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Abstract

We describe the Szegd kernel on a higher genus Riemann surface in
terms of Szegd kernel data coming from lower genus surfaces via two
explicit sewing procedures where either two Riemann surfaces are sewn
together or a handle is sewn to a Riemann surface. We consider in de-
tail the examples of the Szeg6 kernel on a genus two Riemann surface
formed by either sewing together two punctured tori or by sewing a
twice-punctured torus to itself. We also consider the modular proper-
ties of the Szego kernel in these cases.

1 Introduction

The purpose of this paper is to provide an explicit description of the Szego
kernel [Sz, HS, Sc, F1] on a higher genus Riemann surface in terms of Szegd
kernel data coming from lower genus surfaces. We exploit two explicit sewing
procedures where either two lower genus Riemann surfaces are sewn together
or else a handle is sewn to a lower genus Riemann surface. We also con-
sider in some detail the construction and modular properties of the Szego
kernel on a genus two Riemann surface formed either by sewing two tori
together or by sewing a handle on to a torus. Our main motivation is

*Supported by a Science Foundation Ireland under the Research Frontiers Programme



to lay the foundations for the explicit construction of the partition and n-
point correlation functions for a fermionic vertex operator super algebra on
higher genus Riemann surfaces [TZ1, TZ2]. As such, this paper is a fur-
ther development of the theory of partition and n-point functions on Rie-
mann surfaces for vertex operator algebras (e.g. [FLM, Ka]) as described in
[T, MT1, MT1, MT2, MT3, MT4, MTZ]. However, this present paper may
also be of interest to readers outside the vertex operator algebra community.

We begin in Section 2 with a review of some basic aspects of the theory
of Riemann surfaces [FK, Sp, F1, F2, Mu|. We then define and discuss
properties of the Szegd kernel, which is a meromorphic (3,3) differential
with a simple pole structure and prescribed multiplicities on the cycles of

the Riemann surface [Sz, HS, Sc, F1].

In Section 3 we describe the Szego kernel on a genus ¢; + g» Riemann
surface X(91192) obtained by sewing two lower genus Riemann surfaces $(91)
and %2, This is similar to the approach of refs. [Y] and [MT1], for com-
puting the period matrix and other related structures on X149 in terms
of lower genus data. Following [MT1], we refer to this sewing scheme as the
e-formalism where € is a complex sewing parameter which forms part of the
data according to which the sewing is performed (see Figure 1 below). In
particular, we introduce an infinite block matrix

0 &R

o= (_tp ). )
where F7 and F5, are infinite matrices whose entries are certain weighted mo-
ments of the Szegd kernels on ¥.91) and £.092), respectively, and ¢ € {4/—1}.
The matrix I — @), where [ is the infinite identity matrix, plays a crucial role
here (and in the sequel [TZ1]). In particular, we show that I — @ is invert-
ible for small enough €. (I —@Q)~! then forms part of the expression of the
genus g1 + go Szego kernel in terms of the lower genus Szego kernel data as
proved in Theorem 3.6. In Theorem 3.9 we further show that the determi-
nant det(/ — @) is well-defined and is a non-vanishing holomorphic function
for small enough €. Finally, we describe the example of the Szego kernel on
a genus two Riemann surface formed by sewing two tori and verify its mod-
ular transformation properties under the modular group which preserves the
sewing scheme. This example is extensively exploited in [TZ1].

Section 4 is devoted to development of the corresponding formalism in the
case that X0t of genus g+ 1 is obtained by self-sewing a handle to a genus
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¢ Riemann surface ¥ with complex sewing parameter p. We refer to this as
the p-formalism. This case is more technical due to the extra multiplicities
on the two new cycles associated with the sewing handle. This leads us to
introduce an analogue of (1), namely, an infinite matrix 7" whose entries
are determined by weighted moments of certain genus g objects related to
the Szegd kernel on X and the new multiplicities. We show that I — T is
invertible for suitably small p and in Theorem 4.6 express the Szego kernel on
2@+ in terms of (I —7)~! and other genus g Szegd kernel data. In Theorem
4.7 we show that the determinant det(/ —7T') is well-defined and holomorphic
for suitably small p. We conclude with two examples of sewing a handle to a
Riemann sphere to obtain a torus and sewing a handle to a torus to obtain
genus two Riemann surface. The modular transformation properties of the
genus two Szego kernel are also verified under the modular group preserving
this p-sewing scheme. This example will be extensively exploited in [TZ2].

2 The Szego Kernel on a Riemann Surface

Consider a compact Riemann surface X of genus g with canonical homology
cycle basis ai,...a4,b1,...b,. In general there exists g holomorphic 1-forms
vi, i =1,...,g which we may normalize by (e.g. [FK, Sp])

fi v; = 27'('25” (2)

The genus ¢ period matrix €2 is defined by
1

271 b;

Q Vi, (3)

iy =

fori,7 =1,...g. € is symmetric with positive imaginary part i.e. Q € H,,
the Siegel upper half plane. The canonical intersection form on cycles is
preserved under the action of the symplectic group Sp(2g,Z) where

(2)%@):(? g)“) (é 133)6519(297%)- (4)

This induces the modular action on Hy,
Q—Q=(AQ+B)(CQ+D)". (5)
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It is useful to introduce the mnormalized differential of the second kind
defined by [Sp, Mu, F1]:

dxdy
(z —y)

w(z,y) ~ 5 foraz~y, (6)
for local coordinates x,y, with normalization fa, w(z,-)=0fori=1,...¢.

Using the Riemann bilinear relations, one finds that v;(z) = §, w(z,-).
We also introduce the normalized differential of the third kind

(@) = [l (7)

P1

for which §, wp,—p, = 0 and wy,_p, (z) ~ %dw for z ~ p, and a = 1,2.
We recall the definition of the theta function with real characteristics e.g.
[Mu, F1, FK]

vV {g} (z|Q2) = Z exp (im(m + a).Q.(m + a) + (m+ «).(z + 27iF)), (8)
fora=(w),8=(0) €ERY, z=(z)€Clandi=1,...g with

«

s

o i) = ey | (210), 9)
B+s B

9 [g} (z 4+ 27mi(Qr +5)|Q) = g2mions o= 2mifr g—imrfhr—r.2 9 [ } (z|2),

for r,s € 79.
There exists a (nonsingular and odd) character []] such that [Mu, F1]

9 [g] o) =0, 8.9 m (0]) # 0. (10)

Let
() =D 0.0 [ 1] Olwi(a), (1)

a holomorphic 1-form, and let ¢(z)2 denote the form of weight $ on the
double cover X of ¥. We also refer to ¢(z)2 as a (double-valued) :-form on
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Y. We define the prime form E(z,y) by

