+

L- Cohomology of geometrically infinite
hyperbolic 3-manifolds

John Lott
Department of Mathematics Max-Planck-Institut
University of Michigan fiir Mathematik
Ann Arbor. MI 48109 Gottfried-Claren-Str. 26
USA 53225 Bonn

GERMANY

MPI/96-5






[*-COHOMOLOGY OF GEOMETRICALLY INFINITE
HYPERBOLIC 3-MANIFOLDS

JOHN LOTT

January 5, 1996

ABSTRACT. We give results on the following questions about a topologically tame
hyperbolic 3-manifold M :

1. Does M have nonzero square-integrable harmonic |-forms?

2. Docs zero lie in the spectrum of the Laplacian acting on A'(M)/Ker(d)?

1. INTRODUCTION

Let M be a complete oriented Riemannian manifold. A basic problem is to un-
derstand the spectrum of the Laplacian A, acting on the square-integrable p-forms
AP(M). In this paper we are concerned with the bottom of the spectrum. We address
the following questions :

1. Does M have nonzero square-integrable harmonic p-forms?
2. Does zero lie in the spectrum of A7

If M is compact then Hodge theory tells us that questions 1 and 2 are equivalent
and that the answer is “yes” if and only if H?(M;C) # 0. In particular, the answer
only depends on the topology of M.

If M is noncompact then things are different. First, questions 1 and 2 are no longer
equivalent - think of M = R. Second, the answers to these questions no longer only
depend on the topology of M. They depend on both the topology of M and its
asymptotic geometry in a subtle way which is not understood.

In this paper we look at the above questions for a class of Riemannian manifolds
with interesting asymptotic geometry, namely connected hyperbolic 3-manifolds M
which are topologically tame, i.e. diffeomorphic to the interior of a compact 3-manifold
with boundary. We review the relevant geometry of such manifolds in Section 3. Their
ends can be characterized as cusps, flares and tubes. M is called geometrically finite
if its ends are all cusps or flares and geometrically infinite otherwise.

Using the Hodge decomposition, the square-integrable differential forms on M can
be split into Ker(Ag), A°(M)/Ker(d), Ker(A;) and A'(M)/Ker(d). Hereafter we
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2 JOHN LOTT

assume that M is noncompact. The only possible elements of Ker(Ay) are constant
functions and so if vol(M) < oo then Ker(Ag) = C, while if vol(M) = oo then
Ker(Ao) = 0. The next result of Canary tells what happens on A°(M)/Ker(d) [4].

Proposition 1. Zero lies in the spectrum of the Laplacian acting on A°(M)/Ker(d)
if and only if M is geometrically infinite.

Thus the spectrum of the Laplacian, acting on functions, is sensitive to whether
M has any tubular ends, but is not sensitive to the geometry of those ends. If
M is geometrically finite, Mazzeo and Phillips computed dim (Ker(4A,)) and the
essential spectrum of the Laplacian on A'(M)/Ker(d) [13]. In particular, if M is
geometrically finite then zero always lies in the spectrum of the Laplacian acting on
A'(M)/Ker(d). One could ask whether there is a direct analogue of Canary’s theorem
for A'(M)/Ker(d). However, the following example shows that such cannot be the
case.

Let S be a closed oriented surface of genus ¢ > 2 and let ¢ € Diff(S) be an
orientation-preserving pseudo-Anosov diffeomorphism of S. Thurston showed that
the mapping torus MT of ¢ has a hyperbolic metric {17, 22]. The corresponding
cyclic cover M of MT is a geometrically infinite hyperbolic 3-manifold. In Section 4
we prove

Proposition 2. Zero lies in the spectrum of the Laplacian acting on A'(M)/Ker(d)
if and only if * € Aut (HI(S;R)) has an eigenvalue of norm one.

It is known that any element of Sp(2¢,Z) can occur as ¢* for some pseudo-Anosov
diffeomorphism of S [18]. Thus the result of Proposition 2 is not vacuous. It shows
that the spectrum of the Laplacian, acting on 1-forms, is sensitive to the geometry
of the tubular ends.

The manifolds considered in Proposition 2 are very special. The question arises
how to extend Proposition 2 to general hyperbolic 3-manifolds M of finite topological
type. First, we dispose of the case when M has zero injectivity radius. In Section 5
we prove

Proposition 3. If inf,earinj(m) = 0 then the essential spectrum of the Laplacian
acting on A'Y(M)/Ker(d) is [0, 00).

We are left with the case of positive injectivity radius. There is an obvious problem
in studying the spectrum of the Laplacian on M in that we do not have an explicit
description of the Riemannian metric of M. For example, even in the above case of
a mapping torus, the hyperbolic metric on M7 is constructed by a limiting process.
Our way of getting around this problem is to translate questions about the bottom of
the spectrum into questions about the reduced and unreduced L*-cohomology of M.
It is much easier to compute the L2-cohomologies of M than to compute the spectral
resolution of its Laplacian. Furthermore, the L?-cohomologies of M only depend on
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the biLipschitz diffeomorphism class of M. In our case we do know what M looks
like up to a biLipschitz diffeomorphism, thanks to the work of Minsky [15].

Let M be a topologically tame hyperbolic 3-manifold with positive injectivity ra-
dius. We make the technical assumption that the ends of M are incompressible. For
brevity, we call such a hyperbolic 3-manifold nice. Minsky gave a length space which
models the large-scale geometry of M. By a slight variation of his work, we construct
a model manifold M which is biLipschitz diffeomorphic to M. The geometry of a
tubular end [0,00) x S of M is given by a ray v in the Teichmiiller space Ts of the
surface S. The endpoint of v, a point in Thurston’s compactification of 7T, is the
end invariant of the tubular end. It is known that M is determined up to isometry
by its topology and its end invariants [15]. Hence the question is how exactly these
determine the spectrum of the Laplacian.

Each point v(t) along the ray gives an inner product (-,-); on H'(S;R). Let
I'(H') be the Hilbert space of measurable maps f : [0,00) — H'(S;R) such that
I (@), f(£))e dt < co. Put

IY(H') = {f € D(H") : fis absolutely continuous and 8,f € [(H')}.
In Section 6 we prove

Proposition 4. Let M be a nice hyperbolic §-manifold. Then zero is not in the
spectrum of the Laplacian acting on A'(M)/Ker(d) if and only if each end of M is
tubular and the corresponding operator 8, : I'(H') — T(H") has closed image.

The next proposition gives a sufficient condition for d; to be onto. In Section 7 we
prove

Proposition 5. Suppose that there is a decomposition H'(S;R) = E, @ E_ and
constants a,c;,c_ > 0 such that for allvy € Ey, v_ € [ and 51 2 52 2 0,
[oallsy > cq e [,
and
lo-llsy < e= e fu_],.
Then 0, is onio.
We also give a conjectural algorithm to determine directly from the end invariants
whether or not zero lies in the spectrum of the Laplacian acting on A'(M)/Ker(d),

at least for most end invariants.
Finally, we give results on Ker(A,). In Section 6 we prove

Proposition 6. If M is a nice hyperbolic 3-manifold then dim (Ker(4,)) < 0.

Let K be a compact submanifold of M such that M retracts onto int(K). Put
Ly = Im (H'(K;]R) - Hl(alx’;R)). It is a Lagrangian subspace of H'(8K;R). In

Section 8 we prove
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Proposition 7. Let M be a nice hyperbolic $-manifold. Suppose that zero is not in
the spectrum of the Laplacian acting on AY(M)/Ker(d). For each end of M, con-

sider the vector space Ker (& :M(HY) — F(H')). Together, these give a Lagrangian
subspace Ly of H'(OK;R). There is a short exact sequence

0 — Im (H'(K,0K;R) = H'(K;R)) — Ker(Ar) — Ly N Ly = 0.

The organization of this paper is as follows. In Section 2 we define the reduced
and unreduced L?-cohomology groups and give their basic properties, along with
their relation to the spectrum of the Laplacian. Some of these results are scattered
throughout the literature, but we have tried to give a coherent presentation. In
Section 3 we review the geometry of hyperbolic 3-manifolds and results of Minsky.
In Section 4 we compute the reduced and unreduced L2-cohomology groups of cyclic
covers of general mapping tori. In Section 5 we consider hyperbolic 3-manifolds
with vanishing injectivity radius. In Section 6 we describe the L%-cohomology groups
of tubular ends in terms of the operators &, : I"(H') — TI'(H'). In Section 7 we
give sufficient conditions for the vanishing or nonvanishing of the unreduced L*-
cohomology groups of tubular ends. We also describe results of Zorich and their
relation to spectral questions. In Section 8 we consider reduced L?*-cohomology groups
of hyperbolic 3-manifolds.

I thank Josef Dodziuk and Rafe Mazzeo for discussions. I thank Yair Minsky and
Anton Zorich for explanations of their work and for comments on parts of this paper.
1 especially thank Curt McMullen for many helpful conversations. I thank the THES,
the Max-Planck-Institut-Bonn and the Bonner Kaffeehaus for their hospitality.

2. L?-COHOMOLOGY

Let M be an oriented Riemannian manifold which is geodesically complete except
for a possible compact boundary. Consider the Hilbert space

(2.1) AP(M) = {square-integrable measurable p — forms on M}

and the subspace

(2.2) OP(M) = {w € AP(M) : dw is square-integrable on int(M)},

where dw is initially interpreted in a distributional sense. There is a cochain complex
(2.3) LB ar vy L aeni ) 22

One can check that Ker(d,) is a closed subspace of A?(M).

Definition 1. The p-th L*-cohomology group of M is H’&)(j\/f) = Ker(d,)/Im(dp-1).

The p-th reduced L*-cohomology group of M is ﬁ-’()z)(M) = Ker(d,)/Im(dp-1), @
Hilbert space.
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We will sometimes call Hi,\ (M) the p-th unreduced L*-cohomology group. Let M’
be another manifold like M. Let Q*(M’) be its cochain complex, with differential &'.

