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DISTRIBUTION OF THE COMPONENTS

OF AREAL ENRIQUES SURFACE

ALEXANDER DEGTYAREV AND VIATCIIESLAV KHARLAMOV

INTRODUCTlON

A real EnrilJ1le.~ -'iurJact; is a c.omplex ElIriqll~s surface equipped wit.h an
all t.i-holomorph ie i11 volu tion (calIed co "1 plr.x co nju9a ti () n). \Vi t.h t.he on ly pos­
si ble excepl,ioll wheu the fixe(1 point. set of this involll tion I the 7'cal part of
t.he surface, is empt.y, the involul.ion cau be lift.ed 1.0 the covering J( :3-surface.
Thus the stlldy of r~al Enriqnes surfaces wit.h non-empty real part is equiva­
lent 1.0 t,he stlldy of real [{;3-surfaces equipped wit.h a holomorphic fixed point
free involution which commnt.es wit.h t.he real struct.ure.

A systemat.ie study of the topologieal propert.ies of real Enriques surfaces
was st.arted by V. Nikulin. It is his preprint. [N2] that stimulated our investi­
gation. In our preo~ding paper [KhD] we have completed the classification of
real Enriqlles surfaces by t.he topological typf'~':i of t.heir real part.

Th is c1assi ftca tion has a 11 at. 11 ra I refi nemell t. (also fi rst st.ud ie<1 by V. Ni kH­

lin): the real part, ETJ1 of a real Eu riq lies SlI rface admits a nat.u ral decom posi­
t.ion in two halves ER = E~l) U E&'2) , eaeh half being a union of components
of Ea. This splil,ting is due t.o t.he fact tliat the real struet.ure lift.s 1.0 t.he
covering K3 sllrface in two different. ways: each half is covered by the fixed
point. set of one of t.he t.wo lift.ings (see L;~). This gives rise 1.0 the following
problem: t.o classify t.he t.riads (Ea; E~l), E&2») Hp to homeomorphism.

For a large 1lI1mber of t.opological t.ypes an arbit,rary splitting is realizable.
For some ot.her t.ypes the split.t.ings are determined by t.he only restriction:
the orientat.ion double coverillg of a half must eit.hcr consist of two topological
tori or have at. most one lIonspherical compollellt. The sllrfaces constructed
in [KhD] show t.he existenee of sllch splittings in many cases. On t.he oUt­
er hand, as it. was disco\'ered by Nikulill, t.hp-re are topological types whose
dist.riLutions 1I111St. satisfy to ccrl.aill restrietiolls.

It is the dist.ribut.ion of the COIll pOlIents hel.ween t.hc two hal\'es t.Imt is t.he
principal subject of the presellt paper. Our n~:mlts and t.he methods which we
use are different. from those by V. Ni kulin; usillg a 1Il0re topological approach
we obtain some prohibitions w!lidl apply <l.':i weil to other cla.s..')es of surfaces
wit.h non simply cOllllect.ed cOlllplexificat.ioll. ~'(ore precisely, in this paper we
treat what \"'e call 9(;n cmlizr:d Eu ri /IU Ui .'i U7/tl ccs: q lJotien t.s of a nOllsi ngul ar
com paet com plex surface X w it.h JJ dX; 7l. /'1.) = 0 and 1V2 (X) =0 by a fixed
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point. free holomorp hic involu t.iOIl (s~ 1.:! all(l A ppenel ix 0). The prohibi tions
obtaiIled (see 2.1, 2.2, allel A ppend ix 0) are a corn bi 11 at ion of the ilIeq Hai ity­
type ami congruence-t.ype prohibitions. To an ext.PoIlt. t.hcy may be regarded as

some kind of refinement. or the Smith-Tholll ineqllality amI ext.ension or the

Arnold- Rokh Iin congrllellces. (lt is wort.1l ment.ioning that the proh ibi tions

obtaineel for t.hPo gcnemlized Enriqlles surraces are an example 1 probably the

first one, wh ich shows t.h at t.lle topology or sn rfaces with Ilon si m ply eOlllleeted
complexification cont.ains some e1ement.s which have no precise analogue8 in
t.he simply connected case.)

\Ve apply t.hese reslIlt.s t.o t.he c1assical Ellriques sllrraces ami complet.e the
c1as..,ificat.ioll of t.he dist.rilmbons of t.heir componcnts (see 2.:1.2).

Anot.her by-prodllct. is some prohibit.ions on the topology of a generalized
EIl riqlles Sll rfaee, see 1.1, wh ich eont.ai 11 some ff'!SUIt.S Oll t.he classical case
(see {KilO, :1.7-:1.10]) as a dirp.ct. conscqllcnce, ami proviele t.hem wit.h a new

proof.
Not.e timt t.here are 'qui te da.'i.'iical ' examples of generalized Enriqlles sllr­

faces: in Horikawa's cOllstrudioll (see Section 8.1) bi-degree (4,4) ean be re­

plaeed wi t h (4 k , 4kL ~: E Z+. Th lIS, Oll r reslIlts also prov ide some proh i bi tions
on the topology of symmet.rie real cllrves Oll qlladrics.

The key röle ill ollr prescHt, st.udy is played by so called Kalinin '5 spectral

seqBeIlee ami Vi ro hOlllomorph iSIIlS, Il~ed i11 COIll bi nat.ioll wit h more tradi­
t.ional tools or topology of rPoal algebraie vaI'ietie;. The spectral sequcllce in
quest,ion is derived rrom thc Borel-Serre spectral seqllence: it. is some sort

of its st.abilizat,ion wit.h ollly olle gradillg. It. converges t.o t.he homology of
the fi xed poi Ilt. set.. ami t. he correspolld i11 g nl t.i""at.ioll ami ident.i ficat.ion w ith
t.he limit. term are given by t.he Viro hOlllolllorphisms, which have an explicit
geomet.rical denllit.ioll (see Sect.ion f) for t.bc det.ails).

The paper consists or eight sediolls aud fOllr appelldices. In Sect.ioll 1 we
introdtlce t.he main object.s, such CIS a gCIlPoralizcd l\:{-Sll rface (which, rrom
our poiB t. of view, is j Ilst. a S pi Il-smface X w it.iJ H dX; Z /2) = 0) ami a gell er­
al ized E nriqHes Sli rrace, gi ve some den IJ i t. ions ami fix t he pri nei pal notat.ion.
In Seet.ion 2 we fOrllltllat.e j, he lnai 11 reSH It.s ami apply t.ltem 1,0 t.he classical

EnriqlleB slIrraces. In SP.i~t.i(lIl :1 wc expose some auxiliary reslilts Oll the ari1,h­
metic of illvolutions. Sect.iOI14 is devot.ed 1,0 t.he st.lldy of t.he basic t.opological
properties or gelleralized Ellri(l1leS surraces. 111 SediOlI !) we introduce Kalin­
in's spect.raI seqnencp..5 afl(l Viro homomorphisms all(l examine t.heir general

propert.ies which we need i 11 511 bsequcllt proofs; 1,hp...se fl~SHlt5 are t.heu applicd

1,0 general ized Ellriq lies :m rfacps in SPoct.ioll (j. Fi 11 ally, i 11 Sect.ioll 7 we prove

t.he main r€SHIt.s anllollllced i 11 Sect.ioll 'l.. alld in Sect,ioll 8 we const.ruet. some
surfaces to ext.elld t.he list, 01' distribllt.iolls fOlllld in [KilO] alld t.lllis cOlllplet.e
the c1assi ficat.ioll ror t.he case of dassical Euriqlles slII'faces.

