebra
[ of q turns out to be

(4.17) [=gl(2,C) D gl(2,C) @ ... @ gl(2,C) = gl(2,C)".

By 4.5 the Poincare polynomial of Jg(2,60') has in terms of the corresponding 6-stable
parabolic subalgebra g the following form

(4.18) P(J5(2,0'),t) = tFOP(X ], 1).
The compact dual X7, ,, is a product of h copies of the symmetric space (U(2) x U(2))/U(2).
Thus, using [19, Thm. IX], we obtain

h mg

(4.19) P(Xpat)=[]JJQ+#

s=1¢=1

where (mg,m1,...,my) :=(0,2,...,2) is the partition of d attached to the fx-stable par-
abolic subalgebra q in question. The shift R(q) = dim(u N pc) = (1/2)(dim Xgram —
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dim X7, ,,) is given by
(4.20) R(q) = (1/2)[(2d* — d) — h - 2%] = (1/2)d(2d — 3).
Thus, the Poincare polynomial of the representation J%(2,60") of GL(d, H) has the form

d/2 mg
s=11i=1
with m; = 2,i=1,...,d/2. .

5. CONSTRUCTION OF COHOMOLOGICAL CUSPIDAL REPRESENTATIONS FOR GL(n)/k
WITH PRESCRIBED LOCAL BEHAVIOUR

This section falls into two parts. First, using the transfer of irreducible cuspidal represen-
tations between GL(n)/k and SL(n)/k as proved in [32], [33], and their actual construction
in [6] in the case SL(n)/k, we construct such representations 7 = &y, m, for the for-
mer group such that its archimedean component 7., is cohomological with regard to the
trivial coefficient system, and, given a finite set S C Vj, of non-archimedean places, the
corresponding local components m,,v € S, are Steinberg representations. Second, using
the concept of automorphic induction, we construct irreducible cuspidal representations of
GL(n)/k, n even, with 7 cohomological with regard to the trivial coefficient system, and,
given a fixed non-archimedean place v9 € Vjy, the local component m,, is not a square-
integrable representation of GL(n, ky,).

5.1. Via transfer.

Theorem 5.1. Let k be a totally real number field, and let GL(n) be the general linear group
defined over k. Given a finite set S C Vyy, of finite places of k, there exists a cuspidal auto-
morphic representation m = &y, T, occuring non-trivially in L2, (GL(n, k)\GL(n,Ay))
so that the local component m,,v € S, is the Steinberg representation of GL(n,k,) and so
that the local components m,,v € Vo 1, of the representation T are (up to equivalence) the
only irreducible tempered representation Ind(Ps, ,7) of GL(n,R) with non-trivial continuous

cohomology HY (GL(n,R), V., _ ® C).

Proof. By [6, 11.3] the assertion is valid in the case of the special linear group SL(n)/k.
Thus, there exists a cuspidal automorphic representation 7 = ®! .y, m,, occuring non-trivially
in L2, (SL(n, k)\SL(n, Ay)), so that the local component m,,v € S, is the Steinberg rep-
resentation of SL(n,k,) and so that the representation mo, has non-trivial continuous co-
homology H} (SL(n)oo, Va,, @ C). Using the global transfer between GL(n) and SL(n) in
terms of L-packets in the automorphic context as proved in [32, Prop. 3.5] [see the correction
[33]], there exists a cuspidal automorphic representation T = ®!, _,7,, occuring non-trivially
in L2, (GL(n,k)\GL(n, Ay)).

Given a place v € S, the local component 7,,v € S, is the Steinberg representation of
GL(n,k,), since the restriction of the Steinberg representation of the local group GL(n, k)
is the Steinberg representation of the group SL(n,k,), that is, the corresponding L-packet
consists of one element.

At an archimedean place v € V,, by the results recalled in 4.5, the local component 7, is
equivalent to the unique irreducible cohomological representation Ind(FPs, , 7,) of GL(n,R).

Finally, note that the restriction 751 (n,k,) of an unramified representation 7, v € Vy g,
contains a uniquely determined constituent that is unramified. O
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5.2. Via automorphic induction - the case GL(2). We turn to the second construction.
More specifically, we call for cuspidal representations 7 = ®; y, m, of GL(2,Ay) whose
archimedean component 7., is cohomological and, given a fixed non-archimedean place
vo € Vf, the component 7,, is not a square-integrable representation of GL(2, k., ).

In view of this task it is necessary to recall, through the cohomological lens, some facts
regarding the compatibility of discrete series representations of GL(2,R) and the irreducible
finite-dimensional algebraic representation (7, E') of GL(2)s in a complex vector space E.
As before we assume that this representation originates from an algebraic representation of
the algebraic k-group GL(2). Its highest weight can be written as u = (u),,, v € Voo i, where
L, ranges over the embeddings ¢, : K — R corresponding to v € V ;. Each of the weights
()., is of the form p,wy, iy € Z, p, > 0, where w, denotes the fundamental dominant
weight of the group G, = GL(2,R), v € Vi ;. Given a highest weight 1 = (11),,,v € Voo,
we say that a family {D,,,}, m, € Z, m, > 2, of discrete series representations of GL(2,R),
parametrized by v € Vi 1, is compatible with p if p,w, = (my, — 2)w, for all v € V x.

Theorem 5.2. Let k be a totally real algebraic number field, and let (n, E) be an irre-
ducible finite-dimensional algebraic representation of the archimedean component Goo =
[loev. , Go, with G, = GL(2,R), of GL(2,Ax). The highest weight of (n, E) is denoted
by u = (MW )veva, o, where piy € Z, p, > 0. Given a fized non-archimedean place
vo € Vi, there exists an irreducible cuspidal automorphic representation m of GL(2,Ay)
whose archimedean component T = Quev,, Ty 8 of the form

Too = ®U€Voo,kDmv

where the family {Dm,, Yvev.. , of discrete series representations of GL(2,R) is compatible
with the highest weight i, that is, m, = p,+2 for allv € Vi 1, and where the component m,,
is mot a square-integrable representation of GL(2,ky,). The representation © of GL(2,Ay)
contributes non-trivially to the cuspidal cohomology Hy,o,(GL(2), E) in degree d = [k : Q].

