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1. Introduction: Given any oriented Jordan curve v in the complex plane, there are
associated to it the following three fundamental objects:

(1) Riemann mapping I : A — int(y);

(2) Riemann mapping G : A* — ext(v);

(3) Conformal welding homeomorphism w : ST — S comparing the boundary homeomor-
phisms of F' and GG, i.e.,w = F~'o( on S'.

Notations: A denotes the open unit disc, A* its exterior in the Riemann sphere P!, and S! is
the unit circle, S' = A = dD*. inl(y) = D and exi(y) = D* are the two complementary
Jordan regions determined by v on the Riemann sphere. We assume co € D*.

By Caratheodory’s theorem one knows that /' and G extend continuously to S! pro-
viding two natural parametrizations of the curve v — and the welding homeomorphism
compares them. (In this discussion we are ignoring the innocuous Mobius transformation
ambiguity in the choice of the functions F', G and w. That is easily taken care of by fixing
normalizations.)

Theoretically speaking, knowledge of I” or G determines, of course, the bounding curve
v itself, so that, assuming for example I alone to be known, the complementary mapping

G and the welding w should be determinable. But there are no formulae known to effect



these passages.

Further, for quasicircles v it 1s well-known that the welding w is a quasisymmetric
homeomorphism of the circle, and that is a complete invariant for the curve — in fact v can
be recovered from w by a well-known “u-trick”. See, for instance, [A]. Therefore, at least
in the context of the universal Teichmiiller space, T(A), comprising (Mébius equivalence
classes of) quasicircles, (and possibly for more general classes of curves), any one of the
three pieces of information above should, in principle, be sufficient to determine the other
two. [It is, of course, quite trivial to get a formula for the third from knowledge of any two
of the functions above.]

It may be worth pointing out here that the question of passing [rom information of a
quasisymmetric welding homeomorphism v to the associated Riemann mappings I or G,
and vice versa, 1s quite fundamental in Teichmiller theory. Given a reference Riemann
surface X, uniformized by a Fuchsian group [ operating on A, any other (q.c. related)
complex structure on it is encoded by some new uniformizing Fuchsian group A. Namely,
X = A/A is another point of the Teichmiiller space T(X) (which is a complex submanifold
of T(A)), and, A turns out to be a quasisymmetric conjugate of the original group; i.e.,
A = wlw™', for some quasisymmetric homeomorphism w of S!. If one now understands
which quasicircle 4 produces this w as its welding homeomorphism, and finds the Riemann
mappings [ (and/or G) to the interior and exterior of v, then one can immediately deter-
mine the complex analytic variation of the moduli from X = A/ to X = A/A. Indeed,
the Kleinian group given by K = G o ' o G~! will operate on the region interior to v and
produce the new surface X as the quotient. See, for instance, [A], [N1]. Thus, passing from
knowledge of w to the Riemann map G entails basic understanding of the complex analytic
Bers embeddings of the Teichmuller spaces.

[n this paper we consider one parameter families of Jordan curves, 7, with corresponding
Fy, Gy and wy. Let us assume that all the information for the initial (reference) curve 7y is

known. We show that certain singular integrals on v with Cauchy kernel can be used to
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determine all the successive (first and higher order) variations of both /9 and G, starting
from knowledge of w; alone. It appears rather surprising and interesting that Cauchy
singular integrals and the Plemelj-Sokhotski “double-layer” formulae play such a crucial
role in solving this problem.

In an earlier paper [N2] we had derived a formula for the derivative of the confor-
mal welding correspondence from the space of quasicircles to the space of quasisymmetric
homeomorphisms. Our present calculations naturally allow us to reprove that result and
go deeper.

Acknowledgements: We thank R.R. Simha for helpful discussions, and for pointing out how
the singular Cauchy kernel fomulae below have a cohomological interpretation (see Section
2). The Max-Planck-Institut fiir Mathematik, Bonn, is thanked for its enjoyable hospitality

in the summer of 1994 when this work was completed.