In Appendices A-C \\'I~ discllss tiOIl1f: propert.ies ur I\al iHin 's specl.ral se­
q lleIlce, wh ich COIU pide CI IId d(:velop t. he COII t(~ll t. of Sect iOIl fl. Certai 111 y, these
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propert.ies I11l113t oe wp.1I kuown to t.he specialist.s Oll transformat.ion grollpS,
but we cOllld not find thp.m in t.he lit.erat.nre.

Appendix A is inl.ended for those who prefer t.he Smit.h exact. sequence:
we show how Kalinin '13 13pect.ral sequellce allel Viro homomorphisllls can be
ext.ract.ed from t.lw SllIith Sf'qllence. 111 Appp.lldix ß ,,,'e st.lldy the Inultiplica­
ti ve strllctllre of Kaliuiu's spectral s~qllcllce ami, ia the case of an involution
on a closed manifold, give a formula relat.ing the intersection pairings on the
manifold ami on t.he fixed point. set,. 111 Appendix C we st.udy the relation
between t.!Je Steenrod squares acting ill I\alinill 's spectral seqllence and those
act.ing in the cohomology of l,he fixed point. set,

In Append ix D we i11 t.rod \lee Spi 11 gelleralized En ri([lles slIrfaces aud extend
to t.ltem the main result.s of SeeboD 2.

Acknowiedgeillelltg. \Ve wOllld like to t,hallk tohe Mux-P[uur;k-In.'tt-itut fiir
1.Uathcmatik alld Ulti11t:l'sit(i di Tn:lIlo, whp.l'e tlle final parts of t.lle paper were
completed. Our special gratitllde is to internet: wit.hollt t.his great innova­
tion t.he paper wOllld probably n~v~r nppear,

1. PRELJMINARY DEFINITIONS AND NOTATION

1.1. Notation. \Ve agree that, IInles...; sp~ified explicit.ly, t.he coefficient.s of
all the hOlllology ami cohomology grollps are 7l./'2. \Vhen this does not, lead
to a confusion, bot.h t.he eohomology charar.terist.ic: classes of a c10sed smoot.h
rnanifold ami t.heir dual homology c1as.."i~s are denot.eo by Wi. Throllghout. the
paper we lIse t,he followillg lIot.atioll:

o br ami ßr stand for tbe Bet.ti IIl1lnbers wit.1J the iut.egral and 7l./2-co-
efficients respecti vely: hr ( . ) = rk Hr ( . ; Z) ami (ir ( , ) = dirn H r ( . );

o ß. is the tot.al Bel.t.i IItlllluer: IJ~ ( . ) = Lr1!:() (ir ( . );

o X(X) is the Euler characterist.ie of a topologieal space X;
o a(1.\1) is t.he signature of au orient,able lIlanifold J\1;
o Tors:! G' is tlle l-primary cOlllpoueul. of an aoeliall group G.

1.2. Gellcrnlizcd Euriqlles sllrfaces. A nonsillgular compact complex
surface X will be called a 9(:11 (TII[i:(;([ 1\-:\-.'iUrjflt:t: if Hd X; 7l /2) = 0 and
wAX) = O. A !J(;ut:mli:u! EnrifJllt;.~· .'illr!flr:t: is a complex surface E which
( 1) has w'.! (E) i= 0, amI ('2) r.an b~ obl.ai lIf!d a.s t.hf! orbi t space X / T of a gen­
eralized I{:~-sllrface by a lixp.d point. fl'f'P- llOlolllOrplJ ie iIIVOIIl tioll T: X - X;
the lal.t.er is ealled t he Eil ri fJ1I f:,'i i11110[11 f i(} 11 •

As it, folIows, for example, frolll t.he Ghysin exacl, sequence, Hd E; 7L/2) =
7l /2 (cL 4, '2, 1). Th 118, X is t.he nn Iy do 11 ble coveri ng space of E, and T is its
deck translat.ioll. Hence, t.hey ean hol.h !Je IIl1iqllely recovered frorn E.

RemaT'k. Orbit spaces of gp.lI~ralized A::1-s11rfaces with 1V2(E) =0 are consid­
ered in Appendix D.
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1.3. DCCOlllpositioll of the renI purt. As Ilsually, by a n:a/ .<;tructure on a
non5i ngul ar COIll plex 511 rface we lIl~all all all t i- holomorphie involll I.ioll. \V hen
not empty, t.he fix~1 point set. of slIch an involut.ion is areal 2-manifold.

Let E oe a gelleralized Ellriqup.s slIrface, ami let. conj: E - E be t.he real
struct.u re on E. Denot.e by Ea t.1l e real part., ER = Fix conj.

1.3.1. Lellllun. If ER ::j:. 0, t,IJen t,here are two llnd oIlly hvo liftings t(1), t(2):

X -- X ofcOllj to X. 80tlJ the lifUIIgs lire in volutioIlS. They are anti-lw/omor-
phic, comlJwf,e wif,lJ eaclJ of,her, amI f,lwir compositjoll is T. .

Both the real parts ..\'t) = Fix t(i) 1 i = 1,2, and their images E~l)! E&.2)

in E are disjoint., alld E~l) U E~'2) = Ea.

The proof is obviolls as SOOIl as t.he point.s of X are represenl.ed by homot.opy
classes of pat.hs in E start.ing at a point. of Es: t.wo slich c1;u;ses define t.he
same point in X if ami ollly if t.llf~Y differ by a loop homologons t.o zero in
HdE;71/2}. 0

Olle to t.he above lemma, Ea canollically splits into t.\\l0 disjoint. parts,
which we will rcfer 1.0 as tlte ludor..'1 of Es. Not.e thaI. bot.h E~l) ami Ek'2)
consist of wllole components of E,., alld t.hat .\'11) aud X&2) are IInralllified
dOll ble coveri 1I gs of E.,l) alJ(l E&'2) rpsped ivdy. 111 most cases these coveri ngs
are det.ermilled by Ea intrinsically:

1.3.2. Leullua. XIl is orient.all/e. T/Je re-st.rictiofl of t.he prnjecf,ioll X - E

to the real parts Xa = X&I) U .':&'2) - Er:. is t.IJ(~ orientatioIJ dOllllle ccweriIJg

unJess lT(.X} == 0 (mo<! :r2), Olle p[ r./Je },i1J\'t~s is elll/,ty, nwl t/Je nOIJ€lIlpf.y half
is orientnll/e.

Prooj. The oriellt.ability of XB is weil kllown (see [E], {S], or [Kl}. For the
rest, one can repeat, almost. li temll)', t.he {Jroof of Theoff~m A.2 from [l\hD].
The asslImptioll lT(X) == 1G (morl :tl) ill [I\:hD} is llsed to prove the following
t.wo assert.iolls: E is not a Spill-mCl.nifo(d, amI if one of the halves (say, ....\'ln)
is empt.y, t.hen t.he qllotieul. .'://P) is HOt. Cl. Spiu-manifold either. The first
assert ion is apart of Oll r defi 11 it.ion of gelleralized En riq \Ies sn rfaces now. As
to the second Olle, we have to replace it. hy tolle following: if E~~) = 0, then
T eit,her preserves or reverses l.he ciluonical orientat.ion of all t.he cornponents
of X 13. sinllli tall€ollsly. For proofj list not.e t.hn t t.he Spin-st.fIIc.t.llre on X defines
a canon ieal Jla ir· of opposi t.e orientat.iolls Oll XIl, a IId i I. is t.h is st,ruct.lI re thaI.

is preserved hy Spill-diffeolllorphislIlS of X. 0

Since E i:.; a cOlllpad surfCl.ce, each COIlIPOII~lIt.C of EI! is a c10sed I1lflnifold.
By the first. part. of 1.:t2, C flIay bp. of 01](: of the following tllrf~e types:

S.q ~ n t.rivially covered orielltahle stlrface of genlls !I ~ 0;
~q - Cl. lIolloriellt.a hle slIrface of g(~lI11S !/ > 0, Vy =: #,qP. p'2, covered by an

oriell t.allie COIll pOlIeIl t. 8'1.'1 _ '2 C .\I! ;

1'." ~ a lIollt.l'ivially coveff:d orielll.able slll"face of genus !I > U.
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\Vhen denot.ing the topologic.al t.ypes we 1lS€: any of S =So = ViI for the 2­
sphere 52. To describe tlle dp.composit.ioll of ER iuto t.he two halves, we write
ER ={half E~l)} U {half E.:!J}.

