DEFINING RELATIONS FOR AUTOMORPHISM GROUPS OF FREE ALGEBRAS

U. U. Umirbaev Eurasian National University, Astana, 010008, Kazakhstan e-mail: umirbaev@yahoo.com

Abstract. We describe a set of defining relations for automorphism groups of finitely generated free algebras of Nielsen-Schreier varieties. In particular, this gives a representation of the automorphism groups of free Lie algebras by generators and defining relations.

Mathematics Subject Classification (2000): Primary 17A36, 17A50, 17B40; Secondary 17B01, 16W20.

Key words: automorphisms, free algebras, defining relations.

1. Introduction

It is well known [4, 6, 7, 10] that all automorphisms of polynomial algebras and free associative algebras in two variables are tame. Moreover, the groups of automorphisms of polynomial algebras and free associative algebras in two variables are isomorphic and have a nice representation as a free product of groups (see, for example [2, 5]).

It was recently proved that the automorphism groups of polynomial algebras [16, 17, 22] and free associative algebras [23, 25] in three variables over a field of characteristic 0 cannot be generated by all elementary automorphisms, i.e. there exist wild automorphisms. Defining relations of the tame automorphism group of polynomial algebra in three variables were described in [23, 24].

There are several well-known descriptions of the automorphism group of a free group by generators and defining relations (see, for example [26]). P.Cohn proved [1] that all automorphisms of finitely generated free Lie algebras are tame. Later this result was extended to free algebras of Nielsen-Schreier varieties [9]. Recall that a variety of universal algebras is called Nielsen-Schreier, if any subalgebra of a free algebra of this variety is free, i.e. an analog of the classical Nielsen-Schreier theorem is true. The varieties of all nonassociative algebras [8], commutative and anticommutative algebras [18], Lie algebras [18, 27] are Nielsen-Schreier. Other examples of Nielsen-Schreier varieties can be found in [11, 15, 19, 20].

So, the automorphism groups of free algebras of Nielsen-Schreier varieties are generated by all elementary automorphisms. In this paper we describe a set of defining relations of these groups. In fact, we show that the relations for elementary automorphisms studied in [23, 24] are defining relations in this case. Note that groups of automorphisms of free algebras of Nielson-Schreier varieties (tame automorphism groups of polynomial algebras 1

and free associative algebras) of rank at least four over a field of characteristic 0 do not admit a faithful representation by matrices over any field [14].

The paper is organized as follows. In Section 2 we describe a set of relations for elementary automorphisms and repeat the proofs of two lemmas from [24] for completeness. In Section 3 we give some well-known definitions and theorems about free algebras. In Section 4 we prove the main result.

2. Defining relations

Let F be an arbitrary field, and let M be an arbitrary variety of linear algebras over F . By A = F_M < x_1, x_2, . . . , x_n > denote the free algebra of M with a free set of generators X = {x_1, x_2, . . . , x_n}, and by Aut A denote the group of all automorphisms of this algebra. Let ϕ = (f_1, f_2, . . . , f_n) denote an automorphism ϕ of A such that ϕ(x_i) = f_i, 1 ≤ i ≤ n. An automorphism

σ(i, α, f) = (x_1, . . . , x_{i−1}, αx_i + f, x_{i+1}, . . . , x_n), (1) where 0 ≠ α ∈ F, f ∈ F_M < X \ {x_i} >, is called elementary. The subgroup T A(A) of Aut A generated by all elementary automorphisms is called the tame automorphism group, and the elements of this subgroup are called tame automorphisms of A. Nontame automorphisms of A are called wild.

Now we describe some relations for elementary automorphisms (1). It is easy to check that

σ(i, α, f)σ(i, β, g) = σ(i, αβ, βf + g). (2) Note that from this we obtain trivial relations σ(i, 1, 0) = id, where 1 ≤ i ≤ n. If i ≠ j and f ∈ F_M < X \ {x_i, x_j } >, then we have also

σ(i, α, f)^{−1}σ(j, β, g)σ(i, α, f) = σ(j, β, σ(i, α, f)^{−1}(g)). (3) Consequently, if i ≠ j and f, g ∈ F_M < X \ {x_i, x_j} >, then the automorphisms σ(i, α, f), σ(j, β, g) commute.

For every pair of integers k, s, where 1 ≤ k ≠ s ≤ n, we define a tame automorphism (ks) by putting

(ks) = σ(s, −1, x_k)σ(k, 1, −x_s)σ(s, 1, x_k).

Note that the automorphism (ks) of the algebra A just permutes the variables x_k and x_s. Now it is easy to see that

σ(i, α, f)^{(ks)} = σ(j, α, (ks)(f)), (4) where x_j = (ks)(x_i).

Let G(A) be the abstract group with generators (1) and defining relations (2)–(4).