Lemma 1. Suppose that there are linear maps

(2.4) 1 (M) — Q7 (M), K. Q"(M) — QY(M),
' J (M) — (M), K : (M) — QY (M)

such that

9.5 tod=d oz, jod =doy,

(2.5) I—j0t=dK + Kd, I—i03=d K"+ K'd.

Then j induces an isomorphism between Hiy(M') and Hpp)(M). If i and j are con-
tinuous then j also induces an isomorphism between ﬁ'{z)(ﬂff’) and H'('z)(M).

Proof. We leave the proof to the reader. O

The natural geometric invariance of L?-cohomology turns out to be Lipschitz homo-
topy equivalence. We will only consider maps f : M — M’ such that f(OM) C OM'.

Definition 2. 1. A map f : M — M’ is said to be Lipschitz if f is almost everywhere
differentiable and there is a constant C > 0 such that for almost all m € M and all
v € TuM, |(df)mv| < Clo].

2. Two Lipschitz maps fo : M = M' and fy : M — M' are Lipschitz-homotopic if
there is a Lipschitz map F' : [0,1] x M — M’ which restricts to fo and fy on the
boundary. '

3. Two Lipschitz maps [ : M — M' and g : M' — M define a Lipschitz-homotopy
equivalence between M and M' if fog and go [ are Lipschitz-homotopic to the
tdentity.

A Lipschitz map f : M — M’ induces maps [~ : Hi,(M') — Hz'z)(M) and f* :
sz)(M’) - ﬁ‘(-2)(]"!)- |
Proposition 8. If f : M = M' and g : M' — M define a Lipschitz-homotopy
equivalence between M and M’ then f* induces an isomorphism between Hiy(M')
and Hiy (M), and between ﬁ;z)(M') and ﬁ'fg)(M).

Proof. The homotopy-equivalence gives continuous linear maps : = ¢g*, 7 = f*, K
and K’ satisfying the hypotheses of Lemma 1. O

Let § denote the formal L%-adjoint of d. Let % denote the Hodge duality op-
erator. Let b : M — M be the boundary inclusion. Let AZ (M) denote the
smooth compactly-supported forms on M. Note if w € AL (M) then b*(w) may be
nonzero. Define a sequence of inner products {-,-), on A% (M) for s € N inductively
by () = {,-)p2 and

(26) ((.:)1,(.&)2)3+1 = (wl,wg)s -+ (dwl,dwgh + (5&)1,&;}2)8 .
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Define the Sobolev space H;{M) to be the completion of A% (M) under (-,-),.

The Laplace operator is A = dd + dé. It is a self-adjoint operator on A*(M) with
domain
(2.7) Dom(A) = {w € H3(M) : 0" (*w) = b"(*dw) = 0}
and if dim(M) > 0 then it is unbounded. If p € L*([0, 00)) then p(A) is a bounded
operator on A*(M). Let A, be the restriction of A to AP(M). We have
(28)  Ty(M) = Ker(dy) N (Im(dp1)*

={w € P (M) : dw = dw = b"(xw) = 0} = Ker(A,).

By elliptic theory, Ker(A,) consists of smooth forms and so ﬁ’(kz)(M) can be computed
using only smooth forms. We now show that the same is true for Hi,)(M). Put
(2.9) QP (M) = {w € W(M) : wis smooth}.

There is a complex

(2.10) L aeee ) ey grtteo( gy B2
Proposition 9. The cohomology of the complez (2.10) is isomorphic to Hipy(M).

Proof. There is an obvious cochain map ¢ : (M) — Q*(M). Let n € C*=([0, 00))
be identically 1 on [0,1] and identically 0 on [2,00). Then n(4A) is a smoothing
operator and gives a cochain map j : Q*(M) = Q**(M). Define p € C*([0,00))
by p(z) = 1—_-%(31 and define K : Q*(M) — QY (M) by K = §p(A). Then [ —ij =
dK + Kd and similarly for I — ji. The proposition follows. O

We now show that the L2-cohomology groups can be computed by means of stan-
dard elliptic complexes for manifolds with boundary.

For s € Z, there is a Hilbert cochain complex D,(M) given by
(2.11)
0 = Hoyaimony(M) = Hapgiman—1 (M) = ... = HER M (M) — HEMM (M) — 0,
where we implicitly truncate the complex when the Sobolev index becomes negative.

For fixed p, consider the Hilbert cochain complex D,p,{ M), concentrated in degrees
p—1,pand p+ 1, given by
(2.12) DEN (M) = {w € HEH (M) : b (%dw) = b*(xw) = 0},
Doy (M) = {w € H(M) : b (+w) = 0},
i (M) = HEF (M),
Proposition 10. If s > p+ 1 — dim(M) then the part of Dy(M) from degrees p — 1
to p+ 1 is homotopy equivalent to Dps(M).
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Proof. Let € > 0 be small enough that there is a coordinate function ¢ € [0, 2¢] near
OM such that 8; is a unit length vector field whose flow generates unit speed geodesics
which are normal to dM, and dM corresponds to ¢t = 0. Using these coordinates,
a tubular neighborhood of dM is diffeomorphic to [0,2¢] x M. Let Y denote a
copy of M but with the product metric on [0,2¢] x M. The identity map gives a
homotopy equivalence between Dy(M) and D,(Y). Let DY denote the double of YV
and let D (DY) be the complex of forms on DY which are invariant under the
Zyimvolution on DY. There is an obvious inclusion f : D*** (DY) — D,(Y). We
now show that D,(Y) and D" (DY) are homotopy equivalent.
A differential form w on Y can be decomposed near the boundary as

(2.13) w=w(t) +dt Awylt),

where w;(t) and ws(t) are forms on dM. Let p : [0,2¢) — R be a smooth bump
function which is identically one near ¢ = 0 and identically zero for t > €. Let A
denote the Laplacian on M. For u > 0, define the operator

(2.14) Rlu)=1- e_%;

by the spectral theorem. For w a form on Y, restrict w to [0,2¢] x M and put

(2.15) (Kw)(t) = p(t) [ " () wa(u)du.

Then one can check that K acts as a degree —1 map on both D,(Y) and D***(DY').
If w is a form on Y then near M,

(2.16)
w— (dK + Kd)w =w (0) + (I — R()) wi(t) + dt A (I — R(1)) wa(t)

+ ./: R'(u) wy(u)du.

One can check that w—(d K + K d)w extends by reflection to an element of D¢ (DY').
Thus we obtain a homotopy equivalence f : D (DY) = Dy(Y) and g : D,(Y) —
Dever (DY), where f is the inclusion map and ¢ = [ — (dK -+ Kd).

Next, as s varies the complexes D" (DY) are all isomorphic to each other by
powers of I + Apy, at least in their common terms of definition. Thus we may
consider the case s = p+1—dim(M). In this case, the part of D** (DY) from p—1
to p+ 1 is the same as Dy, (Y).

Finally, we show that Dgp(M) is the same as Dyps(Y). Let us decompose a form
won M as in (2.13). Then the boundary condition for w to belong to D, (M) is
wq(0) = 0 and the additional boundary condition for w to belong to DY, (M) is
w1 (0) = 0. These conditions determine the same spaces of forms whether one is on
MorY. O
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Proposition 11. The reduced and unreduced p-th L*-cohomology groups of M are
isomorphic to the reduced and unreduced p-th cohomology groups of the complex

Daps(M).

Proof. For the reduced L2-cohomology, the claim follows from (2.8). As the operator
(I + A)~'/? is an isomorphism from AP(M) to D2, (M), it follows from Definition 1
that

) N Ker(d) on D%, (M)
(217)  Hp(M) = Im(d) on {w € HY (M) : b'(*i’) = 0,dw € D, (M)}

The Hodge decomposition on M is

(2.18)
A*(M) = Ker(AL) @ Im(d) on H;~ (M) @ Im(8) on {w € HH (M) : b*(xw) = 0}.
Projecting w from (2.17) onto the last factor in (2.18), we may as well assume that

dw = 0, showing that w € D7 (M). O

abs

Let 7, be the obvious surjection from Hfy, (M) to iy (M). We have Ker(ip1) =
Im(d,)/Im(dy). Thus ip4; is an isomorphism if and only if Im(d,) is closed.

For the rest of this section, we assume that OM = ).

Let K be a compact submanifold of M with smooth boundary K. Put N =
M- K.

Proposition 12. We have that

1. The reduced L*-cohomology at p of Da.{M) is finile-dimensional if and only if
the reduced L?-cohomology at p of Daps(N) is finite-dimensional.

2. The reduced L-cohomology at p of Dass(M) equals the unreduced L*-cohomology
if and only if the reduced L*-cohomology at p of Dus(N) equals the unreduced L*-
cohomology.

Proof. Let Z be a small collaring of K in M, diffeomorphic to [—1,1] x K. Put
K'=KUZand N'= NUZ. Then K’ is diffeomorphic to K and N’ is diffeomorphic
toN,with K'ONN'=Z. Lett,: K' > M,i3 . NN > M, i3: 72— K'andig: Z = N’

be the obvious embeddings. There is a short exact sequence

(2.19) 0 —s D,(M) 2 D, (K" @ DL(N') 25 D,(Z) — 0.

(Warning : One may be tempted to use the cohomology sequence of (2.19) to compare
the reduced L2-cohomology groups of M and N’. However, this cohomology sequence
need not be weakly exact if one does not make Fredholmness assumptions. We do
not want to make such assumptions.)
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Let us take smooth compatible triangulations of K’ and Z. Let C*(K") and C*(Z)
denote the corresponding (finite-dimensional!) complexes of simplicial cochains. For
s large enough, it is known that Dy(K’) is homotopy equivalent to C*(K’) and D,(Z)
is homotopy equivalent to C*(Z) [6, 23]. Explicitly, the maps involved are integration
J : Dy(K') - C*(K') and the Whitney map W : C*(K’) — D,(K’), and similarly
for Z. We have commuting diagrams

DK@ D,(N) 5 D, (Z)
(2.20) / : ! o
CHK)Y®D,(N) & C*(2)

and

DK ®D,(N) 5 D7)
(2.21) W ) ot
C*K"Y@Dy(N) & C*(2),

where ¢ = 135 — 1} and ¢'(¢c,w) = 3¢ — [ jw. Also, the relevant homotopy operators
form commuting diagrams. It follows that the complex Ker(q) is homotopy equivalent
to Ker(¢').

