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REPRESENTATION OF UNITY BY BINARY FORMS

SHABNAM AKHTARI

ABSTRACT. In this paper, it is shown that if F(z,y) is an irreducible binary
form with integral coefficients and degree n > 3, then provided that the abso-
lute value of the discriminant of F' is large enough, the equation F(z,y) = £1
has at most 11n — 2 solutions in integers z and y. We will also establish some
sharper bounds when more restrictions are assumed. These upper bounds
are derived by combining methods from classical analysis and geometry of
numbers. The theory of linear forms in logarithms plays an essential role in
studying the geometry of our Diophantine equations.

1. INTRODUCTION

Let F(x,y) = apz™ +an_12" 'y +...+aoy™ be an irreducible binary form with
rational integer coefficients and n > 3. We will study N,,, the number of solutions
to the equation

(1) F(z,y) = +1,

in integers x and y. We will regard (z,y) and (—z, —y) as one solution. So we may
only count the solutions with y > 0. But how large can N,, be? Let p be a prime
and consider the following irreducible form

Fi(z,y) = 2" +p(x —y)(2x —y) ... (nx —y).

It is easy to see that Fj(z,y) = 1 has the following n solutions

(1,1),(1,2),...,(1,n).

Thus a linear upper bound of the shape cn is best possible except for the determi-
nation of ¢. We will show that

Theorem 1.1. Let F(z,y) be an irreducible binary form with integral coefficients
and degree n > 3. Then the Diophantine equation |F(z,y)| = 1 has at most 11n—2
solutions in integers x and y, provided that the absolute value of the discriminant
of F is greater than Dy, where Dy = Dg(n) is an effectively computable constant.
Moreover, assume that the polynomial F(x,1) has r real roots and 2s non-real roots
(r+2s=mn). Then |F(x,y)| =1 has at most 11r + 4s — 1 solutions in integers x
and y.

We remark here that Dy can be computed effectively in terms of n, the degree
of F. Indeed, we may take Dy = 222(n + 1)1%™. Theorem 4.6 gives an algorithm
to compute Dy.

In the above theorem, we supposed that F is irreducible. We will see in Section 2,
that when F is reducible, the situation is simpler. Let D be the discriminant of form
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F (it is defined in Section 3). Note that the condition |D| > Dg(n) is a restriction,
because we know for binary form F € Z[x,y] of degree n and discriminant D # 0,
we have the following sharp bound (see [13]):

(2) n <3+ 2(log|D|) /log3.

In Section 3, we will see how Theorem 1.1 gives an upper bound for the number
of integral solutions to F(z,y) = £1 when F has a small discriminant.

One may conjecture that the number of solutions may be estimated in terms of
7 the number of real solutions of F'(x,1) = 0. This is not the case. For example,
let n be an even integer and p a prime number. If we put

Fle,y) =a" +ple =)’ (2 —y)° ... Go —y)°

then F'(z,y) is irreducible and F(x,1) = 0 has no real root. However, F(z,y) =1
has the following solutions:
n

(1,1),(1,2),...,(1, 5).

In Proposition 5.1, we will show that the number of solutions (z,y) with large
enough y can be estimated in terms of r.

In 1909, Thue [23] derived the first general sharpening of Liouville’s theorem on
rational approximation to algebraic numbers, proving, if 6 is algebraic of degree
n > 3 and € > 0, that there exists a constant ¢(, €) such that

g_P c(0,¢)
S| T g
for all p € Z and ¢ € N. It follows almost immediately, if F'(x,y) is an irreducible

binary form in Z[z,y] of degree at least three and h a nonzero integer, that the
equation

3) F(z,y) =h

has only finitely many solutions in integers = and y. Equation (3) is called a Thue
equation.

For any nonzero integer h let w(h) denote the number of distinct prime factors
of h. In 1933, Mahler [17] proved that equation (3) has at most C; ) golutions
in co-prime integers x and y, where C is a positive number that depends on F'
only. In 1987, Bombieri and Schmidt [5] showed that the number of solutions of
F(z,y) = h in co-prime integers = and y is at most

C2 nl—i—w(h)’

where C5 is an absolute constant. Further they showed that Cy may be taken 215 if
n is sufficiently large. Note that this upper bound is independent of the coefficients
of the form F; a result of this flavour was first deduced in 1983 by Evertse [9]. In
the introduction of [5], Bombieri and Schmidt comment that their argument can
be used to prove a more general result. For example, if IV, is the corresponding
bound in the special case h = 1, one obtains N,n*(" as a bound in the general
case. For this reason we will focus on the equation |F(z,y)| = 1.

The effective solution of an arbitrary Thue equation has its origin in Baker’s [3]
theorem that says that if £ > n 4 1, then every integer solution (x,y) of equation
(3) satisfies

>

max{|z|, |y|} < Csexplog” |h|
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where C5 is an effectively computable constant depending only on n, x and the
coefficients of F'.
Evertse and Gyéry (see [9] and [11]) have studied the Thue inequality

(4) 0 < |F(z,y)| < h.
Define, for 3 < n < 400

(), 3(0) = (607, Znn - 1)

and for n > 400
(N(n),d(n)) = (6n, 120(n —1)).
They prove that if
|D| > h2™ exp(80n(n — 1)),
then the number of solutions to (4) in co-prime integers x and y is at most N(n).
Gyory [14] also shows, for binary form F' of degree n > 3, that if 0 < @ < 1 and

‘D| > nn(3'5nh2)(2(n71)/(17¢1))’

then the number of solutions to (4) in co-prime integers = and y is at most 25n +
(n+2) (2 + 1), and if F is reducible then at most 5n + (n +2) (2 + 7).

A great reference in this field is a work of Stewart [22]. We will follow many
arguments from [22] here. A consequence of Stewart’s main theorem in [22] is that
if the discriminant D of F' is non-zero and

|D|1/n(n—1) > |h|$,
then the number of pairs of co-prime integers (x,y) for which F(z,y) = h holds is

at most
1
1400 (1 + > n.
8en

Bennett [4] and Okazaki [20] have obtained very good upper bounds for the
number of solutions to cubic Thue equations. Some upper bounds are given for the
number of integral solutions to quartic Thue equations in [1] and [2]. Throughout
this paper we may assume n, the degree of our binary form, is greater than 4.

We will use methods from [22] to give upper bounds on the number of “small”
solutions to (1). Then, in Section 6, we will generalize some ideas from [20, 2] to
associate a transcendental curve ¢(z, y) to the binary form F(z,y). Introducing this
curve will give us the opportunity to bring the theory of linear forms in logarithms
in.