Lemma 1. The subgroup of G(A) generated by all elements (ks), where 1 ≤ k ≠ s ≤ n, is isomorphic to the symmetric group S_n. 2

Proof. By (2) and (3), we have

(ks)^2 = σ(s, −1, x_k)σ(k, 1, −x_s)σ(s, 1, x_k)σ(s, −1, x_k)σ(k, 1, −x_s)σ(s, 1, x_k) = σ(s, −1, x_k)σ(k, 1, −x_s)σ(s, −1, 0)σ(k, 1, −x_s)σ(s, 1, x_k) = σ(s, −1, x_k)σ(s, −1, 0)σ(k, 1, −x_s)^{σ(s,−1,0)}σ(k, 1, −x_s)σ(s, 1, x_k) = σ(s, 1, −x_k)σ(k, 1, x_s)σ(k, 1, −x_s)σ(s, 1, x_k) = σ(s, 1, −x_k)σ(s, 1, x_k) = id.

Then (4) gives (ks)^{(sk)} = σ(s, −1, x_k)^{(sk)}σ(k, 1, −x_s)^{(sk)}σ(s, 1, x_k)^{(sk)} = σ(k, −1, x_s)σ(s, 1, −x_k)σ(k, 1, x_s) = (sk), i.e. (ks) = (sk). Now it is not difficult to deduce from (2)–(4) that [(ij), (ks)] = id, (ik)^{(is)} = (ks), where i, j, k, s are all distinct. It is immediate that the given relations imply the defining relations of the group S_n with respect to the system of generators (i i + 1), where 1 ≤ i ≤ n − 1, which are indicated in [3]. □

By Lemma 1, the elements of the symmetric group S_n can be identified with elements of G(A). Note that (4) can be rewritten as σ(i, α, f)^π = σ(π^{−1}(i), α, π^{−1}(f)), where π ∈ S_n.

It is well known that the group of affine automorphisms Af_n(F ) of the algebra A is generated by all affine elementary automorphisms.

Lemma 2. The relations (2)–(4) for elementary affine automorphisms are defining relations of the group Af_n(F ).

Proof. Let φ be a product of elementary affine automorphisms. Suppose that φ = id. By (2) and (3), we can represent φ in the form φ = σ(1, 1, α_1)σ(2, 1, α_2) . . . σ(n, 1, α_n)φ^′, where φ^′ is a product of elementary linear automorphisms. Obviously, α_1 = α_2 = . . . = α_n = 0. Therefore we can assume that φ is a product of elementary linear automorphisms. By (2) and (3), we can easily represent φ in the form φ = σ(1, α_1, 0)σ(2, α_2, 0) . . . σ(n, α_n, 0)φ^′, where φ^′ is a product of elementary automorphisms of the type σ(i, 1, f). By (2)–(4), we have σ(k, α, 0) = σ(s, α, 0)^{(ks)} = σ(s, −1, x_k)σ(k, 1, −x_s)σ(s, 1, x_k)σ(s, α, 0)σ(s, −1, x_k)σ(k, 1, −x_s)σ(s, 1, x_k) = σ(s, −1, x_k)σ(k, 1, −x_s)σ(s, −α, 0)σ(s, 1, (1 − α)x_k)σ(k, 1, −x_s)σ(s, 1, x_k) = σ(s, −1, x_k)σ(s, −α, 0)σ(k, 1, α^{−1}x_s)σ(s, 1, (1 − α)x_k)σ(k, 1, −x_s)σ(s, 1, x_k) = σ(s, α, 0)σ(s, 1, −αx_k)σ(k, 1, α^{−1}x_s)σ(s, 1, (1 − α)x_k)σ(k, 1, −x_s)σ(s, 1, x_k). 3

By using this relation, we can represent φ in the form φ = σ(n, β_n, 0)φ^′, where φ^′ is a product of elementary linear automorphisms of the form σ(i, 1, f). Hence β_n = 1. Note that σ(i, 1, f) can be represented as a product of automorphisms X_{ij}(λ) = σ(j, 1, λx_i), λ ∈ F, i ≠ j. (5) Thus, we can assume that φ is a product of automorphisms of the form (5).

Let G be the subgroup of T A(A) generated by all automorphisms of the form (5). We define a map J : G −→ SL_n(F ), where J(ψ) is the Jacobian matrix of ψ ∈ G. By e_{ij} denote the standard matrix units and by E_{ij} (λ) denote the elementary matrix E + λe_{ij} , where E is the unit matrix, i ≠ j, and λ ∈ F . It is easy to check that J(X_{ij} (λ)) = E_{ij}(λ), and that J is an isomorphism of groups.

Now it is sufficient to prove that every relation of the group SL_n(F ) is a corollary of (2)–(4). Obviously, (2)–(3) cover the Steinberg relations (see, for example [13]). Besides, according to [13], we need to check the relation {u, v} = id, 0 ≠ u, v ∈ F, where {u, v} = h_{ij} (uv)h_{ij}(u)^{−1}h_{ij}(v)^{−1},

h_{ij} (u) = w_{ij}(u)w_{ij}(−1), w_{ij} (u) = X_{ij} (u)X_{ji}(−u^{−1})X_{ij}(u).

