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Elliptic Surfacea with Foul Singular Fibres

by Stephan Herfurtner

Already at tbe beginning of the sixties, elliptic surfaces were cOßsidered by K. Kodai­

ra [6]; A. Kas embedded them in a projective bundle over the base cune B [5];
B. Hunt/W. Meyer introduced an estimate for tbe Euler number whicb depended on

tbe genus of tbe hase curve and tbe number of singular fihres [4]; for elliptic surfaces

with three singular fihres and section over '1(' U. Schmiciler - Hirzehruch proved that

there are only 36 combinations of singular fibres. subdivided in 12 cases [12].

When studying elliptic surfaces with four singular fihres, section and nonconstant

J - invariant over 1\(. as presented here, it is practical to distinguish two sets:

T+= {In (n > O),II,III,IV} and T= {I: (n 2: Q),IV*,III*,II*},

where 10 is a regular fibre. At least one fihre is theo of type In ,n > 0, or I: )0 > 0,

see [4]. By a suitable choke of the homological invariant 1 belonging to the

~- invariant, all possible fibre combinations can be reduced such that at most one

fibre is in ~.

Theorem 6 8ummanses the results. Table III shows all fihre combinations and

Weierstraß Models. The proof will be given by example. Tbe notation is taken {rom

Kodaira [6] or W. Barth/ C.Peters/ A. Van de Veo [1].
I. Naruki [10] and R. Miranda/ U. Pers80n [9 and 11] achieved aimiliar results

using different methods.

For an elliptic surlace ... : E ---+ B, where Eisa two-dimensional compact complex

analytic manifold, B ia a compact Riemann surface of genus g and 1" is a proper

holomorphic mapping, Eb: = ...-I(b) is a nODsingular curve of genus 1 for all b E Bo,

Bo:= B - P, P:= {PI,I'2,... ,Pn}, Pi e B, i = 1,... ,0. From now 00 it will be assumed

that E ia minimal and admits a sectioß, i.e. E has Da exceptional curves of the first
kind in the fibres. All singular fihres Me simple, because there is a section.

The monodromy representation of ... : E ---+ B is a homomorphism

X : l'iBo,b) -----f SL(2,1) b E BOI

which is unique up to conjugation in SL(2,1). The image of 1f1(B()lb) is called tbe

monodromy group. Elements of this group are the monodromy matrices Aß.
1

corresponding to the closed paths Pi Mound Pi' i = 1,. .. ,0.
For each type of singular fihre F j over Pi there is one SL(2,l) - conjugate dass of

monodromy matrices. In table I they Me listed in normal a.nd general form for the
singular fibres.
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The homological invariant 1, a sheaf over B, is equivalent to the monodromy

representation. In a base point p with the monodromy matrix A the stall 'p is

isomorphie to {x E 121 ftJ = x}.

Each regular fihre Ep of an elliptie surface J": E ---+ Bisisomorphie

to (/ w: Bo----.If with w (,8 (b» = A~ (w (b» is a unique
/ w (p)l.fil' ~

holomorphic function. Here Aß is the monodromy in SL(2,1) of the cl06ed path f3 in Bo,

(f: Ho ---+ Bois the universal eovering of Bo, 11 the upper halfplane, (f (t) = band
~

J"t(B o) ---+1 Aut (Bo)
ß J ß

is the deek transformation.

There is a mapping tI: Bo---+ SL(2,1)\ Ij, whieh allows the diagram to commute:

B W J ~

__13_0_ =ur -..r1--t' sJ:,z)\ 11 ~ (,
J-.(Bo,b)

; is tbe elliptic modular functioß.

The functional invariant of E is defined as the holomorphic continuation of ~on B

in SL(2,1)\ Ii* ~ Pt(, ~. = It U 't~. The values of J in Pi E P , depending on the type of
tbe singular fibre over Pi' are 0, 1 or tri, except for It .

Let P:= {Pi E B I i = l,,,.,n} n ~ 2 be the exceptional set and

X :'K,(B o,*)~ Aut·(H.(E.,l)) ~ SL(2,1)

the monodromy representation of the fundamental group, where

~ is the functional invariant of the elliptic surface E ---. B.

The extension of the homological invariant 10 over Bo to 1 aver B ia uniquely

given by the monodromy representation x, which is determined by the tl-invariant

except for its sign, Le. there are 22g.n- 1 different homological invariants, depending on

choice of sign far the matrices Ai = x (ai), Bi = X (bi) and Cj = X (Cj)' i = 1, ... ,g;

j = 1,.",n, in the product ,ll [Ai,BJ ,n C
J
, = 1 .

1 • I ) • 1
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Definition
Two elliptie surlaces r: E ----+ Band r': E I~ B I are isomorphie) if there are

biholomorphie mappings f, g , so that the diagram

E f
l E'

rl lr'gB l I

commutes.

Let .Y(tI,1) be the tamily of iSOIDorphism classes of ellipt ie surlaces over B wit h only

simple singular fibres with funetional invariant tI and homological invariant ,. For

each such family 9(J;1) Kodaira eOßstructed a basic member .!I, which ia defined hy
a global holomorphic section u: B~ E [6 § 8], and proved the

following [6 §§ 9,10]:

Theorem 1
Let r: E~ B be an elliptic Burface with a. global seetiOD, belonging to tbe {amily

.Y(tI, 1)· Then Eisisomorphie to the uniquely determined basic member ~ of tbe

family ~("'1).

Kas described this using tbe Weierstraß Model [8].
Let 'K: E~ B be a minimal elliptic surface. K(E) and K(B) are tbe funetion fields

of E and of B respectively . r induces a homomorphism 1'*: K(B) ---+ K(E), and K(E)

is a transcendental extension of K(B) of transcendence degree and genus one. Tbe
section er: B~ E determines a rational point. E is birationally equivalent to tbe

subscheme E* in Proj(". 2d (L) • 3d (L)), which ia given by tbe equation

y 2Z = 4 X3 - g2XZ2 - g3Z3,

where d is the 8t ructure sheaf of B, L ia a line bundle and where g2 E HO(B,d (4L))

and g3 e HO(B,d (6L)) are sections with 6 = gg - 27 ~ ~ O.