Proof. The irreducible cuspidal automorphic representation  of GLo(Ay) we ask for will be
constructed via automorphic induction from a Hecke character of an imaginary quadratic
extension of k. Given a fixed non-archimedean place vy € V), we may choose such an
extension field F' of k such that vy splits in F. If £ = [k : Q], then [F : Q] = 2¢. The
extension F'/Q is usually called a CM-field extension. Fix a CM-type ® of F', that is, a set
® C Hom(F,Q), say ® = {0y }wev., », such that, if ¢ € ®, then its conjugate o under the
unique non-trivial element of the Galois group Gal(F/k) does not belong to ®.
Given a unitary Hecke character 6 : Ip — C* of the group of ideles Ix of F', we denote
by 7(6) the automorphic induction of 6 to GL2(Ay). It is defined by 7 () = &/ 7(),, where
(1) if v € Vj, splits in F, then 7(0), is the principal series representation of GLa(k,)
induced from the character 6,,, ® 6,,, of the torus, where w; and wy are the two
places of F' above v;
(2) if v does not split in F, then (@), is the local automorphic induction of 8, to a
representation of GLy(k,), where w is the unique place of F' lying above v.
Since F' is an imaginary quadratic extension field of k£ all archimedean places of k do not
split in F', thus, the second case is valid at places v € Vi j.
The discrete series representation D, o of GL(2,R) corresponds, via the local Langlands
correspondence, to the two-dimensional irreducible representation of the Weil group Wx
obtained by induction from the character of W¢ = C* given by the assignment

z (z/12))FH, 2z eCr,

where |z| = v/z - Z. Hence, D,2 is the local automorphic induction of that character.
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Let {py tvev,, , be the set of integers w, € Z, p,, > 0, that originates with the highest
weight 1 = (powy)vev. , of (7, E). It is a basic observation of Weil [50], using a result of
Chevalley [9], that, since F' is a CM-field, there is a unitary Hecke character 6 of F with
archimedean components given by

O (20) = (0w (2w)/|ow(20))* T forall we ®.

In turn, the discrete series representation D, 42 is the automorphic induction 7(), of 0,,,
with w € ® the only place above v € Vi . Note that 6 # 6°, with ¢ € Gal(F/k), ¢ # 1, since
this is correct already for the archimedean components. Thus, the unitary Hecke character
6 does not factor through the norm map Np/,. As a consequence, by [1, Chap. 3, sect. 6],
the automorphic induction () of @ is a cuspidal automorphic representation of GL(2, A).

Since, by the very choice of the CM-field F, the place vy of k splits in F, the local
component 7(6), is the principal series representation of G La(k,) induced from the character
O, ® 04, on the torus in GL(2,k,,), where wy and wsy are the two places of F' above v.
Here we have identified k,, with Fy,, resp. F,,. Hence, m(6),, is not a square-integrable
representation of GL(2, k). O

5.3. The case GL(2n). A slight extension by an additional step within the automorphic in-
duction used in the proof above allows us to construct cuspidal representations of GL(2n)/k
with specific local properties. This approach uses a totally real extension with cyclic Galois
group.® In this case, the global automorphic induction relies on the work of Henniart [23]
and the proof of its compatibility with the local automorphic induction. The case of the
latter one (over a local non-archimedean field of characteristic zero) is dealt with in [24].
However, the decisive argument is the case GL(2). For the sake of simplicity we only deal
with the trivial representation as coefficient system, that is, £ = C.

Theorem 5.3. Let k be a totally real algebraic number field, and let vo € Vi be a fized
non-archimedean place of k. Then there exists an irreducible cuspidal automorphic repre-
sentation T of GL(2n,Ar) whose archimedean component Too = Ryev,, , Tv consists of the
local components
T = Ind(Ps,,, ,00), v € Voo rk,

with P the parabolic subgroup of type dan, = (2,...,2) and the representation o, = Q0 4,
i =1,..,n, of Lp,, where o,; is the discrete series representation of GL(2,R) of lowest
O(2)-type 2n —2i+2, i =1,...,n. Moreover, the component m,, corresponding to the fized
place vy € Vi ¢ is not a square-integrable representation of GL(2n, ky, ).

Proof. Given n € N,n > 2, there exists a totally real Galois extension L'/Q with cyclic
Galois group of order n. Indeed, Dirichlet’s theorem on arithmetical progressions asserts
that any progression a,a + ¢,a + 2q, ... where (a,q) = 1 contains infinitely many primes.
Thus, we can a find a prime p with p = 1 mod 2n. The pth cyclotomic field Q({,) contains
the maximal totally real subfield Q(¢, + ¢, 1). Since 2n divides p — 1, n divides the degree
(p —1)/2 of the cyclic extension Q(¢, + ¢, ')/Q. It follows that there is a Galois extension
L'/Q with L' € Q(¢p 4 ¢, ") and cyclic Galois group Gal(L’/Q) of order n. Since we have
infinitely many options to choose the prime p we may (and will) assume that the totally
real fields k and L’ are linearly disjoint within the algebraic closure Q. We denote their
compositum by L. Then L/k is a Galois extension degree n. Let v denote a generator of the
Galois group Gal(L/k). Choose an imaginary extension F of L', and form the compositum

F of L and F'. Then F/Q is a CM-field extension, with k its maximal totally real subfield.