Re mark. The em pt.y set has HOt. hin g to be d ist.ri bn t.ed, aud i11 what follows
we never c.onsider I.he case Ea = '2'.

Rcmurk. According 1,0 Lemma 1.~L2, t.he t.ype 1'." is a very special Olle: ER
may have a component of type 1'." only if a(X) ::;: 0 (mod :12) (or, eqllivalently,
(T (E) == 0 (mod 1())) 1 ami iIl I, his ease olle of t.he haives of Ea IllllSt. be empt.y
aud the other olle mllst be orient.able. In particular, this type never occurs in
the case of t.lle cla..'iSical Ellriqlle8 slIrfaces.

Rcmark. Lemma 1.:L2 giVFS rise "0 t.he following problem: Let X be a c10sed
complex slIrface wit.h Ht{X) = U amI 1I12(X) = 0, and let. T amI conj be
two commllt,illg fixe-<I poillt. fn:e illvoillt.iolls Oll X, holomorphic and anti­
holomorphic respedively. If Sir is 1I0t. Spill, Cil.1I XI couj be Spiu?

1.4. Types of the real part. Let. Y be alIolIsingular compact complex
sllrface wit.h areal st.ructllre. TI.ell, since Ya is a dosed (real 2-dimensional)
manifold, it. has a weil defilled Zl1-iJolll0logy flllldalllellt.al class (Y'a}. \Ve say
tll at YII is of t.y pe [abI! if Ya is hOlllOlogolis 1,0 ZPfO iII H2 (Y) and of t.ype Irel

if Ya is hOlllOlogolls to 1V2 (Y). Th~ SB rfac~ is said to be of t.y pe I if it is of
type labs or Ire!; ot.herwise it. is said to be of type 11.

In the case of a generalized Enriques snrfacp. E alld it.s double c.overing X
the not.ion of t.ype obviollSly eXl.ends to t.he halves E~) ami X~i). For t.he

covering ami its Iw.lves the type; IfllJlI ami ll'~l coillcide.

Lu. (M - d)-slll'fnces. Accordil1g to thp. SllIith-Thom ineqllalit.y, for any
com plex Sll rface }" \Vi th a real sI. rll cl. \l re olle It as iJ. (YB) :::; ß. (}"), ami I, he
cl iffere 11ce ß. (Y) - fJ. ()'ß) is p.veu. ß y defi 11 it.iOIi, Y is called all (1\-1 - d)­
,<;mjucc if t.lle ahove difference is "l.d.

2. MAIN RESULTS

From now Oll we fix a gelleralized ff~al Enriqlles snrface E wit.h Ea =F 0
ami follow t.he notat.ion introdnclXl iu Sp.ct.ioll 1: conj: E - E is t.he real
stfllct.llre Oll E, X is t.he dOll hip. co\'P.fing of E wit.h the Enriqlles involll t.ion
r: X - X, ami t( 1), t(:!) are I,h~ t.wo re,al st.rllct.llre~'i Oll X deterllliued by conj
(see Lemma l.:L 1).

2.1. Prohihi tiol1S 011 the tOl~nl()gieal type.

2.1.1. Tlwnl'Clu. S"/'/JOse /,/"tf. X&l) is of (n'p. I a/lll IJOf./J I./Je /Ja/Vf~s are
lloueml' ty. T/J eil

(1) Ea lJils 110 lIollorienf,al,/e C:O/lJ1Hmf'lJts of odd genus (i .e., V:!y+ 1 );



G ALEXANDEfl DEGTYAHEV AND VIATCHESLAV KHARLAMOV

(2) at most. olle of the tll'O halves E~l), E~2) may have a llonorientalJJe

COmllOlJen t.

2.1. 2. TheorCill. SII[I[IOSe t.hat. ER is orientaide. TlJen E is lln (lH - d)­
surface with d ~ 1, a/JIl

(1) iEd= 1, tlJen .dEa) == a(E) (moc! Hi) llllll Ea is oftype I;
(2) iE d = :~ r tlJen x( Ea) == rr( E) ± 2 (moc! !ß);
(:3) if d = 4 a/JII x(Ea) == rr(E) + 8 (moa Hi), t.!Jen Ea is of type I.

Ir, jn aclclit.ion, alJ t.he cOll1ponents of Ea are spheres, t.llen d ~ ;L

RC71Hl7-k. The last. assertion of Theorem 1.1.2 fallows, in fact, from Comessat.t.i­

Severi illeqHai i t.y; X(Ea) ~ h1,1 (E) (see [Co]). If E is a generalized Eil riq lies

sllrface ami E a =L:S, t.his ineqllalit.y t.r<lns[ofllls into d ~ :~+h2,(I(E). Thlls, an

(1\1 - d)-slIrface wil.h only spherical CO 111 POIWI1t.S ami d ~ 1 cannot exist., and

an (J\1 - :l)-slIrface wit.h ollly sphel'ical COlllpouent.s Illay exist. only if H',!(E; 1:)
is a hyperbolic lauil:e. Note t.hat t.his is the case fOf cla.....o;ical Enriqup..s sllrfa.ce.~.

2.2. Prohihitiolls Oll the distributioll or COlllPOlWlltS.

2.2.1. Theorelll. Sllp[IOSe tJllI,t, Ea consists of a single half lllld does not have

lJonorienta/,le COlnflOlH-!IJt.s of odd genlls (i.e., V:!9+d. T/Jen E js llIJ (1\1 - d)­
surface ",ith d ~ 1, llwl

(1) ifd= 1, thell X(El1) == a(E) (lIIOd Ui) amI Ea is oftype I;
(:2) jf d = :~, tlien ,dEIl ) == a(E) ± 1 (mad IG);
(3) j[ d = 4 fllJd X(Ea ) == a(E) + g (mad In), tliell ETJ. is of type I.

2.2.2. Theol'elu. Let E /le aIJ (lU - :1)-surD1.C€ witli Ea. = kS. T/JeIl Ea =
{41'S} U {(4 IJ + 1)S'}, hotli the li<1h'~ Ileing nonem!Jfy ",liess ~~ == 1 (mad 8).

