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Elliptic Surfaces with Four Singular Fibres
by Stephan Herfurtner

Already at the beginning of the sixties, elliptic surfaces were considered by K. Kodai-
1a [6]; A. Kas embedded them in a projective bundle over the base curve B [5];
B. Hunt/W. Meyer introduced an estimate for the Euler number which depended on
the genus of the base curve and the number of singular fibres [4]; for elliptic surfaces
with three singular fibres and section over P,{, U. Schmickler - Hirzebruch proved that
there are only 36 combinations of singular fibres, subdivided in 12 cases [12].

When studying elliptic surfaces with four singular fibres, section and nonconstant
# - invariant over P,{, as presented here, it is practical to distinguish two sets:

T*= {I, (n> 0),ILILIV} and T"= {I* (n > 0),IV*III*II*},

where ] is a regular fibre. At least one fibre is then of type I, ,u > 0, or I} ,n > 0,
see [4]. By a suitable choice of the homological invariant ¥ belonging to the

# - invariant, all possible fibre combinations can be reduced such that at most one
fibre 1s in T".

Theorem 6 summarises the results. Table III shows all fibre combinations and
Weierstra Models. The proof will be given by example. The notation is taken from
Kodaira [6] or W. Barth/ C.Peters/ A. Van de Ven [1].

I. Naruki {10] and R. Miranda/ U. Persson [9 and 11] achieved similiar results
using different methods.

For an elliptic surface » : E —— B, where E is a two-dimensional compact complex
analytic manifold, B is a compact Riemann surface of genus g and = is a proper
holomorphic mapping, E:= 77'(b) is a nonsingular curve of genus 1 for all b € By,
By=B -P, P:={p,pa,--pp} p; € B, i=1,.,n. From now on it will be assumed
that E is minimal and admits a section, i.e. E has no exceptional curves of the first
kind in the fibres. All singular fibres are simple, because there is a section.

The monodromy representation of » : E —— B 18 a homomorphism

x : 7(Bg,b) —— SL(2,1) b e€B,,
which is unique up to conjugation in SL{2,2). The image of x,(Bg,b) is called the
monodromy group. Elements of this group are the monodromy matrices Aﬁi
corresponding to the closed paths 8, around p;, i =1,...,n.

For each type of singular fibre F; over p, there is one SL(2,Z) - conjugate class of
monodromy matrices. In table I they are listed in normal and general form for the
singular fibres.



The homological invariant #, a sheaf over B, is equivalent to the monodromy

representation. In a base point p with the monodromy matrix A the stalk g, is
isomorphic to {x € I?| Ax = x}.

Each regular fibre E,, of an elliptic surface x : E —— B is isomorphic

to %(P)M . W ﬁo —— ¥ with w (B (D)) = Ag (w (b)) is a unique

holomorphic function. Here Ag is the monodromy in SI(2,Z) of the closed path 5 in B,,
L& ﬁo ——— B, is the universal covering of By, H the upper halfplane, o (g) = b and

7(By) — Aut (ﬁo)
g —— 8

18 the deck transformation.

There is a mapping #: By —— SL(2,Z)\ K, which allows the diagram to commute:

B, —“~— 0f
5, g
— = B, —£— SL{2, 1)\ H2C,
II(BOab)

; is the elliptic modular function.

The functional invariant of E is defined as the holomorphic continuation of fon B
in SL(2,Z)\ W* 2 P,C, H* = Hu P Q. The values of £ in p, € P, depending on the type of
the singular fibre over p;, are 0, 1 or m, except for I} .

Let P:= {p, € B | 1= 1,...,n} n > 2 be the exceptional set and

X :7,(Bg,*) — Aut*(H(E,,I)) 2 SL(2,2)

the monodromy representation of the fundamental group, where

~ 1= 1,...,
T‘(Bo,*) - (ai,bi,c:i } - 1’“.,§

fija, by jﬁicj y, with

it
[a;,b;] = a;ba;'bi'.

# 18 the functional invariant of the elliptic surface E —— B.

The extension of the homological invariant g, over B, to § over B is uniquely
given by the monodromy representation x, which is determined by the #- invariant
except for its sign, i.e. there are 228*"! different homological invariants, depending on
choice of sign for the matrices A; = x (a;), B; = x (b;) and C; = x (¢;), i = 1,..,8

j = 1,...,n, in the product IEI [A;,B]] ﬁ C;=1.
1=1 j=1



Definiti
Two elliptic surfaces x : E —— B and x’: E‘—— B’ are isomorphic, if there are
biholomorphic mappings {, g, so that the diagram

E—f»E’

rl l T’

B g ) ’
commutes. |
Let (A ¥) be the family of isomorphism classes of elliptic surfaces over B with only
simple singular fibres with functional invariant #and homological invariant g. For
each such family F(£%) Kodaira constructed a basic member .#, u_rhich 18 defined by

a global holomorphic section ¢ : B—— E [6 § 8], and proved the
following [6 §§ 9,10}

Theorem 1
Let r: E— B be an elliptic surface with a global section, belonging to the family
F (£ ¥)- Then E is isomorphic to the uniquely determined basic member & of the

family F (£ ¥).

Kas described this using the Weierstra Model [8].
Let x: E—— B be a minimal elliptic surface. K(E) and K(B) are the function fields
of E and of B respectively. r induces a homomorphism 7*: K(B) — K(E), and K(E)
is a transcendental extension of K(B) of transcendence degree and genus one. The
section o : B —— E determines a rational point. E is birationally equivalent to the
subscheme E* in Proj(¢ ® 2¢ (L) @ 3¢ (L)), which is given by the equation

Y22 = 4 X8 - g, X7? - g,2%,

where & is the structure sheaf of B, L is a line bundle and where g, € H(B,# (4L))
and g, € HYB,# (6L)) are sections with A = g5 - 27 g} #0.

