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Ou the group of hOUIOtOpy equivaleuces

of sinlply couuected five ulanifolds

Hans J oachilll Baues anel J oachinl Buth

The group &(X) of homotopy eqllivalences of aspace X is t,he set. of homot.opy classes of ho

motop)' equivalences X - X. Thc group st,rllct.ure is illduced by map-composition. The group

&(X)l i.e. t.he group of automorphisms of t,he homotopy type of X) can be regarded a.s the ho

mqtopy symmet.ry group of the space X. In the literature there has been a lot of interest in the

computation of such groupSl cornpare for exalllple the excellent survey article of M.Arkowitz [1].
Für a differen tial man ifold 1"1 the grou p &(M) is com parable wi th the groll p 7l'o DilJ (/1.1) of isotopy

c1asses of diffeomorphisms of 1H. In fact 1 via the J -homol11orphism t,here is a striking similarity

between these groups a.s is shown in Baues [5] §10.

In this paper we stud)' t.he group &(11.1) where 1"1 is a simply conneeted c10sed 5-manifold, or

more generally a simply connected Poincare complex of dimension 5. Such manifolds ami Poincarc

complexes are classified by Barden [2) and Stöcker [16] respeetively.

• 0 o·
Let Iv! = ./1.1- e be t,he com plement of a small open cell e in ./1.1 alld let &( ./1.11 1"1) be the subgroll p

of &(AI) which can be represcnted by an oricntat.ion preserving mal' 11.1 - !vI w!lich is the identity

on J\~f. In Baues [5] it is shO\\'11 that &(AIIJ\~/) is a finite abelian group for an)' simply connected

Poillcare complex JH and't,hat one !las the "fundamental extension" of groups

Here f : oe - AI is the indusion of thc boundary of e alld &( AI 1 ±f) is the subgroup of element.s

in &(J\1) compatible with f up 1,0 sign.

Rccently Cochran-li abegger [11) COIllI'uted the fu 11 damental cx tension ror d i 11/.( M) = 4) see also

Baues (6]. \Ve here compute for dim(AJ) = 5 the abelian grollI' &(l\1IJ':1) as an &(1\~[1 ±J)-module

an cl we com pute &(lt~1 1 ± f) so thaI, &(./1.1) is c1ctcrm incd via (*) u p 1.0 an ex tellsion p roh lem; for

special cases we are able to solve thc extension problem 1,00. 'Ve now c1cscribe cxplicitcly some or

t,he results of this paper.

The classification of Barden yielcls t.!le following silllply cOllllccted (differential) 5-mallifolds Alq

allel X q which are indecomposable wit.h respect to connected sllms Ü. For a prime power q = pi,

P 2: 2) thc illdecomposable manifolel 1Hq is characterized by the second Stiefel- \Vhitney class and

the second homology:

o and

for q = -1

for q = 21' 2: 4
and

rvloreover JHoo = S2 x S3 is a product ofsphcres. The indecomposable manifold X q is characterized

by
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Let X oo be the nontrivial :{-sphere bundle over tlle 2-sphere. The l11anifold X -1 is the 'Vli manifold

and we set X2 = X-I ij X-I. Now let. A1' :::::: {A1q 1 q = 00 or q = li a prime power} and .1' =
{Xq 1 q = 00 or q = 2i 2: 2 er q = -I} be t,he corresponding sets of manifolds. An)' simpI)'
eOllnected 5-manifold .M has the normal form

and either A1r E }A, r 2: 0, for w2(A1) = 0 or JHr E Xl l' 2: 1, for w2(jH) i= 0; here wc set J\1 = 55
for l' = O. Compare (10.1) in [16].

For the manifolds jH = X q , Alq thc abelinn group &(AIIJ\:1) is givenTheol'eIll (Al;
by

=

'1=-1,00

q = 4,2

q = 2i 2: 8

1
;;Z2EB~2

72 2 EB 72 2 EB LZ 2 EB LZ 2

7L 3 EB7L 3

o

q = 2,00

q =2i ~ 4

q = 3i 2: 3

q = pi, P #- 2,3

The ncxt result gives an explicit computation of tha abelian grollp &(/l.1IA1) for any simply
connected 5-manifold jH. Let A * B be the torsion prodllct of abelian groups A, D.

TheorCIll (D): For w2(N) = 0 allel H2 N = B wc have Rn isoillorphism of abclian
groups

&(NIÄr) =:! Bo EB (BI(8 * z.;'2)) 0.1Z 2 with

Bo (B * 722 ) EB (8 * 7L 3 ) EB (ßITorB) 072 2

For W2( 11'1) #- 0 we ean ehoose N as above such that. 1"1 = N ij Xq for nppropiat.e q. Thell
we get

with Bo as above and

{

(BI (13 * LZ2)) 0 IZ 2 for q = 00 or q = 2i 2: 8 ,

Bq (BI(B*;Z4))0~4 forq=-lorq=2,

(B/(B * ;.zR)) (9 LZ2 for 'I = 4 .

Let &JJ (11'1) be the Sll bgroup of elemen ts in E:(A1) wh ieh in du ee the identi t.y i 11 Homology. Th e
group E// (J\1) is part of the exaet sequenee of groups

0-&H (lvt )-E(A1)~f-1.E (M )-0

where H .. E:(l\1) is the grollp of alltomorphisms of H.(AI) whieh are rcalizable by maps At ---:,. A1.

Theol'eUl (C): For a simply eonnected 5-dimensional Poineare complcx AI one has

an isolllorphism of groups

Aut(A, ±b1w, e)
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Here the right, hand side denot.es the grollp of alltomorphisms of A = H2 1H cOJllpatible wit,h t,he

invariants ±b,W, e of 1\1 given by the linking form b of AI, the Stiefel- \Vhitney dass W = W2( AI)
and the exotic characteristic dass e = e(A1). The dass e(JH) vanishes if and only if 1\1 has t.he

homotopy type of a m at li f01cl, see §3. 'Ne point Oll t. that I, hc metIlOds of Stöcker [16] are BOt sui t,ab le

for a proof of theorem (C).

'liVe in t roduce I, he "torus const ru ct.ion"

where r6(A) for A = 1I2JH is define? by t.he free commutat.ive ring with divided powers generated

by A. For the homotopy group HSJH, which we compute explicitely bclow, let

.
be the image of the suspension homomorphism. The grollp EflsJ\t[ depcnds onl)' on the homology

grollp A = H 21vJ.

Theorenl (D): For W2 (lH) = 0 one has the follow ing com m U Lative cl iagra m wi th exact

rows.
.

&(JH 11\:1)0 -----lo EIl 5 JH -----lo -----lo A * IZ3 0

11
n n.

A2(A0 LZ 2)0 EH 5 1H -----lo Eu{Aof) r6A - 0

For example any simply connected 5-dimensional Brieskorn mallifold 1'" satisfies w2(kJ) = o.
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(1.1 )

Contents:
§1 HOlllotopy grollps of ~'foore spaces and homology groups of Eilenberg-Mac Lane spaces.

§2 The fundamental extension ami t,he torus constructiol1.

§3 On t.he groups H.. &(l\1) and &(l/, ±f)..
§4 On 1.he group E(A1Ikl).

§5 The normal form of a simply conneetecl 5-dimensional Poincare complex.

§6 Realizabilit,y of homology isomorphisIlls..
§7 Compu1.atioll of &(1\111"1).

§1 HOIllOtOpy groups of Moore spaces and hOlll01ogy groups
of Eilenberg-Mac Lane spaces.

\Ve here descr ibe the hOlllotopy grou ps II Tl 1\1 (A, 2) of a ~'1 oore space kl (A, 2) ami 1.he homology

H n l'.:(A, 2) of an Eilenberg-;\:lac Lane space K(A, 2) for low degrees H. For t.his we have 1.0 int,roduce

some purely algebraic fllnetors from abelian grollps 1.0 abelian groups. These functors are classical,

but we describe variolls properties which are new.

For each abelian grollI' A we have the free ring r .. (A) wi t,h divided powers, 1.his is the cOlTIlllutative

gradecl ring which is generated by the elements '/t(x) for each x E A ancl cach non-negative int.eger

t, of degree 2l, subject 1.0 t.he relations

!
'/o(x) = I, '/t(1'X) = rt'/t(x) for 7' E LZ

'/t(X + y) = L '/i(X)~/j(Y)
i+j=1

,/~(J:)/t(x)= e~t) '/~+t(x)

Compare §18 [14]. \Ve' set. )'I(X) = x 50 t,hat r 2 A = A, moreover '/2: 1'1 - r 4 A
J.H .C.\Vhitehcad's universal quadratic mal'. Thc natural homomorplJisllls

I"'A is

( 1.2)
[1,1]

are elefined by [1,1](:/: (9 Y) = '/2(X + y) - '/2X -'/'2Y = [x, y] anel by lT/2(X) = X (9 1 wiIere 1 E iZ i5

the generator, x, y E A.

The group r6A is generat.ed by t.hc element.s '/2(X) , Y anel '/3(Y). Let, ('/3A) C r 6A be the

subgroup generated by all elements '/3(X), x E A. \-\Te inirocluce the funetor r~ by

(1.3)

where the relations are giyen by

{
/2 (x) (9 x "'"' 0

, [x 1 y] (9 1+ ('/2 x) 0 y + [y I x] 0 x 0

Nex1. let L(A , 1)n be the grollp of Lie elements of degree H in the graded tensoralgebra T(A)
where A is concentral.ed in degree l. The Lie bracket. is given by [x, y] = xy - (-l)lxIlYlyx. For

example we have

(1.4 ) /...(A,I)J
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where [[1,1], 1] carries xyz = x 0 y (9 z to

[[x,y],z] (;;r:y + yx)z - z(xy + yx)

= xyz + yxz - Z:1:y - zyx E A0:l

There is a natural isolllorphislll ( see [8] )

(1.5)

wh ieh earries '12 (x) 0 Y to - [[y, xL xJ+ [x, y] 0 I aucl wh ieh earries /2 (x) (9 1 to /2 (X ) (9 l. Next. we
have the exact sequence

(1.6)

where H(i'2X) = x (9 x anel w(x (2;1 y) = xl\y for t.he exterior square A2 (A). Let A * LZn =
{x E A, nx = O} be the n-torsion of A. One has the following cOllllllutat,ive diagralll of natural
hOlllolllorphisms in whieh all rows are exact. anel in which all colull1l1s are shor!. exact sequcllees,
see [10].

A(2;I LZ 2r(A) (9 Z;;2

f(A) (9 A

I
~ f(A) (2;1 A Ei:) f(A) (2;1 LZ2

1

-(,3A)

I
(1. 7)

Here one has an isomorphisIll A * z;j3 == kerneI(x), lInllaturally. The map q is the quotient Illap

and X is defined by

(1)
= /2(X) 0 X

'Y2(X) 0 Y + [y, :l:] 0 x + [:1:, y] 0 1

"Ve define a' by a' /3(x) = 0 anel a' (/2 (x )y) = (x 01 )l\(y(2;ll) anel we set. [1, 1]( x C5J Il\y(1) = [x, y] 01.
The inclusion i is defined by (1.5) and (1.1). All the other arrows in the eI iagram are the obvious
maps. In partiCldar we obtain ~V by

(2)

see (1.5). Now exactness, in partieular, yields the short, exaet, sequellee

(1.8) Leullufl: A * LZ3~ (,3A) ~ kerllel(lV) .

Let, Ab be the eategory of abelian groups and let, F: Ab ---j. Ab be a funcLar which needs nat ta
be additive. Then the left derived functars

( 1.9)

are defined I see [12]. For exalll pIe far F = f the Icft dcriveel runctar LI r = rT: Ab ---j. Ab is the
f -torsion eonsidered in 11 1.2.1 of [6].