From (2.19), Ker(q) & D,(M). Note that [Ker(¢') has the Hilbert structure arising
from its inclusion in C*(K")®D,(N'). Let d denote the differential in C*(K")®D,(N’)
and let § denote its adjoint. Put

(2.22) V ={we C(K')Y®Dy(N'): dw = 0 and dw € (Ker(¢'))*}.

Using “harmonic representatives”, we can identify the reduced L?-cohomology of
Ker(q') with V N Ker(q') and that of C*(K’) @ D,(N’) with V NKer(d). As these are
both of finite codimension in V and H*(K’) is finite-dimensional, it follows that the
reduced L2-cohomology of Ker(q') is finite-dimensional if and only if that of D,(N')
is finite-dimensional. As N’ is diffeomorphic to N by a diffeomorphism which is
an isometry outside of a compact region, the reduced L*-cohomology of D,(N’) is
isomorphic to that of D,(N). Part 1 of the proposition now follows from Proposition
10.

Finally, let ¢ denote the differential in Ker(q'). It follows from [9, Lemma 13.6.2]
that ¢ has closed image if and only if d has closed image. Part 2 of the proposition
follows. 0O

Proposition 13.
0 ¢ o(édon A?(M)/Ker(d)) <= ip4. is an isomorphism.

Proof. Suppose first that dd has a bounded inverse on AP(M)/Ker(d). Given p €
AP(M), let @ denote its class in AP(M)/Ker(d). Define an operator S on smooth

compactly-supported (p + 1)-forms by S(w) = d(éd)"'6w. Then S extends to a
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bounded operator on AP*1(M). Let {n.}nen be a sequence in QP(M) such that
limp—e0 N = w for some w € AP*1(M). Then for each n € N, we have dn, = S(dn,)
and so w = S(w). Thus w € Im(d) and so Im(d) is closed.

Now suppose that éd does not have a bounded inverse on A?(M)/Ker(d). Then
there is a sequence of positive numbers r;y > s; > ro > s, > ... tending towards
zero and an orthonormal sequence {7, }nen in A?(M)/Ker(d) such that with respect
to the spectral projection P of éd, n, € Im(P([rs, sn])). Put A, = ||dna|l. Then
limpyeo Ay = 0. Let {c,}uen be a sequence in RT such that %, ¢2 = oo and

o L CnAn < 00. Put w = 322, cdn,. Then w € Im(d). Suppose that w = dp for
some p € (P(M). By the spectral theorem, we must have i = 3752, c.n,. However,
this is not square-integrable. Thus Im(d) is not closed. O

We recall the notion of the essential spectrum of an operator. Let T be a densely-
defined self-adjoint operator on a Hilbert space H. Then o.,(1") is a closed subset
of the spectrum o(7T') with the property that A € o.,(T) = 0 € 0.(T — M).
Let P be the spectral projection of T. Then o..,(T) has the following equivalent
characterizations [10].

Proposition 14. 0 € 0.,,(T) if and only if any of the following conditions hold :

1. dim(Ker(T)) = oo or Im(T") is not closed.

2. There is a bounded sequence {un}nen in Dom(T) such that lim, e ||Tun|| = 0,
but {un, }nen does not have a convergent subsequence.

8. There is an orthonormal sequence {u, tnen in Dom(T") such that lim, e ||Tus| =

0.
4. For all ¢ > 0, dim(Im(P([~¢,€]))) = oo.
5. dim(Ker(T')) = oo or 0 is not isolated in o(T).

In particular, if Ker(7') = 0 then 0 € 0.,,(1") <= 0¢€ o(T).

Corollary 1. Let M and M’ be complete oriented Riemannian manifolds. Suppose
that there are compact submanifolds K C M and K' C M’ such that M — K is
isometric to M' — K'. Then
. 1.0 € 0egs (Dpon Ker(A (M) <= 0 € ess (Opon Ker(A,(M"))).

2. 0 € 0eps (Opon AP(M)/Ker(d)) <= 0 € 0,55 (O, on AP(M')[Ker(d)).
8. 0 € Gess (Dpon AP(M)) <= 0 € 0p4s (Apon AP(M')).

Proof. 1. As A, acts on Ker(A,(M)) as the zero operator, Proposition 14.1 says that
0 lies in 0ess (A, on Ker(A,(M))) if and only if dim(Ker(A,(M))) = oo. The claim
follows from (2.8) and Proposition 12.1.

2. As A, acts on AP(M)/Ker(d) as 8d, the claim follows from Propositions 12.2 and
13.

3. This is now a consequence of the Hodge decomposition. [J
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Remark : Corollary 1.3 is well-known. It is a consequence of [8, Prop. 2.1], the proof
of which is for functions but extends to differential forms. We will need the more
refined statements of Corollary 1.1, 1.2, which take into account the Hodge decompo-
sition of forms on M and M’. The proof of [8, Prop. 2.1], which involves multiplica-
tion by a compactly supported function, does not extend to this case. Consequently,
we have given an independent proof. 1 thank Jozef Dodziuk for correspondence on
these questions,

3. HYPERBOLIC 3-MANIFOLDS

For background on hyperbolic 3-manifolds, we refer to [1, 20, 21). Let M = H3*/T’
be a complete connected oriented hyperbolic 3-manifold with finitely generated fun-
damental group I'. We assume that I is nonabelian, as the abelian case can be easily
handled separately. The sphere at infinity of H? breaks up as the union 52 = AUQ
of the limil set and the domain of discontinuity, on which [' acts freely, The convez
core of M is C(M) = hull(A)/T". The quotient Q/I" is a finite union of connected Rie-
mann surfaces, each of which is diffeomorphic to the complement of a finite number
of points in a closed connected Riemann surface. Put M = (H3 U Q)/T.

There is a constant u, the Margulis constant, such that if ¢ < 4 and

Minin(€) = {m € M :inj(m) < ¢}

then each connected component of My, (€] 1s either

1. A rank-two cusp, diffeomorphic to (0,00) x T?,

2. A rank-one cusp, diffeomorphic to (0,00) x (=1,1} x §', or

3. A tubular neighborhood of a short geodestc loop in M, diffeomorphic to S x D2.

Let M%(¢) be M with the cusps in Mys,(€) removed. There is a notion of an end
E of M®(¢) and of I being contained in an open set {/ C M°(¢) [2]. An end E is said
to be geometrically finite if it is contained in an open set U/ such that UNC(M) = 0.
If £ is geometrically finite then it is associated to a connected component of Q/I.
The complex structure on that component is called the end invariant of £. M is
said to be geometrically finite if all of the ends of M%(¢) are geometrically finite and
geometrically infinite otherwise.

If M is geometrically finite then there is a pair (X, P), where X 1s a compact
3-manifold and P is a compact submanifold of @X, with the property that M is
diffeomorphic to int(X) and M is diffeomorphic to X — P. The parabolic locus P is
a disjoint union T'U A of surfaces, where T' is a disjoint union of 2-tori, one for each
rank-two cusp of M, and A is a disjoint union of annuli, one for each rank-one cusp
of M.

The reduced L?-cohomology and essential spectrum of geometrically finite hyper-
bolic manifolds were studied in [13]. When specialized to three dimensions, the results

are as follows. If M has finite volume then H?z)(M) 2= C and if M has infinite volume
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then E?Q)(M) = 0. The first reduced L?*-cohomology group of M is given by

(3.1)  Hyy(M) = Im (H'(X,0X — int(A)) — H'(X,0X — (T Uint(A))).
The essential spectrum of A is
A%/Ker(d) A'/Ker(d)
(3.2) M compact ] @
M noncompact [1,00) 0, 00)

We no longer assume that M is geometrically finite. The fact that T is finitely-
generated implies that M is homotopy-equivalent to a compact 3-manifold [19]. It is
an open conjecture, which has been proved in many cases, that M must be topolog-
ically tame, i.e. diffeomorphic to the interior of a compact 3-manifold. We assume
hereafter that M is topologically tame. There is again a pair (X, P), where X is a
compact 3-manifold and P is a compact submanifold of X, with the properties that
1. M is diffeomorphic to int(X).

2. P is a union of tori and annuli, one for each cuspidal component of My, (€).
3. The ends of M°(¢) are in one-to-one correspondence with the connected compo-
nents of 9X — P.

An end E of M®(c) is called simply degenerate if it is contained in an open set
U ¢ M°(e) homeomorphic to (0,00) x S for some compact surface S, and there is a
sequence of finite-area hyperbolic surfaces in U, each homotopic to {0} x int(S), such
that the sequence exits the end; see (5] for the precise definition. It is known that
M is geometrically tame, meaning that every end of M%(¢) is either geometrically
finite or simply degenerate {2, 5]. A simply degenerate end F comes equipped with
a certain geodesic lamination on the surface int(S), known as its end invariant. Let
£ denote the collection of all end invariants of A7. Thurston conjectured that M is
determined up to isometry by the topology of (X, P), along with £ [21]. We remark
that if the triple (X, P, €) satisfies certain topological conditions then it does arise
from some hyperbolic 3-manifold [16].

Canary showed that if M is geometrically infinite then C'(M), an infinite volume
submanifold of M, can be exhausted by compact submanifolds whose boundary areas
are uniformly bounded above [5]. As he pointed out in [4], it then follows from Buser’s
theorem that zero lies in the spectrum of the Laplacian acting on L?-functions on M.

