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ON AUTOMORPHISM GROUPS OF AFFINE SURFACES

S. KOVALENKO, A. PEREPECHKO, M. ZAIDENBERG

ABSTRACT. This is a survey on the automorphism groups in various classes of
affine algebraic surfaces and the algebraic group actions on such surfaces. Being
infinite-dimensional, these automorphism groups share some important features of
algebraic groups. At the same time, they can be studied from the viewpoint of the
combinatorial group theory, so we put a special accent on group-theoretical aspects
(ind-groups, amalgams, etc.). We provide different approaches to classification,
prove certain new results, and attract attention to several open problems.
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1. INTRODUCTION

Our aim is to give a tedious survey on the automorphism groups of affine alge-
braic surfaces and algebraic group actions on such surfaces. We are using several
different classifications of surfaces, according to the Makar-Limanov invariant, to the
rank of the automorphism group, etc. However, our ultimate goal is to approach
a sensible classification of the automorphism groups themselves. These groups are
often infinite dimensional, and even ‘wild’ in a sense, so, we do not reach the final
goal. Nevertheless, we are trying to put some order in our present knowledge on the
subject, and to indicate difficult open problems.

We apologize for incompleteness of the reference list and of the overview of the
cited literature. Instead, we prove several new results, especially concerning the
automorphism groups of the surfaces of classes (ML;) and (ML), where one pos-
sesses by now a rather complete knowledge. In contrast, we are far from a good
understanding of the automorphism groups of surfaces of class (MLg), that is, the
Gizatullin surfaces.

Before passing to the content of the paper, we recall some general notions and
facts.

1.1. Classification according to the Makar-Limanov invariant.

1.1. Let X be a normal affine variety over an algebraically closed field K of charac-
teristic zero. Sometimes further restrictions on the field are imposed; however, all
results are valid over the complex number field C. The special automorphism group
SAut X is the subgroup of Aut X generated by all its one-parameter unipotent sub-
groups ([1]). This group is trivial if and only if X does not admit any nontrivial
Ga-action, and in case dim X = 2 if and only if X does not admit any A'-fibration
over an affine curve, see [42 Rem. 1.7] or [33, Lem. 1.6]. The Makar-Limanov
invariant ML(X) = O(X)SA"X ig the subalgebra of invariants of SAut X. The nor-
mal affine varieties can be classified according to the transcendence degree of the
Makar-Limanov invariant or, which is the same, according to the Makar-Limanov
complexity of X, that is, the codimension of a general SAut X-orbit. The latter has
sense since these orbits are locally closed subvarieties in X ([I]). One says that a
variety X is of class (ML;), i € {0,1,...,dim X}, if its Makar-Limanov complexity
equals i. A normal affine surface X is of class

e (MLy) if X does not admit any A'-fibration over an affine curve,

e (ML) if X admits a unique such fibration, and

e (ML) if X admits at least two distinct such fibrations.

The surfaces of class (ML) are also called Gizatullin surfaces, cf. Definition [5.1]
The surfaces of classes (MLg) and (ML;) are G,-surfaces, which means that they
admit an effective action of the additive group G, = G,(K) of the field K, while the
MLs-surfaces do not admit such an action.

1.2. A derivation 0 of a ring A is called locally nilpotent if for any a € A, 0"a = 0 for
some n =n(a) € N. For a normal affine surface X, the coordinate ring Ox (X)

e does not admit any nonzero locally nilpotent derivation if X € (MLs);
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e admits a unique such derivation up to a factor, which is a rational function
on X, if X € (MLy);
e admits two non-proportional such derivations if X € (MLy).

1.3. There is a combinatorial counterpart of the ML-classification, see Lemma [1.4!
Let X be a normal affine surface, and let V' be a completion of X with boundary
divisor D = V'~ X. Assume that (V, D) is a minimal NC-completion, that is, V is
smooth near D and D is a normal crossing divisor such that no (smooth, rational)
(=1)-component of D can be contracted without loosing the NC-property. Let
' =T(D) be the weighted dual graph of D. It is easily seen that if X admits an
Al-fibration then (V, D) is in fact an SNC-completion, and I is a tree.

A linear weighted graph is called admissible if all its weights are < -2. A non-
admissible linear chain can be transformed birationally into a chain with an end
vertex of weight 0.

Lemma 1.4 ([42, Rem. 1.7]). The graph T as in[L.3]

e has only admissible extremal linear branches for X € (MLy);

e is non-linear and has a non-admissible extremal linear branch for X € (ML)
different from A' x Al EL

e is a linear chain (a zigzag) non-transformable into the linear chain with

weights [[0,0,0]] for X € (MLy).

1.2. Classification according to rank. The rank of an ind-group G acting mor-
phically and effectively on a variety X is the maximal dimension of an algebraic
torus contained in (. This rank does not exceed the dimension of X, and X is
toric in the case of equality. A surface X with rk Aut X > 1 is called a G,,-surface.
The rank distinguishes toric surfaces, non-toric G,,-surfaces, and surfaces without
G,,-actions; indeed, their ranks are 2,1, and 0, respectively.

1.3. A general classification scheme. The two independent classifications of nor-
mal affine surfaces, according to the rank of the automorphism group and according
to the Makar—Limanov class as defined before, give alltogether 9 classes of affine
surfaces denoted (ML;, ), (i,7) € {0,1,2}2, where r is the rank of Aut X and i the
Makar-Limanov complexity of X.

To describe the automorphism groups of affine surfaces and the algebraic groups
actions on them, one applies various means. Some of these found their place in our
survey. The content of the present notes is as follows.

e In Section [2] we introduce different classes of groups: ind-groups, nested
ind-groups, amalgams, bearable groups.

e In Section [3| we study classical examples of affine surfaces, including the
toric surfaces, along with a presentation of their automorphism groups as
amalgams.

e Section {4 contains generalities on algebraic group actions on affine surfaces;

e in Subsection we classify affine surfaces of rank > 1, along with one-
parameter groups acting on such surfaces, in terms of the DPD presentation.

e In Section 5| we consider the automorphism groups of the MLy-surfaces, also
called Gizatullin surfaces. We provide a classification of their one-parameter
subgroups. For some particular classes of Gizatullin surfaces, we describe
their automorphism groups as amalgams. The structure of the automorphism
groups of general Gizatullin surfaces remains mysterious.

e In Sections [6] we study the automorphism groups of Al-fibrations as nested
ind-groups.

IThe surface X = A' x Al of class (ML;) admits an SNC-completion (X, D) with T'(D) being
the linear chain with weights [[0, 0, 0]].
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e Sections [ — B deal with A!-fibrations on affine surfaces. In Section [ we
introduce Puiseux arc spaces and study the actions of automorphisms on
these spaces.

e In Section [§] this techniques is applied in order to describe the automor-
phism groups of Al-fibrations on affine surfaces in more detail. The neutral
components of these automorphism groups occur to be metabelian nested
ind-groups of rank at most two, while the discrete part is at most countable,

see Theorems [8.12] [8.24] and Corollary [8.25]

2. IND-GROUPS, AMALGAMS, AND ALL THIS

2.1. Ind-groups. Recall (see [65], 67, 95, 96]) that an ind-group G is an inductive
limit G = li_r)nZi of an increasing sequence of algebraic varieties

Ypcdpc...cX,C...

with closed embeddings ¥3; c ¥;,1, where G is endowed with a group structure such
that for each pair (7,7) € N2 the multiplication (f,g) — f-g¢~! yields a morphism
i x Xj = X, with a suitable n(i, j) € N.

The neutral component G° of an ind-group G = li_I)nZi is defined as the inductive
limit of the connected components of ¥; passing through the neutral element e € G.

A morphism of ind-groups G = h_I)IlZZ' and G’ = h_I)nZ; is a group homomorphism
¢:G — G’ such that for any i > 1, ¢(%;) ¢ X} for some j = j(i) > 1, and ¢[x,: 3; - X
is a morphism of varieties. Clearly, ¢(G°) c G'°.

A subgroup H c G of an ind-group G = li_r)nZi is closed if for any ¢ > 1, the
intersection H n3J; is closed in >;. In the latter case H = h_r)n(H n3Y;) is an ind-
group.

One says that an ind-group G = li_r)nEi acts morphically on a variety X if there is
an action Gx X — X of G on X such that for each i € N the restriction 3;x X — X is
a morphism of algebraic varieties. The following lemma is well known in the affine
case, see, e.g., [65, Prop. 2.5]; the first (unpublished) proof is due to Bialynicki-
Birula, see [58, Rem. after Cor. 1.2].

Lemma 2.1. For a quasi-affine algebraic variety X, the automorphism group Aut X
has a natural structure of an ind-group acting morphically on X.

Proof. Choose a finitely generated subalgebra A = Klay,...,a,] of Ox(X) such
that X embeds as a dense, open subset in the affine variety X’ = Spec A. The
system (ay,...,a,) extends to a system of generators (ay, ..., ay, Gns1,--.) of Ox(X).
Let Ay = K[ay,...,aq] ¢ Ox(X). For any g € Aut X there is d = d(g) such that
g(A) c Ay. Consider the surjection

K[a:l,...,a:d]eAdEK[xl,...,:cd]/Id, XTi = a;,

where I; is the corresponding ideal of relations. Let V5, be the image in A, of the
subspace K[x1,...,Zq]<m of polynomials of degree at most m, and let

Ya={geAut X|g(a;), g (a;) € ViaVi=1,...,n}.

It is easily seen that Aut X = li_r)nZd is an ind-group. The last assertion is now
immediate. U

Remark 2.2. According to Ramanujam ([88]), a family of automorphisms in Aut X
parameterized by a variety R is called a subvariety of Aut X if the action Rx X — X,
(r,z) = r(x), is a morphism. In this case the natural map R — Aut X is a morphism
of ind-varieties. The neutral component of Aut X in the sense of Ramanujam is the

union of all the irreducible subvarieties in Aut X passing through the neutral element
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e € Aut X. Clearly, it coincides with the neutral component Aut® X of the ind-group
Aut X as defined before.

Proposition 2.3. Let X be an affine algebraic variety, and let I ¢ Ox(X) be an
ideal. Let Aut(X,I) be the subgroup of Aut X of all automorphisms of X leaving
I invariant. Then Aut(X, 1) is a closed ind-subgroup in both Aut X and Aut(X
supp /).
Proof. We use the notation V; = V;4 and Y, introduced in the proof of Lemma
21 Let I = (by,...,b;), where b; € Ox(X), i = 1,..., k. Clearly, g € Aut(X,I)
if and only if b;og € I Vi =1,... k. Let us show that, given d and 7, the latter
condition defines a closed subset of ¥;. Observe that there exists m = m(d,i) such
that b; o g € V, for any g € 3. Consider the map 1;: Aut X - Ox(X), g+~ gob;,
and let ©; 4 = V¥ils,: Xq = Vin ¢ Ox(X). By virtue of Lemma , ;.4 is a morphism.
Since I n'V,, is a linear subspace of the finite dimensional vector space V,,, the
inverse image 7 ;(1 nV;,) = ¢;'(I) n Xy is closed in Xy, as stated. It follows that
Aut(X,I) c Aut X is a closed ind-subgroup.

To show the converse, letting Y = X \supp I consider the subgroup H = Aut(X, )
of the ind-group G = AutY" = lim X, (see Lemma . We must show that H is a

closed ind-subgroup of G. Suppose first that the ideal I = /T is radical. Choose a
system of generators ay,...,a, of A=0Ox(X). Under our assumption we have

H={geGlajoge AVi=1,...,n}.

Consider the map ¢;:G - Oy (Y'), g+ a;0g. For any d € N, 3/, c G is an algebraic
variety such that the natural map ¥/, xY — Y is a morphism. Let 740y (Y) —
Oy (Y) ® Osy (¥) be the induced morphism, and let

nd(ai) = Z bi,jfi,j where b@j € Oy(Y) and fi,j € Og&(zg) .

=1
Letting W; 4 =span (b, ;|j=1,...,m) c Oy(Y), for any g € X/, we obtain

¢i(g9) =aiog = Z;bi,jfi,j(g) € Xia-
iz
Since W; 4 ¢ Oy (Y') is a finite dimensional subspace and W; 4n A is as well, ¢ (W; 40
A) = ¢;1(A) nX) is closed in 3, for any 4,d > 1. Hence H c G is closed.

For an arbitrary ideal I of Oy (X), consider its radical v/T o I. By the preceding,
Aut(X,VT) is closed in Aut(Y). It remains to show that Aut(X,I) is a closed
ind-subgroup of Aut(X,v/T). However, the latter follows because both these groups
are closed in Aut X by the first part of the proof. O

Definition 2.4. Let X be an affine variety. An element g € Aut X is called semisim-
ple, if there exists a finite-dimensional g-stable subspace V' c Ox(X) which contains
a system of generators ay, ..., a, of Ox(X) and such that the image of g in GL(V*)
is semisimple.

Recall that an algebraic quasitorus is a product of an algebraic torus and a finite

Abelian group.

Lemma 2.5. An element g € Aut X is semisimple if and only if g is contained in
an algebraic quasitorus T c Aut X. E]

Proof. If g is semisimple then g € GL(V*) is contained is an algebraic torus 7" c
GL(V*). The Zariski closure T' of the cyclic group (g) c T" generated by g is an
algebraic quasitorus, say, T' c T". Consider the natural embedding ¢: X < V*. Since

2We suppose, of course, that T'c Aut X is a closed subgroup acting morphically on X.
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g leaves invariant the image ¢(X) c V*, this is also true for T. Hence there is an
algebraic quasitorus in Aut X containing g.

It is well known that an algebraic group G acting on X acts locally finitely on
Ox(X), that is, each finite dimensional subspace of Ox(X) extends to a finite
dimensional G-invariant subspace. This implies that any g € Aut X contained in an
algebraic quasitorus in Aut X is semisimple. O

2.2. Nested ind-groups.

Definition 2.6. We say that a group G is a nested ind-group if
GZli_l’)nGi, where Gic...cGjcGic...

is an increasing sequence of algebraic groups and their closed embeddings. The rank
of a nested ind-group G is defined as rk G = lim,;_,, tk G;. If all the G; are unipotent,
then we say that the nested ind-group G is unipotent. The unipotent radical R, (G)
is the largest closed normal ind-subgroup of G such that every element g € R,(G)
is unipotent in G; for all ¢ sufficiently large.ﬂ

Remarks 2.7. 1. An algebraic group is a nested ind-group. By contrast, the
ind-group Z is not a nested ind-group.

2. A closed subgroup of a nested ind-group is nested. If G = h_r)nGZ- is nested, then
also its neutral component G° = li_n>1G;’ is.

3. G = li_r)nGZ- and G is connected for any ¢ € N, then G is. Conversely, if
G = h_r)nGl- is connected as an ind-group, then G = h_r)nG‘;

4. If If a nested ind-group G = li_r)nGz- is a connected ind-subgroup of the auto-
morphism group Aut X, where X is an algebraic variety, then G is algebraically
generated in the sense of [I, Def. 1.1].

Due to the last remark, the following result is immediate from [I, Prop. 1.7].

Proposition 2.8. If a connected nested ind-group G = h_r)nGl- acts morphically on
an algebraic variety X, then the G-orbits in X coincide with the G;-orbits in X for
some 1 > 1.

Definition 2.9. Let G be a nested ind-group, and let T" be a maximal torus in G of
finite rank. The Cartan subgroup CZ(T') associated to T" is the neutral component
of the centralizer C(T) of T in G.

Clearly, C&(T) is a closed nested ind-subgroup of G, cf. Remarks[2.72{2.7,3. Note
that if rkG = 0, i.e., G° is unipotent, then 7" = {1} and CZ(T") = G°. In a semisimple
algebraic group G one has C&(T") = T, and in a product G = G x U, where G is
semisimple and U is unipotent, one has C(T) =T x U.

In the following proposition we provide an analog of the classical fact on the
conjugacy classes in algebraic groups. Another analog of this fact is known to hold
in the group Aut A%, which is not a nested ind-group ([43]).

Proposition 2.10. Let G = h_r)nG,- be a connected nested ind-group. Then for any

element g of a Cartan subgroup CZ(T'), the conjugacy class Clg(g) of g is closed in
G.

Proof. Due to Remark [2.7]3 one may assume that all the G;, i > 1, are connected
algebraic groups. For any element g of a connected algebraic group H the conjugacy
class Clg(g) of g in H is an irreducible locally closed subvariety of H. We will use
the fact that an increasing sequence of irreducible locally closed subvarieties in an
algebraic variety stabilizes.

3See the notions of a locally linear ind-group and of its unipotent radical in [25] 1.3].
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Let g € Cg(T'). Then for i > 1 sufficiently large we have T c G; and g € C¢, (T).
Hence the conjugacy class Clg,(g) of ¢ is closed in G; ([?, Prop. 6.14]). On the other
hand, for any 7 > 0,

Clg(g) N Gj = h_I)Il(ClGZ(g) n G])
is closed being an increasing union of closed irreducible subsets, which stabilizes.
Thus, Clg(g) is closed in G. O

In a nested ind-group of automorphisms, one has the following analog of the
Mostow decomposition in a connected algebraic group ([81]; cf. [71, Thm. 4.10]).