Applying (2)–(4) we have w_{ij}(u) = σ(j, 1, ux_i)σ(i, 1, −u^{−1}x_j )σ(j, 1, ux_i) = σ(j, 1, ux_i)σ(i, u, 0)σ(i, 1, −x_j)σ(i, u^{−1}, 0)σ(j, 1, ux_i) = σ(i, u, 0)σ(j, 1, ux_i)^{σ(i,u,0)}σ(i, 1, −x_j )σ(j, 1, ux_i)^{σ(i,u,0)}σ(i, u^{−1}, 0) = σ(i, u, 0)σ(j, 1, x_i)σ(i, 1, −x_j )σ(j, 1, x_i)σ(i, u^{−1}, 0) = σ(i, u, 0)σ(j, −1, 0)σ(j, −1, x_i)σ(i, 1, −x_j )σ(j, 1, x_i)σ(i, u^{−1}, 0) = σ(i, u, 0)σ(j, −1, 0)(ij)σ(i, u^{−1}, 0) = (ij)σ(i, u, 0)^{(ij)}σ(j, −1, 0)^{(ij)}σ(i, u^{−1}, 0) = (ij)σ(j, u, 0)σ(i, −1, 0)σ(i, u^{−1}, 0) = (ij)σ(j, u, 0)σ(i, −u^{−1}, 0).

Consequently,

h_{ij} (u) = w_{ij}(u)w_{ij}(−1) = (ij)σ(j, u, 0)σ(i, −u^{−1}, 0)(ij)σ(j, −1, 0)σ(i, 1, 0) = σ(j, u, 0)^{(ij)}σ(i, −u^{−1}, 0)^{(ij)}σ(j, −1, 0) = σ(i, u, 0)σ(j, −u^{−1}, 0)σ(j, −1, 0) = σ(i, u, 0)σ(j, u^{−1}, 0). 4

Hence

{u, v} = h_{ij}(uv)h_{ij}(u)^{−1}h_{ij} (v)^{−1} = σ(i, uv, 0)σ(j, (uv)^{−1}, 0)σ(i, u, 0)σ(j, u^{−1}, 0)σ(i, v, 0)σ(j, v^{−1}, 0) = id.

Thus we can say that every relation of the group SL_n(F ) follows from (2)–(4). □

3. Reductions of automorphisms

Let M be an arbitrary homogeneous variety of linear algebras over a field F . Recall that if F is infinite, then any variety of linear algebras over F is homogeneous [28]. Let A = F_M < x_1, x_2, . . . , x_n > be the free algebra of M with free generators x_1, x_2, . . . , x_n. The highest homogeneous part f and the degree deg f can be defined in the usual way. If f_1, f_2, . . . , f_k ∈ A, then denote by < f_1, f_2, . . . , f_k > the subalgebra of A generated by these elements.

Let θ = (f_1, f_2, . . . , f_k) be an arbitrary k-tuple of elements of the algebra A. The number

deg θ = deg f_1 + deg f_2 + . . . + deg f_k

is called the degree of θ.

Recall that an elementary transformation of a k-tuple θ = (f_1, f_2, . . . , f_k) is, by definition, a transformation that changes only one element f_i to an element of the form αf_i + g, where 0 ≠ α ∈ F and g ∈ ⟨{f_j|j ≠ i}⟩. The notation

θ → τ

means that the k-tuple τ is obtained from θ by a single elementary transformation. A k-tuple θ is called elementarily reducible or admits an elementary reduction if there exists a k-tuple τ such that θ → τ and deg τ < deg θ. The element f_i of the k-tuple θ which was changed in τ to an element of less degree is called reducible and we will say also that f_i is reduced in θ by the k-tuple τ.

Consider a finite number of elements

f_1, f_2, . . . , f_k (6) of the algebra A. The elements (6) are called free if the subalgebra < f_1, f_2, . . . , f_k > of A is a free algebra of the variety M with free generators (6). If

f_i /∈< f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_n >

for any i, then the elements (6) are called reduced.

From any k-tuple (f_1, f_2, . . . , f_k) by several elementary transformations we can get a k-tuple (g_1, g_2, . . . , g_s, 0, . . . , 0), where s ≤ k, such that the elements g_1, g_2, . . . , g_s are reduced. Note that < f_1, f_2, . . . , f_k >=< g_1, g_2, . . . , g_s >.

The statement of the next lemma is well known (see, for example [18]) and very useful in studying free algebras.

Lemma 3. Assume that the elements f_1, f_2, . . . , f_k are free. If f ∈< f_1, f_2, . . . , f_k >, then f ∈< f_1, f_2, . . . , f_k >. 5

From now on we assume that M is a homogeneous Nielsen-Schreier variety of linear algebras. The main property of Nielsen-Schreier varieties is given in the next lemma (see, for example [9]).

Lemma 4. Assume that f_1, f_2, . . . , f_k are homogeneous elements of A and deg f_1 ≤ deg f_2, ≤ . . . ≤ deg f_k. If the elements f_1, f_2, . . . , f_k are not free, then there exists i such that f_i ∈< f_1, f_2, . . . , f_{i−1} >.

Corollary 1. Any finite reduced system of elements of the algebra A is free.

Note that the statement of this corollary for infinite systems of elements is also true [9]. Free systems of elements in free algebras were studied in [12, 21] via Fox derivatives. Corollary 2. Any automorphism of the algebra A of degree more than n is elementarily reducible.

Corollary 3. Automorphisms of the algebra A are tame.

Suppose that θ = (f_1, f_2, . . . , f_n) and σ(i, α, f) is an elementary automorphism of the form (1). If τ = (f_1, . . . , f_{i−1}, αf_i + f(f_1, . . . , f_n), f_{i+1}, . . . , f_n), then instead of θ → τ we often write θ^{σ(i,α,f)}−→ τ.