Theorem 2 (Kas)

E* is an algebraic surface witb rational double points as tbe only singularities. E is the

minimal resolution of E*. E* is determined uniquely by E up to a (* - operation

(g2,g,)~ (A 4g2,A6g3)' .A e (*= ( - {O}.
g2,g3 satisfy

(i) ß = ~ - 27 ~ ; 0
(ii) min (3 IIp(g2),2 IIp(g3)) < 12 for all p E B,
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wbere Vp(g2)' IIp(g3) and IIp(ß) are tbe order of the zeroes of g2' gs and 6. in p. Tbe

singular fibre in E* over p cODsists of the minimal resolution of the rational double

point and tbe rational curve, which is defined by the section q. Tbe type of rational

double point and thereby the type of tbe singular fibre determines Vp(g2)' IIp(gs)
and Vp( ß). E* is called tbe Weierstraß Model of the elliptic surface.

3

Tbe tI- invariant cf tbe Model is tI = g 2 .
ß

Meyer proved the following:

For each locally trivial fibre bundle E -----+ X it ia possible to compute the signature

of E aB the signature of tbe E2-term of tbe Leray spectral sequence of the fibration

[see. 7 1.1.4 and 1.2.2), i.e. for an elliptic fibratioD E~ B:

n
Let Bo:= B -.U Dil with D i being disjoint small disks around the base points Pi of the

I-I

singular fihres. Eo = EI Bo is called tbe IlSIDootb" part and Es:= E - Eo tbe "singularll

part of E. The signat ure T of the fibration is

Let F i be the singular fibre over Pi E B, then:

There exists a uniquely detennined mapping

4>: SL(2,1) -----i ~ I,

so thai

wbere 7i is the monodromy of a closed path around Pi (see Meyer [7]). Then:

The values of T (Fi) and 4> (1i) are listed in table I:

T (F .) + e (F.) = {I i f F i has type In n > 0 .
1 1 2 else '

where e (Fi) is the Euler Dumber of the singular fihre F i'
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Furlhermore:

Lemma 3 (Hunt)

IT (Eo) I ~ 4 g - 4 + 2 n;

wbere g is the genus of tbe base curve;

and

Theorem 4

It is known that for each minimal elliptic surface

2
T (E) = - '3' e (E).

Noet hers formula implies that for compact complex sudaces S

T (S) + e (S)
Pa(S)=----

4

where Pa(S) is the arithmetic genus of Sand {or an elliptic surface E

1
PaCE) =TI e (E).
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Yooodromy .atrix
Orders of zeroe8 Value Signature ofSin&ular Euler nOl'llal fOB A conjugate fOB TA1~ I

of tbe 8ingular fibre
fibre nUDber

T. [~ ~] E 5L(2,1) v,(gl) "p(lI) &lp(A) .l{p) T(F) +(F)

0 [: :] [::] 0 0 0 IM 0 010

ID
[: :] -: po

[1-. a
2

• ] Pole ofn
-eIn I-ta.cn 0 0 order 1-0 1-5n ) 0 0

a,e rebtively prime n

[ 1I] _: S [ad-bd-ac .'+b'-ab]
4II 2

cd-cl-dI bd-tac-bc ~ 1 1 2 0 0 3-1 0

[ 01] _: J [-bd-ac •'+b' ]III 3
-cl-dl a.c-tbd 1 ~ 2 3 1 -1- 1-1 0

[_~ _:]05' [bc-bd-& ,'+b'-ab]
2IV 4

cd4: 2-d2 bd-tac-ad ~ 2 2 4 0 -2 3

[-I 0] [-1 0] 2 ) 3 6 1
I· 6 ) 2 3 6, 0 -4 00 o -1 o -1

2 3 6 f. O,l,CCI

I· [-1 -.] [-h~ -a'. ] Pole ofD
0+6 .- flIl 0+6 order -0-4 n2 3 -~n } 0 o -1 e2n -l"'""'1lCD

a,e relatively pru.e 0

[0 -1] [ac+bd-bc aI>-10
2-b']

0 -8 -4n- 10 1 1· S-l • - 52 ~ 4 6 10 -5
e 2-td2-ed ad-bd-ac

[0 -1 ] [bd+ac -&,~, ]
3 ~6 9 1 -7 -1IlI· D 1 0 • J-

1
• - J c l-td2 -ae-bd

[-1 -1 ] [ac+bd--ad ab-,'-b']
8 0 -6 2IV* 8 1 0 • - S· 5- 2

~ 3. 4 -3
c2-td2-cd bc-bd-ac
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Calcnlation of the possible fibre combinations

With the ahove notation, let E ----t PI( he a minimal elliptic 8urface with a

section u and nonconstant J - invariant. The singular fihres F i are Qver Pi' Pi f Pj

for i f j. Let

P:= {PI ,P2,P3)P4} and X: J"1(P I( - PI *) ------+ SL(2)l) be tbe monodromy
representation of the fundamental group

'I".(p.( - P,.) = <al)~,~)a4 I al~asa4 = 1 ),

where ai is a closed path Mound Pi and Ai := X (ai), i = 1, ... ,4, ia a monodromy

matrix. The homological invariant 1 of the elliptic surface E is determined by Ai with

A1A,AsA4 = 1)

where Ai' i = 1, ...,4, is conjugate to a matrix in M = M+ U M'" with

(1)

M+:= {Id,pn (n > 0),S,J,S2} and M-:= {- Id,- pD (0 > 0),- S,- J,- S2} (see tahte I).

'I belongs to the functional invariant", For each functional invariant"and a8sociated

homological invariant" there is exactly one elliptic surface ~ over f l ( with section.

J is the basic member of .Y (tf, 1).
Its' Weierstraß - Model E· will be calculated as folIows:

Let G2 = g2, g2 E HO(P I('t' (41)); Gs = 3~ gs, gs E HO(P I('t' (6L)) where g2,gS
N

Me the sections which determine the Weierstraß Model. Tbe matrices Ai= EiAi ,
N N N IV

i = 1) ... ,4, Ei= ± 1 , with AIA2A~4 = 1 and therefore E. E2ESE 4 = I, determine the

homological invariant i. The Model E* of the basic member ,j E 9(tf,rj) can easily
be calculated horn E* by 11 asterisking 11 pairs and 1I moving an asterisk 11.