2.Singular Cauchy integrals on Jordan curves: Let v be a rectifiable Jordan curve
in the plane, and suppose that f is any continuous complex valued function defined on +.
As in the Introduction, let D and D* denote the complementary simply-connected regions
separated by v on the Riemann sphere.

Question: Can we decompose f additively into two parts, f = f* — f~, such that f* is the
boundary values of a holomorphic function, say H*, on D, and f~ is similarly the trace of
a holomorphic function /= on D*. (H~ is required to be analytic at oo also, of course.)
The classical Plemelj-Sokhotski double-layer formulae provide an affirmative answer to this
query whenever f i1s Holder continuous. We will explain this below.

Remark: 1t is rather evident that a decomposition as above, if exists, must be unigue — up
to the choice of an additive constant. That is clear by assuming two such decompositions
for f to exist and comparing the corresponding H* and H~ functions. Thus, normalizing
H~(o0) = 0, absolutely fixes things.

Consider the holomorphic function on the union of D and D* given by:



f(Q)d¢
¢ —z

Theorem 2.1: Denote the restrictions of H to D and D* by HY and H™, respectively.

H(z) = (2im)"! [I (2.1)

Then HY and H~ both have non-tangential boundary values on v, say f* and f~. Al any

point o on the curve v one has:

F40) = (1/2(0) + (i [ LOL (2.24)
(CPV) I
F (o) =~/ + 2im [ A2 (2.2-)
Therefore, as desired:
f=r-r (2.3)

Notation: The C PV superscript for the integrals in the formulae (2.2) indicates that these
are singular integrals on v, and the Cauchy principal value is being taken. That is done as
follows: take a little disc of radius r centered at ¢, and compute the integral indicated on
the portion of v that is oufside this little disc. Then proceed to the limit as r tends to 0.
A proof of the above result can be seen in [G]. See also [Du], [D] for related material.
To understand the above theorem a few more remarks may be in order. Fix any p
bigger than 1, and identify the usual L? space of an interval with L?(y), — the L? space of
functions living on «; (simply use the arc-length parametrization for v). Then it turns out

that whenever f is an element of the L?(vy) satisfying:

fzkf(z)dz =0, for el KEN (2.4)

then f~ and H~ are identically zero, [and H* is actually a member of the Hardy space
H7(D)]. When 7 is the unit circle S* itself, then of course this corresponds to the require-
ment that all the negative Fourier coefficients of f should vanish. In fact, in that case

f*, lor arbitrary f, is nothing other than the sum of the Fourier expansion of f over the



non-negative indices, and f~ is the (negative of) the Fourier sum over the negative indices.
(For the unit circle, the singular Cauchy integral appearing above is basically the standard
Hilbert transform operator.)

Thus it is clear that Theorem 2.1 gives an elegant generalization of this positive/negative

Fourier-parts decomposition of functions on the circle to the situation of an arbitrary rec-
tifiable Jordan curve. This point of view is useful for our work in this article.
Cech cohomology interpretation: That a decomposition as above must exist for fairly arbi-
trary functions on any Jordan curve can be seen by interpreting things in Cech cohomology
of the Riemann sphere P! with coefficients in the sheal of germs ol holomorphic functions,
(i.e., the structure sheaf O). This is a remark to me by Simha.

In fact, one knows that H'(P',O) = 0. Let us work with any covering of B! by two
open sets U; and U,, which are open neighbourhoods (respectively} of the closures of D

and D*. Thus their intersection is some "thin ”

neighbourhood of the curve 7.