2. REDUCIBLE FORMS

Let us take a brief interlude from the principal matter at hand to discuss the
much simpler situation where the form F'(z,y) is reducible over Z[z,y]. In general,
equation (1) may have infinitely many integral solutions; F'(x,y) could, for instance,
be a power of a linear or indefinite binary quadratic form that represents unity. If
F(z,y) is a reducible form, however, we may very easily derive a stronger version
of our main theorem under the assumption that F(z,1) has at least two distinct
Zeros.

Suppose that F'(x,y) is reducible and can be factored over Z[z, y] as follows

F(xay) = Fl(xay)F2($7y)a
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with deg(Fy) < deg(F») and F} irreducible over Z[x,y]. Therefore, the following
equations must be satisfied:

(5) Fi(z,y) ==+1
and
(6) Fy(z,y) = £1.

This means the number of solutions to (1) is no more than the minimum of number
of solutions to (5) and (6).

First suppose that Fy is a linear form. Then the equation (6) can be written as
a polynomial of degree at most n — 1 in x and therefore there are no more than
2(n — 1) complex solutions to above equations.

Now let us suppose that Fj is a quadratic form. Using Bézout’s theorem from
classical algebraic geometry concerning the number of common points of two plane
algebraic curves, we conclude that (1) has at most 4(n — 2) integral solutions.

If deg(F1) > 3 then Theorem 1.1 will give us an upper bound for the number of
integral solutions to (5), and therefore to (1).

3. EQUIVALENT FORMS

Our approach depends on the fact that if we transform F' by the action of an
element of GLy(Z) the problem of counting solutions remains unchanged, while the
Diophantine approximation properties of F' can change very drastically. Let

a b
(0 0)
and define the binary form F4 by

Fa(z,y) = Flaz + by , cx +dy).

If the determinant of matrix A is equal to +1 then we say that F4 and —F4 are
equivalent to F'.
Suppose that A € GLo(Z) and (z,y) is a solution of (1) in integers = and y.

Then
Al * o[ o= + by
y )]\ cx+dy

and (ax + by, cx + dy) is a solution of F-1(z,y) = £1 in integers z and y.
Let F be a binary form that factors in C as

n

H(aiz — Biy).

i=1
The discriminant Dg of F' is given by
Dp = H(Oézﬂj —a;B)%.
i<j
Observe that for any 2 x 2 matrix A with integer entries
(7) Dp, = (detA)"" Y Dp.

We denote by Ng the number of solutions in integers x and y of the Diophantine
equation (1). If Fy and Fy are equivalent then Np, = Np, and D, = Dp,.
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Let p be a prime number and put

p 0 0 -1
(1) a-(0 )

for j=1,...,p. Then we have
7 =Ub_o A2,
Therefore the number of solutions of (1) is at most Ng, + Np, + ...+ Np,, where
Fj(z,y) = Fa; (2,y)-
Note that by (7),
‘DFAj > pn(n—l).

Therefore, if N is an upper bound for the number of solutions to (1) for binary
forms F with |[Dp| > p™»=1) then (p+1)N will be an upper bound for the number
of solutions to |F'(z,y)| = 1 when F' has a nonzero discriminant.

Assume that F(z,y) = £1 has a solution (zg,yo). Then there is a matrix A in
GLo(Z) for which A=Y(z0,y0) is (1,0). Therefore, (1,0) is a solution to

Fy(z,y) = £1.

We conclude that either F4 or —F4 is a monic form. From now on we will assume
that the binary form F(z,y) in Theorem 1.1 is monic.

4. HEIGHTS

In this section we give a brief review of the theory of height functions of poly-
nomials and binary forms.

For the polynomial G(z) = c(z— 1) ... (z — ,) with ¢ # 0, the Mahler measure
M (G) is defined by

M(G) = fel [ [ max(1, 5.

Mabhler [16] showed, for polynomial G of degree n and discriminant D, that

) M(G) > (D) i.

nn
The Mahler measure of an algebraic number « is defined as the Mahler measure of
the minimal polynomial of « over Q.
For an algebraic number «, the (naive) height of «, denoted by H(«), is defined
by the following identities.

H(e) = H (f(2)) = max (|an, |an—1], ., |ao])

where f(z) = apz™ + ...+ a1z + ap is the minimal polynomial of « over Z.
We have

-1
n 1/2
(9) <L”/2J> H(a) < M(a) < (n+1)"*H(a).
We will use transformations in GLs(Z) to dispense with a technical hypothesis
about the height of F. We call the polynomials f(z) and f*(x) € Z strongly
equivalent if f*(z) = f(x + a) for some a € Z. Two algebraic integers o and o’ are
called strongly equivalent if their minimal polynomials are strongly equivalent.
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Proposition 4.1. (Gydry [13]) Suppose that f(x) is a monic polynomial in Z[x]
with degree n > 2 and non-zero discriminant D. There is a polynomial f*(x) € Z
strongly equivalent to f(x) so that

H (f*(x)) < exp{n®"| D[} < expexp{4 (log |D|)""}

For polynomial f(z) = a,a™+...4a1x+ag with degree n and integer coefficients,
put
L(f) = lan| + ... +[a1| + lao| .
Mabhler [15] showed that

(10) 27"L(f) < M(f) < L(J).

Define the absolute logarithmic height of an algebraic number as follows. Let oy
be a root of F(z,1) = 0 and Q(«)? the embeddings of Q(a) in C, 1 < ¢ < n. For
p € Q(a), we respectively have n Archimedean valuations of Q(«):

1<o<n.

ol = 0]

We enumerate simple ideals of Q(«) by indices o > n and define non-Archimedean
valuations of Q(«) by the formulas

|ple = (Norm p)~*,
where
k =ordy(a), p=p,, 0 >n,
for any p € Q(a)*. Then we have the product formula :

T[T 16l =1, p € Q).
1

Note that |p|s # 1 for only finitely many p. We should also remark that if o3 = 77,
ie.,
oo(x) = 71(x) for z € Q(a),

then the valuations | . |,, and | .|,, are identical. We define the absolute logarithmic
height of o as

1 )
he) = 5= 3" lloglal|.
o=1

This height is called absolute because it is independent of the field in which the
number « lies.

The following Lemmata about the height of algebraic numbers will be helpful
later.

Lemma 4.2. For every non-zero algebraic number o, we have h(a™!) = h(a). For
algebraic numbers aq, ..., a,, we have

hag...an) <h(aq)+ ...+ h(ay)
and
hlag + ...+ an) <logn+ h(ar) + ... + h(ap).