Assume that θ = ϕ_1ϕ_2 . . . ϕ_r ∈ Aut A, (7) where ϕ_i, 1 ≤ i ≤ r, are elementary automorphisms. Put ψ_i = ϕ_1ϕ_2 . . . ϕ_i, 0 ≤ i ≤ r.

In particular, we have ψ_r = θ, ψ_0 = id.

To (7) corresponds the sequence of elementary transformations id = ψ_0^{ϕ1}→ ψ_1^{ϕ2}→ ψ_2^{ϕ3}→ . . .^{ϕr}→ ψ_r = θ. (8) So, every tame automorphism θ has a sequence of elementary transformations of the form (8). If deg θ > n and deg ψ_i < deg θ for any i < r, then the sequence (8) will be called a minimal representation of θ. Note that the representations (7) and (8) of the automorphism θ are equivalent. If (8) is a minimal representation of θ, then the representation (7) will be also called a minimal representation of θ. 4. The main result

As above, M is a homogeneous Nielsen-Schreier variety of linear algebras over a field F , and A = F_M < x_1, x_2, . . . , x_n > is a free algebra of M. We know that T A(A) = Aut A and the elementary automorphisms (1) are generators of the group Aut A. 6

Theorem 1. The relations (2)–(4) are defining relations of the group Aut A with respect to the generators (1).

Beginning of the proof. Assume that φ_1φ_2 . . . φ_k = id = (x_1, x_2, . . . , x_n), (9) where φ_i, 1 ≤ i ≤ k, are elementary automorphisms. Put θ_i = φ_1φ_2 . . . φ_i, 0 ≤ i ≤ k.

In particular, we have θ_0 = θ_k = (x_1, x_2, . . . , x_n). To (9) corresponds the sequence of elementary transformations id = θ_0^{φ1}→ θ_1^{φ2}→ . . .^{φk}→ θ_k = id.

(10)

Put d = max{deg θ_i|0 ≤ i ≤ k}. Let i_1 be the minimal number and i_2 be the maximal number which satisfy the equations deg θ_{i1} = d and deg θ_{i2} = d. Put q = i_2 − i_1. The pair (d, q) will be called the exponent of the relation (9).

To prove the theorem, we show that (9) follows from (2)–(4). Assume that our theorem is not true. Call a relation of the form (9) trivial if it follows from (2)–(4). We choose a nontrivial relation (9) with the minimal exponent (d, q) with respect to the lexicographic order. To arrive at a contradiction, we show that (9) is also trivial.

If d = n, then Lemma 2 gives the triviality of the relation (9). Therefore we can assume that d > n.

Our plan is to change the product (9) by using (2)–(4) and to obtain a new sequence (10) whose exponent is strictly less than (d, q). Below we prove Lemmas 5–14 and then complete the proof of the theorem. □

Denote by t = [^q_2 ] the integral part of^q_2 . Put also

ϕ = θ_{i1 +t−1}, θ = θ_{i1+t}, τ = θ_{i1+t+1}, σ_1 = φ_{i1+t}, σ_2 = φ_{i1+t+1}. Then we have ϕ^{σ1}−→ θ^{σ2}−→ τ.

(11) Lemma 5. The following statements are true:

(1) d = deg θ, t = 0, and θ = φ_1φ_2 . . . φ_{i1+t}

(12)

is a minimal representation of θ. (2) If q = 0, then θ = φ^{−1}_k φ^{−1}_{k−1} . . . φ^{−1}_{i1+t+1} is also a minimal representation of θ.

(3) If q = 1, then (d(τ), t(τ)) = (d, t) and τ = φ^{−1}_k φ^{−1}_{k−1} . . . φ^{−1}_{i1+t+2} is a minimal representation of τ. Moreover, in (9) the product (12) can be replaced by an arbitrary minimal representation of θ. 7

Proof. Assume that (d(θ), t(θ)) < (d, t) and let (7) be a minimal representation of θ. Then (9) is a consequence of the equalities φ_1φ_2 . . . φ_{i1+t}ϕ^{−1}_r . . . ϕ^{−1}_2 ϕ^{−1}_1 = id,

(13) ϕ_1ϕ_2 . . . ϕ_rφ_{i1+t+1} . . . φ_{k−1}φ_k = id.

(14) To (13) corresponds the sequence of elementary transformations

(x_1, x_2, . . . , x_n) → θ_1 → . . . → θ_{i1+t} = θ = ψ_r → ψ_{r−1} . . . → ψ_1 → (x_1, x_2, . . . , x_n), and to (14) corresponds (x_1, x_2, . . . , x_n) → ψ_1 → . . . → ψ_r = θ = θ_{i1 +t} → θ_{i1+t+1} → . . . → θ_{k−1} → (x_1, x_2, . . . , x_n). Since (d(θ), t(θ)) < (d, t), it follows that (13) and (14) have exponents strictly less than (d, q). This gives the first statement of the lemma.