Theorem 2.11. Let X be a quasiaffine algebraic variety, and let G = li_r)nGi c
Aut X be a connected nested subgroup. Then G admits a Mostow decomposition
G = R,(G)xL, where L is a mazimal reductive algebraic subgroup in G and R,(G) is
the unipotent radical of G. Furthermore, any semisimple element g € G is contained
in a mazimal torus of G, and any two such tori are conjugated in G.

Proof. Due to Remark [2.7]3 one may assume that G; is connected for any i > 1.
For each ¢ > 1 consider a Mostow decomposition G; = U; » L;, where U; = R, (G;).
Since G; is connected, L; is connected as well for 7 > 1. The rank of the Levi factor
L; is bounded by dim X (see Proposition [£.1]a). Hence the dimensions dim L; are
uniformly bounded. If L = Lj is of maximal dimension, then L is a Levi subgroup
of G; for any ¢ > k. Thus, G; =U; x L Vi > k.

Let us show that U; = U;y1 n G; for ¢ > k. Indeed, since L c G; c U;;1 x L, given
(u,l) € (Uz1 x L) n Gy, one has (u,1) = (u,l) - (1,I71) € G;. Thus, U; = Uj;1 n G,
Clearly, R,(G) = lim U;, and so, the first assertion follows. The remaining statements

hold because they hold for any connected algebraic subgroup G;, ¢ > 1, see, e.g.,
[52, Prop. 19.4 and Cor. 21.3.A]. O

Corollary 2.12. Let G = R,(G) x L and G; = U; x L be as before. If the unipotent
radical R,(G) is Abelian, then there exists a decomposition R,(G) = @32, H; such
that H; is normal in G for alli>1 and U; = EBé»:l H;.

Proof. Since the adjoint representation of L on the Lie algebra Lie G; is completely
reducible, and the subalgebras Lie U; and LieU;_; are L-stable, there is an L-stable
subspace V; c Lie U; complementary to LieU;_;. By our assumption, U; is Abelian.
Hence the Lie subalgebra V; corresponds to a subgroup H; c U; normalized by L and
U; =U;_1 ® H;. Now the assertions follow. O

Example 2.13. Let X be a normal affine surface, let u: X — B be an Al-fibration
over a smooth affine curve B, and let Aut(X, i) be the group of all automorphisms
of X preserving pu. Then the neutral component Aut®(X, i) is a nested ind-group
with an Abelian unipotent radical, see Corollary [8.25] Hence Corollary applies
to this case.

Lemma 2.14. Let ¢:G - H be a morphism of nested ind-groups G = li_n>1GZ- and
H =lim H;. Assume that the orders |G;/G;|, i € N, are bounded above. Then ¢(G)
15 a closed nested ind-subgroup in H.

Proof. For a fixed j consider the increasing sequence of algebraic subgroups ¢(G;)n
H;, © € N, of the group H;. Since their dimensions and the numbers of connected
components are bounded, this sequence stabilizes. Hence ¢(G) n H; is an algebraic
subgroup. O

2.3. Amalgams. Recall ([94]) that a tree of groups (T,G) consists in a combina-

torial tree T along with a collection G of vertex groups (Gp)pevertT, €dge groups

(Gy)veedger, and for each edge v = [P,Q] of T', monomorphisms G, - Gp and
7



G, - Gg identifying G, with (common) subgroups of the vertex groups Gp and
G- Given such a tree of groups (7, G), one can construct a unique group G = *7Gp
called the free amalgamated product, or simply the amalgam of (T,G), where G is
freely generated by the subgroups (G p) and (G,) with joint subgroups GpnGg = G,
for each v = [P,Q] € edgeT. We refer to [94, Ch. I, §§4,5] for the existence and
uniqueness of the amalgam G = *7Gp, its presentation and the universal property.

Serre Theorem 2.15 ([94, Ch. I, §4.3, Thm. 8 and §4.4, Ex. 2|). Any subgroup of
bounded length of an amalgam G = »rGp is contained in a conjugate to one of the
factors Gp, where P e vertT.

The conclusion of Serre’s Theorem holds true for algebraic subgroups of Aut A2,
where Aut A? is endowed with its usual amalgam structure, see [58, Cor. 4.2] and
[99]. More generally, we have the following result.

Proposition 2.16. Let F = h_r)nZi be an z’nd—grou;ﬂ and let Let G = »7Gp c F be

the amalgam of a tree of groups (T,G), where the vertex groups Gp are ind-groups.
Then any algebraic subgroup H c F contained in G is of bounded length, and so, is
conjugated to a subgroup of some vertex group Gp, P evertT.

Proof. By Serre’s Theorem [2.15] the later assertion follows from the former. Thus,
it suffices to show that H is of bounded length in G. Let Gp = li_I)an,n be
the ind-structure of the group Gp for P € vertT. Given a finite sequence
((P1,n1),...,(F,n)) € ((vert T)xN)!, consider the morphism Xp, ,, x...xXp ,, > F
induced by the multiplication. Its image is a constructible subset of the variety ;
for some 7 € N. The group G is covered by these constructible sets. If E is an
algebraic subvariety of GG, then E is covered by a finite number of them, and so,
E has bounded length. In particular, any algebraic subgroup H of G has bounded
length, as claimed. 0

Remark 2.17 (Pushing forward amalgamated free product structures). Let X' - X
be an étale Galois covering with the Galois group I', where X and X’ are affine vari-
eties. Assume that every automorphism a € Aut X admits a lift to an automorphism
@ € Aut X’. By the Monodromy Theorem, the latter holds, for instance, if K = C
and X’ — X is the universal covering. Clearly, under this assumption the subset
in Aut X’ of all lifts of the automorphisms in Aut X coincides with the normalizer
Normay x/(I') of I' in Aut X’. Furthermore, we have Aut X = Norma, x/(I")/T.

Assume that Aut X’ admits a structure of an amalgamated free product Aut X’ 2
A" xcr B', where C" = A'n B’ o I'. Then we have the inclusion

(1) Norma x/(I") 2 (Norma(I')) *norme (ry (Normp(I)) .

This inclusion can be strict, in general. However, in case of equality the following
holds (cf. [2, Lemma 4.14]).

Lemma 2.18. In the setup as before, assume that the equality holds in . Then
Aut X 2 A «¢c B is an amalgam of A = Normy(I')/T" and B = Normp/(I")/T" along
the joint subgroup C' = An B = Norme(T')/T.

2.4. Bearable automorphism groups. Let us introduce the following notions.

Definition 2.19. A group G will be called a-bearable, where « is a cardinal number
(e.g., finitely bearable, countably bearable, etc.) if G is an amalgam of a tree (T, H)
of nested ind-groups Hp, P € vertT, where vertT has cardinal o. A group will be
called bearable if it is a-bearable for some cardinal «, and unbearable otherwise.

4For instance, F can be the automorphism group of an affine variety.
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Remarks 2.20. 1. It is easily seen that a nontrivial bearable group G = *7Gp is a
nested ind-group if only if 7" is reduced to a single vertex.

2. A connected bearable group of automorphisms is algebraically generated in
the sense of [1, Def. 1.1]. Hence its orbits are locally closed smooth subvarieties ([,
Prop. 1.3]).

3. For a smooth affine surface X, the group SAut(X) generated by its one-
parameter unipotent subgroups (see can have an open orbit in X, which is not
closed. The corresponding examples are due to Gizatullin, Danilov, and the first
author, see [62] and the references therein.

We need the following fact. []

Theorem 2.21. Let G be a reductive algebraic group. Then the set of conjugacy
classes of connected reductive subgroups of G is at most countable.

The proof is based on the following result of Richardson ([90, Cor. 11.5(b) and
Prop. 12.1], see also [01, Thm. 8.1]). Alternatively, the lemma can be deduced from
the classification of semisimple subgroups of reductive groups started in [2§].

Lemma 2.22. The set of conjugacy classes of connected semisimple algebraic sub-
groups of a reductive algebraic group G is finite.

Proof of Theorem[2.21]. Let H c G be a connected reductive subgroup. Consider the
Levi decomposition H = S-T', where T' = Rad H is a central torus in H and S = [H, H]
is the commutator subgroup, see [12, Prop. 2.2]. Since S is semisimple, its conjugacy
class in GG is chosen among a finite set of such classes, see the claim. The torus T
is contained in the centralizer C(S). Together with S, the centralizer C(S) also
runs over a finite set of conjugacy classes in G, along with a maximal torus in
Ce(S) which contains T, since any two maximal tori in Cg(S) are conjugated.
Furthermore, the conjugation by elements of Cg(S) act trivially on T, hence T
is contained in any maximal torus of Cg(S). Fixing one of them, say, T, by the
rigidity of subtori of 7 there is at most countable number of possibilities to choose
T c T. The conjugacy class of H = S-T is then also chosen among at most countable
number of such classes. 0

The following extension of Theorem to the reductive subgroups in countably
bearable groups will be used in §[5.2] see Corollary [5.6]

Proposition 2.23. In a countably bearable group G, the set of conjugacy classes of
connected reductive algebraic subgroups is at most countable.

Proof. Any connected reductive algebraic subgroup F in a nested group H = li_r)nHi
is contained in an algebraic subgroup H; for some ¢, and, moreover, in a maximal
connected reductive subgroup of H;. By the Mostow decomposition theorem, any
two maximal connected reductive subgroups are conjugated in H;. By Theorem [2.21],
the conjugacy class of F' in H; runs over at most countable set of such classes. It
follows that the set of conjugacy classes of connected reductive algebraic subgroups
of H is at most countable.

By Proposition [2.16] any algebraic subgroup of the countably bearable group G
is conjugated to an algebraic subgroup of one of the countable collection of gener-
ating nested ind-groups. Hence the set of conjugacy classes of connected reductive
algebraic subgroups of GG is at most countable. 0

Remark 2.24. The same argument shows that in an a-bearable group Aut X of
rank r the set of conjugacy classes of r-tori has cardinality at most a.

5The authors are grateful to V. Arzhantsev, R. Avdeev, M. Borovoi, M. Brion, D. Panushev,
G. Soifer, D. Timashev, and E. Vinberg for useful discussions and indications.
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Example 2.25. Consider, for instance, the Danielewski surface S,, = {a"y—(22-1) =
0} in A3. The group Aut S, is 2-bearable, see Theorem m However, the group
Aut(S,, x Al) is not finitely bearable. Indeed ([Da]), this group of rank 2 contains a
sequence of pairwise non-conjugated 2-tori. Is this group countably bearable?

Similarly, using Proposition [2.16] we obtain the following result. Recall that two
Al-fibrations on an affine variety X are called equivalent if one can be transformed
into the other by an automorphism of X.

Proposition 2.26. Let X be a normal affine variety. Assume that X does not
admit a unipotent group action with a general orbit of dimension > 2. ﬁ If the group
Aut® X is a-bearable for some cardinal o, then the set of non-equivalent A'-fibrations
on X over affine bases is of cardinality at most c.

Proof. Let Aut® X = %G p, where (T,G) is a tree of nested ind-groups (G p) pevert T
where vertT" is a set of cardinality a.

For any A'-fibration u: X — Z, where Z is a normal affine variety, one can find a
one-parameter unipotent subgroup U, c Aut X acting along the fibers of p.

Assume to the contrary that the set of pairwise non-equivalent A'-fibrations on
X with affine bases is of cardinal larger than a. By Proposition [2.16] any one-
parameter group U, is conjugated to a subgroup U, of one of the vertex groups
Gp, PevertT. From our assumption, for some vertex P € vertT, the vertex group
G p contains at least two one-parameter unipotent subgroup U}, ¢ Aut X, which act
along pairwise non-equivalent A'-fibrations on X.

Since Gp = h_1>n G pp, is a nested ind-group, any one-parameter unipotent subgroup
in G'p is contained in some algebraic subgroup Gp,,. It follows that for some n >
1, the algebraic group H = Gp, contains at least two unipotent one parameter
subgroups Uj,,, U/, acting along two non-equivalent Al-fibrations p;: X - Z;,i=1,2.

Let Unax be a maximal unipotent subgroup of H. E| Since any two such subgroups
are conjugated, any one-parameter unipotent subgroup U c H is conjugated to a
subgroup of Up,.c. Hence Uy, contains two one-parameter unipotent subgroups, say,
U, Us acting on X along two non-equivalent A'-fibrations. It follows that the general
orbits of Upa in X are at least two-dimensional, contrary to our assumption. [

3. AUTOMORPHISM GROUPS AND AMALGAMS: THE FIRST EXAMPLES

3.1 (Classical surfaces). In this section we describe the automorphism goups of the
surfaces

(2) AZ? Al X A}H (A1)27 ‘/c-i,e = A2/lud,e7 ]P)2 N O? and (]P)l x ]P)l) N Aa
where C' c P2 is a smooth conic, A c P! x P! the diagonal, and for any 1 < e < d with

ged(d,e) =1, pg. ¢ GL(2,K) stands for the cyclic group {diag({,¢¢)|¢¢ =1}. For
any one of these surfaces, its automorphism group carries an amalgam structure.

3.2 (Toric affine surfaces). These are the normal affine surfaces X with the group
Aut X of rank 2. Any toric affine surface is one from the list

(3) A% A'x Al (A2 and V..
The torus action on X comes from the action of the diagonal 2-torus T on A2
(see [16]). The smooth toric surfaces A2, Al x Al and (Al)? are the underlying
homogeneous spaces of the solvable algebraic groups G2, Aff Al 2 G, x G, and
T = G2, respectively. The toric affine surfaces fall into 3 classes as follows:

o (MLy,2) = {A2, V,.};

6The latter holds, in particular, for any affine surface different from A2, see Proposition ).
"This means that Upay is the set of the unipotent elements in a Borel subgroup of H.
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e (MLy,2) = {Al x Al};
o (MLs,2) = {(A})*}.
In |3.3H3.6| we describe their automorphism groups.

3.3 (The group Aut A?). By the Jung—van der Kulk Theoremﬁ (see [58, Thm. 2] and
the references therein), Aut A2 is the amalgamated free product A ¢ B of the affine
group A = Aff(A?) and the de Jonqueres subgroup B = J(A?) over their intersection
C' = An B. The solvable group J(A?) of rank 2 can be decomposed as J(A2?) 2 UxT,
where the unipotent radical U = R, (J(A?)) is Abelian and consists of the triangular
transformations (z,y) = (z+ f(y),y) with f € K[y]. In particular, J(A?) is a nested
solvable ind-group, see Definition 2.6l More pecisely, J(A?) is an inductive limit
of a sequence of solvable, connected affine algebraic groups of rank 2 with Abelian
unipotent radicals.

It follows that any algebraic subgroup G ¢ Aut A? is conjugate to a subgroup of
one of the factors Aff(A?) and J(A?), see [57, 4.3-4.4], [99]. If G is conjugate to a
subgroup of J(A?), then G is solvable of rank < 2. Hence, if a subgroup G c Aut A?
is algebraic and non-solvable, then G is conjugated to a subgroup of Aff(A2?) (cf. [58,
Cor. 4.4.]). Any reductive subgroup G' ¢ Aut A? is linearizable, i.e., is conjugated
to a subgroup of GL(2,K) ([66, Thm. 2.3]). Therefore, it is conjugated either to a
subgroup of T, or to SL(2,K), or finally to GL(2,K).

3.4 (Automorphism groups of singular toric affine surfaces). For the toric affine
surfaces X = A?/p . of class (ML), there are analogs of the Jung-van der Kulk and
Kambayashi-Wright Theorems, see [2, Thms. 4.2, 4.15, 4.17]. Once again, Aut X
is an amalgamated free product A* o A=, where C' = A* n A~. To describe this
decomposition in more detail, one has to distinguish between the following cases:
(i) e=1;
(ii) e2=1 mod d and e # 1;

(iii) e2#1 mod d.

Note that the involution 7 : (x,y) ~ (y,x) acting on A? normalizes the cyclic
subgroup pg. in GL(2,K) in cases (i) and (ii), and does not normalize it in case
(ii).

In case (i) X = A%/, is the Veronese cone Vg, i.e. the affine cone over a rational
normal curve in P?. Since pg1 ¢ T is central, the standard SL(2,K)-action on A2
descends to V. The complement to the vertex of V; is the open SL(2, K)-orbit; the
same is true for the natural GL(2,K)-action on V;. Thus V is a quasihomogeneous
SL(2,K)-variety.

The amalgam structure on Aut X is naturally related to that on Aut A2, see|3.3|
Consider the normalizer

N o = Normya2y(prae) = Uge x T € J(A?),

where
Uge = {(2,9) = (z+ f(9).9) | f e y’K[y]} c U.
In case (i) we have Aut V; = A* ¢ A~, where

A+=N£1/,Lbd,1, A_=GL(2,K)//JL[1,1, and C=A"nA"

(cf. [23, §11]).
Similarly, in case (ii) we have Aut X = A* xo A-, where

AY =Ny e, A =(T,7)/ptge, and C=A"nA".
Finally, in case (iii) we have Aut X = A* - A=, where
A* = Nj e with Nj, =7Nj 7 and C=A"nA".