Suppose that there is a constant ¢ > 0 such that for all m € M, inj(m) > ¢. Then
P = { and any simply degenerate end of M is contained in an open set of the form
(0,00) x S for some closed oriented surface S. Suppose in addition that the ends of
M are incompressible, or equivalently, that ' does not decompose as a nontrivial free
product. In this case, Minsky showed that Thurston’s isometry conjecture is true
[15]. To do so, Minsky first constructed a model Riemannian manifold M, based on
the topology of M and its end invariants, which approximates the geometry of M.
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More precisely, he showed that there is a map f : M — M which is homotopic to
a homeomorphism, with the property that the lift f : M — H? is a coarse quasi-
isometry. The Riemannian metric on M is constructed as follows. It is enough to
first specify the Riemannian metric on the ends of M and then extend it arbitrarily
to the rest of M. If U = (0,00) X S contains a geometrically finite end of M, let dp?
be the hyperbolic metric on the corresponding connected component of /TI". Then
the model metric on the associated end of M is dt? 4 cosh?(t)dp?.

To describe the model metric for a simply degenerate end of M, we first need some
notation. For a closed oriented surface S of genus ¢ > 2, let Hs denote the space of
hyperbolic metrics on S, let Diffg denote the orientation-preserving diffeomorphisms
of S and let Diffp s denote those isotopic to the identity. The Teichmiiller space Ts
can be identified with Hg/Diffy s and the moduli space Modg can be identified with
‘Hs/Diffs. Note that Mods is an orbifold. There is a quotient map 7 : Tg — Mods.
The universal Teichmiiller curve 'ng is Hs Xpigp s 9. It is the total space of a fiber

bundle pr : Ts — Ts with fiber § and inherits an obvious family of hyperbolic metrics
on its fibers. The universal curve over the moduli space is Mods = Hg X pifse S. It is
the total space of an orbifold fiber bundle pas : Nigcls — Modg with fiber 5 and again
inherits a family of hyperbolic metrics on its fibers. Let us choose an arbitrary smooth
horizontal distribution on the fiber bundle Mods, meaning a collection of subspaces
THMods C TMods such that TMods = T"Mods & Ker(dpas). (Everything here is
interpreted in an orbifold sense.) There is a lifted horizontal distribution T%75 on
Ts.

[f U = (0,00) x S contains a simply degenerate end of M, fix an initial hyperbolic
metric dp?(0) on {0} x § and let Sy be the corresponding Riemann surface. Let
H®(Sp; K?) denote the space of holomorphic quadratic differentials on Sp. It is a
complex vector space of dimension —%,\'(5'). The ending lamination L is equivalent
to the vertical foliation of some ® € H°(So; K2). Then @ generates a Teichmiiller
ray 7 : [0,00) = Ts starting from y(0) = [So]. The endpoint of v corresponds to L,
viewed as a point in Thurston’s compactification of 7s. As the injectivity radius of M
is bounded below by a positive number, {15, Theorem 5.5] implies that the projected
ray o+ lies in a compact region of Mods.

Using the hyperbolic metrics on the fibers of ’?'S, the horizontal distribution TH’TA'S
and the metric di? on [0, 00), there is an induced Riemannian metric on p7'(y). In
terms of the trivialization p7' () 2 [0, 00) x S coming from TH7Ts, we can write this
metric as di? + dp?(t), where for each { € [0, 00), dp*(t) € Hs projects to v(t) € Ts.
This is the model metric on the associated end of M. Because of the precompactness
of m 0 v, the biLipschitz class of the model metric is independent of the choice of
THMOds.

We will need to know that M approximates M in a slightly better way than that
given in {15]. Curt McMullen explained to me how the next statement follows from
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the results of [15].
Proposition 15. There is a biLipschitz homeomorphism between M and M.

Proof. 1t is enough to just construct biLipschitz homeomorphisims between open sets
containing the ends of M and M. For a geometrically finite end, this follows from {15,
Theorem 5.2]. Let E be a simply degenerate end of M contained in a neighborhood
U =(0,00)xS5. Let i = (0,00) xS contain the corresponding end in M. Let v be the
Teichmiiller ray described above. Minsky constructed a sequence {g, : & = U}nen
of pleated surfaces in U with the properties [15, Theorem 5.5] that

1. for each n € N, g,(S) is homotopic in U to {0} x S

2. the sequence {g,(5)}nen exits the end

3. there is a constant 7" > 0 such that for each n € N, the Teichmiiller class of the
induced hyperbolic metric p, € Hs lies within a Teichmiiller distance T' from v(n).

After precomposing the g,’s with appropriate elements of Diffg s, we may assume
that neighboring p,’s are uniformly close in the sense that there is a K > 0 such
that for all n € N, the identity map Id : (S,p.) = (S5, pns1) is a K-biLipschitz
homeomorphism.

For each n € N, we can find an embedded surface h, : S — U such that h,(S)
lies within some distance D from g,(S) and the induced hyperbolic metric p!, is K'-
biLipschitz to p, for some K’ > 0. As the injectivity radius of M is bounded below
by a positive constant, we can use compactness in the geometric topology [1, Chapter
E], [14, Section 4] to argue that the surfaces can be chosen so that D and K’ are
uniform with respect to n. Next, we can find constants 0 < ¢ < A and a uniformly
spaced subsequence {ny }ren of N so that the consecutive surfaces {hy, (S), An41(S)}
are spaced at least distance a apart and no more than distance A. Using property
2. above, we can assume that the surfaces {h, (5)} are topologically consecutive
in the sense that h,,(S) separates hn,_ (S) from h,,, (5). Let Uy be the part of U
enclosed by h,, (S) and hn,+1(S). Let Uy be the submanifold [ng, neq1] X S in U. For
each k € N, there is a diffeomorphism ¢ : Uy — Uy which restricts to {hn,, hn, 41}
on OUy. Again using compactness in the geometric topology, we can choose the
diffeomorphisms {¢y }ren so that there is a constant K” > 0 such that for all k € N,
¢x is a K"-biLipschitz homeomorphism. The desired biLipschitz homeomorphism
f:U — U is given by stacking together the ¢¢’s. O

Remark : Minsky used singular Euclidean metrics on .S instead of hyperbolic metrics,
but the difference is minor. We use the horizontal distribution on Mods to give a
lifting of v to Hs such that the lifts of nearby points on v are uniformly close in Hs.
This is similar to [15, p. 562-563).
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4. MAPPING ToRI

Let F' be a smooth closed oriented manifold. Let ¢ € Diff(/') be an orientation-
preserving diffeomorphism of F. The mapping torus of ¢ is the manifold

(4.1) MT =([0,1] x F')/ ~

where the equivalence relation is (0, s) ~ (1, ¢(s)).

Projection on the first factor gives a fibering # : MT — S'. Let M be the
associated cyclic cover of MT. Let ¢; € Aut(H?(F,R)) be the map on cohomology
coming from ¢. :

Proposition 16. 1. ﬁzg)(M) = 0.
2. 0 € o (ddon AP(M)/Ker(d)) <= ¢, has an eigenvalue of norm one.

Proof. Let v denote a generator of the group of covering transformations on M, the
one which maps to t = ¢t + 1 on R. For A € U(1), put

(4.2) AR (M) = {measurable p — formsw on M : v*'w = Aw}.

Let Vi be the flat complex line bundle on §! with holonomy A and put Ey = w*VA.
Then

(4.3) AL(M) = AP(MT; Ey),

the p-forms on MT with value in the flat vector bundle £,. It follows from Fourier
analysis that there is a direct integral decomposition

(4.4) AP(M) = /U oy (M By) A
1

Furthermore, the decomposition (4.4) commutes with the Laplacians. It follows from

Floquet theory that ﬁ?,‘,)(M) # 0 if and only if HP(MT; E)) # 0 for all A € U(1) and

0 € o(A,(M)) il and only if HP(MT; E\) # 0 for some A € U(1); see [11] for details.
There is a Wang exact sequence

(4.5)
[—A-lé’_l I-\—1lg*
e HPPYEFY =T HPTYEY 5 HP(MTEN) — HP(F) = 7 HP(F) — ...
This gives the short exact sequence
(4.6) 0 — Coker(/ — A7 ¢} _,) — HP(MT; Ey) — Ker(I — A7) — 0.

As there is only a finite number of A € U(1) such that Coker(f —A~'¢r_,) # 0 or
Ker(I — A™'¢3) # 0, part 1 of the proposition follows.
The Hodge decomposition of AP(M) now gives

(4.7) AP(M) = Tm(d on AP-1(M)/Ker(d)) ® AP(M)/Ker(d).
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Correspondingly, we have
(4.8)
0 € o (A, onTm(don AP-T(M)/Ker(d))) = Coker(/ —A7'¢5_,) #0,
0€o(A,onAP(M)/Ker(d)) — Ker{l - ,\_Iqﬁ;) # 0
for some A € U(1). The proposition follows. [

Remark : A different proof of Proposition 16 follows from Appendix A of the preprint
version of [12]. This material was left out in the printed version.

Now let F be a closed oriented surface S of genus ¢ > 2. Let ¢ be an orientation-
preserving pseudo-Anosov diffeomorphism of S. Thurston showed that the mapping
torus MT has a hyperbolic structure {17, 22]. Furthermore, the hyperbolic structure
on MT is unique up to isometry. The cyclic cover M has the pullback hyperbolic
structure.

Corollary 2. 0 € o (§don A'(M)/Ker(d)) < ¢} has an eigenvalue of norm one.

5. ZERO INIECTIVITY RADIUS

Proposition 17. Let M be a complete hyperbolic 3-manifold with inf e inj(m) = 0.
Then ey (§don AY(M)/Ker(d)) = {0, 00).

Proof. If Myin(€) contains cusps then the proposition follows from the characteriza-
tion of the essential spectrum of cusps in [13]. Otherwise, Mnin(€) must contain a
sequence of tubular neighborhoods {7} }.en of short geodesic loops {vn}nen whose
lengths {I(7s)}nen tend towards zero. It is known that the radius R, of T, goes

like R, ~ log (‘(—W'n—)) [7). As n increases, the geometry of 71}, approaches that of a
rank-two cusp and so the claim of the proposition is not surprising.