It is obvious that the relation φ^{−1}_k φ^{−1}_{k−1} . . . φ^{−1}_1 = id has the same exponent (d, q). Applying the first statement of the lemma to this relation, we get the second statement of the lemma, as well as the minimality of the representation of τ if q = 1. If q = 1, then (13) has exponent strictly less than (d, q), and (14) has the exponent (d, q). Consequently, (9) and (14) are equivalent modulo (2)–(4). Thus θ can be changed by an arbitrary minimal representation in (14). □

Put θ = (f_1, f_2, . . . , f_n). According to Lemma 5, t = 0, q = 0, 1, and deg ϕ < deg θ = d ≥ deg τ.

Without loss of generality, we can assume that

τ = (f_1, f_2, . . . , f_{n−1}, f),

(15) where f = βf_n + B, B = b(f_1, f_2 . . . , f_{n−1}), deg B ≤ deg f_n.

Lemma 6. If ϕ reduces the element f_n of θ, then the relation (9) is trivial.

Proof. Applying (2) we can replace σ_1σ_2 by an elementary automorphism. Obviously, this replacement also decreases the exponent of (10). □

By Lemma 6, we can assume that ϕ reduces one of the elements f_1, f_2, . . . , f_{n−1} of θ. Lemma 7. Assume that ϕ reduces the element f_i of θ, where 1 ≤ i ≤ n − 1. If ϕ^′ also reduces the element f_i of θ, then in (11) the automorphism ϕ can be replaced by ϕ^′.

Proof. According to (2), in this case the elementary transformation ϕ → θ can be changed to ϕ → ϕ^′ → θ. Since deg ϕ^′ < deg θ = d, the exponent (d, q) of the sequence (10) does not change after this replacement. But in the new sequence (10) we have ϕ^′ instead of ϕ. □

From now on we assume that ϕ reduces the element f_i of θ, where 1 ≤ i ≤ n − 1. Taking Lemma 7 into account, we can assume that ϕ = (f_1, . . . , f_{i−1}, g_i, f_{i+1}, . . . , f_n),

(16) 8

where g_i = f_i − C, C = c(f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_n), deg g_i < deg f_i.

Thus, we defined the members of the sequence (11) and we have

σ_1 = σ(i, 1, c(x_1, . . . , x_{i−1}, x_{i+1}, . . . , x_n)), σ_2 = σ(n, β, b(x_1 . . . , x_{n−1})). Lemma 8. If the elements f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_{n−1} are not free, then the relation (9) is trivial.

Proof. If the elements f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_{n−1} are not free, then according to Lemma 4, there exists r such that f_r ∈< f_1, . . . , f_{r−1}, f_{r+1}, . . . , f_{i−1}, f_{i+1}, . . . , f_{n−1} > .

Suppose that f_r = T (f_1, . . . , f_{r−1}, f_{r+1}, . . . , f_{i−1}, f_{i+1}, . . . , f_{n−1}) and put g_r = f_r − T (f_1, . . . , f_{r−1}, f_{r+1}, . . . , f_{i−1}, f_{i+1}, . . . , f_{n−1}).

Then deg g_r < deg f_r. Put also ψ_1 = (f_1, . . . , f_{r−1}, g_r, f_{r+1}, . . . , f_{i−1}, g_i, f_{i+1}, . . . , f_{n−1}, f_n), ψ_2 = (f_1, . . . , f_{r−1}, g_r, f_{r+1}, . . . , f_{i−1}, f_i, f_{i+1}, . . . , f_{n−1}, f_n), ψ_3 = (f_1, . . . , f_{r−1}, g_r, f_{r+1}, . . . , f_{i−1}, f_i, f_{i+1}, . . . , f_{n−1}, f).

Then we have the sequence of elementary transformations ϕ^{δ1}−→ ψ_1^{δ2}−→ ψ_2^{δ3}−→ ψ_3^{δ4}−→ τ,

(17) where

δ_4 = σ(r, 1, T (x_1, . . . , x_{r−1}, x_{r+1}, . . . , x_{i−1}, x_{i+1}, . . . , x_{n−1})), δ_1 = δ^{−1}_4 , δ_2 = σ(i, 1, c(x_1, . . . , x_{r−1}, δ_4(x_r), x_{r+1}, . . . , x_{i−1}, x_{i+1}, . . . , x_n)), δ_3 = σ(n, β, b(x_1, . . . , x_{r−1}, δ_4(x_r), x_{r+1}, . . . , x_{n−1})).

By (3) we have δ_1δ_2δ_3δ_4 = δ^{δ4}_2 δ^{δ4}_3 = σ_1σ_2.

Then, we can replace the subsequence (11) of (10) by (17). Since deg ψ_1, deg ψ_2, deg ψ_3 < d, the new sequence (10) has the exponent less than (d, q). Consequently, the relation (9) is trivial. □ Lemma 9. If f_i ∈ ⟨f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_{n−1}⟩, then (9) is trivial.

Proof. Assume that f_i = T (f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_{n−1}).

According to Lemma 7, we can suppose that g_i = f_i − T (f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_{n−1}). 9

Then σ_1 = σ(i, 1, T ). By (3), we have σ_1σ_2 = σ(n, β, b_1)σ_1, where b_1 = σ_1(b) ∈ F_M < x_1, . . . , x_{n−1} >. After the corresponding replacement in (9), θ is replaced by θ^′ = (f_1, . . . , f_{i−1}, g_i, f_{i+1}, . . . , f_{n−1}, f) in (10). Since deg θ^′ < d, the exponent of (9) is decreased. □ Lemma 10. If f_n ∈ ⟨f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_{n−1}⟩, then the relation (9) is trivial.