Proof. See [7] for a proof. O
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Lemma 4.3. (Voutier [24]) Suppose « is a non-zero algebraic number of degree n
which is not a root of unity. If n > 2 then

hia) = %logM(a) > % (

Lemma 4.4. (Mahler [16]) If a and b are distinct zeros of polynomial P(x) with
degree n, then we have

la—b] = V3(n+ 1) M(P) ",
where M (P) is the Mahler measure of P.

loglogn 3
logn '

In the following lemma we approximate the size of f'(«) in terms of the discrim-
inant and heights of f , where f’ is the derivative of the polynomial f and « is a
root of f =0.

Lemma 4.5. Let f(x) = ap,a™ + ...+ a1z + ap be an irreducible polynomial of
degree n and with integral coefficients. Suppose that ., is a root of f(x) =0. For
f'(z) the derivative of f, we have

|Ds| / n(n+1)
W < [fam)] < 5

where Dy is the discriminant, M(f) is the Mahler measure and H(f) is the naive
height of f.

9—(n—1)? H(f) (max(1, [an])" ",

Proof. The right hand side inequality is trivial by noticing that
f(z) =napae™ ' + ...+ arx.

To see the left hand side inequality, observe that for oy, o, two distinct roots of
f(x), we have

la; — o] < 2max(1, |o;]) max(1, |j]).

Then
n n |Oli _ am|
|f'(am)| = i — | >
i—11;[7£m i—11;[7£m max(1, |a;]) max(1, |am|)
> 2n—1—n(n—1) H H |ai — aj|
H L oy mett )
— 2—(n—1)2 |DF|
M(F)2n72 !

]

Suppose that K is an algebraic number field of degree d over Q embedded in C. If
K C R, we put x = 1, and otherwise x = 2. We are given numbers vy, ...,7v, € K*
with absolute logarithmic heights h(v;), 1 < j < n. Let logyi , ..., log~vy, be
arbitrary fixed non-zero values of the logarithms. Suppose that

A; > max{dh(vy;),|logv;|}, 1<j<n.
Now consider the linear form

L =bilogv + ...+ bylogyn,
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with by, ...,b, € Z and with the parameter
B = max{1l,max{b;A;/A, : 1<j<n}}

For brevity we put
Q=A;...A,,

C(n)=C(n,x) = %e"(?n +142x)(n+2)(4n + 4)" ! <;en> ,

Co = log(e* "+ n>5d2 log(en)),

Wy = log(1.5eBdlog(ed)).
The following is the main result of [19].

Proposition 4.6 (Matveev [19]). Iflog~1,...,logv, are linearly independent over
Z and by, # 0, then
log |£| > —C(n)COWOd2Q.

5. STEPS OF THE PROOF OF THEOREM 1.1

Suppose that (z,y) is an integral solution to (1). We will assume that F is
monic, as we may. Then we have

(x —ary)(x — agy) ... (¢ — apy) = £1.
Therefore, for some « € {ay,aa,...,an},
|z —ay| < 1.
Definition. We say the pair of solution (z,y) is related to « if
a € {ag,aa, ..., a0}

and
[z —ay| = min |o—a;y].

Let F(z,y) be a binary form of degree n > 5, discriminant D, with |D| > Dy and
Mabhler measure M (F'), where Dy is an effectively computable constant depending
only on n (see the statement of Theorem 1.1). We will assume that all coefficients
of F' are integer and F'(x,1) = 0 has r real roots and 2s non-real roots (r+2s = n).
Here we describe briefly the steps of our proof to the main result of this manuscript,
Theorem 1.1.

In the following steps, we fix a root of F(x,1) = 0 and estimate the number of
solutions related to that root from above. Let a be a complex root of F(z,1) =0
and & be its complex conjugate. For integers x and y we have

|z —ay| = |z — ay|.

Hence, a solution (z,y) of (1) is related to « if and only if it is related to a. It is,
therefore, sufficient to count the number of solutions related to one of o and a&.

Proposition 5.1. For binary form F(x,y) with integer coefficients and degree n, let
a be a non-real root of F(x,1) = 0. If a pair of integer (x,y) satisfies F(x,y) = +1
and s related to a then

(n=1)2

(n+1)2" =
(vV3Ip)'"

(11) lyl < M(F)*=3m,
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Proof. Let a = v+ it, with t # 0, be a non-real root of F(z,1) = 0. If a solution
(z,y) of (1) is related to « then @, the complex conjugate of « is also a root of
F(z,1) = 0 and we have

z_ &
e

T v O" + a— al
—_— a o .
Y 2 - 2
Moreover, if 8 # « is a root of F(z,1) = 0 then

ol i1l -
x—B‘Z z ! > 18=al
Y 2 2
Thus
1 x T
o = |-« H - — oy
[l N e
| — @] loe —
- 2 H 2
a;Fa
= |la—allf'(a)]27".
By Lemma 4.4,

lo —al > V3(n+1)""M(F)~ ",
This, together with Lemma 4.5, shows that

1 132 |D‘
— > \/g n+1 "2 (n—1) — e o
e = VY My
This completes our proof. (Il

Repeating an argument of Stewart [22] and using our assumption that absolute
value of the discriminant of F' is large in terms of its degree, in Section 7 we will
show that there are at most 5(r + s) solutions (z,y) with 0 <y < M(F)?.

Lemma 7.5 and 7.6 give an upper bound 27 + s for the number of solutions
(z,y) with M(F)? <y < M(F)*®=D* To prove Lemma 7.5 we will appeal to a
classical inequality of Lewis and Mahler (see Lemma 7.4).

For a non-real root a of F(z,1) = 0, Proposition 5.1 says that we only need to
count the solutions (z,y) related to « with

(n+ 1)2(=1°/n
The solutions with larger y must be related to a real root of F(z,1) = 0.

Our approach to count the number of possibly remaining solutions differs from
the approach of Bombieri-Schmidt [5] and Stewart [22]. In Section 6, we will define
a logarithmic map ¢(x,y). Some geometric properties of this curve lead us to obtain
an exponential gap principle in Section 9. This new type of gap principle, together
with Baker theory of linear forms in logarithms (see Proposition 4.6), will be used
in Section 10 to establish an upper bound 2r for the number of solutions (z, y) with
y > M(F)1+(n71)2.

For some technical reasons, particularly to estimate quantities in Proposition 4.6
while counting the number of solutions (z,y) with y > M(F)H("’l)g, we will need

lyl < M(F)*=3m,
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to exclude a set of solutions from our search. This set is called 2l and is defined in
section 7. The set A contains 2r 4+ 2s — 2 “small” solutions.

Hence, under the assumption of Theorem 1.1, there can not exist more than
11r 4+ 4s — 2 to equation (1).