Fix n for a moment. We use Fermi coordinates (r,t,8) for T, as in [7], where
0 < r < R, is the distance to v,, t is the arc-length along v, and @ is the angular
coordinate in the normal disk bundle to «,. Consider a 1-form w on T, given in

coordinates by w = g(r)dt, where g € C§°(0, R,,). One can check [7] that éw =0,

Rn
(5.1) (w,w) = 27rl(7n)/[; lg(r)|? tanh(r)dr
and
1 "
(5.2) Sdw = ~tanb(r) (tanh(r) ¢') .

Furthermore, w € Im(4) if

(5.3) /ORn g(r) tanh(r)dr = 0,
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or equivalently, if (w, dt) = 0.
Let ¢ € C°((0,1)) be a positive function satisfying [y #*(r)dr = 1. For k € R,
define

garl(r) = —-——-———1 e (v
(5.4) gni(T) T OR, B(r/Rx)

and wy x = gnr(r)dt. We now fix & # 0. Put

(wn i, dt) 01?,, Gn k() tanh(r)dr
(5:5) ok = {wn,0,dt) N S guo tanh(r)dr
etk d(r [ Ryy) tanh(r)dr
o™ o(r/R,) tanh(r)dr
o e*Fnsd(s) tanh( R, s)ds
- fs #(s) tanh(R,s)ds

By the Riemann-Lebesgue theorem, lim, 0 o = 0. Put w] , = wpx — copwnp. By
construction, w}, , € Im(8). We have

Ry
(5.6) i ell? = 27L(30) [ lgns(r) = o) tanh(r)dr
L [Rn
-7
1 .
:f g FRns _ C"'k|2 ¢52(s)tanh(ﬁms)ds
0

= _/: (1 + iy = 2k Cos(kRns)) ¢*(s) tanh(R,s)ds.

etk — C‘".kr ¢*(r/ R,) tanh(r)dr

Thus lim, e |[w], 4|| = 1.
Similarly, one can check that limu,oeo ||(8d — k*)wn || = 0. It follows that

(5.7) lim J1(6d = k*)w, ol = lim [[(8d — £ )wn i + £ cupwnyol| = 0.
Since the w), ,’s are supported in the disjoint tubes {7, }nen, they are mutually or-
thogonal. It follows from Proposition 14.3 that k% € o,, (6d on Ker(é) C A'(M)).

As 0., is a closed subset of R, the proposition follows. O

Remark : There are hyperbolic 3-manifolds diffeomorphic to R x S, where § is a
closed oriented surface of genus g > 2, having zero injectivity radius [3].



18 JOHN LOTT

6. REDUCTION TO AN ODE

Let M be a topologically tame complete connected oriented hyperbolic 3-manifold.
In this section, we are interested in whether zero lies in the spectrum of §d acting
on A'(M)/Ker(d). If M has zero injectivity radius then by Section 5, the essential
spectrum of éd acting on A'(M)/Ker(d) is [0, 00). Therefore, we assume that M has
positive injectivity radius c.

We can take the constant ¢ in Section 3 less than ¢, so that Mun(e) = @ and
M®(e) = M. By Section 2, it is enough to study the spectrum of the Laplacian
on the ends of M. If M has a geometrically finite end then it follows from [13] that
Oess (6d on A'(M)/Ker(d)) = [0,00). Therefore, we assume that M does not have any
geometrically finite ends. By Section 3, all of the ends of M are simply degenerate.

In order to apply Minsky’s results, we make the further assumption that the ends
of M are incompressible. Recall from Section 3 that M is a certain Riemannian
manifold which models M. By Propositions 8§ and 15, H(zz)(M) x> }1(22)(1\4). Consider
a single end of M which is contained in an open set i = (0,00) x S, where S is a
closed oriented surface. Qur strategy will be to compute Hfz)(ﬁ). At the same time,

we compute H,, (), ﬁ;z)(ﬁ) and H?z)(ﬂ). Recall that & has the metric di? + dp*(t),
where dp?(t) is a hyperbolic metric on S which projects to ¥() € Ts.

For each ¢ € [0,00), 0:(dp®(t)) is a covariant 2-tensor on S. For k € N, let
10:(dp®(2))||x denote its Sobolev k-norm with respect to dp?(t).

Proposition 18. For each k € N, ||0:(dp®(1))||x is uniformly bounded in 1.

Proof. As dp*(t) is a hyperbolic metric for all ¢ € [0, 00), it follows that
(6.1) 3(dp*(1)) = L™ (1) + H(1)

where V() is a vector field on S, £ is the Lie derivative and H(t) is a covariant
2-tensor on S satisfying

(6.2) STHE() =0, Y V*HL()=0

Equivalently, H(t) = Re(Q(t)) where Q(t) € H%(S; K?), S having the complex struc-
ture induced from dp?(¢). Let z be a local holomorphic coordinate on S, write dp?(t)
locally as g,z dzdz and write Q(t) locally as Q,,dz?. The Beltrami differential corre-
sponding to Q(t) is

dz

(6.3) p=9"Q:: 4z
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Given ® = @,.dz? € H%(S; K?), put
i
(6.4) B[], = §]S|<I>z,,| dz A dz,

|®]l. = %fsgzg@z:@_u dz A dz.

As v is a Teichmdiller ray, the infinitesimal Teichmiiller norm of /() is
(6.5) 1= sup

Re (1/ Sy dz A dE)
{&:]|®]l=1) 2J/s

= s [(@,Q)l.
{®:19([1=1}

We now use that fact that 7 o v is precompact in Mods. From the construction
of dp*(1) using the horizontal distribution 7" Mods, it follows that [|Cv(;)dp?(t)]|x is
uniformly bounded in ¢. From (6.5), it follows that for fixed ¢ € [0,00), Q(t) lies in
a compact subset of H°(S; K?) and hence one has a bound on ||Re(Q(t))||x. Again
using the precompactness of 7 0 v, it follows that ||[Re(Q(t))||x is uniformly bounded
in t. The proposition follows. O

For each t € [0, 00), the vector space H'(S; R) inherits a inner product {-,-), which
can be described in two equivalent ways :
1. Given h € H'(S;R), let w € A'(S) be its harmonic representative on (S, dp?(t)).
Then

(6.6) (hyh), = (0,0} 4,20, =]Sw/\*tw.

2. Using the complex structure on S coming (rom 7(t), we can write H'(S;R)® C =
H'Y9(5) @ H*'(S). Given h € H'(S;R), write h = 3(p + p) with p € H'*(S). Then

(6.7) (h i) = [ o177

Let H'(t) be the vector space of harmonic 1-forms on S, with respect to the
metric dp?(¢). It inherits an L%-inner product. Let I1(¢) : A'(S;R) = H!(¢) be the
harmonic projection operator. Fix a set {C;} of closed L? 1-currents on S whose
homology representatives {{C;]} form a basis of H;(S;R). Let {r'} be the dual basis
of H'(S;R). Define [ : Q!(S) — H'(S;R) by

(6.8) fcw = Z‘: (Ciyw) ',

Then [, restricts to an isometric isomorphism [ : H'(¢) = H'(S;R).

Let H' be the vector bundle on [0, 00) whose fiber over ¢t € [0, 00) is isomorphic to
H'(S;R), with the inner product (-,-),. Let H! be the vector bundle on [0, 00) whose
fiber over t € [0, 00) is isomorphic to H!(?).
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Definition 3. We define the following spaces.

1. Let T(H") be the vector space of L*-sections of H'.

2. Let T(H') be the vector space of L*-sections of H!.

8. Put I"(H') = {h € T(H') : his absolutely continuous and d;h € I'(H')}.

4. Put V(H'y = {h € I(H") : his absolutely continuous and (II(¢)d;) h € ['(H')}.

There is an operator 9, acting on I(H'). Similarly, there is an operator I1()d,
acting on ['(H!).

Lemma 2. There is a commutative diagram

) 8 e

(6.9) Jo d Je l
MHY 25 pHY).

Proof. Given h € I"(H!), 9;h is closed on S. Then

(6.10) 8 [ b =08,5(Ci, byt = Y (Ci Oub)

1

= 3 (Ci, TI(1)dh) T = f T1(¢)d;h.
: c
The lemma follows. O

Thus &;, acting on [V(H"), is essentially the same as [1(2)d,, acting on [V(H!).

Given t € [0,00), let §(¢) denote the adjoint to exterior differentiation d on A*(S),
with respect to the metric dp?(¢). Let A(t) be the Laplacian on A*(S) and let G(¢)
be its Green’s operator. They satisly

(6.11) ARG(E) = GAR) =T —-T1(t), TI(H)G(t) = G)I(E) = 0.
For reference, we remark that differentiating (6.11) with respect to ¢ gives
(6.12) 8,G = —(8I1)G — G(H11) — G(8,0)G.
Furthermore, differentiating

(6.13) () A(E) = ATI(E) =0

with respect to t gives

(6.14) ATl = —G()(BL)I(E) — II(E) (D, A)G(1).
Definition 4. Define jo : 2°([0, 00)) = Q°(Z7) by

(6.15) Jo(c) = ¢(1).
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Define 3, : Q1([0,00)) & I'(H') = QUU) by

(6.16) Ji(e(t)dt, h) = h(t) + dt A [e(t) + 5(1)G(2)d,h] .
Define 5o : T(H') — Ker (dy : Q2(U) — O3(A)) by
(6.17) j2(h) = di A h(2).

Proposition 19. The maps jo, 71 and j, are well-defined, in that their images are
square-integrable.

Proof. As the area of (S,dp?*(t)) is constant in , it follows that j, is well-defined.
Clearly j, is an isometry. [t remains to show that 7, is well-defined. The only thing
to show is that §(¢)G(2)8:h is square-integrable on .

For each 1, §(¢)G(t) is an L:-bounded operator. As 7 o+ is precompact in Mods,
there is a bound on 6(¢)G(t) which is uniform in ¢.

We must now show that d;h is square-integrable on Zf. Differentiating A(t)h(1) = 0
with respect to t gives

(6.18) (D)) + A()Oh =0
and hence
(6.19) (1 =1I(t)) O:h = G()A(1)D:h = =G} 0D )R(D).