Proof. Assume that f_n = T (f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_{n−1}) and put g_n = f_n − T (f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_{n−1}).

According to (3), we have σ_1 = σ(i, 1, c(x_1, . . . , x_{i−1}, x_{i+1}, . . . , x_n)) = δ_1δ_2δ_3, where δ_1 = σ(n, 1, −T (x_1, . . . , x_{i−1}, x_{i+1}, . . . , x_{n−1})), δ_2 = σ(i, 1, c_1(x_1, . . . , x_{i−1}, x_{i+1}, . . . , x_n)), δ_3 = σ(n, 1, T (x_1, . . . , x_{i−1}, x_{i+1}, . . . , x_{n−1})).

After the corresponding replacement in (9), the elementary transformation ϕ → θ is replaced by the sequence of elementary transformations ϕ → ψ_1 → ψ_2 → θ, where ψ_1 = (f_1, . . . , f_{i−1}, g_i, f_{i+1}, . . . , f_{n−1}, g_n), ψ_2 = (f_1, . . . , f_{i−1}, f_i, f_{i+1}, . . . , f_{n−1}, g_n).

Since deg ψ_1, deg ψ_2 < d = deg θ, the new sequence (10) has the same exponent (d, q). However, instead of ϕ we have ψ_2, which reduces the element f_n of θ. By Lemma 6, we obtain the triviality of (9). □ Lemma 11. If B does not depend on f_i, then (9) is trivial.

Proof. It means that b does not depend on x_i. By (3) we have σ_1σ_2 = σ(i, 1, c)σ(n, β, b) = σ(n, β, b)σ(2, 1, c_1), where c_1 = σ(n, β, b)^{−1}(c) ∈ F_M < X \ {x_i} >. After the corresponding replacement in (9), instead of θ we obtain ψ = (f_1, . . . , f_{i−1}, g_i, f_{i+1}, . . . , f_{n−1}, f).

Since deg ψ < d, this replacement also decreases the exponent of (9). □ Lemma 12. If f_i = γf_n + T (f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_{n−1}), then (9) is trivial. 10

Proof. By Lemma 9, we can assume that γ ≠ 0. By Lemma 7, we can also assume that C = γf_n + T (f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_{n−1}). Consequently, g_i = f_i − γf_n − T (f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_{n−1}), f_i = g_i + γf_n + T (f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_{n−1}), f_n = − 1 γ g_i + 1 γ f_i − 1 γ T (f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_{n−1}).

These equalities give rise to the sequence of elementary transformations ψ_1 → ψ_2 → θ, where ψ_1 = (f_1, . . . , f_{i−1}, f_n, f_{i+1}, . . . , f_{n−1}, g_i), ψ_2 = (f_1, . . . , f_{i−1}, f_i, f_{i+1}, . . . , f_{n−1}, g_i).

We have

σ_1 = σ(i, 1, γx_n + T ) = σ(i, 1, γx_n + T (x_1, . . . , x_{i−1}, x_{i+1}, . . . , x_{n−1})). Applying (2) and (3) we get

σ_1 = σ(i, 1, γx_n)σ(i, 1, T ) = σ(i, 1, γx_n)σ(n, −γ, x_i)σ(n, − 1 γ , 1 γ x_i)σ(i, 1, T )

= σ(i, 1, γx_n)σ(n, −γ, x_i)σ(i, 1, T )σ(n, − 1 γ , 1 γ x_i)^{σ(i,1,T )}

= σ(i, 1, γx_n)σ(n, −γ, x_i)σ(i, 1, T )σ(n, − 1 γ , 1 γ (x_i − T ))

= σ(i, 1, γx_n)σ(n, −γ, x_i)σ(i, 1 γ , − 1 γ x_n)σ(i, γ, x_n + T )σ(n, − 1 γ , 1 γ (x_i − T )).

Since the transposition (in) ∈ S_n can be factored as a product of linear elementary automorphisms

(in) = σ(i, 1, γx_n)σ(n, −γ, x_i)σ(i, 1 γ , − 1 γ x_n),

we obtain

σ_1 = (in)σ(i, γ, x_n + T )σ(n, − 1 γ , 1 γ (x_i − T )).

Then

θ = (in)φ^{(in)}_1 φ^{(in)}_2 . . . φ^{(in)}_{i1+t−1}σ(i, γ, x_n + T )σ(n, − 1 γ , 1 γ (x_i − T )),

(18)

where φ^{(in)}_j are elementary automorphisms, according to (4). To (18) corresponds the sequence of elementary transformations

(x_1, . . . , x_{i−1}, x_i, x_{i+1}, . . . , x_{n−1}, x_n) → (x_1, . . . , x_{i−1}, x_n, x_{i+1}, . . . , x_{n−1}, x_i) → θ^′_1 → θ^′_2 → . . . → θ^′_{i1+t−1} = ψ_1 → ψ_2 → θ, 11

where θ^′_i is obtained from θ_i only by the permutation of the coordinates with numbers i and n, and the transformation

(x_1, . . . , x_{i−1}, x_i, x_{i+1}, . . . , x_{n−1}, x_n) → (x_1, . . . , x_{i−1}, x_n, x_{i+1}, . . . , x_{n−1}, x_i) is a composition of three elementary linear transformations.