3This idea is taken from Clozel [10] who deals with the case SL(2n). Aside from that, we have to deal
with the additional local property which is required at a given finite place.
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We fix a CM-type @ of F'. Each element in ® extends an archimedean place Vi o,
that is, |®’| = n. Following the argument in the proof of Theorem 5.2 there is a unitary
Hecke character ¢’ : Ipr — C* whose archimedean component is of the form

((=/1=D), (2/12D)%, - (2/12)*" 1)
We denote by 0 : I — C* the character obtained as the composite ¢’ o Np,p where Np, g
denotes the norm map. Then, as a first step, there exists a cuspidal representation (6)
of GL(2,A}), the automorphic induction of §. In the second step, given 7(6), there exists
an automorphic representation I1(¢) of GL(2n, A) (unique up to isomorphism) whose base
change [under the extension L/k] is given as

U i=7(0) x (0) x - x w(0)"
Again we see that the representation 7(6) is not fixed by the elements in Gal(L/k), thus,
I1(#) is a cuspidal representation of GL(2n, Ay).

The process of global automorphic induction is compatible with the local process [23,
Thm. 5]. More precisely, given a place v € Vi, let L, = L ®y k, the k,-algebra cyclic
under Gal(L/k). Then TI(6), is the local automorphic induction of the representation 7 (6),
of GL(L,). At an archimedean place v € Vi x, the representation II(¢), of GL(2n,k,) is
therefore (up to isomorphism) of the form

H(@)ngQXD4X...XD2n.

since the unitary Hecke character 6’ : Ip» — C* we started with had the archimedean
component ((z/]z), (z/]2])3,...,(2/|2])?"t). We observe that this is exactly the unique
irreducible tempered representation of GL(2n,R), denoted Ind(Ps,, ,7) in 4.5, that has non-
trivial continuous cohomology H} (GL(2n,R),Ind(Ps,,,7) ® C) with regard to the trivial
representation as coefficient system.

Next, let vg9 € V¢, be a fixed non-archimedean place of k, and let 7y € V¢, be a place
above vg. Then, as proved in Theorem 5.2, we can achieve that the local representation
m(0)5, is not square-integrable. By the compatibility of the global and local automorphic
induction the property descends to the local representation I1(6),,. O

6. CONSTRUCTION OF RESIDUAL AUTOMORPHIC REPRESENTATIONS FOR GL(2,D)/k

Let k be a totally real algebraic number field of degree £, and let D be a finite-dimensional
central division algebra over k of degree d > 1. We suppose that there is at least one
archimedean place at which D does not split. Then, by 2.2, it follows that d is even. Let H'
denote the algebraic k-group GL(2, D), and let H denote the k-group GL(2d)/k as before.
Now, based on the existence of cuspidal automorphic representations with certain prescribed
local behaviour as proved in Theorem 5.1, we construct automorphic representations «’ of
H'(Ay) which occur as irreducible constituents in the residual spectrum of H’'(Aj) and
which eventually contribute non-trivially to the square-integrable cohomology of H'/k [see
Section 8].

Theorem 6.1. Let k be a totally real number field of degree £, and let D be a finite-
dimensional central division algebra over k of degree d > 1. Let Vp C Vi be the finite set
of places of k at which D does not split. Let t denote the number of archimedean places in
Vb, and suppose that t > 0. Then there exist automorphic representations ' = ®;erﬂ'U
of H'(Ay) which occur as irreducible constituents in the residual spectrum of H'(Ag) and

whose archimedean component m, at a place v € Vp N Vy o s equivalent to the irreducible
unitary representation Jg(2,60") of GL(d,H).
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Proof. Consider the maximal parabolic k-subgroup Qg of H = GL(2d) whose Levi subgroup
is isomorphic to GL(d) x GL(d). Since d is even, say d = 2h, there exists an irreducible
cuspidal automorphic representation o = ®;6Vk oy of GL(d, Ay) which satisfies the following
two conditions (see Theorem 5.1):

Firstly, the archimedean components of o are of the form o, & Dy X Dy X - -+ Dyp. This
is exactly the irreducible unitary representation of GL(d,R), denoted Ind(Ps,, 7) in 4.5, the
unique one (up to infinitesimal equivalence) that is tempered and so that the continuous
cohomology H(GL(d,R),Ind(Ps,,7) ® C) does not vanish.

Secondly, for all finite places v € Vp NV} ¢, the local component o, is the Steinberg
representation of GL(d, k,). This representation is an irreducible admissible representation
of GL(d, k,) and it is square-integrable modulo the center [8, Sect. 7].

Then there is the automorphic representation of GL(2d, Ay), to be denoted

(6.1) o|det |2 x o| det |71/2,

obtained by parabolic induction from oc®o on the Levi subgroup Lg, = GL(d)xGL(d) of the
parabolic subgroup Q4. By the work of Moeglin-Waldspurger [36], this representation has a
unique irreducible unitary quotient J(2,c) which contributes non-trivially to the summand

(62) LEes,{Qd}(Hﬂ WU)
of the decomposition of the residual spectrum L2, (H,w,) of H(Ay) = GL(2d, Ay).

res

With regard to this constituent J(2,0) the works of Badulescu and Badulescu-Renard,
in particular, [2] and [3, Prop. 18.2], imply that, if 7 & J(s,0), where 0 = ®,cv o, is a
cuspidal automorphic representation of GL(d, Ay), is a summand of L?es,{Qd}(]_L We), then
7 is always compatible with respect to D, that is, m = J(s, o) occurs in the image of E.

