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Introduction

Anormal projective surface S over C is called a log deI Pezzo surface if
S has at most quotient singularities and -[(s is ample, where [(s denotes
the canonical divisor of S.
In part I (cf. [21) of this paper we set out to prove the following :

Main Theorenl. The fundamental group of the space of smooth points
of a log dei Pezzo sur/ace is finite.

In this part 11, we will complete the proof of this result. We will use
the notations and results from part I freely. Recall from part I that if S
is a minimal resolution of singularities of S, then we can find a "minimal"
(-l)-curve C on S (cL Lemma 3.1 and Prop. 3.6 of part I). In §3, §4, §5 of
part I, we reduced to consider the cases (11-3) and (11-4) there. As remarked
in the Introduction of part I, it suffices to consider the ~ase (11-4) (the "2
component case"), to complete the proof of our Main Theorem. This will be
done in this part 11 of our paper. As in part I, our proof for the case (11-4)
gives quite precise information about the configuration of Cu D.
After the results of parts land 11 of our paper were announced in a conferenee
in Kinosaki, Japan, A. Fujiki, R. Kobayashi and S. Lu have found another
proof oi our Main Theoreom using differential geometrie methods (cf. [11).
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Their proof of the Main Theorem is 8hort, hut it does not seem to give as
precise information ahout the singular locus of S as our proof.

§1. The proof of the Main Theorem in the case (11-4).

In this section, we consider the case(II-4) in Remark 3.11 of part I. We
employ the notations there. So, the (-1)-curve C meets exactly a (-2)-curve
Dl and a (-n)-curve D2 with n ~ 3. Let ~i he the connected component of
D containing Di •

Dur aim is to prove the following Theorem 1.1, which will imply the Main
Theorem in the case (11-4).

Theorem 1.1. Suppose that the case- (//-4) in Remark 3.11 occurs.
Then one of the Jollowing four cases occurs :

(1) ~i is a linear chain with D i as a tip for i = 1 or 2. Hence 7rl(SO) is
finite (cf. Lemma 1.2 below).

(2) There are irreducible components Ai(i = 1,' .. ,a), Bj(j = 1" .. ,b) of
D, there is a (-l)-curve E on Sand there is a pl-fibration <p : S -t pI such
that

(2-1) a singular fiber 0 f <p has support equal to Supp E + Li Ai,
(2-2) every irreducible component oJ D - Lj B j is contained in a singulal'

fiber of <p, and
(2-3) SI. Lj B j ::; 2 /01' a general fiber SI 0/ <po

In partieular, there is a C*-fibration on So and henee 11"1(8°) is finite (cf.
Lemma 2.2 of part I).

(3) There is a (-1 )-curve E, there are two connected eomponents Gi( i =
1,2) 0/ D, there is an irreducible component Bi in Gi and there is a twig
E +Ti in E +8i such that

(3- 12E.D = E.(8 1 + 8 2) = E.(B1 + B 2 ) = 2, E.Bi = 1 JOT i = 1 and 2.
Henee Ti = 0 i/ Bi is not a tip and a twig 0/ Gi containing Bi otherwise, and

(3-2) For i = 1 and j = 2 or i = 2 and j = 1, E + Ti + G j has a positive
eigenvalue and hence 1\,(5, E + Ti + G j ) = 2.

In partieular, 7rl(SO) is finite (cf. Lemma 1.12).
(4) There is a pl-fibration <p : S-t pI such that C + D and all singular

fibers 0/ <p are given in one oJ the Figures 1, 2, :3 or.4 (cf. end 0/ the paper).
Hence 7rl(SO) is finite. (cf. Lemma 1.19).
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(5) One of lwo cases in Lemma 1.11 occurs. [lence 7rl(SO) is finite. {cf.
lemma 1.14}.

Theorem 1.1 is a consequence of the following Lemmas 1.2, 1.3, 1.8, The
orems 1.9 and 1.10, and Lemmas 1.11, 1.12, 1.13, 1.14.

Lemma 1.2. Suppose thai ßi is a linear chain wilh D i as a tip for
i = 1, or 2. Then 7f] (SO) is finite.

Proof. Suppose ßl is a linear chain with D] as a tip. As rankS =
1, C + ß] + ß2 supports a divisor with strictly positive self-intersection. By
Lemma 1.10 of part I, we have a surjection 1rl (U - ß] - ß2) ~ 7r] (5 - D),
where U is a smaH tubular neighborhood of C U ß] U ß2. We can write
U = u] U U2, Where Ui is a small neighborhood of Cußi. It is easy to see that
Ui - ß] - ß2 contains a smaH neighborhood Ni of L\i as a strong deformation
retract for i = 1,2. By assumption, 1r](Ni - ßi) is finite for i = 1,2 and by
Mumford's presentation (cf. [3]), 1r](N1 - ßd is a cyclic group generated
by "the" loop I] in C - ß] - ß2 around the point C n ß]. Now an easy
application üf Van-Kampen's theorem für the covering U1 - 6.1 - 6.2 and
U2 - 6.] - 6.2 of U - 6.] - 6.2 shows that 7r1(U - 6.1 - ~2) is finite and hence
so is 7ft (3 - D).

Lenlma 1.3. Suppose that ßl contains Gi(i = 1,"', Sj s ;::: 3) such
that Gl = -2, GI = D t , Gj.Gj+] = G6 - 2 .G6 = 1(j = 1,'" , s - 2) (This is
the case if 6.1 consisls of only (-2)-curves hut D] is not a tip of ßt). Then
Theorem 1.1, {!!} or {3} is true wilh E = C.

Proof. Let So = 2(C +GI +... +G.-2 ) + G6 - 1 + G 6 and let 'P : S~ p1
be the p1-fibration with So as a singular fiber. If 6.1 = Li Gi, then Theorem
1.1,(2) is true with E = C, Li Ai = L Gi, Li Bi = BI = D 2 • Otherwise,
Theorem 1.1, (3) is true with E = C, Bi = 6. i , T2 = 0; indeed, C + 6.1 has a
positive eigenvalue.

FroIn now on till the end of the section, we shall assume the following
hypothesis :

(*) neither lhe case 0/ Lemma 1.2 nor the case of Lemma 1.9 occurs.
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Let C +Ti (i = 1,2) be the maximal twig of C + ~i. Hence Ti = 0 if Di
is not a tip of ßi and Ti is the maximal twig of ßi containing Di otherwise.
By the maximality of C + Ti and by the hypothesis(*), there are irreducible
components H i, Hit, H i2 in ßi - Ti such that

Ti.(~i - Ti) = Ti. H i = 1, H i.Hil = Hi.Hi2 = 1.

Let a : S ~ T be the smooth blowing-down of curves in C + Tl + T2 such
that

(1) a(C + ~1 + ~2) consists 0/ exactly one (-l)-curve C, with C <
a(C + Tl + T2), and several (-ni)-curves with ni ~ 2, and

(2) the condition(l) will not be satisfied if a is replaced by the composite
0/ a and the blowing-down 0/ C.

Thus, a = id if and only if D 1 is not a tip of ~1' If a =I id, then C is
contracted by a and a'(~j ::; D. _..,..
..,.. Let D = D {.resp. L\i:= a(~i)lif a = id, ~d D = a(D) - C (resp.
ßi := a(~i) - C) otherwise. Let Hi = u(Hi ), H ij = a(Hij ), etc. By the
definition of a there is an irreducible component Ji in Ti + Hi such that

T is contractible to quotient singularities with, say 9 : T --+ T the contraction
morphism, and T is again a log deI Pezzo surface of rank one with 9 as a
minimal desingularization (cL [4, Lemma 4.3]). So, Lemma 1.1 of part I is
true for T. In particular, we have

for every (-l)-curve E on T. Here M* is an effective Q-divisor with support
contained in M.

Suppose that there are two smooth blowing-downs Ul : S~ SI, a2 : SI --+

T such that a = a2 . al' Let E be the unique (-1 )-curve in U1 (C +~1 + ~2)'
Let M := D if a1 = id and A1 := al(D) - E otherwise. The same result [4,
Lemma 4.3] implies the following :
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Lemma 1.4. M is contractible to quotient singularities with, say
/1 : SI -t SI the contraction morphism, and SI is again a log deI Pezzo
surface 0/ rank one with /1 as a minimal desingularization. In particular, we
have

/;!(81 =!(51 +M*, -E.(!(5
t
+M·) > 0,

where M· is an effective Q-divisor with support contained in M.