Suppose that f has a complex analytic extension to some arbitrarily thin such annular
neighbourhood of . Then f determines, by definition, an element of H'({U/, U3}, ©). But
at the first cohomology level, the map induced by refinements of covering is always injective.
Hence, since the first cohomology with coeflicients in the structure sheaf vanishes, the above
cohomology element must be a coboundary. That is exactly the same as saying that every
holomorphic function in any arbitrarily thin annular neighbourhood of any Jordan curve v

can be written as the difference f = HY — H™, with H* holomorphic on the closure of D

2
and H™ holomorphic on the closure of D*.
Now, any real-analytic (complex valued) function on a real-analytic curve will naturally
allow holomorphic extension to such an annular neighbourhood. In our situation we only
want f to be the difference of traces of holomorphic functions H+ and H~, so that an
approximation argument by real-analytic objects shews that, under rather mild conditions,

“any” function f on a regular curve v allows a plus/minus parts decomposition of the

required type. (The optimal conditions for this matter are not relevant to us at present.)



The upshot is that we have here a nice theoretical justification for the existence of the
desired decomposition for functions on curves.
Our aim is to apply this plus/minus-parts decomposition method to the problem of

relating conformal welding with the Riemann mapping functions.

3. One-parameter families of Jordan curves: Let v, denote a one-parameter family
of Jordan curves depending real analytically on the parameter ¢ (¢ € (—¢,€)). The initial
(base) curve o, corresponding to { = 0, may be assumed to be even real-analytic. We herein
take the attitude that all the information for 5 is known, and thence try to determine
recursive formulae for calculating the information for each 4, to arbitrary order in t.

Notations: Let D, and D} be the Jordan regions on P! separated by ¢, and F; and G,
denote the Riemann maps of A and A* to these regions (respectively). We assume that

the Riemann maps are normlized so that the welding homeomorphism for ~,:
Wy = F}-l o G't (31)

becomes a self-homeomorphism of S! fixing three points — say 1, —1,1.

Let the t-expansion for w; starting from wy be the following:
Wy = Wo F vy + t2vg 4 vy 4 - (3.2)
where the v; are some complex functions on S7.
Let us set up the {-expansions for the Riemann mappings:
Fyp=Fy 4+t + 12+ - (3.3)
Ge=Go+twy + vy + - - (3.4)
Our main result will exhibit the t-expansions for Fy, and G, assuming thal for w, lo be given;
namely, we shall show how to to determine the p; and the v; from the v;. The formula for
the first variation term (i.e., 7 = 1) has been obtained earlier by Kirillov[K].

The fundamental equation is that on the unit circle S', one has:

Fiow =G, (3.5)



Working to first order in ¢, (neglecting terms o(t)), one obtains from this (denoting d/dz
by prime):

(Fé (o) wo)vl -+ H1 0wy = (36)

valid on §'. Transfer this relationship over to the reference Jordan curve v by precompos-

ing both sides with the inverse of GJ:
(Fé e} Fo-l)(Ul o} Go—l) = (1/1 o} G'O_l) - (,ul e} f'-'o_l) (37)

valid on 7g. But the first term on the right hand side of (3.7) is holomorphic on the exterior
of 7o, and the second term is holomorphic in the interior of 4. We are therefore in the

situation of Theorem 2.1 quoted above, and we see that we have proved:

Proposition 3.1: Given the first varialion term vy of the family of weldings, sel up the
function: &, = (Fjo Fy™)(v10Go™") on the initial curve vo. Applying the plus/minus-
parts decomposition of Theorem 2.1 Lo ¢, produces the first variation terms for the Riemann

mappings via the explicit formulae:

= —(dt o Fy) (3.84)
v1 = —(¢1~ 0 Glo) (3.8-)

It is now possible to carry through the above analysis to any order in t, and get a corre-
sponding function “¢;” on the curve 5o whose plus/minus parts decomposition determines
p; and vj. In fact, next, if we neglect terms that are o(t?), then the welding equation (3.5)

generates the following relation on S':
(F} o wp)vg + (1/2)(FY o wy)v? + (11, 0 wo)vy = v — jtg 0 wo
Again we precompose all terms by G5!, and set up the function ¢, on the Jordan curve ~o:

$2 = (Fgo Fo™" ) (va0 Go™") + (1/2)(Fg o o™ )(vf 0 Go™) + (1 0 Fo ™' )(w1 0 Go™") (3.9)