8Valid over an arbitrary field.
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3.5 (The group Aut(A! x Al)). For the surface X = Al x Al of class (ML;) we have
Aut X 2 Aut® X x (Zx (Z[2Z)) = (U =xT) x (Z = (Z]27)),

where the factor Z is generated by the transformation (x,y) ~ (zy,y), the factor
Z[27 by the involution (z,y) » (z,y~!), and the Abelian unipotent radical U of
Aut X is

U= {eXp (p(y)%) H(@,y) = (2 +p(Y),y) | p(y) € K[y,y‘l]} :

The group Aut X is solvable, and so, any algebraic group acting effectively on A x Al
is as well. In fact, for any affine surface of class (ML;) the automorphism group has
similar properties, see Section [6]

3.6 (The group Aut(Al)?). If X = (Al)2 then
Aut X = {(2,y) » (t12"y’ taxy?) | (2 1) € GLy(Z), (t1,t2) € T} = T x GLo(Z).
Indeed, Aut X surjects onto the automorphism group of the multiplicative group
O%(X) = {tz"y’ |t e K*,a,b e Z}
of the ring Ox (X).

3.7 (The group Aut((P'xP')\ A)). The surface X’ = (P! xP1) N\ A is isomorphic to
the smooth quadric in A? with equation xy—2z? = —=1. The group Aut X’ was studied
in [23, 10.1], [69, §2.1, Thm. 4], and [72]. The result in [69] can be interpreted as
follows. There is an amalgam

Aut X' 2 A"« B" with C'=A"nB =Gy x (1),

where 7 : (u,v) ~ (v,u) is the involution interchanging the factors of P! x P!,

(4) A’ = Aut(P' x P A) 2 PSL(2,K) x (1),
and
(5) B'= (UL, xGy)x(r) with UL =R,(B") 2K[t']

being the unipotent radical of B’. In particular, A’ is semisimple and B’ is solvable
of rank 1. In the affine coordinates (u,v) in P! x P!, where u = ug/u; and v = vg/vy,
we have

U;xGm:{(u,v)H(cuvLP,chrP) |ce G, PGK[ ! ]}
u-v

3.8 (The group Aut(P?\ C)). For X =P?\ C the group Aut X was studied in [23]
§2]. By loc.cit., there is an amalgam Aut X 2 A ¢ B with

A=Aut(P? C) 2 SO(3,K) 2 PSL(2,K) and B =Ug, %Gy,
where Uy, 2 K[t] and C' = An B 2 Aff(A!).

Remark 3.9. The amalgam in[3.8]is pushforward of that in [3.7] via the construction
of Remark [2.17] Indeed, the surface X’ = (P! x P') \ A is the Galois covering
of X = P2\ C, and more precisely, X = X'/Z,, where Zy = (7). In the affine
coordinates (u,v), the quotient morphism P! x P! — P2 is given by the elementary
symmetric polynomials in two variables via the classical Vieta formulas; cf. [33]
Ex. 5.1]. The Galois Zy-covering X’ — X being the universal covering, we have
Aut X = Normp, x/(7)/(7). A comparison of the explicit formulas in [23, (2.4.3;])]
and [69, §2] yields the isomorphism

Normaye x+(7) 2 Norma/(7) *Norm, () Normp: (1),
where

Norma/(7) = A" 2 PSL(2,K) x (r) and Normpg/(7)=Byx (1) c B’,
12



and where
1
By=1{(u,v)~ (cu+ P,cv+P)| ce K, PeK|——— |} =Us x Gy,
(u-v)?

and Uy, = K[t"*] c U, = K[t'] with ¢ = -L-. Finally,

Az NOI‘mAr(T)/<T>_= A'[{T) 2 PSL(2,K)
and

B = Normp/(7)/(T) = By 2 Us X Gy, .
Summarizing the results in [3.343.8| we arrive at the following conclusion.

Theorem 3.10. For any surface X in the neutral component Aut® X = A°xco B°
is finitely bearable, where A°, B°, and C° = A°n B° are connected, and either A° and
Be are both solvable nested ind-groups, or A° is such a group and B° is a reductive
affine algebraic group.

Corollary 3.11. ﬂ Let X in be one of the surfaces At x AL (AL)2, or V. with

e >1. Then any connected algebraic group G acting effectively on X is solvable.

Proof. Indeed, by Proposition [2.16] G is conjugated to a subgroup of one of the
factors A° and B°, which are both solvable in these cases. O

4. ALGEBRAIC GROUP ACTIONS ON AFFINE SURFACES

4.1. Generalities. In this section we recall some general facts about algebraic
group actions on affine varieties and their specialization to the case of affine sur-
faces. By a G-variety we mean a variety with an effective (regular) action of an
(algebraic) group G. The next proposition is well known (see, e.g., [86, [87] and [33]
Lem. 2.7 and 2.9]); for the reader’s convenience we provide either a short argument,
or a reference.

Proposition 4.1. Let G be a connected affine algebraic group, and let X be a normal
affine G-variety. Then the following hold.

(a) We have tkG <dim X, and kG = dim X if and only if X is toric.

(b) If G is solvable and acts transitively on X, then X = A* x (AL)! for some
k,l>0.

(c) If G is solvable and acts on X with an open orbit O, then either O = X, or
X N0 is a divisor.

(d) If G is unipotent and has an open orbit in X, then X = A",

(e) If G is reductive and acts with an open orbit, then it has a unique closed
orbit, and this orbit lies in the closure of any other orbit.

(f) If G is semisimple, then G has no one-dimensional orbit in X.

Proof. (a) Let T ¢ G be a maximal torus. By the rigidity of algebraic subtori,
algebraic subgroups of T' form a countable set. Since T acts effectively on X, the
isotropy subgroup of T" in a generic point of X is trivial due to the aforementioned
rigidity. Hence rkG = dimT < dim X. The second assertion in (a) follows by
definition of a toric variety.

For (b) see [87, Thm. 2].

(c) follows from (b) since the open orbit is affine in this case.

(d) Let O be the open orbit of U. Since any orbit of a unipotent group acting
on an affine variety is closed, O = X. Now the result follows from the corollary of
Theorem 2 in loc. cit.

(e) is proven in [86, Prop. 2|.

9Ct. Proposition
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(f) Since G is semisimple, it admits no non-trivial homomorphism to Aff(Al).
Indeed, otherwise, it would act non-trivially on P! with a fixed point. Such an
action can be lifted to a non-trivial linear representation of the universal covering
group G in GL(2,K) with a trivial one-dimensional subrepresentation, which is
impossible.

It follows that G cannot act non-trivially on a curve. Now (f) follows. O

Corollary 4.2. Let X be a normal affine G-surface. Then the following hold.

(g) If G is nonabelian and unipotent, then X = A2.
(h) If G semisimple, then it has an open orbit in X with a finite complement.

Proof. (g) If G acts with an open orbit on X, then the result follows from Proposi-
tion (d) Otherwise, GG acts with one-dimensional general orbits, and so, any one-
parameter subgroup H c G has the same algebra of invariants: O(X)H = O(X)C.
This algebra is affine and its spectrum Z is a smooth affine curve (see [30, Lem. 1.1]).
Any fiber of the induced Al-fibration 7: X — Z is stable under the G-action.

If H' is another one-parameter subgroup of G, then the actions of H and H’
commute. Hence these subgroups commute, and so, G is Abelian, contrary to our
assumption.

Finally, (h) is immediate from (f). O

Remark 4.3. The affine plane is exceptional with respect to the property in (g).
Indeed, the Heisenberg group

1 a b
H=510 1 c¢|, abceK
0 0 1

is a nonabelian unipotent group acting effectively on A? via (x,y) » (z+ay+b,y+c).
Let us also mention the following result.

Proposition 4.4. If the neutral component Aut® X of an affine algebraic variety X
with dim X > 2 is an algebraic group, then Aut® X = GF, is an algebraic torus. This
is the case, in particular, for the surfaces of class (MLy).

Proof. The first assertion follows easily by a lemma of litaka [53, Lem. 3], see, e.g.,
[65, Thm. 1.3] and [71, Thm. 4.10(a)]. The second will be proven in a forthcoming
paper ([84]). O

4.2. Quasihomogeneous affine surfaces.

Theorem 4.5 (Gizatullin—Popov, [48], [87]). A normal affine surface X admitting
an action of an algebraic group with an open orbit whose complement is finite, is
one of the surfaces

(6) A? A< AL (AD? Vg, d>2, PENC, and (P'xPY)NA,
where Vy = Vg1 is a Veronese cone (see , C' is a smooth conic in P2, and A is
the diagonal in P! x P1.

Using Proposition [£.1[(f) we deduce the following corollary.

Corollary 4.6. Let X be a normal affine surface. Then the following conditions
are equivalent:

(i) X admits a nontrivial action of a connected semisimple group;
(i1) X is spherical, that is, it admits a semisimple group action, such that a Borel
subgroup has an open orbit;
(iii) X s one of the surfaces
(7) A% Vg, dx2, PENC, (P'xPY)\A.
14



The following proposition is a version of Proposition 4.14 in [33]. We provide a
new proof.

Proposition 4.7. Let X be a normal affine G-surface, where G ¢ Aut X is a con-
nected reductive algebraic group different from a torus. Then the pair (X,G) is one
of the following:
e (A2, GL(2,K)) and (A2, SL(2,K));
o (Vy,GL(2,K)/pa), d > 2, (Vy4,SL(2,K)), d > 3 odd, and (Vg, PSL(2,K)),
d>?2 even,
o (P2\C,PSL(2,K)) and ((P' xP') x A, PSL(2,K)).

Furthermore, the action of G on X is unique up to a conjugation in the group Aut X.

Proof. Under our assumptions GG contains a nontrivial semisimple subgroup. Hence
G acts with an open orbit, which has a finite complement in X, see Corollary (h)
By Gizatullin-Popov Theorem X is one of the list . Due to the results in
Section [3], the group Aut X admits a structure of an amalgam of two subgroups. By
Proposition GG is conjugated to a subgroup of the non-solvable factor in the
amalgam decomposition of Aut X.

If X is one of the surfaces P2~ C' and (P! x P') \ A, then by and B.§ G =
PSL(2,K), and the G-action on X is unique up to conjugation; see also [86], [23],
and [33, Prop. 4.14] for alternative proofs.

Similarly, for X = A? the assertion follows from 3.3 If X =V, d > 2, then by
, case (i), G is conjugated in Aut X to a subgroup of the non-solvable factor
GL(2,K)/pa1, where pg1 = Z/dZ is contained in the center of GL(2,K). Hence G is
conjugated either to GL(2,K)/pq; itself, or to SL(2,K), or to PSL(2,K) canonically
embedded in GL(2,K)/puq1, depending on the parity of d. O

4.3. Actions with an open orbit. Recall that an effective G,,-action on a normal
affine variety defines a grading A = @,z A; on the algebra A = O(X). For dim X =2
the Gy,-action is called ellipticif A; =0 Vj <0 and Ay =K, parabolicif A; =0 Vj <0
and Ag # K, and hyperbolic if A_; #0 # Ajy.

The following result is essentially Proposition 2.10 in [33]; cf. also [8, Prop. 2.5}
For the reader’s convenience, we sketch a proof.

Proposition 4.8. Let X be a normal affine surface different from the surfaces in
(2). Then the following are equivalent:

(i) X admits an effective action of a connected affine algebraic group G with an
open orbit;
(ii) X admits an action of a semi-direct product G, x Gy, with an open orbit;
(iii) X admits effective G,- and Gy -actions such that O(X)Cm + O(X)Ca.
Moreover, any Gy,-action on X as in (iii) is hyperbolic, X is of class (MLouML;y, 1),
and X is a cyclic quotient of a normalization of a Danielewski surface {xy—P(z) =0}
in A3 for some P e K[z].

Proof. (i)« (ii). As follows from Proposition and Theorem [.5, under our as-
sumption the group G as in (i) does not contain any semisimple subgroup, and so,
is solvable. Since by assumption X is non-toric, rkG < 1. In fact, rkG = 1. Indeed,
otherwise (G is unipotent and acts with an open orbit. Since the orbits of a unipotent
group acting on an affine variety are closed, G is transitive in X. By Proposition
[L.1|(b), X = A2, which is excluded by our assumption.

The open orbit O of G in X coincides with an open orbit (isomorphic to one of
A2 Al x Al) (Al)?) of a two-dimensional subgroup H = G, x G, of G ([33, Lem.

0m 8, Prop. 2.5] the condition O(X)®= # O(X)% is lacking; furthermore, the proof in [§]
assumes implicitly smoothness of X.
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2.9(b)]). This gives (i)=(ii). The implication (ii)=(i) is immediate, hence we have
(i)<>(i).

(ii)=(iii). By (ii) X is a Gy,-surface admitting a horizontal G,-action. The latter
means that the general G,-orbits are not the closures of general G,,-orbits, which
implies (iii).

(ili)=(ii). We claim that any affine variety with effective G,- and G,-actions as
in (iii) possesses an effective action of a semi-direct product G, x G,,. Indeed, let
A = @,z A; be the grading of the algebra A = O(X) induced by the Gy-action,
and let J € Der A be the locally nilpotent derivation corresponding to the G,-action.
Write 0 = Zﬁ:k 0;, where k <[ and 0; € DerA is a homogeneous derivation of degree i
with 0y # 0 # 0,. Then 0, 0, are again locally nilpotent ([33, Lem. 2.1], [89]). Then
the G,-actions on X generated by 0, and 0, are normalized by the G,-action. This
yields the existence of an (G, x Gy, )-action on X; see [33, Lem. 2.2]. Notice that, if
k =1, then 0 = 9y = 0;, and the induced G,-action is horizontal due to our assumption
that O(X)Cm = O(X)®. Otherwise, at least one of the indices k and [ is different
from -1, and again the induced G,-action is horizontal, since otherwise the degree
of the corresponding locally nilpotent derivation equals -1, see [33, Thm. 3.12]. In
any case, the associate (G, x Gy, )-action on X has an open orbit, as required in (ii).

Finally we have the equivalences (i)« (ii)<(iii).

To show the last assertions, note that under condition (iii) the horizontal G,-
action on X is normalized by the given G,-action. If the latter action were elliptic
or parabolic, then X would be a toric surface A% or V., contrary to our assumption,
see [33, Thms. 3.3 and 3.16]. Hence the Gy,-action on X is hyperbolic, as claimed.

By exclusion X belongs to one of the classes (ML;, 1), ¢ = 0, 1. Furthermore, due
to [33 Cor. 3.27 and 3.30], any hyperbolic G,-surface X € (MLg)u (ML) is a cyclic
quotient of the normalization of some Danielewski surface z"y — P(z) = 0 in A3,
where P e K[z] and n > 1. O

Remark 4.9. If a surface X € (ML) is a complete intersection, then it can be
realized as a hypersurface zy — P(z) = 0 in A3, where P € K[z] is nonconstant, see
[4], [20], [21]. In particular, X is a hyperbolic G,-surface.

4.4. Gy-surfaces: Dolgachev-Pinkham-Demazure presentation. The G-
surfaces can be described in terms of their Dolgachev-Pinkham-Demazure presenta-
tion, or DPD presentation, for short. Let us recall this description, see [32].

Definition 4.10. In the elliptic and the parabolic cases, the DPD construction
associates to any pair (C, D), where C' is a smooth curve and D is an ample Q-
divisor on (', the graded K-algebra

A= A;, where A;=H(C,0c(|jD))).

320
The induced effective G,-action on the normal affine surface X = Spec A is elliptic
if C' is projective and parabolic otherwise. In the hyperbolic case, the DPD con-
struction associates to any triple (C, D,, D_), where C is a smooth affine curve and
D, are Q-divisors on C' with D, + D_ <0, the graded K-algebra
A=@A;, where A,;=H"(C,0c(|jD.])) for j>0.
JeZ
The resulting effective Gp,-action on X = Spec A is hyperbolic. In fact, any normal
affine Gy,-surface X arises in this way, and the corresponding DPD presentation
is unique up to isomorphisms of pairs (C, D) and of triples (C, D,, D_) and up to
replacing D (the pair (D,, D_), respectively) by a linearly equivalent divisor D (by
a pair (D, + D', D_ - D’), where D' is a principal divisor on C, respectively), see
[32, Thms. 2.2, 3.2, and 4.3].
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The classification of the normal affine Gy,-surfaces according to the Makar-
Limanov complexity is as follows, see [33] and [70, Cor. 3.30]. We let {D} be
the fractional part of a Q-divisor D.