Moreover, by construction, o, is square-integrable at all non—split places v € Vp. Let
o' be the cuspidal automorphic representation of GL(1, D)(Ay) = ng corresponding to
o by the Jacquet-Langlands correspondence. Note that ¢’ is not one-dimensional. Then
J(s,0) corresponds under = to the representation J'(s,o’) of H'(Ay). The latter represen-
tation J'(s,0’) is obtained as the unique irreducible unitary quotient of the automorphic
representation

(6.3) o'nrd"? x o'nrd V2,
and it occurs non-trivially in the summand
(64) L?es’{Q/}(H/,OJa-).

of the residual spectrum of GL(2, D)(Ag). Within this construction, by Proposition 4.2,
the archimedean component J'(s, o’), of J'(s,0’) at a place Vp NV} « is equivalent to the
irreducible unitary representation Jg(2,6’) of GL(d, H). O

Remark 6.2. Note that, if v € Vj, o is a place at which the central division algebra splits,
that is D, ® k, = My(R), and hence H, = GL(2d,R), then the corresponding component
of 7 as constructed is of the form m, = Jr(2,0).

7. CONSTRUCTION OF CUSPIDAL AUTOMORPHIC REPRESENTATIONS FOR GL(2,D)/k

In this section we use the results of Section 5 to prove the existence of cuspidal auto-
morphic representations of the group GL(2, D)(Ag) which are of cohomological relevance.
These representations occur in two different forms. One consists of cuspidal representa-
tions whose archimedean components are tempered and whose construction relies, via the



N

© o ~N o o

10
11
12
13
14
15
16

17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37

38
39
40
4

18 JOACHIM SCHWERMER

general Jacquet-Langlands correspondence, on Theorem 5.1. The other form consists of cus-
pidal representations whose archimedean components are non-tempered. Since these latter
cuspidal representations are nearly equivalent to the residual automorphic representations
constructed in Theorem 6.1 they may be viewed as shadows of Eisenstein series.

7.1. The tempered case. We recall that, given a central division algebra D over k of
degree d, the center Z of both of the two groups H/k = GL(2d)/k and H'/k = GL(2,D)/k
is isomorphic to the group of ideles I,. Thus, we may view a unitary character of Z(k)\Z(Ax)
as a unitary character of k*\I;. We fix such a character w. It is preserved by the global
Jacquet-Langlands correspondence.

Theorem 7.1. Let k be a totally real number field of degree £, and let D be a central division
algebra over k of degree d. Let Vp be the finite set of places of k at which D does not split.
Let t denote the number of archimedean places of k at which D does not split. Denote by H'
the algebraic k-group GL(2, D), an inner form of the algebraic k-group H = GL(2d). Then
there exist cuspidal automorphic representations ©' of H'(Ay) with Z(n’) =: 7 cuspidal under
the Jacquet-Langlands correspondence E, and whose archimedean components mw,,v € Vi o,
are irreducible tempered representations of H, with HY (H.,V, ® C) # {0}. .

Proof. We denote by S the finite set Vp N V4 ¢, that is, the finite set of non-archimedean
places at which D does not split. By Theorem 5.1 there exists a cuspidal automorphic
representation m = ®/,_y, m, occuring non-trivially in LZ, (GL(2d, k)\GL(2d, Ay)) so that
the local component m,,v € S, is the Steinberg representation of GL(2d,k,) and so that
the local components m,,v € Vj , of the representation mo, are (up to equivalence) the
only irreducible representation Ind(Ps,,,0) of GL(2d,R) with non-trivial continuous co-
homology HZ (GL(2d,R),V,, ® C). The representation = is compatible with D, since at
the places v € S the local component is square-integrable. Thus, the representation 7 is
in the image of the injective map =, that is, there exists an irreducible constitutent 7’ of
L2, (GL(2,D)(Ay)) with E(x') = . Under the local correspondence, for v ¢ Vp, clearly
Ty, = w, and m, corresponds to m, by the local Jacquet-Langlands correspondence at
v € Vp. In particular, let v € Vp NV} o, then necessarily d is even and D, = Mg/, (H), thus
H| =~ GL(d,H). Within the classification [up to infinitesimal equivalence] of the irreducible
unitary representations of GL(d, H) with non-vanishing continuous cohomology with regard
to the trivial coefficient system, one finds the so-called fundamental series representation.
It is constructed as follows: We denote by P5 = Lj Nj the standard minimal parabolic
subgroup of G L(d, H) whose Levi subgroup Lj consists of d copies of GL(1,H). As pointed
out in Remark 3.3 the local Jacquet-Langlands correspondence between GL(2,R) and H*
asserts that if § = Da(x odets) is of lowest O(2)-type 2, then it corresponds to the character
x onrd; of H*, where x is a unitary character of R*. Thus, Ds corresponds to the trivial
character of H*.

If 6 = D, (xodets) is of lowest O(2)-type m > 2, then it corresponds to ¢’ = D!, (xonrdy),
which is not a one-dimensional representation of H*. Given the discrete series representation
Dy,,m > 2, of GL(2,R), we denote by D), the corresponding representation of H*. The
local representation

Ind(P5,,0") = 1gx x D} x ... x Dy,

of GL(d,H) is an irreducible unitary representation, the unique one that is tempered and has
non-vanishing continuous cohomology with regard to the coefficient system C. By [3, Sect.
13], under the local Jacquet-Langlands correspondence this representation corresponds to
the irreducible tempered representation Ind(Ps,,, 0) = Dy x Dy X ...x Dog of GL(2d,R). O
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7.2. The non-tempered case. We retain the notation of the previous subsection. As
before we suppose that the set Vp of places of D at which D does not split contains at
least one archimedean place. Then it follows that d is even. We write d = 2h. Let H'
denote the algebraic k-group GL(2, D). In the following we construct cuspidal automorphic
representations 7’ of H(A}) which eventually contribute non-trivially to the cuspidal coho-
mology Hp,,(H',C) and which are CAP-representations. For the sake of clarity we recall
this notion.