2.2.3. TheorClll. Let. Ea = V:!l/ U 1.:8, y > U. ,S'll[I!WSe t.lUlt E js an (J\./ - d)­
sl/rface ami ,,(Es) == a(E) + '2~ (lIIOd Ui). TlJp.n for aJJ the l/aJues of (tl, 6)
listed in T<dl/e 1 olle lIa.." E'iJ1. = {V:!y U k(llS} U {k(:!)S}, where 1.:(2) (mad 4)
llJay take only r.he \'a/ues gi \'(~1I in t./le t,ahle amJ k(:t) #- U wi tiJ tiJe possilile
exceptioll of the case d = :2, h = 0, E;. is of type I. Besides, tllere are tlle
followi1Ig ad (Jj tioll al proli i Ilj tiolls:

(1) if d = U, t.helJ E~l) is of t'.\'[IP. lal,~ ami E~:!J is of type frei;

(2) if tl = 0, t,hell l~( 1) '# 0 ,,"IP:"." l: == 0 (Illod 8);
P) if d = I illld l~{l) = 0, t./W/J /~it./wr l: := fi (lIIod tl), or k == 0 (Illod 4)

awl E~:.!J js of type Ird'

Rt:mark. Not.e t.hal. ill t.he ca.-;P,: d = :~ "he la...,t. t.lworelll only st.ates t.hat, if
,dEa) == a (E) ± (i (lI1od lfi), t.hell bot.h I.he 11 al \'1"_'; are Hot em pt,y. Th is follows

also from Theorem 1.:2.l.

2.3. Classieal EUl'iepws slll'fne{!s. Tbe l.opological typf~ L'ealizable hy tlie
real part. of a d ......,sical Eil ri qw~s Sill' fact'! WPoft'! p.lllllllerat.f!d i 11 [I\: iJ D]. 111 timt
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TABLE 1

d ft ~;P) (mod 4)

0 ° 0

1 1 0,1
-1 0, ;{

2 { °2
(ir EFi. i!l ur type I)

U 0, i, ;{ (ir E';I. is ur t:1o'pe II)

'2 0, 1, '2
-'2 U, 2,;{

4 0,'2

;{ ±;{ 0,1, '2,;{

7

paper we t.reat.ed separatdy tlIrf~e typ~s, GS', SI U CIS, anel :{V:.!, anel olle series,
SI U VI U ... 1 which wel'c not (ll'ohibit.ed by t.11e standard incqualit.ies anel
cOllgruences kllOWII in topotog)' of real algebraie varieti~. The prohibit.ioll
of t.hese t.ypes is HOW an iIllllwd ia t.e COIlSP.< I1lellce of t.he general res 111 t.s of t.he
prev ious s~ct,iOlJ: t.he fi rst, t.wo are proll ihi t.ed by Theorem :2.1. '2, t.he ot.hers­
by Theorem '2.1.1. To apply TII~orelll '2.1.1 Olle shOllld note tllat., if the real
part of areal !\':{-slIrface cOlltaills t.wo COl\lpOllellts 8 1, !.lIen t.his real part, is
of type I ami it. cannot have any ot.lwr cOlllponent., see [h:hJ.

Consider IlOW t.he decoillposit.ion Ea = E~l) U E~2). The following obviolls

o bservat.ion can be fOll ud, e.g., in [K hD] :

2.3.1. Each half of a clll.s.o.;ic~lI.l rf~lI.l EurirfllPs slirface IIl11Y on}y I,e of Olle of tlJe
folJow ing t.luP.e t'Yl'eB;

(1) 0' ~q U (l VI U IJ S', !I > 1, (/ ~ U. ,) ~ 0, n =U, I;
(2) '2V2 ;

(:\) SI.

In [Kh 0] an<! in Seetioll tI WP. cOllstruct. a II1111lber of di lferent realizat.iolls of

EnrieJlles slIl'faces whieh is slilticiellt. to show t.hat, wi th a few exccpl.iOIlS, any
dist.ribution satisfying '2.:~.1 is I'~alizal)lp.. Tile exccptional topological types
are Iisted ill Figure 1: the distri butiolls llIarkp.<1 by t.lle bla.ck nodes are realized,
e.g., in [KhD); t.he white nodp. represp.llt.s t.11f-~ dist.ributions {2S} U {2S} alld
{V2 U '2S} U {'28} eOllst.rllcf,(~d in [N2]. Th~oreills '2.'2,'2 anel 2.'2.:\ irnply that.
this list is cOlnpldc:

2.3.2. Theormll. H/it.l, t.}H~ l~xrcpt,iolJ ur t.he I,ypes 1.:8 and V2r U kS any
dist.ri J, IJ tiOll of f.lu,: com/lonen t..; of a re,L1 Eil rir I'ws 81/ rface sa tisrviIIg :2.:t 1 is
realiza/,le. TIJe exrelJtiOlJ aJ t.O!wh JgicaJ rypes rlf JIlI j t ollly t.he (}istri 1) IJ tio1ls
Jisted in Figure 1.
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{'IS}ujbS),

{V'JUfIS}U{ bS}

{V~U'I"" )u~ bS} {V,;UIlS}ujbS} {VBUuS] u{ bS),

{V\o U(l~"'}U {bS}

FIGlJItE 1. Exceptiollal topologkal t.ypes

Rc"wT'/.:. There are fonr dist.ributions, {2S} U {2S}, {V~ U ~S} U {~S}, {V2 U
2S} U {V:! U 2S}, allel {V:! U 48} U {V:! }, whicll are not const.rllct.ed in [1\11 0]
or SedioH 8. Existence of these cl isl.ri bll balls is an !launced i 11 [N2]. The fi rst
t.wo cl ist.ri bll tiolls ca nu0 t be 0 ht,a iI1NI by Dur COllstruction, i. e., t.he coverin g
[(3-Blirface is HOt a dOll ble of asymmetrie <jlladric. (Proof will be pli blished
elsewhere.)

:~. INVOLUTIONS ON" ~IODULES

In th is Sect.iOlI we expose SOl ne elen JelJl.ary facts Oll t IJe Galois CO"OI Jlology of

modulp...5 wit.h involut.ion allel Oll t.he disnimillallt, forms of integrallat.t.ices with
illvolu tioH. ~'Iost of the results of t.his sechon appear, cxplici t.ly or illlplicit.ly,

in [N 1]. \Ve give t.be proofs whell it. is f~asier than 1,0 find apreeise reference
or w hen I,he cl i reet proof is si III pier.

3.1. Galois COhOlllo1ogy ot' Z/2-vnetol' spnces with illvoilltioll. The
zero-dillleHsioll al coholllology groll P of a 2 / ~-vector space V wi toll all invol \1­

t.ion c is HO( V) = Ker( I +(:). All t.he of,llf':r co!Jolllology groll ps are isomorphie

to I<er( 1+c)/ 11ll( l + c); 1.0 be siJort aud in accordallce with tlle notat.ion COlll­

mon Iy lIsed i Ii I. he literature we dp'lIot,e t.iIelll by ii 0 ( V).

3.1.1. LCllllun. Let V aIld V' lw HlJite dinwIIsioIJal vectar 8/'E1.eeS over 2/2
wi th jlJ valll tiolJ. If tlwy [lre rOllIJe.C ted l,y (}]Je of (,he fnllowi I1g t wo sllOrt exaet

sef/uelJces o[ S/lilces lVit,h iU\'olllt.ioIJ

o- 2/~ - V - Vi - 0 ur o- Vi - V - 2/2 - 0,

(,heIJ dimll ll (V) - clilll jJ (l (VI) = ± 1. IlJ t,lw former CcL'ie the differellce is -1
;[ amJ Oll ly ;[ t,he gellerat.or of t.he sr I! Igroll l' 2 /~ "<lll ishes i/J HO (V). I IJ the
laHer Cil..o.;e it is -I irami mJly if t,lw g/~IWr[lt,or of t.he (I llOt.iellt, grollI' 7l /~ does
/Jot lift, (.0 i!(J(V), i.e., dot's /Jot. /'t>hmg 1.0 t.lw j/lwge of I\er( I + c) C v.