Proposition 4.11. Let X be a normal affine Gy,-surface with an associate DPD
presentation (C, D) for an elliptic or a parabolic Gy,-action, and (C,D,,D_) for a
hyperbolic one. Then

o X € (MLy) if and only if one of the following holds:
— X is elliptic, C =P, and {D} is supported in at most two points;
— X s parabolic, C' = A', and {D} is supported in at most one point;
— X is hyperbolic, C' = A', and {D.} is supported in at most one point p.,.
e X ¢ (MLy) if and only if one of the following holds:
— X is parabolic, and either C' is non-rational, or {D} is supported in at
least two points;
— X s hyperbolic, C' = A, and exactly one of the Q-divisors {D.}, {D_}
18 supported in at most one point.
e X € (MLy) otherwise.

Remarks 4.12. 1. The elliptic and the parabolic G,-surfaces of class (ML) are
exactly the nondegenerate toric surface | A2 and V., see [33, Thms. 3.3 and 3.16].
A hyperbolic G,-surface X of class (MLg) is a nondegenerate toric surface if and
only if supp{D,} = supp{D_} = {po} for some point py € C' = Al, and (D,,D_) =
(Do +{D,}, =Dg + {D_}) for some integral divisor Dy on Al ([37, Lem. 4.2(b)]).

2. There exist smooth surfaces of class (MLg,0), that is, smooth Gizatullin sur-
faces which do not admit any nontrivial G,-action, see [37, Cor. 4.9]. The subgroup
SAut X c Aut X of such a surface acts on X with an open orbit, while there is no
algebraic group action on X with an open orbit.

3. If X € (MLy) is a parabolic Gy,-surface, then the G,-action on X is vertical
(or fiberwise), that is, O(X)®» = O(X)Ca. This follows from [33, Thm. 3.16], cf.
Remark 1 above.

4. If X € (MLy) is a Gy,-surface, then Aut® X = G,, or G2,, see Proposition [4.4]

In terms of the DPD presentation, the criterion of Proposition becomes more
concrete.

Corollary 4.13. Let X be a normal affine surface. The group Aut X acts on X
with an open orbit if and only if either X is one of the surfaces in , or X is of
class (MLo) [ or X is a hyperbolic G,-surface of class (MLy).

Proof. Suppose that X does not appear in . By Proposition the group Aut X
acts on X with an open orbit if and only if a semi-direct product G, x G, does, and
so, X is a Gy-surface of class (MLg)u (ML;). It remains to note that the (Aut X)-
action on a parabolic Gy-surface of class (ML;) has one-dimensional orbits, see

Remark [4.1212. O

5. AUTOMORPHISM GROUPS OF GIZATULLIN SURFACES

5.1. Definition, characterizations, examples. We adopt the following defini-
tion.

Definition 5.1. A Gizatullin surface is a normal affine surfaces X non-isomorphic
to Al x A} that can be completed by a chain of smooth rational curves (a zigzag)
into an SNC-pair (X, D).

HRecall that a toric affine variety X is nondegenerate if any invertible function on X is constant.
12That is, X is a Gizatullin surface.
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The following characterization goes back to Gizatullin [49]; see also [8, Thm. 1.8],
[26].

Theorem 5.2. Given a normal affine surface X, the following are equivalent:

o X is a Gizatullin surface;

e X is of class (MLy);

o X admits two distinct A'-fibrations X — A';

e the group SAut X acts on X with an open orbit.

The affine plane A? and the toric affine surfaces A2/, are examples of Gizatullin
surfaces. Another important examples are the Danilov-Gizatullin surfaces and the
special Gizatullin surfaces. Let us consider these classes along with their DPD
presentations.

Example 5.3 (Danilov-Gizatullin surfaces). Such a surface is the complement X =
F, \~ S to an ample section S in a Hirzebruch surface F,, = P(Op1 @ Op:(n)) - PL.
A section S is ample if and only if d := S? > n. Two Danilov-Gizatullin surfaces are
isomorphic if and only if they share the same invariant d = S?, see [23, Thm. 5.8.1]
(see also [14], Cor. 4.8], [40]). We let X, denote the Danilov-Gizatullin surface with
invariant d = S2. The surface X, possesses exactly d — 1 pairwise non-conjugated
Gu-actions with the DPD presentations

1 1
(CaDHD—):(Al?__[pO]?_—[pl])a T:L"'ad_17
r d-r
where pg,p1 € A, py # p1. see [33, 5.3] and [37, Prop. 5.15]. The automorphism
group of a Danilov-Gizatullin surface X; with 2 < d < 5 is an amalgam, see [23]

§§5-8].

Example 5.4 (Special Gizatullin surfaces). A smooth Gizatullin surface X equipped
with a hyperbolic G,-action is called special if the associate DPD presentation is

(€.D,. D) = (AL -2 [p.] =[]~ Do)

with d > 3, 1 <r <d-1, under the convention that D, =0 if r =1 and D_ =0 if
r =d -1, and otherwise p, # p_, and with a reduced divisor Dy = Y7 [p;] on Al,
where s >0 and p; # p, Vi.

5.2. One-parameter subgroups and bearability on Gizatullin surfaces. For
Gizatullin surfaces the following theorem is proven in [39, Thms. 1.0.1, 1.0.5, and
Ex. 6.3.21], see also [37, §5.3] and [38, Cor. 5.15].

Theorem 5.5. Smooth affine surfaces X admitting an effective Gp,-action can be
divided into the following 4 classes:

1) toric affine surfaces;

2) Danilov-Gizatullin surfaces Xgq, d > 4;

3) special Gizatullin surfaces;

4) all the others,
so that the set of conjugacy classes of 1-tori in Aut X
s infinite countable in case l)ﬂ
is finite of cardinality |d/2| for X4 in case 2);
forms a 1- or 2-parameter family in case 3);
is finite of cardinality at most 2 in case 4).

Furthermore, the set of equivalence classes of Al-fibrations X — Al
e is finite of cardinality at most 2 in cases 1) and 4);

13The latter holds for any toric affine surface X, not necessarily smooth.
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e forms an m-parameter family in case 2), where m > 1 if d > 7, and m =
m(d) - +oo0 as d — +00;
e forms an m-parameter family in case 3), where m > 1.

Proof. For surfaces of class MLy, that is, for Gizatullin surfaces, the assertions follow
due to the references preceding the theorem. Thus we need to consider just the ML;-
and MLy-surfaces. By definition, such a surface X admits at most one A'-fibration
over an affine curve. By Corollary the group Aut® X is nested, that is, 1-
bearable, and has at most one conjugacy class of maximal tori. Hence the assertions
follow also in this case. ([l

Corollary 5.6. If X is either a special Gizatullin surface, or a Danilov-Gizatullin
surface X4 with d > 7, then the group Aut® X is not countably bearable. Furthermore,
Aut Xy (Aut® Xy, respectively) is not a nested ind-group for d = 4,5, and cannot be
a nontrivial amalgam of two nested ind-groups for d =6.

Proof. By Theorem , for a special Gizatullin surface X (for a Danilov-Gizatullin
surface X, with d > 7, respectively) the set of conjugacy classes of G,-subgroups
(of Al-fibrations over A!  respectively) in Aut® X is uncountable. In these cases the
assertion follows from Propositions and [2.26] respectively. For d < 6, the groups
Aut X; and Aut® X, have both |d/2] conjugacy classes of G,-subgroups, that is, of
maximal tori. Indeed, rk Aut X; = 1, since this surface is not toric. Hence for d < 6
the assertion follows from Remark 2.241 O

Remarks 5.7. 1. The presentation of the group Aut X, as an amalgam in [23]
§§6-8] involves 2 factors if d = 3 and 3 factors if d = 4,5. It seems that for d > 6, no
explicit amalgamated structure on Aut X, is known. However, the authors of [23]
mention that their methods allow in principle to compute such a structure for any
d.

2. See [10] and [63] for spectacular examples of Gizatullin surfaces X such that,
if N(X) c Aut X is the normal subgroup generated by all algebraic subgroups of
Aut X, then the quotient (Aut X)/N(X) contains a free group on an uncountable
set of generators.

5.3. Standard completions and extended divisors of Gizatullin surfaces.
These combinatorial invariants are indispensable in studies on Gizatullin surfaces.

Notation 5.8. Let X be a Gizatullin surface, and let (X, D) be an SNC completion
of the minimal resolution of singularities of X by a zigzag D, where

D=Cy+--+C, with C;-C; =1 if [|i-j|=1 and C;-C; =0 otherwise.

The boundary components C;, 0 <7 < n, serve as the vertices v; of the dual linear
graph I'p of D. Each vertex v; is weighted by the corresponding self-intersection
number w; = C?. Thus I'p is of the form

Vo U1 Un,
Dp: o -
Wo W1 Wn,
The string of weights [[wg, w1, ..., w,]] can be putted into a standard form by means

of elementary transformations of weighted graphs.

Definition 5.9. Given an at most linear vertex v of a weighted graph I with weight
0 one can perform the following transformations. If v is linear with neighbors vy, v,
then we blow up the edge connecting v and v; in I' and blow down the proper

transform of v:
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U1 ! V2 U1 ! v V2 U1 v V2
(8) "’O—O—O"'__)"'O O"’_)"'O—O—O

wi—1 0 wy+1 w—-1-1 -1 w2 w1 0 W

Similarly, if v is an end vertex of I' connected to the vertex v; then one proceeds as
follows:

(4] ! (4] v
9) oo

w;—-1 0 wp-1-1 -1 w0

These operations (8|) and @ and their inverses are called elementary transformations
of I'. If such an elementary transformation involves only an inner blowup then we
call it inner. Thus and @ are inner whereas the inverse of @D is not as it
involves an outer blowup.

Consider a Gizatullin surface X along with a resolved SNC completion (X, D),
where X is a smooth projective surface and D c X is a zigzag. By a sequence of
blowups and blowdowns one can transform the dual graph I'p into a standard form,
where C3 =Cf=0and C? <-2foralli>2if n>4 or C? =0 for all 7 if n <3 (cf.
[19], [22], [36]). Moreover, this representation is unique up to reversion. The latter

means that for two standard forms [[0,0, ws,...,w,]] and [[0,0,w),...,w!]] of T'p,
either w; = w! or w; = w/,,, ; holds ([41]).

The reversion process can be described as follows. Start with a boundary divisor of
type [[0,0,ws, ..., w,]]. Performing the elementary transformation (8)) at the vertex
corresponding to C; one gets a boundary divisor of type [[-1,0,ws + 1, w3, ..., w,]].
After |ws| steps one arrives at a boundary divisor of type [[ws,0,0,ws, ..., w,]].
Thus, one can move pairs of zeros to the right. Repeating this, one obtains finally
a boundary divisor of type

[[wa, ..., w,,0,0]] =[[0,0,w,, ..., ws]].

Notice that all the birational transformations involved are centered at the boundary
(so to say, they yield the identity on the affine parts).
Let us recall the notion of an m-standard zigzag (see [22], (1.2)]).

Definition 5.10. A zigzag D of type [[0,-m,ws,...,w,]] with n > 1 and w; < -2
is called m-standard (in the case n =1 there is no weight w;).

An m-standard pair is a pair (X, D) consisting of a smooth projective surface X
and an m-standard zigzag D on X. If m =0, then (X, D) is called a standard pair.
A birational map ¢ : (X,D) - (X', D) between m-standard pairs is a birational
map ¢ : X -» X’ which restricts to an isomorphism ¢|g\p : X\D - X'\D".

Examples 5.11. 1. The Danilov-Gizatullin surface X, (see has a boundary
zigzag of type [[d]] with the standard form [[0,0, (-2)4-1]] (the index d — 1 means
that there are d — 1 consecutive components with self-intersection index -2). Any
smooth affine surface X completable by a standard zigzag [[0,0,(-2)41]], d > 2,
and non-isomorphic to P2 \ C', where C' is a smooth conic, is isomorphic to the
Danilov-Gizatullin surface X,.

2. For a special Gizatullin surface (see the standard zigzag is

[[0,0,-2,...,-2,—w,,-2,...,-2]], where w,<-2.

However, a Gizatullin surface with such a sequence of weights does not need to be
special.
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Definition 5.12 ( Extended divisor). Since the underlying smooth projective surface
X of a O-standard pair is rational and C? = C? = 0, it is equipped with rational
fibrations ®; = ®|c,| : X - P! defined by the complete linear systems |Cj| on X,
i =0,1, respectively. This defines a birational morphism ([37, Lem. 2.19])

O=PyxP;: X »P xPL.

After a suitable coordinate change one may suppose that Cy = ;' (o0), ®(C}) =
P! x {oco}, and Cy u--u ), € ;1(0). The divisor Dey := Cou Cy U P;1(0) is called

the extended divisor.

In order to determine the structure of the extended divisor, let us recall the notion
of a feather ([37, Def. 5.5]).

Definition 5.13 (feathers). (1) A feather is a linear chain

B Fl Fs
F: 5 o

of smooth rational curves such that B2 < -1 and F? < -2 for all ¢ > 1. The
curve B is called the bridge curve.

(2) A collection of feathers {F,} consists of pairwise disjoint feathers F),, p =
1,...,7. Such a collection will be denoted by a plus box

{Fb}

(3) Let D =Cy+---+C,, be a zigzag. A collection {F,} is attached to a curve C;
if the bridge curves B, of the feathers F, meet C; in pairwise distinct points
and the feathers F), are disjoint with the curves Cj for j # 1.

Lemma 5.14. ([38, Prop. 1.11]) Let (X, D) be a minimal SNC completion of the
minimal resolution of singularities of a Gizatullin surface X. Furthermore, let D =
Co + -+ C, be the boundary divisor in standard form. Then the extended divisor
Dy has the dual graph

{F2;} {Fi;} {Fn;}
(10) Fext: (o) O T T T s
CO Ol CQ Cz Cn

where {F; ;}, j € {1,...,r;}, are feathers attached to the curve C;. Moreover, X is
obtained from P x P! by a sequence of blowups with centers in the images of the
components C;, 1 > 2.

Remark 5.15. Consider the feathers F;; := B;; + Fj j1 + - + Fj 1, mentioned in
Lemma [5.14] The collection of linear chains R;; := Fj j1+-+ Fj 5, , corresponds to
the minimal resolution of singularities of X. Thus, if (X, D) is a standard completion
of X and (X, D) is the minimal resolution of singularities of (X, D), then the chain
R; j contracts via f : (X,D) - (X, D) to a singular point of X, which is a cyclic
quotient singularity. In partcular, X has at most cyclic quotient singularities ([78],
§3, Lem. 1.4.4(1)] and [38, Rem. 1.12]).

Hence X is smooth if and only if every R, ; is empty, i.e. , if every feather Fj ; is
irreducible and reduces to a single bridge curve B, ; ([38, 1.8, 1.9 and Rem. 1.12]).

Let us introduce the notions of a *-component and a +-component.
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Definition 5.16. (1) For a general feather F' with dual graph

Fpi o o

B D Dy,

and bridge curve B we call Dy the tip component of F.
(2) The component Cj is called a *-component if
(i) D2t is not contractible and

(i) DZi'—F;; is not contractible for every feather F} of DZi! such that the
tip component of Fjj;, has mother component C, that is, the component
C, with 7 < ¢ carrying the center of blowup in which the tip component
of Fj is born.

Otherwise C; is called a +-component.

Lemma 5.17. Let D, be the extended divisor of the minimal resolution of singu-
larities of a 1-standard completion of a Gizatullin surface X. Suppose that every Cj,
3<1<n—1, is a x-component and that there is no feather attached to the component
Cy. Then every feather F;; is an Ay-feather, that is, every F;; is contractible and
therefore has the dual graph

-1 -2 -2
FFZ'J‘ : O e O
B D Dy,
with k depending on i and j.
Note that for an Ag-feather the mother components of all curves Dy, ..., Dy coin-

cide, since any Ag-feather is born by successive blowups of a point on the boundary
component it is attached to.

Examples 5.18. 1. A Gizatullin surface V' is isomorphic to a nondegenerate toric
surface Vi = A?/ 4. if and only if for some (and then also for any) resolved standard
completion (X ,D) of X the dual graph 'y of the associated extended divisor Dey
is a linear chain ([37, Lem. 2.20]).

2. Given a Danilov-Gizatullin surface Xy with d # 4, there are only d — 1 possible
associated extended divisors (which do not depend, up to an isomorphism, on any
further continuous parameter), with the dual graphs

1-r -1

Pexet o T I v

Co C1 Gy G Crar G Cra Ca-a Ci1
where 2 <r <d-1. In addition, for d = 4, there is another extended divisor possible;

the corresponding affine surface is called the affine pseudo-plane. Its dual graph is
-1

Fext : T

o O
CO C 1 C. 2 03 C14

5.4. Associated graph of groups. Following [22] and [9], for an A!-fibered surface
X we introduce a (not necessarily finite) graph Fy, which reflects the structure of
the group Aut X.