Theorem 2 (Kas)
E* is an algebraic surface with rational double points as the only singularities. E is the
minimal resolution of E¥. E* is determined uniquely by E up to a €* - operation
(gmgs) — (A432)A633)) Ae(*=0 - {0}‘
g9,8g satisfy

() A=g-27g#0

(ii) min (3 v,(gy),2 vo(gs)) < 12 for all p € B,



where v,(g,), ¥(8s) and v,(A) are the order of the zeroes of g,, g3 and A in p. The
singular fibre in E¥ over p consists of the minimal resolution of the rational double
point and the rational curve, which is defined by the section ¢. The type of rational
double point and thereby the type of the singular fibre determines v(g,), v,(gs)
and v,(A). E* is called the WeierstraB Model of the elliptic surface.

g 3
The £~ invariant of the Model is £= -i. |

Meyer proved the following:
For each locally trivial fibre bundle E —— X it is possible to compute the signature
of E as the signature of the E,-term of the Leray spectral sequence of the fibration
[see. 7 1.1.4 and 1.2.2], i.e. for an elliptic fibration E —— B:

Let Byi=B - D;, with D being disjoint small disks around the base points p; of the

singular fibres. E; = E, _ is called the "smooth" part and E,:= E - E, the "singular"

| Bo
part of E. The signature r of the fibration is

7(B) = 7(Ey) + 7(E)).
Let F, be the singular fibre over p; € B, then:

r®) = 3 r(F)
with 7(F,) =17 (EIDi).
There exists a uniquely determired mapping
¢: SL(2,2) — :1; 7,
so that
7(Ep) = ..i)’::;l¢ ();
where 1, is the monodromy of a closed path around p; (see Meyer [7]). Then:
r(B) = 2 (7 (F) - $ (%)),
The values of 7 (F;) and ¢ (7;) are listed in table I:
rE)+eE)={y ISP >0,

where e (F,) is the Euler number of the singular fibre F;.



Furthermore:

Lemma 3 (Hunt)
|7(Ep)] €4g-4+2nm;

where g 18 the genus of the base curve;

and

Theorem 4

It is known that for each minimal elliptic surface

r(E) = -%e(E).

Noethers formula implies that for compact complex surfaces S

_r(S)+e(S)

Pa(S ,
4

where p,(S) is the arithmetic genus of S and for an elliptic surface E

p(E) = ¢ ().



Table I
Monodromy matrix
. Value Signature of
Singular Buler norsal form A conjugate form TAT"! Urders of zeroes £ the Gu lar £ib
fibre pumber b A e singuiar Iibre
Ta [: d] € SL(2,T) vp(Ba) | ¥(8s) | ¥p(8) Ap) B | &P
1 0] [1 0
IO 0 0 0 0 fo 0 0
L0 1 [0 1
A i 1
I ] 18 o pe 1-acn a n] Pole of
1>0 [0 1] —<?n  1i+acn 0 0 n order 1-n 1-§
a,c relatively prim n
11 ad-bd-ac a?+b%-ab
II 2 =: 5 4
' -10 cd-c?-d? bdvac-be 21 L 2 0 0 3
01 [ —bd-ac al+b?
111 3 10 =:J “*q? acebd 1 32 3 1 -1 1
0 1] " [ be-bd-ac al+b?-ab
I¥ 4 = 2
-1 _1‘ _cd—c’—d’ bd+ac—ad 22 2 4 0 -2 3
-1 0] f~1 0 2 >3 6 1
I3 é 9
0 -1} [ 0 -1 > 3 6. 0 -4 0
2 3 8 $0,1,0
I* -1 -n [ -1+acn ~aln Pole of
>0 n+6 0 -1 =P cln  -l-acn 2 3 n+6 order -n-4 -%
a,c relatively prime n
[0 -1 actbd-bc ab-al-b? 4
I1* 10 =5 'a-§? >4 b 10 0 -8 -5
t 1 clvd®—cd ad-bd-ac
0 -1 bdeac -al-b?
I 9 «J!as] 3 25 9 1 -7 -1
i 0 ctvd? -ac-Wd
-1 =17 ac+bd-ad ab-al-b? 2
Tv* 8 w-§=52 23 4 8 0 -8 -3
1 0 c?+d?—d be—bd-ac




Calculation of the possible fibre combinations

With the above notation, let E —— P,{ be a minimal elliptic surface with a
section ¢ and nonconstant - invariant. The singular fibres F; are over p;, p; # p;

fori#j. Let
P:= {p,,ps,pyp,} and x : x,(P,C - P,#) — SL(2,T) be the monodromy
representation of the fundamental group
rl(l’lc - P,*) = ( 31:3-2:3-3,34 I 239358y = 1 ):
where a, is a closed path around p; and A;= x (a;), i = 1,...,4, is a monodromy
matrix. The homological invariant ¥ of the elliptic surface E is determined by A; with
AAAA, =1, (1)
where A;, 1= 1,...,4, is conjugate to a matrix in M = M* u M~ with
- M":= {Id,P" (n > 0),3,J,5%} and M":= {~ Id,- P® (n > 0),- §,~ J,~ §?} (see table I).

¥ belongs to the functional invariant £ For each functional invariant fand associated
homological invariant ¥ there is exactly one elliptic surface & over P,€ with section.
& is the basic member of F (£ ¢).

Its' Weierstrafl - Model E* will be calculated as follows:

Let Gy = gy, g, € HOP,€,0 (4L)); Gy =3V 3 g5, 83 € HA(P,{,0 (6L)) where gy, gy

are the sections which determine the Weierstra Model. The matrices A = gA;,
i=1...,4 ¢=21, with K,K,X3K4 = 1 and therefore ¢,e,e5¢, = 1, determine the
homological invariant f . The Model £* of the basic member 8 € (A f) can easily
be calculated from E* by " asterisking " pairs and "' moving an asterisk '

"' Asterisking " a fibre over p; corresponds to multiplying the monodromy matrix
A;with —Id. I, I IIl and IV change to I}, IV*, III* and II* respectively and vice
versa (see table I).