11 Asterisking 11 a fihre over Pi corrcsponds to multiplying tbe monodromy matrix

Ai with - Id. 1
0

) II, III and IV change to I:, IV·, III· and 11· respectively a.nd vice

versa (see table I).
Tbe Euler number of the singular !ihre increases or decreases hy su. respectively. In the

Weierstraß Model the polynomials G2,GS and 6 are multiplied with

(X - Piy )2J and 6 resp. , if Ai E M+ and Ei = -1) or divided hy the same expression, if

A· E M- and E· = -1.1 1

When 11 Moving the asterisk 1I of tbe singular fibre Fi E T- over Pi to tbe singular

fihre Fj E T t over Pj (in short, !rom Pi to Pj), the monodromy matrices Ai and Aj will

(X _ p. y)2J and 6 rellp.

be multiplied with - Id , the polynomials G
2
,G

S
and 6 with J ~

(X - Piy)2:J ilDd 6 resp.
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So it suffices to restriet the calculation to the canonical basic member

.!4 E5("'1). 'I is determined hy A1A2AsA4 = I, where at most one Ai is conjugate to

a matrix in M-. At least one singular fihre has to be of type In or I: [4, page 79]. For

the classification of surfaces, which have one fihre of type 10 ) a regular fihre) see [12].

LemmaS

The Euler number of an elliptic surface with four singular fihres in T+ over 'l( is

twelve.

~

The morioclromy satisfies

A1A2AaA4 = 1,

where all monodromy matrices are conjugate to a Donnal {arm in M+. By 11 asterisking 1I

all four singular fihres, the Euler number increases by 24. The Euler number of an

elliptic 8urface, which depends only on the Euler number of the singular fihres ia:

e (E) = 12 Pa(E) = 3 (e (Es) + T (Es) + T (Eo)) ~ 3 (2 n + 4 g - 4 + 2 n),
where n is the number of singular fibres and g ia the genus of tbe base curve.

For n = 4, g = 0 this means

0< e (E) 536

and so the statement of the lemma.

Theorem 6
Let E ---+ PJ( be a minimal elliptic 8urface with section, nonconstant ,,- invariant

and four singular fibres, of whieh at most one is in T". Up to permutation and

I1 Moving the asterisk 11 there are only those combinations of singular fihres which are

listed in table IH.

(i) If one singular fibre is in T-, three in T+, the Weierstraß Model depends on a

parameter. Given four different hase points, in the case It I J I. III there eDst four, in

the cases 11 I. 12 II and I. I. II IV· there eDst two elliptic surfaces, depending on the

~ - invariant, and {ar aIl other fihre combinations there exists precisely one elliptic

surface.

ii) If all four singular fibres are in T\ then the Weierstraß Models are detennined

uniquely up to isomorphism, except for one comhination. In the case 11 18 II In there

are two noni80morphic models.
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In table HI the Weierstraß Models including the tf- invariant and cross ratio of tbe

base points for 6. =GI- 27 Gi are listed.

Corollary 7
All elliptic surfaces with four singular fihres can be deduced from table III by the

following met hods:

(i) 11 Asterisking 11 the singular fihres in pairs

(ii) 11 Moving tbe asterisk 11 of singular fihres.

1. If one singular fihre is of type It) a surface with three singular fihres ia obtained by
11 moving the asterisk 11. So these elliptic surfacea are easily calculated [12) pages 120 ff.)

cases 6 - 12].

In tbe following it is assumed that n > 0 for all fihres oi type In or I: .
2. Determination of all possible fihre comhinatioßa

Because of (1)) it follows for the monodromy matrices Ai E SL(2)l), i =1,... )4 that:

trace (A 1A2) = trace «A3A4t l) = 'trace (A,A4)' (2)

Tbe trace ia preserved under conjugation. So let A2 and A4 be in normal form, A. and

As he conjugate to ± pn ,S)J,82 (see tahle I). Tahle 11 lists the trace (AiAi+l ) for

different fihre combinations.

In the following tbe calculation will be separate according to the oeeurenee of a fihre

F 1 e T- and the number of fihres of type In'

2.1. One singular fihre in T-

Assume that tbis fihre F I is of type I:.
2.1.1. F3 of type In ,n > 0; F2,F4 e T+ - {In}
See tahle 11. There ia trace (A 1A2) ~ 0 and trace (A3A4) ~ 0 with 11 = 11 exactly for

F2 =F4 =11. It follows tbat

- 1 + nl (a.~ + alC1 + C~) = 1 - 03 (~ + &:Je3 + c~).

Beeause of a~ + ~Ci + c! > 0) we bave D1 = 03 = 1 and the combination is IT 11 11 11.
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Table 11

Singular
trace (AiAi+1)

fibre

I I 2 - c~nini+l ~ 2Dj Di+1

In. II 1 - n· (a~ + ~c· + c~) <0 ~ 'Ci relatively prime1 1 1 11-

In. 111 -no (a~ + c~) <- 1 ~,ci relativel)" prime1 1 1 1-

In. IV - [1 + ni (a! + ~Ci + C~)] ~ - 2 ~ 'Ci relatively prime1

II 11 - [(bj - ~ aj + ~ dd2 + (Ci + ~ aj - ~ dj )
2 + ~ (al + dl)] ~ - 1

II III - (a~ - a·b· + b~ + c~ - c·d· + d~) <- 21 11 1 1 11 1-

11 IV - [(~ -~bi +~cd2 + (di +~bi _~Cj)2 +~ (b~ + c~)] ~-2

III III - (a~ + b~ + c~ + d~) <- 21 1 1 1-

111 IV - (a~ + a·c· + C~ + b~ + b·d· + d~) <- 21 11 1 1 11 1-

IV IV - [(bi - ~ ai + ~ d j )
2 + (Ci + ! B.:i - ! dj)2 + ~ (at + d~)] ~ - 1

1* I - 2 + c~n. n· I >- 20i ni+1 1 1 1+ -

1* 11 - 1 + n· (a~ + &jC' + C~) >0 ~,ci relatively primen· 1 1 1 l-1

I:. 111 n· (a~ + c~) >1 a.i ,Ci relatively prime1 1 l-
1

1* IV 1 + n· (a~ + Soj,c, + c~) >2 ~ ,Ci rela.tively primeQ. 1 1 11-1

2.1.2. F2,F3,F4 e Tt- {In}

Table H shows that the equation (2) cannot he satisfied.

2.2. Four singular fihres in T+

2.2.1. FI,F2,F3l F4 of type In , n > 0

Equation (2) is equivalent to c~Dln2 = c~n3n4 see table H. If CI = c3 = O. ODe easily
deduces a contradiction A tA2A3A4 #1 to equation (1). So equation (2) is now
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equivalent to

c~
2 2

n.D2DSn 4 = -- n Sn 4•
c~

4 ..
So .n Di is a square and .E Bi = 12. Only the fibre combinations, which are listed in

1. I 1. I

table Irr, exist up to permutation.