Definition 5.19. To any A!-fibered smooth affine surface pu: X — A! one associates

the oriented graph Fyx as follows:
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e A vertex of Fy is an equivalence class of a 1-standard pair (X, D) such that
X\D = X, where two 1-standard pairs (X, Dy, ji1) and (Xa, Dy, fip) define
the same vertex if and only if (X;\D1,p1) 2 (Xo\Da, o).

e An arrow of Fy is an equivalence class of reversions. If p: (X, D) — (X, D")
is a reversion, then the class [¢] of ¢ is an arrow starting from [(X, D)]
and ending at [(X’,D")]. Two reversions ¢; : (X1, D;) -» (X!,D}) and
0o 1 (Xo, Dy) -» (X}, D}) define the same arrow if and only if there exist
isomorphisms 6 : (X1, D) = (Xo, D) and ' : (X!, D}) - (X4, D}), such
that py00=0"0¢;.

Remark 5.20. It follows from the definition that for a l-standard pair (X, D)
two reversions ¢ : (X, D) -» (X1, D;) and ¢, : (X, D) -> (Xy, Dy) centered at the
points p; and py define the same arrow if and only if there exists an automorphism
¥ € Aut(X, D) such that ¥(p;) = ps.

The structure of the graph Fx allows to decide, whether the automorphism group
Aut X is generated by automorphisms of Al-fibrations. One says that ¢ € Aut X
is an automorphism of A'-fibrations if there exists an Al-fibration p: X — Al such
that ¢ induces an isomorphism ¢ : (X, 1) —> (X, ). Indeed, we have the following
important fact.

Theorem 5.21. ([9, Prop. 4.0.7]) Suppose that D has a component C; with C? < -3.
Then Aut X is generated by automorphisms of Al-fibrations if and only if Fx is a
tree. Furthermore, there is an exact sequence

1—>H—>AutX—>W1(fx)—>1,

where H is the normal subgroup of Aut X generated by the automorphisms of A'-
fibrations and w1 (Fx) is the fundamental group of the graph Fx.

Remark 5.22. Due to Corollary below, each of the automorphism groups of
Al-fibrations which generate H is an extension of a metabelian connected nested
ind-group of rank < 2 by an at most countable group. The same concerns the factors
of the amalgams considered in the next subsection.

One can equip Fx with a structure of a graph of groups as follows.

Definition 5.23. Let X be a normal quasi-projective surface, and let Fx be its
associated graph. Then Fx admits a structure of a graph of groups by the following
choice:

e For any vertex v of Fy, fix a 1-standard pair (X,,, D., ji, ) in the class v. The
group G, is equal to Aut(X,\D,, i)

e For any arrow o of Fy, fix a reversion 74 : (X5, Dy, jig) -> (X, D!, i’,) in the
class of ¢ and also an isomorphism ¢, : (X2\DZ, 1) = (Xio)\Di(o)s Ht(o))-
Then the group G, is equal to

{(p,¢") e Aut(Xy, Dy) x Aut(X., D) | ro0p=¢ or,}

and the monomorphisms xq : G5 = Gy and A, : G, = Gy, are given by
ta((0,9")) = Go1 0o ¢ Ly and As((0,¢")) = ¢ 0 ' 0 1.

The first version of the following theorem was established by Danilov and Gizat-
ullin ([22, Thm. 5]). It connects the structure of the graph of groups on Fx with
the group Aut X.

Theorem 5.24. ([22, Thm. 5], see also [9, Thm. 4.0.11]) Let (X, D) be a 1-standard
pair such that D has a component C; with C? < -3. Let X = X\D. If Fx is equipped

with a structure of a graph of groups as in Definition[5.23, then Aut X = m (Fx).
23



There is the following important consequence concerning the structure of the
automorphism groups of Gizatullin surfaces.

Corollary 5.25. Under the assumptions of Theorem |5.2/] suppose in addition that
Fx is a tree with vertices [(X;,D;)], i € I. Then Aut X is an amalgam of the

automorphism groups Aut(X;\D;, ;) of Al-fibrations over Al.

5.5. Amalgam structures for Gizatullin surfaces. In this section we list all
the Gizatullin surfaces known to the authors, where the automorphism group is
an amalgam (however, see [27] for further potential examples). The easiest way to
present such surfaces is to describe various 1-standard completions of them in terms
of the dual graphs of their extended divisors.

Although the following theorem is a special case of Theorem [5.27] it is worth to
be mentioned independently.

Theorem 5.26. ([9, Thm. 5.4.5]) Consider a Danielewski surface
X ={zy-P(2)=0} cA® where P(z)eK[z]

has degree n > 1. Then X has a standard completion (X, D) of type [[0,0,-n]].
Letting 7 € Aut X be the involution (z,y,z) ~ (y,z,2z) and p: X — Al be the Al-
fibration (x,y,2) = x, we let A= {Aut(X,D),7)c Aut X and J = Aut(X,u). Then
AnJ=Aut(X,D) and

Aut X = AxynyJ.
This result can be generalized as follows.

Theorem 5.27. ([62, Cor. 3.19, cf. Thm. 4.4]) Let X be a smooth Gizatullin surface
satisfying the following condition (see diagram )
(*) X admits a 1 - standard completion (X, D) such that Cs,...,Cp, 1 are
*-components and there is no feather attached to Cy and to C,,.
Fiz an A'-fibration p: X — A, and let p¥ : X — Al be the Al-fibration induced by

the reversion v : (X, D) -» (XY, DY) with center p e Co\Cy. Then Fx has one of the
following structures:

fX: [(XvD)].H.[(XV>DV)] or fX[(X>D)].©

If Fx is of the form e ¥, then D?? is a palindrome.
(a) Let Fx be of the form e ¥, that is, (X, D) = (XV,D). Then

Aut X = Axygny J,

where A = (Aut(X,D),v), J=Aut(X,u), and AnJ=Aut(X,D).
(b) Let Fx be of the form [(X,D)] e <—e [(XY,D"Y)] . Denote by A the sub-

group corresponding to the edge and by J and JV the subgroups J = Aut(X, i)
and JV = Aut(X, pV). Identifying J < A = JY we have

Aut X = J x4 JV.

An important particular case of Theorem [5.27]is that of the toric affine surfaces
with the amalgam structures on their automorphism groups as exposed in [3.3}3.6]

Another interesting example of a family of smooth Gizatullin surfaces, for which
the automorphism groups are amalgams, is the following one. Consider any smooth

l-standard pair (X, D) such that the dual graph of D has the following form:
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{F5} -1

Fext: O o .. T oo I 3

Co Ci Cy (s Ci.i G Cin Char Gy

where Cj3,...,C,; are *-components. Hence any feather F; has self-intersection
index Fj2 = —1. Reversion of (X, D) may lead to two different completions, namely
those with the dual graphs of the extended divisors

-1 { F]Y}
Il o T . T e o
Gy ¢ Gy CF Criizi oy Chlis Cha Gy
and
{£Y} -2
.: o . T . I ,
Gy Oy Gy G5 G CAPN CAN Coa G

respectively, depending on the choice of the center of reversion A € Co\Cy. Tt is not
difficult to see that the action of Aut(X, D) on Cy\C; admits two orbits, namely an
open orbit (Co\C1)\{p} and a point {p} (depending on the position of the feather
G attached to C,,). Moreover, the actions of Aut(X’, D’) and Aut(X"”, D"), respec-
tively, on C{\C] and C{'\CY}', respectively, are transitive. These observations lead to
the following proposition.

Proposition 5.28. The graph Fx associated to X = X\D is
in [(X’le)] A [(X’D)] <7 [(X”,D”)] )

Fizing arbitrary reversions o : (X, D) -» (X', D’) and 8 : (X,D) - (X", D"), it
follows that Aut X is an amalgam of the groups Aut(X,p), Aut(X, ' o«), and
Aut(X, u” o B), amalgamated over their pairwise intersections.

5.29. The last statement requires an explanation. By [9, Thm. 3.0.2], every auto-
morphism of a Gizatullin surface admits (an essentially unique) decomposition in
fibered modifications and reversions. Let us fix two reversions a : (X, D) -» (X', D’)
and 3 : (X,D) -» (X", D") (which are, as we have seen, unique up to equiva-
lence). Then every automorphism of X has an (essentially unique) decomposition
into maps of the form ¢ € Aut(X, u), a~to'a e Aut(X, ' o a) with ¢’ € Aut(X, u'),
and 719" € Aut(X, pu" o 8) with ¢ € Aut(X, u").

Examples 5.30. 1. Given a Danilov-Gizatullin surface V; (see Example , for
d =2,3,4,5 the group Aut(Vj;) is an amalgam of a finite set of nested subgroups,
hence is finitely bearable, see [23], §§6 - 10 for details. Whereas for d > 7 this group
is not countably bearable, see Corollary [5.6]

2. An interesting example of a smooth Gizatullin surface X with an amalgam
structure of Aut X is given by the following construction, see [9, 5.5]. For a,b e K*,

c €K, and a # b, consider the smooth Gizatullin surface X,; . in A* given by the
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equations

y(y—a)(y-b),
2(z-c),

Yyw
zw = (y-a)(y-b)(z-¢).

The (abstract) isomorphism type of X, ;. =: X does not depend on the parameters
a,b,c, see [9, 5.5.6]. Furthermore, X possesses a l-standard completion of type
[[0,-1,-2,-3]]. It is an easy exercise to show that X admits 4 different families
of 1-standard completions (X1, Dy), (Xaoy, Day), (X34, Dss), and (Xy, Dy), two of
them depending on a parameter ¢t € K\{0,1} (and these are isomorphic if and only
if the parameters t,t' are equivalent under the relation ~ generated by ¢ ~ ¢t~!) and
the other two are independent on any parameter. It is shown in [9, 5.5.4] that the
associated graph Fx has the following structure:

[(X2,57 D2,s)] -~ [(X?),s: D3,s)]

k////’

[(X47D4)] -~ [(X1>D1)]

S~

[(X2,t7 DQ,t)] - [(Xa,t, D3,t)]

where (s,t) € (K\{0,1})? factorized by the equivalence relation s ~ s!. The group
Aut X is an amalgam of the (uncountable set of) groups of automorphisms of Al-
fibrations, see [9, 5.5.5]. In particular, this group is uncountably bearable.

Let us conclude this section with the following problem.

Problem. Describe all the Gizatullin surfaces X such that the neutral component
Aut® X is a (finitely or countably) bearable group.

6. AUTOMORPHISM GROUPS OF A!-FIBRATIONS

As we have seen in Section [5, the automorphism groups of Al-fibrations play an
essential role in studying the full automorphism group. For an Al-fibered variety of
arbitrary dimension, we describe in Subsection the unipotent radical of such a
group as a nested ind-group. In Subsection [6.2| we give some immediate applications
to the neutral component of the automorphism group of a given Al-fibration u: X —
B on a normal affine surface X over an affine curve B. Then in Sections [7 and [§ we
dwell to a description of the full group of automorphisms Aut(X, x) in the surface

case. For an ML;-surface X, this group coincides with the full automorphism group
Aut X.

6.1. Generalized de Jonquiéres groups.

Definition 6.1. Let X be a normal affine variety, and let u: X — Z be an Al-
fibration over a normal affine variety Z, that is, a morphism with general scheme
theoretical fibers isomorphic to the affine line. We assume that codimy(Z~ pu(X)) >
2. Consider the subgroups

— Aut(X, ) c Aut X of all automorphisms of X preserving the fibration p;
— Autz(X, p) c Aut(X, ) of those automorphisms which preserve each p-fiber;
~ U, c Autz (X, p) of those automorphisms which restrict to translations on

general p-fibers.
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Clearly, U, is an infinite dimensional Abelian group. If X = A? and p: (z,y) ~ =,
then U, is the maximal unipotent subgroup of the de Jonquieres group, see [3.3
In the general case we call Aut(X,u) a generalized de Jonquiéres group, and U, a
generalized unipotent de Jonquieres group.

Remarks 6.2. 1. Recall that two Al-fibrations p; : X — Z; on a normal affine
variety X over normal affine varieties Z;, i = 1, 2, are said to be equivalent if one can
be sent into another by an automorphism of X which induces an isomorphism of Z;
and Z,. Clearly, py and ps are equivalent if and only if the corresponding subgroups
U,, and U, are conjugated in Aut X.

2. If p is locally trivial then U, is the union of its unipotent one-parameter
subgroups. In fact, for any a € U, there is a a locally nilpotent regular vertical
vector field 9 on X such that a = expd, and so, a belongs to the unipotent one-
parameter subgroup H = {exp(t0)}wx c U,. The latter holds as well if X can be
covered by affine charts (U;);er such that the restriction ply, is locally trivial for
each i € I (such charts are automatically a-stable). Moreover, the same conclusion
remains true under a weaker assumption that in each chart U; of the covering the
Al-fibration p becomes locally trivial after a cyclic base change. This is the case,
for instance, for any normal Al-fibered affine surface.

3. Let X be a normal affine surface. Then any G,-action on X acts along the
fibers of an Al-fibration p: X — Z over a smooth affine curve Z, see, e.g., [30, Lem.
1.1]. Thus, the group SAut X is generated by the unipotent de Jongieres subgroups
U, where p runs over the set of all the Al-fibrations on X with affine bases. If X
is an ML;-surface, then p is unique, and so, SAut X =U,,.

The group U, admits the following presentation. We let Frac(A) denote the
quotient field of an integral domain A, and K(Y") the function field of an algebraic
variety Y over K.

Theorem 6.3. Let u: X — Z be an A'-fibration as in Definition[6.1. Suppose that
U, is the union of its unipotent one-parameter subgroups (see Remark . 2). Then

U, = H(Z,0(D))

for a divisor D on Z, where the class [D] € PicZ is uniquely defined by p. If
PicZ = 0, then there exists a locally nilpotent derivation 0y € Der O(X) such that
U, = exp ((ker dp) - dp).

Proof. Let A = O(X). Shrinking Z appropriately one can obtain an affine ruling,
and even a locally trivial Al-bundle X, - w on the normal affine variety X, = p=!(w)
over a normal affine base w, where w is a principal open subset of Z ([60]; see also
[59]). Shrinking the base further, one may assume that X, * wxA! - w is a principal
cylinder in X. There exists a G,-action U = exp(K - 0) along the fibers of u, where
0 € Der(A) is locally nilpotent and kerd = u*(0z(2)), see, e.g., [61, Prop. 3.1.5].

If U =exp(K-9") is a second G,-action on X along the fibers of y, then 0’ = f0
for some f € Frac(kerd) = u*(Oz(Z)) such that f-0(A) c A. Conversely, for any
rational function f e p*(Oz(Z)) such that f-9(A) c A, the derivation 0’ = f0 is
locally nilpotent on A, and so U’ = exp(K-9") c U, see, e.g., [33, Prop. 1.1(b)].

It follows that U, = exp (u*H - 0), where

H={ue0z(2)|0(A) c p*(u")A}.

Note that H is an Oz(Z)-module. There is an isomorphism H —> U, u~
exp (u*(u)-9). Assume that the set © = {-div(u)|u € H} is bounded above, and
consider the divisor D = sup © on Z. We claim that H = H°(Z,0z(D)), that is,
w e H if and only if —div(u) < D. Since H = U, this yields the required isomorphism
U,z H(Z,04(D)).
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To show the claim, it suffices to establish the inclusion H°(Z,Oz(D)) c H, the
converse inclusion being clear from the definition of D. Let u € Oz(Z) be such
that —div(u) < D. Then there exists a cortege (uy,...,u,) € H" such that —div(u) <
max e, {—div(u;)}. We claim that u € H, i.e., p*(u)0A c A, or, which is equivalent,
that —div(p*(u)da) <0 for any a € A. Indeed, one has

—div(p*(u)da) < {rgliag}é{—div(u*(ui)aa)} <0,

since —div(p*(u;)0a) <0 for ¢ =1,...,n. This proves our claim.

To finish the proof of the first assertion, it remains to show that ® is bounded
above. Choose an element a € kerd? \ kerd ¢ A. Then da = p*(h) € kerd =
p*(0z(2)), where h e Oz(Z). For u e H we have p*(h) € 9(A) c p*(u=t)A. Hence
there exists b € O(Z) such that A = v='b. Thus, —divu < divh and so, divh is an
upper bound for ®. Actually our argument shows that D < Dg, where the effective
divisor Dy = inf{div(h)|pu*h € d(ker 0?)} on Z is given by the zero locus of the ideal
I=p,(0(ker9?)) c Oz(2).

Replacing in our construction 0 by 0’ results in replacing the divisor D by a
linearly equivalent one D’. Starting with a suitable derivation 9" of the form f0,
where f e p*(Oz(Z)), one can get as D’ an arbitrary representative of the class
[D] € PicZ. Thus our construction associates canonically the class [D] to the
Al-fibration pu: X - Z.