Definition 7.2. We call an irreducible cuspidal representation 7 of a quasi-split connected
reductive k-group G a CAP-representation with respect to a parabolic k-subgroup P of G
if 7 is nearly equivalent to an irreducible constituent of an induced representation Indga
where o is a cuspidal representation of the Levi subgroup of P.

If G’ is an inner form of a quasi-split group G as above, a modification of this notion
of being CAP is necessary (see, for example, [14, 3.9, 3.10] or [27, Sect. 6]). Since the
local groups G’ and G, are isomorphic for almost all v € V4, it makes sense to say that
a representation 7' of G'(Ay) is nearly equivalent to a representation of G(Ay). Thus, we
call an irreducible cuspidal representation 7’ of G'(Ay) a CAP representation with respect
to a parabolic k-subgroup of G if 7/ is nearly equivalent to an irreducible constituent of an
induced representation IndIGpcr where o is a cuspidal representation of the Levi subgroup of
P.

Theorem 7.3. Let k be a totally real number field, and let D be a finite-dimensional central
division algebra over k of degree d. Suppose that the set Vp of places of D at which D
does not split contains at least one archimedean place. Let H'/k denote the algebraic k-
group GL(2,D)/k. Then there exist cuspidal automorphic representations ©' of H'(Ag)
with 2(7") =: 7 a residual representation of the group H(Ay) attached to the split group
H/k = GL(2d)/k under the Jacquet-Langlands correspondence = so that the archimedean
components ml,, v € Voo 1, have the following form: If v € VpNVj o, that is, H), =2 GL(d, H),
then m, = Jh(2,0"), and if v € Vi oo, v € Vp, that is, H, = GL(2d,R), then w, = Jr(2,0).
In both cases the archimedean component is a non-tempered representation of H) .

The representation 7' is CAP-representation with respect to the (mazximal) parabolic k-

subgroup Qa4 = Qa\{ayy of GL(2d)/F.

Proof. The group H' = GL(2, D)/k is a k-form of the general linear k-group H = GL(2d)/k.
Let I be a splitting field of D, thus, there is an isomorphism

¥ GL(2, D) xj, | — GL(2d)/1

of algebraic I-groups.. Let @’ be the minimal parabolic k-subgroup of GL(2, D) fixed in
Subsection 2.1. The image of the I-group Q' X, [ under ¢ is the standard parabolic I-
subgroup Q4 = Qa\{a,} of GL(2d)/¢. Tts Levi subgroup Lgq, /1 is isomorphic to GL(d)/l x
GL(d)/l. Since d is even, say d = 2h, we can use the construction of cuspidal representations
carried through in Theorem 5.3 for each of these factors. Thus, there exists an irreducible
cuspidal automorphic representation 7 of GL(2h, Aj) whose archimedean component 7o, =
Qe V), o0 Tv CONSIStS of the local components

Ty = Ind(Ps,, ,04), v € Vi oo,

with P the parabolic subgroup of type da, = (2,...,2) and the representation o, = ®0o, 4,
i =1,...,h, of Lpézh where o, ; is the discrete series representation of GL(2,R) of lowest
O(2)-type 2h—2i+2,i = 1,..., h. Moreover, by Theorem 5.3, we may assume that at a fixed
place vy € Vi, the component 7,, is not a square-integrable representation of GL(2h, ky, ).
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We denote by Ind(2, 7) the representation of GL(2d, Ay ) induced from the representation
7|det |2 @ 7| det| =

of the Levi factor Lg,(Ax). As proved in [36, I. 11], this representation has a unique
irreducible quotient to be denoted by J(2,7). It is a representation of GL(2d, Ay) which
occurs in the residual spectrum (cf.[26]). The representation J(2,7) is compatible with
respect to D. Thus, there exists a unique irreducible automorphic representation «’ of
H'(Ay) with Z(7’) = J(2,7). Since the local representation 7, is not a square-integrable
representation of GL(2h, k,, ), it follows, by [3, Prop. 18. 2] (see Theorem 3.4 in this paper),
that the representation 7’ is cuspidal.

Let v € V};, o be an archimedean place of k. By construction, the local component of the
cuspidal representation 7 is of the form

Ty = Ind(P(;Zh’,UU), S Voo,k,

with P the parabolic subgroup of type dan, = (2,...,2) and the representation o, = ®0o, 4,
i=1,...,h, of Lpa% where o, ; is the discrete series representation of GL(2,R) of lowest
O(2)-type 2h —2i+ 2, ¢ = 1,...,h. Thus, the archimedean component J(2,7,) of J(2,7),
v € Vi, 00, I8 equivalent to the irreducible non-tempered representation Jr(2,6) of GL(2d,R)
(in the notation of Subsection 4.6). Hence, if v € Vi o0, v ¢ Vp, 7, = Jr(2,6) and, using

v

Proposition 4.2, m, = Jg(2,0") if v € Vp N Vi,co. In the latter case, recall that §' = 7]

v
where 7, is the representation of GL(h,H) which corresponds under the Jacquet-Langlands
correspondence to 7,. Again, as the representation Jg(2,0), the representation Jg(2,6’) =
Jr(2, 7)) is non-tempered and it has non-vanishing continuous cohomology.

By construction, one sees that the cuspidal automorphic representations 7’ of H'(A,) with
E(n’) = J(2,7) is a shadow of an Eisenstein series with cuspidal support in the parabolic
k-subgroup Q4 = Qa\{a,} of GL(2d,k). Thus, it is a CAP-representation. |

Remark 7.4. We remark that in [38] the authors provide in the case GL(2, B)/Q with B
a quaternion division algebra of discriminant two over the field Q of rational numbers an
explicit construction of cuspidal automorphic forms lifted from suitable Maass cusp forms,
thus, finally an explicit example of a CAP representation in this specific case.