2.2.2. F1,Fs of type In , n > 0; F2,F4 E T+- {In}
Lemma 5 shows

B. + DS = 12 - e (F2) - e (F4)'

16 II I, II and IS II 13 IV are excluded, because of

0:: 5 (a~ + aJe, + c~) -; 3 (ai + ases + c~)modulo 5

and

0:: 3 (a~ + ale t + c~) -; 3 (~ + ~e3 + c~) + 2 modulo 3,

see table 11 and (2). Tbe remaining fihre combinations) up to permutation of the fibres)

are those whieh are listed in table III, and the eombination Is 11 IV IV. Explicit

calculation of the Weierstraß Model shows, that the last eombination ia impossible.

2.2.3. F I of type In , n > 0; F2,F3,F4 E T+- {In}
Lemma 5 shows that tbe Euler number is tweive. OnIy the combinations Iisted in

table III and 11 III IV IV , 12 II IV IV can be possible up to permutation.

In the last two cases G2 and Gs must have the degree ~ 5 and ~ 6

or ~ 5 aod 5 respectively (see table I). This however is impossible.

2.2.4. If tbere are three fihres of type In) one gets all combinatioßs of table III and

14 13 I. IV aB in 2.2.2.. This fihre combination can he excluded by explicit calculation.

3. Calculation of the polynomials G2, Gs and A in homogeneous coordinates (X,Y)

ofPI(:

Equation Ii = G~ - G~ gives a nonlinear system of equations for the coefficients

of G~ J G3 • Common lactors of G~ - G~ and li. will be cancelled.

Let l!:& =
Gi - G~

=
gcd( Gi J G~)

ß (see table I) and let Ci be the coefficient of
gcd( Gi J G~)
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Xk-iyi in ~ , where k is the surn of the Dj over the numbers of the fihres of types In. and
)

I:. of the sunace with 0 ~ i ~ k. The h~ points are written as quadruple (Pt,P2JPs,P.).
J

3.1. One singular fihre in T­

11 11 II II

It may be assumed thai the singular fihres are over (O,lXI,l,P4). The orders of zeroes at

the hase points have to be:

p vp(G2) IIp(G~) vp(ß)

0 2 3 7

m 0 0 1

1 ~ 1 1 2

P. ~1 1 2

surn ~4 5 12

The equation li = G~ - G~ with

G2(X,Y) = P. X2 (X - Y)(X - P.Y)

GI..X,Y) = vXs (X - Y)(X - P4Y)(X + BY)

6. (X,Y) = upS X7y(X - y)2(X - P4y )2 ,

where p,V,tT e(., produces the following system of equations with pS - ,;. = 0 :

Cl = - (PI, + 1 + 2 B) = U

C2 = P4 - B2 = O.

It follows thai P. = 8 2 # 0 and u = - (B + 1)2. Consequently oue gets

G2(X,Y) =1J X2 (X -Y)(X - B2y)

Gs(X,Y) = v X3 (X - YXX - B2V)(X + BY)

6. (X,Y) = - (H + 1)2 p3 X7y(X _ y)2(X _ B2y)2
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where B +-1,1 .

The crOBB ratio of the base points CR{IT 11 I 11 11) ia..1., If the base points are given,
B2

there exist two different Weierstraß Models, depending on the choke of the

,,- invariant. Let K=27 tJ. and O2 =3 G2. Table 111 Hats the surface for p = 1 ,

11 =1, ! as ß and O2 as G2 in abuse of the notation. G2 and 03 are uniquely

Consequently in this calculation, as in the following ones, there are values given for

jJ and 11, so that one arrives at the polynomials G2,G3 and tJ. as aoove which are

listed in tahle IH.

3.2. Four singular fihres in T+

3.2.1. Calculation by using the common divisor of G2,G3 and tJ.

13 13 13 13

The orders of zeroes have io be:

P vp(G2) vp(Gs) IIp(ß)

PI 0 0 3

P2 0 0 3

0
(3)

Ps 0 3

P4 0 0 3

suro 0 0 12

Therefore

Fs - A - GS G2-u- 2- 3 (4)
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with F,G2 EHO('I(,t'(4L)). G3 E HO(1P1(,d(6L)).

It follows from (3) that G2,G3 and F are relatively prime. (4) is equivalent t6

G; = G~ - FS =(02 - F)(rtG2 - 1}F)("G2 - rjF) 1} = e.av .
As mentioned above, the single factors in this decomposition are relatively prime in

pairs (3). Tbey are squares. Let

H~:= G2 - F

H~:= rtG2 - rjF

H~= rß2 - r;F.

If Hi has the appropriate sign it follows that

G3 = H.·H2 ·Hs

where Hi E HO(Pt(,t'(2L)) i = 1,2,3

o= H~ + H~ + H~ ~ - H~ = H~ + H; =(H2 + iHs)(H2 - i Hs)'

Hath faetars are relatively prime and squares.. Let

Jl= H2 + i Hs

.11:= H2 - i H3

where J1,J2 EHO(P.(,t'(L». It can then be assumed that

i H1 = J1·J2•

J1,J2 are relatively prime. Hy suitable choice of the coordinates on P1( J it is possible

to choase J. = X and J2 = Y. Therefore

H1= -i XY

H2 = ~ (X2 + y2)

Hs = fr(X2
- y2)

with CI} = {'6'

1 .
G2(X,Y) = ( - fJ Hl + H~) = rw( X4 + 2 iwX2y2 + y4)

7J' - 1]

Gs(X, Y) = H1·H2 ·H3 = -1 X·Y (X2 + V2)(X2 - y2)

F(X,Y) = G2 -H~ = rw( X4 - 2 iwX2y 2 + y 4)

.
6(X,Y) = - 192 w ( x 4 - 2 iw X2y2 + y4)3.
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The cross ratio is CR(Is 13 I 13 13 ) = - fJ. Table In gives the surface after the

transfonnation (X,Y) ---+ (~I(X + YJIV)) ~(X + T/J,.Y)) with <PI;J = J- 2 ((3 =F (.O) i ,

tPl' =! 1 =F (3 and , = e 1M.
2 1 =F (7

Using this method, it is also po88ible to calculate the Weierstraß Models of

14 14 12 12, 14 14 11 II I 13 Is III III [2].

3.2.2. All other fibre combinatioßs are calculated using tbe BalIle method aB

in 3.1. [2].