2] (fy 7ty 1

1 1
E(z,y) = =~ (r—y)deT2dy™ forze~y, o (12)
¢(2)7¢(y)?
where ["v = ([ v) € C% E(x,y) = —E(y, ) is a holomorphic differential
form of weight (—%, —3) on % x Y. E(x,y) has multipliers along the a; and

b; cycles in x given by 1 and e —im 5= fy v respectively [F1].
The normalized differentials of the second and third kind can be expressed

in terms of the prime form [Mu]

w(z,y) = 0,0,log E(x,y)dzdy, (13)
E(x,
wp—q(x) = 0ylog EE$ Z; dx. (14)

Conversely, we can also express the prime form in terms of w by [F2]

B =t [VE— o vew (- /;wpq)}d:c%dy%. (15)

p—x, Y

We define the Szegé Kernel [Sc, HS, F1] for ¢ [g} (0]€2) # 0 as follows

. [ (i)
> M @918 = 9 [;} (0|Q)E(z,y) 16)

where 0 = (0;), ¢ = (¢;) € U(1)" for
0. — —27rzﬁj ¢j — _627”041’ 17=1,...9. (17)

.

It follows from (9) that (16) is a function of e?™ and e**%i. The further
factors of —1 in (17) are included for later convenience. The Szegd kernel has
multipliers along the a; and b; cycles in @ given by —¢; and —60; respectively

and is a meromorphic (2, 2) formon ¥ x ¥ satisfying:
0 1 1
S [ } (x,y) ~ dx2dyz for x ~y, (18)
¢ —Y
0 61
S x,y) = —S[ } Y, x), 19
M ") (19

!Note that our definition differs from that of refs. [Mu, F1] by a factor of —1.
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where 071 = (0, 1) and ¢! = (¢; !). Note that the skew-symmetry property
(19) implies S [Z} (x,y) has multipliers along the a; and b; cycles in y given
by —¢; ' and —Qj_l respectively.

Finally, we describe the modular invariance of the Szeg6 kernel under the
symplectic group Sp(2g,Z) where we find [F1]

] - 0
s [ gg] (e, yl) = 5 [ QJ (2,9]). (20)

with Q of (5) and where §; = —e 2% ¢, = —e2™4; for

()-8 0) () s (am ) e

where diag(M) denotes the diagonal elements of a matrix M.

For a Riemann surface of genus one described by an oriented torus C/A for
lattice A = 27i(Z7r @ Z) for 7 € Hj, the genus one prime form is E(z,y) =
K(z —y,7)dz"2dy 2 where

K(z,7)= i(z7)

= 5.0,(0,7) (22)

For (6, ¢) # (1,1) with = —e~2™ and ¢ = —e?™* the genus one Szegd
kernel is

S m (z,y|7) = P, m (z — y, 7)dz2dy? (23)

where

o Cisen
Al en 7[5 0 K7l

qur)\
= -, T g (24)
kEeZ

is a ‘twisted” Weierstrass function [MTZ] for ¢, = e* and with ¢ = exp(2mi\)
for 0 < A < 1. The genus one modular group SL(2,7Z) acts in this case with
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(20) and (21) following from

A (73] Gl = e v [ ] i,

ar +b z
A
et +d’ K et +d’

for v = (Z b ) € SL(2,7Z) and

d
9 f b
! M B {QCM |
We also have a Laurant expansion [MTZ]
Al g o
for twisted Eisenstein series defined by

7 Bn(A 'r+)\" 1g=1grtA
EnLJ(T) -l n—l‘Z — 0=t

nler)\
q
n_llz 1_9q7‘)\ ’

for n > 1 and where B, (\) is the Bernoulli polynomial defined by

with

T =

A 1 B
QZ -~ 4 Z n<)\) Zn—l.

1 !
q. —1 2o o

(29)

For (0,¢) = (1,1) and n > 2 the twisted Eisenstein series reduce to the

standard elliptic Eisenstein series with E,,(7) = 0 for n odd.

3 The Szego Kernel on Two Sewn Riemann

Surfaces

3.1 The e-Formalism Sewing Scheme

We review the Yamada [Y] formalism for ‘sewing’ together two Riemann
surfaces X9) of genus g, for a = 1,2 to form a surface of genus g; + go.

Following [MT1], we refer to this sewing scheme as the e-formalism.
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Choose a local coordinate z, on X in the neighborhood of a point p,,
and consider the closed disk |z,| < r, for r, > 0, sufficiently small. Let € be
a complex sewing parameter with |e| < r;ry and excise the disk

{2a: |24l < lel/ra} C 20,
to form a punctured surface

B0 = 50N\ {z,, 2] < [e]/ra}.

Here and below, we use the convention
1=2, 2=1

Define the annulus A, = {z,, |€|/ra < |24 <10} C $362) and identify 4; and
As as a single region A = A; ~ A, via the sewing relation

2129 = €. (30)

2120 2220

@@

€| /TQ €| /T’l
Fig. 1: Sewing Two Riemann Surfaces

In this way we obtain a compact Riemann surface @1+92) = {$91\ 4;} U
{392\ Ay} U A of genus g1 + go. By construction, $91792) degenerates into
»@1) and ¥92) in the limit € — 0.

The form w/fgﬁg?) on X@1192) can be found in terms of data coming
from w) on W) [Y]. X(1792) inherits a homology cycle basis labeled
{ag,,bs |51 =1,...,91} and {as,,bs,|52 = g1 +1,...,91 + g2} from £ and

»(92) respectively. This allows us to compute the normalized 1-forms yi(glﬂm)

and the period matrix Q§f1+g2). In particular, we find [Y, MT1]



Theorem 3.1 w@+92) @1+92) g ngg-lJrgQ) are holomorphic in € for |e| <
rire With

w(gﬁgz)(ﬂ,j7 y) = 5abw(ga)(:c, y) + O(e),
V4 () = 5,409 (z) + Oe),
Qlite) _ 5 QL) O(e),

Satp Sata

for x € i\](g“), Yy € S and a,b = 1,2 and where s,,ty, label the inherited
homology basts.

The explicit form of w(91+92), V£gl+g2) and ngg-ﬁm) is described in [Y, MT1].

3.2 The Szego Kernel in the e-Formalism

We now determine the Szegd kernel on the Riemann surface £91792) in terms
of data coming from Szeg6 kernel

e(ga)
S(ga)(l"y) — §(9a) [ ] (x,y), (31)

on the surface £¢) for ¢ = 1,2. We adopt the abbreviated notation of the
left hand side of (31) when there is no ambiguity. Similarly, the Szego kernel
on X@1192) is denoted by

SG1192) (3 4) = §lo1t92) glenae) (z,y) (32)
x??/ ¢(91+92) x??/ Y

with periodicities (9£§1+92), &Z””’) = (Qgi‘l), gbgi“)) on the inherited homology
basis.?