PT"(Joj. D(~lIote IlY c, eil 'llld Co tlw illvollll.iolJs Oll V, V', amI 2/2 l'p.spect.ively.

Then I\er (1 + (;0) = Cokf~r( 1 + co) = 71. /2, and !.he rp'slIlt, follows iTlllllediat.ely
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from the additi vit.y of dimcHsioll allel the Ker-Coker exn.ct seq lIellces (see,
e.g., [CE], LeHlIna V.I0.l)

o- Ker( 1 + LO) - I\er( 1 + c) - Ker(l + r.') -

- eoker(l + LIl) - eoker(l + c) and

Ker(l + c) - Ker(l + eil) ---;.

- Coker(l + d) - Coker(l + c) - eoker(l + co) - 0: 0

SlIPpose now t.hat V is equipped wit.h a c-eqllivariallt. symmet.ric bilinear
form 0: V 0 V - 7l/'2. Then 0 indllces, in a nat.llfal way, asymmetrie bilinear

form Oll jfO(V).

3.1.2. Leullna. [[ 0: V @ V - 7l/'2 is 1I00Idegellerat.e) tllell so is tlJe iIliJuced
form 0: JiO( V) 0 HO(l/) - 2/'2.

Proo! Since jfll (V) = I<er( l + c)/ Im( 1 + cl, t.he resu!t, follows from the ac!­
dit.ivit.y of dimeusioll all(l t.he exist.ence of t,he illdllced form. 0

3.2. Free abelian grotlps with involution. Let L be a finitely generated
free abel ian grou p w it.h i 11 volll t. iOH r.. COlJsider its eigenslI bgrou ps

L+ = {x E L Icx =;r. } , L- = {x E L Icx =-;r. }

and t. he COhOIllOlogy gWH P of t.11l~ a......-;oci ated 7l / '2.vector space L /2L =L07l /2:

H(L) = fjO(L/'2L).

ObviollSly, both L± are prillIit,ive iu L (i.c., t.11f~ qnot.ient.s L/ L± are torsion
free), ami L+ n L - =O.

3.2.1. Leullua. Olle lias

Ker[(l + c): L/'2L - L/'2L] = (L+ /'2L) + (L - /2L),

1111[( 1 + c): L/'2L - L/'2LJ = (L +/'2L) n (L - /2L),

dilll H(L) = dilll L - '2dilll[(L+ /'2L) n (L- /2L)].

Prooj. In L <9 Q each elelllellf, x is f(~presp.lIl.ed as ;r. =x+ + x-, where x+ =
~(;r. + G:I~) and :r..- = ~(:I~ - f:x). Tllt~ first. :-il.al.l~lIlellt. follows from the fact
t~hat, gi vell au ;r. E L, j..iJ~ eh~lllp.nt.s ~ (x + C;I:) aud ~ (;r. - cx) belong to L if
amI only if;r. == Cx (mac! 2L). To pro~'e t,he :-i{~colld st~at,ell1ent. just. not.ice timt
(1 + e)!J == (1 - e)y (mad 2L) f:,;r any !J E L, amI timt whenever x+ E L+
amI ;r.- E L- are such t.hat ;r.+ == ;/:- (111O<! :!L), olle 11a.~;I:+ =!J + r.!J, where
y = ~ (;I:+ + ;r. -) E L.

The la...;t ~t.at.ell1ellt is an illlllwdiat.p. COI1:-ieqllmlCp. of the first. two. 0
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3.3. Integral lattices. SIIPP0SP. now timt L is a uuill10dlllar integral even
latt.ice, i.e., L is slIpplied with a symmetrie bilillf~ar pairing 0: L 0 L - Z
so t.hat. (1) t.he co1Tdfllioll V: L - L- = Hom( L, Z), <px (y) = :r. 0 ]/, is an
isomorph ism (L is Hni mod 111 ar), amI (2) :r: 0 ;r. E 2Z for auy x E L (L is even).
Assume also t.h at. L is SIl ppl ifX"1 wi t.1I an involu t.ioll c: L - L which is a laltice
ll1orphisll1, i.e., cx 0 cy = ;r. 0 y for any ;r., y E L.

Under t.hese assmnpt.iolls each of tlie sublat.tices L± is the ort.hogonal CorIl­

plemen t of t.lle ot.her Olle, aud t.lley are bot.h lIoudegeuerated, i.e., t.heir corre­
latioHs are injective. TIJus, olle cau deRlle t.wo finite 2/4-quadrat,ic spacp.s 'D±,
which are called lohe di8(:7'lmiua nt ."i!J(l(:r.s of L±, in t.he followi ng way:

Tlte 1I1lderlyillg finite groll ps, called I.lH~ di.'i(:r·imiua 1tt grollJl8, are D± =
(L±t /L±; here each (L±t is cOllsidered, via the correlal.ion, as an ext.ensions
of the correspoudiug lal,tiee L± ia L± 0 Q. The discrilllillallt qlladratic fUllc­
t.ious q: Tl± - Q/'271 are illdllcp.<1 frolll l.he hilillear form extellded from L±
t.o L± 0 Q: given x E (L±)* C L± @ Q, <leRne q(x) =x 0 x (nIDel 2).

3.3.1. Leullua (see [N 1]). The (/uadratic sfJelces CD± I f/) are allti-isometric,

i.e., there exists cl grollp iSOIIlOrphisllJ 0': D+ - 'D- sIIch (,hat IJ(nx) =-I/(X)
[ar allY ;r. E ·V+ ,

At t,he groll p level t.1I is sl.at.en Will. IJ as 1.!Je follow i11 g conseq uellce:

3.3.2. Lüullua. Olle /I<L'i 2(L±)'" C L, ami Uw (/flOtir.lI(.

o[ the Illllltil,/icatioll hy :2 est.a/l/ishes ;IlJ iSOlIH~rphisJ1l Ilf~t\l'eell D± nIHI the

i II tersect.ioll (L +/2L) n (L - /'l. L) C L /'l.L. III IJarticu Iar, Tl±. are 2-periodic

groll!'s alld dilll fj (L) = rk L - ::! dim D±.

Proof. Let.:r. E (L +)'" , i .c., let. ;r. E L+0Q be all c1emellt such lohnt, x 0 L+ E 2.
Then for auy y E Lalle Il,L"i 2x O.'J ='l.xo (y+ +y- ) = 'l.x 0 y+ = x 0 (y+cy) E Z.
Hence, 2x E L'" = L alld 2(L +)- C L. Sillcp. 'l.L+ C 'l.L, t.h~ IIlllltiplicat.ioll
by 2 has a weil del1l1Pc! quot.ient. n+: D+ = (L+)'"jL+ - L/2L.

Let.:1: E I\ern+, i.e., 'l.x E 2L. TlwlI ;/: E Ln (L+ O!Ql) = L+, i.c., x = 0
ill D+. ThllS, I\p.r H+ = 0 and '[)+ is a 2-periodic grollI'.

Given '2x = (l+c}.'1 E (L+/2L)n(L-j'2L) (see LellllI1a;t2.1), for any
:: E L+ olle Ita."i :r: 0:: = ~(!J 0 :: + C!J 0 C::) E 2, i.e., x E (L+)-. This proves
that. IllJo+ J (L+ /'2L) n (L- /2L).