6. THE LoGARITHMIC CURVE ¢(z,y)

In order to count the number of “large” solutions to F'(z,y) = 1, many mathe-
maticians including Bombieri and Schmidt [5] and Stewart [22] followed and refined
a general method inaugurated by Siegel and Mahler. The general line of attack to
the problem of counting “large” solutions deals rather efficiently with solutions
x, y to F(x,y) = 1, provided that max(|z|, |y|) is larger than a certain power of
the height of F. We will, in contrast, associate a transcendental curve ¢(z,y) to
the binary form F'(z,y). However, the reason in success of both our method and
the more classical method of Siegel and Mahler lies in the fact that § is a good
approximation to a root of the equation F(z,1) = 0 when either = or y is large
enough.

Let D be the discriminant of the binary form F(z,y) and f(x) = F(z,1). Define,
form e {1,2,...,n},

Dﬁ(x — Yyauy,)

(12) dm(7,y) =lo T
T ey ™

and

(13) ¢(Ivy) = ((b](l',?j),(bg(-’lf,y), .. a¢n($7y)) .

We will estimate the size of f/(a,,) from below in order to give an upper bound
on the size of ¢(z,y).

Lemma 6.1. Suppose that F is a monic binary form satisfying the conditions in
Theorem 1.1. Then (1,0) is a solution to the equation |F(x,y)| =1 and

(1, 0)]| < nlog (|D|7= M(F) %),

Proof. By the definition of ¢ in (13),

D n,(n1—2)
1
n—2

Lo < S log| 22
o] v

m=1

Lemma 4.5 estimates |f’(04m)|ﬁ as follows,
D]
M(F)Qn—Z ’

Since Dy is large, definitely larger than 9—(n—1)
1

|f/(am)| > W

This completes our proof. ([

2
|/ ()| = 277D

, we have

Lemma 6.2. Suppose that (z,y) is a solution to the equation |F(x,y)| =1 for the
binary form F in Theorem 1.1. Suppose that

|z — auy| = 1212n |z — o y] .
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Then
1)2 n-
lo(z, y)|| < (n—z ) 10g| ‘ + nlog (|D = 2)M(F)2 2),
T — oy
where ||.|| is the Euclidean norm.

Proof. Since |F(z,y)| = H1§j§n |z — ajy| = land |z — a;y| = mini<j<p |2 — ajy|,
we have |z — a;y| < 1. Let us assume that

|z —ag,y| <1, for1<j<p
and
|z — ap, y| > 1, for 1 <k<n-—p,
where 1 < p, s;,b, < n. Since

[z — ay| = i |z — oyl

we have

[log |z — s, y|| < Nlog |z — sy

Hlx oyl =

Therefore, for any 1 < k < n — p, we have

We also have
|x —ag,y|

1

From here and the definition of ¢(z,y) (see (13)), we conclude that

oyl < Z ‘f o |+ (= pp[61(w,9)| +pli(w,y)
- D m+(<n+1>p—p2)¢i<x,y>|.

. . . 1)2
The function f(p) = (n+ 1)p — p? assumes its maximum value % at p = "T'H

To complete the proof we use our estimate in Lemma 6.1. O

Lemma 6.3. Let F' be an irreducible monic binary form of degree n. Suppose that
(z,y) is a solution to the Thue equation F(z,y) = +1 with y > M(F)Hm=D7
Then
1o(L0)[| < llo(z, w)ll -
Proof. Let g, ..., oy, be the roots of F(z,1) =0. Then
T x +1
(; —ap)...(——ay) =

y oy

There must exist a root o;

% — ozj’ > i By Lemma 4.5 and since y >
M(F)H(”*I)Q, the absolute value of the term ¢;(z, y) alone exceeds n log <|D| ") M(F) =3 ) .

By Lemma 6.1, our proof is complete. [
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Let U be the unit group of the algebraic number field Q(«). We define the
mapping 7 on U to be the obvious restriction of the embedding of Q(«) in C; i.e.
7 u+— (01(u),09(u)...on(u)), where o;(u) are algebraic conjugates of u. By
Dirichlet’s unit theorem, we have a sequence of mappings

(14) T:U—=VcC?
and
(15) log: V — A,

where A is a (r + s — 1)-dimensional lattice in R™ and the mapping log is defined
as follows.
For (z1,...,2,) €V, let

log(z1, 22, ..., xy) := (log |z1],log |z2], . . ., log |zx]).

Suppose that {As,..., A\r4s} is a system of fundamental units of Q(«). Then
log (7(A2)),...,1log (T(Ar4s)) form a basis for the lattice A. Moreover, every basis
for A is associated with a system of fundamental units of Q(«). So we will fix a
system of fundamental units {Az,..., A5} so that log (7(A2)),...,log (T(Arts))
are respectively first to r + s — 1-th successive minima of the lattice A (see [6], for
the definition of successive minima). Therefore,

[log (r(A))[| < - < [llog (r(Ar15)) I

where ||.|| is the Euclidean norm. If (z,y) is a pair of solution to (1) then ;%:;Z is
a unit in Q(wy, ;) and we may write

r+s
(16) o(z,y) = ¢(1,0) + ka log (T(Ax)), my, € 7.

k=2
7. LAYERS OF SOLUTIONS
As we defined in Section 5, a solution (z,y) is said to be related to «; if

|z — agy| = nin |z — ajyl .

Fix a positive real number Y. Let us first find a bound for the number of
solutions (z,y) with 0 < y < Yy. We may suppose that F(x,y) is a monic form
with integral coefficients and has the smallest Mahler measure among all equivalent
monic forms. Following Stewart [22] and Bombieri and Schmidt [5], we will estimate
the number of solutions (z,y) to (1) for which 0 < y < Y. For binary form

F(z,y) = (x —aqy)...(z — any)
put
Li(z,y) =z — ay
fori=1,...,n. Then

Lemma 7.1. Suppose F' is a monic binary form with integral coefficients. Then
for every solution (x,y) of (1) we have
1 1
Loy Ly B

where B1,..., Bn are such that the form

J(u,w) = (u— frw) ... (u— frw)
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is equivalent to F'.
Proof. This is Lemma 4 of [22] and Lemma 3 of [5], by taking (x¢,y0) = (1,0). O
For every solution (z,y) # (1,0) of (1), fix j = j(z,y) with
|Lj (z,y)| > 1.
Then, by Lemma 7.1,

17 — > 18, — Billyl — 1.
( ) |L1(l’7y)| | J 1|| ‘
For complex conjugate 3; of 3;, where j = j(z,y), we also have
1 _
T 21685 — Billyl — 1.
|Li(z,y)| = 7
Hence )
T = [Re(85) = Billyl - 1,
|Li(z,y)| !

where Re(ﬁj) is the real part of §;. We now choose an integer m = m(x,y) with
|Re(B;) — B;| < 1/2, and we obtain

1 1
o = (=8l = 3 ) bl =1,
fori=1,...,n.