We next describe S91792)(z, ) in terms of S (z,y). We first show that

Theorem 3.2 S@+92) is holomorphic in €2 for |e| < riry with

SO+ (1 y)) = S (2, y) + Ole), z,y € S,
ny= O(G%), T € i(ga)’ Yy € i(ga)'

ZNote that we exclude those Riemann theta characteristics for which (32) exists but
where either of the lower genus theta functions vanishes i.e. we assume that (31) exists
fora=1,2.



Proof. Applying Theorem 3.1 to (8) we have

[a(gl+92)

wregurny — 9] ™M Lenigey g [ e gee
Blor+o2) (= | ) v (=] )V (21] )

Blg1) Bl92)
+0(e), (33)

with (a@+92)) = (ol ol 1) a92)) etc. We firstly show that the
genus ¢g; + g prime form obeys

(9a) $(ga)
E(glJrgQ)(,jL”y) _ { FE (1:16,?/) + O(G)g, T,y < b 5

A = 34
O(e72), x€ X ¢yl (34)

For the genus ¢; + go odd characteristic of (10) we find from (33) that either

v [}((le))} (0) # 0 or ¥ [Z((Z;)] (0) # 0 on the lower genus surfaces. Hence it

follows that (@192 (z)¢@+92)(y) = O(e) for z € S, y € 56 for the
1-form (11). We also note that

/95 plotaz) — fyx z/s(f“) +O0(e), =xz,y€ Y.(9a) . i
v Oab fpl; Vgga) + dab f;a Véga) +0(e), x€XWa) e Xa)
(3)
from which it follows that B *%2)(z, y) = 0(5_%) for z € 5094) and Yy E $3(9a)
We next determine E(*92)(z, y) for z,y € 5194). The differential w(91+92)
for x,y € $3(9a) obeys

w(g1+g2)(x’ y) _ w(ga)(az, y) = aa<x)Xaaa§(y) = O(E), (36)

where a, () Xaaad () = Y4 51 @al, k) Xaa(k, Daa(y, 1) with aq(z, k) a certain
1-form on $=) and Xaza(k, 1) an infinite matrix determined from genus ¢; and
go data (see [MT1] for details). It follows from (15) that

E©9) (3, ) = B0 (g, y)e 2t Xeaks = B (2, ) + O(e),

where b, (k) = fyx aq(-, k). Thus (34) holds. We then apply Theorem 3.1,
(33), (34) and (35) to (16) to prove the result. O

We next remark that for z, z, € £9) then S9a) (1, 2,) 591792 (2, y) is a
meromorphic 1-form (cf. [HS]) in 2, periodic on the $e) cycles (cf. (19))
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with simple poles described by (18) where

dz,
5(9“)(:10, za)S(91+92)(za, y) ~ i S(gl+92)(x, y) for z, ~ x,
T — 2,
dz, ~
S99 (2, 2,) 89 +92) (2, 4)  ~ iS(ga)(aj, y) for z, ~y if y € X9a),
Za — Y

(37)

A similar behavior holds for S@1%92)(z, 2,)S) (2, 1) as a meromorphic 1-
form in z,. This allows us to determine the following integral equations

Proposition 3.3 The Szegi kernel on 91792) s given by

1
SUwy) =SSN ny) — g S, 2) S 2, ), (38)
Tl
Ca(2a)
1
= S ay) ¢ 5§ SIS ), (39
X’
Co(20)

for z € )y € @) for a,b = 1,2 and where Cu(z4) C A, denotes a
closed anti-clockwise oriented contour parameterized by z, surrounding the
puncture at z, = 0 on £,

Proof. Let o, be a contour on 5(9) surrounding 4, and the given points x
(and y, if a = b) on £U) (see Fig. 2).3

Fig. 2: Example with z,y € 5i(91)

30, may be construed as being the boundary of the simple-connected covering space

for X(92) as illustrated in Fig. 2 for a genus two surface.
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From Cauchy’s theorem §, Sa) (g, 2,)591%92) (2, y) = 0 and hence (37)
gives

1
0= S(gl+92)(:p y)+0 S ) (z,y) + _7{ S(ga)(x’ Za)5(91+g2)(2’a,?/),
27TZ Ca(2a)
giving (38). Considering S1792)(z, 2,)5) (2, y) leads to (39). O
Similarly to [MT1] we define weighted moments for S(91+92) by

g(91+92)
Xab<k7 l7 6) = ab [

| 1

(k+1-1)

z i)? 7{7{x_ky_ls(gﬁ”)(x,y)dx%dy%, (40)

Ca(z) Cy(y)

for k,1 > 1. From (19) it follows that

g(g1+92) ( 91+92)
ab |:¢(91+92):| (k,le) = — Xy, [(¢(g1+g2) )] I,k e€). (41)

We denote by Xy, = (Xa(k, [, €)) the infinite matrix indexed by k,l > 1.
We also define various moments for S (z,y). These provide the data
used to construct S“1*92)(z, y). Define holomorphic %—forms on X(9) by

ha(k n 12 ZELINY G ko2 (42
a( ,{L‘,E) - a _(b(ga)_ ( ,{L‘,E) - 2 % (:E Za) Zav ( )
Ca(za)
_ _ -H(Qa)_ €§7i
_ — (9a) —k
ha(kvyv 6) - ha _gb(ga)_ (kvya 6) - 27_” f S (Z y) dZa) (43)
Ca(za)

and introduce infinite row vectors ho(z) = (ha(k,2)), ha(z) = (he(k,z))
indexed by k > 1. From (19) it follows that

(6(9a))—1

f(9a)
| o

S| (e == |

} (k. z, ). (44)
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Finally, we define the moment matrix

§(9a)
F,(k,l,e) = F, Lb(ga)} (k,l€)

7 1
y ' ha(k, y)dy? . (45)

F,(k,l,€) obeys a skew-symmetry property from (19) similar to (41). We
may invert (42)-(45) using (18) to find for x,y € X9 that

S (2,y) = [

+ > e 2R (1 e)ah Ty datdy=  (46)
=Y =

= Y e ik, a)yt dy? (47)
k>1

= Ze_%j%xl_li_za(l,y)dx%. (48)
1>1

We are now in a position to express S¥1+92)(z, y) in terms of the lower

genus data. From the sewing relation (30) we have dz, = —e%# so that
da2
1 _ 2
dzd = (~1)°6c (49)
<a

where £ € {£+1/—1} determines the square root branch chosen. We then find

Proposition 3.4 S91792)(z, y) is given by

5(91+92)(x y) = S(ga)(az, Y) + he(2) Xaa ;’;@)7 T,y eAi(ga)7 ~
’ (-1 — Xg0) L (y), x € XWe) y e Bloa),
(50)

where I denotes the infinite identity matriz and T the transpose.
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Proof. Consider z,y € %), Noting that C;(2;) may be deformed to —Cs(zs)
on A via (30) we find

1
S(Ql+92)(x’ y) — S(Ql)(l"y) - f S(gl)(:[, 21)5(914—92)(21’ y)

271
Ci(z1)

k.,
2 1

€ 1
= _Zhl k,x) = f S@t92) () ) 1dz?

k>1 )

u>|>—t

MIA~

1
~7 1
B fth k) 271 j{ 5(91+g2)(22’y)22,kdz22

k>1 Colen)

Lot
= thl (k,x) e j{ f S01H92) () 011)S9) (wy, )25 *d

k=1 Ca(2z2) C1(u1)

3 (k+Hi—1) 11

= —g Z hl k T hl(l y) (2 ) % % S(gl‘FgQ)(zQ’u2)zgku;ldzzgdu22
e

>
ki1 Ca(22) C2(u2)

N o)

= hy(x)Xph (y),

using (38), (47), (49), (48), (39) and (49) again, respectively. Thus we recover
the first line of (50) for a = b= 1. A similar analysis holds for a = b = 2.