The Euler number of the singular fibre increases or decreases by six respectively. In the
Weierstral Model the polynomials G,,Gg and A are multiplied with

(X - p,Y)?3and 6resp. if A. € M* and ¢; = ~ 1, or divided by the same expression, if
A;€M and ¢; = -1.

When " Moving the asterisk " of the singular fibre F; € T~ over p; to the singular
fibre F; € T* over p; (in short, from p; to pj), the monodromy matrices A; and A; will
(X - ij)2.3 and 6 resp.

be multiplied with - 1d , the polynomials G4,Gg4 and A with X pupis e o




So it suffices to restrict the calculation to the canonical basic member
B€F(AY) ¢ isdetermined by A A;A3A, = 1, where at most one A; is conjugate to

a matrix in M". At least one singular fibre has to be of type I or I¥ [4, page 79). For
the classification of surfaces, which have one fibre of type I, a regular fibre, see [12].

Lemma 5

The Euler number of an elliptic surface with four singular fibres in T* over P,C is
twelve.

Proof
The monodromy satisfies

where all monodromy matrices are conjugate to a normal form in M*. By " asterisking "
all four singular fibres, the Euler number increases by 24. The Euler number of an
elliptic surface, which depends only on the Euler number of the singular fibres is:
e(E)=12p,(E)=3(e(E)+ 7(E)+ 7(Ey) ¢3(2n+4g-4+2n),
where n is the number of singular fibres and g is the genus of the base curve.
For n = 4, g = 0 this means
0<e(E)<36
and so the statement of the lemma.

Theorem 6

Let E —— P,{ be a minimal elliptic surface with section, nonconstant #- invariant

and four singular fibres, of which at most one is in T". Up to permutation and

" Moving the asterisk "' there are only those combinations of singular fibres which are
listed in table III.

(i) If one singular fibre is in T", three in T*, the Weierstral Model depends on a
parameter. Given four different base points, in the case I¥ I, I, III there exist four, in
the cases I¥ 1, I, Il and I, I, Il IV¥* there exist two elliptic surfaces, depending on the
- invariant, and for all other fibre combinations there exists precisely one elliptic
surface.

i) If all four singular fibres are in T*, then the WeierstraB Models are determined
uniquely up to isomorphism, except for one combination. In the case I, I II III there
are two nonisomorphic models.



In table III the Weierstral Models including the #- invariant and cross ratio of the
base points for A = G§ - 27 G} are listed.

Corollary 7
All elliptic surfaces with four singular fibres can be deduced from table III by the
following methods:

(1) " Asterisking " the singular fibres in pairs
(11) " Moving the asterisk "' of singular fibres.

Proof

1. If one singular fibre is of type If, a surface with three singular fibres is obtained by
" moving the asterisk ". So these elliptic surfaces are easily calculated [12, pages 120 ff.,
cases 6 - 12].

In the following it is assumed that n > O for all fibres of type I or I*.
2. Determination of all possible fibre combinations
Because of (1), it follows for the monodromy matrices A; € SL(2,T), i = 1,...,4 that:

trace (A A,) = trace ((AgA,)") = trace (A4A,). (2)

The trace is preserved under conjugation. So let A, and A, be in normal form, A, and

Ag be conjugate to + P",8,J,52 (see table I). Table II lists the trace (A A;,,) for
different fibre combinations.

In the following the calculation will be separate according to the occurence of a fibre
F, € T" and the number of fibres of type 1.

2.1, One singular fibre in T"
Assume that this fibre F'| is of type I*.

2.1.1. Fgoftypel ,n>0;FoF, €T -{I}
See table II. There is trace (A;A,) > 0 and trace (AgA,) < 0 with ' = " exactly for
F, =F, =11 It follows that

-1+ n, (ad+a,c,+cf) =1-ng (8] +a5cq+c}).

Because of aZ + a;c; + ¢ > 0, we have n; = ng = 1 and the combination is I* I, II II.
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Table 11
Singular trace (AA;,)
fibre i
IniInigl 2- C%nini’l S 2
I, 1I 1-n; (al+a,c; +c?) €0 a;,c; relatively prime
Iy III | -y (a+cd)<-1 a;,c; relatively prime
I, IV -[1+n; (a?+ac; +c?)] ¢-2 a;,c; relatively prime
1
1 1 1 1 1
I1 11 = [(b; -~ 53 +7di)2 +(c; + i3 —Q-di)2 +y (a?+d)]¢-1
IT II1 -(a}-ab +bl+cd-cd, +d?) ¢-2
1
IV | - [(a-hbi+gc)+ (degb—te)tel B2ect)¢-2

IIT III —(a€+b§+cf+d3)g-2

III IV —(al+ajc;+cl+bl+bd; +dd) ¢-2

IV IV [(b;—La +id)e la-tay+l@+ayc-1
“i\biTgaty i) +(Ci+§ai‘1z i) +7(ai+ D] <-

I:iI“ioa -2+chnn, 2 -2

I:i II -1+n; (al+agc; +c}) 20 a;,C; relatively prime

I,",'i 111 n (al+cd) 21 a;,c; relatively prime

I:i IV 1 +n; (al +ac; +c?) 22 a;,c; relatively prime

2.1.2. Fo,FgF, eT- {1}
Table II shows that the equation (2) cannot be satisfied.

2.2. Four singular fibres in T*
2.2.1. F,Fg,FgF oftypel ,n>0

Equation (2) is equivalent to c?njny = cingn, see table II. If ¢, = ¢4 = 0, one easily
deduces a contradiction A;A,A4A, # 1 to equation (1). So equation (2) is now
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equivalent to

nln2n3n4 = _2 n3n4.
C
|

4 4
So ﬂlni is a square and iElni = 12. Only the fibre combinations, which are listed in

table III, exist up to permutation.