An Eilenberg-Mac Lane space K(A, n) is a CvV-space with homotopy groups H,J{(A,71) =: A
and nj f\"(A, n) =: 0 for j '# n. A Moore space A1(A, 1l), n ~ 2l is a simply connected C1V-space

with homology groups /lfl AI (A,u) =: A alld /jj M (A l 11,) =: 0 for j '# n. Using the work of Eilcnberg

Mac Lane we havc the natural isomorphisms

A i = 2

0 i = 3

(1.10) Hi l{(A l 2) = r(A) i=4

fT(A) i = 5

f 6 (A) i = 6

which we use a.':i identifications. Using (1.10) we can identiry t,he coordinates (Xll \'2) = X with

X2 = [1,1](7"1 in (1.7) wit.h t.he following natural operations. Let Sq2: /ln(X) ~ 1l1l - 2(X l /Z2) be

the integral Steenrod square and let kAn be thc cap product. with the canonical element, kA E

H 2(K(A , 2L A). Then we have

(1.11)
=

=
fh/{(A, 2) ~ J-1 4 ([{(A l 2), A)

lh }{ (Al 2) ~ lJ4(K(A 1 2) 1 /Z2) =
r(A) (9 A

f(A)(9/Z2

The homotopy groups r1 n M(A l 2) of the lvfoore space M(A,2) are more complicated than the

homology grollps of an Eilenberg-J\'lac Lane space 1{(A l 2). \Ve hayc the following cOllnection

betwccn these groups. The first k-invariant. of .1\1(A, 2) is a naturallllap k: 1\1(A, 2) ~ I\,"(A, 2) in

the homotopy category inducing t,he isomorphism

(1.12) A

which we use as an identification. For a simply connected C~V-complexX we have \Vhitehead's

certain exact sequence

(1.13)

where h is the Hurewicz map and rnx = Im{IInX Il - 1 ~ nnXIl}. Since this sequence is natural

in X we obtain the natural homolllorphislll (71 ~ 3)

(1.14)

induced by k above. Now one has natural isomorphisIlls

(1.15) r(A) n:I JH(A l 2)

where 1( carries ')'2(X) 1,0 the composition XI]2 where '12 is thc Hopf map, x E A = II 21H(A , 2),
COlll pare [18] anel [14], tvforeover we have the natura.l short exa.et sequence

(1.16) 0----4 r~(A)~ 11 4 1\1(A l 2).s- rT( A )----40 ,

compare (III ,2.4) in [6], Here Q is given by (1.14) ami (I, 10), Moreover thc injedivc homomorphism

i in (1.16) carries ~f2 (x) 0 Y E r( A) 0 A to thc \Vhitehcad produet [X112, y) and carries 1'2 (x) 0 1 1,0

the com posi t ion x 112TJ3, 1/3 = E112. For n = 5 t,he homomorp hism Q in (1. 14) is not surjedive, bu t

we havc by [10]

(1.17) Qlls1\1(A l 2) A * /Z3

-6-
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Using the spect.ral sequence of Dreckmallll [13] fOf n," 111 (A l 2) olle also obtaills the exact. sequellee

(1.18) with [~~(A)

which is useful fOf t.he eOll1putat,ion of 11 51H(A,2). Thc sequcnees (1.16) and (1.18) ean also

be derived from the EH P scquen ce for homot.opy grou ps of III appi ng cones in [7], see [9]. Thc

hOlllomorphislll d2 in (1.18) is a cl ifferent,ial in t.he spcet.ral sequencc of Dreckmann w hieh in general

is not trivial. The image D of the differential d'2 is the subgrour of r(A) (9 7L'2 C r§(A) given by

the image of th e Ilat II ral map qr (.\) ,

(1.19)

Here q is the quotient map and .\: A * LZ'2 C A ~A 0 ~2 is given by .\(:z:) = :z: 0 1, I E IZ 2 .
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§2 The fundalnel1tal extension and the torus construction

.
Let 1'1 be a simply conneeted Poincare complex of dimension m. Then 1\4 = 1'1 Uf em is the

mapping cone of a map f: sm-l ----j. AI whielJ for m = 5 is of the form

(2.1 )
.

----j. kl = 1H(A , 2) V 1'1(B', 3)

where A = 112111 ancl D' = H3 Nf ~ AfTorA. As in [5] §1 we havc the fUliclamclltal ext.cnsion of

groups

(2.2) ----j. &( 11n r
----j. ----j. 0

Here &( A11 A1) is thc subgroup of &(l11) consisting of all element.s w~lich eall be represcnted by

orientat,ioll preserving maps 11'1 ----j. 1\4 which restrict to the identity of 1\'1, or equivalently which are

maps under 1\1. Mo~eover let. &(/1, ±f) be the group of all pairs x =.(x, c) E &(1\1) x {+ 1, -1)

for which x .. : IIm - 11\;f ----j. IIm - t 1\4 satisfics :.1: .. f = cf. Hcre fE nm - t AI is tbc homotopy class of

the att.aching map. \Ve also write € = degx , clearly degx is determined by x E &(11:1) if 2f =f. O.

The grou p &(1\111\:1) is fi n ite abel ian an d endowed with a su rjecti ve homomorphism of grou ps

(1)

defined by 1+(0') = 1M + i .. o , see [5]. The map i: 1\1 c......... AI is the indusion and + is given

by the coaction 111 ----j. Nt V 55. Morcovcr t.hc structurc of &(111111:1) aB a Icn, &(1\'1, ±J)-module

in t,he :xtension call be described by the following formula where a = 1+(a') E &(k111':1) and

x E &(J'1, ±jL

(2) x·a l+(deg(x). x .. (n))

The fundamental extension leads 1.0 three problems for the computation of &(J\1): First olle has

t.o eompute the group &(1\1, ±f), then one has 1.0 compute nm 1l1 anel the kernel of 1+1 allel finally

olle has t,o solve the extension problem for (2,2).

Now let &//(1\1) be the subgroup of elements in &(J\-1) which induce the ielentity on homology

groups H .. kf and let H .. &(1\1) bc the grou p of those au t.omorph iSllls of t.he hom 01 Og)' H. 1"1 wh ieh

are realizablc by maps 111 ----j. AI. Then wc get the following cOlllll'lutative diagram in wlJich the

rows are short exact sequenees of groups

(2.3)

o ----j. &(J\11 J\:1)

n

o ----j. &H (1\4)

----j. &(111)

11

----j. &(AI)

r-
11.

&(1'1 ,±J)

lh
H.&(lH)

----j. 0

----j. 0

lIere H .. is gi ven by the homology functor alld the surjedive hOlll0ll10rphisIll h is ind lIccd by H ...
By (2.3) we obtain the extension of groups

(2.4)
r

----j. kernel(h) _. 0

which is a subextensioll of (2.2). \Ve shall see thaI. kerllcl(h) is actually an abelian group in case

dim(Arf) = 5. \Ve can study the groLlp &n (A't) by the torus construction which is a homolllorphism

(2.5)

-8-



For this let u: lV1 - A1 be a map which represents an element in EJ/(J'd) and let k: AI - [{(A, 2)
he the first k-invariant of AI. Then the diagram

(1)

1"1

1 ".k
u 1{(A,2)

/k

homotopy commutes since {u} E EH(JH). Let Gu : k-:::=ku be a homotopy. Then we have the

following push out diagram of spaces~ 1 = (1 , 0] C m,

I x iH I. Tu A1 .Q. f\'(A, 2)

(2) l(io.i d push I /1:
'vi \1 (\,ul AI! U1' -

Here the push out Tu A1 is the mapping torus of u and the map 9u is induced by (1.:, Gu ). The
mapping torus Tu AI is again a Poincare complex with fundamental dass 1 x [JH] E Hm+1(Tu LVI)
given by the fundamental dass [1HJ of 1\1. Now we define the funetion t in (2.5) by

(3)

where (gu).: Hm+dTuAf) - Hm+1 [{(A, 2) is induced by the map 9u in (2).

(2.6) Leulllla: The torus construetion t is a weil defined homomorphism between groups.

Proof: \Ve have 9u E H'2(Tu AI. A) = Hom(H'2TuJH, A) since H\Tu 1H = ZZ. Here H'21VJ 
H 2Tu 1H is an isomorphism so tImt 9u is weIl defined up to homotopy. Next we see that t is a
homomorphism by the following sketches. u. v E EH 1\1.

whieh deseribes a bordisl1l between TI, 1H + Tu J.\-1 and Tvu AI. III

(2.7) Theorelll: Let Al be a simply connected Poincare complex with A = H2,A1 and let

g: l\1(A , 2) - 1H be a map whieh induees the identity on H'2AI. Then the composition

j. 1+ •- E(iHIA/) H m +1 K(A,2)

eoincides with the homomorphism Q in (1.14).

Proof: Let u = 1.\1 + i .. Q: AI - J"1 be a map under i'~1 which represents 1+0'. \Ve eonsider

-9-



the following com mutati ve diagram with 1'i = id.

1H U • 1H
(l,u)

11'1
AI

Ir push Ir "k
w 1\1 U 51

.
..:!- ~sm --+ X 1\1 U 1\1 (Tu 1\1)m A"(1'1,2)m

li push I / r
11'1 U • 1"1

(1 ,u) AI k 1\"(11,2)--+ -..
M

Here r is given by the projectioll 51 X 1'~/ - 1':/ and w is given by the attaching map WJ of the

top cell in 1 X A1 l see 11.8.11 in [:~]. Since 11 is a map uncler 1\1 we sec that the m-skeleton or Tu 1\.1

is a push out as indicated in the c1iagram. Now 9u can be choosen such that 9u q I51 x 1':[ is thc

projectioll. Hence 9u =kr. lvloreover it is easy to see that,

(1, lt) rw i. (\

so t.hat {k i.a} E l\nK(A, 2) ~ Hm +l K(A, 2) represents /.(u). This completes t.he proor or (2.7).
In fact we proved l,he

Addellduln(2.8) : The following diagram commutes

.
---'»- 1\11 1\1~11 rn A,[ rm f{(A,2)

11+ I~
6" (A'[ 11':1) I

Hm +1 /{(A,2)--+

Here t is the restrietion of the torus const.ruction allel 1+ is t,he homomorph ism in (2.2) (1).

- 10-



§3
•

On the groups /I.[(J\1) and [(lv! l ± f).

Thc homotopy type of a sim pIy conllceted 5-d imensiolla.1 Poincare complex !v! is detenllined by

its Stöcker invariant (A, b, w , e). \Ve here describe the grollps H.. [(Al) and [(1':! I ±f) of sedion
(§2) in terms of this invariant.

(3.1) Definition: A Stöcker invariant is a t,1I pie (A I lJ, w,e) cOIJsisting of a fini tely generated

abelian group A, a nonsingular skew-symmetrie bilinear form b: TorA x TorA -+ (iJ / LZ I a homo
morphism w: A -+ LZ 2 and an element e E A @ ~'1. These data satisfy w(x) = b(x , x), ;I: E TorA,
with ~ 2 C (iJ /;Z generated by ~ and (w 0 id)(e) = O.

It is the main result of Stöcker in [16] tha1, there is a I-I eorrespondenee between homotopy

types of simply eOlllleeted 5-dimensional Poineare complexes lH and isomorphism c1asses of Stöcker

invariants. The correspondcllce carries 1\1 1,0 (A, b, w,e) wi t.h A = H2 M, here b is the lin ki ng form

of AI, and w = W2( A1) is t.he Stiefel- \Vhitney dass and e = e( M) the exotic charaeteristic dass

which vanishes if alld only if 1H has the homotop)' type of a manifold.

(3.2) Definition: Let Allt(A) be the grollp of automorphisms of the abclian grollp A and

{+1 , -1} = Aut(LZ). Thcn Aut(A,±b,w,e) is t.he subgroup of Aut(A) x {+l,-I} eonsisting of

all pairs (!t,c) for whieh b(uJ: , llY) = cb(x,y) for J:,Y E Tor(A) anel w(uz) =w(=) for z E A and
(u@ l)e = e. \Ve denote this group by Aut(A, ±b,w) if e =0, then Aut(A, b, w) is the sllbgroup of

all (u , t) with E = I.

Olle has a homomorphism of groups

whieh earries an element u E [(lU) to the indllced automorphism H'1(U) of A = H2 Al.

-(3.3) Theorcul: For a simply connected 5-dimensional Poincare-eornplex 1'1 one has an

isomorphism of groups

H.. E(A1) A Ilt(A, ±b,w , e)

Compare the definition of 11 .. [(Al) in (2.3). For the proof of (3.3) we show that eaeh element
(u, c) in Aut(A, ±b,w, e) is realizable by a homoLopy equivalence u E E(Al) wit,1i H2u = u anel

u.. [A1J = t[Al).

The explieit, constructioll of u is fairly intrieatc alld relies on a cOlllplete kllowledge of eertain

genera tors alld eom posi tion laws com pli ted in [8], see (§6) below.

(3.4) Reluark: Let Al be a simply conneetcd, c1osed, smooth 5-IlJitJlifold and let noDiff+(AI)
be the group of isotop)' c1asses of orientatioll prescrving diffeomorphisllls of Al. Then it is a result

of Barden [2] that

is surjective. Therefore theorem (3.3) can be deduced from Barden's result if e = O. Sinee we also

deal with the more general ease of Poineare-complexes we give an independent new proof of (3.3)

also in the ease of manifolds.