As TI(t)3;h is square-integrable by definition, it suffices to show that G(¢)(0;Q)h(2)
is square-integrable on /. Now

(6.20) G() (A D)R(t) = G() (d(D6) + (D:6)d) h(t) = G(L)d(D,8)h(t).
Acting on A*(S),

(6.21) 0:6 = [8(1), ¥~ (0p*)).

Thus

(6.22) G()(B:D)h(t) = G)d[6(t), * 1 (O*)h(2) = G(t)dS(1) - x 1 (D%)h(2).

By definition, A is square-integrable. From Proposition 18, the operator norm of
+7!(8p*) is uniformly bounded in ¢. This gives that G/(t)dé(t) -+~ (0i*)h(t) is square-
integrable on &. Thus @A is square-integrable on I{. [

Proposition 20. There is a commutative diagram

0+T1(t)2,

Q°([0,00)) 28 Q'([0,00)) & ["(H") NG
(6.23) jo il g2 4
(7). ) Ly Ker(ds)
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Proof. The only nontrivial point to check is that d, o j, = j, o II(£)J¢ on I(H!). Let

d denote exterior differentiation on Zf and let d denote exterior differentiation on S.
Then

(6.24) d=d+dtAd,.

Given h € [(H?),

(6.25)  di(ji(h)) = d[h(t) + dt A S(W)G(1)DR] = dt A [Buh — d8()G (), .
As dh(t) = 0,

(6.26) Ok — d6(£)G(2)0:h = Boh — dS(1)G(£)Dh — 6(£)dG(2)Dsh
= [ — A()G)] &k = T1(1)Bh.

On the other hand,
(6.27) Jo(TT(1)0:h) = dt ATI(t)0h
The proposition follows. [

1t follows from Proposition 20 that j, and j; induce maps

(6.28) Ji: [Q4([0,00))/Im (8:)] & Ker (11(£)d:) — Hiy,) (@)
and

(6.29) Jy : D(H) /Tm(T1(2)d,) — Hiyy ().

Note that

(6.30) Q'([0,00))/1m (8,) = 0.

Proposition 21. The maps j; and 32 also induce maps

(6.31) 71 : Ker (I1(1)3,) — Ty (@)
and
(6.32) Jo o D(HY)/Tm(TT(2)8:) — Hp)(H).

Proof. This is automatic for J; and follows for J; from the continuity of 7,. [

Proposition 22. J, and J, are isomorphisms.
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Proof. Let d denote exterior differentiation on I and let d denote exterior diflerenti-
ation on S. As in Proposition 9, we may assume that all differential forms involved
are smooth. We first show that Jy is onto. Given n € Ker ((ll QN U) » Qz(ﬂ)), we
want to show that we can write n as

(6.33) n = h(t) + dt A [c(t) + §@)G(E)dh]) + df
with dt A ¢(t) € Q'([0,00)), k € Ker (T1(t)8,) and [ € Q°(U).
Write 1 as
(6.34) - =m(t) +dit Amo(t),
where 10(t) € A%(S) and 7, (t) € A'(S). The condition for n to be closed is
(6.35) dm(t) = O — dnp(t) = 0.

Let [7:(#)] € H'(S;R) be the de Rham cohomology class of 7,(t). By equation (6.35),
it is independent of t. Put A(t) = II(¢)m(t). Then by Lemma 2, II(t)0;h = 0. As in
the proof of Proposition 19, d;h is square-integrable on .

Put f(t) = 6(t)G(t)m(t). By the precompactness of m o, f is square-integrable
on U. By construction,

(6.36) 4F(t) = (I =TI (0) = mi (1) — h(2).
Lemma 3. §,f is square-integrable on U.

Proof. We abbreviate 6(¢)G(t)n(t) by éGn,. Then

(6.37) O f = O(6G)m + 0GB = O(6G)m + G dne.

Using equations (6.12) and (6.14), along with the precompactness of oy, and arguing
as in the proof of Proposition 19, the lemma follows. [

Put
(6.38) c(t) = mo(t) — 0:f — 8(1)G(4)ch.
By Lemma 3 and the precompactness of 7 0 v, ¢ is square-integrable on Z{. We have
(6.39)
de(t) = dno(t) — ddf — dS(1)G(@)Bh = D[ (1) — df (1)] — dS(2)G(t)D:h
= [I — dé(1)G(t)] Ok = 11(2)0:h = 0.

Thus ¢ € Q°(Zf) is constant along copies of S and so gives an element dt A c(t) €
Q'([0,00)). We have shown that

(6.40) m(t) = h(t) + (1),
mo(t) = c(t) + 8(1)C(1)Dh + O, f.
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These are equivalent to (6.33), showing that ./; is onto.
It follows that the map

(6.41) 1©2/([0,00))/Im (3)| & Ker (T1(2)3,) — H,)(@)

is also onto. Equation (6.30) implies that J, is onto.

We now show that J, is injective. Given ¢(t)dt € Q'([0,00)), h € Ker(I11(¢)d,)
and f € QNIU) such that j(c(t)dt, k) = df, we want to show that A = 0 and
c(t)dt € Im(0;). We have

(6.42) h(t) = df(),
c(t) + 8()G()dh = 8.

As h(t) is harmonic on S and exact by (6.42), it follows that it must vanish. Then
df(t) = 0 and ¢(t) = O,f. Thus f is constant on copies of 5. As [ is square-integrable
on U, it follows that c(t)dt € Im(d;).

Finally, we show that J, is injective. Given h € Ker(II(¢)0;) such that j:(0, k)

Im(dp), we want to show that h = 0. Write 51(0,h) = lim;,00 df;, with f; € QO(H).
Then

(6.43) h(t) + dt ANS(1)G(2)0:h = ;l.illl (dfi(t) +dt NOLS2),

where the convergence is in L? on I{. By Lemma 2 and the fact that I1(1)d;h = 0,
Jo h(t) € H'(S;R) is constant in ¢. Then for all ¢ € [0, 00),

1 1
6.4 [awy= [ ds [ ns)=lim [ ds [ dii(s) =o0.
(6.44) )= | ds | h(s) = lim | ds | dfi(s)
As h(t) is harmonic, it must vanish. O
Remark : Lemma 2 and Proposition 22 imply that ﬁéz)(g) is also isomorphic to
Ker ( ,: TY(HY) — F(Hl). In particular, it is isomorphic to a subspace of H'(S;R).

Proposition 238. J, and J; are isomorphisms.

Proof. Let d denote exterior differentiation on I and let d denote exterior differentia-
tion on S. Again, we can assume that all of the differential forms involved are smooth.
We first show that J; and J, are onto. Given w € Ker (d2 QAU = 93(7])), write

(6.45) w = wa(t) + dt Awi(t),
where w;(t) € A1(S) and wy(t) € A%(S). The condition for w to be closed is
(6.46) Oywa(t) = duwn ().
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We must show that there exist b € I'(H!) and 5 € Q'(I) such that
(6.47) w=dtAR(1)+ (Tn.

For any t € [0,00), let [wy(t)] € H*(S;R) = R denote the de Rham cohomology
class of wy(t). By (6.46), it is constant in ¢. By the Hodge decomposition, we have

(6.48) lwa (DN > [wa(t)]*Area(S, dp*(t)) = —2mlwa(t)]*x(S).

As w; is square-integrable on I, we must have [w(¢)] = 0.
Put 7, (t) = 6(¢)G(t)ws(t). We abbreviate this by 6Gw,. Using the precompactness
of 7 04, it follows that 1 € A'(U). By construction,

(6.49) dm(t) = wq(d).

Lemma 4. 8,1, is square-integrable on U.

Proof. We have

(6.50) Orm = (6G)wq + 6G s
= 0i(6G)wq + G dwy.

As w, is square-integrable on U, it follows that 6Cidw, is square-integrable on U. It
remains to show that 9;(dG)w, is square-integrable on &/. This follows from arguments
similar to those previously used in this section. O

From (6.46) and (6.49),

(6.51) d(wy (1) — dm) = 0.

From Lemma 4, w; — 9, is square-integrable on U. Put
(6.52) h(t) = I(t)(wi(t) — dom)
and

(6.53) no(t) = =6(1)G (L) (wi(t) — Bim).
Then

(6.54) h(t) — dno(t) = wi(t) — .
Put

(6.55) n=mnu(t) + dt Ano(l).

Then h € T(H') and 7 € Q'(U). Equations (6.49) and (6.54) imply that (6.47) is
satisfied. Thus J; and J; are onto. _
We now show that J; is injective. Suppose that i € ['(H!) and n € Q' (U) satisly

(6.56) Ja(h) = dy.
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We must show that k € Im (II(¢)0;). Writing 5 as in (6.34), we have
(6.57) h(t) = Oy — dno(t),
0 = dn(t).
Applying TI(t) gives
(6.58) h(t) = 11(t)0um
= T(&)0, [T(E)m ()] + TL(@)0 [(1 = TH(E))m(2)].
Now
(6.59) ()0, [(1 — TI(£))m (2)] = —11(£) (B (2).
Using (6.14),
(6.60)
I()(0M)m (t) = ~1()(8.A)G(Eym(t) = —I1(1) [d(D:8) + (0,8)d] G(t)m (2)
= —I()(0:6)dG(t)ns(t) = ~TI(X)[A(1), +~ (B )]G(t)dm (t) = 0.
Therefore,
(6.61) h(t) = TI(2)0: [T1(t)m(¢)]
showing that A € Im (T1(¢ )8;)
Finally, we show that J; is injective. Suppose that & € T'(H') and Jg(h) € Im(d,).