For 1 < i < n, Let X; be the set of solutions to (1) with 1 < y < Y, and
Li(z,y)| < 5,

Remark 1. When «j and «; are complex conjugates, X; = X; and therefore
we only need to consider r + s different sets X;.

(18)

Remark 2. If a solution (z,y) with 1 <y <Y} is related to «; then (x,y) € X;.

Remark 3. A solution (z,y) may belong to more than one set X;.

Lemma 7.2. Suppose (x1,y1) and (z2,y2) are two distinct solutions in X; with
y1 < yo. Then

2
2 > Zmax(L, 8w, ) — m(asy)))-
(A
Proof. This is Lemma 5 of [22] and Lemma 4 of [5]. O

Lemma 7.3. Suppose (z,y) is a solution to (1) with y > 0 and |L;(z,y)| > ﬁ
Then ‘

im(z,y) = Bi(z,y)| <

Proof. This is Lemma 6 of [22]. O

N~

By Lemma 7.1 the form
J(u,w) = (u— fLw) ... (u— Brw)

is equivalent to F(x,y) and therefore the form

J(u,w) = (u— (b1 = mw) ... (u— (Bn — m)w)
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is also equivalent to F'(z,y). Therefore, since we assumed that F' has the smallest
Mahler measure among its equivalent forms, we get

(19) [[max(1, 181 (2,y) — m(z,y))) = M(F).

=1

For each set X; that is not empty, let (w(i),y(i)) be the element with the largest
value of y. Let X be the set of solutions of (1) with 1 <y < Yy minus the elements
(™ M), .., (279, y("+9)). Suppose that, for integer i, the set X; is non-empty.
Index the elements of X; as

(mg)ayj([ ))>a( ()5y’L()Z))7

so that o\ < ... <y (note that (z{”,4)) = (2@, y®)). By Lemma 7.2
(#)
2 Y
?max< ﬁz(xk ayk )D < k(_:)l
Yk

for k=1...,v— 1. Hence

I 2o

(x7y)€x ﬂ S

Bl u"|) < o

For (z,y) in X but not in X; we have, by Lemma 7.3,

2
- max (1
Thus
2
H — max (1,
7
(z,y)ex

Let |X| be the cardinality of X. Comparing the above inequality with (19), we
obtain

) ((2) )™ <

for we have r + s different X; . Therefore, by (8), we have

(i) ' M(F) > M(F)°.

Bilal) u")|) < vo.

Here § = 6(D) may be taken equal to %, for the discriminant D is assumed to be
very large. From here and by (20),

(r+ s)log Yo
Xl < Olog M(F)

Thus, when Yy = M(F)? and Dy is large enough, we have |X| < 4(r + s). Con-
sequently, there are at most 5(r + s) solutions (z,y) with 0 < y < M(F)2. We
should remark here that we repeat Stewart’s [22] approach for counting solutions
with small y and no improvement has taken place in estimating 6. The reason that
our value for 6 is smaller is that we are working with forms with larger discriminant.

In order to count the number of solutions (z, y) with M (F)? < y < M(F)+(n=1%
we will need the following refinement of an inequality of Lewis and Mahler:



REPRESENTATION OF UNITY BY BINARY FORMS 15

Lemma 7.4. Let F be a binary form of degree n > 3 with integer coefficients and
nonzero discriminant D. For every pair of integers (x,y) with y # 0

2 =Ipn=1/2 (M(F))" "2 |F(x, )|

) x
min oo — —| < ,
o y [ D2y
where the minimum is taken over the zeros a of F(z,1).
Proof. This is Lemma 3 of [22]. O

Lemma 7.5. Let F(z,y) be a binary form with integgral coefficients, degree n and
discriminant D, where |D| > Dg(n). Suppose that a; is a real root of F(z,1) = 0.
Then related to «;, there are at most 2 solutions for equation (1) in integers x and
y with M(F)? < y < M(F)+®=1%,

Proof. Assume that (z1,y1), (22,y2) and (x3,ys3) are three distinct solutions to (1)
and all related to a; with yz > yo >y > M(F)?. By Lemma 7.4, for j = 1,2, we

have
onpn—1/2 (M(F))H*Q

Ti+l %)

Yitr Yl |D[V/2|y;|™
Since (z1,91), (x2,y2) and (x3,y3) are distinct solutions, for j = 1,2, we have
|zj41y5 — 29j41| > 1. Therefore,

1 o T M(F)"—2

yivirrl vyl Tyl

This is because we assumed that | D] is large. Thus,
n—l

(21) W < Yjt1-

Following Stewart [22], we define §;, for j = 1,2,3, by
yj = M(F)"+o.

By (8), M(F) > 1 and so (21) implies that
(n=1)d; < dj41.

From here, we conclude that

Y3 > M(F)1+(n71)2.
In other words, related to each real root «;, there are at most 2 solutions in x and
y with M(F)? < y < M(F)+(0=17, 0

Lemma 7.6. Let F(x,y) be a binary form with integral coefficients, degree n and
discriminant D, where |D| > Dg(n). Suppose that «; is a non-real root of F(z,1) =
0. Then related to o, there exists at most 1 solution to equation (1) in integers x
and y with M(F)? < y < M(F)+(n=1*,

Proof. Assume that (z1,y1) and (z2,y2) are two distinct solutions to (1) and all
related to a;, a non-real root of F(z,1) = 0, with yo > y; > M(F)2. Similar to
(21) in the proof of Lemma 7.5, we have

n—1

Y1
— - < .
M(Fyn—2 =¥
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This contradicts (11), since y; > M(F)? and M(F) is large. Therefore, related
to each non-real o, there is at most 1 solutions in = and y with M(F)? < y <
M(F)tHn=17% O

So we conclude that there are at most 7r + 6s solutions (z,y) with 0 < y <
M(F)*(=D* {5 equation (1) when F(z,1) = 0 has r real roots and 2s non-real
ones.

Stewart [22] invented the above method to count all solutions with y > M (F)2.

He obtained the bound
log 331890
41 25007070
log(n — 1)
for the number of solutions to (1) with y > M(F)? (see page 815 of [22]). Our

log 331890 " rpyig gives us a better bound for

method allows us to save the summand T27==5.
g(n—1)

binary forms with smaller degree.

The rest of paper is devoted to count the number of solutions (z,y) with y >
M (F)”("’l)z. As we commented in Section 5, we need to consider this case only
when we study the solutions (x,y) related to the real roots of F(z,1) = 0.