Next wc eonsider the grollp E(1\:[ I ±J) in (2.3): For this we need the eanonieal homomorphisms

(3.5) {
~V'

I'V" + r(A) @ w

r(A)0A -

r(A) (9 A

- 11-

L(A, 1)3

r(A)@/Z'1



with l'V'(,z(x) 0 y) = -[[V, xl, x] and H'"('2(X) 0 y) = [:1: , y] 0 l. The homomorphisms \·V' and

H'" correspon d to t he coord inates of \fV in (l.7). Morcover r( A) 0 w is gi yen by thc idell t ity of

r(A) and by the St.iefel-\Vhitney dass w =W2: A -+ ~2'

(3.6) Theorenl: For a sim ply cOllllected 5-dimensional Poincare complex 11·/ one has a short

exact. sequcnce (see(2.:i))

o -- /\(w)

with K(w)

--+ [(111 , ±f) --+ Aut(A , ±b,W , e) - 0

kcrnel(H") n kerncl(W" + I~(A) 0 w) ~ kernel h

Here b.:(w) C r(A)0A is an A\lt(A, ±b,w, e)-module by (u, c)' z =c(r(u)0u)(z) for z E
/\(w). For w =0 we have j{(O) = kerncl(W')nkcrnel(lV") = kcrnel(W) ~ (,3 A )/A *Z5'3,
see (1.8).

(:L 7) Proof: Let

(1) C A

be a short free resolution of A wher~ D ~ A/TorA ami where C~C ~TorA is a resolut.ion.

Then the cellldar chain complex of 111 = Al (A, 2) V Al (D' 13) is

CEBD' ~ CEBD =

with Cjl~/ = 0 otherwise. Ivforeover wc have thc cofiber sequellcc

(2)

.
where the left hand side is the 2-skeleton of J\oI and wherc q is thc quoticnt map. Now we have the

short. exakt sequence of gro\lps

(3) {
0 - H3 (J\~11 r A)

with

1+ • 1/[(11'1) •

H 3 (/l.I, rA)

Aut(A) X Aut(D') -- 0

Ext(A , rA) 61 Hom(D' 11'.11)

Here HO' is given by the homology fUlletors H2 and Ha. An elemcnt 0 E Ext.(A, r A) is represented

by a bomolllorphislll a E lIom(C, r1'1). Then a and b E Hom(D', r .11) yield a homomorphism

c = (a, b): C EB D' -+ rA allel hence by (1.15) a map

(4) c = (a, b): J"1 (C Ei' D' I 3) -- k/ (A 1 2) C J'~1

The hO!llomorpbism I+ in (2.2)( 1) carries (0' I b) 1,0 the Sll m I + cq. Herc I is the identi t.y of the

space Iv! whieb is a suspension and q is the quotient mal' in (2). For u E Allt(A) allel v E Aut(D')

tbe module structure in the extension (3) is givcn hy

(5)

\Ve point out thaI, the extension (3) in general is not split.

Sinee A/ is a Poilleare complcx with fundalllental dass [Nt] wc havc the dualit.y isomorphisl1l

n[JH]:

(6) Ext(A, r A) EB lIom( IJ', r A)

- 12 ~
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\Ve denote the inverse of this isomorphism by DM = (n[l\1])-l. Let

U .
{ q' rA<9A = IT 3 1\1(A, 2) <9 11 3 1\J(A, 2) 11 4 kf (A, 2) C n41H

(7) l'/i .
q" : rA <9 LZ 2 = 1'1 3 i\1 (A I 2) <9 IZ 2 -- ll4 iH (A,2) C ll4A-I

be given by the \Vhitehead product allel the Hopf map 113 respectively. Thcn (q', q") = iq where i is

the inclusion in (1.16) and wllere q is t.he quot.ient. map in (1.7). Recal! t,haj, J = JM E T1 41':f denotes

thc at,taching map for 1\1, see (2.1). Then we have for {c} E Jl3( A:t , rA) anel 1+cq = 1+{c} E [(kl)
thc formula

(8) (l+cq).JAf = IM- q'({c}n[AJ])+q"(w,{c}n[1\1])

Here w E H2(M; iZ 2 ) is thc St.iefel \Vhit.ney c1nss ami {cl n [kt] E H 2 (kl, fA) by (6). Tbe formlIla

is a conseqllence of (7.11)(a) and (6.4) in [16]. By definit,ion of [(1\1, ±f) and h in (2.3) we have

(9) 1 + cq E kernel(h) {::::::} (1 + cq).fAf =1M
(10) <=> 0 = q'({c} n [1"1]) + q"{W, {cl n [iH]}

(11) <=> z = {cl n [1\1] E rA <9 A satisfies z E J{(w)

-. 0
h-

Here (10) is a conseqllence of (8) allel (11) follows since i in (1.16) is injective. Thus we get· the

following commutativc diagram with short exact rows

(12) •
o ----lo J{(w) -- [(kf,±j)

lDAf li

Here i and j are the incl usions and DM is given by (6). The bottom row in (12) is the pradud

H~ x {+l,-I} with H. in (3). Now we use t.heorem (3.3) for Jl.[(A!) and we get by (12) the

exact sequellce in (~.6).

\Ve now consider the strl! cture of K (w) in (12) as an H. [( 1"1 )-mod ule. Let, Ti E [( iH) be a

realization of(u,c) E Aut(A,±b,w,c) and z E K(w). Then we get by (5)

(13)

(lI, [) . z = D,\/ (( u, v) . DM (Z ) )

D;/ (( u, v) . {c} )

IJ;/ (r(u).(u1)"{c})

r(u).((u-1)"{c} n [kID
f(u)u.. ({c} n("u-I).[A-I])

EX(U ).Ti. ( { c} n [AI]) c( l' (u) 0 u) (z )

For (13) see page 254 in [15]. This completes the proof of (3.6). III

Next we consider the torus construction t. for a 1-connected 5-dimensional Poincare complex 1\4.
\Ve obtain the following diagram of homomorphisms between groups \\'here t,he left, hand side is

- 13-



given by the extension in theorem (3.6)

t'(A111~f)
e

kernel(x)~

I I
t'H(AI)

t
f 6(A) IhK(A,2)-

(3.8) 1 lq
I.... (w)

t" r 6 (A )/kernel(x)>----;..

n nx

f(A) 0 A
(i,r(A)0w:J)

f(A)0 A EB r(A)0~2

Here t' is thc restriction of t which we obtaill by (1.17) and (2.7). Bence also the quotient Illap f"

is defined by t. The injection X in the cliagralll is ind ucecl by X in the exact sequence (1.7).

(3.9) Leulllla: Diagralll (3.8) commutcs, in part.icular X/." coincides on b:(w) wil.h the rnap

(i, f'(A) 0 w) where i is thc indusion of f(A) 0 A. This implies that /." is injective.

\Ve also have the following comlllll tati ve cl iagram, i Il which the columlls are exact.

(3.10)

f .... (w)

n
(i,r(A)0w)

r(A)0A ~

1(W ' ,W"+l'(A)0w)

L(A, 1h EB f'(A) 0 Z1 2 =

1"6(1'1 )/kernel(x)

nX

r'(A)0A EB r(A)0~2

1WO

L(A, 1)J ED r'(A) 0 LZ2

Here we set ~Vo(xEBy) = W'(x)EBeW"(x)+y) for x E r'(A)0A and y E r(A)0/Z2' Thc exactnes.-'
of the left hand siele is given by definition of I..... (w) in (3.6). Exactness of the right hand side follows

from (1. 7) and (1..5). One readily chccks that. tlie bott.om sequence of the diagram COl11lllutes. \Ve

dcrive from (3.9) alld (3.8) the exact. scquellcc of grollps

(3.11 )
t-

For w =0 we comp"te Coker(t.t1) as follows

(3. 12) LeUllua: For w =0 olle lias an issolllorphiSIll

and the Illap f 6 (A) -'»Coker(t.") ~ A2 (A <9 /Z2) givcn by (3.11) coincides with 0" in

(1.7).

Proof af (3.12): For w = 0 the map nV', H'li) on the left hand side corrcsponds via (1.5)

ta il'V in (1.7). Hence f{(O) = (,3A)/ K e7·(X). Moreover the Illap \Va corresponcls via (1.5) to q in

( 1.7). Now (1. 7) shows th at. the cokcfIlcl of

///

- 14 ~



(:L 13) TheoreIu: Let A1 be a simply connectecl 5 dimensional Poineare comptex ancl assumc

the 3-torsion of H 2 JH is non t.ri\'ial. Then the fundamental extension for E(lH) is non
split.

Proof: For A * 2Za i= 0 we show that ..he extension

o K(w) o

is not split. In fact if Zn is a direct summand of A genera ted by x with 11 ::::: 3i ~ 3 1 then 1'3X

generates a dircct summand 2 3n in r 6 (A). rvloreover /Zn * 7Z 3 C /Zn is then a dircct summand of

kernel(,\') generated by fr1 zn emd the indusion i: kernel(,\') - r 6 (A) takes ~lzn to 2n1'3x. This
ean be seen via the computation of the left dcrived functor L1L(A I Ih, see [10]. \Ve observe that

1'2 (x) (9;1: E I..... (w ). Thercfore thc proposition follows from t hc com Ilill taU vity of Oie cl iagr;-u n (3.8).

III

(3.14) Proofof (3.9): Let XI,,\'2 be given by the coordinates of X in (1.7)(1). Then (1.7)
and (1.11) show t,hat X2 corresponcls to Sq21 t,hat is

( 1)

Now let {cl E H3 (1\1, rA) and consider v: 1,j - 1':1 with v::::: I +cq as in thc proofof(3.6) and let

u: /I,{ - AI be an extension of v. Thc extensioll U exists by (:1.6) if and only if

a {c} n [At] E f{ (w ) C r(A) (9 A

\Ve have to show

(2) ,\'2/."(a) = (r(A)0w)(a)

\Ve HOW have the commlltative diagram

HS 1\1 ;t II6Tu AI
gl< •

H6 l\(A , 2)------..

1Sq:! 1Sq:! 1Sq:!

(3) H3 (A/, LZ 2) ~ H 4(Tu A/,2Z2 )
g••

1!4(K(A, 2), ~3)------..

11 11
/ g~.

. I/J .
H3 (1H I 2Z2 )

.....,
H 4 (TI) All 2Z 2 )

Here TI) /1,71 and !l1) are defined in the same wa)' as in (2.5)(2). Clearly 91) is a rest,riction of 9u in

(2.5)(2). The isomorp hiSll1s 1/J i Il the diagram are in d 11 ced by l,he quot.ien t III aps Ttl k! - E /11 an d

1~ 1\1 - E A1 respecti ....ely anel by the suspension isomorphism of homology. \ Vt; now consider 1,7f

as a mapping cone as in (3.6)(2) so that. 1+ cq = v is given by the coactioll Oll M as weIL \Vc can

apply silllilar arguments as in the proof of (2.7) fer the complltation of 91) .. I this yields the forlllula,

x E H3(1'1 1722 )1

(4) 9v .. t/;(X) = ({c},x) E r(A)02Z 2

- 15 -



~nlerefore thc commutativity of the diagram shows

(5)

X2 t."(a) = Sq29u.l/J[lH]

= [Ju • 1/;(S'Q2 [!v!])

= ({cL 5q2[1\1}}

= (Sq2{c},[A1])

= (w U {cl, [lH]}

= (w, {cl n [JH])

(w, a) = (r'(A) <.9 w)(a)

111 (5) we lIse thc \Vu formula w U u = Sq2 u , see 5.3 in [16]. I-Icnce thc proof of (3) is complete.

'Ve now deal with the first coordinate Xl whieh ean be idcntifieel with ,(~An as in (l.B). Henee we

have the cOlTImut,ative diagram, 1,;' = !I~kA,

H6 TuA/
g••

H6/":(A, 2)-
len lkAn

H4 (Tu 1\1 , A)
g••

H 4 (b:(A, 2), A)-
11 11

H 3 (Al, A) Y!.. I14 (TvA:/ , A )
g••

r(A) <.9 A-
(6) gv. 1,b(;1.:) = ({cl, x) E rA 0 A

"Ve HOW abserve that far k E H 2 (J\1, A) anel for i: lH C ~j (1\;1) wc have i· 1,;' = ~~ E H'2( kl, A) ami

(i) 1,b(k n [kl])

Ir u is the identit.y of JU this follaws from the mult.iplicativity farmula far the cap produet sillee

in this case J x [lU] = [51] x [1"1], the formula holds also in general since we can assume that 11
induces t.he ident.ity on ccllular chains. Now we get for a in (2) thc forlllllias

xl t"(a) = Xl (gu). J x [AI]

= kA n ([lu) .. I x [A1]

= gu. k' n J x [AI]

= gu .. 1,bk n I x [lV!]