14



For x € §(91)7 Y€ 5392) we find that

1

SO (a,y) = —5 = P SO (2,2) ST (21, )
™

Ci(z1)

= 7{ 25 kdzz hi(k, x)

k>1
Ca(z2

tol?r
u>|>—t

1
Sz ) + 5 7{ S0 (29, 13) S (s, )

i
Ca(uz)
= &> hi(k,z)ha(k,y)
k>1
) B 6%(k+l—1) PO
+¢ Z h1<k7x)h2<l7y)W f j{ S@+92) (25 )2y ¥ dzZ up du?
ki1 Ca(22) C1 (u1)
= h(2) (€1 — Xa1) b3 (y).
A similar result holds for = € 2(92), RS S0, O

We next compute the explicit form of the moment matrix X, in terms of
the moments F, of S9)(z,y). It is useful to introduce infinite block matrices

o X X _( F 0

X_<X21 XQQ)’ F‘(o Fz)’

_ (0 ¢l o 0 ¢F
__<_§] 0)’ Q_F__<_§F2 01). (51)

Then one finds:

Proposition 3.5 X s given by
= -Q)'F, (52)

where (I — Q)~' = > Q" is convergent for |e| < |rira].

n>0

15



Proof. Using (38) we find Xy (k,1) — Fi(k,l) is given by

k+1—-1
62(2 ) f f ot f S92 (21, y)y~dy>
7TZ

z) C1(21) Ci(y)
L(kt1-1) .
_ e Z 5t 7{ hl(m,x)x*kdx%

(2mi)3
m>0 Ci(z)

% % S+ (2 y) 2y ~ldy

Ci(z1) C1(y)

_ € —k ..
_gz om %hl(m,x)x dz

Ci(x)

L(m+1-1)
€2 -1 L
G Sy

Ca(22) C1(y)

using (47) and (49). Similarly we find Xy = F, — {F3X15 so that X, =
(F + QX)4q using (51). A similar calculation of X2 and Xo; leads to X,z =
(QX)aa. These combine to give (I — Q)X = F which implies (52) provided
(I-Q) ' =3,-,Q" converges. But (52) can be rewritten

X=> Q= (53)

n>1

By Theorem 3.2, X,(k, ) has a convergent series expansion in ez for |e| <

7. But SN Q" = O(e2™) so that (53) holds to all orders in e2. Hence

(I —Q)~! converges for |e| < riry and the proposition holds. O
Propositions 3.4 and 3.5 imply

Theorem 3.6 S91792)(x y) is given by

S(g1+gz)<x’ y) = 5ab5(g“)(377 Y) + ha(x) (E([ — Q)*l)ab BbT(y)a

16



forx € i(ga), y € S Equivalently,

5(91+g2)(x ) = S(ga)(:p,y) + ha(z) (I — FaFa)_l Fa}_l;{(y)/z x,y € ;(ga)’
T (1) ha(2) (T = FaFy)  BE(y), o€ S, ye S, O

Remark 3.7 Note that S@+9)(z y) is even (odd) in €2 for x,y € 53(9a)
(respectively, for x € X9y € $9a) ) Thuys S91+92)(z, ) is invariant under
a Dehn twist € — e*™e with & — —& from (49).

Similarly to ref. [MT1] we define the determinant of / — @ as a formal power
series in €2 by
1
logdet (I — Q) =Trlog(l — Q) = — —Tr(Q").
o det (I — Q) = Trlog (I — Q) = — 3 Tr(Q")

n>1

Clearly Tr(Q%*) = 2Tr ((F1F»)¥) for k > 0 whereas Tr(Q") = 0 for n odd.
Furthermore, from (45) the diagonal terms (F} F;)* have integral power series
in €. Thus it follows that

Lemma 3.8 det (I — Q) = det (I — F1F,) and is a formal power series in €.
The determinant has the following holomorphic properties:

Theorem 3.9 det (I — Q) is non-vanishing and holomorphic in € for |e| <
riry.

Proof. The proof follows a similar argument to Theorem 2 of ref. [MT1].

11
Let SW192)(2), 2)) = f(21, 20, €)d2z}dz3 for |z,| < 7, where f(z1,20,¢€) is
holomorphic in e2 for le| < rfor r < ryry from Theorem 3.2. Apply Cauchy’s
inequality to the coefficients of f(z1, z0,€) = >, 5o fu(21, z)ez to find

|falz1, 22)| < M™%, (54)

for M = sup,,, <y, 1)< |f (21, 22, €)|. Consider

-1
(gl+gz __¢ 3,2
S (z21,22) | 1 dzidzy, (55)

2122

Cry(21) Y Cry(25)
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for C,,(z,) the contour with |z,| = r,. Then using (54) we find

e\ 2 e
\I|gM.Z<7 A=

n>0

i.e. Z is absolutely convergent and thus holomorphic in e2 for le| <1 < ryrs.
Since |z122] = r1r2 we may alternatively expand in €/z1 25 to obtain

1
T = k 7{ S@1492) () 2o) 2Tk hdoPd

k>1

= EQTI'XH,

where TrXyp = ., Xia(k, k). But (52) implies

TrX, = fz Tr((F1F)"),

n>1

which is absolutely convergent for |¢| < riry. Hence we find

Trlog(l — F1F) = — Z %TI“((EFQ)N),

n>1

is also absolutely convergent for |e| < rry. Thus det(/ — Q) = det(l — Fy Fy)
is non-vanishing and holomorphic for || < ryrs. O

3.3 Sewing Two Tori

Consider the genus two surface formed by sewing two oriented tori »® =

C/A, for a = 1,2, and lattice A, = 2ni(Z7, ® Z) for 7, € H;. This is
discussed at length in [MT1]. For local coordinate z, € C/A, consider the