222. F,Fgoftypel ,n>0 F,F,eT*-{I}
Lemma 5 shows
n’ + 113 =12 -€ (FQ) -e (F4).
I; 11 Iy IT and Iy II I3 IV are excluded, because of
0=5(al+ac; + c}) #3(ak + agcg + c}) modulo b
and
053(3?+alc1+ c}) # 3(al + aycy + %) + 2 modulo 3,
see table II and (2). The remaining fibre combinations, up to permutation of the fibres,

are those which are listed in table III, and the combination I3 I, IV IV. Explicit
calculation of the Weierstral Model shows, that the last combination is impossible.

2.2.3. Fioftypel,,n>0 F,FgF, € T'- {I.}

Lemma 5 shows that the Euler number is twelve. Only the combinations listed in
table Ill and I, III IV IV, I II IV IV can be possible up to permutation.

In the last two cases G, and Gy must have the degree > 5and > 6

or 2 5 and 5 respectively (see table I). This however is impossible.

2.2.4. If there are three fibres of type I , one gets all combinations of table III and
I, I3 1, IV as in 2.2.2.. This fibre combination can be excluded by explicit calculation.

3. Calculation of the polynomials G,, G and A in homogeneous coordinates (X,Y)
of P,§:

Equation A = G§ -~ G} gives a nonlinear system of equations for the coefficients

of G, , Gg. Common factors of G3 -~ G} and A will be cancelled.

. 6i-a63 A
Let A = = (see table I) and let C; be the coefficient of
gcd(G3,G})  ged(G3,Gj)
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Xk-iyiin A, where k is the sum of the n; over the numbers of the fibres of types I and
)

I* of the surface with 0 < i < k. The base points are written as quadruple (PpP2sP3P4)-
]

3.1. One singular fibre in T~
I I

It may be assumed that the singular fibres are over (0,m,1,p,). The orders of zeroes at
the base points have to be: ‘

P v(Ga)  1(Gy) v(B)

0 2 3 7

) 0 0 1

1 21 1 2

P4 21 1 2
sum 24 5 12

The equation A = G3 - G2 with
GfX,Y) = v X3 (X - Y)(X - p,Y)(X + BY)
A (X,Y) = o 4 XIY(X - YA(X - p,Y)?,

where p,v,0 € (¥, produces the following system of equations with y® - 12 =0 :
Ci=-(p+1+2B)=0¢
Cy=py-B2=0.

It follows that p, = B2 # 0 and o = - (B + 1)% Consequently oue gets

Gy(X,Y) = 4 X? (X -Y)(X - B?Y)
G(X,Y) = v X3 (X - YXX - B?Y)(X + BY)
A (X,Y) = - (B + 1)? 8 XTY(X - Y)(X - B2Y)?
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where B#-11.

The cross ratio of the base points CR(I} I, | I I} is B_i If the base points are given,

there exist two different Weierstral Models, depending on the choice of the
#-invariant. Let A = 27 A and éz = 3 G,. Table III lists the surface for p=1,
v=1,Aas Aand §,as G, in abuse of the notation. G, and Gg are uniquely
determined up to a transformation (G,,Gg) —— ( h*G,,h®G,), h € C*.
Consequently in this calculation, as in the following ones, there are values given for

p and v, so that one arrives at the polynomials G,,G5 and A as above which are

listed in table III.

3.2. Four singular fibres in T*
3.2.1. Calculation by using the common divisor of G,,Gg and A
IsIs1g g

The orders of zeroes have to be:

p vo(Ga)  ¥(Gs) ()
2 0 0 3
Pa 0 0 3
Ps3 0 0 3 )
Py 0 0 3
sum 0 0 12
Therefore

Fi=A=Gf-G3 (4)
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It follows from (3) that G4,G4 and F are relatively prime. (4) is equivalent to

G} = G3 - F = (G, - FY(17Cy - 1F)(nGy - 7F) m=e'¥ .
As mentioned above, the single factors in this decomposition are relatively prime in
pairs (3). They are squares. Let

H%=G,-F

Hi:= 7°G, - oF

H¥= 1G, - 7°F.
If H; has the appropriate sign it follows that

Gy =H,-H,-Hg
where H; € HY(P,(,4(2L)) =123
0=H}I+Hl+H} & -Hi=H2+H:=(H,+iHg)(H,-iHy).
Both factors are relatively prime and squares. Let

Ji=H, + i Hy

Y= H, -i Hy
where J;,J, € HY(P,{,(L)). It can then be assumed that

1H, = J;-J,
Jy,Jq are relatively prime. By suitable choice of the coordinates on P,{ , it is possible
to choose J, = X and J, = Y. Therefore

H,=-iXY

H, = %(x2 + Y?)

Hy = 57 (X2 - YY)
with w=y 3"

1 :

Gy(X,Y) = ﬂ:—_q( -pH}+HY) = ;La( X4 4 21w X2Y? + YY)
Gy(X,Y) = H,-Hy-Hy = -3 X-Y (X? 4 Y)(X2- Y?)
F(X,Y) = G, - B = - (X* - 20 X?Y? 4 Y¥)

AX,Y) = - ( X* - 2w XPY? + Y43
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The cross ratio is CR(I4 I | 1313 ) = - n. Table III gives the surface after the

transformation (X,Y) — (¢,(X + ¢,Y),p(X + #Y)) with ¢, 5 = f__ 2 (¢ % (") ? ’

Using this method, it is also possible to calculate the Weierstral Models of
LI, L L, I,I, 1111, I, I IIT IIT [2].

3.2.2.  All other fibre combinations are calculated using the same method as

in 3.1. [2].

I,1,1, I, T, L, 1,1 and I, 111, III

An Aut(P,{) - operation transforms the singular fibres over the base points
(,p9,p5,0). The fibres over m,p, are either of type I, I, and Iy I, or of type I, I,
and I II respectively, therefore the three calculations differ by a common factor of

G3 - G2 and A only.

0 at I, I, Il I11
Let 1=
1 atIg I, I, 111 and Ig 111, 1T

The orders of zeroes have to be:

p WG wG) | LTa) L Ta)

® 0 0 7 6

P2 0(21) 0(1) 1 2

Ps 0 0 1 1

0 1 22 3 3
sum 122) 2203 12 12
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The orders of zero for the fibre over p, in T*- {I } are in brackets.