Suppose that for a = 1 or 2, we have Ja = Ha and H~ = - 2. Let
G '"V !(i + 2(6 + Ha) + HaI + Ha2 + Jb where {a, b} = {1,2} as sets. Note

that I!2(T, G) :: JJO(T, -_(20 t Hai+ 1!al + H a2 ± Jb)) :::- O. Note also
that G.B = 0 for B = C,Ha,Hal,Ha2,Jb. Hence Q'2 = G.K:;. Now the
Riemann-Roch theorem implies that

o - - 1 - -
h (T,G) ~ 2"G.(G - !(f) + 1 = 1.

We mayassume that G~ o.

Lemma 1.5. Assume the above conditions and notations. We have :

(1) Cl. is <: no!!!erol1Jective div~or. _ _ _
(~) G n (C +Ha +HaI +H a2 + Jb) = 4>. In particular, Gl .G = GI .!(:; for

every GI ~ G.
(9) We can decompose G into G= E+Li such that Supp Li is contained

in Supp D and E= Li=l Ei (r ~ 1) where Ei is a (-1 )-curve.
(4) Write cr*G '"V 0'·(1(:; +2(6 +Ha) +HaI +Ha2 +Jb) = !(S+ sC+ (an

effective divisor with sV:J!PortJ!! D) ._Then !:. :s; s - 1. _
(5) Let B ::; D - (Ha + HaI + Ha2 + Jb). Then B.G > 0 i/ and only if

B2 :s; -3 or B.(Hal + H a '2 + Jb ) > o.
_ (6) If E is a 1'educed divisor, then G = E and E is a disjoint union 0/
~i '5.

Proof. From the defnition of C,one can calculate that :
Claim(l). G.ß = 0 if B is one oi C, Ha, Hab Ha2 and Jb. Moreover,

G.B ~ 0 for every irreducible component B of D.
Claim(2). II(f +6 +DI = 4>.
This follows from that 11(5+ C +DI = 4> and the definition of 0'.
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(1) By the hypothesis(*) after Lemma 1.3, Jb meets an irreducible COffi

ponent B of 6.b. SO, G.B = (](:r + Jb).B ~ 1. Hence G > O.

(2) Suppo~e G_n C -I i: ~hen C ~ Ö by Claim(I). Now,_Ha ~ G~ C
becaus~ HdG -:....C) -~-l]a:.,C = -1 < Q.. This leads to 0 ~ G - C - lIa E

I]{:r+ C +Ifa+ llal + !la2 +Jbl ~ I!(:r+C +DI, a contradiction to Clailn(2).

So, Gn C = 4>. On~ appli~s th~ a~lnent and c~n prove (~. ""'
(3) Decompose G into G = E+~ where Supp ß ~ Supp D and E contains

no irre.?uci b!e components""'o~D. !,i~t, bX Cla~m.i1), we have G.~i ~ 0 for
every ßj :::; ß. Hence 0 ::; G.ß = E.ß + ß2 < ~.ß because Supp ß ~ Supp
D and D is negative definite. This proves that }5 =f:. O.

Let }5i be an irreducible component of }5. Note that }5j.](:r ::; }5j'(!(T +
D·) < 0 (cf. Lemma 1.1). So, if }5; < 0, then ~i is a (-l)-curve. Sup
pose that E; ~ O. Then, by (1), Et :::; Ei.G = Ei'](T < O. We reach a
contradiction. This proves (3).

(4) By Claim(2), u·Ei is again a (-l)-curve and u·(6.) ~ D. Write
/(C) =c(-!(s), /(O'·E i ) == ei(-!(s), where c > O,ei > O. Then (sc
1)(-](s) =f(O'·G) =Li=1 ei( -/(5). Since /(~ > 0, we have

sc - 1 = E ei ~ TC

J

by the minimalityof -C.(I(s+D·) = c(l(s+D·)2 = c(l(s)2. Hence (s-r)c ~

1 > O. (4) then follows.
(5) follows from the following calculation: B.G= B.(l(T+ J!al +Ha2+:h) .
(6) By the condition, Ei -I Ej if i =1= j. So,

-1 = E~ = }5j.G - Ej.(Li +E Ej) ::; Ei.Ö = E'!(T = -1.
ji:i

Thus, Ei.(Li + Lj#i Ej ) = 0 for evel'Y i. So, E is a disjoint union of Ei's and

En ~ = 4>. In particular, G.~ = ~2. By Claim(l), we have 0.3. ~ O. So,
6.2 2:: O. Since Li is contained in D anel D is negative definite, we have Li = O.
This pl'oves (6).

Lelnma 1.5 is proved.

Corollary 1.6. Assulne that u is the contraction 0/ curves in C +T1 • As
sume /ul·the'r that J1 = H 1 and H; = -2 (hence J2 = D 2 and the hypothesis
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in Lemma 1.5 is satisfied with a = 1). Then /(:r+2(C+Hd+Hn+HI2+Jz ~
C= E= EI, i.e., C is reduced and a (-1)-curve.

Proof. We apply Lemma 1.5 to C~ ](f + 2(C+ H1)+ Hn + H12 + Jz.
By the hypothesis, u*C ~ ](s + 2C+ (an effective divisor with support in
D). Then Corollary 1.5 follows from Lemma 1.5.

Lemma 1.7. A ssumethat u is the contraction 0 f curves in C + Tz. As
sume further that J'1 = Hz and Hi = -2 (hence J2 = Dz and the hypothesis
in Lemma 1.5 is satisfied with a = 2). Then u"'C ""' u*(](:r + 2(C + Hz) +
H'11 + H22 + J1) = ](s+ sC+ (an effective divisor mith support in D) mith
S - _D2

- 2'

Proof. The result follows from the hypothesis on u.

Lemma 1.8. Suppose the case (11-4) in Remark 3.11 occurs. Then
one 0/ the /ollowing two cases occurs :

(1) Theorem 1.1, (ß) or (9) is true with E = C.
(2) (J;,J;) = (-2,-2),(-2,-3) or (-2,-4) where {a,b} = {1,2} as

sets. 1/ J'f = -2 (this is the case ij k = a), then Jk = Hk and H~j ~ -3 for
j = 1 or 2.

Proof. By [4, Lemma 4.4], J; = -2 for a = 1 or 2. Let {a,b} = {1,2}
as sets.

Case(l) J~ = -2. If J. is a tip of Li", say s = b, i.e., Jb -# Hb , then
Theorem 1.1,(3) occurs with E = C. Indeed, C+ Jb + Lia has a positive
eigenvalue and so does C+Tb + ~a. Thus, mayassume Ja = Ha, Jb = Hb.
_ SUPE.?se H1 = 1];z = -2 f~' s = a or b, say s = a. Let So := 2(6 +
Ha) + HaI + Ha'J and let 'ljJ : S -+ pI be the pI-fibration with So as a
singular fiber. If Lia = Ha + HaI + Ha2 , then Theorem 1.1,(2) is true with
E = C,<p = 'l/J. U, Li Bi = BI = Hb• If Lia > Ha +HaI +Ha'1, Theorem 1.1,(3)
is true with E = C. Indeed, C+ Lia then has a positive eigenvalue and so
does C + Tb + ~a' Thus, may assume that H;'j :5 -3 for j = 1 or 2. The
same argument works for s = b. So, Lemma 1.8 is true in this case.

Case(2) Jhz:5 -3. Then by the definition of u (cf. tbe second condition),
Ja = Ha, i.e., Ja is not a tip of Lia. If H;'1 = H;'2 = -2, then by tbe arguments

7



in the above paragraph, Theorem 1.1,(2) or (3) is true with E = C. So, may
assume that H;j ~ -3 for j = 1 or 2, say j = 1.

To finish the proof, it remains to prove that d := -Jl ~ 4. Since it is
impossible that Lib is a lin~ar chain with Xas_ a tip ~f. the hlPothesi!i*)
after Lemma 1.3), we have D* ~ (d-2)/(d-l)Jb+3/7Ha1 +2/7Ha +1/7HaI.
So,O< -C.(J(:r+D*) ~ 1-C.((d-2)/(d-l)~+2/7Ha)= 1/(d-l)-2/7.
Hence d ~ 4. This proves Lemma 1.8.

Theorem 1.9. Suppose the case(2) in Lemma 1.8 occurs. Then it is
impossible that Ir = Ji. = -2.

Proof. We consider the case where J; = Ji = -2. By the hypothesis,
we have Ji = H i , Hl = -2 for i = 1,2 and may assume that Hf! ~ -3, H;l ~
-3.