(1)

closed disk |z, < r, which is contained in 3’ provided r, < 3D(q,) where

D(ga) = | min |A],

is the minimal lattice distance. From Subsection 3.1 we obtain a genus two
Riemann surface X2 parameterized by the domain

D = {(r1,72,€) € Hy xHy xC | |¢] < imql)qu)}. (56)

18



D¢ is preserved under the action of G ~ (SL(2,7Z) xSL(2,7Z)) xZs, the direct
product of the left and right torus modular groups, which are interchanged
upon conjugation by an involution § as follows

a1 + by €
N(71, 7€) o +dy’ 2 an +d”’
B aTy + by €
Nl e = (7, CoTo +dy’ como +dy”’
B(ri,12,€) = (72,71,6), (57)

¢ d;

There is a natural injection G — Sp(4,7Z) in which the two SL(2,Z)
subgroups are mapped to

for (y1,7) € SL(2,Z) x SL(2,Z) with ~; = < a; b )

ay 0 b1 0 1 0 0 O
B 0 1 0 0 - 0 az 0 b
b= ¢ 0dool(2Tylo 01 0 ’ (58)
0 0 0 1 0 (&) 0 dg
and the involution is mapped to
01 00
1 000
p= 0 0 01 (59)
00 10

G also has a natural action on Hy as given in (5) which is compatible with
respect to Q) as a function of (71, 7o, €) [MT1].

The Szego kernel on the torus Zg)

s =nlg

from (23). It is straightforward to compute the moment matrix F, of (45).
Using the Laurant expansion (28) we find

is given by

} (x — y, 7a)dz2dy?,

P m (c-yr)= -+ 3 C m (kDY (60)



where for k,1 > 1 we define

C m (k,1,7) = (1) (k Zi‘l 2)Ek+l_1 m (7), (61)

for twisted Eisenstein series (29). Then it follows that
Oa

F, {Hﬂ (k, 1, Ta,€) = ez (k=D [¢

Pa

We also have the analytic expansion

P m (x—y,71) = > P m (z, )y, (63)

k>0

} (k,l,7a). (62)

for P [Z} (2,7) = (&:_);1 ok—1p [Z] (z,7). Then we find

0 0, 1
ha{ }(k,x,Ta,e) = e%—%Pk{ }(az,ra)dxé. (64)
Pa Pa
Using these results we may therefore determine the explicit form for S [Zg }

on D¢ via Theorem 3.6.

One may also confirm that S satisfies the modular invariance property
of (20) under the group G generated by ~;, 8 of (58) and (59) with

@ o(2) @ g2

SE (| g | ) Om w7 0) = S Loy | gl (69)
where

0, 651 b 6, 6 . 6, 0

O | 0, O | | 0579y O | | 6
g, O R P R I b |

b2 ®2 02 052 pd2 02 03}
and

x (1)
N — for z € 2?1)’
x for x € X5,

and where for x = 27i (u + v7,) € S with 0 < w,v < 1 we define Sz =
27i (u + v7z). Finally, we note that det (I — Q) = det ([ — I [Zi] F [Z‘;])
is also GG invariant.
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4 The Szego kernel on a Self-Sewn Riemann
Surface

4.1 The p-Formalism Sewing Scheme

We now consider the construction of the Szego kernel on a Riemann surface
»@+D formed by self-sewing a handle to a Riemann surface X9 of genus
g. We begin by reviewing the Yamada formalism [Y] in this scheme which,
following [MT1], we refer to as the p-formalism. Consider a Riemann surface
) of genus g and let 21, 25 be local coordinates in the neighborhood of two
separated points p; and p,. Consider two disks |z,| < rg, for r, > 0 and
a = 1,2. Note that ry, 7, must be sufficiently small to ensure that the disks
do not intersect. Introduce a complex parameter p where |p| < riry and
excise the disks
L2 |2l < lplr"} € 59,

to form a twice-punctured surface

20 = SO\ | (o 2ol < lplry '}

a=1,2

As before, we use the convention 1 =2,2=1. We define annular regions
A, € X9 with A, = {24, |p|ra’ < |24] < 7o} and identify them as a single
region A = A; ~ A, via the sewing relation

2122 = P, (66>

to form a compact Riemann surface @+ = 56\ {4; U Ay} U A of genus
g + 1. The sewing relation (66) can be considered to be a parameterization
of a cylinder connecting the punctured Riemann surface to itself.

In the p-formalism we define a standard basis of cycles {ay, b1, ... ag41,by41}
on XU where the set {a1,by,...a,,b,} is the original basis on . Let
Ca(z4) C A, denote a closed anti-clockwise contour parameterized by z, sur-
rounding the puncture at z, = 0. Clearly Cy(z2) ~ —C;(21) on applying the
sewing relation (66). We then define the cycle a,11 to be Co(22) and define
the cycle by41 to be a path chosen in 5@ between identified points z; = 2z
and zo = p/zy on the sewn surface.

As in the e-formalism, the normalized differential of the second kind
w9t the holomorphic 1-forms VZ-(ngl) and the period matrix QWY can be
computed in terms of data coming from X [Y, MT1] to find

21



Theorem 4.1 w@tD) L9t g QE?H) for (i,7) # (g + 1,9 + 1) are holo-
morphic in p for |p| < riry with

WH(z,y) = w9 (z,y) + O(p), (67)
y(2) =P (2) + O(p), i=1...g (68)
Y (@) = w? (@) + O(p), (69)
QU =W L 0(p), i,j=1...g (70)

(71)

forz,y € S0 2% holomorphic in p for |p| < riry with
(9+1)
i = 5 (14 0(p) (72)

1o
where Ko = K9W(z = 0,20 = 0) for E9(z,2) = K9 (2, 2)dz >dz, >
expressed in terms of the local coordinates z1, 2. ([l

4.2 Szego Kernel in the p-Formalism

glg+1)

We now determine the Szegd kernel S+ (z, y) = St [ gﬂ)} (z,y) on the

sewn Riemann surface X+ in terms of genus g data together with the mul-
tiplier parameters associated with the handle cycles. The S@*1) multipliers
(17) on the cycles a;,b; for ¢ = 1,...g are determined by the multipliers of

S) with (bz(ngl) _ (bl(g) and el(ngl) _ 92(9) ie. OéZ(ngl) _ Oz(g) and Bi(ngl) _ 61'(9)-

(2
The remaining two multipliers associated with the cycles a4 and by44

AR
¢g+1 - ngz:_ll)_ 2 gFt (73)
Oppr = 09D = 2 (74)
must be additionally specified so that
SOt x,,y) = —¢i] SUTD (24, ), (75)
SO (wa,y) = =057 S (24, ), (76)

for z, € A, and z; € A;.
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We next consider the analogue of Theorem 3.2 concerning the holomor-

phicity of SU*1 as a function of p. It is convenient to define x € [—%, %) by
Pgp1 = —€*F e k= aggfll) mod 1. We then find