The equation A = G - G} with
Go(X,Y) = p X(X3 4+ A XY + A XY? + AgYS)
GyX,Y) = v X¥X* + B,X3Y 4 B,X2Y? 4+ BXY? + B,YY)
A(X,Y) = o p® X3YT(X - p Y)H(X - p,Y)

where p,v,0 € €* ;1 = 0,1 produces the following system of equations

with 8 =12 =0

C,=3A,-2B,=0
C,=3A14+3A,-B}-2B,=0
Cs=A}+3A;+6A,A)-2B;-2B,B, =0
C,=3A3+3A2A,+6AA;-B}-2B,-2BBg=0

0 i=0
g 1=

o i=10

(203 + pg)o i=1
~(pa + pgle 1=0
(2 pops + pi)o i=1

popse 1 =0

C,=A3=
’ ’ {'PzzPa” i=1.



17

TO fUIﬁl Cl = 02 = Ca = 0, let

A =2a B,=3a
A:=25-a’ B2=3ﬁ
Ag=219 : Bg=37-2a*+30f

- where a,8,7€ €.
From C, = 0it follows that:
By=31(8- ) +2 ]
and from Cy = 0:
3(B-at)2y-a(f-a)]=0.

1) B-a?=0
The result is
0 i=0
CG=3’}’2=
o i=1
o o i=0 .
C7=60')3= .
: -(2p2+P3)0' 1=1
-(py + pgle i=0
q:aaf={ PR
(2 paps + pi)oi=1
papge 1 =10
Cg=8‘y3={ 273 ~.
» - pipsc 1 =1.
4 may not quual zero, 8o 1 = 1. Consequently the only solution is
1
r=13
1
pp=-3a
4
pg=-3a
=l
7= 108
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Go(X,Y) = p X(X® - 6 X?Y + 9 XY? -3 Y9)

Gy(X,Y) = 5 v X¥2 X4 - 18 X3Y + 54 X3Y? - 63 XY? + 27 Y*)

AX,Y) =20 3 X3Y8 (X - Y(X - 1Y)

with ) ~ 12 =0 pveCt

The cross ratio is CR(Ig I, | I, IIl) = - -:1; Table IIT shows the surface for y = 4,

v=_.

2) B-a*#0

Cg = 0 leads to
y=ga(8-)

After the substitution of § = B - @2, it follows for C,4,C,,Cq and Cy that:

Co=-8%5-7 ) =
Cr=-3af¥(s-a?) =

Co=-35(36+ M- = ~(m+py)e

Cg= 0353=

i) i=0 LI I1I

Because ¢ # 0, this gives:

s=3a,
C,=—3ja7=cr
2?

_3%.13 5 _
Cg = 910 a® =~ (pm+ ps)o

33
Cg=§a9=p2p30,

i=0 i=1
0 o
4 - (2 py + pg)o
(20205 + P3)0
Popso - Ppse

(5)
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If a=2, we get:
Go(X,Y) = p X(X® + 4 XY + 10XY? 4+ 6 Y?)
Gy(X,Y) = 5 v XH2 X + 12X5Y + 42X2Y2 + T0XY® + 63 Y)

AXY) =28 8 XOYU4 X2 4+ 13XY + 32 Y?)

with g3 - 12 =0 prvec*

: 7
The cross ratio is CR(I, 1, | I, 1) = —— (1 = i VT . Table I1I
QA+iVyT) -1 -iy7)

shows the surface for y =4, v = 8.
i) i=1
There is a double zero of A at p, . The discriminant of
-3 6%(4 6 -3 a)XT 4+ 6 a (5 - aYX2Y 4 3(3 622 0?6 - o*)XY? - 4 o¥5YY

vanishes (see (5)), i.e.

s+ Ltat)=0

16 3 -

Because 6 = % (1 :l:% w) with w =1y 3", it follows from (5) that:

C,=7%a°(1:tw)(3¥2w)= o

Cr=mal (12 W)376) =~ (2p+ py)o

Co=g5 @ (1 W97 u) = (2ppy + )0

Co=mp o (1 w)(32 u) = - oy
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The result of the system of equations is:

_ 9 W
Py = T —
_ 4 aw
=3y —3

Let a = -1+ w. After the transformation (X,Y) —— (X,% Y):
Gy(X,Y) = F # X(X - V)[6 X2 4 6 0 XY - (3 4 &)Y
Gy(X,Y) = § v X(X - V)[4 X? -2(1 -3 0)X2Y -4 (2 4+ W)XY? 4 (5 - w)Y]]

AXY) = -~ ;2 WBXYEHX -Y)[(9+ ) X +8wY]

with 3 -2 = 0,
The cross ratio is CR(I, 11 | I, III) = i_—_gz_y After the transformation
(Gy,Gg) — (é- Gﬁ’f% G,) table III shows the surface for p = 36 , v = 216.

Notes to table III

Table III lists the Weierstrafl Models of the fibre combinations with the base points
(P(,Pa:P3:P4) of the ﬁbres.' G, and G appear as follows: The discriminant is

A = G3 -27 G2 All polynomials can be chosen to have integer coefficients except
for the combination I, I, II IIT . (G,,G;) are determined up to (A*Gy,A%Gy) X € €*
only.

If there is a singular fibre in T", then table III lists in addition those values of the
Py = Ps P1 — Py

: , which are excluded.
P2 = P3s P2 ~ P4

the cross ratio CR(p, p;lps p4) =

G3
All surfaces with four singular fibres, section and nonconstant f- invariant f = —

A

can easily be calculated from the models by ' moving the asterisk " and " asterisking "

the fibres (see page 7). They are uniquely determined up the operation of Aut(P,C).