Since D+ is a '2-periodi.. gronp, 2;1: E L+ for allY x E (L +r. Hellce Im n+ C
L+/2L. Since L+ is prilllit.ive in t.h(~ llllilllodlllar lattice L, t,he Illap L = L" -.
(L+) .. il1d Ilced by t.lw inclllsioll L+ C L is OlltO, ,md, gi vell ;,: E (L +)'", t.here
is some.'l E L so tlJat. (:1: - .11) 0 L+ = O. Thell :: = 'l.x - 'l..'1 E L- = (L+).1 ami
2x ::.: (11Iod 'l.L). Hp.w;1-: 1111 n+ C L- j2L. Thi.-.: COlllplet.es 1.lle flroor for n+;
t he ot.her isolllo rph iSIl1 is C:OIlSf.fll cl,{xl si 111 ilarI y. 0
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3.3.3. Corollfll'y. An;r. E L+ \"rmislJes in fi (L) i{ ami only i{;r. 0 L+ E 2Z.

PnJO[ According t.o Lemmas :t2.l ami :l.:l.2, J~ vall ishp..s in iI (L) if amI only
if x moc! 2L E Illln+, i.e., ~x E (L+)"'. 0

Rcmark. The n~lIlt. follow:-; as weil from Lemmas :-L2.l alld 3.1.2, which givp..s
a more direct. proof.

3.3.4. To forllllllat.f! the IH~xl, st.atement., rcmind timt., giyen a (not, Ilecessary
uni mod ular) llOudegeneratf! Iat. t ice Al ami Cl nondegenerat.e pri m i t.i ve snblat­

tiee 1\1' C JH, Olle can deRne Sll bgrollps f' C clisa 1\1' and f" C cl iscr AI'J. and
an ant.i-isomet.ry 0': f' - r" so t.hat lH is the pnll back of t.he graph r of o·
nnder t,he projN:t.ioll (lU' )* $ (Af'1.)"' - disc:r Al EB discr Nf'1. ami discr M =
r1. Ir. (Det.ails call be fOlilld in Nikllliu [N 1].)

3.3.!J. LeUll11n. ,S'"fJfJose I.h M. 1\1' is a I JriJIl i ti \'e llolulegeJJernf,e s,,1 ,ln t tice

of L+ ami lt1 is tlJe. prilJlitil'e Iwll of 111' $ L - iJJ L. Let :r: E Al' C L + IJe an
elemeJJ t wi th ;r. 0 1'<[' E 2:E, so Uwt 1;r clefi1I~ an elemen tin discr 1\1'. If tlJ is

elemelJt IleJongs tu tlJe s/liigrolliJ f' ddiuetl a},ove, tlJefl x l'an ishes in ii (L) .

Proof. According 1.0 Niklllill's const.ructioll. if t.he element defillNj by ~:r. in
discr 1\1' belollgs 1.0 f', thel'e are some !J E L - aud : E 1"1 such t.hat.- z =
~x + ty. Thell ;1: =1: -!J alld ;.r: 0 L+ E 1Z (sillce !I 0 r,+ = 0). The st.at.f!mellt
follows now frolll Corollary :L:t:L 0

4. BASIC TOPOLOGICAL PROPErtTIES

OF GENERALIZED ENRIQUES SURF,\CES

4.1. Geueral faets. First., let IlS cOllsider an arbi trary algebraic sttrface Y
eq 11 ipped wi t.1l areal struct.1I re conj: Y - Y. Dellote L = H:! (Y ; Z) / Tors
and 'V± =discr L±, where L± are t.he sllbgroups of con.i.-inyariallt. and con.i~­

skew- i11 yari au I. eleillen t.s of L.

4.1.1. Leulllla. TI,e fflIJ/luIJHmt.al c/iL<.J."; [li} EH:! (Y) awl the S'tiefel-lV1Jit­

ney cla..... tlJ:!(Y) an-~ int.egra/, i.e., t.lw.\' Ildon,lj t.o t,he image of HAY; Z)
in H:!(Y).

P1'OoJ. As it. i.s kllOWII (S(~ [11 1-11), w:! (Y) is iIItegral for any c1o.sed orientahle
4-dimensiollal Inallifold. 1

Accordillg to [Ar), Lel1lllla :~:!. [Yll] is I.ILe dwraet.erist.ie dass of t.lle illli ... td
in tcr.'icdi0U /0 nu (;I:,!J) 1-0 ;I: 0 conj. .11 . 111 pa rl.ir:1l1 ar, iI. is orthogonal to I,he
inIage 0 f Tors H'2 0'· ;e:} i 11 IJ '2 ( Y ), wh icll, by Poi Ilcarp- d II al it.y. is l.!Je ort.hogonal
COIll plelllent. of I.lw. ilIlagf': 0 f II '2 (: • ; Z) . 0

J For cOlllpl~x IlIlluifolds this ll..,.;r:l'riOIl is Clllllpld,dy nll\·iollS ns 11'2 (}r) ;;;; CI (}r) lIlod 2.

2 ArilIll'd furllllllat~ an" ju·n\·!":s thi:; Il..;s~rl,illll "1I1.\" f"r ol'i!":utnhle YGt ; thr: proof in the
g~Il~1"1l1 c,tu.;~ is lit,P'I·.1.lly t,h~ salll~.
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TiJIIS, t.he projedions of [li] amI1ll:l(Y) 1.0 L/'2L are wP.i1 defined, allel since

both t.h~e cl ass{~s nre conj. - i11 vari a 11 t.! t.h~y fll rt.her dp,sccnd 1.0 fi (L ).

4.1.2. Leullun. TlJe [Jrojer.f.iolJs of[},"a] alul 1II:t( Y) in Ji (L) coi1Jcide.

Proof. Since H(L) consists of only conj. -i I1variant classes, t.he twisted illter­
sect.iOIl form Oll it. coincides wit.h t.he standard illl.ersect.ion form. It. remains
to note t hat, III:! (}.• ) is the eh aractel·ist.ic d 11.."..; of t he stalld ard i 11 tersection
form, [1"2.] is t.1 w cl Iarncterist. ie dass of the t.wistP.t1 i11 tersed io n for III (A rJlO Id 's
Lemma, loc... ;/.). all(l t.he ciJarar.tf:rist.ir. class is unique (Lemma :t 1. '2). 0

4.1.3. Leullun. If Y is alJ (,H - d) -:·mrface, t.I'ClJ

(1) x(Ya) == rr(Y) + '2 Br '[l- (mo<! 1li);
(2) dim D- == d (IlIOd '2);

Proof. Hirzebfllch 's signat.llrp. t.!Jf':(lrelll gi ves V(YIi) = rr( L+) - 17( L-). The left
hand side here is t.he lIormal Euler IIl1llüJer of Ya in Y ami is eqnal to -X(Yii);
the right. hand side is -(T(Y') + '217(L+) =:; -l7p,") - '2 Br'O- (moel 16). This
proves (1).

Since l" is an algel>raic surface, 17( Y) =:; b:! (l") + 1 == /1. (Y) (mod 4). By
defi nitiOH, (3. (Y) =/1. (}i)+1tl. Sn!Jsl.i t 11 t, iHg ,,Jtis i 11 1,0 (1) alld ff~placing X (Ya)
wit.h (1. (1ft) =:; YP'!i) (mo<! 4) aud I3r '0- wit.h dilll '0- == Br 'p- (mod 1)
gives (2). 0

4.1.4. Lellllun. Tlw (fllaclratic spacp. 'p- js ete.lJ (i.e.., q(i:) E 72/271. for any
i: E V-) j[ anll ollly ir [li] - I/!:!( Y) l,dollgS to t.he ilJlage o[ Tors H:!(l"; Z)
;11 H',!(l").