8. NON-VANISHING RESULTS FOR THE SQUARE-INTEGRABLE COHOMOLOGY OF GL(2, D)

In this section we prove various non-vanishing results for the square-integrable cohomol-
ogy of GL(2,D) which are implied by the constructions of specific automorphic represen-
tations carried through in the previous two sections. We begin with a brief review of the
cohomology groups in question.

8.1. The cohomology groups H*(G,C). Let G be a reductive algebraic group over a
totally real algebraic number field k£, and suppose that G modulo its radical has k-rank
greater than zero. We write G, for the group Rj,q(G)(R) of real points of the algebraic
Q-group Ry, /p(G) obtained from G by restriction of scalars, and K, for a maximal compact
subgroup of G.

Let J C Z(goo,c) be the annihilator of the trivial representation in the center of the
universal enveloping algebra U(goo,c) of the complexified Lie algebra of Goo. Then J is
an ideal of finite codimension in Z(ge,c). Let Vo umg = Cong(G(k)\G(Ar)) be the space
of smooth complex-valued functions f of uniform moderate growth on G(k)\G(Ay), in the
sense of [37, 1.2.3]. Define A(G) C Vi umg to be the subspace of functions f € Vi ymg which
are annihilated by a power of J and which are trivial on the identity component Ag o of
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the group Resy/q(S5)(R) with S the maximal split torus in the center Z of G. The space
A(G) is naturally equipped with a (mg, Koo; G(Ag, 5))-module structure where mg denotes
the Lie algebra of Ag o \ Goo. Thus, the (m¢g, Ko )-cohomology H* (m¢, Koo; A(G) ® C) is
well-defined.

Following the work of Franke [11] these cohomology groups present itself as the automor-
phic interpretation of the cohomology groups given as the inductive limit

(8.1) H*(G,C) := colimcH* (X, C)

over all sufficiently small open compact subgroups C' C G(Ay, r) of the deRham cohomology
groups H*(X¢, C) associated to the orbit space

(8:2) Xc = G(k)Ag,o \ G(Ag) /K C.

As proved by Rohlfs [39, Cor. 2.12], the cohomology H*(G, C) is isomorphic (in a functorial
way) to the cohomology of the projective limit S := lim¢ X, that is, we have

(8.3) H*(G,C) = colimcH* (X¢,C) =2 H*(limc X, C).

An analogous result is correct for the cohomology with compact supports, denoted by
H(—,C), that is,

(8.4) H:(G,C) :=colimcH:(X¢,C) 2 H: (lime X, C).

We denote by H"(G,C) the image of the cohomology H}(G,C) with compact supports in
H*(G,C), usually called the interior cohomology®.

8.2. The square-integrable cohomology groups H(*Sq)(G, C). The space A(G) con-
tains as a natural submodule the subspace £(G) consisting of all square-integrable auto-
morphic forms in A(G). The inclusion £(G) — A(G) gives rise to a morphism in (mg, Koo )-
cohomology

(8.5) H* (g, Koo; £(G) © C) — H*(mg, Koo; A(G) @ C).

We call the image of this map the square-integrable (automorphic) cohomology of G, to be
denoted by H, (*Sq)(G,(C), whereas the right hand side, usually denoted H*(G,C), presents
the automorphic cohomology of G with trivial coefficients.

Let LﬁiSC7J(G) denote the submodule in £(G) with regard to the (mg, Koo; G(Ag f))-

module structure which is spanned by all irreducible submodules; it is called the discrete

spectrum of G with regard to J. It contains the cuspidal spectrum LEuSP’ ;(G) as a submod-
ule. In fact, there is a decomposition
(86) Lgisc,J(G) = Lgusp,J(G) D Lfes,J(G)

as (mg, Koo; G(Ag, r))-module where the complement Lfes’ ;(G) denotes the residual spec-

trum of G with regard to J. The two inclusions of (m¢g, Koo; G(Ag, r))-modules

(8'7) jdisc : Liisc,J(G) — -A(G) qusp : L?:usp,J(G) — A(G)
induce homomorphisms on the level of (mg, K )-Lie algebra cohomology. The image of
(8.8) Jhise  H* (MG, Koo Ljse, 4 (G) ® C) — H* (mg, Koo; A(G) @ C).

is equal to the square-integrable cohomology H(*Sq)(G, C) (see [6, Sect.7] using [37, VI, 2.1]).
In general, the map jj,,. need not be injective. Within deRham theory, the cohomology

4These interior cohomology groups enjoy a natural interpretation in the framework of the Borel-Serre
compactification, a manifold .S with boundary 95, of S. The interior cohomology consists of all those classes
in H*(S, C) which restrict trivially to the cohomology of the boundary 95
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space H *(mg,Koo;L?hSC’ 7(G) ® C) may be interpreted as the space of harmonic square-
integrable differential forms on S, [5, Prop. 5.6]. By [6, Sect. 5] the homomorphism

(8.9) Jeusp H*(mg, Koo; L? (G)®C) — H*(mg, Keo; A(G) ® C).

cusp,J

is injective. We denote by H,, (G, C) its image, the cuspidal cohomology of G..

Note that, using Theorem 5.3 and its Corollary in [4], it is not difficult to show that
the interior cohomology H{ (G, C) contains the cuspidal cohomology He, (G, C), thus, the
topologically defined object H/* (G, C) is sandwiched between two analytically defined coho-
mology groups, that is, we have

(8.10) H;,,(G.C) C Hf(G,C) C H},,(G,C) C H*(G,C).

8.3. Construction of tempered non-trivial classes in H},.,(GL(2,D),C). Let D be
a central division algebra over k of degree d. The center Z of both of the two groups
H/k = GL(2d)/k and H'/k = GL(2,D)/k. is isomorphic to the group of ideles Ij via
the isomorphism that assigns to an element a € I the scalar matrix of the appropriate
size with a on the diagonal. Thus, we may view a unitary character of Z(k)\Z(Ay) as
a unitary character of k*\I;. We fix such a character w. It is preserved by the global
Jacquet-Langlands correspondence.