Table [11

Croas ratio of the

Fibre WeieratraS Model J~invariant R
combination : base points
Cy=3 (X-pNHX2 + 14XY + 1F)
LI, I, I .
R TP T SRR < ST PR ) L @eaaqep) 400
l,m,8, 108 VI - )4 1 -p
( #) A=2-3% XV(X - o, D)X - Y)* -1 '
01-12 (X - PqY)’(!z -XY + Y’)
I, I, 1, I}
PR gea X a0 )@ B -3 1Y -8XP 4 2YY) 4 (e oxy . vy L 401m
(lp-voipq) 27 X"‘F(X - Y): 1 - ”n
4=20.3% XIVA(X - 5, 1)4(X - Y)?
Gy = 12 I*(X? + 2 oXY + ¥3)
LI, 1, 1% GuedI'2X* + 3 (A + )XW+ 8 aXYT +2Y9) . (1« 2 aIY « 1) “
- + 2 oY + Z40,1,
(4,43 ,m,8) Ae-2030 («-1)2XIN[12X2 + 3 (3 ¢ + 8 0 - 1)IV + 4 (¢ + 2)Y7] (e-1 PY[12 0 +3 (3ad + 8 e - DIY + 4 (a + 2)Y] “ -
li-2,-§,1 u,_,--r&[é!l’+Gl~ft]§(a—l)(3¢+5)"] :
Gy =12 I}(X? + oIY + Y?)
AT G =4 T2 X + 8 eI*Y + 3 oIY? + 2 ¥3) . - .mr e "
: £ _*oilr
(ﬁ,ﬂ,.l.ﬂ) ﬁ-?"a' ('1— a)’I‘Y’[a Xt +2 (2 L Bt l)“ +3 Y’] (2 - .)l W[a xl + 2 (2 .- l)“ +.3 Y‘l’] 2 .
sp-1,2 vlJ--i(Qa-l:tha’-t-ﬁ)
Gyed (X~pY)!(X-V)(X-9Y)
Lo 0 T - Ty (XE _ (I-Y)(X-9Y* L
G' (I "Y) (I Y)(X fls“ 27") - 1 (I X 9 _#o'l'.
(ol.llip{) 84 XY P4
A=-28.3% IF(X - Y)3(X - »,7)*
03 (K- s )X - VA -4 T)
L -1 8 Y 1 (1-41 1
s=(I-pEX-N)(IX+8Y) -4 Ls0,1,e
(ol.il)’|) 7 PY s
Ae- 3P T(X - (X - 5,0
Gy =3 (X—p,Y)’(I -¥)?
I, I, ¥ 13}
SRR ISR PR ) Lt S 1T 83 ) _1xent Lot
(D!-llqu) 4 Y Py
Am- 108 XV(X - Y)*(X -5, V)

Lz



Gy =3 XXX + oY)

LI | GaX(XsY) v
(X + a¥)? :fﬂl-
(01143100 A= 27 XY[(3 o - «(3 o=~ 1)XY + 2%Y7) Y[(3 « - X' - (3 4 - )XY + #%Y] o
-5 051 sue-—t_Be-1:/Bern)1-07)
6e-4 :

Gy =3 X(X + 2 4Y)

I, I, 1, Iy Gy =I(X* + 3 4XY + Y?) . . s 1
X(X + 2 &Y) —%~1,0,5,1,2,a
(U.,#',-,D) 4 =27 X‘Y’[(S - Q)Pf 20(4 o3 -'3)“- Y’] ' Y"[(a & - 2)11 2 .(‘ & - 3)“ - Y’] v !
'+°’*J_F,*J_? .,,--3."_2[.(4 -3):f2 (2 & - 1)

Gy =3 X(X-pM(X-Y)
I, IT IIT 1% :

(44

Gy = X(X - p,N)¥(X - 1)? X .
(-Iosllpq) Y ' h*o,l,
827 V(X - YT - p1)*
Gy =12 X(X - Y)(X - »,T)?
1, 111 13 ‘ ,
Gy=4 XX~ N (X -V(2X-T)" 43X Y) ' Py #0,1,m
»,0,1, ' 3 b
( ’1) A-— 24.33 lm{x - n’ﬂ“fﬂ)' Y’
0, =3 (I~ N)(X - a7)?
LLIW | G=@-Y)E-INiTean L d-na- .
(0,0,1,6%) A== 27 (o + 1)MY(X ~V)* (K- 2Y)" T p atole
af-1,0,1,. '
G-3xev-svy T 1 o i
L LI I, Gy =27 X - 36 XY .8 Y ‘ - : '
. 1DBx-gy) _
(Lr.y? ) A=20-30r(r - 1) 6 V(-1 !
,-eql '
Gy =3 (161 - 16 IIY? 4 YY)
LI, I, I :
e Gy= 04 X0 08 X'Y? 4+ 30 174 4 Y9 L (161 - 18 XV s Y4 »
(-1,1,0,m) 108 XYNX + )(X-Y)

A=2T39TYI + V)(X - V)




Gp=12 (X' -1 XY+20Y + VY
2

LT
vhhte Comd (208 ~ 12X+ 12 X'Y? + 14X+ 3X0Y4 4 6 XIS 4 2 79) 4 XX 207 . YY) -8
(4,- 5.0,2) MR X+ NHI-4Y)

A=2038 PV 2T +V)}L - 4 Y) . _
Gy=3 (X' - 12 X3 « 14 IV + 12 XY3 4 YY)
L1 Iy Gy= X6~ 18 X% + 76 X'Y? + 76 PY* +18 XYP 4+ Y9 0 - 12 Y e 14 XY . (2 TF e Y [: . 1],
(41,2,0,2) 4= 2030 0D - 1L 1Y - 2.3 Y - 1 Y - 1) L - /5
3
was [ 105
Gy =12 (X* - X2Y2 4+ ¥?)

L, I, 1
e Gy=d (21% -3 XY 30074 4 279 4 (X - XY Y3 -1
(-1,1,0,a) 27 X +NHX - V)?

Am2-30 XVNT 4 )X -Y)?