Case(l) er is the contraction of curves contained in C + Tl.
Then the conditions of Corollary 7.6 are satisfied. Hence!(T + 2(C+

Ifl1+ H l1 + H 12 + H2~ G= E where E is a (-l)-curve. Note that fj.H2~=
G.H21 = (!(T + H2 ).H21 ~ 1 + 1 (cf. Lemma 1.5, (2». Let ~ := (T*(~).

Then E is again a (-1 )-curve (cf. Lemma 1.5,(2» with E.H21 ~ 2. On the
other hand, D* ~ 1/2D2 + 1/2H21 because D~ :::; -3, Hil ~ -3. This leads
to 0 < -E.(!(s+ D*) ~ 1 - ~.1/2H21 ~ 0, a contradicion. So, the case(l) is
impossible.

Case(2) G contracts at least one irreducible component of the maximal
twig T2 of ~2'

By noting that D; = -2, D~ :::; -3, there are two smooth blowing-downs
GI : S~ Sb er2 : SI ~ T such that CI = (j2 • Gl and that :

(1) 0"1 (Tl +C+ T2) = T{ +E +T~ where E is a (-1 )-curve and TI ::; Gl (Ti),
(2) T{ + (Tl(Hd = Li=l Li, E.L1 = Li .Li+1 = l(i = 1,"', s - 1; s ~

2),L3 = O"l(Hd,L~ = -2,L~ = -(t + l),L; = -2(j > 2,j =I s), and
(3) T~ + Gl(H2 ) = L:~=1 Mi, E.M1 = Mi.Mi+l = l(i = 1"", t - 1; t ~

2), Mt = erl(H2), !l1; = -3, Ml = -s, MJ = -2(j ~ 2,j # t).
Now applying Lemma 1.4, we get -E.(Ks + M*) > O. Since 0"1(~1 +

~2) - E can be contractible to quotient singularities (cf. Lemma 1.4), we
have (s, t) = (2,2), (2,3), (3,2).

Case(2-1) (s,t) = (2,2). Then M* ~ 2/5L1 +4/5erl(Hd +3/5erl(Hl1) +
2/5erl(H12) +3/5M} +4/5er}(H2) +3/5G} (H2d + 2/5G} (H22 ). This leads to
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o< -E'(!<Sl + M*) :::; 1 - E.(2/5L1+ 3/5M1) = 0, a contradiction. So, the
case(2-1) does not occur.

Case(2-2) (s, t) = (2,3). Then M* ~ 7/16L1+14/160"1 (Ht}+10/160"1 (Hll )+
7/16{71 (H12 )+10/17MI +13/17M2+16/170"1 (H2)+11/170"1 (H2t}+8/170"1 (H22 ).
This leads to 0 < -E'(!<Sl + M*) :::; 1- E.(7/16L1+ 10/17MI) = 1-7/16
10/17 < 0, a contradiction. So, the case(2-2) does not occur.

Case(2-3) (s, t) = (3,2). Then B* ~ 9/23L1 + 18/23L2 + 22/230"1 (HI) +
15/230"1 (Hll )+11/230"1 (HI2 )+7/11M1+10/110"1 (H2 )+7/110"1 (H21 )+5/11H22 .

This leads to 0 < -E'(!<81 + B*) :::; 1- E.(9/23L1 + 7/11M1 ) = 1 - 9/23
7/11 < 0, a contradiction. So, the case(2-3) does not occur.

This proves Theorem 1.9.

Theorem 1.10. Suppose that the case in Corollary 1.6 occurs. Suppose
further that the case(2) in Lemma 1.8 occurs with (I;, Il) = (-2, -3) or
(-2, -4) (hence a = 1, b = 2, J1 = H1 ) J2 = D2 ). Then either Theorem 1.1
(3) is true with E = C, or Theorem 1.1,(4) is true.

Proof. By the hypothesis, may assume that Hil :::; -3. By Corollary
1.6, !<:r + 2(6 +Ht} + Hll + H12 + J2 "J G= E where E is a (-I)-curve.

Claim(I). (1) n* ~ 3/7Hll + 2/7H1 + I/7H12 + (a - 2)/(a - 1)1;. Here
a := -1] ~ 3 and hence (a - 2)/(a - 1) ?: 1/2.

(2) .6.1 is a linear chain.
(3) Either .&2 is a linear chain 01' 6.2 is a fork with J2 as a tip.
(4) II - Hll consists of (-2)-curves.
(5) Li2 - J2 consists of (-2)-curves.
Since Hil :::; -3 and since it is imposible that l2 is a linear chain with

J2 as ~ tip (cf. the hypothesis(*) after Lemma 1.~ (1) folIows.
If .6.1 is not a linear chain, then also n* ?: I/2H1 + 1/2Hll • This leads to

o< -0'(/<8+ D·) :::; 1- C.(I/2H1 + 1/2};) = 0, a contradiction. So, (2) of
Claim(I) is true.

Suppose (3) of Claim(I) is false, then Li2 contains L;(i = 1,,", Sj S ~ 4)
such that L2 = J2 , L;.L;+1 = Ls- 2 .L8 = l(i = 1,"', s - 2). So, we have
n* ~ I/3L1 + 2/3 Li~i L; + 1/3L._1 + 1/3LIJ, On the other hand, for i = 1,3
(and also for i = 4 if s = 4), we have L;.E = L;.(/<:r + D 2 ) ?: 1 (cf. Lemma

1.5). This leads to 0 < -E.(!<:r + D*) :::; 1 - E.(1/3L] + 2/3 Li;:i L; +
1/3L8 _ 1 + 1/3LIJ) :::; O. We reach a contradiction. Thus, (3) of Claim(l) is
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true.
Suppose 6.1 - H n contains a (-ntcur~ B with..2! ;::: 3. Ifp and B 12 are

in the same connected component of ßl - BI, then n- ~ 1/2H1 +1/2J2 and
hence 0 < -C.(I<T+ n-) ~ 1-C.(1/2H1 +1/2J2 ) = 0, a contradiction. If B
and Hll are in the same connected component of 6.1 - BI, we let LI +...+L ..
be a linear chain in 6.1 such that LI = Hll , L .. = B, L i .Li+1 = lei = 1,' .. , s
I). Then one has n- > 1/2 L:i Li. Moreover, Li.E = Li.(I<:r + Hll ) ~ 1
for i = 2, sand L2 .E ;::: 2 if s = 2. This leads to 0 < -E.(I<::; + n-) ~

1 - E.I/2 Li Li ~ 0, a contradiction. Therefore, (4) of Claim(l) is true.
Suppose that ~2-J2 contains a (-n)-curve B with n ;::: 3. Let LI + .. ·+L..

be a linear chain contained in 6.2 such that LI = J2 , La = B, Li.Li+l = lei =
1" .. ,S - 1). Then we have n- ;::: 1/2 Li Li. Note that for i = 2,8, we
have Li.E = Li.(I<T + J2 ) 2:: 1. Moreover, L2.E ~ 2 if s = 2. This leads

to 0 < -E.(K:r + n-) ~ 1 - E.(1/2 Li Ld ~ O. We reach a contradiction.
Therefore, (5) of Claim(I) is true.

This proves Claim(I).
Claim(2). Suppose that Ji. = -4. Then Theorem 7.1,(3) is true with

E=C.
We consider the case Ji = -4. Then n- 2: 2/3h by Claim(I). If Hn is

not ~ip of 6.0resp. Hu is not a tip, or H~ < -3)J.hen n- ~ 6/1IHn +
4/11H1 +2/11H12 (resp. n- ~ 4/9Hn +3/9H1 +2/9HI2 , or n- ~ 3/5Hn +
2/5H1 +1/5HI2 ). Either of the three cases implies that 0 < -C. (I<::; +n-) ~

1 - (1/3H1 +2/3J2 ) = 0, a contradiction.
Thus, .6.1 = H 1 + H ll + H12 and H; = -2, H'tl = -3, H't2 = -2 (cf.

Claim(l)). If J2 is a tip of ,6,2, i.e., if J2 #- H2 , then Theorem 7.1,(3) is true
with E = C. Because C+ J2 + ,6,1 and hence C +T2 + ~1 have a positive
eigenvalue.