If in (9) we replace θ by (18), then the exponent of (10) remains the same. But instead of ϕ we have ψ_2, which reduces the element f_n of θ, and Lemma 6 gives the triviality of (9). □ Lemma 13. If the elements f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_n are free, then (9) is trivial.

Proof. By Lemma 3 and (16), we have f_i = C = c(f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_n).

By Lemma 9 we can assume that f_i depends on f_n. Consequently, deg f_n ≤ deg f_i.

Note that if the elements f_1, . . . , f_{i−1}, f_i, f_{i+1}, . . . , f_{n−1} are not free, then it follows that the elements f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_n are also not free, which contradicts the condition of the lemma. Consequently, the elements f_1, . . . , f_{i−1}, f_i, f_{i+1}, . . . , f_{n−1} are free. Then B ∈ ⟨f_1, . . . , f_{i−1}, f_i, f_{i+1}, . . . , f_{n−1}⟩. By Lemma 11 we can assume that B contains f_i. Then deg f_i ≤ deg B ≤ deg f_n, i.e. deg f_i = deg f_n. Hence C = f_i = γf_n + T (f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_{n−1}).

Lemma 12 gives the triviality of (9). □ Lemma 14. Assume that there exists r such that r ≠ i, 1 ≤ i ≤ n − 1, and f_r ∈< f_1, . . . , f_{r−1}, f_{r+1}, . . . , f_{i−1}, f_{i+1}, . . . , f_n > .

Then in (11) the automorphism ϕ can be replaced by an automorphism which reduces the element f_r of θ.

Proof. Assume that f_r = T (f_1, . . . , f_{r−1}, f_{r+1}, . . . , f_{i−1}, f_{i+1}, . . . , f_n) where T ∈ F_M < X \ {x_r, x_i} >, and put g_r = f_r − T (f_1, . . . , f_{r−1}, f_{r+1}, . . . , f_{i−1}, f_{i+1}, . . . , f_n).

By (3) we have σ_1 = σ(r, 1, −T )σ(i, 1, c_1)σ(r, 1, T ) for some c_1 ∈ F_M < X \ {x_i} >. After such replacement, instead of ϕ → θ we obtain ϕ → ψ_1 → ψ_2 → θ, where ψ_1 = (f_1, . . . , f_{r−1}, g_r, f_{r+1}, . . . , f_{i−1}, g_i, f_{i+1}, . . . , f_n), ψ_2 = (f_1, . . . , f_{r−1}, g_r, f_{r+1}, . . . , f_{i−1}, f_i, f_{i+1}, . . . , f_n).

Since deg ψ_1, deg ψ_2 < d = deg θ, the new sequence (10) has the same exponent. Then instead of ϕ in (11) we have ψ_2, which reduces the element f_r of θ. □ 12

Completion of the proof of Theorem 1. By Lemma 13, we can assume that the elements

f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_n

are not free. Then, according to Lemma 4, there exists j ≠ i such that

f_j ∈< f_1, . . . , f_{j−1}, f_{j+1}, . . . , f_{i−1}, f_{i+1}, . . . , f_n > .

By Lemma 10, we can assume that j ≠ n, i.e. j ≤ n − 1. According to Lemma 8, we can also assume that f_j depends on f_n. Consequently, deg f_j ≥ deg f_n. If deg f_j = deg f_n, then from this we can easily obtain that f_n ∈< f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_{n−1} >, and Lemma 10 gives the triviality of (9). Thus, it can be assumed that deg f_j > deg f_n. Moreover, by Lemma 14, we may assume that ϕ reduces the element f_j of θ. Interchanging f_i and f_j , from now we can assume without of generality that deg f_i > deg f_n and

f_i ∈< f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_n > .

(19)

Suppose that the elements f_1, f_2, . . . , f_{n−1} are free. By Lemma 3, B ∈< f_1, f_2, . . . , f_{n−1} >. If B depends on f_i, then deg B ≥ deg f_i > deg f_n, which contradicts (15). If B does not depend on f_i, then Lemma 11 gives the triviality of (9).

If the elements f_1, f_2, . . . , f_{n−1} are not free, then there exists r such that

f_r ∈< f_1, . . . , f_{r−1}, f_{r+1}, . . . , f_{n−1} > .

(20)

By Lemma 9, we can take r ≠ i. If f_r does not depend on f_i, then Lemma 8 gives the triviality of (9). Assume that f_r depends on f_i. Then, deg f_r ≥ deg f_i. If deg f_r = deg f_i, then from this we can obtain that f_i ∈< f_1, . . . , f_{i−1}, f_{i+1}, . . . , f_{n−1} >, and Lemma 9 gives the triviality of (9). So, we can assume that deg f_r > deg f_i. Then (19) gives that

f_i ∈< f_1, . . . , f_{r−1}, f_{r+1}, . . . , f_{i−1}, f_{i+1}, . . . , f_n > .

Consequently,

f_r ∈< f_1, . . . , f_{r−1}, f_{r+1}, . . . , f_{i−1}, f_{i+1}, . . . , f_n > .