G, =3Y(8 X! + YY)
LI Lo Gy =8 X* + 20 X3Y? ¥ o x1 . vira

A=-26.30 XN - YI)? "'”;85 'Ez -1
(L,g,97,0) ( 64 XX - 1)

.

Gy =12 T(X%* - 8 X%V + 16 X¥? - 12 ¥9)

LI, I Gy =4 X(2I% - 18 I*Y « 72 X3Y? — 144 XYV + 136 QY4 — 27 1) o XX - 8 XY + 16 XY* = 12 ¥8) [1_i E]‘
(41543:,0) 1=- 23 PNE R -uX 7T 27 PEr-UN .2V teidT

wam-§(eiyT)
Gy =12 X(9 X% + 36 XY + 42 XY¥? + 14 YY)

LI, 1,11
v Gy =12 X(18 X® + 108 XY + 234 X¥? + 222 177 4 B7IY* + 8 ¥¥) L MOX 38X g3 XY, 14 V3 ]
-3.3..0 : VO L«8Y)(4X+9Y) 81

A 223" IO X+ 8Y)2(4X+9 ) .
Gy =3 (8X-Y)(8 X +87 X2+ 98 IV - 64 YY)

LI, I, 11
e Gy~ (B X —Y)(64 X% + 2%.6-13 XY + 52.167 X3¥? + 100 X7¥? + 2752 XY* — 2% 1¥) __ L (BX-Y)(8 X «87 X+ 06 IV - 64 V) 1

(- 10,0,4,8) : 29.38 V(X 10 ) 81

An- 2035 XYSBI - Y)3(X+ 10 V)
) Co=3 (X-3 Y)(8L X?-9 XY - 63 X¥? - 27 %)

L1, I II )
T Gy= (X =3 ¥)(3% X% — 355 XY — 2.33.5? X3Y? ~ 350 Y¥— 3067 XY* - 243 1¥) 1 (X-3VEL X -9 XY 53X - 7 ¥ 2

2.3 IO X + 6 Y)? 32

(_ g”o;- -3}

Am— 2030 XWHX -3Y)2(9 X + 5 V)2

£C



Gemi2 X(X? + 4 X2 + 10XY? + 6 Y3)

ve

- ] 4 Ivd ¢ ] ¢ -
1,1, 1, I Gy=d XF2 X' + 12 X3Y + 42 X7¥7 + TO XYY + 63 YY) 4 (X . 41V + 10 XY 4 6 V) L-i /7Y
(#,%0,2,0) A=2038 IVI( T 1300 » 327 7 VAP 13T 32T LeiyT
1 1+i 7
“wa=i [_!_E]
. G, =12 X(X* -6 X¥¥ + 9 X¥* - 3Y%)
I, Iy I, III : \ . -
Gy=d X3(2 X* - 18 X3V + 54 I'Y? - 63K+ 27YY) 4 (B -8XY .9 XY -3V L
(4,1,0,0) 27 YE-NIE-4Y) i
A=24-38 IIVHX - V)2 (X -4 Y)
Gy =75 (6 X~ ¥)(5 I? + 46 X*Y + 39 XY? - 25 Y?)
1,1, I, 111 :
1o Gy =26 (5 X = Y)2(26 I* + 340 X%Y » 2.3-181 XY? + 100 X*Y + 64 ¥*) __26 (6 X'+ 4B XTY + 39 XY? - 25 Y5)? 3
(-Boep 2.9 TR X+ % V) 128
Bam 2143650 X3YB(5 X - V)3(3 X + 25 Y)
€, =3 (X - Y){16 X* - 3 XY - ¥%)
I, I, I, IIT 3 1 33
Gym (X =364 X* + 32X + G PV 45 XV ¢ YY) A (18X -3 xy? - ¥ 3
(‘éﬁob-ll) 108 I’Y‘(S I+ Y)! 4
A=20-38 IWHI - Y)P(3 X + 12
G, =319 X" -8 YY)
LI, IV (9 )
[ I | G'-X’(27X’—381’Y’+8Y‘) _lxz rl_a.y‘ll -1
(1,-1,a,0) 64 Y -V)(X + V)
Ae28.33 IYS(X - V)(T + ¥)
Gp=12 X'(I + 8 XY + 10 ¥7)
LI I IV ‘ tes . ‘
Oy=d T3(3T* + 24 I3 + 78 X1Y2 + 56 XY? + 27 YY) 4 XMX2 e BV 410 YY) 2
(- Je0) TYV2E+ V)X 77Y) 77
Be-20.35 IVS(2X + V)2 (41 +27 ) :
G =3 (X-YV)2(9 X! + 14 XY +9 1)
LI, 1, IV
ran Gym (X ~Y)3(27 X* + 36 X3Y + 2 I¥? + 36 IV3 + 27 YY) LI -NXOK . 4 XY e 9 V)3 1
(@,0,~ 1,1) 212 YK + Y)?

Aw- 2|:'3J xlyl(x - y"i“,ni




[ I; 10

(0,0 ,45)

Gy=3 (X1 =13 XY + 49 ¥23)(X! - 6 XV +Y?)

Gy (K7 - 13 XY « 49 Y1)(X* - 14 XY + 63 PVI- 70 XYV - 7 YY)
A== 2030 XYT(X - 13 XY + 49 Y?)?
wav-tre3igI)

1 (13X .49 YA -5 XY« T
2‘,3! Yy’

[

-lvﬁilg
-1-3iJ/3

i

G =3 (X - Y)(X+¥)(8 17 - YY)

I, I I
e lo T Gy= (X - Y)(X » Y)(27 X* ~ 18 ¥V - ¥¥) L@ -NEenEe -3 1
(0.2,1,-1) 64 s

A=- 2930 IVY(I - )’ (X » ¥)?

G 12XY2X-Y(X+47Y)

= - i N 3 L¥ .