Now the second assertion follows easily. Indeed, if Pic Z =0, then D = —-div(u) =
dive(u) for a rational function u € K(Z). Then the locally nilpotent derivation
Oy = pw*(u)0 € Der A satisfies U, = exp ((kerdp) - 0p). We leave the details to the
reader. U

Corollary 6.4. U, is a unipotent Abelian nested ind-group.
Proof. Let (Z,D’) be a completion of Z by an SNC divisor D' = Z \ Z. Then
HY(Z,0,(D)) = lim H(Z,0,(D - nD"))

n

where H(Z,0;(D-nD")) is a finite dimensional vector group for each n. Therefore,
the vector group U, 2 H(Z,0z(D)) is a nested ind-group. O

Remarks 6.5. 1. Suppose that the affine variety X as in Definition admits a
free G,-action along the p-fibers. Then the corresponding locally nilpotent p-vertical
vector field 0y (that is, Jy is tangent to the p-fibers) has no zero, and so, divides
any other locally nilpotent p-vertical vector field on X. Then the equality U, =
exp ((kerdy) - Jp) holds. This is the case, for instance, for any smooth Danielewski
surface zy — p(z) =0 in A3.

2. Consider a line bundle L = (u: X — Z), that is, a locally trivial A'-bundle on Z
with a fixed (zero) section. Then any G,-action on X along the p-fibers is uniquely
defined by the image of the zero section. Vice versa, given a section S of pu, there
is a unique Gg-action on X along the p-fibers which sends the zero section to S.
Hence U, = H(Z,04(L)) 2 H*(Z,04(D)) for any divisor D, which represents the
class of L in Pic Z.

Proposition 6.6. Under the assumptions of Theorem|[6.5 there is an exact sequence
(11) 1-U, - Autz(X,pu) > A, > 1,
where A, =T, xZ' for some 1 >0 and some subgroup T'), ¢ G,.

Proof. We use the notation from the proof of Theorem [6.3] Since X, ¥z w x Al we

have Aut, (X, 1) 2 Of(w) x OX(w), where A* stands for the additive group of an
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algebra A and A* for its multiplicative group. The natural embedding Autz (X, p) <
Aut,, (X, 1) induces the commutative diagram

1 —— O (w) —— Aut, (X, ) —— Of(w) —— 1

D

1 U, Autz (X, i) A, > 1

where A, is the image of Autz(X,p) in Of(w). By Samuel’s Units Lemma ([93,
Lem. 1], see also [71, Lem. 4.3]) we have OX(w) 2= G,, x ZV for some N > 0. It is
easily seen that any subgroup of the product G,, x NV is a product of subgroups of
the factors. Hence A, 2T, x Z! for some [ > 0 and some subgroup I';, ¢ G,,. U

6.2. The surface case. Here we give some immediate applications of Theorem
to the neutral component and the unipotent radical of the group Aut(X, ) in the
case of a normal affine surface X. In the next two sections we enterprise a more
thorough study of this group.

Remarks 6.7. 1. In the surface case, sequence ([11)) splits and the subgroup I', ¢ G,
is closed, see Proposition [8.23] and Theorem [8.24] Plausibly, the latter holds in the
general case as well.

2. Rentchler’s Theorem ([89]) says that any locally nilpotent derivation of the
polynomial ring K[x,y] is conjugated to the derivation 0y = f(z)0/0y for some
f eK[x]. This can be generalized to the surfaces of class (MLg) as follows.

Proposition 6.8. Let X be a smooth Gizatullin G,,-surface, which is neither
Danilov-Glizatullin, nor special (see Examples and . Then there exists two
locally nilpotent derivations Oy, 01 € Der Ox (X)) such that any other locally nilpotent
derivation of Ox(X) is conjugated to a one of the form f;0; for some i€ {0,1} and
fi e ker 0.

Proof. This is an immediate consequence of Theorems [5.5 and [6.3] O
For the next theorem we address the reader to [§], [84]; cf. Proposition [4.4]

Theorem 6.9. Let X be a normal affine surface of class (MLy) or (MLy). Then
the neutral component Aut® X c Aut X is isomorphic to
o G, if X is of type (ML, 1), r€{0,1,2}, and
o U, xGr, if X is of type (MLy,7), 7 €{0,1,2}, where : X - B is a unique
A'-fibration on X over an affine curve B.

Remark 6.10. Recall (see that the class (MLy,2) consists of a single surface
(Al)2, and the class (MLy,2) of a single surface Al x Al; see and for a

description of the corresponding automorphism groups.

From Corollary and Theorem we deduce the following result; see [8, Cor.
2.3] for an alternative proof in the case of a rational surface.

Corollary 6.11. If X is a surface of class (MLy) or (MLy), then Aut® X is a
solvable nested ind-group, and any two mazximal tori in Aut® X are conjugated.

7. FORMAL NEIGHBORHOOD OF A FIBER IN AN A!-FIBRATION

In this section we consider a normal affine surface X equipped with an A!'-fibration
w: X — B over a smooth affine curve B. We study formal neighborhoods of fibers,
the corresponding arc spaces, and their stabilizers. These technical tools are used in
the next section in the proofs of our main Theorems [8.12] and on the structure

of the automorphism group of an Al-fibration.
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7.1. Chain of contractions.

Notation 7.1. Fix a minimal resolved SNC completion (X, D) of X such that p
extends to a P!-fibration fi: X — B. Recall that X is smooth and contains the
minimal resolution of singularities of X (see Notation [5.8)).

We call the degenerate fi-fibers special and denote their union by 7 ¢ X. The
components of special fibers are smooth rational curves, and their dual graphs are
trees.

Let S be the unique component of the boundary divisor D = X \ X, which is a
section of fi. The dual graph I'p of D is a rooted tree with a root vertex S. The
irreducible components of F := i~1(B \ B) correspond to the 0-vertices of degree 1
that are neighbors of S. The other branches of I'p at S are nonempty connected
subgraphs of the dual graphs of the special fibers over B; their intersection bilinear
forms are negative definite. Recall that D c Dy, where Doy = S+ F + T is the
extended divisor of (X, i).

Remark 7.2. By Miyanishi’s Theorem [77, Ch. 3, Lem. 1.4.4(1)], X has only cyclic
quotient singularities. The weighted dual graph of the minimal resolution of such a
singular point is a Hirzebruch-Jung string, see [0].

The following lemma is well known. For the reader’s convenience, we recall the
proof.

Lemma 7.3. Let V' be a smooth projective surface, Z be a smooth projective curve,
and let w:V — Z be a P'-fibration, which admits a section s:Z — V with image S.
Then there is a sequence of contractions

V=V,-V,.1->...2V

of (=1)-components of degenerate fibers disjoint from S and from the subsequent
images of S that terminates by a ruled surface Vi with an induced ruling my: Vo - Z.

Proof. We have the following

Claim. If a fiber F' of 7 is degenerate, then either F' contains at least two (-1)-
components, or such a component is unique and multiple. In any case, at least one
of the (=1)-components of F is disjoint from S.

Since F'-S =1, the second assertion follows from the first. Then also the lemma
follows by induction on the total number of components of degenerate fibers. Indeed,
while contracting a (—1)-component of the fiber as an induction step, we reproduce
the setting of the lemma with a smaller total number of fiber components.

To fix the first assertion of the claim, we let F' = 7*(2) = >, m;F;, z € Z. Since
F' is degenerate and non-multiple we have n > 2. Since F? = 0, by the adjunction
formula we obtain

~Ky - F=2-2m,(F)=2 and -Ky -Fj=F*+2-2m,(F)=F*+2, i=1,...,n.
Hence n

Y mi(FF+2)=2.

i=1
Since F? < -1 Vi, the positive summands correspond exactly to the (-1)-components

of F. If F; is a unique such component, then necessarily m; > 1. Now the assertion
follows. D

Notation 7.4. Let ®: X - X, be a birational morphism, which contracts all degen-
erate fi-fibers to non-degenerate ones yielding a P!-fiber bundle fig: Xo - B. Then
® can be decomposed into a sequence of blowups of smooth points

— o1 —

(13) O:X =X, 2 X, 45X,
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where o; contracts the component T; ¢ X; of the image 04,1 0...00,,(7T) c X; to a
point p; € X;_1. The proper transforms of the curves Tj (i < j), S and F = ﬂ‘l(B\B)
on the surfaces X; will be denoted by the same letters. The IP’l fibration ji: X — B
induces P!- ﬁbratlons fi: X; = B so that ¢;: X; = X;_1 becomes a morphism of P!-

fibrations identical on B,i=1,...,m. By Lemma-we may assume that T1,...,7T,,
do not meet S, and so, the centers of blowups p1,...,p, do not belong to S or
its images. Thus, ®(7T7 U ... U T,,) is a finite subset of the smooth affine surface
Xo:= X0~ (SUF). The induced Al-fibration pg = fig|x,: Xo = B is a locally trivial
bundle with fiber A

Lemma 7.5. pg: Xg » B admits a structure of a line bundle.

Proof. The ruling jig: Xy — B is the projectivization of a rank 2 vector bundle V — B.
The section S of 7 corresponds to a line subbundle L c¢ V. The exact sequence of
vector bundles over the affine curve B,

0-Ljp—>V]g—~>(V/L)p~0
splits. Indeed, the obstacle to splitting sits in the group
Ext'(L,V/L) = HY(B,Home,(Op(L),05(V/L)) 2 HY(B,0s(L)" ®0, Op(V/L))

that vanishes due to Serre’s Vanishing Theorem. This provides a section of V| - B

disjoint with S, which can be taken for the zero section of a line bundle pug: Xy —
B. O

Definition 7.6. The blowup o; is called inner if p; is a node of TV and outer
otherwise. The corresponding component 7; is also called inner or outer, respec-
tively.

Notation 7.7. Fix a special fiber, say, 7’ = g~'(5’), where ' € B. Since the
blowups with centers in different fibers commute, with a suitable enumeration we
may assume that

T =TouTiu...uT,,,
where m’ < m and Ty is the proper transform of fig* (') c X, and the only component
of 7' meeting S. We denote by 7() the image of 7" in X;.

Definition 7.8. Let T}, T, (k < ¢) be two components of 77 such that p; = 0;(T;) € Tk,
see [7.4 We say that Ty is the parent of T; if either T; is outer, or T; is inner and
pi € T, n'T; on X,_, for some j < k. Every component T}, where i > 0, has exactly
one parent.

7.2. Formal neighborhoods and coordinate charts.

Definition 7.9. Given an algebraic variety Y and a closed subset Z c Y, we denote
by @Y,Z the completion of the local sheaf Oy ; with respect to the filtration by
powers of the ideal sheaf Z of Z. The corresponding formal scheme Spf @Y, 7 is
called a formal neighborhood of Z in Y, see, e.g., [3].

Notation 7.10. Given a surface V' and a local coordinate chart (z,,y,) on V
centered at a smooth point p e V' l we identify the completion (’)Vp of the local ring
Oy, with the ring K[z, y,]]. Let o:V - V be the blowup of p with exceptional (~1)-

curve E. The rational function y, = y,/x, defines an isomorphism y,: F > P'. For

14The notion of parent differs from the notion of mother component in
15Such a coordinate chart (zp,yp) on V can be defined as follows. Consider an affine neigh-
borhood X of p in V, a closed embedding X < A", and a linear projection m:AYN — T,X. Let
U,V be linear functions on AV that restrict to coordinates in the tangent plane Tp,X. Then we let
U|X and y, = V|X
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each g e P! 2 Alu{oo} we let F(q) =y3'(q) € E. The sheaf @V,E inherits coordinates

of @V,p as follows:

. - 1
O ({1 #01) = Ovy | — | = K[1/u )l )
E
Oy p({ys # 00}) = Ovplys] = Klys]l[z,]-
For a point E(q) € E the local coordinate chart centered at FE(q) is given by

(:E Y _Q), q + o0,
(14) ($E<q>>yE<q>)={(£ E)
o Up ) s

q=090,
thus in the other sense we have

(ZE(e): TE@Q) (YE@Q) + 7)) q # oo,
(15) (xpvyp) = { (@) (a) (9) j
(xE(q)’yE(q)? yE(q)) ) q=00.

Letting x5 = x, we call (g, yx) the local coordinates near E.

Notation 7.11. We write p’ > p if p’ € T0+%) and 04,1 0...00,,,(p') =p e T for
some k > 0 (that is, p’ is an infinitesimally near point of p). If p is the center of a
blowup o;,;, 1 < j <k, then we write p’ > p. Otherwise, by abuse of notation, we
write p =p'.

Notation 7.12. Tensoring with the ring O 5 = K[[¢]], where ¢ is a local coordinate

on B centered at ', we restrict jip to the formal neighborhood of the fiber T} :=
To~ S = pugt(B") 2 Al in X,, namely, to

Oxo.1: (Ty) = Klyo][[7o]],
where the coordinates (x¢,yo) near the fiber T c X are chosen so that zg = ug(¢),
and yo = 0 defines the zero section of ug: Xo - B. Regarding yo as a P'-coordinate
on Ty ¢ Xy, we define local coordinates at each point To(q) of Ty = Th n X, via (14).
For every i = 1,...,m' we define recursively local coordinates at the points of
the fiber T7() c X; as follows. Assume that the local coordinates (z,,,,,) centered
at a point p; € X, ; are already defined. As in we infer first a P!-coordinate
Y = yr, on T; and then local coordinates near T;(q) for each g € P!. For any point
peTWON(T;uS) we keep the same local chart (2,,yp) = (Zo:(p), You(p)) s on the
surface X;_;. In more detail, each point p € 7(9) admits a unique representation of
the form p = Tj(¢q) as in Notation , where j < i and g € P'. In particular, if
p=T;nT, with j >k, then p=T;(q), where ¢ € P1, and p cannot be represented as

Ti(q') for ¢" € Pt. Then we let (x,p) = (T, Yr;(a))-

Remark 7.13. If T; n T, = {p} c X;, then T; and T}, are the coordinate lines in
the local coordinates (z,,y,) near p. Up to permuting j and k one has p > T;(oc0),
p > Ti(q), where ¢ # oo, and

(Tp: ¥p) = (i,yk—q).

J

Note that Tj(o0) is the point of Tj closest to S, and the component T}, separates 1
and S in T,

7.3. Arcs and multiplicities. In this subsection we introduce the arc spaces of an
Al-fibration (see [7.14} [7.10)) and the multiplicities of arcs (see and [7.19).

Definition 7.14 (arc space; see, e.g., [29, [64]). Given a variety V, an arc in V
is a parameterized formal curve germ SpecK[[t]] - V. The arc space Arc(V) is
the K[[¢]]-scheme consisting of all the K[[¢]]-rational points of V. Given a closed

subvariety Z c V', we let Arc(V')z denote the subscheme of arcs centered in Z.
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Example 7.15. Let V be a surface and p € V be a smooth point with a local
coordinate chart (x,,y,) centered at p. The corresponding arc space is

Arc(V), ={h: Ov,, » K[]) | h(my,) € tK[¢])}
={(@p, 4p) = (2(2),y(1)) | z,y € L[]}

If 0:V — V is the blowup of p with exceptional (=1)-curve E, then o induces an

isomorphism Arc(V)g \ Arc(E) = Arc(V), ~ {0}.

Notation 7.16. For a point p € TO N S ¢ X;\ S (i € {0,...,m'}) we consider
the subset Arc(X;)s c Arc(X;), of all arcs in X; centered at p whose generic point
does not belong to 7'. The map Arc(X;)s - Arc(Xo);. ¢ Arc(Xo)j, induced by
0 o
o1o...00:X; = Xp is injective. This allows to identify Arc(X;); with its image in
Arc(Xy);.., where
0

Arc(XO);g = Arc(Xo) 7y \ Arc(15)
={(@0,90) = (2 (1), y(t)) | = € tK[[t] ~ {0}, y e K[[1]]}-

Notation 7.17. Let mult7; = m; be the multiplicity of 7; in the special fiber
(8 = Zﬁ) m;T;. Thus, multT; = mult 7} if T; is outer and 0;(7;) = p; € T}, and
mult 7; = mult7; + mult 7}, if 7; is inner and p; € T; n T}, (see . In particular,
mult 7; is the same on every surface Xj, j > .

Definition 7.18 (multiplicity of an arc). For an arc h € Arc(Xo)j,, (2o,%0) =
(z(t),y(t)), we define its multiplicity by mult h = ord, z (= ord;(fig)+h). The multi-
plicity of an arc h ¢ Arc(Xi);,(i) is defined as the multiplicity of the image of A in
Are(Xo)7, -

Proposition 7.19. Let p € T® and h € Arc(X;)5, h: (2p,y) — (:c(t),y(t))m If
p ¢ Sing T is a point of T;, then

(16) mult & = mult(7}) ord; z.

If p € Sing T® is an intersection of components T; and Ty, with oy41 0 ...00i(p) =
Ty (00) (cf.[7.15), then
(17) mult ~ = mult(7}) ord, x + mult(7}) ord, y.

Proof. We proceed by induction on i. The case ¢ = 0 is trivial. Assume that the
assertion holds on X;_;. Then it also holds on 7® \ Tj. Let then p = T;(q), q € P,
so 0;(p) = p;- We distinguish the following five cases:

e T} is outer and ¢ = oo;

o T} is outer and ¢ # oo;

e T} is inner and ¢ = oo;

e T} is inner and ¢ = 0;

e T} is inner and q # 0, co.
These are depicted below in Figure 1 for T; outer and in Figure 2 for 7} inner. All
these cases are treated similarly, so we consider just two of them and leave the others
to the reader.