We must show that 2 € Im(IL(£)d;). Let us write ja(h) = limiLe dn* with n° € Q' ().
Decomposing 7° as

(6.62) 7' = (t) +dt Amg(t),
we have
(6.63) A(t) = lim [9im} — dnj (1),

0 = lim dnj(t),
where the convergence is in L? on U. Applying T1(2) gives
(6.64) h(t) = lim T1(¢)0t.
Equations (6.58)-(6.60) give
(6.65) h(t) = lim {TI(1). [[(t)i] + TI(2)[8(2), +~ (@) Ci(t)ln} }

As oy is precompact, the operator II(¢)[8(¢), *~"(9y*)]G(¢) is uniformly bounded in
t. Thus

(6.66) R(t) = lim T1(£); [T1(t)n}]
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in I'(H'). The proposition follows. O
Proposition 24. ﬁfg)(ﬁ) =0.

Proof. From Lemma 2 and Proposition 23, Hzg,)(g) > Im(g)* C I'(H'). Using
the inner product on ['(H'), we can identify it with its dual space I‘(H ). Given
k € Im(8;)*, let k be the corresponding element of ['(H;). Let & € [(H') be smooth

with compact support in (0, 00). As
(6.67) 0 = (k,8,h) = ] " (R(1), aih(v)) dt
0

holds for all such A, Z(t) must be constant in {. Letting /i now have compact support
in [0, c0), (6.67) gives that £ = 0. Hence k = 0. O

Corollary 3. Let N be a connected oriented Riemannian 3-manifold with positive
ingectivity radius. Suppose that there is a compact submanifold K of N such that
each connected component C; of N — K s isometric to a geometrically finite or
stmply degenerate end E; of a topologically tame hyperbolic 3-manifold M;. Suppose
that each simply degenerate end E; is incompressible in M;. Then

1. dim(Ker(A,(N))) < o0

2. 0 ¢ o(5don A*(N)/Ker(d)) if and only if each end of N is geometrically infinite
and the corresponding operator 9, : ['(H') = I'(H') has closed image.

Proof. Equation (2.8) and Propositions 8, 12, 13 and 15 imply that it is enough to
verify the claims for the corresponding ends of the model manifolds M;.

1. If an end is geometrically finite, the claim follows from (3.1). Il an end is geomet-
rically infinite, the claim follows from Proposition 22 and the remark following it.

2. If an end is geometrically finite, the claim follows from (3.2). If an end is geomet-
rically infinite, the claim follows from Lemma 2 and Proposition 23. O

Remark : Corollary 3.1 is not an immediate consequence of the fact that N has finite
topological type. For example, the analogous statement for hyperbolic surfaces would
be false.

7. UNREDUCED L?-COHOMOLOGY

In Section 6 we reduced the problem of computing the L*-cohomologies of an end
of M to that of computing the kernel and the image of the operator 8, on IV(H").
The inner product (-, -); defining I'(H') is determined by the Teichmiiller geodesic 5.
The question now arises as to how {,-); depends on ¢.

Example 1 : Consider the mapping torus MT discussed at the end of Section
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4, whose fiber is a closed oriented surface S of genus ¢ > 2 and whose monodromy is
an orientation-preserving pseudo-Anosov diffeomorphism ¢ of S. Let {dp?(¢)}ier be
a smooth curve in Hg such that for all ¢ € R, dp?*(t) = ¢*(dp*(t +1)). Such a curve
can be constructed by choosing an arbitrary dp?(0) € Hs, choosing an arbitrary path
{dp*(t)}eefo,y) from dp?(0) to (¢')*(dp?(0)) and then perturbing the path near the
ends if necessary so that it extends to give {dp®({)}:er. The metric dt? -+ dp*(t) on
R x S descends to a metric on MT. Thus dt? + dp?(t) serves as a model metric for
the hyperbolic metric on the cyclic cover M.
As ¢ acts symplectically on H'(S;R), there is a decomposition

(7.1) H'(S;R)=EDEBEkB(E;EBE_;)

i=1

and positive numbers
(7.2) A <. <A <l< A <. < A

such that ¢* acts orthogonally on Ey and if 1 < |j] < k then
1. dim(£E_;) = dim(E;)

2. 00 =1

3. ¢* acts by multiplication by A; on E;

By construction, for all v € H'(S;R) and all ¢ € R, {v,v)i41 = (¢*v,¢*v),. Then
given vy € Ly and v; € [7;, we have that for all { € [0,1] and n € Z,
(7.3) (vo, vo)t4n = (o, Vo)1,
(V55 05)e4m = A(vi, 001,
Thus there is a constant C' > 0 such that for ¢ > 0,

(7.4) C™lwollo < llvolle < Cllvollo,

€180 vy < [l < Ce 'S o o,

From Corollary 2, 0 ¢ o (8don A'(M)/Ker(d)) if and only if fig = 0.
End of Example 1

Example 1 shows the nicest possible behavior for || - |l;. We expect that in some
sense, a simply degenerate end of a manifold N as in Corollary 3 will generally have
a similar Lyapunov-type decomposition for the cohomology group H'(S;R). We
discuss the evidence for this at the end of the section. For now, we just give some
consequences of having such a decomposition.

First, we give a sufficient condition for zero to not be in o (§d on A'(N)/Ker(d)).
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Lemma 5. Let V be a finite-dimensional real vector space with a smooth family
of inner products {(:, )i }teo,00). Let L*([0,00); V) be the space of measurable maps
f:[0,00) = V such that

(7.5) 1A= [T, F0) e < oo,

Suppose that there are constants a,c > 0 such that if s; > 8, > 0 and v €V then
(7.6) [ollay > ce® = ull,.

Let O be the operator

(7.7 (ONH(1) / f(s)ds.
Then O is a bounded operator on L*([0,00); V).

Proof. If f € C°([0,00); V) then the L?-norm of OF is given by

(7.8) los1F = [ Sy, [ flsa)dsa). at
_ / / /"“"(”"’ F(s1), f(52))s dtdsyds,
<" [0"““" 17 ()l - 17 (s2)le didsdsa.

Suppose that s; > s; > s3 > 0. Then {rom (7.6),

(7.9)
£ (s)log - [1F(s2)llsg < 7l [ (s)ls, - €™ €2 f(s2) s,
= % 7ol g7l | (s )y, - (1 (s2) e
Thus if s; > s, then
(7.10)

min(s),52) 32
/0 £ Cslle - 11/ (s2)lle dt = ,/0 1 Cslle - 1 Cs2)]. it
< / —2 —a(s|—52 -2“(3‘2—“”]'(3’)"81 . ||f(32)||’2 dt
< 5= €7D f(s0)lls, - 1S (52) -

- 2ac2

In any case,

(7.11) f 0 f sl Ll

= &P )y 1 (52) e
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Then

(112)  NOAP < [T [T s e s 1) dsidse

For s > 0, put g(s) = ||f(s)||s- Extend g by zero to become an L2-function on R.
Then

(7.13)

©0 oo g6l -9l 00
[ S—ls) glsa) dsidsz = (g, (=02 + @) ') < [ gP(s)ds.

a

The proposition follows. []

Lemma 6. Let V' be a finite-dimensional real vector space with a smooth family
of inner products {(-, )i }efo,c0). Let L*([0,00); V) be the space of measurable maps
f:[0,00) = V such that

[> o]
(7.14) 112 = [T, 5 0) di < oo.
Suppose that there are constants a,c > 0 such thal if sy 2> s2 > 0 andv € V then
(7.15) [vlls, < c e lu],,.

Let O be the operator

¢
(7.16) (©'1)(0) = [ J(s)ds.
Then O is a bounded operator on L*([0,00); V).

Proof. The proof is similar to that of Lemma 5. We omit the details. [

Proposition 25. Lel U contain an end of M as in Section 6. Let v : [0,00) = Ts
be the corresponding Teichmuller ray. Let {-,-), be the inner product on H'(S;R)
coming from y(t). Suppose that there is a decomposition H'(S;R) = E, ® E_ and
constants a,c,.,c.. > 0 such that for allvy € E,, v_ € [/ and s, > 5, 2 0,

(7.17) losllsy = e €7 Jug s,
and
(7.18) -y < eo e |lu_|l,,.

Then Hi, (U) = 0.
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Proof. From Proposition 23, we must show that &, : I"(H') — [(H') is onto. Given
v € D(H'), write v(t) = vy (¢) + v_(¢) with vy (t) € E; and v_(t) € E_. Put

4 oo
(7.19) w(t) = /0 vy (s)ds — ft v_(s)ds.
Clearly d,w = v. By Lemmas 5 and 6, w € I"(H'). O

Corollary 4. Let N be as in Corollary 3. Suppose that each end of N is geomet-
rically infinite and there is a decomposition of the corresponding H'(S;R) as in the
statement of Proposition 25. Then 0 ¢ o (6d on A'(N)/Ker(d)).

Proof. This follows from Corollary 3.2 and Proposition 25. [J
We now give a sufficient condition for zero to be in o (6d on A'(N)/Ker(d)).

Lemma 7. Let h be a positive smooth function on [0,00). Suppose that there is a
constant C > 0 such that for allt > 0,

1

(7.20) Ci+0)

< h(t) < C+1).

Put T' = L*(h(t)dt) and

I"'={f €T: fis absolutely continuous and 9,f € I'}.
Then 0, : IV = I is not onto.
Proof. Put

(7.21) g(t) = (1 + )" (log(1 + 1))~ Th™3(2).
Then ¢ € I'. However,
(7.22) [0‘ g(s)ds > €1 _/:(1+s)'1(log(1+s))_i‘ds=4C'%(log(1+t))4l.

For any T' > 0,
di

(7.23) [:o(log(l + )Rt > é/:)(log(l + ) = o0

It follows that for all ¢ € R, ¢+ f§ g(s)ds does not lie in L2(h(t)dt) and so g cannot
be in the image of &, : [V = . O

S

Propésition 26. Let U contain an end of M as in Section 6. Let v:{0,00) = Ts
be the corresponding Teichmiiller ray. Let (-,); be the inner product on H'(S;R)
coming from y(t). Suppose that there is a v € H'(S;R) and a C > 0 such that for
allt >0,

(7.24) < vl < CVIFL.

1
CVv1l+t
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Then Hfz)(ﬂ) # 0.

Proof. By Proposition 23, we must show that §, : [Y(H') — [(H') is not onto.
Putting h(t) = ||v(t)||?, this follows from Lemma 7.