Theorem 4.2 SY*V is holomorphic in p for |p| < rire with
SO (a,y) = S (w,y) + O(p), (77)
for z,y € 29 where S (z,y) is defined as follows: For k # —1

K al9) T
U(l‘,y) Y |:5(9):| (fy V(g) + ’%Zpl,p2|Q(g))

a(g)
EO (,9)9 50| (529055l 29)

where
E©) (575, pz)E(g) (yv pl)

U(xu y) = E(g)(x’pl)E(g)<y7p2)’

for prime form E9 and where

P2
Zpip2 = / V(g)a (80)
p1

g)

for holomorphic 1-forms V9. For k = —% then SE (x,y) is given by

1
2
1
Ul(z,y)2 al9) T
(E(Ez)(i;)7y)ﬁ [5(57)] <fy V(g) + %Zpl,pz‘Q(g))
1

U(z,y)~ 2 al9) x

_99+1 E((Q)Z(J;7y) v [5(9):| <fy 9 — %zp17p2|Q(g)>) :

N NO) -1
(19 [5(9)} (%Zp17p2|9(g)) — 0410 [5(57)} (_%Zp17pz|Q(g))) : (81)

Proof. We firstly note that from (15) it follows that

EW(z,y) = E9(x,y) + O(p). (82)

From Theorem 4.1 we may expand the genus g 4+ 1 theta series to leading
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order in p for |p| < rire as follows

(9+1))2

alotl) r p %(”Jrag-ﬁ—l
(g+1)10(g+1) | — __=
7 Sen| ([ vrii0e) = 557 ()

meZI nEZ

exp< <m+a())Q(g)_(m+a(g))_|_<m+a(9)).</ V) | 2780 4
Y

P2 z
(n+ ozé?:rll)) {(m + a(g))./ 9 4 / wl(,g),pl + 27?2'65(,?;1)]) )
p1 y
(1+0(p)),

Clearly |n + ong | > |k|. For k # —1 it follows that this lower bound is
satisfied for one value of n so that

2

alotD) z p .
[ ([ 10) - () ot
Blo+1) y K2 g+l

Z exp (im(m + 9.0 (m 4 al9)

meZ9

+ (m+ a(g)).(/ V9 gz, 0+ 27riﬁ(9))) (1+0(p)),
Yy

=

for z,, », of (80) and where from (13)

it T -t

for U(z,y) of ( 79) Therefore

oD 1o+ D)
9 g —
1.
2

2

( 52) 7 U0 G| ([ + ) 1+ 00

Since U(z, ) = 1 we find that for k # —3

alg+D) x a(9)
i [ﬂ(jil)] (fy y(9+1)‘Q(9+1)) - [/3(9)] (f V9t k2, p2|Q(9)>
=Ulr,y
alg+l) al9)
95600 ] (0lats) 9 [50] (2l 29)

(1+0(p)),
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is holomorphic in p for |p| < ryry. Combining this result with (82) we

immediately find (78) using the definition of the Szegd kernel (16).

(9+1)|

or1 | = || is satisfied for two

For k = —1% the lower bound on |n + «a
values of n so that

any) x
9 [ ] (/ ,/(9+1)|Q(9+1)> —
Blg+1) y
5 (9) z 1
p o
<_ﬁ> [(_99+1) U(SL’ y) 20 [B(g)] </ V(g) + ézpl,p2|Q(g))
0 Y

1 L (9) z
(=20 40 |0 ] ([ = i) 0+ 00,

which eventually leads to (81). [

We next note that, similarly to (37), S (z, 2,)S9+1 (z,,y) is a meromor-
phic 1-form in z, periodic on the X cycles a;, b; for i = 1. .. ¢ with simple
poles

dz,
SO, 24) 59" (20, y) ~ 45(9“)(3:, y) for z, ~ z,
T — Zzg
dz,
S92, 7)) (20,y) ~ o SO(ay) for zavy.  (83)
2 — Y

Furthermore, S\ (2, 2,) 59V (2,,y) is also periodic on the a,y; cycle defined
by Ca(z2) ~ —Ci(z1). This follows from applying (75) to (77) so that

S(g)(:p, ezmza) = 62”i“(a_“)5,gg) (x, 24), (84)

(or alternatively we may apply U(z,e*z,)" = e2™ <@~/ (x, 2,)%). Simi-
lar properties hold for S (z,2,)S@+ (z,,y). This leads to the following
analogue of Proposition 3.3

Proposition 4.3 The Szego kernel on a genus g+ 1 Riemann surface in the
p-formalism for x,y € 9 is given by

SO (z,y) = SW(z,y)+ > - omi % SO (@, 22)S (20, y), (85)

a=1,2 Ca(za)
1
= 50w - 3 g f ST L)Y ). (56)
e
a=1,2 Ca(za)
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Proof. The proof follows along the same lines as Proposition 3.3. Let o be
a contour on %@ surrounding A, and the given points z,y € S as shown
in Fig. 3.

Fig. 3: Contour o

Cauchy’s Theorem and (83) imply

1
0 = S(9) Slg+1)
27TZ - K ('T7 Z) ('Z’ y)

1
= =S @ y) + SO @) + Y o f S8, 22) SV (24, y),

a=1,2 Ca(za)

recalling that S,gg)(x, 24)S9*V(z,, %) is periodic on C,. Thus (85) follows. A
similar argument holds for (86). O

We next define weighted moments of S¥+Y(z,y). Let
ko =k + (1),
for a = 1,2 and integer k > 1 and define
9lg+1)

Hlo+)
p%( atly—1) 1
:—————f f( (2a) " (5) SO (20, ) dx2 dy? . (87)
a Cb yb

Yoo(k, 1) = Yo [ } (k1)

k
271)2

We define Y = (Y(k,1)) to be the infinite matrix indexed by a, k and b, [.
From (19) we note the skew-symmetry property

(9(g+1))—1

(g+1)
o (¢<g+l>)1] (k. 1). (88)

Var gy | (0 = Y3 |
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We also introduce moments for S (x,y)

¢(9>} (3 k. 1)

PQ(k“Hb 2 —k Iy al
T b b ) S e, (59
alTa b (Yb

o(9)
Gab(ka l) - Gab [

with associated infinite matrix G = (G (k,1)). This also satisfies a skew-
symmetry property

G [Zi))] (b, 1) = ~Gig {EZ(())H (—ri kD). (90)

Finally we define half-order differentials

§o) phka=}) o .
holh) = [ g | k) = 2 s i, o
a\Ya
i W L (ka1 ) .
hulhon) =B [ | ko = Z e a9

and let h(x) = (ho(k,x)) and h(y) = (ha(k,y)) denote the infinite row vectors
indexed by a, k. These are related by skew-symmetry with

g9 _ (9(9))—1
ha |:¢(g):| (Ha /{?,.T) = _ha |:<¢(g))1:| <_"€7 ]{Z,.T) (9?))
These moments can be inverted to obtain
1