By Lemma 14, we can assume that ϕ reduces the element f_r of θ. Then, (20) and Lemma 9 gives the triviality of (9).

This completes the proof of Theorem 1. □

Acknowledgments

I am grateful to Max-Planck Institute für Mathematik for hospitality and exellent working conditions. I am also grateful to V. Shpilrain, M. Zaidenberg for very helpful discussions and comments.

References

[1] P. M. Cohn, Subalgebras of free associative algebras. Proc. London Math. Soc. 56 (1964), 618–632. [2] P. M. Cohn, Free rings and their relations. 2nd Ed., Academic Press, London, 1985. [3] H. S. M. Coxeter, W. O. J. Mozer, Generators and relations for discrete groups. Springer-Verlag, Berlin, Heidelberg, New York, 1980.

[4] A. G. Czerniakiewicz, Automorphisms of a free associative algebra of rank 2 . I, II, Trans. Amer.

Math. Soc. 160 (1971), 393–401; 171 (1972), 309–315.

[5] A. van den Essen, Polynomial automorphisms and the Jacobian conjecture. Progress in Mathematics, 190, Birkhauser verlag, Basel, 2000.

[6] H. W. E. Jung, Uber ganze birationale Transformationen der Ebene. J. reine angew. Math. 184 (1942), 161–174.

[7] W. van der Kulk, On polynomial rings in two variables. Nieuw Archief voor Wiskunde (3)1 (1953), 33–41.

[8] A.G.Kurosh, Non-associative free algebras and free products of algebras. Rec.Math. [Mat. Sbornik] N.S. 20(62) (1947), 239–262.

[9] J. Lewin, On Schreier varities of linear algebras. Trans. Amer. Math. Soc. 132 (1968), 553–562. [10] L. Makar-Limanov, The automorphisms of the free algebra of two generators. Funksional. Anal. i Prilozhen. 4 (1970), no.3, 107-108; English translation: in Functional Anal. Appl. 4 (1970), 262–263.

[11] A. A.Ṁikhalev, Subalgebras of free colored Lie superalgebras. Mat. Zametki 37 (1985), no. 5, 653–661. [12] A. A. Mikhalev, V. Shpilrain, A. A. Zolotykh, Subalgebras of free algebras. Proc. Amer. Math. Soc.

124 (1996), no. 7, 1977–1984.

[13] J. Milnor, Introduction to algebraic K-theory. Princeton University Press, Princeton, N.J., and Univ.

of Tokyo Press, Tokyo, 1971.

[14] V. A. Roman’kov, I. V. Chirkov, M. A. Shevelin, Matrix nonrepresentability of the automorphism groups of some free algebras. Sibirsk. Mat. Zh. 45 (2004), no. 5, 1184–1188; Ehglish translation: In Siberian Math. J. 45 (2004), no. 5, 974–977.

[15] I. P. Shestakov and U. U. Umirbaev, Free Akivis algebras, primitive elements and their relations with loops. J. Algebra 250 (2002), 533–548.

[16] I. P. Shestakov, U. U. Umirbaev, The Nagata automorphism is wild. Proc. Natl. Acad. Sci. USA 100 (2003), No. 22, 12561–12563.

[17] I. P. Shestakov and U. U. Umirbaev, Tame and wild automorphisms of rings of polynomials in three variables. J. Amer. Math. Soc. 17 (2004), 197–227.

[18] A. I. Shirshov, Rings and algebras. M., Nauka, 1984.

[19] A. S. Shtern, Free Lie superalgebras. Sibirsk. Mat. Zh. 27 (1986), no. 1, 170–174. [20] U. U. Umirbaev, On Schreier varieties of algebras. Algebra i logika 33 (1994), no. 3, 317-340; Ehglish translation: In Algebra and Logic 33 (1994), no. 3, 180-193.

[21] U. U. Umirbaev, Universal derivations and subalgebras of free algebras. In Proc. 3rd Internat. Conf.

Algebra, Krasnoyarsk, Russia, Walter de Gruyter, Berlin, 1996, 255–271.

[22] U. U. Umirbaev, I. P. Shestakov, Subalgebras and automorphisms of polynomial rings. Dokl. Akad.

Nauk 386 (2002), no. 6, 745-748.

[23] U. U. Umirbaev, Defining relations for tame automorphism groups of polynomial rings and wild automorphisms of free associative algebras. Doklady Akademii Nauk 407 (2006), No. 3, 319–324. English translation: Doklady Mathematics 73 (2006), No. 2, 229–233.

[24] U. U. Umirbaev, Defining relations of the tame automorphism group of polynomial algebras in three variables. J. Reine Angew. Math. (to appear) [25] U. U. Umirbaev, The Anick automorphism of free associative algebras. J. Reine Angew. Math. (to appear) [26] W. Magnus, A. Karrass, D. Solitar, Combinatorial group theory. Presentations of groups in terms of generators and relations. Reprint of the 1976 second edition. Dover Publications, Inc., Mineola, NY, 2004.

[27] E. Witt, Die Unterringe der freien Lieschen Ringe. Math. Z. 64 (1956), 195–216.

[28] K. A. Zhevlakov, A. M. Slinko, I. P. Shestakov, A. I. Shirshov, Rings that are nearly associative. Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New York-London, 1982.