Lemma 7.7. For every fized integer m, there are at most 2r + 2s — 2 solutions
(x,y) to (1) for which in (16), myys = m.
Proof. Let S be the (r + s — 1)-dimensional affine space of all vectors

r+s

$(1,0)+ > milog(t(N)) (i €R).

i=2
Let py+s = m. Then the points
r+s—1

¢(1,0) + Z pilog (7(Ai)) +mlog (T(Arys))

form an (r + s — 2)-dimensional hyperplane Sy of S. Put f(t) = F(¢,1). For t € R,
define y(¢) and z(t) as follows:

y(t) = Ifon,
x(t) = ty(t).
Similar to ¢(x,y), we define the curve ¢(t) on R:
¢(t) = (¢)1 (t)’ ¢2(t)’ SERE) ¢)n(t)) >

where, for 1 < m < n,

D7 (a(t) — (1)) |

/' (em)
Observe that for an integral solution (x,y) to (1) and ¢(x,y) defined in (13), we

have
$(x,y) = ¢ (;c) .

Let N = (Ny,...,N,) € S be the normal vector of S;. Then the number of
times that the curve ¢(t) intersects S equals the number of solutions in ¢ to

(22) N.¢(t) = 0.

Om(t) = log

1
n—2
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We have
lim log |t — a;| = —o0
t—>04;r
and
lim log|t — a;| = —o0.
t—oy

Note that if «; is a non-real root of F'(z,1) then &;, the complex conjugate of «; is
also a root and we have

log |t — ;| = log |t — @;].

If aq,...,a, are the reals roots and @41, ..., 45, ¥rysily- .., Qrtpos are non-real
. = . . d N2 . P(t)
roots with a1 sy, = @y, then the derivative 2 (N.(b(t) can be written as IOk

where Q(t) = (t —a1) ... (t —ap)(t — apg1) ... (t — ar4s) and P(¢) is a polynomial
of degree r + s — 1. Therefore, the derivative has at most r + s — 1 zeros and
consequently, the equation (22) can not have more than 2r 4+ 2s — 2 solutions. O

Definition of the set 2. Assume that equation (1) has more than 2r + 2s — 2
solutions. Then we can list (1,0) and 2r + 2s — 3 other solutions (z;,y;) (1 <i <
2r + 2s — 3), so that ||¢(x;,y;)|| are the smallest among all ||¢(z,y)||, where (x,y)
varies over all non-trivial pairs of solutions. We denote the set of all these 2r+42s—2
solutions by 2.

The important property of 2 is that for every solution (zg,y0) € 2 and every
solution (z,y) € A to (1) with y > M (F)*"=1" by Lemma 6.3 and the definition,
we have

[6(z0, yo)ll < llo(z, y)|l -
Corollary 7.8. Let (z,y) € 2 be a solution to (1) with y > M(F)**"=1%_ Then
log (T(A2))ll < ... < [[log (T(Arss)) | < 2{|p (2, y)] -

Proof. Since we have assumed that |[log (7(A2))|| < ... < |llog (7(Arss))]], it is
enough to show that [[log (7(Ar15))|| < 2||¢(z,y)||. By Lemma 7.7, there is at least
one small solution (zg,yo) € A so that

r+s

(z,y) — ¢(w0,y0) = Z kilog (T(\:i)),

with k, # 0. Since {log (7()\;))} is a reduced basis for the lattice A in (15), by
Lemma 6.3 and from the definition of 2 we conclude that

[log (T(Ar-s))l < lo(z,y) = (o, yo)|| < 2[|d(2,y)ll -

Lemma 7.9. Suppose (z,y) & A. Then

1
1 ‘D‘n(n—l)
> 1 —_ .
oz, y)ll = 5 0g< 5 >
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Proof. Let (2,y’) € 2 be a pair of solutions to equation (1) and «; and «; be two
distinct roots of the polynomial F'(x,1). We have

/ / / /
ebile' Y ) =di(zy) _ 85 y)~d;(xy) T -y T Yy

T — Yoy T — ya;

i — oy |zy’ — ya|

|z — yoil|z — yayl
lovi — oy

|z — yaillr —ya;|

The last inequality follows from the fact that |zy’ — yz’| is a non-zero integer. Since
s < [l¢]| and [|¢(z’, y)[| < l|¢(z,y)]l, we may conclude

n(n—1)

<2e2n¢<x,y>n) =N | ‘emx',y')—@(z,y) _ em(x’,y’)—asj(x,y)’
1<i<j<n
AN I .
> H T oyop X -y
1<i<j<n T =Y T =Yyay
|ai — ay
> ]I VID.

Lcisen [T = yaillr = yog]

8. DISTANCE FUNCTIONS

Suppose that (z,y) # (1,0) is a solution to (1) and let t = £. We have

z.
n t— Q5
¢z, y) = o(t) = Y _log ez,
i=1 | f' (i) "2
where,
1
bi=—(-1,...,—1,n—1,—1,...,—1).

Without loss of generality, we will suppose that the pair of solution (z,y) is related
to ay;

|z — any| = nin |z — ajy].

We may write

n—1
t— Q5
(23) oey) = 6t) = 3 log — =% ¢, 4 B,b,,
=1 ()|
where, for 1 <i<n—1,
n—1
1 t— 1 t— o
(24) Ci=bi+71bn, E, =log | aL — T Zlog%
ne |flan)[=2 =23 ()2

One can easily observe that, for 1 <7 <mn,

n2 —3n+2

(25) ci L by, and ||ci| = .
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Lemma 8.1. Let

n—{Zlo | "_)‘ 1‘1cl—i—2;bn7 ZGR}.

Suppose that (x,y) is a solution to (1) with

|z — any| = min |z —ojy| andy > M(F)IJF("*UQ.
1<5<n

Then the distance between ¢(x,y) and the line Ly, is less than

1 —~4]6(z, )|
M(F)re=D &P ( (n+ 1) ) '

Proof. The distance between ¢(x,y) and L, is equal to

n—1

where ¢ = % We will show that when ¢ #n —1

t_ .
‘log | il

lon, —

min;z; {la; — o}’
We will consider two cases |t —a;| > |y, — ;| and [t — ;| < |, — ;. First assume
that |t — a;| > |, — a;]. We have

t=ail :10g||t_‘a” < log <|t_'a"|-+1) < ”t_‘a”|.

log
lan, — ol oy — o |, — oyl Q; — O

Now assume that |t — o;| < | — @;]. Then
t— oy — t— t—
‘log = ol = log o = aif < log (' il + 1) < | a”'.
lotn — o |t — ol |t — ol

Note that, since we assumed t is closer to «,,,

lo; — | + |, — ¢t - |y — |

it >
i =4 2 2 =9

Hence, we obtain

<2|t_a”|,

m

(26)

where m = min,»;{|a; — a;|}. This, together with (25), gives

2\/ 2-3n+2) |u|

n—l

n—1

t—al
Zlog — ci
1

where u =t — a,. Using (8), we obtain
Zlog ozz| - 2M(F)" Y(n+1)"/n(n? —3n+2)
- az| \/?;('fl — 1)