We may assume that J2 = H2 • Then n- ~ 2/3H2 + 1/3H21 + 1/31122

(cf. Claim(1)). We shall show that this would lead to c:. contradiction. By
Claim(l), ß2 is now a linear chain. If H2j is not tip of ß2 for j = 1 and 2,

then n- ~ 2/4H21 + 3/4H2 +2/4H22 • This leads to 0 < -C.(K::; +n-) ~

1 - C.(2/7H1 + 3/4112 ) = 1 - 2/7 - 3/4 < 0, a contradiction.
So, mayassume that 1121 is a tip of ,6,2' If Li 2 has nl0re than four irre

ducible components, then n- ~ 4/11H21 +8/11H2 +6/11H22 . This leads to
o < -C.(I<::; + n-) ::; 1 - C.(2/7H1 + 8/11H2 ) = 1 - 2/7 - 8/11 < 0, a
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eontradietion. Therefore, H := Li2 - (H21 + H2 + H22 ) is zero or a (-2)
eurve adjaeent to H'J2 (cf. Claim(I)).

Note that E.H2j = (I<T + H2 ) = 1 for j = 1 and 2 (cf. Lemma 7.5). If
B.f:. > 0 for some irreducible component B of D - (H21 + H 22 ), then B is
not contained in 3.1 or 3.2 , B2 ::; -3 and B.E = B.I<T (cf. Lemma 1.5,(5)).

Henee D· ~ 1/3B. This leads to 0 < -E.(KT + D·) ::; 1 - E.(1/3B +
1/3H21 + 1/3H22 ) = 0, a contradietion. So, E meets only H21 and H22 in D.

Let Sh := 2E +H21 +H22 and let 'ljJ : T --+ pI he the Pl-fihration with Sh
as a singular fi her. Let S~ be th~singualr fiber eontalninß...C+3.1 , Then there
is a (-I)-eurve E such that E.Hn = 1 and S~ = 2(0 +Hd +H I1 +H12 +E.
Since p(T) = 1 and since every irreducible component of D - (H + H2 ) is
eontained in singular fibers of 'ljJ, every singular fiber S~ other than S~ consists
of one (-1 )-curve and several irreducible eomponents of D (cf. Lemma 1.1,(4)
of part I). Here H := Li 2 - (H21 + H2 + H22 ). 110reover, H =I O. So, H is a
(-2)-eurve adjaeent to H22 • Since H is a eross-section H.E = 1 and Sh, S~
are the only singular fibers of 'ljJ for otherwise H would meet a (-1 )-curve F
in some sin~lar fiber S~ and F has multiplicity at least two.

Let T : T --+ E2 be the smooth blowing-down of curves in singular fibers of
1/J such that riH) 2 = - 2. 0 n the one hand, H 2 is a 2-section wi th H 2 nH = </>

and hence r(H2 )2 = 8. On the other hand, a calculation shows that T(H2 )2 =
Hi + 1 + 7 = 4. We reach a contradiction.

This proves Claim(2).
In view of Claim(2), may assume that Ji = -3. If J2 is a tip of Li 2 , i.e., if

J2 i= H 2 , then Theorem 1.1,(3) is true with E = C. Indeed, then C+ J2 + Li1

and hence 0 +T2 +.6.1 have a positive eigenvalue.
Thus, may assume that J2 = H 2 • Then Li2 is a linear chain (cf. Claim(l)).

We have also

D· ~ 3/7H n + 2/7H 1 + 1/7H 12 + 1/41121 +2/4H2 + 1/4H22 •

Note that H.f:. = H.(I<ii + Rn + H12 + H2 ) = 1 (cf. Lemlna 1.5) if H is
an irreducible component of D - H 1 adjacent to one of H n , 1112 and H 2 • In
particular, E.H21 = E.H22 = 1.

Claim(3). D - (Ru + H 2 ) consists of (-2)-curves.
Suppose to the contrary that Claim(3) is false. Then D - (Li 1 + Li2 )

contains a (-n )-curve B with n ~ 3 (cf. Claim(l)). By Lemma 1.5, we have
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B.E = B.[(:;; = n - 2. Note that D* ~ (n - 2)/nB and 0 < -55. (J(:;; + D*) ~
1 - 55:.0 -1:)/nB = 1 - (n - 2)2/n. So, n = 3 and B.55 = 1._ _

If D - H l has an irreducible co~onent H adjacent to 1!u, then p* 2::
3/11H +6/11Hn + 4/11H1 + 2/11HI2 . This leads to 0 < -E.(I(s+ D*) ::;
1 - 55.(1/3B + 3/11H + 1/4H21 + 1/4H22 ) = 1-1/3 - 3/11 - 1/4 -1/4 < O.
We reach a contradiction. So, H u is a tip of .6.1 .

If D - Hl has an irreducible component H adjacent to HIZ but H is
not a tip of Lil, then D* ~ 2/11H + 3/11H12 + 4/11Hl + 5/11Hn . This
leads to 0 < -E'([(;r + D*) ::; 1 - E.(1/3B + 2/11H + 1/4Hzl + 1/4H2z ) =
1 - l/~ - 2/11 - 1/4 - 114 < O. We reach a contradiction again._Thus,
H := .6.1 - (Hu + Hl + HIZ ) is zero or a (-2)-curve adjacent to H12 (cf.
Claim(l)).

Let Sb := 2E +H21 +H22 and let 'lj; : T ---+ pI be the pl_ fibration with Sb
as a singular fiber. Let S~ be the singular fiber containing C+Hl +Hll +HI2 .

Suppose Hil = -3. Then there is a (-l)-curve E such that E.Hn = 1 and
S~ = 2(C+Hd+Hlz+Hn +E. Since Bis a 2-section, we have B.E = 2. This
leads to 0 < -E.(J(jj+D*) ~ 1-E.(1/3B+3/7Hn ) = 1-(1/3)·2-3/7 < 0,
a contradietioD. So, Hfl ~ -4.

Suppose u =I id. Let U2 : SI ---+ T be the blowing-up of the point Pz :=

Cn H'J and set E :~ u2"IJP'J). Then by the hypothesis, there is a smooth
blowing-down Ul : S ---+ SI such that u = U2 . 0"1' Now we apply Lemma
1.4. In particular, we have -E'([(si + M*) > O. On the other hand, M· ~

2/3u~Hll+2/3u~Hl + 1/30"~Hlz +1/30"~C+1/3a~H21 +2/3u~B2 +1/3a~Hzz.
This leads to 0 < -E'(!(SI + M·) ::; 1 - E.(1/3u~C + 2/3u~H2) = 0, a

contradiction. So, 0" = id. Hence T = 8, Bi = Di(i = 1,2).
Let So := 3C + 2Dl + H12 + D2 and let c.p : S ---+ pI be the pl_ fibration

with So as a singular fiber. Then E and the (-3)-curve Bare contained in
the same singular fi ber of c.p, say SI. By the minimali ty of - C. ([(S + D*)
and by noting that C has multiplicity 3 in So and the summation of the
multiplicities of (-1 )-curves in SI is at least 3

(cf. (4, Lemma 1.6]), every (-1 )-curve F in SI, especially E, satisfies
-F.([(s + D·) = -C.([(s +n·). So, every singular fiber of the previous fi
bration 'lj; defined above has oue of two types in Lemma 6.12, part I. However,
S~ above contains a curve Hll with Hfl < -3. We reach a contradiction.

This proves Claim(3).
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Let
So := 3C + 2HI + H12 + H2

and let::e : T -t pI be the pI-fibration with So as a singular fiber. H2b H22

(resp. Hll ) is a cross-section (resp. 2-section). Denote by SI the singular
fiber containing E. Let

Si (i=O,l,···,r)

be all singular fibers of r.p. By Claim(3), every singular fiber Si (i ~ 1) consists
of only (-1) or (-2)-curves. So, Si has one of two types in Lemma 6.12, part
I.

Claim(4). Suppose that Sk has the second type in Lemma 6.12 of part I
for some k ;::: 1. Then Case(4-1) of Theorem 1.1 occurs.

Suppose SI has the second type in Lemma 6.12, part I. Then E is the
unique (-1)-curve in SI' Then the 2-section HII meets two multiplicity-one
01' one multiplicity-two irreducible component(s) other than E in SI. This
leads to that .6.1 is a fork (cf. Lenlma 1.1,('!), part I), a contradiction to
Claim(1). So, SI consists of two (-1)-curves E, E and several (-2)-curves.