= gv.1,bknJ x [1"1]

({c}, ~~ n [A1])

= ({c} U /,;, [A1])

= T (I,; U {c}, [A1]) , T: rA <SI A ~ A <SI rA

T (1,;, {c} n [JH])

T(J.~, a} a

This completes the praof of (3.9).

- 16-
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§4
•

On the group E(M 11\1).

In th is section we cl escri be resu Its on the groll p S ( j\11 j~!) whe~e 111 is an (n - 1)-con nectecl 11l

dimensional Poincare complex, 11 2 2, 11l < 311. In t,his case 111 = EA is a suspension so t,hat

AI =:EA UJ em
. \Ve say t,hat 1H is ~-redllcible if EI,:::::O.

\Ve usc thc following not.ation. Lei [U, X) be tile set. of homoiopy classes of basepoini preserving

maps U ---t X. Then [EU, X] is a group, ihis is thc homotopy groU}) flmX if U = sm-1 is a. sphere.

For II E [EU, X], v E [EV, Xl we have the \Vhitehead product [11, v] E [LU I\. V, X] where U /\ V is

the smash product. \Ve also nccd tile Jamcs-Hopf-invariants "YIlß E [EU, ELr'] for ß E [:EU, :E13].
Here un is tile n-fold smash prodllct B/\ .../\B and the James-Hopf-invariant. "Ynß is defl.neel with

respect 1,0 the lexicographical ordering from the left, see [4]. Moreover \\'e use for the OIlC point

union U V V the partial suspcnsion , m ~ 2,

Here IIdU V Yh deilOtes the kernel of 1'.. : Ih(U V V) - flk(V) where r == (0,1): U V V ----;. V is

thc retraction. Using the cone CU of U anel the pinch map 7ro: CU -+ CUj U = "E.U we obtain E
by the composition

nm-1(u V V)2 = rJm(CU V V, U V V)

1(JroV 1).

IT711(EU V V, V) ~ llm(EU V Vh

compare (11.11.8)[3]. Let. i 1 resp. '2 be Lhe inclusion of U, resp. V, int.o U V V. \Ve define lile

difference operator

\7: ITm-dEA) - I'I rn - 1 (EA V EAh by

\7(1) - I" (i2) + I" (i2 + '1)

Thc next theorem is bascel on resldts in the book algebraic homotopy [3], sec [5].

(4.1) Theormn: Let 1\0/ be a l-connected PoillCare complex with 1\1 =I:A alld let. I: 5711 - 1

EA be the att.aching map. Then 1+ in (2.2)(1) induces an isomorphisll1

[( JH 111:1) ~ llm(EA)j ..1 where

J =..1,~J = Im \7( 1, I) + 1111 I.

Here I .. : IT 711 (sm-1) - nm(EA) is incluced by fand V'(I,J) is thc iloll1ol1lorphism

w hieh is definecl by t.he form lilas

\7(1,1)(0 = (E\71)"(~,l)

~ 0 (EI) + [~, 1](E'Y2I) + [[€ I I], 1](I:"Y3I) +

Here 1 =h:A is the identit.y ofEA and the SIlIl1 is taken ovcr all summandsw 71 o(E/II I), 11 2: 1,
with Wl :::: ~ anel Wn = [Wn -1, I] for 11 ~ 2.

Clearly W n 0 (:E'YnI) is trivial if 11 is sulHcicnt.ly large since 'BA is l-conneded.

For the delicate dimension m = 31/ - I we neeel the following conelition (*).
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(4.2) Definition: 'Ve say t,hat, !: sm-l ----:,. EA sat,isfies condition (*) if the cquation

hohls. Here we lIse the homomorphisms [l, 1].: llm~AM - Il mI;A, I;: nmEAJ\A ----:,. I1 m+1~2Atvl,
UEA: [~2 A, ~A] ----:,. nm~AI\A, ÜEA(€) = (€I\ 1A) 0 (Ei2J).

(4.3) TheorClll: Lei. A1 = EA Uf em be an (11 - 1)-co II neeted Po incarc- com plex of cl imCllsion

m = 2n + k < 3n, 1/ ~ 2. Ir Atf is ~reducible allel if for 111 = :3n - I condition (*) is

satisfied for f then one has an isomorphism

Here IV is the subgroup generateel by all composit.ions sm~EAN ~EA, 2 :5 t :5 4,
where w t is any i-fold 'vVhitehead-product of t.hc identity l~A.

This result is proved in (3.7) [5]. Next, we consider t.he cOllllectecl Sllm of Poincarc-complexes. Let

1\10 = EA UJ em ami 1\11 = EB Ug cm be both (n - I)-connected Poincare-complexes of dimension

m < 3n. Then the conneetecl sum is givcn by

lIere i A (resp. i B) is thc indusion of EA (resp. E 13) into EA V Eß. With these notations we get

(4.4) Theoreln: Assume Afo is E-redllcihle anel 1Il< ;{n - 2, then olle has Rn jsoJnorphism

Here V is t.he image of t.he homomorphislll

wltich carries an element. ~€ to the composition (E€) 0 (E 2 y).

This t,heorem is a consequence of the following more int.ricate result in which we also c1eal with

the delicate dimensions m = 31/ - 2 allel m = 3n - I.

(4.5) Theoreln: Let 171 < 311 and let, A10 be E-reclucible. IVloreovcr assllllle t.hat. t,he attaching

map J of A/o satisfies COJl(li tion (*) i11 (4,2). Then one has an isomorph ism

Here W(A, B) is the c1ired sum of homotopy groups

and V is the subgroup gellcratcd by Lhe following elements where we identiry

(lImEA)jW

as in (4.3):

(a) E12t{€~ 1\11) 0 E'2 i2 ! + T312('Y2€~ 1\.11) 0 Ei2! 1

(b) €611 0 Eg + (€611I\B) 0 ~i2g ,

(c) E€61 0 E2g + (€6 1I\B) 0 Ei2g + (€61I\BI\B) 0 ~i3g 1

(d) {€6 0 Eg} + E(€6I\ß) 0 E2'Y2g + (€6I\BI\B) 0 ~'Y3g .
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Here t.he curty bracket denot.es thc easet modulo W alld e? E [E2 A, 1:B], el E [1:2 B, EA],
eÖl E [~2B, 1":AI\8], eÖll E [1: 2B, 1:AI\BI\8].

\Ve shall use this result for the cOlllputation of [(J\111~1) in case .M is a simply-connected 5

dilllensional manifol d. The proof of (4.4) an d (4.5) is based Oll si III iIar ielears as the proof of (4.:~)

in (3.7) [5]. Ivloreover we shall use notation and facts from the proof of (3.7) [5] in t,he followi ng

proofs.

Proof of (4.4): Since m < 3n-2 we see that. all tri pIe produds in (4.5) vanish and ~l(A, B) =
I;nm I;A 1\ B. Moreover V in (4.5) is generated by the followi ng elcments.

(a) ET21 (ef /\11) 0 y:'2'2!
(c) EeÖl 0 E2 g

(d) {~Ö 0 EU} + ~(~Ö/\B) 0 E2,2Y

As in diagram (3.7)( 1) [5] we can identify HX anel ur;x so that by (a) cach elcment, of 11/(A, B) is

in \I. This im plies by (d) that

([ ( lvlo Ifl,~1 0) EB I/V (A, J3)) /V

1//

Proof of (4.5): \Ve llse the computation of [(1"1 Ifl,:f) in (2.2) [5]. For this we can decompose

I1 m (EA V ~B) by the Hilton-Milnor-formllln. This leads 1,0 the following direet sllll'llnands, which

are embedded by iterated \Vhitehead-products as indicated in the Ilotat.ioll.

Um (EA V EH) (iA).. IlmEA EB (ia ).. lI mI;B (1)

EB [iA,in] .. HmI;A/\B (2)

EB [[i"h iB), in] .. IlmEA/\ ß /\ß (0)

EB [[iA,iB],i;\] .. IlmEA/\BI\A (4)

EB [[[iA, iB], in], iB] .. l1 m EAA IJAB/\ß (5)

EB [[[i A, in], in], iA] .. IlmEAi\Bi\BAA (6)

EB [[[i A1 iB], iA], iA].. IlmEAi\Bi\Ai\A (7)

The retractions 1'..1 anel I'n of E2(A V B) onto 1:2 A anel E2 B respectively induce the isomorphisIll

(7'..1 ,1'B)"

(8)

Thc right hanel side has thc following direct slim decompositioll, where wc set [ = 0 in ca.se X = A
and [ = 1 in case X = B,

[y:' 2X, I;(A VB)] ~ (' ) [\~2 \' \~A] 3 ~~ (9)I·A .. o....J ~ ,~

EB (' ) [\~2 X Y'B] 3 ~i (10)I'B ....... ~ , .....

EB [iA, in] .. [I;2 X, I;A i\B] 3 eÖl (11)

EB ((lA, i u ], i n l.. [E2X, 1":Ai\Bi\B] 3 e~l1 (12)

EB [[iA , in], i A ].. [I;2 X, 1:A/\ B/\A] 3 ~Öl0 ( 13)
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Thus we have 10 direcl. summands of (8). These yield the following 10 eqllations which descrihe
the subgroup Im\7(iA ! + i89) of ...1. In the notation on the right hanel side we refer 1.0 t.he direct.
summands in (1) ... (7) alld here we omit the embeddings given hy iterated \Vhitehead-products.

\7(iA <6 r B) = iA <6 E9 E (1) (14)

+ «6/\B)'E.'Y29 E (2)

+ T 132(1'2<6/\ B)'E.'Y29 E (4)

+ (~6 /\ B /\ 13) E'Y39 E (3)

\7(iB<f"B) = iB<P~g E (1) (15)

+ iD [1, 1] « f /\ B)1:'"(2 9 E (1)

+ iLd[l, I), I]T132(r2<l/\ ß)E'Y2!1 E(l)

+ iB[[I, 1], l)(d/\B/\B)E)'39 E (1)

'V([i A , iB]<61"B) = <61 'E.g E (2) (16)

+ «6l/\B)E'Y2g E (3)

+ «6l AB /\ B)E'Y39 E (5)

\7([[iA , iB], iB]<611 rB) = <611 Eg E (3) (17)

+ «6l1/\B)'E.'Y2g E (5)

'V ([[iA , iB ], ;A]<61 0
"
8) = ~61OEg E (4) (18)

+ (-[1EANJ, h;;wJ]T3412 «61O/\B)E'Y2g) E (2)

+ Tl 243«610 /\ 8)1:)''29 E (6)

\7( iA <8rA) = i A [I,I]«8/\A)E)'2! E (1) (19)

+ i A [[1, 1), I]T132('Y2<g /\A )E/2! E (1)

+ iA[[I, 1], 1](~g/\A/\A)E)'3f E (1)

V(iB<frA) = (-T'21 «? /\A)E)'2!) E (2) (20)

+ (-7":'i12( /2<~ /\A )E)'2J) E (3)

+ (-T213«? /\A/\A)E)'3!) E (4)

\7([iA , iB]~g11'A) = (~8l /\A)E'Y2! E (4) (21 )

+ «81/\A/\A)E)'3! E (7)

V([[i A , iBL i B]<811 rA) = (e811 /\A )E)'2! E (6) (22)

\7([[iA , iB], iA ]e810 7'A) = (~81O/\A)E)'2! E (7) (2:{)

The cquations (14) ... (23) are ohtained by computing the leH hand side via the formula for \7(0
in (4.1) where we set 'V = 'V(1, iA ! + ißg). For t.his we lIse the distributivit.y laws for \'Vhitehead
products as in (3.7) [5]. Moreover in (18) we use the Jacohi identity allel in (20) we use t.he
ant.isymmetry of \Vhitehead-products.

The subgroup Im (jA f + i B 9). of ...1 is generated by

(24)

Thus the subgroup ...1 is generated hy all elements (14) ... (24).
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The proposi tion in (4.5) is equivalent 1,0 the eq1I ation

.1 = i AL1Mo + il3L1M 1 C (1 )

+ V' C (1) EB (2) E9 (3) E9 (5)

+ V" C (2)

+ (4) + (6) + (7)

(25)

Here the right hand side denotes a sllm of sllbgroups of nm(~A V'L,B) in (1). \Ve set

and the group V' is generated by all elements (aL (b), (e), (d) in (4.5) where we olllit the curly
braekets for thc left hand term of (d).