LI IIII Gy =2 2X -+ 4 )X +4 0¥+ 00 -4 1YY s PP TN ey s
“'.d:.%‘_ 1) A=—~108 (2X=-V)¥(X + 4 V)}(X? +2XY -2 Y¥)* (X ¢ 200 -2 YY)

Ham=L T

G =2XI-VN[EI +6 (XY -(3+ (V]

.2 XN - 1 - 1y -
I, I, I1 111 Gyw2 XXX - N)[4 XY = 2 (1 -3 ()XY -4 (2+ ()X + (6-()¥] L (E-Y)8T 6 (Y= (30 Q¥ 3
{v,a,1,0) A=24 X’Y‘(x - Y)’[(Q + ()X +8¢ Y_] 3 Y‘[(9 + ()L +8 ¢ Y] 8
: ve-d@ern)  (mriyT

Cy»3 X(2X-27 Y)(2 X3 - 36 XY + 140 Y?)
I, [ II 101
P Gy =X(2 X-27 Y)7(2 X7 - 39 X3Y + 222 XY? - 260 ¥7) L X200 -35 X+ 140 V) _126
(lf%,-,o.z;) ’ 108 YH(14 X - 126 Y)? 84

A=20.300Y8(2 X - 27 Y)¥(14 X~ 126 Y)? :

Qy=3 (X~ Y)(X + 27 Y)(18 X? + 80 XY - 243 ¥?)
I, I, II III
T Gymw (X - Y)3(X + 27 Y)(64 X7 + 2°-43 XY + 230 IV2 4 3' V) P 1 (X _+ 27 V{16 X* + 80 XY - 243 YI)¥ -z
{0,m,~ 27,1) 91.38.77 oy

A== 223077 XYHX - V)3(X + 27 Y)?

G,=3X(I-3NIX+b5Y)
LI, I I 3

Op=XX(X -3 Y)(X? + 8 X3Y -3XY* - 3219 LA XX -3 (X +5Y) 25
(-1§,2.3,0) ‘ 4 V(EI+16Y) 18

Aa-2030 TUYH(X -3 YV)¥(3X+ 16 Y)

G, =3 INX -T(3I-Y)
I, I, II IV _ ;

Gywd XX - Y)(64 X0 - 54 1% + 9 XV - YY) - 108 I -Y){3r-Y) -8
(§r201,0) Yo X - 12

Am~ 2030 XVY(X-Y)2(BX -Y)?

14



I, I, 1T 11

Gy=3 (X ¢ V(X2 + 0 XV + 4 ¥?)

) Gy= (X2 + Y)2(X? + 9 XY + 19 Y 1 {6 XY +4YY [1+21]=
i . s .
-=g,m,i,- 27 Y2XI+L1Y) 1-2i
e A==t YOI « Y22 X+ 1L Y) '

Gy =3 (I-Y)(X+Y){4 1Y)
I, 1, IITIIE

Gy=(X-V)3X + 2B X +¥?) 1 {4 0 -y -1
(0,m,1,~1) 27 3y

A=3 V(X -NYX « N3

Gy w3 XY(I® ¢ 6 XY -3 YY)
I, I, III III Gy = 6 XY} (I? y?
14 3 ( +3 ) [P+G“_3Y!)3 _(?+‘/_3_‘):
(¢, 0,0,) A=270WI(X -a XY -3 Y7)3 (X - 6 XY - 3 i)

#,=322/7

‘ Gy =12 XXX ~Y)(X+5Y)

I 1, HI IV 1 :

Gy=d4 I -Y)(20 + 16 XY + I7TY?) 4 IMX+5Y) 32
(-2 a.1.0) TG L e 27 Y) 27

A2t I I+ 27T (X -T)?

=3 XIXX-Y8X-5TY)
I I, Il IV , ,

GyeI}(X-Y)2(27 1Y -0 XY +2Y3) 103(9K-5Y) —4
(;l;.-,l.o) 4 Y X-Y)?

A=108 I'Y¥(5 X - )3(X - Y)?

G=3X-Vx+1?
I, I, VIV

Gy= (X - V)X +V)3(X? + V?) 1 (- e Y2 “1
(0,0,1,-1) 4 Y

A=— 108 XIYI(I- Y)*(X + V)*

9¢



Gy =3 INX = Y)(X + Y)

(, IV 1L 11
Gy =TI -Y)?(X + Y)? - b -1
("0'11-1) Y
A=27 IV - VII(X + 1)}
G,=3X (X'-1Y
I, IIT (T I} Gy (X? - V)2 " ,
(w,r,0.1) A= 27 YI(X! - ¥i)3 n
'-elil
Gy =3 XX -N(X+3Y)
I, I III IV
: G =TI -YY (X +3NX+2Y) LPX 3N 3
(=,—3,1,0) 4 v 1
4 =108 X*YHX + 3 )} (X - V)¢
Gy =12 X2(X - V)(X + )
I, IVIIII
) TG ed DX -VE AN T -1 PR i 8Tt R 1 L
(m.ﬂ.l,-l) Y‘
A== 2938 TYH(X - )X 4 V)2
Gu3 (X +2Y)(T+5V)(X+ 1Y)
= (I + 2 *
I, LI I | Gym (X2 « 2YDXX « 6 Y)(X » 4 Y) L esnme [“i ]s
(ar= Byupouy) | 2773 V@A ENN L2 ¥ 277 ¥ 1-iyT
wa=tiyT
Ga=3II'+ 1L XY + 4AY(X +3Y)
- X2(Y2 . ] 1 -
I [0 11101 Gy = X2(X2 ¢ 11 XY + 64 Y2)(X! + 10 XY + 45 1?) (e DY e 64 P+ 3 1) [1—1 ],
(-.0,'“") A-?‘-a' I'Y'(!’ + 1t XY + “ Y’)’ 2"3’ Y' L+ m
we=g(Lei /T
0, =12 X(I? - ¥¥)
- 1_y s .y .
LGILITIT | Gy=d (X -¥) (20 - V) L By .
(=,1,9%,1) A== 203 YT -1 o

e¥

Lz
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