Suppose that Sk has the second type in Lemma 6.12, part I for some
k ~ 2, say k = 2. Let F be the unique (-l)-curve in S2. Since H2j .S2 = 1 (j =
~2), there are two (-2)-curves Gj(j = 1,2) such that F.Gj = 1, H 2j.Gj =
Hll.F = 1 and

S2 = 2F + GI + G2 •

Now we have (cf. Claim(l)) :

.6.2 = GI + H2I + H2 + H 22 + G2 •

We have also D* ~ 1/5GI + 2/5H21 + 3/5....H2 +Jj5H22 + 1/5G2.:...-

Ir H is an irreducible component of ß I - H I adjacent to H I2 , then H
is a cross-section and H.G j = 1 for j = 1 01' 2. This leads to .6.1 = .6.2 , a
contradiction. So, H12 is a tip of .3.1 •

If B is an irreducible component of .3.1 - BI adjacent to Hll , then D* ~

3/11H + 6/11Hll + 4/11HI + 2/11HI2 • This leads to 0 < -~.(I(T + D*) ::;
1- E.(3/11H +2/5H21 +2/5H22 ) = 1-3/11- 2/5 - 2/5 < 0, a contradiction.
So, Hll is tip of H1 •

Therefore,
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In particular, Emeets only H2j (j = 1,2) in D (cf. Lemma 1.5 and Claim(3)).
So,

with E.E = 1 aod Hn.E = 2.
If Hi1 :::; -4, then D* > 1/2Hll aod °< -E.(I<:r+D*) ~ 1-E.1/2Hll =

0, a contradiction. So, HfL= -3.
For every i ;::: 3, since H21 meets a (-1)-curve of multiplicity one in Si,

Si has the first type in Lelnma 6.12, pat I. Since D - (H21 + H22 + Hn ) are
contained in singular fibers of <p and since p(T) = 1, r = 3 and

Si (i = 0, 1, 2, 3)

are all singular fibers of Cf (cf. Lemma 1.5(1) in [4]). Let Ej(j = 1,2) be the
two (-1 )-curves in Ba.

Let 7 : T --4 2:2 be the smooth blowing-down of curves in singular fibers
sucl.!.-that 7(H21? = -2. Then 7(H22 ) I"V r(H21 ) + 2!iSo) aod 7(Hn ) I"V

2r(H2d + 47150). In particular, 7(H22? = 2 and r(Hn )2 = 8. So, may
assurne that H2j .Ej = H ll .Ej = 1 (j = 1, 2). ~1oreover,

where Ga + G4 is a connected component of D with two (-2)-curves (cf.
Lemma 1.1,(4), part I) and with Ej .Gj +2 = 1.

Now Hi1 = -3, and
l1' Li2 , Ga +G4

are aH connected components of D (cf. Lemma 1.1, (4), part I). To show that
Case(4-1) of Theorem 1.1 occurs, it suffices to show that 0' = id. Let 0'2 : SI --4

T be the blowing-up of the point P2 := CnH2and let L := 0';I(P2). Suppose
to the contrary that a =I id. Then by the hypothesis, there is a smooth
blowing-down al : S --4 SI such that a = a2 . al. Now applying Lemma 1.4,
weget -L.(J(51 +M*) > 0. On the other hand, M* = 1/2a~Hl1 +1/2a~lIl +

1/4(j~H12 +1/4a~C+1/4a~Gl +2/4a~H21 +3[4a~H2 +214a~H22 + 1/4a~G2.
This leads to -L'(!(St + AI*) = 1 - L.(1/4a~C +3/4a~H2) = 0. We reach a
contradiction. So, a = id and Case(4-1) of Theorem 1.1 occurs.

This proves Claim(4).
In view of Claim(4), may assume that each singular fiber Si (i = 1,··· ,r)

has the first type in Lemma 6.12, part I. Then the number of singular
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fibers containin.&.. two (-l)-curves is one less than the number of sectional
components of D because p(T) = 1. So, r = 2 and So, SI, S2 are all singular
fibers if H12 is a tip of Li}, or r = 3 and So, SI, S7., 83 are a11 singular fibers
otherwise. Let

Jl : T --+ ~7.

be the smooth blowing-down of curves in singular fibers of 'P such that
Jl(H21 )2 = -2. Write ß(Hij) = Hij, Jl(Si) = Si, etc. Then H7.2 ......, H7.1 + 250

and H n ......, 2H21 + 4So. In particular, H~2 = 2, H;1 = 8, H 22 .Hn = 4.
Claim(5). Suppose that Hn is not a tip. Then Case(4-2) of Theorem 1.1

oecurs.
One can see that Hn is a (-3)-curve, as in the proof of Claim (4) above.

Note that r 2:: 2 aod we ean write

6

SI = ~ + LGi + E
i==l

such that E 2 = -1, a; = -2, Hn .Gl = ~.GI - Gj .Gj+1 - G6 .E 1
(j = 1,'" ,8 - 1) (cf. Lemma 1.5),

6+t

S2 = EI + L Gi + E2
i==6+1

such that Er = -1,0 = -2, EI.G6+1 = Gj.Gj+l = G6+t .E7. = l(j ~

8 + t - 1). Note that Hn.E = 1 for Hn .SI = 2.
Note that D* 2:: 2/11H12 + 4/11HI + 6/11Hn + 3/11G1 • If F.Hn ~ 2 for

sorne (-l)-curve F, then °< -F'(](f+D*) ~ 1-F.6/11Hn ~ 1-(6/11)·2 <
0, a contradiction. So, F.Hn ~ 1 for every (-l)-curve Fand the equality
holds if F is i~Si (i 2:: 2) beca;,.use Hn,SL - 2 (cf. Claim(1),l2»).

Case(5.1) 1]12 is a tip of ßI while H2j is not a tip of ß2 for j = 1 or
- -2

2, say j = 1. Then r = 2. Mayassurne H2I .G6+1 = 1. Since H 22 = 2,
one gets H22 .E2 = 1 and t = 4. This leads t'o D* 2:: 1/10G,,+4 + 2/10G6+3 +
3/10G6 +2+4/10G6 +I +S/10H2I +6/10H2+3/10H22 and 0 < -E.(l(f+D*) ::;
1 - t.(S/10H21 + 3/10H7.2 + 3/l1Gl ) = 1 - SIlO - 3/10 - 3/11 < 0, a
contradiction. So, Case(S.l) is impossible.

Case(S.2). HI2 is a tip of .3.1 and both H21 and H22 are tips of .3.2 . Then
r = 2, i.e.,

Si (i = 0,1,2)
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are all singular fibers of tp, and

4

Li] = H 12 + H] + Hn + E Gi, Li2 = H 2] + H 2 +H22 ,

i=]

because Lii's are linear chains. Moreover,

4+t

lt, l2' E Gi
i=,,+]

are all connected components of D (cf. Lemma 1.1, (4), part !2: We shall
show that Case(4-2) of Theorem 1.1 occurs. May ass~e that H21 .E1 = 1.
By the same reasoning as in the previous case, we have H22 .E2 = 1 and t = 3.

-2 - -
Then 8 = H n = H;] + 2 + (8 + 4) + 4. Hence s = -B;) - 2. If s 2: 2, then
Hf] ~ -4 and D- 2: 1/4H]2 + 2/4H] + 3/4Hn + 2/4G1 + 1/4G2. This leads
to 0 < -C.(](:r + D-) ~ 1 - C.(1/2H] + 1/2H2 ) = 0, a contradiction. So,

s = 1, H{1 = -3.
Now 8 = 1, t = 3, Hil = -3. To show that Case(4-2) of Theorem 1.1

occurs, it is sufficient to show that (j = id. Let G2 : SI -+ T be the blowing-up
of the point P2 := CnH2 and let F := G;I(P2)' Suppose to the contrary that
G =f. id. Then by the hypothesis, there is a smooth blowing-down GI : 8 -+ 81

such that G = G2 . GI' Applying Lemma 1.4, we get 0 - F'(!(Sl + M-) > O.

On th~ other hand, M- = !L3G~Gl + ?13(j~Hn + 2/3G~Hl + 1/3G~H12 +
1/3G~C + 1/3(j~H21 + 2/3G~H2 + 1/3G~H22' Hence 0 < -F'(!(SI + M-) =

1 - F.(1/3G~C + 2/3(j~H2) = O. We reach a contradiction. Therefore, G = id
and Case(4-2) of Theorem 1.1 OCCUfS.

Case(5.3). H 12 is not a tip of ll. Let H be the irreducible component of
D-H] adjacent to H12. Then D- 2: 1/7H +2/7H12 +3/7H1 +4/7Hn +2/7G1 .

Note that H is a cross-section and H.}5 = H.(!(:r + H12 ) = 1 (cL Lemma
1.5).