\Ve first, eOllsider thc inc1usion C for thc cquat.ion in (25). For this we observe thaI. (14) earre

spands 1,0 (d) so thaI. (l4) E V' + i A ~'V + V" + (4) where lV = .1Mo , see (3.7)[5] with eOlldition
(*) for /. I\'lareover (15) E iB.1M 1 by definition of .1M I • Now (16) eorresponds to (e) so thaI.
(16) E V' + V". The element (17) corresponds 1,0 (b) so thaI. (17) E V'. Clcarly (18) E (4)+ V" + (6).
Ncxt (19) E i AL1Mo by definit.ion of .1Mo since '2/:=.0. The element (20) eorresponds 1,0 (a) in V' so
t.hat (20) E V' + V" + (4). Clearly (20), (21), (23) E (4) EB (6) E9 (7). Finally (24) E i A .1Mo + in L1M l

by definition of L1Mo and L1M 1 •

The proof of the indusion => for (25) is 1110re eomplicatcd. Using dllality &"l in (3.7)[5] we see
thaI. (6) C .1 and (7) C .1 by (22) and (23) respectively. Now (21) shows (4) C L1 again by a
cl uality argument. Sinee the elements (18)(2) generate V" we see by (18) thaI. also V" C :'1. Si lIee
I'V = Im'V(1,!) by (:3.7)[5] alld eondition (*) for! we sec by (19) that, iA.1j\lo = iAH' C .1. Next
we see by (24) and (14) tImt in.1M I C .1. Here we observe that. the first sUl11mand of (24) is an
element. in iA.1Mo whieh we have seell 1,0 bc a subgroup of .1. By (14), (16), (17) and (20) we see
V' C L1. Far t.his we t1se the inclusions (4) C .1 and V" C .1 whieh wc alreacly have seen Lo be

truc. 111
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§5 The narnlal farnl af a sinlply cannected
5-dhllensional Poincare c0111plex.

For our explicit computations helow we need the normal form of a l-conneCted 5-dimensional

Poincarc complex as described by Stöcker in §10 of [16]. "Ve IIse the following notat.ion. For a

natural number niet Pn = 51 Un e2 be the pselldo-projective plane. Thell p~+l = Ed- 1 Pu =
J\I(Zln, cl) is a i\'loore space of the cyclic group ~ n = ~ /n/Z. For H = 00 we set ZN =~ and
Poo =.51 so that ~d-1Poo = M(7L , cl) = Sd is a spherc. "Ve write C = (/Zn):l: = /Znx ir C is

a cydic group of order n with generator x E C. If the abelian group A is a direct sum of cyclic

groups (nI,"" Ur :S 00)

(5.1 )
(LZnJ Xl EB ... EB (/Zn,.) X r 1 then

Pn , V ... V Pn ,.

is t.he corresponding olle poi nt. union of psclldo projectivc planes. Thcn the (d - I )-fold suspension

(1) Al(A, cl)

is the "normal form" of the Moore space 1\'1 (A 1 <1). The generator Xi of A yields the corrcsponding

inclusion of !vloore spaces

(2) X( c iH(A , d)

\Ve denote the indusion of a bottom sphere by i and a pinch map by q. In particular we have

=
pd+1

"

alld for asmash prodllct Pnl\Pm WC use

(4)

As int..roduced by Toda [17] we have the Hopf maps 11n = I;n-2T}2 E f1 n + 1sn, n "2: 2, allel the

iterated Hopf maps 1/~ wit,h 11,l) = 1171 and 11~ = 11~-1T}n+k-l' ~'loreovcr Ln E ITnSH is given by

t he identi ty of S'Tl. \Ve have n3 EPn = Zl (n:l, 2n) i712 where (n, m) is thc greatest, com mon di visor.

rvloreovcr we describe i11 (§ 6) element.s ~n and ~nm slIch t.hat for fi nita 71 , m:

(5.2)
(26 = üJ~) for H = 2

for 11 = 2i "2: 4

for n odd

for 11 = m = 2

for H = 2i
I m = 2i

I i + j > 2

for n or 111 odd

Using t he elements ~n 1 ~nm we descr ibe i11 t.he following Iist all basic 1-cOllnccted ,5-c1 imens ional

Poincare complexes 1"1. They are all indecomposable cxept X 2 wit.h X 2 = X -1 #X-1. T~le

generators Y, y' of Il 2 A1 EB H3Aef denote also t,he correspond ing iHcl usiolls of Moore spaces into 1.\1 ,

see (5.1 )(2). Let IM = I be the attaching map of lH = 1\:' UJ eS.
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(5.3)

.
1\1 k! IM H 2 Nf H31H

1\'100
52 V 53 [y, y] ?Ly 7Ly'

~\oo 52 V 53 [y, y'] + y' 1]3 /Zy ?L'~Y

J.\1~ 52 V 53 [y, !/] + !/1]5 /Zy /Lv'
X-I EP2 v6 LZ2 y, y =y' 0

q =pi, lHq 'i:.Pq V 2'.Pq [y, y']~qq ;f;qy EB z.j qy' 0

q =2i
, X q r:,Pq V EPq [y, y']~qq + Y~q ?L qY EB LZq!/ 0

q - 2i '(' EPq V'L.Pq [y, y']~qq + Y(~q + hIn /Z qy ffi ?Zq!/ 0- '~q

q = 2i
1 AJ; EPq V'E.Pq [y, y']~qq + yirl~ 7Zqy EB 7Lqu' 0

Here p is a prime. By t,he c1assifica tioll theorem of Stöcker [16] thc followi ng is a COIll rlet.e list. of

homotopy t,ypes of simply connected 5-dimcnsional Poncare complexes 111. Let, fJ = 2i and t = 2i

be powers of 2 or 00.

(5.4)

(I)
(/1)

(i/I)

(IV)

(V)

(V l)

(V ll)

p

X-1#P

Xq#P

lH;#P
X_ 1#A/;#P

X q#1I1{#P

X~#P

for 2 ~ 'I ~ 00

for 2 ::; 'I ::; 00

for 2 ::; q ::; 00

for 2 ~ fJ,t::; 00

for 2 ~ 'I < 00

Here P = M oo # ... #!I'/N #!I'lp I # ... #1I1pr (5 times !l'/N ) wit.h prime powers PI I' •• , Pr and

1', 5 ~ 0 (if l' = 5 = 0, then P = 55). 'Vc ca.ll (5.4) the normal form of 1H. According 1,0 (5.4)

t,he manifold 1'.1 is of the form k! = 1H(0)#lH(1)# ... #J.\1(1,:) where we have 1\1(0) = X- 1 in case

(1 I), (V) and 1"1(0) = 55 otherwise. Ivloreover 111(1), ... , Al(I:) are basic Poincare complcxes as

described in (5.3). The homology H2 J.H EB H 3 J.H has the basis xo, xl, .• " X2J,: in case (11), (V) ami

Xl! ... , X2k otherwise. Here Yo = yfJ = Xo is a basis of JI'21\1(0) and {Vi = X2i-1, y; = :/:2d is a

basis of H 2111(i) EB H31H(i) for i ~ 1. As a boye t.he basis el ements Yi! vi as weil denote in cl usions

of Moore spaces. The att.aching map

(5.5)
.

----+ At (H2lv!, 2) V AI (H3 AI, ;{) = !l'1

for AI = il UJ e5 is by (5.~{) of the form

k

JM [M + L[Yi! Y:]~(Yi)
i=l

Here we set ~(Y) = lA if the order of y is infinite and we set ~(Y) =~qq if the order or Y is q < 00.

r\'toreover wc have by (5.3) and (5.4) tohe following values of [M



(I) 0

(11) Yo6

(I/1) YI€y for q < 00 Y; '13 for q ;:;:: 00

(IV)
. ')

Yl l112
(V) Yo6 + Yl i1]~

(V 1) YI €q + !J2 h15 for q < 00 lIt '13 + Y2 i 11~ for q ;:;:: 00

(V/I) YI(€q+i11~)

The Stöcker invariant (A! b1 W! e) of M i11 (5.4) is gi ven as folIows. Clearly A = II21\1 is (,he

abelian group with generators x E {xo , ... , X2k} with lxi = 2 as above. I\'loreover the only 1I0n

trivial vallIes of b Oll generators are b(Yi1~) ;:;:: l/q where q < 00 is the order of Vi. The only non

trivial value of w: A ---'0 ~2 on generators is w(lIo) = 1 for (I I), (V) and W(Yl) ;:;:: 1 für (I/ I)1
(V I) anel (V/I) allel moreover for (111), (V 1) w(lh) = 1 if q = 00. Finally we get e E A 0 7L 2
by e == Yt 0 1 for (lV)l (V), (V I I) and e ;:;:: Y2 0 1 for (V I), moreüver e = 0 ütherwise. Thus e

corresponds exactly to thc summand '/5 i 11 (I) 1 ••• ! (V /1). Hence we have e(M) = 0 alld W2( 1\1) ;:;:: 0
if and onl)' if AI = P. This shows

(5.6) Lenulla: A l-connected 5-dimensional Poincare complex 1"1 is ~-reducible if and onl)'

i f e( /1.1) = 0 an eI W 2 ( kf) = O.
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§6 Realizability of h011101ogy iSOlll0rphis111S.

1\lIt.(A, ±b, w, c)

.
Let again Pd be a simply eonneeted 5-<:Jimcnsional Poineare eomplex and A1 its 3 skeleton.

Moreover let A =1I2 A1 and D' = A/TorA. \Ve wilillow eonstruct the isomorphism H2 : H ... S(A1) ~
All t( A, ±b,W l e) s tatecl in theorem (3.3). For ihis we consider the follow ing eOlOm ut.ative d iagram

of groups.

(6.1 )

Aut(A) X AlIt(D') x Aut.LZ

\Ve obtain this diagram from (3.7)(12) if we ean show the eommutativity of the trianglc. Every

element in H ... S(M) is given by a tripie of isomorphisms (U2, U3lU5), Uj E Aut(HjA1), for whieh we

have U3 = (u21 D' )'" is the adjoint automorphism of U2 restrictecl to D' . '-Vc may define tJ;( u, [;) =
(u, (1tID't, [;) allel gel. .tjJ 0 H2 = j. This also shows Lhc injcetivity of 112 sinee j is injcctive. "Ve

remark that the map 'Tr' is surject.ive ami the bottom row is exact.

1'0 prove surj ectivi t.y of 112 wc will choose a sp li Lting (! for 11" in (6.1) and 0 bati n elements

crTjJ(u,c). Now \\'e are free to ehoose an element b = b(u,[) E 11 3 (A:/, rA) (,0 COllst,ruet (u,[) =
(( 1+)(b)). crTjJ( u, [) for which we also have 1I"(TI', [) = tJ;( ll, [). Ir we ean clo this choice in a way that

Tl.fM = [fM holds for the att.aehing map fM of AI, then (17, [) is in thc image of i and henee we

obt.ain an element mapping to (tt, [) by H2 11"'.

In order ta make these choices and eomput,ations explicit we will IIse the basis of A and Lhe

norm al form of AI defi Iled i11 (5.4) a nd (5.5).

(6.2) Thc choice of generators in the fOllrth llOluotopy gronp of Moore spaces.

"Vc fix the generators in tbe fOllrt.h homotopy groll p. For this we nccel tlle canonieal splitti ng

funetion

(6.:3)

defined in [8] (4.4) whieh maps eaeh homomorphism c.p to the suspension of a principal map whieh

ind tl ces r.p in homology. This way we obtain for the eanonical generators X~ E Hom(.!Z 0, LZr) the

suspensions .1'ro = B2(X~) E [EPo , EPr ].

For ~Pn we have the inclusions of the bottom sphere and the pineh map, such that S2 ~
EPn ~S3 is a. cofiber sequence.

(6.4) Defiuit.ion: Let 11~ E H4S 2 and 113 E n4S3 be the (iterateel resp. sllspended) Hopf

maps. \Ve set

(1) [0 in 115 E n4 1:Pn

(2) [nm = {in#im)113 E n4~Pn!\Pm ~'Ioreover we ehoose a generator

(3) 6 E 1l4EP:l := LZ4 anel define

~1l (.l',; ).6
(4) 62 = (2(6)

By use of the James- Hopf invariant let,
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and we require for a generator ~nm E II 4 EPn APm

(5) o for (n,m) i=(2,2)

lIere h: II 4 I;Pn APm ----j. I14 I;Pn APm is the Hurewil1z map and ~nm E LZn * LZm is the
eanonieal generator,

(6.5) Definition: Let A = LZn(x) and B = /Zm(Y) be eydie groups with fixed generators
x alld Y respectively and let <p E Hom(A, B). We ehoose allumber N(ip) whieh satisfies
ip(x) = N('P)Y and let N(ip) be the unique number with 0 ::; N(ip) < m and ip(x) =
N(ip)Y. Moreover we define 1\1(ip) by nN(<p) = mM(<p). For examplc /Zn, /Zn 0/Zml
LZn * LZm = Hom( LZn, LZ111) are eyd ic groups wi th eanonically fixed generaLors.