Proof. [l"aJ and l/I:! (Y) are t.lw charal:t.~rist.il: c1a........es of the (respectively, t.wist.­
ed ami st.and ard) in tersect. iOIl fon lIS. 111 pa rl. iclll ar, t hey are 1>0t.1I ort.hogon ",I
to tlle iluage 01' Tors H:!(l"; 2) ill H~(}"). 11\ addit.ion, t.hey are both int.egral
(see Lemma 4.1.1). TllllS, tl1P. conditioll t.hat p·it] - I/J~(l") belongs t.o the illlage
of Tors H:! (Y; Z) ill ]-[Al") is P,«(lJi \'111/~IJt. to the cOllditioll t.hat. tll is difference
annihilatcs all t.lle integral da....sf"s, which is pqlli\'alt~llt. to I.he congrllence ;r.2 ==
X 0 cOllj. x (mod '2) for allY :1: E L.

Let.;r.± := ~(X±cOIl.i. x) E L±(?:lQ. Th~Il:l~ = x++J~- ami x:!-xoconj.:r. =:;

~(:r.-):! (mod-1Z). Sillce x-o L- = J~ 0 L- takps illt{~gral values,;r.- bdollgs
1.0 (L - t ami, hP.lJ(;~, ff~pr(~s/~III,s an d/~IIWIlt. i11 '0 -. i\'(oreover, each elclllcn t.
i Il D- ad 111 i t,s such a reprf'sell \,at.i \'e. Th us, (x - )~ E Z for any :r E L i f allel
ollly if 'P- is eVf~II. 0

4.1.5. COl'ollnl'Y. S'uppo.':IP. Uwt t.lw '2-prjmary COlJllHmelJt Tors:J H~(Y; 71.) is
gelJerated hy fIJ:! (Y"). (TlJis is the CiL'W für ge1H~ralized ElJrifJues sllrfaces; see

LC11lwtl4.'2.;{ hdow.) TlwlJ }.~. is (Ir ("lu' I ir ;11111 emly ifD- is evell.
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All t.he preeeding st.<Ltelll~lIt.s. except Lemma 4.1.~3, ext.end, word by ward,
to any (not. Ilecessary an t i-holOlllorpiJ ie) orif!1l tat.ioll prp.servi ng involn t. ion conj
on allY (not lIeceS8ary COIll plex) ariented 4-1ll<L1I ifol<! Y. In th is ext.ended
version Lemma 4.1.4 has the following corollary:

4.1.G. Corollary. Let cOllj 11f:~ a fixed pOllJt [ree OrielJtlltion preservillg imID­

lutioll on all oriented 4-malli[old Y. TlJell tlJe (illadratic spaces V± are evell

i[ ll11(/ on]}' i[so is H:l(Y; ;Z)/ Tors.

4.2. HOluolog:y of a geueralized Euri(ll1eS sl1rfacc. \Ve 1I0W cOllsider a
generalized Enriqlws sllrfacp. E covere<1 by a gelleralizp.c! K3-surface X wit.h

Enricl'les involution T. \Ve denote by pr: X - E the projp.ct.ion alld by
t.r: H .. (E; R) - H.. (X; R) t.he t.ransfer (wi I.h the coefficients in a grollp R).

Not.e t.ha" Ht{X) =0 ill1plies Tors:l H:dX;~)=O.

4.2.1. Lellllua. T/lere are isOillorp/,i.... lIIs Tors:! HdE; 7l) :::::; Ht{E) = ;Z/2
[llH/ 1\1l exac t, ....e(l'um ce

p7'(J()f. Frolll t hc Slil i t. h-G iJysi 11 (~xact. seC( \l(H!ce

pr. =0 tr r

Ht{X) - Ht{E) -- Ho(E) -- Ho(}~)

1I

o
it. follows t.llat. H.(E) = Ho(E):::::; 2/'2 an(l, IlellcP.: , Tors:? H1(E;;E) is a cyclic
grollp. It. call1lot be larger I,hall 7l/'2 SiIlCf~ Ol.herwise X wOllld have a nont.rivial
dOll ble cOVf~ri11 g. Frolll Poi Ilcar~ cl 11 al it.y alld IIn iversal coefficiell t formlll a i t.

now follows t.hal. H',J(E;;Z) =0, J-/;,(E):::::; ;Z/2, ami Tors:! H'2(E;;E) = ;E/2,
ami anot.her po rl. iOIl of I.lw SlJl i t h- Ghysi Il (~xact S(~C( lIellee,

H:i(E) -- 1l:l(E) _tr_ /I'J(XL

11

71../'1.

shows t.hat. l\er[t.r'2: /lAE) - H:!(X)] is <11, 1II0St. 7l../"l.. On t.he ot.her halid,
siuce H:!(X; 1:) dot'n" !lot hav(~ "2-torsio!l, Tors:l lI(E;;Z) is cOlltailled in I\er t.r:l.
Thns. I\er tr:! is 71../'2 ami, sillce 1/I:l(E) ::j:. () alld l.r lI/:!(E) = W:l(X) = U, its

ollly Ilollt,rivial delllf~llt is 1II'.!( E). 0

3 L~lIl1l1fl 4 .1.:3 ~x tP.Ht 11" t" 0111.\' I1nti-l .. ,I. lIHl '1"1 .Iu.: i11 \'01 "ti, ,n "n an,.,. fjll,ru;i-c( '1Ilplex variety,

cf. [\Vi].
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4.2.2. LeUllI1H. For alJY l' = 1, ~, :l t,1Jeu~ js a slwrt exact SP,(luelJce

where H;t T (X; ?l) delJot,es t.he sllhgrollI' or T .. -ilJ\'arialJt elemelJts,

4.2.3. Leulll1a. Let L = H·A X; 'il) j Tors awl let L±T he t,he slll,lattices or
T.. -hu'arjalJt awl T.. -skew-;uvariant elements ur L. Then H'.l(E; 7l)j Tors is Ml

even 1llt t.ice jsolllef,rjc l'j;~ I, r to L+T( ~ ), wh jch js L+T wi th th e modiRed [JajrjIJ~

(x,Y) I- ~(XO.'l). - .

Proof 0/ L(;7HIIHl.'1 .{2.:! (md 4.:1.3. The t.ran~fp.r H .. (E; R) - H7 T (X; R) for
R = Q alld R = 'il/fJl I} odd, is an isolllorphi:;;111 (sp.e, ~.g., [8r]). Thlls, in "he
integral homolog)' we have Kert,r /, = Tors;! HI ,(E; 'il), <lnd, 1,0 complete the
praof of 4.2.2, it. ouly r~lllaillS t,n show t.hat tr;! redllc(~d 1I10dulo torsion maps
H2 (E; 7l)/ Tors out.o L+T .

Del1ot~ L = f1',!(E; 2)/ Tor:-> aIHI L' = t~I'L C L, wlJere t~r is t.hc int.egral
t.ransfer redllc~d modulo t.or:->ioll. TiIp.11 U C L+T is Cl slIbgroup of finit.e index.
The idellt.it.y t.r x 0 t.r y =2( x 0 y) implies that. L = L' (~) oS a latt.ice alld, since
L is H 11 iIlloc! IIlar, I, he cl iscrim i11 au t. gro 11 p of L' is 2- pp.rTod ie of d imellsioll eq11 al
t.o rk L = rk L'. SiIlCP., {hIP. 1.0 Lf~lllllla 4.2.1. t,he indf':x of L' in L amI, hence,
in L+T is odd (t~r (0 7l/2 is Cl mOIlOillorpllislll) alld discr L+T is also 2-periodic
(Lemma :LL2), t.1lP.se t.WO slIhgrollps coillcide.