By Theorem 5.1, given a totally real number field £, and a finite set S C Vy of fi-
nite places of k, there exists a cuspidal automorphic representation m = ®;6Vk7rv occuring
non-trivially in L2, (GL(2d, k)\GL(2d, A;)) so that the local component m,,v € S, is the
Steinberg representation of GL(2d,k,) and so that the local components m,,v € V, of
the representation 7., are (up to equivalence) the only irreducible tempered representation
Ind(Ps,,, ) of GL(2d,R) with non-trivial continuous cohomology H* (GL(2d,R),V,_&C).
By Proposition 4.1 the representation Ind(Py,,, 7) of GL(2d,R) corresponds under the local
Jacquet-Langlands correspondence to the irreducible tempered representation Ind(Pj5,,7")

of GL(d, H).

Theorem 8.1. Let k be a totally real number field of degree £, and let D be a central division
algebra over k of degree d. Let Vp be the finite set of places of k at which D does not split.
Let t denote the number of archimedean places of k at which D does not split. Then there
exist cuspidal automorphic representations ©' = ®nl of H'(Ag) with Z(7’) =: m cuspidal
under the Jacquet-Langlands correspondence =, and so that the archimedean components
Ty, ¥ € Voo, have the following form: If v € Vp NV o, then m, = Ind(P5,,7'), and if
v € Vioo,v & Vp, then wl, = Ind(Ps,,,T), that is, the archimedean components of 7' are
tempered representations of H),v € Vi o. The representation n' represents a non-trivial
class in HY,. (GL(2,D),C).

cusp

Proof. We denote by S the finite set VpNVj, . By Theorem 5.1 there exists a cuspidal auto-
morphic representation T = ®/, ¢y, m, occuring non-trivially in L2, (GL(2d, k)\GL(2d, Ay))
so that the local component ,,v € S, is the Steinberg representation of GL(2d, k) and so
that the local components m,,v € Vi i, of the representation mo, are (up to equivalence)
the irreducible representation Ind(Ps,,,7) of GL(2d,R). The representation 7 is compati-
ble with D, since at the places v € S the local component is square-integrable. Thus, the
representation 7 is in the image of the injective map =, that is, there exists an irreducible
constitutent 7’ of L2, ,(GL(2, D)(Ay)) with Z(z') = 7. Under the local correspondence,
for v ¢ Vp, clearly m, = «,, and 7, corresponds to m, by the local Jacquet—Langlands
correspondence at v € Vp. In particular, let v € Vp NV} , then necessarily d is even and

D, = My,5(H), thus H] = GL(d,H). By Proposition 4.1 the representation Ind(Ps,,, ) of
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GL(2d,R) corresponds under the local Jacquet-Langlands correspondence to the irreducible
tempered representation Ind(P; ,7") of GL(d, H). Since the map

(8.11) H*(mp, K ; L2, ;(H)®C) = H*(mg, K._; A(H') ® C).

- .
]cusp . cusp,J

induced by jeusp @ LZp s(H') — A(H') is injective we obtain non-trivial classes in the
cuspidal cohomology Hp,(GL(2, D), C) whose archimedean components are tempered rep-
resentations. g
8.4. Construction of non-tempered non-trivial classes in H;, (GL(2, D),C). Given
a totally real number field &, let D be a finite-dimensional central division k-algebra of degree
d > 1. We suppose that the set Vp of places of D at which D does not split contains at
least one archimedean place.

It follows that d is even. We write d = 2h. Let H’ denote the algebraic k-group
GL(2,D). In the following we construct cuspidal automorphic representations 7’ of H(A})
which contribute non-trivially to the cuspidal cohomology He,,(H', C) and which are CAP-
representations.

Theorem 8.2. Let k be a totally real number field, and let D be a finite-dimensional central
division algebra over k of degree d. Suppose that the set Vp N Vi o is non-empty. of
places of D. Let H'/k denote the algebraic k-group GL(2,D)/k. Then there exist cuspidal
automorphic representations ©' = @, of H'(Ag) with Z(n’) =: 7 a residual representation
of the group H(Ay) attached to the split group H/k = GL(2d)/k under the Jacquet-Langlands
correspondence = so that the archimedean components wwl,, v € Voo i, have the following form:
If v € Vp N Vi oo, that is, H, = GL(d,H), then m, =2 Jg(2,0"), and if v € Vi.00,v & Vb,
that is, H], =~ GL(2d,R), then w,, = Jr(2,0). In both cases the archimedean component is a
non-tempered representation of H!. The representation ' represents a non-trivial class in
H,p(GL(2, D), C).

Proof. By Theorem 7.3 there exist cuspidal automorphic representations 7’ of H'(Ay) with
E(n’) =: 7 a residual representation of the group H(Aj) attached to the split group
H/k = GL(2d)/k under the Jacquet-Langlands correspondence = so that the archimedean
components 7., v € Vy 1, have the following form: If v € VpNVj, o, that is, H, = GL(d, H),
then 7}, = Jg(2,60'), and if v € Vi o0, v ¢ Vp, that is, H) =2 GL(2d,R), then 7] = Jr(2,0).
In both cases the archimedean component is a non-tempered representation of H/. More-
over, the continuous cohomology H} (H,,nl, ® C) of H with coefficients in 7}, v € Vj o,
does not vanish. If 7}, = 7, = Jr(2,6), this is proved in [13, 5.6.]. If 7}, = Jp(2,6’), we refer
to Proposition 4.2 where one also finds the Poincare polynomial of the cohomology space.
Finally, as in the last step of the proof of Theorem 8.1, we see that we obtain non-trivial
classes in the cuspidal cohomology Hp,(GL(2, D), C). O

Remark 8.3. As rounded off by Grbac in [15], the work of Badulescu [2] gives a complete
structural description of the discrete spectrum of GL(2, D)/k. In particular, as a conse-
quence of the description of the residual spectrum, Grbac [15, A. 8.] obtains a classification
of the cuspidal spectrum. Using this result we observe that the cuspidal representations of
GL(2, D) with cohomological archimedean components as constructed in Theorem 8.1 resp.
Theorem 7.3 cover the only two possibilities to construct cuspidal cohomology classes for
GL(2,D)/k.