Let first T; be outer with a parent 7}, where p = T;(q), ¢ # co. Then (z,,,yp,) =

(zp, 2p(yp + q)) by 7 80 P (Tp,, Yp:) = (2(t), 2(t) (g +y(t))) on X;1, and by the

induction conjecture
mult & = mult(7}) ord; x = mult(7;) ord, x.

16Since h e Arc(X;)y, x(t) # 0 in the former case and z(t),y(t) # 0 in the latter one, thus the

formulas f are well defined.
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FIGURE 1. T; is outer. FIGURE 2. T; is inner.

Let further T; be inner and p = T;(o0). Then h: (xp,,y,,) = (z(t)y(t),y(t)) on X;4
by , and so, by the inductive conjecture,

mult & = mult(7})(ord; x + ord, y) + mult(7y) ord, y = mult(7}) ord, z+
(mult(7}) + mult(7y)) ord, y = mult(7}) ord, x + mult(7;) ord, y .
U

7.4. Puiseux arc spaces. In this subsection we introduce and study Puiseux arc
spaces.

7.20 (Puiseux arcs). Fix a poinfl"|pe 7 < S.

1. An dnvertible substitution is a change of variable ¢ = A(t), where ord; A = 1.
These form a group acting on the arc space Arc(X;): via

A(t) i (wp, yp) = (2n(A(2)), yn(A(D))),
where h:(xp,y,) = (zn(t),yn(t)). We call two arcs equivalent if they belong to
the same orbit of the action.

2. The coordinate line z,, = 0 in a local chart (x,,y,) is a part of a component of 7).
Hence x(t) # 0 for any arc h € Arc(X;)5, h: (2p,y,) = (x(t),y(t)). So, a suitable
invertible substitution A(t) sends h to an arc h = A(t).h: (zp,1,) = (t7,5(t)),
where n = ord; x and ord; y = ord; y. Such a change of variable t —» A(t) and an
arc h are defined uniquely up to a composition with ¢ » ¢, where a € K, a™ = 1.
All the arcs equivalent to h enjoy the same Puiseux expansion y = (/™).

3. An arc h: (z,,y,) = (t7,5(t)) with = Yiord, y Qit" is called a Puiseur arc if

ged({i|a; # 0} u{n}) =1.

Definition 7.21 (Puiseuz arc space). Consider a point p € T()\ S| a pair of positive
integers n, d € Zq, and a polynomial ¢ = Zf:_ll ittt € tK[t] such that

(18) ged({i |4 # 0fu{n}) = 1,

that is, such that (x,,vy,) = (t",¢(t)) is a Puiseux arc. Assume also that ¢ # 0
if p is a node. The Puiseuz arc space W = Puig, ,(¢,n,d) on X, relative to the
coordinate system (x,,y,) centered at p consists of all arcs equivalent to Puiseux
arcs of the form h: (x,,y,) ~ (", y(t)) with y € ¢ + t?K[[¢]]. In other words,

W ={(2p,5p) = (A)", y(A(1))) [ords A =1, y € + t'K[[¢]]}.

Thus, the elements of W share the same starting piece ¢ of the Puiseux expansion.
The condition that ¢ # 0 if p is a node ensures that W c Arc(X;)y. Furthermore, the
elements of W share the same multiplicity (see [7.18]), which we denote by mult V.

1"Warning: in what follows we never consider the points ‘at infinity’ p e 7 n S.
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Any Puiseux arc space can be expressed in the coordinates (zg,v0) on X, see
To this end, given a pair of positive integers n,d € Z.q and a polynomial
Y = Y4 )it e K[t] with a possibly nonzero constant term, we let

Pui(z/;, n, d) = PuiX(),To(i/Jo)(w - wo, n, d)
Thus, the constant term v is responsible for the choice of the center To(thg) € ToN S.

Lemma 7.22. For any point p=T;(q) e TO S, i€ {0,...,m'}, and any Puiseuz
arc space W = Puig, ,(¢,n,d) c Arc(Xi);, the image W' of W under the embed-
ding Arc(X;)s < Arc(X;1)s induced by o3 X; - X;1 is a Puiseur arc space in
Arc(Xi_1)5.. More precisely,

(19) W' =Puig, . (t"(¢+v¢),n,d+n) if q# o0,
(20) W' =Puix, ,,,(,n +ords, d), if q=o0,
where ord ¢ = ord .
Proof. According to Definition [7.21] one has
W ={(2p,yp) = (A", 0(A®)) +n(A(1))) |ord, A= 1,7 € t’K[[¢]]}.

Suppose first that p = T;(q), where ¢ # co. By we have (2p,, Yp,) = (Tp, Tp(Yp + q)).
Hence

W’ = {(@p, ) = (A", y(A(1))) [orde A = 1,y € " (g + ) + " K[[t]]}

is again a Puiseux arc space relative to the coordinate system (z,,,y,,) in X1
More precisely, W’ = Puixifl,pi(zz,n,d +n), where ¢(t) = t"(q + ¥ (t)) € K[t] is a
polynomial of degree < d + n satisfying .

Let further p = T;(o0). Then one can write t = Y72, «;s* € sK[[s]], where a; # 0 and
tny(t) = sm+ordv | Plugging in ¢ = ¢(s) sends the set ¢ (¢) +t2K[[¢]] into ¢(s) +s K[ s]]
for some polynomial @Z € sK[s] of degree < d and of order ord@z =orde. By we
have (2p,, Yp:) = (¥pYp: yp). Hence

W' ={ (@ yp) = (A®)"y(A®)), y(A(1))) [ orde A = 1,y e ¢ + ' K[[¢]]}
={(@p:Yp) = (A() Y, y(A(5))) |ord, A= Ly e + s'K[s]]}

coincides with the Puiseux arc space Pui Xi_l,pi(zz, n +ord v, d) relative to the coor-
dinate system (z,,,,,) in X;_1, where the polynomial ¥ e sK[s] still satisfies .
Indeed, otherwise one can write ¥(s) = 3(s*), where & € K[s], k > 1, and k|n.
However, plugging in the expression s = s(t) € tK[[¢]] yields ¥ (t) = p(t*) for some
polynomial ¢ € K[¢]. The latter contradicts condition for . O

The following corollary is straightforward.

Corollary 7.23. Given a Puiseur arc space W = Puig, ,(¢,n,d), ils image under
the embedding Arc(X;)y - Arc(Xo)i}o is a Puiseuz arc space, say Pui(y,n,d). In
particular, mult W = n.

Notation 7.24. Given a point p € 7@ \ Sing(7() u S), we let Pui(p) be the image
of Puig, ,(0,1,1) in Arc(Xp)7z,. By the preceding corollary, Pui(p) is a Puiseux arc
space.

Corollary 7.25. Let Pui(p) = Pui(¢,n,d), where p € T; N S is not a node of T.
Then mult Pui(p) = n = mult7}. Furthermore, n =1 if and only if T; is obtained via

a sequence of outer blowups.
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Proof. The first assertion follows from Corollary and ([16]). The second follows
from the first due to the fact that mult(7;) = 1 if and only if the component 7} is
obtained via a sequence of outer blowups. U

Remark 7.26. For each Puiseux space Pui(¢,n,d) c Arc(Xj) centered at a point
p € T there exists a surface X’ and a sequence of blowups X’ — X, with centers
at infinitesimally near points of p such that Pui(¢y,n,d) = Pui(p’) for some point
p e X', p' > p. So, there is a one-to-one correspondence between infinitesimally near
points of Tj; ¢ Xy, and the Puiseux arc spaces.

7.5. Stabilizer of a special fiber. In this subsection we study the action of the
automorphism group of an A'-fibration on the Puiseux arc spaces of a special fiber.

Notation 7.27. Consider the following groups of automorphisms of the arc space
Arc(Xo)7,:
H= {(x,y) = (a2, Q2)y) |a e KX, Q=) bix' € K[[x]]x} ,
i=0

T={(z.y) = (az,by) | (a,0) € (K*)*} 2 G}, ,

Go(i) = {(z,y) = (z,y +cia’) | c; e K} 2 G,.
We have

Aut Are(Xo)5, =

{(af;,y) o (az, Q(x)y + P(z)) | a e K*, P = i}cx eK[[+], Q - fjom c K[[x]]x}

- @Ga(z)) .

We let Stabg,s W c Aut Arc()_(o)}o be the stabilizer of a subset W c Arc()_(g)}o,
where ‘fps’ stands for ‘formal power series’. Attributing the lower index B to a
group of automorphisms means passing to the subgroup of automorphisms that act
trivially on the first coordinate, that is, verify a = 1 in the notation as above. In
particular, we consider the subgroups Autp Arc(Xo)}O c Aut Arc(Xo)}O, Hp c H,
and the one-dimensional torus Ty c T.

Notation 7.28. Given a Puiseux arc space W = Pui(y,n, d), we can decompose

(21) Y(t) = PrE(En) + ()

where ¢ € K[¢] is the sum of all monomials in ¢ with exponents not divided by
n. We let also [£] stand for the smallest integer > 4.

n

Lemma 7.29. Consider a Puiseuz arc space W = Pui(¢,n,d) c Arc()_(o)}o. An
automorphism g € Aut Arc()?o)}o, g:(z,y) = (ax,Q(z)y + P(x)), stabilizes W if
and only if

(22) P() =" (az) ~¢"5(2)Q(z)  mod «*K[[«]],

and in the case n>1 also

{Q(S")¢Sing(8) =¢ns(as)  mod sTK[[s]]

a=aqa

(23)

for some a € K.
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Proof. Consider an arc h e W,
h:(z0,90) = (A(t)", y(A(t))) with AetK[t]]~{0} and yey+t/K[t].
The automorphism ¢ sends h to the arc
9.1 (20, 90) = (a- AE)", QUAMY™) - y(A(E)) + P(A(D)")).
Hence g.h € W if and only if
{a CA(t)n = A(t)n
QUA()™) - y(A(1)) + P(A()") = TI(A(1))

for some A(t) € tK[[t]] and 7 € ¢ + t*K[[¢]]. The first equation means that A(t) =
a-A(t) for an nth root «a of a. Letting s = A(t), the second equation holds for some
7€ +tUK[[t]] if and only if, with this root «,

(24) Q(s") - (s) + P (s") —w<as> e sK[[s]-
Splitting ¢ as in . ) leads to equations ([22]) and ( . 0
Proposition 7.30. Consider aﬁmte collectzon of Puiseux arc spaces Wy, = Pui(¢y, ng, dy.),
k=1,...,r, ordered so that%z. . Let N = 1] Then
(25) () Stabgys Pui(vy, ng, di) = (H Ga(i)) x H" ¢ Aut Arc(Xo)7,

k=1 =N

for a subgroup H c H, where H" = hoH o h™! with h = [ € ®N;' G, (4).

Proof. In the system of equations (22)-(23) for all Wy, k=1,...,r, we can eliminate
P(x) for k=2,...,r. This yields the system

(26)
P(z) = " (ax) - ¢ (2)Q(x) mod zVK[[z]]
UiE(az) - i (ax) = (U5 (x) - % (2))Q(2)  mod WK [[2]], k=2,....r,
Q(s™)YI™(s) = "8 (ys) mod s&#K[[s]], k=1,...,r,
ot =a k=1,...,r

The first equation expresses P(z) in terms of a and Q(x). This defines the subgroup

(27) {<x,y> (a2, Q) + 6 (az) - w;eg@)Q(mi%)}

=IEN
P
5]
£
S/.
N—

X
—
=
o
X
o
=
—

where h =9]°®. The remaining equations define a subgroup H c H. O
Notation 7.31. Given a special fiber 7’ = i~1(8') c X, we let
(28) Stabps T'= () Stabg,(Pui(pe)) ¢ Aut Are(Xo)7,

k: oy, is outer

where pp = 0(T}) € Xz_1 ~ S. Taking in Proposition a suitably reordered
collection

(W) = Pui(pg) | o is outer) ,
we let N = N(T"), H = H(T"), and h = h(T") denote the corresponding objects
provided by this proposition, so that

(29) Stabgy, 7' = (ﬁ Ga(i)) x H".

We let also T(T") =T nH(T").
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Corollary 7.32. Given a special fiber T' = u='(p') ¢ X, the following conditions
are equivalent:

« H(T)=H,
° H(T’) o TB,

e the dual graph 't is a linear chain.

Proof. We start with the following observation. Clearly, an inner component T; of
7' which is not a parent is a (—1)-curve. After contraction of T; we obtain a new
special fiber, say 7", where 7" and T’ are both linear or non-linear simultaneously,
and Staby,s 7" = Stabg,s 7', hence also H(T") = H(T"). Thus, we may assume in
the sequel that each inner component of 77 is a parent.

Assume first that there exists an inner component T; of 7’. By the previous
observation such a component 7; with a maximal value of ¢ is a parent of an outer
component. Hence in this case I'yv is non-linear. Furthermore, being inner, 7;
belongs to the preimage of Tj(o0) for some Ty. Then by the corresponding
Puiseux arc space is of form Pui(¢,n,d) with n > 1. So, the corresponding equations
are nontrivial. It follows that dimH(7")NT < 1 and H(T7’)nTp is finite. Thus,
all three conditions of the lemma fail.

Assume further that all components of 7' are outer. If 7" is linear, then T, is
the only non-parent, all the other components of 7’ being its successive parents. By
the corresponding Puiseux arc space is of form Pui(t),1,d), and Stabg,s 7' =
Stabg,s Pui(¢, 1,d). In this case contains just one equation (of form (22))), and
so, H(T") = H o Tg. Thus, under this setup all three conditions of the lemma are
fulfilled.

Finally, assume that 7' is non-linear. Then there is a component T c 7' which
is a parent for at least two other components with centers, say, Tj(¢1) and Tj(gz).
The corresponding Puiseux arc spaces are of form Pui(¢) + ¢it%1,1,d) and Pui(¢) +
@t 1,d) for some q; # go, some d € Zg, and some polynomial ¢ € K[t] of degree
< d-2. Inspecting system (26)), for i = d—1 we obtain the equalities ¢;_1 = g1 (a%'-b) =
¢2(a®'=b). This implies that b = a?"!. Hence we can conclude that dim H(7")nT < 1
and H(7') nTp is finite. So, once again, all three conditions of the lemma fail. [

Example 7.33. Consider a sequence of blowups
ngXngngOZPIXPl,
where
01 1T1 = ZTQ(O)7
O'QZTQ = Tl(OO) = TO N Tl,
0'31T3 = T2(1)

The stabilizer of the Puiseux arc space of the point 03(73) = T5(1) is contained in the
stabilizer of o1(71) = T5(0), hence it coincides with Stabg,s 7’. Using Lemma
we obtain

PUi(U3(T3)) = PuiXQ,TQ(l)(()’ 17 1) = Puin,Tl(oo)(tJ 17 2) = PU'l(t7 27 2)

By Lemma [7.29], Stabg,s(Puig, 7,(0)(,2,2)) is defined by equations co = 0, b§ = a. It
follows that

Attty 7" = (é Ga(z’)) xT(T"),

where T(7") c T is the one-parameter subgroup defined by b? = a. The intersection

T(7") nTp has order two and is generated by the involution (z,y) ~ (z,-y).
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8. AUTOMORPHISM GROUPS OF A!-FIBRATIONS ON SURFACES

For an Al-fibration u: X - B on a normal affine surface X over a smooth affine
curve B, we describe in Subsection the automorphism group Aut(X,u) up to
passing to a finite index normal subgroup, see Theorems and[8.24] In particular,
this applies to the full automorphism group of an ML;-surface.

8.1. Notation.

8.1. We keep the notation of Section [7l In particular, we consider the induced P!-
fibration f: X — B on a minimal resolved completion X of X, and a sequence of
blowdowns

(30) X=X, 2 X, 2 IS X

of (-1)-components of the special fibers T; = 5=1(5;) of i with Sy, ..., B,, € B, which
terminates by a smooth ruling fig: Xo — B. We assume as before that o; contracts
the component 7, ¢ X; \ S to a point p; € X,_;, where S is the unique horizontal
component of D = X \ X and a section of ji. Let also F' = i~'(B \ B). Since B is
affine, ' #+ @, and we may suppose that F' is a union of irreducible fibers of . We
let

T=UT=UT;uUTos .
i=1 j=1

where Tp 5, = fig*(8;) € Xo, i=1,...,n5. Thus, D € Dy := SUF UT, and the dual
graphs of both D and Dy are trees. We let 7;0) be the image of 7; in X.

Notation 8.2. Let Autg(X, p) c Aut(X, ) be the subgroup of all automorphisms
of X that send each fiber of p into itself, and Aut, B c Aut B be the subgroup of
all automorphisms of B induced by the elements of Aut(X, ). There is an exact
sequence

(31) 1 - Autp(X, p) > Aut(X, ) - Aut, B - 1.
8.2. Stabilizers of arc spaces. We need the following fact.