(6.6) With these coefficient.s we ean writ.e the following rules for <p~ E HOIll(LZn, LZr), 1/;7' E
Hom(/Zm, /Z,).

(1) 'Y2(en) =
'Y2(~n) =

(2) T21 E'nm

T21~nm =
(3) [l,l]Enn =

{l, l]~nn =
(4) B2(ip~)E'n =

B2('P~J~n =
(5) (0' + ß)~n =
(6) (B2(<p~ )#B2( t/Jr:) )[nm

(B2(<p~ )#B2(1/J~}) )~nm

(7) [a, ßl + ß2]~71m =
{ %llfr,ßd,ß2]inmm

L71m = 0

[al + 0'2, ß]~nm =
, _ {%[[frl,ß],fr2]inmn

Lnm - 0

~mn

o
o
N(<p~)em

M (ip~)A1( <P~)~m

O'~n + ß~n - [0'1 ß]~~nn + [[0', ß), ß] ~:l innn , 0', ß E [EPn , U]

N (<p~)N (1/J~n )[r~

N (<p~ * 1/J7' )~r~
[0', ßd~71m + [0', ß2]~nm + Lum , CI' E [I;Pn, U], ßl' ß2 E [EPm1 U]

n = m = 2i

else

[eI' 1,ß]~nm + [0'2, ß]~nm + L~m, 0'1,0'2 E [~Pn, U], ßE [~Pm, U]
n = m = 2i

else

The map T21 denotes the suspended interchange map T21 = I;T~l: EAA B ----j. EB AA. Moreover
for maps f: EA ----j. EA', g: 'EB ----j. EB' between suspensions we define their smash produet f#g to
be thc composition

~AAB ~ EA' AB ~ EBAA ~ EB' AA' ~ EA' AB'

Let A = EBi LZ aj (Xi) and B = EBj LZbj (Yj) be fini tely generated abelian groups with basis
{Xl, ... 1 X n} and {Yl' ... ,Yr} and let ip = (<P})i ,j E Hom(A, B) be a homomorphism. Then we ma)'
lIse the mapping 8 2 in (6.3) to cOllstruct a Illap s<p between Moore spaces in "normal form" ,( cf.
(5.1)(1)).

(6.7)
sr.p: ArJ(A, 2) = Vi EPaj

where (Sip)(xd
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is t,he ordered sum, this is, tha order of t.he summands is t,aken aeeording to the increasing j. Here

Xi is the indusion Xi: EPo ; C-......j. i\tl(A, 2) and yr EPbj C-......j. 1\1(8,2), This way s is a splitting for H2

in [11'!(A, 2), A'1(B, 2)]./l;b. Hom(A, B), thc fundion s however is no homomorphism.
8

Ohscrve t.hat for frcc grollps D' , E' thcre is a eanonieal isomorphism s'

[JH (0',3),11'1 (E', 3)]

Now we ean define the function cr in (6.1) to be

Hom(D', E')

(6.8)
cr: Aut(A) x Aut,(D' ) x Aut(LZ) -----+ [(lW) X 1\111.(/:1)

cr(u,v,c) = ((SU)V(S'V),c)

Remcmber thaI. we have [(Nt) C [lvl(A,2) V lvJ(D' , 3), A'[(A,2) V A1(D', :qL see (;t7) (l),(;~).

Let u E AIlt,(A) be an automorphism of A and (su) E [(A1) its realization. For t,he generators

of thc fourth homot.opy grou p n4 AI (A, 2) arisi ng i 11 (, he attach i lJ g map f At of 111 cl efi ned iIl (5.5)

we obtain the following laws of eomposition.

(6.9)(1)

(2)

(Slt)"Yi7]~ = L N(U;)Yj7J~ + L N(tt~)N('ll~)[Yr, Y8l'J:~
j r<$

(Sll) .. Yi€n; L lH (tl~) 1H (u~ )Yr€n,.

+L 1;i (N(!t~ * U~)[!Jr, Y8]€n r n,)
r<$

(3)

+ g(Ui = 2) L N(u~)N(u~)N(lli)[[Y$' Yt], Yk]t.S
$<t~l.:

L ((N(u~ * tt~') - N(u: * U~I)) [Yr, Y8]€71 r n,)
r<~

+ o(lIi = 2>') L 1;i N(u~)N(u~')N(uf)[[Yr, Y$], Yt]L5

r;t8<t

+ g(lli = 2>') L 1;i N(H~)N(u:')N(ll~)[[Yr, V,], ydLS
,;tr<t

Here we used the mapping e from the set, of logieal expressions 1.0 {O, I} C LZ, whieh is defined to

be 1 iff the expression is true, to simplify notation.

Next we dcseribe the eomposition laws necessary to computc ((1+)(5))... From (3.8)(:~) we

obtain {1 +)(5) = (1 + oq) where 5 = Li Oi E [JH(C EB D' , 3), JH(A l 2)] ~ (C EB D' )0IhJ\1(A l 2) and

q : J\1-----+ 111 (C EI) D' ,:~) is thc pi lieh map (3.8 )(2). Since q pincllcs the 2-skeleton of /11 to a point,
every map which can be retracted to the 2-skeleten becomes trivial whell eomposed with q. The

ana)ogous result is t,rue if we deal wit.h smash produets of 1A:/ allel q. Hence (1 + 5q)~o = 0 fer

every generat.or 0' of 1'1 4 A1 ether than in the followillg list..

(6.10)(1)

(2)

(3)

(4 )

(1 + oq)~Yj113

(l + oq) .. [!li, !li I ]L4

{1 + oq)~Yi€n;

(1 + oq) .. [Vi l yd€nill;

Yi 1}3 + Oi 113

[!li, Yi'] t4 + [Yi, Oi'] 1"1

lli
Yi€n; + Oi 'J3 + 2 [Yi, Oi]L4

[Vi, Yi']~ni7l; + [Oi, Yi ,
JL4 + [Vi, Oi /]L4
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For a list of generators see (§5), for t.hese composi tion laws see [8].

(6.11) We are IlOW ready t.o prove t.heorelll (3.3).

By (6.1) we have LO find au element (ulc) = (1 + 8(u 1c)).0"'l,6(u,c) for which ü.fM = eh.! is
true. By no\\' we have choosen a split.ting 0", see (6.8), we willnow choose a suit,able 6(u, e) in the

following eomput.ations.

\Ve only deal with t,he ease that 1"1 is a manifold wi th trivial St.iefel- \Vhitney eIass and fi nite

112M = A; the other cases call be treated in a similar way giving all explicit choice of 6(U ,E). By

(5.5) the attaehing map h.l is of the form

(1)

Using (6.9)(3) we get an expression for (sll).fM. lly assumpt,iollll E Aut(A) preserves the linking

form b up to the sign [, Since this linking form is induced by JM we can conclucle that

L L (N(u~ * u:') - N(u: * U~'))[Yr, Y&]~nTn.
i r<&

wit,h a suit,able sign ",i(u) E {+ 1, -1} C /Z. This sign may be -1 only if lli = 1li' = 2 since this is

the only ease where the Hurewi<;z map h in (6.4)(5) has no splitting. Thcn the order of ~n;n; is 4

while the order lXi I = IXi,1 = 2. \Ve define

(2)
if ,.\i(u) =-1

else

\Vith this 6i (u,e) we get in case ).i(u) = -I lIsing (6.10)(4)

(I + 6
i
(u, c))" Lw ,Yi J ]62 [Yi, Yi I ]€22 + [Vi 712 I Yi'] - [Vi I [Yi, Yi' ]]

= [Vi, Yil]~22 - [Vi, Yi J
] 713 - [[Yi'l Yd, Yd + [[Vi"~ YiL Yd

-[Vi, Yil]~22 ,with 262 = i22113, see (5.2)

Hence we have the suitable sign.

Now regard the summands with generator [[Yr, !J.~Lyd wc obtained from (6.9)(3). Since t,hey have

the order gcd(71 r , ll~, nd they are at. most. nontrivial wit,h t.hese coefficienl.s if we have ll r = 11~ =
l1t = lli and t.hen T[[Yr, y~], Yd has order 2. \Ve c1efine

and zero otherwise. Let

7li ' ., '/I

2N(1l~)N(1/.~)N(ll~ ) if 7/.i = n r = H& = Ht =2k

(3) 6~,~ ,lu) AC ;' n(I/)[Y., y,]q" if [> < i, l' -:j:. 8
r s

-:i AC i' ~. ) (Il )[y, , y, ]q" ifr<i, r-:j:.s6r .&,t(u)
l' S

and zero otherwise and let

L8\ll,E) + L 6~",t(lt) + L ~,&,t(u)
r,,<t &,r<t
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\Vith this o( u, €) we get

(4 ) (I + 6(1l,E)) ..u.. fM

Here t,he 6 defilled in (3) compcnsatc for the arising generators [[Vr, y~L vd scc (6.10)(4), allel we

can assure the sign E via the choice of {) in (2). This completes t.he proof of theorem (:1.3) in OUf

casc, thc other cascs can be computed similarly. / / /
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§7
•

COlllputation of E(A1l.M1.

In this section we compute explicit result.s on the groups &(1\111':!) where A1 is a simply connected

5-climensional Poincare com plex. The reRnlts are ach ieved usi llg the theorellls of (§4) and re]y

heavily on the complete knowledge of the fifth homotop)' group of rvloore spaces in degree 2 and

on certain homotopy groups of maps between Moore spaces. r\!lorcover we wilillced thc generators

alld their composition laws in a certain rallge of dimensions.

Let P n = 51 Un c2
t 0 < Tl < 00, be the pseudo project.ive plane, see (§5). \Vith thc notation of

(§6) we obtain

(7.1) Theormu:

( 1)
\ (~2) <(lJ (~,) -I (lJ (~,)( ([ = 0) ,for n = 2

(LZ 2) t EB (z;'2) , ffi (z;'n) (EB (~2) [ , for Tl =2i 2: 4

(LZ 30) ( (t =,= E = 0) , for H =3i 2: 3

(~n)( (t =, = E = 0) , for 12 =pi, P prime 1= 2,3

Here [ = [n1/4 = iH1J~, t = tn 1}4, , = [I, l](in#tn) ami ( = (n is an clclnent choosen with

ggt(3, n) ( = [[1,1], l](in#tnn).

Let Tl ;:: m:

(2)
(E = 0)

(2, = E)

(t = , =[= 0)

,for (n, m) = (2,2)

,for (ntm) = (2 i :2: 4,2)

,for (11,111) = (2 i :2: 4,2i :2: 4)

, for 11 or model

Here E = Eom 1J4 = (in#1:m)1J5, t =~n#im, "'( = ill#~m.

Let Tl 2: m 2: l' and let 9 = !Jcd(n, 11l, r).

\

(z;'2)~ EI1 (Bj2),

(LZ 2) t EB (z;j4),

(z;jr) <EI1 (;.zr), EB (Bj 2) [

UZg)~EB(LZg)"'(

, (c =0)

, (2"'( =[)
,for (n, 111,1') = (2,2,2)

,for (n, 11/., r) = (2 i ;:: 4, 2 t 2)

,for (n,m,r) = (2 i
;:: 4 , 2i 2: 4,2 k 2: 2)

, for n or m or l' odd

l\.'1oreover we have thc relat.ions

(4) o =
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· n . fJcd(ll, m, 1')
wlthH(11,171,r)= l( ) l( )gcr 12,m ·gCr.H,1'

Proof: These homotopy groups can be computed Ilsing the Eil P-Sequence in its extcnded

form, see [7]. The generators are constructed using the generators of the fourt.h homotopy groups

fixecl in (§6). / / /

Let again Po be Cl psellclo projective plane, let 2i ,2i ,2 t be finite numbers. Then we have

(7.2) Theoreul:

UZ2)~ EIl (~2)'Y

(LZ 2)t EB (LZ2)~ $ (LZ.q)~(

(:~4)~ $ (7Z 4h'
(7Z 2 )t

(LZ g ))'

(E = 0)

(E = 2~)

(~ = 'Y = 0)

(~ = E = 0)

, for (k,n) = (2,2)

Jor (I..~, 11) = (2 i ~ 2, 2i 2: 4)

,for (k, 11) = (2 i 2: 4,2)

,for (k, 1/) = (2 i ~ 2, co)

, else

Here H;g = Hom(LZ.I:, r'LZn ) alld the generators are t = [nq = .i11 '7§CJ, ~ = ~nq allel 'Y = 'Y~

defined in [8]. Again q is t.he pinch map in the cofiber sequence 52 ~EPn-.!....53. The group (1)
is embeded in the exact sequellce

(2)
[E2 Pk, ~Pllt\Pm] =:

(LZ2)~ $ (7L2)TI

(LZ2)~ $ (7L4 )11

(;.z4)~ $ (7L2)71

(7Z 2)[ $ (LZ e)~ $ (LZ d ) '1

(/Z 2)E

( /Z4)TI

(LZe)~ $ (LZd)'l

(t = 0)

([ = 2'7)

([ = 2~)

(~ =0)

(~ = '1 = 0)

(€ = 0, E = 211)

(t = 0)

,(k, 11, m) = (2,2,2)

,(k,n,m) = (2,2 i ~ 4,2),(2,2,2i ~ 4)

, (k, 11,m) = (21 ~ 4,2,2)

,(k,11,m) = (2 t ~ 2,2 i ~ 2,2i ~ 2)

at. most Olle inelex equal 2

,(k, n, m) = (2/ 2: 2, 2i ~ 2, co) or (2 t ;::: 2, co,2i "2: 2)

at most olle index equal 2

,(k, n, m) = (21 ~ 2,00,00)

1 (k, n,m) = (2,2, co), (2,00,2)

, else

Here LZ e =Ext(7Z.I:, LZ 0 * ;.zm), 7Z d = Hom( LZk, 7L 0 @ LZm) anel the generators are [ =[o01q =
(in #im )113CJ, €=€nm'l allel '1 ='/~n1' \Ve set

(3) k
'7nm =

-:H -

if 111 = gcd(n, m)

if Ta I- ycd(H, m)



where thc .l'~ are defined in (6.3).