If H2j is not a tip of Li 2 for j = 1 Of 2, say j = 1, then also D- 2: 4/11H21 +
6/11H2 + 3/11H22 , this leads to 0 < -~'(!(T + D*) ~ I' - E.(4/11JI21 +
3/11H22 +1/7H +2/7G]) = 1-4/11-3/11-1/7 - 2/7 < 0, a contradiction.
So, H2i 's are tips of 6 2 and hence 6 2 = H21 + H2 + H22 •

If GI or H is not a tip of Li) (resp. if H:1 ~ -4), then n- 2: 3/19H +
6/19H12 +9 /19H1 +12/19Hn +8/19G1 or D* 2: 4/17H +6/17H12 +8/17H] +
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10/17Hn + 5/17G1 (resp. D· 2:: 2/11H + 4/11H12 + 6/11H1 + 8/11Hn +
4/11G1 ) and hence -}5'(]<:r + D·) ~ 1 - E.(3/19H + 8/19G1 + 1/4H21 +
1/4H22 ) = 1- 3/19 - 8/19 -1/4 -1/4< 0, or ~ 1- ~.(4/17H+5/1701 +
1/4H21 +1/4H22 ) = 1-iJ17-5/17-1/4-1/4 < 0 (resp. ~ 1-~.(2/11H+
4/1101 +1/4H21 + 1/4H22 ) = 1 - 2/11 - 4/11 - 1/4 - 1/4 < O. We reach a
contradiction in either of the cases. So, s = 1, Lil = H + H12 + H I + HII +
GI,Hfl = -3.

Note that r = 3. Let EI, E2 (resp. E3l E4 ) be the (-l)-curves in 82 (resp.
S3)' Let ti + 2 be the number of irreducible components of Si. May Msume

--- -2 ---
that H 21 .Ej = 1 for j = 1 and 3. Note that 8 = H n = Hfl +2 + (1 + 4) +

-2 -
(tl + 1) + (t 2 + 1). So, t 1 + t2 = 2. H 22 = 2 implies that H22 .Ej = 1 for
j = 2,4. But then it is impossible that 11

2
= H.B22 = 2. So, Case(5-3) is

impossible.
This proves Claim(5).
In view of Claim(5), may assume that

H 11 is a tip 0/ 6..1,

Thus,
S1 = ~ + E

where E is a (-l)-curve such that E.E = 1 and E.Hll = S1.Hll = 2 (cf.
Lemma 1.5,(5)). If H;1 ~ -4, then D· ~ 1/21111 and 0 < -E'(]<:r + n·) ~
1 - E.1/2Hn = 0, a contradiction. So,

-2Hn = -3.

Claim(6). Suppose that H12 is a tip. Then Case(4-3) of Theorem 1.1
occurs.

In this case, we have r = 2, Le.,

Si (i = 0, 1,2)

are all singular fibers of 'P and

~1 = H 1 +Hn + H 12 •

Hence Emeets only H2j (j = 1,2) in D(cf. Lemma 1.5,(5) and Claim(3)).

17



Write
t

S2 = EI + L Gi + E2
i=1

such that EI.GI = Gi.Gi+I = Gt .E2 = l(i = 1,'" , t - 1). Mayassurne that
H2j does not rneet Ei Gi for j = 1 or 2, say j = 1. Mayassurne also that

H21 .EI = 1. H~2 = 2 implies that either t = 3 and H'J'J.E'J = 1, or t = 4 and
- -2 -H22 .G4 = 1. Since H l1 = 8, we must have t = 4 and H l1 .Ej = 1 for j = 1
and 2. Now H;1 = -3,

Li2 = H21 + H2 + H2'J + G4 + G3 + G2 + GI,

and
ß), ß2

are a11 connected components of D (cf. Lemma 1.1,(4), part I).
To prove that CaseL4-3) o~ Theorem 1.1 occurs, it is sufficent to s~ow

that 0" = id. Let 0"2 : SI ~ T be the blowing-up of the point P2 := C n
H2 and set F := 0";I(P2}. Suppose to the contrary that 0" =f id. Then by
the hypothesis, there i8 a smooth blowing-down 0"1 : S ~ SI such that
0" = 0"2 . 0"1' Applying Lemma 1.4, we get -F.(I(sl + M") > O. On the

other hand, M" = 1/20"~Hl1 + 1/20"~HI + 1/40"~HI2 + 1/4alC + 1/8(j~GI +
2/80"~ G2 +3/80"~G3 +4/80"~G4 +5/80"~H22 +6/80"~H2 +3/80"~H2I' This leads to
-F.(I(sl +M") = I-F.(1/40"~C+3/40"~H2) = 0, acontradiction. Therefore
0" = id and Case(4-3) of Theorem 1.1 occurs.

This proves Claim(6).
Claim(7). Suppose that H12 i8 not a tip. Then either Theorem 1.1,(3) is

true with E = C or Case(4-4) of Theorem 1.1 occurs.
Then r = 3, Le.,

Si (i=O,I,2,3)

are a11 singular fibers of cp. \;Yrite

tl

S2 = EI + L Gi + E 2 ,

i=1

tl +t2

S3 = E3 + L Gi + E4

i=tl +1
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such that EJ = -l,Gr = -2,E1 .G1 = Gt1 ·E2 = E3 .Gt1 +1 = Gtl+t2·E4 =
Gi .Gi +1 = l.

Let H be an irreducible component of Li1 - H1 adjacent to H12 . If H is
not a tip of Li1 then C+Li1 and hence C+T2 +~1 have a positive e~envalue.
So, Theorem 1.1,(3) is true. Thus, may assume that His a tip of ~1. Hence
E.H = 1 and

Note that

D- = 1/9H + 2/9H12 +3/9H1 +4/9Hll + (other terms).

Now one may assume that Ej.H = 1 for j = 2,4. Let e : T -----t E2

be the smooth blowing-down of curves in the singular fibers of ep such that
e(H)2 = -2. Then e(H2j )2 = 2 (j = 1,2) and e(Hll )2 = 8.

If Hll .Ei = 2 for i = 1 or 3, say i = 1, then 52 = EI + E 2 , 53 = E a +E 4

and Hll .Ek = 1 for k = 3 and 4 because e(Hn )2 = 8. But then e(H2j )2 ~

-2 + 3 (j = 1,2), a contradiction. If Hn.Ei = 2 for i = 2 or 4, then
-Ei.(l(:r + D-) ~ 1 - Ei.(1/9H + 4/9Hl1 ) = 1 - 1/9 - (4/9) x 2 = 0, a

contradiction. So, H l1 .Ej = 1 for j = 1,2,3 and 4. Now e(Hn )2 = 8 implies
that t I + t2 = 3.

If H2j is not a tip of l2 for both j = 1 and 2, then one may assume that
(tl, t2) = (1,2) and H21 .GI = 1. Then it is impossible that e(H21 )2 = 2. So,
one mayassurne that H21 is a tip of 6.2 •

Since e(H21? = 2, one may assume that (tl, t2) = (1,2) and H21 .Ej = 1
for j = 2 and 3. Now e(H22 ).e(H2d = 2 implies that H22 .E1 = H22.Ga = 1.
So,

and
LiI, .6.2 , GI

are all connected components of D (cf. Lemma 1.1,(4), part I).
Now (tl, t2 ) = (1,2) and Hf1 = -3. To prove that Case(4-4) takes place,

we have only to show that (7 = id. Let 0'2 : SI -----t T be the blowing-up of the
point Cn H2 and set F := O';I(P2)' Suppose to the contrary that 0' :j:. id.
Then by the hypothesis, there is a smooth blowing-down (71 : S -----t SI such
that (7 = 0'2 . 0'1. Applying Lemma 1.4, we get -F.(l(sl + M-) > O. On the
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other hand, M* = 2/95!JH +4/9ui!!12 + 6/9u~Hl + 5/9u~Hll + 3/9u~C +
+4/11u~H21 + 8/11(j~H2 + 6/11(j~1!22 + 4/114G3 + 2/11(j~G2' This leads
to -F'(!(Sl + M*) = 1 - F.(1/3(j~G + 8/11(j~H2) = 1 - 1/3 - 8/11 < 0, a
contradiction. Therefore, (j = id and Case(4-4) of Theorem 1.1 occurs.

This proves Claim(7) and also Theorem 1.10.

Lemma 1.11. Suppose that the case (2) in Lemma 1.8 occurs with
(J;:, JC) = (-2, -3) or (-2, -4) but the case in Gorollary 1.6 does not occur.
Then either Theorem 1.1,(9) is true with E = G, or one of the lollowing two
cases occurs :

Gase(1) 6.1 is a fork with 4 or 5 irreducible components, and Tl! a 1nax
imal twig 01 ßl consists 0/ a single (-2)-curve D 1. H 1 is the central com·
ponent 0/ 6 1 and H; = -3. Every irreducible component of 6 1 - fI1 is a
(-2)-curve. Thus, ßl = D 1 + H 1 + Hll + H I2 + H where H = 0 or an
irreducible component adjacent to H12 .