17 I. 11 III , 18 12 I. III and Je II I. III

An Aut(P.{) - operation transforms the singular fihres over the hase points

(m,P2,ps,O). Tbe fihres over m,P2 are either of type 17 I. and le 12 or of type Ie 12

a.nd IeII respectively, therefore tbe three calculations differ by a common factor of

G~ - G~ and 11 only.

{
0 at 17 I. I. III

Let i:=
1 at 16 12 IJ 111 aod 16 II I1 III .

Tbe orders of zeroes have to 00:

P vp(G2) vp(Gs) i = 0 i = 1
Jlp ( ß) vp ( 6)

m 0 0 7 6

P2 o(~ 1) 0(1) 1 2

Ps 0 0 1 1

0 1 ~2 3 3

Bum 1 (~ 2) ~ 2 (3) 12 12
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The orders of zero for the fihre over P2 in T+- {In} are in brackets.

The equation 6. = G~ - G~ with

G2(X,Y) = pX(X3 + A t X
2y + A2Xy2 + AsYS)

GS<X,Y) = vX2(X· + B1XSY + B2X
2y2 + BsXYs + B4y 4

)

6.(X,Y) = tI p3 XSV7-i(X - P2y)l+i{X - P3Y)

where iJ,V,tI E (* ; i = 0,1 produces the following system of equatioßs

with J13 - ,; = 0 :



B2 = 3 f3

Bs =3 l' - 2 a3 + 3 aß

17

To fulfil Cl = C2 = C3 = 0) let

A 1 =2a B1 =3a

A2 =2 ß- <Xl

As =2,

. where a,P, "'( E 4: .

From C4 ~ 0 it folIow8 that:

B4 =~ [(,8 - er)' + 2 a1l
and horn C5 = 0:

3 (ß - ,02)[2 1- a (ß - a2)] = o.

The result is

{
o i =0

C6 = 3 r =
(J i =1

C/ =6 ~j ~ { (J i = °
. - (2p2 +Ps)u i = 1

{
- (P'l + Ps) u i = 0

Cs =3 cilf =
(2 P2PS + ~)u i =1

= 0

= 1.

l' may not equal zero, BQ i = 1. Consequently the only solution is

l=rt a3

1
P2 = -3 Q

4
P3=-~a

(1 = Ik 03.

H a= -3:
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G2(X,Y) = p X(XS - 6 X2y + 9 xV2 - 3 yS)

Gs(X,Y~ = ~ v X2(2 X4 -18 X3Y + 54 X2Y2 - 63 Xy3 + 27 y 4)

~(X,Y) = ~ pS X8y6 (X - V}2(X - 4 V)

with JI' - ,; = 0 J'JJI e (*.

The cross ratio is CR(I6 12 I I1 III) = -~. Table III shows the 8urface far JJ = 4,

v= 8.

C6 = 0 leads to

'1 = ~ 0 (ß - 02).

After the substitution of 6 = ß - 02, it follows far Ce,C 7,Cs and Cg that:

i = 0

Ce = - 62
( <5 - i 02) = 0

C7 = - ~ ocr( 5 - 02) = q

Cs = - i P(3 6 + 02)( <5 - 02) = - (P2 + Ps)u

Because q #- 0, this gives:

5 = i <f,

33
Cl = -0

7 = u
27

3' ·13Cs =-- aB =- (p" + P3)u
210

33
Cg = - di = P2PatT ,

26

i = 1

q

- (2 P2 +Ps)u

(2P2Ps + ~)u

- ~P3U •

(5)
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13
P2 + Ps = - - Q

23

and

1 [1 ± iIT ]7P2 = g Q

2

1 [1 =1= iIT ]7ps=ga .
2

If Q = 2, we get:

G2(X,Y) = P X(X3 + 4 x2y + 10 Xy2 + 6 y3)

Gs(X,Y) = ~ v X2(2 X4 + 12 X3y + 42 x 2y2 + 70 Xy3 + 63 y 4)

~(XJY) = ~ p.3 XSy7(4 X2+ 13 XY + 32 y2)

with p.3 - ,;. = 0 Jj,1I E (*.

The cross ratio is CR(I7 11 I I. III) = (1 - i IT)7 . Table III
(1 + i ..[r)7 - (1 - i ..[r)7

shows the surface for JJ = 4, v = 8.

ii) i = 1

There is a double zero of 11 at P2 . The discriminant of

-162[(4 5 - 3 a2)X3 + 6 a (6 - a2)X2y + 3 (3 62 - 2 cl-6 - 04)Xy2 - 4 a36Y~

vanishes (see (5». i.e.

- ~ 5 (62 - a26 + ~ 0
4
)3 = O.

Because 0 = ~ a2 (1 ±! w) with w = i 0J it follows from (5) that:

C8 = -rl a8 (1 :t w)(3 =1= 2 w) = U

C1 = J 0
7 (1 ± w)(3 ~ w) = - (2 P2 + Ps)u

Cs = ~ aB (1 ± w)(9 =F w) = (2p,jJs + ~)O'

Cg = ~ a9 (1 ± w)(3 ± w) = - PIPs'"
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The result of the system of equatioDS is:

- ~9 ± whP2-2w-

4 aw
P3=-2 w-3'

Let a = - 1 + w. After the transformation (X,Y) ----+ (X)~ V):

G2(X,Y) =! p X(X - Y)[6 X2 + 6 w XY - (3 + w)Y~

G,(X,Y) =1v X2(X - Y)[4 X3 - 2 (1 - 3 w)X2y - 4 (2 + w)Xy2 + (5 - w)Y~

~(X,Y) = - _1 1'3 X3y6(X - y)2[(9 + w) X + 8 w Y]
;23.32

with p3 - ,; = O.

The cross ratio is CR(Is 11 I I. 111) =3 -92 w. After the transformation

1 1(G21G,) ~ (~G21T{ Gs) table III shows the 8uriace for 1J = 36 1 11 = 216.

Notes to table III

Table III lists tbe Weierstraß Models of the fibre combinatioDs with the hase points

(PllP2IP3JP.. ) of the fihres. G2 and G3 appear aB follows: Tbe discriminant is

~ = G~ - 27 G~. All polynomials can be chosen to have integer coefficients except

for tbe combination Is 11 11 BI . (G2,GS) are determined up to (A 4G2,A 6G3) AE (*

only.

H there ia a singular fihre in T-, then table III lists in addition those values of the

PI - Pi PI - P4 .
tbe cross ratio CR(PI P21p3 P.. ) = : I whicb are exc1uded.

P2 - P3 P2 - P..