(7.3) Leuuua: Thc generator I~ E [L2 Pk, LPnL k < 00 dcfined in [8] has the .James-Hopf
invariant

(
k) 29 cd(n,k) l; _ t.~

12 In = 9 '7nn g ...nnq

\Ve get for k < 00

, g=gcd(n2
, 2n , k).

( 1) ~.k ,"",' . 2n
{n 0 ...... 11; 1n "9 TJ2

(2) k ,--~ = !:.[l,l](~n#in)In 0 ..... I;
9

(3) (/~ 1\ PI;) 0 E~H = 2n (in #6) + )..nk[nk 174
9

{

1 , (71 , k) = (4,2), (4 , 4), (4 , 8)

with An.l: = 0,1 ,(u,k) = (2,4) llllknown

o , else
I k cl fi k . I" I f ['-- ') P '--I)] [S3 -- P ]11 case • = 00 we e ne 1'1 = l n 112, t 11S IS t 1e generator 0 ....... - .1:, ...... n = ,1. n'

Then we have

( 1' )

Proof:

observe that 2
9
n = 1 for n even , fi ni Lc.

The composition laws can be proved IIsing [8] as done in [9]. III

\Ve are now ready Lo prove theorems Oll &(1\-/11':1).

(7.4) Theorelu: Let. A'1 be a E-recillcible 1-connected 5-dilIlcnsiollal Poincare complex and

let B = H2 1"'. Then

.
&(1\-1I An

As a q lIoticn t &(1\11 A1) n~ 1'~f I:J is generateel by cqII ivaleIl ce cl 1-tsses of 1, hc elements

Yi~n '74, Yi('11 Y~ '15 allel Yi i n ld· Here we use thc gencrators defined in (7.1)( 1) alld thc

illclusions Yi: EPn --+ A1, !4: S3 --+ 1':/ of (5.3).

Proof: By (5.6) anel (5.5) we have anormal [Orlll for 1\1 = i1 Uj eS where 1U = M:f is a

one point union of suspended pseuclo pr?jedive spaces anel of spheres. Hcnce we may use the

lIilton-Milnor theorem 1,0 c1ecomposc 0 5 1'" into a direct surn of graups. It is

EB(Yi). n5 EPIl ; EfJ EB (Yi). 05S3 EfJ '" higher order tcrms

iEY iE.J°

in the Botat ion of(7.6) (1) below. Sup poseel we can show cond it ion (*) in (4.2) t.hen we get. the reslI It

from theorem (4.3). This is since all higIJer order tcrms contain \Vhitcheacl procl UeLs. rvloreover

observe that thc generators [I, l](in#~n), [[1, I], l](in#~nn) as given in (7.1){1) of a summand

(Y;)", Il 5 EPIl; C 1"1 5 1\1 also contain vVhitcheaci products alld hellce vanish in &(1HINJ). Therefore

ollly the generators of type ~n 174, in '7~, hd alld (n with 11 = :3 i ~ 3 remain as representatives of

llontrivial equivalence cla.9ses. Observe timt BITorß ==- l/31\4 and that (BI B *~2) 0 LZ 2 is in the

cokefllel of d2 in (1.18). \Ve will shü\\' cOllclition (*) in thc sHccedillg lemma. III
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(7.5) LCllllua: For t.he at t.ach ing m ap f: 84 - EA of an l-con lIeded 5-e1 imensional Poi 11 care

complex 1\1 = EA Uf e5 conel ition (*) of (<1.2) holds.

Proof: Let. J = kernel [1 , 1] .. + kerneIE + 1111 U,EA with thc maps defi lied i11 (4.2). \Ve have to
show that IlsEAM C J holds. By the proof of (3.7)[5] we get for any connected finite C\V-complex

X a cOll1ll1utative diagrall1

(1)

[E 2 A, EX]

1E~
{E 4 A, E3 X]

l~
P::A ,X} Ux...

115EX AA

lE
11 6EX AEA

l~
{8S

, X AEA}

Here ÜEX(~) = (~A lA) 0 (Ei'2!) anel tl,X is its st.abilizat.ioll. Since f is the attaching ll1ap of a

Poincare complex Ux is an iSOll1orphism , see (2.4) [5]. ~'Ioreover if X is simply conneded t,hen

Ul;X is an isomorphism. From thc normal form (5.5) we know t.hat wc can take EA as an one point.

union of Moore spaces of cyclic groups in e1imension 2 ami 3. Hencc we may c1ccomposc nsEAAA
using t.he Hil ton- ~'lilnor t.heorem, alld obt,ain

EB EB (Yi'#Yj) .. DuES2
A Pnj EB EB (Yi l #Yj') fI sS5

iE.J° i,jE.J°
jE3

EB higher order terms

in the notation of (7.6) (1) below. Si nce the higher order terms of the decom posi tion Iie in t!Je ker nel

of E: HsEAAA - n6 EAAEA Lhey are contained in J. Ir wa {,ake EX to be a Moore space in

dimension 3 then X is simpl)' connected and hence Ul;X is surject.ivc l t.hus we have nsEX AA c J.
Since any element EuAv E n5 EAAA is equivalellt to EvAu modulo tilc kefllcl of [1,1] .. : I1 5 EAA4 -;.
11 5LA we may conclllde that also nsE.A A X C B5 LA A A is containcel in J. Tile remaining

generators of nsEAAA \\'e have not found to be in J yet are of the form (Yi#Yj)(in;#inj )775l
(Yi#Yj)(~ni#inJl (Yi#Yj)(in;#~nJl see (7.1)(2). From these (Yi#Yj)(clI;#iuj ) is eqllivalent to
(Yj #Yi)(inj#~nJ modulo the kernel of [ll I] •. Hence let G be the sllbgroup of 11 5 EAAA generated

by (Yi#Yj)(ini #i ll })715, (Yi#Yj)(~Il;#inj)l i,j E ..1, thell n5 EAAA C J + G by the argumcnts
above.

\Ve may e1ecompose [E2Al EA] lIsing the Hiltoll-!vlilllor theorem. Let H be the subgroup

EBiEy[E'2AlLPII;]C[E2AlEA] generateel by the elcments Yii ll ;1dql'}l Yic'n;ql'j, i E J l j E J l
where 1'} is t.he projedioll to a component. of I;A. Since the elements in H anel Gare st,able

\Inder suspension anel since these groups are finite ü~.4IH - G is an isolllorphislll by (I). Hence

G C lmu~A C J and we have shown 1l 5 EAAA C J. 111

(7.6) Theorclu: Let. M be a lIon E-reelucible l-collnected manifold of dimcnsion .5. Then

1\1 has t.he normal form 1"1 = Xq#P wher P is I;-redllciblc and X q has nontrivial Stiefel

\Vhitney dass. Let B = H 2 P l t.hen

.
&(A1IA1) (B * ~2)(YiE.nil14) EB (B * ~3)(Yi(nJ EB ((BITorB) 0 iZ2) (Yi 1i775)

Bq EB &(Xq[.\\)



with Bq
{

(B/ B * ~2) G9 ~2 ([YWl ydc2n;174)

(B/ 13 *':4) G9 ~ 4 ([Yw 1 Yi] (<2# in i ) )

(B/ B * LZs ) G9 iZ2 ([YWl ydc2n;114)

for q = 00 or q = 2i 2:: 8

for q = -1 1 2

for q =4

The elements \\'e gave in the braekets determine the type of elements representing the equivalellce

cl asses wh ich gcnerate E(M Ii1) = 11 5 1':1/ J. The notation is defi lied in the p roof.

Proof: From (5.4) we obt.ain thc normal form Al = Xq#P. Let P = LA Uj eS alld X q =
'E.B Ug eS. \\Tc definc 1 using t.he notat.ion of (5.4)) the index sets

..1° = {I, ... ,8} x {O} c J
( I) ..1+ {s+ 11 " .)8+ r} x {O} C :J

..1+ {i' E ..11 i E ..1+}

..1 ..1° U ..1+ U j+

whieh are subsets of ..1 = {O"") 8 + r} x {O, I}. For ; = (I.) v) E :J define i ' = (1'1 1- v). ~'loreo\'er

we ident,ify (1-,0) E ..1\ {O,v} with 2/.-1 E {1, ... ,2k} and (1-,1) E ..1 with 21- E {0, ... ,2k},
k = 8 + 1', and (0, v) with 0 E {0""1 2k} which are the index sets of a basis of /12/11 EB HaAl) see

(5.4). \Ve t.hen obtain with Tli equal Pi of (5.4) for i E :J+ U j+ and 1li = 00 for i E :J0

1l2 P = EEHLZnJYi,
iEY

For the att.aching map f of P we get.

H 3 P = EB (LZnJYi'
iE~1°

(2) f = L [Yi, Yi']L4 + L [Yi, Yi']<nini
iE:J° iE:J+

EA = V (52 V 53) V V (EPni V EPnJ
iE:J° iE:J+

\Ve will write Yi fOT Yi' and n for Tli if the index is IInderstood. Thc second .1ames-Hopf invariant

of f may be computed Ilsing lIlethocls of [4), giving

(3) L ((Yi#yDI"1 - (Yi#Y;)L4)
iEJ'°

+ L ((Yi#yD<nn - (y~#yd<7Jn)
iE:J+

\-\Te \Vi 11 !lOW rcstrict ou r eOlIlputations Lo the ease Xq = X-1' Thc remai ning cases can be COIll

puted analogous to what follows 1 but the arising grollps are bigger and more complex.