ß2 is a linear chain with three irreducible components and with D2 as the
middle one. Hence J 1 = H I , J2 = H 2 = D 2,62 = D2 + 1!'l1 + H 22 , Dj =
Hil = -3, Hi2 = -2. MoreoverJ (j is the blowing-down o/G, G = (j(Dt}, J; =
-3,Ji = -2.

Gase(2) 6 1 is a lork with 5 irreducible componentsJ and Tl! a maximal
twig 0/.6.1 consists 0/ two (-2)-curvesJ say Tl = D1 +BI' 1I1 is the centraI
component of 6 1 and Hl = -3. Every irreducible component 0/ ß 1 - H1 is
a (-2)-curve. ThusJ ß 1 = D 1 + BI + H I + Hn + H12 .

.6.2 is a linear chain with three irreducible components and with D2 as the

middle one. Hence J1 = H 1, J2 = H2 = D2,.6.2 = D 2 + H 21 + H 22 , Di =
-4, H11_= -3, H12 = -2. kloreoverJ u is the blowing-down 0/ G, D}, G =
u(BI), J; = -3, J1 = -2.

Proof. By the hypothesis, Ja = Ha and mayassurne that H;l ::; -3.
Clairn(l). It is impossible that J-; = -4.
We consider the ease Jl = -4. Sinee the ease in Corollary 1.6 does not

oeeur, we have (j =J. 1. Let Ti : Si -t T be the blowing-up of the point
- - 1Pi := G n Ji. LetEi := Ti- (Pi)' Then for t = a or b, there is a smooth

blowing·down (jt : S -t St such that (j = Tt . (jt. Now we apply Lemma 1.4.
In partieular, we have -Et'(!(St + M*) > O.

Case t = a. Then M* ~ 8/13T~1Ia + 7/13T~HaI + 4/13T~Ha2 + 2/5T~C +
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4/5T~Jb. This leads to 0< -Ea'([(St +M*)::; 1-Ea.(8/13T~Ha+2/5T~C)=
1 - 8/13 - 2/5 < 0, a eontradietion. So, this case is impossible.

Case t = b. Then M* ~ 1/4TtC+1/2TbHa+1/2TbHa1 +1/4TtHa2+3/4TtJb'
This leads to 0 < -Eb.([(SI + M*) ::; 1 - Eb.(1/4TbC + 3/4TbJb) = 0, a
contradietion. So, this ease is impossible.

This proves Claim(l).
Therefore, J~ = -3.

_ Claim(2). CU 6.a is a linear chain and the conneeted eomponent of LS.. a 

Ha eontaining H a2 is a (-2)-chain.
Sinee it is impossible that Lib is a linear chain with Jb as a tip (cf. the

hypopthesis(*Lafter Le!!2ma 1.3)?-we have n* ~ 1/2J2 • If Claim(2)_is false,
then we have n* ~ 1/2Ha1 + 1/2Ha+ 1/2Ha2 . This leads to °< -C'(!(:r +
D*) ::; 1 - C.(1/2Ha+1/2Jb) = 0, a contradietion. So, Claim(2) is true.

Thus, H:2 = -2. If Jb is a tip of lb' i.e., if Jb -I Hb, then Theorem 1.1,(3)
is true with E = C. Indeed, C+ Jb+ Ha + Ha2 is a support of a singular
fiber of a p1-fibrationj hence C+Jb + 6.a and C + Tb +~a have a positive
eigenvalue.

Therefore, we may assume that Jb = Hb• Since the case in Corollary 1.6
does not oecur, there are two smooth blowing-downs 0"1 : 5 -+ 51,0"2 : 51 --+

T such that (f = 0"2 . 0"1 and that :
(1) 0"1 (Ta +C+Tb) = T~+E+T(, where E i8 a (-1)- curve and TI ::; 0"1 (Ti),
(2) T~ + 0"1 (Ha) = Li;1 Li, E.L1 = L i .Li+1 = l(i = 1,"',8 - 1; 8 ~

1), L$ = 0"1 (Ha), L~ = -t - 1 ::; -3, L~ = -2(j > 1),
(3) Tt + 0"1(Hb) = L~;1 Mi, E.M1 = Mi.Mi+1 = l(i = 1"", t - 1; t 2::

2), Mt = 0"] (Hb ), MI = -2(j < t), Ml = -8 - 2 ::; -3, and
(4) 0"1 does not factorize through the blowing-up of the point Pa := EnL1 •

In particular, we see that 0"] (~b) is a fork aod hence lb is a linear chain.
Now we apply Lemma 1.4. In particular, we have -E'(!(Sl + M*) > O.

Claim(3). 0"1 = id. Henee a = 2, b = 1, C = E, D t = Mt, D2 = L], D~ =
-t - 1 ~ -3, Hi] ~ -3 and T] = L~:~ Mi is a (-2)-twig.

Let T2 : X --+ S] be the blowing-up of thc point Pb := E n MI and set
F := T;1(Pb ). Suppose that Claim(3) is false. Then by the definition of 0"]

(cf. the above condition(3)), there i8 a smooth blowing-down T] : S --+ X
such that O"t = T2 • T]. Now we apply Lemlna 1.4. In particular, we have
-F.(!(x+ N*) > 0, where N = D if T1 = id and N = T1(D) - F otherwise.

Since T] (C + ~1 + ~2) - F can be contractible to quotient singularities
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(cf. Lemma 1.4), we have .s = 1 or 2, aod if .s = 2 then t = 2, H;1 = -3 and
T1(ßa) = T~(E + Li Li) +T1(Ha1 + Ha2 ).

Suppose.s = 1. Then N* 2:: (3t-2)/(6t-2)T~E+2(3t-2)/(6t-2)Tl (Ha)+
(4t - 2)/(6t - 2)T1(Ha1 )+ (3t - 2)/(6t - 2)r1(Ha2 )+ /.:i(t +i)/(2t + l)T~(M;) +
t/(2t + I)Tl(Hb1) + t/(2t + 1)Tl(Hb2 ). This leads to

o< -F.(I(x+ N*) ~ 1 - F.((3t - 2)/(6t - 2)T~E + (t + 1)/(2t + l)T~Md =

1-(3t-2)/(6t-2)-(t+1)/(2t+1) = 1/(6t-2)-1/2(2t+1) = (-2t+4)/2(6t-2)(2t+l) ~ 0,

because t 2:: 2. We reach a contradiction.
Suppose that.s = 2. Then N* ~ 9/23T~E+ 18/23T~(Ld + 22/23Tl(Ha) +

15/23Tl (HaI) + 11/23Tl (Ha2 ) + 10/16T~ (MI) + 14/16T1 (Hb) +7/1671 (HbI) +
7/ 16Tl (Hb2 ). This leads to

o< -F.(I(X + N*) :::; 1- F.(9/23T~E+ 10/16T~Ml) = 1- 9/23 -10/16 < O.

We reach a contradiction.
So, Claim(3) is true.
Claim(4). 8 = 1. Hence.ß2 is a linear chain, H2 = D2 and Hf = -8-2 =

-3.
Suppose 8 ~ 3. Then 8 = 3, t = 2, Hil = -3,.ß2 = D2(= Ld +L 2 +H2(=

L3 ) + H21 + H22 because .ß2 is eontraetible to a quotient singularity. So, we
have n* ~ 3/7D1 (= Md + 6/7H1(= M'l) + 3/7H n + 3/7H12 + 10/17D2(=
LI) + 13/17L2 + 16/17H2(= L3 ) + 11/17H21 + 8/17H22 . This leads to 0 <
-C.(I(S + D*) :::; 1 - C.(3/7D1 + 10/17D2) = 1 - 3/7 - 10/17 < 0, a
eontradiction.

Suppose .s = 2. Then D* ~ Li 2i/(2t + l)Mi + t/(2t + l)Hn + t/(2t +
I)H12 + (7t - 5)/(7t + 1)D2(= LI) + 4(2t - 1)/(7t + l)H'l(= L'J) + (5t 
1)/(7t + l)H'Jl + 2(2t - 1)/(7t + 1)H22 • This leads to 0 < -C'(/(5 + D*) :::;
1- C.(2/(2t+1)D1 +(7t -5)/(7t+l)D2 ) = 1-2/(2t+l) - (7t-5)/(7t+ 1) =
-2/(2t + 1) +6/(7t + 1) = (4 - 2t)/(2t + 1)(7t + 1) ::; 0, beeause t ~ 2. We
feach a eontradiction.