We shall estimate |u| now. From Lemma 6.2 we have

1)2 1
(n+1) log ’
4 |1‘ - any|

(27)

Jul-

||¢($ y)” _n].Og (|D|n(n P) M(F)zn 2) <
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which implies

—4llo(x, )|l 4n o one2
1 J 1 (Dn(n72)MF n_g)_
og |yu| < 12 TR ee |D| (F)

Therefore,
R S 2n—2
—4|o(z,y)|l exp (7(71%&)2 log (|D| n(n=2) M(F)™=2 ))
|u| < exp i
(n+1) |y

Comparing this with (27), since we took n > 5 and |y| > M(F)H("’l)g7 our proof
is complete. (I

For 3 distinct roots of F(z,1) =0, say «;, a;j and ay,, let us define

(t = ai)(an = ;)
(t=a;)(@n — )

9

T;.;(t) :==log ’

so that for a pair of solution (z,y) # (1,0),

a, — Q; t— o

T;j(z,y) =T;5(t) = log p— + log ‘t—az
r+s >\k

(28) = log|Ai ;| + ka log ‘/\, ,
k=2 k

where t = % , Aiyj = ﬁ , m = m(z,y) € Z, and for 2 < k < r+s, A\ are
the fundamental units of number field Q(c;) and o(A;) = A}, are the fundamental
units of the number field Q(«;) and index o is the Q-isomorphism from Q(a;) to
Q(«; ) such that o(a;) = aj. The function T'(x,y) cries out to be treated by Baker’s
theory of linear forms in logarithms. For this we will wait till the very last part of
the paper, Section 10, where we estimate |T; ;| from below. The following lemma

gives an upper bound upon |T; ;|.

Lemma 8.2. Let (z,y) be a pair of solution to (1) with |y| > M(F)!T"=1". Then
there exists a pair (i,7) for which

2
n—2 —4 ||(Z)(l‘,y)||
T35 ()] < M(F)e D P <(n+1)2> '

Proof. Let us define

3, = «; fi<n-1
Y Bicngr  ifi>n.
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Note that
n—2n—1
Z Z log? (t — Bi)(an — Biv)
k=1 i=1 (o — Bi)(t — Bivk)
S t— i t— t—
= 2(n-—2 1 2 e —4 1 — 1 — QO
(n=2) 3 log?| 72| 43 log |- log —
1=1 Jiﬁl
Jj#n
— t— o n-l t— o PR
= 2 —-9 1 2 7 _9 1 — oy 1 _ t—ay
1= i= ] 1
J#n
n—1 t— o n—1 — o o o
= n_2 log ? _2 log 7 log n i
); Qp — Oy ; Ay — Oy ynf/(an)(t—@n)(t—ai)
n—1 t o n—1 t o
= 2n =2 1 8 — —21 1 - g
n ); 0og o — o og g () (t — an) ;oga e
n—1
t—Oéi 2 1
= (2n—2)) log —2log
) ; Qn — @y ynf/(an)(t - an)

On the other hand, it follows from the proof of Lemma 8.1 that the distance between

¢(x,y) and the line

. Further, by the definition of ¢; in (24), we have

an_az

Zlo Lc,—i—zb,ﬂ, z €R,
i=1 If Oéz)l
. n—1 [t— oz,|
is equal to sz':l log —4n¢
n—1
l—ao
> ok
i=1 o — o]
n—1
Sy
i=1 |Otn 7Ol7| n—1 nf/(an ( an)
n—1
|t Oéi| 1
= log? < - lo
; an — aj n—1 " f! (o) (t — an)
n—1
t— oy
— 1 2 7 1
D e e e
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where {e;} is the standard basis for R*~!. So, there must be a pair (i, j), for
which the following holds:

2 | (t = ai)(an — @)

o <t—aj><a )
n—2n—1 ﬂz_t,_k)
S 1
(n—l Y(n —2) ;;og )(t—5+k)
B 2(n—1) =il
B (n—l )(n —2) Zl —a\

Therefore, by Lemma 8.1

(t — aq)(on — o)
(t — aj)(an — i)

|T;,5(x,y)| = |log

M(F)=2(n=3) (n+1)2

O

9. EXPONENTIAL GAP PRINCIPLE
Here our goal is to prove

Theorem 9.1. Suppose that (x1,y1), (x2,y2) and (x3,y3) are three pairs of non-
trivial solutions to (1) with

|z — any;| <1,
forj € {1,2,3}. If r1 <ry <r3 then

_ 4r V3 [loglogn 6
> M(F)*(—1 L S I (=Bt
rs > M(F) P ((n +1)2 ) 256 logn ’

where rj = || (x5, y;5)]]-

Proof. Suppose that (z1,y1), (22,y2) and (z3,ys) are three pairs of non-trivial
solutions to (1). We note that three point ¢1 = ¢(x1,41), ¢2 = ¢(x2,y2) and
¢3 = ¢(x3,y3) form a triangle A. The length of each side of A is less than 2rj3.
Lemma 8.1 shows that the height of A is at most

2 —47‘1
X .
M(Fye-D TP\ ()2

Therefore, the area of A is less than
4 —47”1
———————r3exp | —= | .
M(F)yrtn P ()2
To estimate the area of A from below, we note that © — a;y is a unit in Q(ay)
when (z,y) is a pair of solution to (1). This is because

(29)

F(z,y) = (x — a1y)(z — agy) ... (z — apy) = £1.

Define the vector € as follows

€= o(x1,41) — ¢(x2,92) = (k’g

Tr1 — o1

T1 — QY1
T2 — 01Y2

T2 — QnplY2

geeey

).
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Since z1 — oy and e — @,y are units in Q(«; ), by Lemma 4.3 we have
- 1 (loglogn 3
>nh > | .
81 ni(an) >  (“E2E")

Now we can estimate each side of A from below to conclude that the area of the
triangle A is greater than

V3 <loglogn)6

64 logn

Comparing this with (29) we conclude that

4 e ox —4r - @ loglogn 6
M(F)y =D PP 1)2 ) 7 64 \logn )
The result is immediate from here. O

Remark. If all the roots of polynomial F(z,1) are real then we can use the
following lower bound for the size of vector e:

1+5
2

€] > nlog?