Remark 8.4. In [21], Grobner deals with the automorphic cohomology in the case GL(2, B)
where B is a definite quaternion algebra over the field Q. He also uses functoriality to
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construct residual resp. cuspidal cohomology classes in degree 1, the latter ones being CAP.
However, his treatment of the cuspidal cohomology in degrees 2,3 is incomplete.

8.5. Existence of non-cuspidal square-integrable cohomology classes for GL(2, D).
Now we are in the position to formulate the implication of the construction of residual au-
tomorphic representations which occur non-trivially in the space L]?es,‘](GL(Z7 D)) for the
existence of square-integrable non-cuspidal cohomology classes in H (*S q)(GL(2, D),C). For
the sake of simplicity in the exposition we suppose that D does not split at all archimedean
places. Taking into account some archimedean places where D splits is an easy matter; we

refer to Remark 8.7.

Theorem 8.5. Let k be a totally real algebraic number field of degree £, and let D be a
finite-dimensional central division algebra over k of degree d > 1. Let Vp C Vi be the finite
set of places of k at which D does not split. We suppose that Vi, oo C Vp. Then there exists
a non-vanishing cohomology class of degree q = € - W i the square-integrable coho-
mology H{,\(GL(2,D)). This class is non-cuspidal, and it does not belong to the interior

cohomology H*(GL(2, D), C).

Proof. As before, let H' denote the algebraic k-group GL(2,D), and let H denote the
k-group GL(2d)/k. By 2.2, d is even, say d = 2h. Theorem 6.1 implies that there exist
automorphic representations 7' = ®, . 7, of H'(Ay) which occur as irreducible constituents
in the residual spectrum of H'(Aj) and whose component 7, at all archimedean places
v € Vi,0o C Vp is equivalent to the irreducible unitary representation Jg(2,6") of GL(d, H).
The continuous cohomology of GL(d,H) with coefficents in Jg(2,6) ® C is determined in
Proposition 4.2. Inspecting the Poincare polynomial as given in formula 4.16 tells us that
the lowest possible degree in which this cohomology does not vanish is ¢ = ¢- W. Using
[40, Theorem 1.1 = III.1], we conclude that the map

induced by 7 — Laisc) 1(G) — A(G) is injective in the lowest degree in which the continuous
cohomology H,(GL(d,H), J;(2,0") ® C) is non-zero. Thus, there exists a non-vanishing co-

. ) d(2d—3)
homology class of degree ¢ = £- ==

in the square-integrable cohomology H(, \,(GL(2, D)).
By construction, this class is non-cuspidal. Note that, as shown in [40], this non-trivial class
represented by a residue of an Eisenstein series does not belong to the interior cohomology
H"(GL(2,D),C). Indeed, the restriction of this class to the cohomology of the boundary of

the Borel-Serre compactification is non-trivial. O

Remark 8.6. The Poincare polynomial of the representation Ji(2,6") of GL(d, H) as deter-
mined in Proposition 4.2 gives precise information in which degrees the continuous coho-
mology H}(GL(d,H), J¢(2,0") @ C) is non-zero. Even in the case d = 2 this list contains
more degrees than just the minimal degree g which matters in the assertion of Theorem 8.5
As proved in Theorem 7.3, this non-tempered unitary representation Jg(2,6") of GL(d, H)
also appears as an archimedean component of a cuspidal automorphic representation of the
adele group GL(2,D)(Ay) which contributes to the cuspidal cohomology In this case the
contribution to the cuspidal cohomology is over the full range of degrees associated with
Proposition 4.2.

In contrast, if the representation occurs as an archimedean component of a residual
automorphic representation ' of H'(Ag), it is an important question to determine up to
which degree or in which other degrees than ¢q the cohomology attached to the automorphic
representation 7’ contributes non-trivially to H (s (GL(2, D)).
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In the case that the representation 7 is the trivial representation, obtained as the iterated
residue of specific Eisenstein series attached to the constant functions on the Levi subgroup of
proper parabolic subgroups of a semi-simple group, a similar type of question is investigated
in [12].

Remark 8.7. Suppose that there exists a place v € Vj o at which the central division
algebra D over k splits, that is, D, ® My(R), thus, H! =~ GL(2d,R). By Remark 6.2, the
corresponding local component of 7 as constructed is of the form m, = Jg(2,60). The lowest
possible degree in which the group GL(2d,R) has non-trivial continuous cohomology with
coefficients is (1/2)(2d? — d). To see this we proceed as in the proof of Proposition 4.2. The
f-stable parabolic subalgebra q of the Lie algebra of GL(2d,R) which corresponds within
the Vogan-Zuckerman classification to the irreducible representation Jg(2, ) has as real Lie
subalgebra the algebra

(8.13) [=gl(2,C) P gl(2,C) @ ... ®gl(2,C) = gl(2,C)".

where as before d = 2h. The lowest possible degree we look for is determined by the shift
(8.14) R(q) = dim(unpc) = (1/2)(dim X 24,r) — dim X1 o).

We obtain

(8.15) R(q) = (1/2)[%(2d(2d +1) = h- 22 = (1/2)[2d* — d]

as claimed. Another way to determine this value is given in [13, 5.6.].
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