\Ve have X_ 1 = ~B Ug eS with ~ß = EP2 , 9 = Yw<2 and P = ~A UJ eS. Therefore we get

(4 )

compare (6.6).
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\-Ve wi 11 uso Theorem (4.5) 1.0 get our res"l t. 11 ere we are in t hc rig ht range 0 r cl imellsiolls and

by Lemma (7.5) condition (*) holds for P. The following tables list tlle groups arising from (4.5)
1Il our case. So let G = I'I 5EA/vV EB ~rr5~A/\B EB II 5LA/\I3i\ß EB IT 5LAi\13i\Bi\13. \Ve have

(5) nsLAi\ ni\ B i\ B ~ EEHvi#Vw #Vw #Vw). n5~Pn i\ P2 i\ P2 i\ P2

iEJ

Il sEAi\Bi\ß ~ EEHVi#Yw #Vw). n5~Pn i\ P2 i\ P2
iEJ

E!J EB (Y~#Yw#Yw). f1 5E3
P2/\P2

iE:ro

En5~Ai\B
== EfJ E(Yi#Yw). ~n5LPn i\ P2

iEJ

EB EB \"'( '# ) \"'H \",3 Po...J!Ji !J1lI. '-J 5~ z
iE:ro

nr;EA/vV ~ EEHyd. n5EP,J~V EIl EB (yD. ns8:~

iEJ iE.J°

Here Hf denotes the subgroup of elements cont.aining \Vhitehead products. The groups on the

right hand siele, as far as they are not listoel in (7.1)1 are as fo11ows ((11. 12) = gcd(n, 2)).

rvloreover we have

n5~Pn /\ P2/\ P2/\PZ

f1 5 L 3 P2 i\ P2

n5~3 Pz

n553

== (7Z(n,2))(i'l#iz#iz#i z)L5

~ (LZ 2)~3(iz#i2)1'5

~ (LZ z)E 2 i z7}1

== (7Z 2 )1J~

(6) [E2 ß , ~A i\ B i\ fJ] ':::=! EB(Yi #Yw#Vw). (7'w)" [I:2 P2, I: Pn i\ P2 i\ P2]
JEY

[L 2B, EAi\ß]
== EB(Yi#Yw) .. (rw)'" [E Z P2, r;Pn i\P2]

iEY

E!J EB (Yi#Yw).(1·w)" [EZP2, E3 Pz]
iE~fo

[E2 8):I1] == E!J(Yi).(7·w )" [I:ZPz , EPn]

jE3

E!J EB (Yi).(1'w)"[E2 Pz,53]
iEjo

[E 2A,Eß] == EB(yw). (1'j')* [E ZPn , EP2]

i'3

E!J EB (Yw).(rj')"[S\ EP2]
i'Ejo

Here rj is the retraction to tlle componcnt. i such t,hat riYi = hL. Thc grollps on the right hand

side are listed in (7.2), resp. are a.s fo11ow5

[I:2 P21 r;Pn i\ P2i\P2]

["Zp ,",3p]
o...J 2, o...J 2

[I: 2P2,53
]

(LZ (n ,2))( in #i 2#i2 )q

(LZ z)(I:2 i 2 )q

(2Z Z )1}3Q



The nex l. step is to eval uate t he elemen ts gi ven in (4.5) (a)-(cl) iJI Oll r case. F'or t 11 is wc will lIeed
the composition laws given in (7.a), (6.6) anel the following

(7) q 0 r:~n = 1]4

(q;\ 1) 0 r:~nn 1'5

(q !\l td) 0 ts = 0

comparc (6.10).

The su bgroupVC G defined in (4.5) is i 11 Oll r case generateel by the elements

(8) r:(!Ii#Yw )'E,( in #i 2 )1d + (Vi#Vw #Vw)( in #i2#i2)1/4

(9) r:(Yi#Vw)E(i71#6) + (Yi#Yw#Vw)(in#~22)

{l0) (I) 11 = 2 -(Yi#Yw#Yw)(i2#62)

(2) n =4 E(Yi#Vw)'E,(€,,#i2) + r:(V~#Yw)A24r:(i,,#i2)1]§

+(vi#yw#Yw )(~42#i2) - (Yi#Vw #Yw ):{(i'1#~2'2)

(a) n =8 E(yi#yw )E(~s#i2)

+(Yi#Yw #Vw )(€s2#i2) - (Yi#Vw#Yw )2(is#€2'2)

(4) n = 2i ~ 16 E(yi#Yw)E(~n#i2) + (~#Vw#Vw)(~712#i2)

(5) 11 =00 'L.(Yi#Yw)(i3#i2)174 + (y;#Vw#Yw)(i3#i2#i2)ts

(11) (Yi #Yw #Vw)( in #i2#i2 )114 + (Yi #Vw #Yw #Vw)( in #i2#i2#i2 )1,5

(12) E(m #Yw )E( in #i2)175 + ClJi #Yw #Yw)( in #12#i2)1/4

(13) 'E(Vi#Vw)E (!1;( in #6) + ~n #12) + (Yi#Vw #Vw )(~n2#i2)

(14) E(Yi#Vw )E( in #6) + (Yi#Yw #Yw )(i 11 #62)

(15) E(y~ #Vw )E(13 #12 )1]4 + (!h #Vw #Vw)( i3#12#i2)t5

(16) {(ydin1]~} + E(Vi#Yw)'E.(i71#i2 )115

(17) {(Yi)~nr}4} + E(Yi#Vw)E(~n#i2)

(18) {(!lU PTI§} + 'E.(!h #Yw) E( j3#i2)1/4

with i E ,,1 and k E ,,1°. These elements are obtaineel [rom (4.5) by setting ~r equal Ywi21}~q1'i,

Yw6qr'i, Yw,;l'j for (8),(9) allel (10). Morcover €611 = (Yi#!lw#Yw)(in#i'.!#i2)qrw for (11), €61
equal (Yi#Yw)(in#i2)173ql'w, (Yi#Yw)€n2ql'w, (Yi#Yw)"~21'w, (!h#Vw)(i3#i2)q,'w far (12)- (15) allel
(6 equal Yiin1}~q7'w, Yif.nqrw, Yk 1/3qrw for (16)-(18). The elemcnt obtaincd from (4.5)(d) with

€J = YiI~ l"w is trivial. For thc neeessary eomput.ations we usccl the relat.ions (7.1) (4),( 5), the

composition laws in (7.:3) and those of (§6).

By use of these elements (8 )-( 18) the theorem ean bc show n easi Iy (sti 11 in t.he case X q = X - t).
The following eomputations are earried out in the grollp

where we write Q' =ß if 0: and ß are equivalent modulo V. Observc that the elements (8) = (12),
(9) = (14) and (10)(5) = (15). 'Wc have



(20) E(Yi#Yw )E( in #i2)1}5

(21) (Yi #Yw #Yw#!fw )(in #i2#i2#i2)"5

(22) (Vi#Yw #Yw)( in#i2#i2 )114

(2:{) (Yk #Yw#Yw)( i3#i2#i2)L5

(24) 'E.(y~ #Yw rr,( i3 #i2)1}4

(25) (Yi#Yw#Vw)(in#~':!2)

(26) (Yi#Yw#Yw )(~n2#i2)

(27) E(Yi#Yw)E(en#i2 )

(28) {Yii7117~}

= 2E(Yi#Yw )E( in #~2) wit,h (7.1 )(2)

= (Yi #Yw #Yw)( in #i'2#i2 )7}4 wit.h (11)

= ,-, ( # ),-- (" #. ) ') with (12)~ Yi Yw ~ in 1'2 1}5

= 2E(Yi#Vw )E(i71 #~2) with (20)

= 2E(Yi#Yw )E( in#f.2) wit.h (12), (20)

= ,--( '# )'" ("3#. ) with (15)"-' Vk Yw ~ 1 12 '/4

= {~i31}:~} wit,h (18)

= {Y~/'1}5} with (18)

= - E(Yi#Yw )E( in #6) with (14)

= E(Yi#Yw)'E(!i;(in#6) + en#i2) wit.h (13)

= E(Yi#]Jtu)'E(~(in#6) + {Yi~n174}) with (17)

= {Vi~nl}4} with (17)

= 2E(Yi#Vw )E( i71 #6) with (16)) (20)

From (10) we derive in the different eases

(20) (1) n = 2

(2) 11 = 4

(3) 11 = 8

(4) 11 = 2i ~ 16

o = -(yi#Yw#Yw)(i'2#~22)

= E(Yi#Yw)E(i2#6) wit,h (25)

o = {!!ie4114} + ).2,,'i:.(!!i#Yw)Y:.(i4#i2)1]§ wit.h (27)

+ E(yi#Vw)2E(i4#6) + {Yi~41}4} wit,h (26)

+ 'f:.(Vi#Vw)3E(i<1#6) wit,h (25)

= ).24E(yi#Yw)E(i4#i2)1}~ + E(]/;#Yw)'E(i4#6)

= ±'i:.(Yi#Vw)'E( i4#6) with (20)

o = 'f:.(yj#Vw)2:.2(is#f.2) with (25), (26), (27)

trivial by lISC of (23)

\Ve now derive our eoncilision. Let J C G be the subgroup generated by the elements {Yien'}4},
{Yi(r}, {Yk i 3 ,}§}, 'L-(Yi#Yw )E( in#e2) where i E ..1+ U}+ 1 k E :1 0

1 H = 21 2: 21 r = ;~k 2: 3. Henee

Let V' C J be tlle subgroup generated by thc elements

{
E(Yi#Yw )E(in #6.) 1 11 = 21 4

2E(Yi#Yw)E(in#6) ,n = 8

thell JlV' ;:=: (H *~2) tB (H *7L 3 ) tB ((li ITorH) ®~ 2) ffi((f{ I(H */Z<1)) ® LZ 4 ). Now thc cquations
(20) ... (28) deRne a retraction 7jJ : G-J C G! <pIJ = id by assigning to t.he generators on t,he left
the generators on the righ t. hand si de, The kerne1 of t.h is map is generateel by (8)! (g)! ( I I)I' •• !(18)
anel (7.1 )(2). For t.he image 1/J( V) C J \",'e have 1/t( V) = V', whieh is elear by inspeetion of t.he
relat,ions (29) whieh are given by the image of t.he subgroup of V generatecl by (10). llence passing
to t.he q1I0tient,s wc gct. a 111 ap

lj;' : GIV~JIV'
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which is an isomorphism. This is the result in case X q = X- 1 • III

\-\Te complete the computatioll of E(J\;fIA1) for l-connectecl 5-dimensional Poincare complexes by

ci ting some theorems. These t.heorems are provecl using (4.1) anel (4.5) ami t.he material in this

paragraph but they are still more complex. Thc complete prove can be founcl in [9].
.

(7.7) Theoreul: For tlle manifolds X q dcfincd in (,5.;j) l.he abelian group E(Xql ....Yq) is giyen

by

=
q=-l,oo

q = 2,4

q = 2i ~ 8

The generat.ors are eq 1I iyalence classcs of the elements

!Iw i3TJ~

Yw [1, 1](6#12)

yw[l,1]«q#iq), Yw €q7]4

[Yw, y'wHiq#iq)1J5

giyen in the notation of (7.6).

Theorem (7.7) is a corollary of t.he more gcncral

for q = 00

for q = -1

for q = 2i ~ 2

for q = 2; ~ 8

(7.8) Theormu: Let. N be a simply conllected 5-dimensional Poincare complex in tlle normal

form of (5.4) with P =S5. Then we get for N of type I-V I I of (5.4)

0

7Z 2

2LZ 2

E(NllJ) e= 323'2

423'2

57Z2

6LZ 2

(1); (1V)q = 00; (VII)q=l=oo

(II); {IIJ)q=oo

(I IJ)q =2, 4; (lV)q = 2; (V)q =00; (V 1)(1 = ool\q ~ 4);

(VIJ)q =2Vq ~ 8

{I I l)q ~ 8; {IV)q ~ 4; -(V)q = 2,4; (V 1)(1 = ool\q = 2);

(VIJ)q=4

(V l)(t ~ q 2 4) V U= 21\q = 4) V (l = 2,41\q =2) V (t ~ 21\q =00)

(V)q ~ 8; (V 1)1. < q :2: 8

(V 1)(l :2: 81\q =2)

Here we haye q = 2i , I = 2i finite ulliess ot.herwise statccl anel 1\, V denote logieal operators.

(7.9) Theormu: Let 1\4 = N ij P be a simply connect.ed 5-dimensional Poincare complex in
the normal form of (5.4) where P is t.he E-reducible part. allel where N is as in theorem

(7.8). Let B = H 2P , then

\\'ith
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{ (B/TOr~) 0 Bi,

o
(B/B*~2)07L2

(BI ß * m4) C9;Z4

(BI JJ * /z'I) C9 722

(BIB */Z!l.) C9LZ 2
'.l

( ß / ß * /Z 2q) C9 IZ 2

(B/JJ*~d07Z2

(1V)q = 00; (V)q = 00; (V l)t =00

else

(1V)q = 00; (V l)(t ~ q ~ 4) V (t =ool\q ~ 4) V (t. = q =00)

(1); (1 I l)q =00 V q ~ 8; (1V)q =2; (V ll)q =21 4,00

(Il); (IIl)q=2

(V); (VI)q=2

(IV)q ~ 4

(1IJ)q=4; (VIl)q~8

(Vl)q > t; (VI)(l 2: 21\q = 00)

Here again q = 2i , t. = 2i finite unless otherwise stated. The cases concern the types of

111 in the normal form of (5.4).

(7.10) Corollary: Let /1.1 be a simply cOIlncded Poincare complex of dimensioll 5 with free

homology. Then we have

.
[(1\</ IN/) {~H3M 0 Bi,) EfI kernel(w,(M) 01) if A1 is Cl lIlallifolcl

else

Here we use the homomorphism w2(Af) <$I I: H2 JH <$I ;Z2 ---j. LZ 2 0 ~2 with w2(A'J) E

H 2(Al ;~2) == 11 om( H2AI, /Z 2) beei ng the secoll cl Stiefel- 'Vh itoney cl ass. Thc com plex Al
is a manifold exactly if its exotic characteristic dass e(kf) is trivial, see (5.5).
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