G3
All surfaces with four singular fihres, secHon and noncoßstant tI- invariant tI =_2

6-
can easily be calculated from the models by I1 moving tbe asterisk 11 and 11 asterisking 11

tbe fihres (see page 7). They are uniquely determined up the operation of Aut(f l().



Ta.blelII

Fibre

combint'on
lleieratraß Model .1- inVILrilUlt

Crou fiLt. ia of the

~ poiata

I t I I I, I:

(l.-,O"t)

G,.3 (1- 'tYP(12 + l4 IY • '(2)

G,. (I - 'tY)'(I' - 33 I2y - 33 IY1 + y')

4 - 22 .;)t IV(I - 'tY)'(I- y)t

_1_ IX1 + 1-4 IV + \")1
lOS IV(I - Y)t

_1_# 0,1 ,lI!

1 - 't

I, I! I, I:

(l.-,O", )

o! -12 (X - '4V)'(12 - IV + Y')

OS." (I - '4Y)I(2 I' - 3 I ' V - 3 IY1 + 2 VI)

4.24 ·3' I'vt (I - ,.Y) '(I _ y)2

...! (1' - IV + yt)S

27 A'(I _ Y)'
_1_#0.1._

1 - '4

.",
-#0,1,_
"'1

~

...:.; O,l,lI!
"',

__4 _ (I! ... .xv ... yt).

(2 - .)' I!f![3 X! ... 2 (2 • - 1)lT .3 Y2]

___"_ IV ... 2 .Ir ... V'),

(. - 1)' X'\'[12 X' • 3 (3.' ... e • - l)IY + .. (. + 2)VS]

G, -12 1'(I! 1'.xv ... y1~
0,." 1'(2 I' ... 3 d'Y ... 3 .n' + ~ yl)

A. 24 .31 (2 - .)'llyl[3 l ' ... 2 (2 • - l)lY .3 yt]

1 J •.#-1,2 1II'1.,--!(2.-1*2 ,1-.-2)

(", •.",,_,0)

1I I I I, It

("".",_,0)

1I I, 1, I;

G! - 12 1' (1' + 2 .IV + V')

G, - " 1' (2 I' + 3 (r' + l)I'Y • e .XY1 + 2 V')

A- - 24 .3' (. - 1)'lty[12 I' ... 3 (3 ,1 .6 • - l)IY .... (I + 2)V1]

15 1 J1 iI I' #- - 2, - 3' 1 .. , .' • - I! [3 .' ... 6 • - 1:t 3: (. - 1)(3 • + 6)1] I I IN

.....Jo

I, [I 11 [:

(0,_,1".)

G, - 3 (I - '.Y) I (I - Y) (I - g Y)

0, • (I - '.Y) '(I - T) (I' + 18 IT - 21 yt)

A. - 2' ·3' IIy(I - Y)' (I - ,.n l

_-! 11 - TI (X - 9 TI'
64 1'1'

...1;0,1,_
"'t

I! 11 UI I;

(O.-,l"t)

0, -3 (X-'tY)'(X - Y)(I -.( T)

G,~ (I -"Y)'(X - y)'(1 ... 8 Y)

A-- 3' xtY(I - T)'(I - 'tY)'

_i (I -" V'
n X'T

"-.1 #0,1,_

""

I, I, IV I:

(O,_,l''''t)

o!. 3 (I - 'tY)!(1 - Y)'

G•• (I - "Y)'(I - Y)2(I ... Y)

A--I08 IY(I- Y)'(I -P4Y)'

_!~
.. IV

.-! #0.1 ,lI!

""



11 11 11 In·

(41"1,41", ,_,0)

11 I, 1, Pr

(41"1,41", ,_,0)

I, n III I:

(_,O,l,p.)

I, II II I:

(_,0.1".)

11 [I II IV-

(0,_,1,.,J)

I , I , I 1 I.

(1.,.,' ,a)

I1 I, 1:1 I.

(-1.1,0,_)

G, - 3 1'(1 + .V)

G, -X'(X + Y)

A- 27 I'Y[(3 • - 2)JI +(3 .' - 1)IY + .2yZ]

1 2 1 I '.#-5,0, 5,1 41"1,1 - --- [3 ~ -1 t (3. + 1)(1- .)']
6 • - .. .

01 - 3 X'(I + 2 .Y)

G, - X4 (I' + 3 .IY + Y')

A - 27 X&Y'[(3 .' - 2)1' + 2. (4 .' - 3)IY _ yl]

• # 0, t [f, t rr 41"1,1· - __1 - [.(4 ~-3) t{2 (2 ~ - l)i]
~3 3.-'-2

G, -3X(I - ,.T)'(I - Y)

Gs -XCI - '4Y)'(X - Y)2

A- 27 I'Y(X - Y)'(X :"' '.Y)'

G, -12 1(1 - Y)(I -:- ,.T):I

G. - .. 1(1 - '4T)I(I - Y)(2 1- T) .

A- - 24 -3' 1'Y1(1 - Y)'(I- ,.Y)'

a, -3 (X- T)(I - .ty)'

Os - (I - Y)(X - ,tv)4(I + .Y)

A- - 21 (. + l)'IY(I - y)'(I -.'Y)'

.#'- 1.0.1,_

01 - 3 I(e I' - 8 Y')

GI • 21 X' - 36 x'I' + 8 yt

& - 2' ·3' 1'(X' - T')

,_ elJi

0, - 3 (1lJ X4 - 15 X2Tt + y4)

G, - 64 X' - 98 X4Y' + 30 litt + yt

A- 2' ·3' I'T'(X +' Y) (X - Y)

(I + .n'
Y[(3 • - 2)1' - (3 .' - 1)IY + .'Y]

ICI ....~ .V)S

y2 [(3 ., - 2)1' + 2 .(4 .-' - 3)1Y - Y']

!
y

_ .. X(I - Y)

Y'

_ 1 (I - TI (I - ?'O
(. + 1)2 IT

-! 1' (9 X· - 8 y')'
M Y'(xl - yt)

_1 (15 X4 - 15 Ityt + ~)I

108 xt'fI(I +' Y) (I - Y)

41",
-#0,1,_
",

", 1
-;. -l,O,~,l,2,_
41'1

'. -# 0,1,111

,.#0,1,_

....1"0.1.111
~

-,

-1

rv
f\J



Gf • 12 (14 - -l XIV t 2 XY~ t y4)

I 1 ~ I~ I,
G, - -I (2 X' - 12 VY + 12 X4y' 1" 14 X~~ 1" 3 I2Y4 t 6 xtyt + 2 yt) .J. (X 4 - -4 X~y + 2 XV' 1" Y')'

I
-8

(4.- ~,O •.:lI) 27 1'Y'(2 I + VP(X - 4 V)
,&,.24.3' Ity'(21 +Y)'(X - 4 Y)

G, - 3 (X4 - 12 X~Y 1" 14 I'Y2 1" 12 IY' 1" Y~)

I, I, 15 I. G, • X' - 18 XiV + 75 X4Y' + 75 X'Y4 + 18 XVi +~
(X' - 12 X~Y 1" 14 X'V' + 12 IV' 1" Y4)~ [1 1" /Tl'1

.1 a 2'·3' I'Y'(I' - 11 IV _ Y') --
(..., ....,.O,a) 2'·3~ Xiyi(I' - tt IV - y2) 1 - rr

(I±JT)'"'1.' • 2

G, • 12 (X4 - X'y' l' Y4)
T, r, 14 I.