Corollary 5. Let N be as in Corollary 3. Suppose that some end of N is geometri-
cally finite or there is an element v of the corresponding H'(S;R) satisfying (7.24).
Then 0 € o (6don A'Y(N)/Ker(d)).

Proof. This follows from Corollary 3.2 and Proposition 26.

Remark : Using the results of Example 1, Corollary 2 is a special case of Corollaries
4 and 5. Other examples in which the hypotheses of Corollaries 4 and 5 are satisfied
are given by hyperbolic 3-manifolds with geometrically infinite ends having the same
ending laminations as periodic ends.

The question arises as to how often the assumptions of Corollaries 4 and 5 hold.
The qualitative behavior of the norms || - ||, as a function of ¢, is determined by the
dynamics of the projected Teichmiiller geodesic m 0y on Mods. Example 1 comes
from the case of a closed loop on Modg. Recall that as M has positive injectivity
radius, m o vy lies within a compact region of Mods. It seems that the dynamics
of geodesics on Mods is similar to that of Riemannian geodesics on finite volume
hyperbolic manifolds with cusps, in that exceptional geodesics can be constructed
which have almost any desired behavior. However, one may ask if most geodesics
have some uniform behavior.

The recent work of Anton Zorich is relevant here [24, 25]. Let S be a closed oriented
surface of genus ¢ > 2. Instead of talking about measured geodesic laminations on
S, we will use the equivalent language of singular foliations F of S with an invariant
transverse measure . Zorich considers the subset OMF of orientable measured
foliations, or equivalently, the measured foliations arising from a closed 1-form on §.
For generic F, the measure u will be a unique ergodic invariant transverse measure
on F up to scaling. Given generic (F, 1) € OMF, using Oscledec’s theorem, Zorich
constructs a certain filtration

(7.25) 0CFiC...CF .CRcklcC...CF=H(S;R)
and positive numbers
(7.26) Ak <. <Ag<I< <. <X

with A;A_; = 1, having the following property : Pick a generic point p € 5. Let
! be a half-leaf through p. Take a small transverse interval / at p. Let {l,}.en be
the segments of [ from p to I, in increasing order. That is, the first return of [ to [
gives [, the second gives Iy, etc. For each n € N, close the segment [, by a short arc
along [ joining the endpoints of {,. This gives a closed loop which represents some
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hn, € Hi(S;R). Pick an arbitrary Euclidean metric || - || on H{(S;R). Then if 7 > 0
and f; € F\Fi_,

. log | fi(hn)l _ log(X\i)
(7.27) limsup =l ~ log(he)"

Also, if fo € Fp\F-; then

log | fo( hn
(7.28) lim sup %glr,flflji(ﬂll_)l =

Example 2 : Consider a pseudo-Anosov diffeomorphism as in Example 1. Let
(F, ) be the corresponding stable measured foliation. Note that (F, u) may not be
oriented or generic. Regardless, one can sec that there is a filtration (7.25) satisfy-
ing (7.27) and (7.28). In fact, it is equivalent to the decomposition (7.1), in that
Fi=F_0 L

End of Example 2

Zorich’s results are not directly applicable to our problem as we are interested in
the Teichmiller rays v such that 7 o v is precompact, but these are not generic.
Nevertheless, one can speculate on an algorithm which in “most” cases would input
the end invariants of N and output whether or not zero lies in the spectrum of
o (6d on AY(N)/Ker(d)). Namely, let N be as in Corollary 3 and assume that all of
the ends of N are geometrically infinite. For each end, describe the end invariant as
a measured foliation (F, ). Apply the above procedure of following a generic leaf of
F to obtain an increasing sequence

(7.29) FbCcFC...C i, =H(S;R)

and numbers 1 < XA < ... < X satisfying (7.27) and (7.28). Then zero should
not be in the spectrum of o (6d on A'(N)/Ker(d)) if and only if for each end of N,
dim(Fy) = genus(.S).

8. REDUCED L*-COHOMOLOGY

Definition 5. Let M be as in the beginning of Section 2. Define the relative reduced
L2-cohomology groups of M by

(8.1) H—?z)(M, IM) ={w e WP (M) : dw = dw = b"(w) = 0}.
There is a nondegenerate pairing

(8.2) fM T, (M, M) x T ™" (M) — R.
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Proposition 27. Let i = (0,00) x S contain a geometrically infinite end of the
model manifold M. Suppose that the corresponding operator 0 : T'(H') = I'(H') has

closed image. Then H}z)(ﬁ) is isomorphic to a Lagrangian subspace of H'(S;R).

Proof. From Proposition 22 and the remark following it, ﬁ;i?) (U) is isomorphic to a

subspace of H'(S;R). It remains to show that this subspace is Lagrangian. The pair
(U, S) gives a cohomology sequence

(8.3) oo — Hpy (@) -2 HY(S;R) 25 Wy (@, ) — ...

In general, this sequence will not be weakly exact without some Fredholmness as-
sumptions. In our case, from Proposition 23, the assumption that d; has closed
image implies that d, : Q'(U) = Q*(U) is Fredholm in the sense of [12, Definition
2.1]. Then [12, Theorem 2.2] implies that (8.3) is weakly exact at H'(S;R). As the

vector spaces involved are finite-dimensional, this is the same as exactness.
Given z € ﬁzz)(ﬁ) and y € H'(S;R), one can check that

(8.4) Lyva@ = [Bw)ue.

It follows that the intersection form on H'(S;R) vanishes when restricted to Im(a).
Furthermore, if y is perpendicular to Im(e) with respect to the intersection form then
y € Ker(8) = Im(c). The proposition follows. [

Proposition 28. Let N and K be as in Corollary 3. Assume that zero does not lie
in o (6don A'(N)/Ker(d)). Let L; C H'(OK;R) be the Lagrangian subspace

Im (H'(K;R) — H' (DI R)).

Let Ly be the Lagrangian subspace of HY(OK;R) coming from the ends of N, as in
Proposition 27. Then there is a short exact sequence

(8.5) 0 — Im (H'(K,0K;R) —» H'(K;R)) — Hpy(N) — LN L; —+ 0.

Proof. By Corollary 3.2, each end of N is geometrically infinite and the corresponding
operator &; : ['(H') — I'(H') has closed image. Let V be the closure of a union of
open sets (0,00) x S; containing the ends of N. Take X' = N —V. There is a
Mayer-Vietoris sequence

(86) ... —Hy(N) — H(K;R) @ Hy(V) — H'(OK;R) —
ﬁ?z)(N) — HQ({\’; R)&® ﬁ?2)(1/) — Hg(@f\’; R) — ...

Again, this sequence will not be weakly exact in full generality. However, in our
case d; : QY(V) — Q*}(V) is Fredholm. Along with the fact that the differentials
d : Q(S) = Q*t(S) are Fredholm, [12, Theorem 2.2] implies that (8.6) is weakly
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exact at the terms from H'(K;R)® H 2)(1/) to H*(I;R) & Hﬁ . Again, as the

vector spaces are finite-dimensional, the sequence w111 actua,l y be exact at these
terms. By Proposition 24, Hm(V) = 0. Dualizing (8.6) gives a sequence

(8.7)
.. —HOOK; R) — H'(K,0K;R) — Hyy(N) —

=1

(2

. =2
H'(OK;R) — H*(K,0K;R) @ H (V. aA)—>H(2)(N)—>...

which is exact at the terms from H'(K,9K;R) to H*(K, 9K R)EBTT?2)(1/, 0K). This

gives the short exact sequence
(8.8) 0 —sCoker (H*(OK; R) — H'(K,0K;R)) — M5 (N) —
Ker (H'(0I; R) — HA(K,0K;R) @ iy (V, 0K)) — 0,
From the exact cohomology sequence of the pair (K, 0K),
(8.9) Coker (H(OK;R) — H'(K,8K;R)} = Im (H'(K,0K;R) — H'(K;R))

and

(8.10)
Ker (H'(OK; R) — H(K,0K;R)) 2 Im (H'();R) — H'(OK;R)) = Ly

Thus
(8.11) Ker (H'(9K;R) — HY(K,0K;R) & T)(V, 0K)) =
Ly 0 Ker (H'(0K; R) — Hpyy(V,0K)) .
Identifying sz)(v) with the subspace Ly of H'(9K;R), the pairing (8.2) gives
—9 PR LI
(8.12) Hy(V,08) 2 (Hp(V)) = L.
The map A : HY{9K;R) — ﬁ?z)(V, dK) = L3 is given explicitly by
(8.13) (A(R)) (1) =fshu1
for all h € H'(QK;R)and ! € Ly. As L, is Lagrangian,
(8.14) Ker (H'(3K;R) — T3y (V,0K)) = Ls.

The proposition now follows from equations (8.8), (8.9), (8.11) and (8.14). O
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Example 3 : Let M be as in Example 1, with Fy = 0. With respect to the diffeomor-
phism M =R x §, take K =[—1,1] x 5. Then M certainly satisfies the hypotheses
of Proposition 28. We have 9K = S II S, with the Lagrangian subspace L, being

the diagonal in H'(K;R) = H'(S;R)® H'(S;R). As Ly = (63’:‘:1 E,-) &) (EB?__:I E'_;),

we have Ly N Ly = 0. Then Proposition 28 gives HEz)(M) = 0. Of course, this is
consistent with Proposition 16.1. ‘

Now let Z be the subset [0,00) x S of M. Perturb the metric on Z to make it a
product near {0} x S. Let N be the double of Z. Again, N is diffeomorphic to R x S.
Take K = [~1,1] x S. Then N also satisfies the hypotheses of Proposition 28. In

this case, L, = (@®k, E_;) @ (®k, E-;). Thus Ly N Ly = L,. Proposition 28 gives
dim (ﬁ;z)(N)) = g, the genus of §. This shows that in the setting of Proposition 28,
ﬁéz)(N) depends on the end invariants of N and not just on the topological type of
K

End of Example 3
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