Lemma 8.3. Any automorphism o € Aut(X,u) lifts to the minimal resolution of
singularities of X and extends to an automorphism of X \ F'.

Proof. The first assertion is well known (cf. e.g., [37, Lem. 2.2]) and follows, for
instance, from the uniqueness of the minimal resolution of singularities of surfaces.
Thus, any automorphism g € Aut(X, ) induces a birational automorphism of X
regular in X \ D. Since g preserves the Al-fibration y, it extends regularly to the
section S. Furthermore, g induces a birational transformation g, of the dual graphs
I'p and I'p,, fixing the vertex S, which transforms the dual graphs I'r and I'y into
themselves. By our convention in [7.1]and 8.I] I'p is minimal. So, the section S and
the components of F' are the only possible zero vertices of I'p. All the maximal
linear chains in I'pg(gsr) are admissible, that is, with all weights < -2.  Accord-
ing to Theorem 3.1 in [36], g, can be decomposed into a sequence of elementary
transformations in zero vertices in F' followed by an automorphism, see Definition
b.9 Indeed, since S is fixed by g., also these elementary transformations and the
automorphism fix S. Hence the elementary transformations in the decomposition of
g. are performed only near components of F. Now the second assertion follows. [

Notation 8.4. In the notation of we let Aut®(X,F) c Aut(X,pu) stand for
the subgroup of all automorphisms of X preserving x4 and admitting an extension to
automorphisms of X \ F', which send each component of T into itself. Similarly, given
i€{0,...,m}, welet Aut®(X;, F') be the group of all birational automorphisms of X

which preserve fi;, send the section S and each component Ty g,,...,Tog,,,11,...,T;
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of T™ into itself, and induce automorphisms of X; \ F' (see and [8.1). Thus,
Aut® (X, F) = Aut* (X, F).

Lemma 8.5. Aut®(X, F) c Aut(X, i) is a normal subgroup of finite inde.

Proof. Let S(n) stand for the symmetric group on n symbols. By Lemma there
is a natural embedding Aut(X, ) = Aut(X \ F,f1). Clearly, any o € Aut(X \ F, 1)
permutes the special fibers 7; of fi and the components of 7. Hence a defines a
permutation p(«) € S(m+ny), where p: Aut(X, u) - S(m +ng) is a homomorphism.
Clearly, Aut®(X, u) = ker p. Now the assertion follows. O

Notation 8.6 (stabilizers of arc spaces). The group Aut*(X;, F') acts naturally on
the arc space Arc(X; \ F'). Given a subset W c Arc(X; \ F'), we let Stab;(W) be
the stabilizer of W in Aut®(X;, F').

In the next proposition we identify the groups Aut®(X;, F') and Stab;(W) with
their images in Aut®(X,, F').

Proposition 8.7. There is a natural embedding Aut®(X, F) = Aut*(Xo, F) such
that
(32) Awt*(X,F)= () Stabg(Pui(p;)) c Aut*(Xo, F).
i: 0y is outer

Proof. We proceed by induction on i. Assume that our assertion holds for Xi1.
Since Aut®(Xj, F') stabilizes T, there is a natural homomorphism Aut®(X;, F) -
Aut®(X; 1, I'), which embeds Aut®(X;, I) onto the stabilizer of the point p; = 03(7)
in Aut®(X;_1, F'). The latter stabilizer coincides with Stab;_;(Arc(X;_1),,).

If T; is inner, then p; is already stabilized by Aut®(X; 1, F), thus we have
Aut®(X;, F') 2 Aut®(X;_1, F'). Assume now that 7; is outer. Then

Stabi_l(Arc(Xi_l)pi) = Stab,_l(Pm(pZ)) s

where by abuse of notation we write Pui(p;) for Puig, ,, (0,1,1) (cf. [7.24). In-
deed, Pui(p;) is the subset of arcs of minimal multiplicity (equal to mult(7;)) in

Arc(X;_1)p,. This subset is stable under the action on Arc(X;_1),, of the stabilizer
of p; in Aut®(X;_1, F"). This gives the inclusion
Stabi_l(Arc()_(i_l )pz) c Stabl_l(Pul(pl)) .
The inverse inclusion is also clear, since the elements of Stab,_;(Pui(p;)) fix the
point p;. Passing to the images of our subgroups under their natural embeddings in
Aut®(Xy, F'), which we denote by the same symbols, we obtain the equalities
Aut®(X;, F) = Stab;_; (Pui(p;)) = Aut®(X;_1, F) n Staby(Pui(p;)).

This yields for Aut®(X;, F), since by the inductive conjecture, it holds for the
group Aut®(X;_1, F). O

8.3. Automorphism groups of Al-fibrations.

Notation 8.8. We fix an (Aut, B)-stable Zariski open subset w ¢ B such that x
admits a trivialization over w. We assume that w is maximal with these properties.
We let X, = p~ 1 (w) 2w x Al; this is an (Aut(X, p))-stable dense open subset in X.

Remark 8.9. If the curve B is rational, then w = B\ {f,...,[,.}. Indeed, u|x, =
110](x,)., 18 the projection of a line bundle (see Lemma [7.5), which is trivial if B is
rational. As follows from Lemma the open set B\ {f,...,0,.} is (Aut, B)-
stable.

In what follows we treat separately the cases w = Al Al and w % Al A®, see

Theorems and respectively.
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83.1. Case B=A', w2 Al. f w=BzA' or w=B=A!, then X = X, ~ A% and
X = X, 2 Al x Al respectively, and the group Aut(X,u) is the usual de Jongieres
group and its analog as in [3.3] and [3.5] respectively. Hence we assume in the sequel
that B = A! and w = Al. This is the case, for instance, for any Gizatullin surface
different from the plane A2. For the ML;-surfaces, this case was studied in [§]; our

Theorem precises Corollary 2.3 in [§].

8.10. We let F' = i7!(o0) and 7 = 771 = 71(0). Performing suitable elementary
transformations with centers on F' (see Definition one can achieve the equality
S2 = 0. Then the linear pencil |S| on X defines a second P!-fibration 7: X — P! such
that S = 771(o0). The birational morphism

P: X - Xog=P' xP' we (i(w),v(w)),

is biregular on X \ z71(0). (In the notation of [5.12] fi = ®y and 7 = ®;, while F = Cj
and S = C}.) The affine coordinate on B = P! is chosen so that B~ B = {o0},
B\ w={0}, and so, F' = {oo} x P! c P! x PL.

Remark 8.11. On X, = P! x P! we have (cf. [7.27))

Aut* (X, F) = {(a:,y) = (az,by + P(z)) | (a,b) € G2, P =) c;z' € K[x]}

= (@Ga(i)) xT,
where
T = {(z,y) = (az,by) | (a,b) € (K*)*} =Gy,
and
Ga(i) = {(x,y) > (2,y+¢a') | e e K} ~ G, .

The natural embedding Aut®(Xo, F') = Aut Arc(X,)j, is tautological in coordinates
(a,b,cg,...) and corresponds to the embedding of the polynomial ring into the ring
of formal power series. So, all results of the previous section hold automatically
for Aut®(X, F). In particular, Staby W = Stabg,s W n Aut®(X,, F') for any subset
W c Arc()_(o)}o, and Aut®(X, F) = Stabg,s T n Aut® (X, F).

Theorem 8.12. Let X be a normal affine surface, and let p: X — Al be an Al-
fibration with a unique special fiber p=1(0). Then the automorphism group Aut(X, u)
18 a finite extension of

(33) Aut*(X, F) = (é@a(k)) WA,

where d € Zy and A, is conjugate to a closed subgroup of the standard torus T by
an element of @ G,(k). Furthermore, if dim A, =1, then the action of A, on X
is transversal, i.e., the intersection of a A,-orbit and a p-fiber is always finite.

Proof. As mentioned in Remark 8.11] for any W c Arc(X,)7, we have
Stabg W = Stabg,s W n Aut® (X, F).
Hence by Proposition [8.7]
Aut® (X, F) = Stabg,, T n Aut®(Xo, F).

Now Proposition implies (33). Finally, Aut(X,u) is a finite extension of
Aut® (X, F) by Lemma [8.5] O
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8.3.2. Case w2 Al Al

8.13. As before, the notation Autp with the base curve B as a subscript means
passing to the subgroup of automorphisms of (X, 1) which induces the identity on
B. In particular,

Auth (X, F) = Aut® (X, F) nAutg(X \ F).

Lemma 8.14. If w ¢ AL, Al then Auty (X, F) is a normal subgroup of Aut(X, )
of finite index.

Proof. By Lemma 8.5, Aut®(X, F') < Aut(X, ) is a normal subgroup of finite index.
Due to (B1), Autg(X, 1) < Aut(X, u). Hence

Auty (X, F) = Aut® (X, F) nAutp(X, p) < Aut(X, p) .
Likewise in we have an exact sequence
(34) 1 - Auth(X, F) » Aut® (X, F) > Aut, Bc Aut B.

Since w is Aut, B-stable, there is an inclusion Aut, B ¢ Autw, where w # Al Al
is an affine curve of non-exceptional type. Hence Autw is a finite group. Now the
assertion follows. O

8.15. Using the equivariant local trivialization X, 2 w x Al (see [8.8)), for (z,y) €
w x Al we can write

(35) Aut, X, = {(2,y) » (2,Qy+ P) | Q € O3(w), P e O} (w)},

where A* stands as before for the multiplicative group of an algebra A and A* for
its additive group. Note that Of(w) is an infinite dimensional Abelian unipotent
group. In fact, Of(w) = U,(X,) c Aut, X, is the subgroup of automorphisms
that act on the p-fibers by translations, and OX(w) c Aut,, X,, is the subgroup of
automorphisms that fix the zero section of the (trivial) line bundle p|y : X, - w.

The functions @ € O%(w) have their zeros and poles in B\ w. So, there is a
homomorphism OX(w) — Z~ with kernel K* ¢ OX(w) consisting of the nonzero
constants, where N is the number of punctures of w. Thus, O%(w) = G,, x Z" for
some r < N, and

Aut, X, 2 Of(w) x Of(w) 2 Of(w) x (G, x Z7).

Notation 8.16. We let X, = Xy \ (Su F). By Lemma 7 to = fiolx,: Xo = B
has a structure of a line bundle, say, Ly with a zero section given in X, = w x Al,
X, ¢ Xo, by equation y = 0. Let U,, c Autp(Xo, f10) be the unipotent de Jonqueres
group of the automorphisms which restrict to translations on general p-fibers (see

Definition .

Proposition 8.17. For some s >0 there are decompositions
(36) Auty(Xo, F) = Autp(Xo, F) 2 U,y x Ap 2 U, % (G, x Z°),
where Ap = Autp Ly = OF(B).

Proof. The subgroup U, c Aut;()_(o, fig) acts freely and transitively on the space
H°(B,0p(Lg)) of global sections of Ly. Therefore, Auty(Xo, F) is generated by
U,, = H°(B,0p(Ly)) and the subgroup Ag c Auty(Xo, F) of automorphisms that
fix the zero section. This leads to the first decomposition in . By our assumption,
the trivialization X, = w x A! and the line bundle L, share the same zero section.
Hence there is an embedding Agp = OX(w) 2 G,,, x Z" with Ag > G,,, see . Now

the second isomorphism in follows.
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To show the last assertion, it suffices to observe that the group Auty(Xy, F) =
U,, x Ap acts on HY(B,0p(Ly)) via

g=(P,Q): ¥V~ QU+P VUeH(B,0g(Ly)),
where P € UMO = HO(B,OB(LD)) and Q € AB = AutB LO = OE(B) ]

Remark 8.18. The neutral component G,, of the group O%(B) acts on Ly by
homotheties; this defines a 1-torus Tg c Autp Lo (cf. [7.27).

8.19. For every j =1,...,n, there is a natural embedding
vt Auty(Xo, F) = Autp Arc(f(o);oﬂ
)

see Remark [8.11)), where ¢; embeds the factors of the decomposition Autg (X, F)
J
U,, @ Ap into the respective factors of the decomposition

Autp Arc(Xo)}oﬁ_ = (H Ga(i)) xHpg .
! i=0

see . Indeed, in both cases the first factor is the unipotent radical (acting by
translations on fibers), and the second consists of the automorphisms preserving the
zero section. Thus, U,, = [12, G,(7) and Ap = Hp.

For a special fiber 7" = T; ¢ T we have by (29),

Stabgys T; = (EVI Ga(z’)) x ’H;’j ’
where in the notation of |7.31, h; = h(7;) « @Z{Zjo_l Gy(i) with N; = N(7;), and

H; = H(T;) c 1.

In Proposition below we gather these local data for different special fibers.
In the proof we use the following lemma.

Lemma 8.20. Given natural numbers Ny, ..., N, € Z.g and a collection (1)1, n.,
where 1; € Opg, Vj, there exists a section Ve HY(B,0p(Ly)) such that

1; () =y modmgf Vi=1,...,n,.

Proof. Indeed, consider the coherent ideal sheaf

7- (ﬁmg) - Op(Lo) € Op(Lo) .

The local data (1);); defines a section of the skyscraper sheaf Op(Lg)/Z on the affine
curve B, which can be interpolated by a global section ¥ € H(B,Og(Lg)) due to
the Serre Vanishing H'(B,Z) = 0. O

The following corollary is immediate.
Corollary 8.21. There exists heU,, = H°(B,0p(Lo)) such that
(37) tj(h)=h; mod tNiK[[t]] Vj=1,...,ns,
where N; and h; are as in[8.19
Notation 8.22. We let Dy = Y7 N;[3;] and

Avs=0) 1 (1 (Ap) nH ) c A,
j=1

U, = {PeHB,0s(Lo)) =U,, | divP > Dy} = H'(B,O5(-Dy)).
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Proposition 8.23. We have
(39) Auth (X, F) = U, < Al
where h € U, verifies .

Proof. Let h € U, verifies , see Corollary Letting h™t o go h = (P,Q) €
U,, @ Ap (that is, letting g = (P+h(1-Q),Q)), we let also P; = ¢;(P) and @, = ¢;(Q).
We claim that the following are equivalent:
(i) g€ Auty(X, F);

(ii) ¢;(g) € Stabg,s T; for each j=1,..., ng;
(iii) ¢;(h~ o goh) € (T2, Ga(i)) x H; V5;
(iv) Pjellin, Ga(i) and Q; € H(T;) Vj;
(v) divP > Dy = ¥ Ni[B5] and Q € N7y o5 (15(Ap) nHy);

(vi) PeU, and Q€ A, 5.
Indeed, it follows from Propositions and that an element g € Auty(X,, F)
belongs to Autyh (X, F) if and only if ¢;(g) € Stabg, 7; for each j, where Stabg, 7 is
defined as in (28)). This proves the equivalence (i)<>(ii).

After replacing h in (iii) by h;, the equivalence (ii)<>(iii) follows from Proposi-
tion [7.30} By Corollary this holds even without this replacement.

The equivalence (iii)<>(iv) is immediate, and (iv)<(v)<>(vi) follow from our
definitions, see and [8.22] This proves the equivalence (i)<>(vi). Now the
proposition follows. O

Theorem 8.24. Let u: X — B be an A'-fibration on a normal affine surface X
over a smooth affine curve B. If, in the notation of [8.4, w % AL A, then the

automorphism group Aut(X, p) is a finite extension of
(39) Auty(X,F)2U, « (T, xZ")  for some 120,

where U, = H(B,0p(-Dy)) with Dy as in and Ty = Tgn A, p, see[8.1§
Furthermore, either I, is a finite cyclic group, or I', = T = G,,, and each p-fiber

p=t(b), be B, is isomorphic to A'.

Proof. By Lemma(8.14] Aut} (X, F) 2 U, %A, p is a normal subgroup of finite index

in Aut(X, ). To deduce (39)) it suffices to apply Proposition where
AMBQABZOE(B)ETBXZSEGWLXZS,

see and [8.18, For the last assertion, see [32] §3] and [33, Rem. 3.13(iii)]. O

The following corollary is immediate from Corollary [6.4] and Theorems and
(cf. Corollary [6.11]).

Corollary 8.25. For any A'-fibration u: X — B on a normal affine surface X
over a smooth affine curve B, the group Aut(X, ) is an extension of a metabelian
nested ind-group of rank <2 by at most countable group. Any two mazximal tori in
Aut(X, ) are conjugated.

8.26. If y: X — B admits an effective G,,-action along the fibers of u, that is,
I', 2 G,,, then pu is the projection of a parabolic G,,-surface (see Definition {4.10)).

Proposition 8.27. Under the assumptions of Theorem I'y 2 Gy, if and only
if X is a parabolic G,,-surface, if and only if the connected components of the dual
graph U'y are linear chains. In the case w = Al we have the equivalences

I',=G, <A, 2T rkAut X =2,

where the latter means that X is an affine toric surface.
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Proof. By Proposition the components of I'r are linear if and only if H = H;
for every special fiber 7;. The latter is true if and only if H; > T for each j, which
is equivalent to ' o Tg. The assertions now follow easily. O
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