G, • 4 (2 I' - 3 X4Y' - 3 M4 t 2 yt) (14 - I'Y' t Y·) ~..! -l
(-1.1.0,111) 27 x'r(X l' Y)'(I - Y)'

& _ 2' ·3' X'Y4 (X + Y)' (I _ Y)'

G, .3 Y(8 X' 1" yl)

I, I. I, I, G, -13 X' + 20 I'Y' - Y'
_..! yl(8 X' ... Y')'

b. _ - 2' .3' X'(X' _ Y')'
-,

(l",,'._) 64 X~(I~ - Y~) 3

,.e%Jl

G, • 12 I(X' - 6 X'T 1" 15 IV' - 12 Y')

I, I, I, 11 G, • 4 1(2 X' - 18 X'Y ... 12 xSV' - 14-4 X'Y' l' 136 XY' - 27 VI)
_~ 1(1' - 6 I'Y + 16 IV' - 12 YS)' [1-

iJTr
("""2.~'O)

.1. - 2',·3' X'Y'(3 X' - 14 IV + Z7 Y') 21 Y'(3 I' - 14 IY ... 21 y2) 11" i {T

M,., - - ~ (1 't i .[r)'

G, - 12 X(9 X' + 36 Py + 42 IY2 + 14. Y')
I, I, 1r II

G, - 12 X(18 I' ... lOB X'Y l' 234 IJy' 1" zn Pi' ... 87XY' l' 8 VI) . _ 4 1(9 XJ + 36 X'Y l' 42 Py + 14 Y')' _32
9 8

(-1'9'-'O) yr(9 I l' 8 Y)'(4 1 ... 9 Y) 81
A-- 24.3' I'Y'(9 X + 8y)2(41 ... 9 Y)

G, - 3 (8 1- Y)(8 X' + 87 X'y l' 96 IY2 - 64 Y')
I. I. I, 11

G, - (8 I - Y)(64 X' + 2' ·6·13 X'Y + 5'·157 X'Y' ... 100 xtY' + 2
'
.5' IV' - 2' Vi) __1_ (8 X - Y)(8 X' ... 81X2V + 96 IY2 - M VJ)3 ...!

(- IO,O •• ,~) 2'·3d X'yl (X ... 10 y) 81
.1-- 22'311 X'Y'(8X - Y)'(I+IO Y)

G~ - 3 (X - 3 Y) (81 I' - 9 X'Y - 53 IY' - 27 Y')
I, I~ r, 11

I], - (X - 3 Y) (3' X' - 3'·5 X'Y - 2·3' ,5' Xly' - 3M xtY2'- 3',6' IY4 - 243 VI) (X - 3 YH81 I' - 9 X'Y - 53 IV' - '17 Y')' III
(-~.O,.,3)

---
214 ,3 I'Y'{9 X l' 5 Y)' 32

&. -- 214 .3 4 X'Y'{I -3 Y)'(9 X t 5 Yl'

f\J
W



G, • 12 1(1' .. 4 Xly + LO nt + 6 yJ)

I. I. 11 III GS • 4 X' (2 X4 + 12 XJy .. 42 I'Y' .. 10 XY' + 63 y4) -:! (X' .. 4 I'Y .. 10 XY' + 6 y')1 [i-irrf
("".-., .. ,O)

~. 24·3' X'Y
'
(4 X' + 13 XV .. 32 Y') 21 yr (4 l' .. 13 IV .. 32 Y') l .. i/T'

l(l±i IT )'
"•. ~ • 1 2

G, • 12 1(1' - 6 X'Y + 9 XV' - 3 V')
I. I, I, III

G,.4 1'(214 - 18 X'Y .. M IIV' - 63IY' .. 21y4) -! (X' - 6 xtY .. 9 XV' - 3 V'), !
(4,1,_,0) 21 Y'(X - v)l(X - 4 Y) <I

~. 24 ·3' Xlyt(1 - Y)'(X - .. Y)

G, • 15 (6 X- Y)(6 ~' .. 46 X'Y .. 39 IV' - 26 Y')

I. I, I, IU
G,.26 (6 1- Y)'(26 14 .. 340 I'Y .. 2·3·181 X'y' .. 100 X'Y .. 64 y4) (6 X' l' ""6 I'Y .. 39 IV' - 26 Y'l'_...1L 3

25 I
-

(- ~.O'·'5) 214 ·3' Xsyt(3 X .. 26 Y) 128
~. - 214 .3'.64 X'Y'(5 X - Y) '(3 X .. 26 Y)

~

G, .3 (X - Y)(16 X· - 3 IV' - yl)

I, I, 14 UI
Ga. (I - Y)2(M 14 .. 32 I'Y .. 6 Jty1 +6 IV' .. y4) ..L (16 X' - 3 IV' - V')' 3

1 -
(-3.0,.,1) 108 IJy4(3 X .. Y)' ....

~. 2'.3' l'y4(1 _ Y)'(3 X + Y)'

G, .311 (9 1' - 8 vt)

I. 11 I, IV
O•• I'(27 X· - 36 X'Y

'
+ 8 y4) -! V(9 V - 8 yJ)' -1

(l,-l,m,O)
~. 2' ·3' I 4y'(X - Y)(I + Y)

64 yt(X - Y)(X ~ Y)

G, .12 XI(I' .. 8 IV .. 1.0 Y')

I. I, I, IV
0, ... I ' (2 14 + 24 IJy + 78 I'V' + 66 IY1 .. 27 y4) _.....! 1

'
(12 .. 8ß .. lO V'), 2

27 1
-

(-,,- 2,·,0) 27 Y'(2 I .. Y)I(4 I + 21 Y) 27
~.- 24 .3' 14Y'(2 I .. y)I(4 J .. 27 Y)

G, • 3 (I - Y)' (9 I ' .. 1.... IV .. 9 yJ)

11 I, I, IV
G, • (X - y)I(27 14 .. 36 X,sy .. 2 Jty1 .. 36 IY,s .. 27 f4) _...L (I - y)I(9 X' .. 14 IV .. 9 Y'),s -i

(m,O,- 1,1) 2 11 XJyJ(1 + Y) I

4. - 2 11 .3' lJy'(X - Y)~(I .. Yl'



G, - 3 (I' - 13 IY 1> 49 Y')(I J
- 6 IV .. V!)