S (w,ya) = Y p gk, )yl dy? (94)

E>1
SO (wary) = Do F Tiaf ha(k, y)das. (95)

E>1

From the sewing relation (66) we have

dai = (=1)"p" (96)
for £ € {#=v/—1}. We then find in a similar way to Proposition 3.4 that
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Proposition 4.4 For z,y € S then S+ (2, y) is given by
SO (@, y) = S (,y) + Eh(x) D’ (I + €Y D°) h(y)", (97)
o Sy 0.5, 0
for infinite diagonal matriz D°(k,1) = | 9 d(k,1).
0 _9g+1

Proof. From (85) of Proposition 4.3 we find

59 (a,y) = SO = Y 5 SOz )

=, 271
=5 Ca(2a)
—7“ i 1
= 3 Sk § S )
a=1,2 k>1 2mi Calza)
ka 1

4

- §Zh k,2)DC. (k, k)2

f Z;kaS(gH)(zaa y)dzé,
Ca(za)

271

using respectively (94), (76) and (96). Applying (86) it follows that SV (z, ) —
S,(ig)(x,y) is given by

??‘

a

1

2-Ka 8 (25, 1) d22

a K a

§Zh k,2)D?(k, k)

Ke\

271

- ha(k,2) D, (k, k
gz ‘T )( 7TZ)2 a
Ca(za)
Z f S(9+1)(za,w5)slgg)(w5,y)dza
b=12 05(25)
= ¢h(x) T— &Y halk,x)D), (k. k).
a,b,k,l
%kailb —ka =1 ¢(g+1) 3
“2rE j{ j{ “wy Sl (za,wb)dz dw? hy(l,y)
Ca(za Cp(wp)
= &h(x) D°h(y)" — W(a) DY Dh(y)"

on applying (95), (76) and (96). Hence the result follows. O
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We next compute the explicit form of Y in terms of the weighted moment
matrix G for . In particular it is convenient to define T = £¢GDY. From
Proposition 4.4 it follows on taking moments that

Y =G +EGDY(I + €Y DY)G.

This can be solved recursively to obtain Y = ., T"G. Following a similar
argument to that given for Proposition 3.5 we then find

Proposition 4.5 Y = (I =T)~'G where (I-T)~" =3 ., T" is convergent
for |p| < riry. O

This result together with Proposition 4.4 implies
Theorem 4.6 SYtY(x,y) is given by

SO (,y) = 59 (w,y) + E(x)D°(1 = T)"'h" (y). O
Finally, similarly to Theorem 3.9 we may define det (I — 7T") and find

Theorem 4.7 det (I — T') is non-vanishing and holomorphic in p for |p| <
riry. O

4.3 Self-Sewing a Sphere

We consider the example of sewing the Riemann sphere ©(©) = C U {0} to
itself to form a torus. Choose local coordinates 2o = z € C in the neighbor-
hood of the origin p; = 0, and z; = 1/2’ for 2’ in the neighborhood of the
point at infinity p; = co. Identify the annular regions |q|r; ' < |z,| < 7, for a
complex sewing parameter p = q obeying |q| < 7173, via the sewing relation

2= q7.

These annular regions do not intersect on the sphere provided 17, < 1 so that
lg| < 1. Furthermore, the sewing relation implies log z = log 2’ + 2miT + 27mik
for integer k£ where ¢ = €2™". This is the standard parameterization of the
torus with periods 27iT and 274 and modular parameter 7 € Hj.

We now show that the results of the previous subsection allow us to
recover the genus one Szego kernel (23) from the genus zero one. For z,y € C
the genus zero prime form and Szego kernel are given by

EO(z,y) = (z—y)da 2dy 2, (98)
]_ 1 1
S©) = drzdyz. 9
(z,y) Ty (99)
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Let # = 0 and ¢ = ¢(V) = —e?™* denote the multipliers on the torus cycles.
Then since p; = oo and py; = 0 we find U(x,y) = x/y so that (78) and (81)
imply

gy h 0 drzdyz
SO(wy) = 2 detdyt + =,y (100)
xr2Yy2

Computing moments one finds that for k # —5 the half-differentials are

hi(k,z) = gD gl g
ho(k,x) = gz bR ) g kR s

hi(kyy) = —q2®ray borgys,
haolk,y) = €q2*F2yh=rlays,

for z,y € 5 and the moment matrix 7 = £GDY is diagonal with
Top(k,y 1) = 670~ 26,46(k, 1).
Altogether we find from Theorem 4.6 that for x # —% and x,y € Q)

SO(z,y) = SO(x,y)+ Eh(z)DO(I — T)""AT (1)

T H+§ 1 1
(§> O 1gktrz (x)’“*“‘i

1—-2 1 — g-1gh+r—s y

+Z eqk—m—l <g>k‘—ﬁ—% dx%dy%
1—9(] —K—3 2yz

xiyi

Denoting ¢, = €¢* for any u we define X,Y by x = ¢qx, y = ¢y and let
Z =X —Y. We also define )\:H+%With0< A < 1 and obtain

(1) ‘J% 0~ 1gF k4
S (va) = _1_qZ_kZ>01_9_1qk+n+; qz
0" s 1yt
DT g 0| AX Y
k<-1
k+)\ 1 1 1 1
= —Z 0 : WandYa = P\(Z,q)dX=dY >,

keZ

30



from (24). A similar result also holds for k = —1 for 6 # 0 i.e. (6,¢) # (0,0).
Lastly, we note that (I —T)~! is convergent for |q| < 1 and that further-

more L )
det(1 - T) =[] (1 - 9_1qk+"‘_5) <1 —9 qk—~—a> , (101)
E>1

is holomorphic for |g| < 1 from Theorem 4.7. In vertex operator algebra the-
ory, det(I —T') is related to the genus one partition function for a continuous
orbfolding of a rank two free fermion system e.g. [MTZ]|. Furthermore, the
infinite product (101) is part of that arising in the Jacobi triple identity on
applying the bosonic decomposition of this theory.