This proves Claim(4).
Claim(5). t = 2,3. Henee D~ = -t - 1 = -3, -4.
Note that D* 2:: i/(t + l)Mi + t/2(t + l)Hn + t/2(t + l)H12 + (6t 

4)/(6t + 1)D2(= LI) + (4t - 1)/(6t +1)H21 + (3t - 2)/(6t + 1)H22 • So, 0 <
-C.(I(S+D*) :::; 1 - C.(l/(t +1)D1 + (6t - 4)/(6t + 1)D2 ) = 1 - l/(t + 1) -

22



(6t - 4)/(6t + 1) = -1/(t + 1) + 5/(6t + 1) = (4 - t)/(t + 1)(6t + 1). Hence
t ~ 3. This proves Claim(5).

Claim(6). Case (1) 01' (2) in Lemma 1.11 occurs.
Consider first the case D~ = -t - 1 = -3. Then D- 2:: 1/3D1(= MI) +

2/3H1(= M 2) + 1/3Hn + 1/3H12 + 7/13H21 + 8/13D2(= H2 ) + 4/13H22 .
If H21 is not a tip (resp. H22 is not a tip, 01' H?l ~ -4), then also D- 2::
2/3H21 + 2/3D2 + 1/3H22 (resp. D- ~ 5/9H21 + 6/9D2 + 4/9H22 , 01' D- 2::
2/3H21 + 2/3D2 :+ 1/3H22 ). Either of the three cases leads to °< -C.(1<'5+
D*) ~ l-C.(1/3D1+2/3D2) = 0, a contradiction. Thus, .6.2 = D2+H21 +H22
and H?l = -3. So, .6.2 is as described in the case(l) of Lemma 1.11.

Let T{, Tl" be twigs of .6.1 containing Hn , H12 , respectively. If both T{
and Tl" have more than one irreducible components (resp. T{ 01' Tl", say T{
has more than two i1'redudble camponents), then D- 2:: 3/7D1 + 6/7H 1 +
4/7Hn + 4/7H12 (resp. D- 2:: 2/5D1 + 4/5H1 + 3/5Hn + 2/5H12 ). Eithe1'
of the two cases leads to 0 < -C.(1<'5 + D*) ~ 1 - C.(2/5D1 + 8/13D2) =
1 - 2/5 - 8/13 < 0, a cont1'adiction.

To show that .6.1 is as described iTI the case(1) of Lemma 1.11, it remains
to show that .6.1 - H1 consists of only (-2)-curves. Indeed, if Hfj ~ -3
for j = 1 01' 2, say j = 1, then D* ~ 2/5D1 + 4/5H1 + 3/5Hn + 2/5H12 .
We shall reach a contradiction as in the above paragraph. Note that H :=

.6.1 - (D1 + H1 + Hn + H12 ) is zero 01' a single curve. It remains to show that
H2 = -2 if exists. Indeed, suppose H2 ~ -3 and suppose, without loss of
generality, H ~ T{. Then D* ~ 3/7D1 + 6/7H1 + 4/7H + 5/7Hn + 3/7H12 .
We shall again reach a contradiction as in the above paragraph.

We have proved that the case(l) in Lemma 1.11 occurs if D~ = -3.
Now we ·consider the case D~ = -4. Let ,1 :S-+ X be the blowing-down

of C. Let ,2 : X -+ T be the smooth blowing-down such that a = 12 . ,1'
Now we apply Lemma 1.4. In particular, we have -F.(I{x + N*) > 0 where
F = /1(D1 ) is a (-I)-curve and N = /l(D) - F.

Now F meets a (-2)-curve ,(M2 ) and a (-3)-curve ,(D2 ). By making
Hse the latter inequality for Fand by the arguments for the case D~ = -3, we
can also p1'ove that ,(.6.1 - Dt}, ,(.6.2) have the same weighted dual graphs as
.6.}, .6.2 , respectively in Case(l) of Lemma 1.11. To verify that the case(2) in
Lemma 1.11 occurs. It remains to show that H := .6.1-(D1+M2+H1 +Hn +
H 12 ) = O. Suppose H # 0, say H is adjacent to H n . Then D* ~ 2/7D 1 +
4/7M 2+ 6/7fIt + 2/7H +4/7Hn + 3/7H 12 + 11/19H21 + 14/19D2+ 7/19H21 .
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This leads to 0 < -G.(J(s+ D-) ~ 1 - G.(2/7D I + 14/19D2 ) = 1 - 2/7 
14/19 < 0, a contradiction.

This proves Claim(6) and hence Lemma 1.11.

Lemn1a 1.12 In the Gase (9) 0/ Theorem 1.1, 7r1(SO) is finite.

Proof. The argument in this case is similar to the proof of Lemma 6.24 at
the end of part I. We can assurne that C +Tl +8 2 has a positive eigenvalue.
Let Tl = BI +L 2 +... +L r be the twig. If U is a nice tubular neighborhood
of C + Tl + Eh, then it is easy to see that U - D has N - D as astrang
deformation retract, where N is a tubular neighborhood of G +8 2 , Now the
rest of the argument is exactly as in the proof of Lemma 6.24 in part I.

Lemma 1.13. In the case (4) 0/ Theorem 1.1, 1rt{SO) is finite.

Proof. We will use the description of G + ß I + ß 2 which occurs in the
proof of Theorem 1.10 (cf. Figures 1, 2, 3,4).
As before, the intersection form on C + ß I +ß 2 has one positive eigenvalue
and by Lemma 1.10 of part I we have a surjection 7r1(U -ßI-ß2) --+ 7r1(SO),
where U is a small neighborhhod of GUßI Uß2. We will use the presentation
of 7r1(U - ß I - ß 2) given by Mumford in [3].

Case (4-1) 7r1 (aU) is given by generators eo, el, eIl, el2, e2, e21, e22, 91,92 cor
responding to C, HI, Hll , H 12 , H 2 , H2I, H22 , GI, O2 respectively and the fol
lowing relations :

Hence el = e~l = ei2 and enel;eo = 1.
Now 7r1(U - D) is obtained by putting eo = 1 in the relations above. Hence
in 7r1(U - D)

3 -1-2
eIl = e 12 , e2 = e l = e 12

etc. From the remaining relations, we can express 91, e21, and e22 in terms of
92 and after putting eo = 1, e2 = 9~ and 9~5 = 1 = ei2'

Here, 7 and 15 are the absolute values of the determinants of the inter
section forms of ß I and ß2 respectively. Hence el2 can be expressed in terms
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of el and henee 7rl(U - D) is a finite eydie group generated by 9'J. Henee
7rl(SO) is finite eydic in this ease.
Case (4-2) From the proof of Theorem 1.10, Claim (5), Case (5.2) (cf. Figure
2) we know that (J' = identity. We argue exactly as above. The determinant
of ß 1 = ±11 and 7rl(U - D) is generated by e21 (corresponding to H21 ).

Again 7rl(U - D) is finite cydic.
Case (4-3) By the proof of Theorem 1.10, Claim (6) we have (J' = identity
and the determinant of ß 1 = ±7 (cf. Figure 3). In this case 1rl(U - D) is a
finite group generated by 91 (corresponding to GI).
In the above cases, the crucial fact used was the linearity of ßl, ß 2•

Case (4-4) By the proof of Claim 7 in Theorem 1.10, (J' = identity. Now the
determinants of ßl, ß 2 are ±9, ±14 respectively (both non-primes).
In this case we use the (-1 )-curve E in the singular fiber SI (cf. Figure 4).
Now E +ß 1 supports a divisor with a positive self-intersection. E intersects
only the curve Hll from ß 1 (E.Hll = 2) which is a tip of the linear chain
ßl. Now the proof used for the case !I( +C + Dl =j:. 4> in part I, using Lemma
1.14 in part I proves that 1rl(SO) is finite.

Lemma 1.14 In the two cases 0/ Lemma 1.11, 7rl (SO) is finite.

Proof. In Case (1) of Lemma 1.11, the determinant of .
ß'J = ±13 and ß2 is linear (whether 01' not !f = 4> or =j:. rjJ). In Case (2)

of Lemma 1.11, the determinant of ß 2 = ±19 and ß'J is linear (cf. Figures
5, 6).
If U is a tubular neighborhood of Cu ß 1 U ß2l then using Mumford's pre
sentation we see that 7fl(U - D) is a homomorphic image of 7f] (U1 - ß 1 ),

where U1 is a small tubular neighborhood of ßl. Since .ßl defines a quotient
singular point, we deduce the finiteness of 1rl (SO).
This completes the proof of Theorem 1.1 and also of the Main Theorem.
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