[, I j Il Il Gs - (1' - 13 XY .. 49 Y')(1 4 - 14 I'Y .. 63 {'yt - 70 IY" - 7 y4)
__1_ (X' - 13 XV .. 49 Y')(I' - 5 XV .. yt)' [- 1 .. 3 i crr

(O.=,iII'"lI',)
~ _ - 2'·3' IV'(rt - 13 IV .. 49 V')' 2'·3' IV' - 1 - 3 i rT

-'.' --1 (- 1 t3 i .[T")'

G, -3 (I - Y)(I .. Y)(9 I' - Y')

I, I, 11 II
Os. (I - Y)(I 1> y)(n I· - 18 I'Y' - 'r) _-.!. (I - Y)(I 1> TI (9 I' _ Y')' -I

(0,.,1,-1) 64 I'Y'
A· - 2'·3' 1')1(1 - Y)'(I 1> Y)'

G, - 12 IY(2 I - Y) (I .. 4 Y)

I. I~ 11 CI 0, -2 (2 X - n(I ... 4 niX4 ... 4 XSY ... iJ IV' - .. y",
_ 16 I'Y'(2 I - Y)(X ... 4 Y)

. 1 4--108 (2 X - Y)'(I .. 4 Y)'(I' .. 2IY -2 Y')4
(- 2 ... r:r')'

1"'1''':'2"'- 4)
(I' .. 2 XV - 2 Y') ~

JI.2 • - 1· t .("'J'

G, - 2 X(X - Y) [6 I' .. 6 ( Xl - (3 ... ()Y']

I, I, 11 111 G, .2 1'(1 - Y) [. l
'

- '2 (1 - 3 ()I'Y - • (2 .. OIV' ... (6 - OYI) 1. (I - Y1[6 X' .. ft ( IV - (3 ... ()yt]' ~(3-0

(11' .... 1.0) ".24 Ity'(I - Y)'[(9 ... 0 1 ... 8 ( y] 3 \"[(9 ... ()I ... 8 ( y] 8

1I'--l(3(1>I) ( • :t. i rr,

0, - 3 1(2 I - 27 Y) (2 X2 - 36 IV .. HO y2)
I, C, 11 Irr

G, -1(2 1- 27 Y)'(2 l
'

- 39 Xty .. m IV' - 250 yl) _1_ 1(2 I' - 35 xv .. 140 'Pl' 126

126 27
--

(11,·,0,,) lOS yt(14 1 - 126 Y)' 64

A- 2' ·3' A"(2 I - nY) '(14 1- 1.26 Y)'

0, - 3 (I - Y)(I .. 27 Y)(16 I' .. 80 IY - 2.:J Y')

[, I. 11 III
G, - (I - Y)' (I ... 27 Y)(64 Xl .. 2'·43 X'Y 1> 2·3' IV' .. 3' fI) __1_ (I 1> zr Y) (16 I' ... 80 XY - 243 y2)'-

(0,.,- 27,1) '2' ·3'·7' XJy4
-27

4-- 2'·3'·7' 1'Y4 (I - y)'(I ... Z1 V)'

GI - 3 X' (I - 3 Y) (I ... 6 y)
I, I, rr IV

0, -11(1 - 3 Y)(I' .. 6 X'Y - 3IY' - 32 V') _-.!. 1'(1 - 3 Y)(I .. 5 Y)'
111

2S

(--g•••3.0) 64 Y'(3 I .. 16 y) 16
.& _ - 2'·3' 14 Y'(I - 3 Y)'(3 I .. l6 Y)

G, .36 I' (I - Y) (3 1 - Y)

I, [4 11 IV
Gs - 4 1'(1 - Y)(64 I' - 54 I'Y ... 9 IV' - V') -lOS 1'(1 - Y)(3 I - Y)'

1
-8

(!J,.,I,O)
.& _ - 24 .3' 14 y4 (I - Y)' (9 X _ Y)'

Y·(9 I _ Y)'

rv
Ul



GI - 3 (12 ... \")(12 ... 6 IV ... i VI)

11 I, III III
GS - (12 ... V2)'(IS ... 9 XY ... 19 V2) _...!. (XS ... 6 IV ... f y2)' (!-!-Lir

(11 . .) 27 V~(2 I ... 11 Y) 1 - 2 i--".,1,- 1
4-- 3' V'(XS ... yJ)'(21 ... 11 V)

GI - 3 (I - Y) (I ... Y) (4 12 - Y')

11 li III III
Gs - (I ,... V)J(I ... V)2(S X' ... Y') ...! (i Xl - Y')' -l

(O,.,l,-l) 27 12y4

.4-3' Pv4eI - V)'e l ... Y)'

Gf - 3 n'(I~ ... 6 IV - 3 V2)

I, [, III U[ Gs - 15 I'y1(I' ... 3 V')
(XS ... 6 IY - 3 Y')!

(1/(,1/,,0,.) . 4 - 27 I'Y'(I' - 6 IY - 3 Y')' (I' - 6 IV - 3 Y')~

- (2 ... rr)'

", " - 3 % 2 .rr'

~ - 12 1'(1 - Y)(I ... 6 Y)
11 I, III IV

G, - 4 1'(1 - Y)'(2 [' ... 16 IV ... 17 Y') -! X'(I ... 5 Yl'
Z7

32

(-b···~1.0)
27 yi(6 I ... 27 Y) 27

4 - 24 ·3' I 4y4 (6 I ... 27 Y)(I - Y)'

a, - 3 12(1 - Y)(g I - 6 Y)

I, I, UI IV
G, - 1'(1 - Y)'(27 I' - 9 IY ... 2 Y') 1 1'(9 I - 5 n'

1
-4

(0,·,1,0)
.& - 108 I i Y'(6 I - y)'(1 - Y)I
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