4.4 Self-Sewing a Torus

We next consider the example of self-sewing an oriented torus X = C/A
for lattice A = 27mi(Zr ® Z) and 7 € H;. This is discussed in detail in ref.
[MT1]. Define annuli A,,a = 1,2 centered at p; = 0 and py = w of ) with
local coordinates z; = z and zy = z — w respectively. Take the outer radius
of A, to be r, < $D(q) for D(g) = minyep rz0 |A| and the inner radius to be
|p|/7a, with |p| < ryre. Identifying the annuli via (66) we obtain a compact
genus two Riemann surface X(? parameterized by

D’ = {(r,w,p) € Hy x Cx C | jw—A>2/p|z >0, Ae A}.  (102)

For z,y € ¥ the genus one prime form and Szegd kernel with multipliers
0; = —e 281 and ¢ = —e?™ are given by (22) and (23). Let 0y = —e =272
and ¢y = —e?™2 = —e2™% denote the multipliers on as, by cycles. Then, in
this case

i (x —w, )0 (y,7)
W (z, 7)1 (y — w,7)’

and zp,, = Kw so that for k # —%

Ulz,y) =

b [0 (01— w, )0 (y, )\ " ﬂ[%i}(m—wnw,r)
5 Lbl} () = <"‘91(5577)191(y—577)) V [gﬂ (kw, T) K(x—y,f)dx

with a similar result for k = —1. We take x # —1 from now on.
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It is straightforward to see that

R A PR

Computing moments and using (93) and (103) the half-differentials (91), (92)
for x € X1 and x # —% are given by

oD @)\ dod
s [el]m;k,xh,w,p) S (191(“’ “”)) da
" 1]

2mi V1(x, T) %ﬂ (Kw, T)
f y—m( 1y, 7) )“ﬁ[gi] (‘”_yww’ﬂdy
Ci(y) ﬁl(y - w, 7_) K(l‘ - Y, 7-) ’
h2 91 ("{7 k,:E|7‘,w,p) - hl |:91:| (_K” k7$ - U}|T, _wap)a
| P1 ] o1
— 6] 07"
hl (li;k‘,x|7‘,w,p) - _hl -1 (/‘f;k,l'—wh', _wap)a
| 91 N
P[0 _ .
ha (ki k,x|T,w,p) = —hy | | (=K k,z|T, 0, p). (104)
| 91 oh
Similarly, using (103), the moment matrix (89) is given by
91 n—l— (k—l—l 1)
G { } Ky k1w, p) = 7{ % =k
! P1 ( | ) 27” Ca(z2) YC1(y1)
0 11
S}({l) [ 1:| (:L’g,y1|7',w)dx22dyf,
P1
th
= G22 (_K‘;kalh—v —U},p>,
b1

91 (k+l 1) ot
G21 |: :| (K‘;kul|7—7w7p) = % % N K e
(bl 27” Ci(z1) JCu (y1)

S0 [ } (o1, sl w)dr? dy?.
ol

G, {91} (ki hodlr—w, p). (105)
®1
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The genus two Szego kernel is determined for T' = £G [ ] D% by (97)

01
01
S [Z;] (z, y|T,w, p) =

SO [0 ] @ ylrw)+en [2] @D =) BT [0 ] @) (106)

4.4.1 Modular Invariance

We now consider the modular invariance of (106) under the action of a par-
ticular subgroup L C Sp(4,Z) and verify that (20) holds. We define L as
follows [MT1]. Consider H C Sp(4,7Z) with elements

1 00 b
a l b c

M(av b7 C) = 00 1 —a (107)
00 0 1

H is generated by A = 1(1,0,0), B = p(0,1,0) and C' = p(0,0,1) with
relations [A, B|C™2 = [A,C] = [B,C] = 1. We also define T'y C Sp(4,Z)
where I'} = SL(2,Z) with elements

aq 0 bl 0
0 1 0 O

Y1 = 01 0 d1 0 y a1d1 — b1C1 =1. (108)
0 0 0 1

Together these groups generate L = H x '} C Sp(4,7) with center Z(L) =
(C) where J = L/Z(L) = 7* x SL(2,7) is the Jacobi group.

From Lemma 15 of [MT1] we find that L acts on the domain D” of (102)
as follows:

pla,b,c).(r,w,p) = (1,w+ 2miaT + 2mwib, p), (109)
a7 + by w P
. = 11
(70, p) (clT+d1’ aT+dy’ (clr+d1)2) (110)

The kernel of the action is Z(L), so that the effective action is that of J.

However, this action is lifted to L when considering the covering space Dr of

Dr for which Qggflz 41 of (72) is single-valued (Theorems 10, 11 of [MT1]).

In particular, one finds that C' acts as

C.(1,w,p) = (1,w,e*™p), (111)
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which has a non-trivial action on D”.

Let us now consider the action of L on S® [9(

@(
} (x,y|w, 7). For vq € T'y it

2] (z,y|7,w,p). This is

partly determined by the action of J on s [le

is clear from (25) that

0%t 0
S/(il) [ 1 ¢1:| (71x771y‘71(T7 w)) = S’(’:) [

1
01c¢cll ¢1:| (:L’,y|7',w).

ha [Zﬂ (k; k, x|, w, p) and Gy [5511] (k; k, U7, w, p) are similarly I'; invariant
so that S(2) [Z((?)] (x,y|T,w, p) is I'y invariant in a similar fashion to (65).

Next we consider the action of the generators A, B and C. We firstly
note that (21) implies

01 01 01 —601¢2 01 01
6o o —60504 6o o —02¢1 62 . —02¢2

Alg | = [_¢1¢2-1 Bl —[ o | Yl _[ $1 ] (112)
@2 o2 @2 P2 @2 ¢2

Using (8) and recalling that ¢y = —e?™* we find

5 [Zl] (z.ylmw) = S0 { j;l} (z,y|7,w+2mir)  (113)
1 — P10,
S {—Zlcbz] (. ylrw+2mi),  (114)
1

where the multipliers comply with those of (112) for A and B respectively.
Define infinite diagonal matrices

a0

L0 }5(1@0, Fo‘(k;,l):[_o 1}5(/@1)7 (115)

Bk, 1) = [0
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for € U(1). Then (104), (113) and (114) imply

01:| [ 01 :| . 0
h K;x|T, w, = h | (ks x|T,w + 2miT, p) B!
M R e [ 2

—0
- hl ¢1¢2} (k; |7, w + 2mi, p) B
1

— e—iﬂnh |:
91 91
: — 1
M iir ) {—m;

= h {_i;@} (k; 2|7, w 4 2mi, p) !
1

— e””‘“h{ 1} (/@;x\r,w,e%zp)F@.
o1

01

O | twsstrw. iy,
1

>

} (k; x|T,w + 2miT, p) F*

Similarly, from (105) we find
01
—¢103 "

_i;@] (K|, w + 2mi, p) B
1

= @ {_jl} (K|, w, 2™ p) B2,
1

G Lzl} (k|7,w,p) = F"G { ] (|7, w 4 2miT, p) E*
1

= F¢1G{

Noting that E*D%F® = D=%% for a = 0, ¢; and ¢, we may then easily

confirm that S® [Z((?)] (x,y|T,w, p) is invariant under the generators A, B

and C respectively. Therefore S® [ZZ;] (x,y|T,w, p) is modular invariant
under L. Furthermore, since det(E“F*) = 1 it follows that det (I —T') is

also L invariant.
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