This function is known on the initial curve since v; and vg are supplied to us, and we have
already determined the holomorphic function gy on the unit disc by the first order formula
(3.84) above. [Of course, each gy throughout A is determined by the Cauchy lormula
from its boundary values on S'. A similar remark is valid for the v4.] Hence, applying the

Theorem 2.1 decomposition to ¢, on the initial curve vy, gives us:
He = —(d)2+ 0 Fo) (3]0+)

vy = =(¢2” 0 Go) (3.10-)
An elementary induction argument now proves that there are formulae as above for all the
s and vy
Theorem 3.2: Ezpanding oul the welding equation (8.5) up to terms of order ¥, and

pasing over to yo via G5', one oblains on vy a relation of the form:
brlvi,ve, ) = (0 Go™) — (ko Fo™") (3.11)

with an explicit universal formula for the function ¢y as a polynomial in the (v; o Go™'),

7 =1, k. Applying Theorem 2.1 to this ¢, we determine as desired:
= —(d* o Fy) (3.k+)

v = —(dr~ 0 Gy) (3.k—)
Note that the only term in ¢ involving the k'™ variation lerm (vi) of the weldings is
(F30 Fo™ N (vg 0 Go™).
Remark: Of course, the coefficients of the polynomial ¢, involves the py to py—), and their
derivatives on the unit circle. But these are assumed to have been determined by knowledge
of the preceding ¢; from 7 =1,.--,(k—1). We thus have a recursive procedure for solving
the basic problem posed.
Remark: The ¢ could be a complex parameter, and all our relations would still be valid.
We would then be in the situation of the A — Lemma of [MSS], and the family of Jordan

regions [, would be automatically a holomorphically varying family ol quasidiscs.

8



4. Variation of power series coefficients of F; and G,: In the paper [N2] we had
pointed out a remarkably simple identity between the Fourier series coefficients for v, and
the power series coefficients of the Riemann mapping functions. The results of Section 3
allow us not only to reprove that relationship but go deeper.

In [N2] we supposed that some vector field v(e“’)ﬁ on the circle S' defines, up to first
order, the flow of the one-parameter family w; of conformal weldings. Expand the vector
field in Fourier series on S!:

d .
v(e'g)@ = Yaet (4.1)

Note that d@; = a_y, since the vector field is real on S'. Further, because we have to
Mébius-normalize the entire set-up, we may assume that all the weldings fix three points
on S'. That means that v must vanish at these three points. (See [N2], and our earlier
papers referenced therein).

For the associated family of domains, let the Riemann mappings [or small values of 1

be:

Fi(2) = z + t(dy2* + dz2® 4+ -+ ) + o(1) (4.2)

valid in the unit disc, and,
Gi(¢) = ¢+ tlarg™ + e+ ) +oft) (4.3)

vahd in the exterior of the unit disc. The coefficients dy and ¢, appearing above are,
of course, the (-derivatives (at ¢ = 0) of the power series coefficients of the /7 and G,
respectively. [Notice that since we are deforming the identily welding homeomorphism by
the vector field v, the initial curve is S itsell; consequently, Fy and Gy are the identity
maps on A and A*| respectively.]

Utilising critically the perturbation formula for the solutions of the Beltrami equation,

we had shown in Theorem 1 of [N2] that:

Choy =ta_y = idy, k=2,3,- (4.4)



But (4.4) is easily seen to be a consequence of formulae (3.8%) of Section 3 above.

In fact, the term v; of formula (3.2) is obtained from the vector field by the relation:
v)(e?) = ie'v(e’). We now apply the plus/minus-parts decomposition to this vy, - and
that is trivial to do since we are working on S* and we have the Fourier series given to us.
We immediately get g, and vy from formulae (3.8:£), and comparing with the expansions
(4.2), (4.3) we derive:

Ch—g = ta_g = dpy1, k=2,3,... (4.5)

as desired.
The above relationship shows, moreover, that the variations of the power series coeffi-
cients for the Riemann mappings to the interior and exterior of v; are essentially (modulo

a shift of index) complex conjugates of each other.
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