(see exercise 2 on page 367 of [21]). Now an argument similar to the proof of
Theorem 9.1 shows that in this case,

M(F)rn=1) 41y V3 o 4 1+45
————exp| ——= | —n’log .
2 (n+1)2) 8 2

r3 >

10. LINEAR FORMS IN LOGARITHMS

Let o be the Q-isomorphism from Q(«;) to Q(e;) such that o(c;) = a;. Suppose
that there are three solutions (x1, y1), (%2, y2), (23, y3) to (1) satistying the following
conditions

(@, 1) € 2,
2
y > M(F)1+(n—1)
and
|z1 — anyi| = 1211.1& loy — a1 €{1,2,3}.
Assume that 7 < 7o < 13, where r; = ||¢(z;,y;)]|. We will apply Matveev’s lower
bound to
Ay — O t3 — Oy
T; j(x3,y3) =T; (ts) = log|——|+1
J(@s,ys) =T 5(ts) S Py t+log o —
r+s )\k
= log |\l +anlog ik
k=2 k

where (i, j) is chosen according to Lemma 8.2, t3 = % and ng = ng(xs3,y3) € Z. In

order to apply Proposition 4.6, we shall find appropriate values for the quantities
Ay and B in the Proposition. Since Proposition 4.6 gives a better lower bound for
linear forms in fewer number of logarithms, we will assume that A; ; and i—i}: are
multiplicatively independent and T; j(x5,ys) is a linear form in r + s logarithms.
Recall that r + s < r +2s =n.
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Let A be a unit in the number field Q(«;) and X be its corresponding algebraic
conjugate in Q(«;). Let d be the degree of Q(c, ;) over . Then A\/)\ is a unit

in Q(a;, a5) and
A A
o(5) = s (3))),

= 5 log (T + 3 llog (rV)),

= nh(A\) +nh(X).

1
2
1

We also have
1
h(XN) = h(A) = 25, Mog ()] -

Here | |1 is the L; norm on R*T*~! and mappings 7 and log are defined in (14) and
(15). So we have

HA) = o= flog (r()], < L2 o (<)

where ||.|| is the Ly norm on R"+*~! | So when A is a unit

(30) max{dh(55), log(33)|} < V2 flog (r(A) .

Therefore, by Corollary 7.8 we may choose the values Ay so that
Ap <20/2rq, for 2<k<r+s.

Let dy be the degree of Q(a;, o, o) over Q. Then di < n(n —1)(n —2). We
shall find a value for A; that is at least max{dh(y1),|logv1|} (see the statement of
Proposition 4.6). The following Lemma allows us to take

Ay 4

— =2log2+ —r;.

& og 2+ \/ﬁ’ﬁ
Lemma 10.1. Let F be a binary form of degree n at least 3 and with integral
coefficients. Assume (x,y) is a solution to (1) with y > M(F)1+(”_1)2. Then we
have

ap — oy 4
<2log2+ — .
h(S25) < 20p2+ oty

Proof. Let, 8; = ¢ — ya;. We have

ag—a;  Br—Bi
ar —aj  Pr—pB;

Thus, Lemma 4.2 implies that

(31) h (a’“_a) < 2log 2 + 4h(By).

Qp — Qy

Set v; = log |8;| = ¢i(x,y) —¢:(1,0) for i = 1,2,...n and ¥ = (vy,va,...,v,). Since
Bk is a unit, we have

1 & 1 .
h(Bk) = %Z|vz| = %(31,52,...,571) Y
i=1
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for some s1, 89, ...,8, € {+1,—1}. Noting that ||(s1, 82, ..., 8n)|| = /1, we get
1
h < —|7-
(3) < 5=
On the other hand, by Lemma 6.3 we have
170 < llo(z, y)l| + 161, 0)]| < 2[|p(z, y)|-
This, together with (31), completes the proof. O
Put
B = max {1, max{bpAr/A1: 1 <k <r+s}}.
To estimate B, we note that since we have chosen 7(\g) (2 < k < r 4+ s) so that
they are successive minima for the lattice A (see Section 6), we have

my [[log T(Ak)|| < [|é(z3, ys)ll + |¢(1, 0)[| < 2][¢(s, ys)] -

Hence, we may take B < rg3, since A; > 2. We estimate other values of the
quantities in Proposition 4.6 as follows:

d < nl
o < 60 exp(n)(n + 1)"122"+2(n + 2)(n + 5/2)n?
n — n! )
Cy < 4dlogn!,
Wo < 2logrs.

Proposition 4.6 implies that
log T; j(w3,y3) > —Klograrits
> —Klogrsry,
where the constant K can be taken equal to
(32) 480 exp(n)(n + 1)"T12™+3/2(n 1 2)(n + 5/2)n>2(n — 1)(n — 2)n! log(n!).

Comparing this with Lemma 8.2, we have

2 —4
—log (M(F)”("*l)) + log (,/ — 2) + (n +T13)2 > —K logrsri ™t

By Lemma 7.9 and since |D| > Dy(n), the value r3 is large enough to satisfy

T3

logrs
So we may find a constant K; depending only on n (see the values of C(n), Cy and
Wy in Proposition 4.6) so that

—e
e—1"

rg < Kj Ty
Notice that K1 may be chosen equal to

2 =1
<(n +1) K)
4
By Lemma 9.1, we have

6
M(F) =D exp 4ry ﬁ loglogn
(n+1)2/ 256 logn

< K1 T%'Gn
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This is a contradiction, as in the above inequality the left hand side is greater than
the right hand side. Hence, related to a root of F'(x,1) = 0, there are at most 2 solu-
tions (z,y) € 2, with y > M(F)1+("_1)2. To see the contradiction, one can consider

two different cases. If (nz%)z > e%lnﬁ then exp ((nﬁi)z) > (n‘lﬁ)z and by (8) and

6
since |D| > 222 (n + 1)1%n", the value M(F)”(”*l)ﬁ (lolgol%) exceeds the rest

. 6
of right hand side. If (rﬁ%)? < —%yneT then the value M(F)n(n—l)f\/% (loigrgln)

alone exceeds the right hand side.

Remark. To estimate the value of A; we proved Lemma 10.1. Having the
inequality

h <O‘"O‘) < 2log2 + 4h(v)
Op — QO

in hand, one may attempt to bound the logarithmic height of «, a root of F(z,1) =
0, in terms of the discriminant of F'. To do so recall that we have assumed that the
binary form F' has the smallest Mahler measure among all equivalent forms that
are monic. We need this assumption to obtain an upper bound for the number of
small solutions (see (20)). We also have

ha) = %log M(a) < %log ((n + 1)1/2H(a)) :

Therefore, we can apply Proposition 4.1 to our selected form F' and assume that
for each root a of F(x,1) = 0, we have

1
h(a) < Hlog ((n -+ )Y exp{n® D}

This will provide an explicit value for A;. Should one wish to use this to establish
a contradiction similar as above, one has to start with 5 solutions (instead of 3)
and after the contradiction, concludes that there are at most 4 solutions (instead
of 2) with large y related to each root.
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