Th118 t~r:! prov ides all iSOl1l et. ry IJet.weell j, IIp. lat. I, ices H:! (E; 7l) / Tors alld
L+T ( ~) aIHI <lll isolllOrplJislI1 IWt,\\'P.f~1I t.he gronps Ih (E; 7!..) / Tors <llld L+T .
The I~t.tice L+T ( ~) is evp.1l dHe t.o Corollary <I.l.U. 0

4.3. EigellspnC(~:'i of conj ... Let. !I0W E be a geIleraliZf~d Ellriques slIrface
eqllipped wil.1I a I·(-'.nl sl.rtId.lIl'~ cOllj: E - E. The followillg fact. is wf'.11 kllOWIl

ami follows ilIulled iat,dy from Ldsd 1P.t.Z fixp.( I poi Il t t.heorem (part (1)) and
Hirzebfllch sig;lIaf,lIre I.heorenl (part. C2)). Not,p' timt. St.atemp'lIt, (2) applies~ ill
fact, 1,0 allY ren I algf':hrai(~ SII rf'acp., aud St.atemell I, (1) 11 ppl ies 1,0 allY SII rface E
W iI,h fit (E; lQ) =().
4.3.1 LeullllH. Ld. L = HA E; 71.,)/ Tors alld ft.'t L± }Je I.he SUhgroll[lS of
conj .. -ün'arjaut ami COld. -....kell·-im'arjaIJ r. eleIlwlJ U;; o( L. Theu

1
(1) rk L+ = :i (I':d E') + .d EB )) - I,

1
(2) a(L+) = ~(a(E) - x(EI:d),
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5. KALININ'S SPECTRAL SEQUENCE AND VIRO IIOr..fO~IORPHlSMS
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111 this s(~ct,ion we SI IIIl III ar ize sallle 11 1I xi Iiary resul ts rrOlli aJ gebraic topology
of involutiolls. The cOlIst.rnct.iolls below are prf'n'iellted ia both t.he cohomology
amI homology set t.i Ilgs. Tlwy r~q 11 ire, i11 pri IIci pie, a ca11 tioHS choice of t he
cohomology ami homology theories IIscd, a.s weil as certain appropriate eondi­
tiOIlS Oll t.he 1I1lderlyi 11 g topological s paces. 0 He possi bi Iity is to lIse tobe slleaf
theories alld slIppose thaI, t.lle topologieal spaces illvolved are locally cOinpact
and finite dimellsioual. Fort.lIllately, in this paper we do not Ileed any definite
choice ami can lIse any homology t.heory (or cvell several t.heories), The rea­
son is the fact that. all the reslllt.s are applied t.o t.he best. topological spacf'..8
oue Ctl.1l possibly exped-slllooth compact lIlallifolds.

TiJrollghollt. this sp.\.l.ioli },- is a gooel (see t.he paragraph above) topological
space wit.!J involut.ion c: Y - Y",

5.1. KaHu i 11 's IH:~11101ogy s pec t l' nl seqnelle(~.

5.1.1. There. exist 11 fiJt.rnt.iOlI

o= F"+l C :Fu C ' . , C :F0 = H.. (Fix cl,

a 'iZ - graded ....pect.ral seq IIe.IH'e (H:, cL: L n'here

cL~: H; - H;+r-l' cL~+r_l 0 d~ = 0,

(H~), (r~) is t.he dw.iu cOl/lplex or Y, allfl H;+ 1 = I~c:r d; / 11I1(1;_r+ I ,

an d hOHJOlIlOrph iSlJIS Iwr : :Fr - l! ';' .... uch t.Jwt.

(I) H! = H.(Y) aIHl d~ = 1 + C.. ;

(2) a cyclf' ;1:" E H;,l Slln'iw's t,o HJ, if uud ollly if there Rre some chnins
.'11' = XP1 .'1,+1, ...• .'I,,+r-l in }., so t.lmt r7.'1j+l = (1 + c.).'Ij, In this

ca.se d~T.l' = (1 + c. ).I/,,+r-l;
(:l) bv,/ <l(/lJ ih jJat,f'8 ,;F'l+ I RlI d JJl ap8 :F'l / :F'l+1 isolllorph icalJy on to H~ ;
(4) the fi lt ra t.ioll J spect.r<tl sefl II~llCe. alJlJ Iwt IJ OH lOrIJh isms are alJ na t lJ ral

U'hh resl'ed. '.0 e(111il'll.riall t 111 <ll'pi lIgs.

\Vhen Ilecessary, we will IlSP. t.!te Ilot.at.ioll H; = H; (},.) ami :F'l = :F'l (Y)
t.o indicat.e the original spac;e }'..

The original cOlIst.ruct.ioll or t.ltis sjlP(:I.ral seqllellce is eI He /'0 I. Kalinin [(\ a]4,
w 110 derived it. fWill t IH~ ßOl'el-Sf'l'n~ SI lf'ct. ra I Sf~qHe llee and relat.ed r~lIlts
by Borel (see [Ba]). Tltis c:olIst.mct.ioll is hrielly Oll t,lined in Appendix B,
Property (:!) is proven i11 [D], (11 Appell<! ix A we gi ve an ;\1 ternati ve descri ption
of Kalinill1s I'lpect.ral s('qllellCl~. Wllich il'l hased IIpon t.lle Smith exaet. SfXllIence.

The follow i11 g r~\1 Jt.s iI re s!.ra igh tJor wa I'd conseq IICIlCes of [) .1. I .

4 Hp. IH·f'_"P.lltl~d Illp. I"l~SIlIt, only ill il:'! COb"llIOI,,~il';l! sdtilll; (Sp.p' [•. 3 IJdow). but tilp. ('011­

stnlctil'lI il' li 1.~l'Idl.v 1.1·luIsllltr.11 t", lll~ 11<'11 L< ,I< ',l!,,V In IJ I!; 'l/lll.~'
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5.1.2. COl'ollnl'y. Ir Y is cOIJlleeted ami Fix c '# ", tJU'!ll

(1) Ho(Y) =HH(Y) =Ht;"(Y) ='iZ/2;
(2) eacll nOllzero element. of Hf (Y) H'lIich slJn'iw's t.o Hr' (Y) JS nOllzero

ilJ Hr(y).

5.1.3. COl'nllul'y-defillitinll. If n cycle adlllits a relJTeSentatiOll llY an e(JlJi­

variallt. chaill, it sIlTl'ive$ to II~(Y). Tlms, illl'Rrticulnr, r.lJere are talltological

lIomomorl'lJislIls 1l,,(Fix c) - H~(Y); u'itlJ ccrtaill alJlJse oE t.ermillology we
wi JJ calJ tlJew the i lIc1l1sioll hOlllolllorph isms.

5.1.4. COl'ollal'Y. Olle IJas H:j(Y) = iill(H',!(Y)).

5.2. Vil'o hOlllOlllOl'Jlh i:'i 1l1S. Tbe hOll1omorph isms Iw * appeari ng i11 1\ali­
nin's spedral s~qllellce werp. discovered, in an t~qllivalellt fOrlll, uy O. Viro
before Kaliuin's work. That is why "'P. call t.hP.llI Vi1'O h01H()lIIfH-phj,'HlJ8. The
follow ing geomet I' ical desni pt. iOIl of Vi 1'0 110111011101' pli iSll1s, gi vell i11 t.erms
of Kalinill 's Spt~d.ral seq1lP.IlCP., is c1os(~ to t.lwir origi lIal form d He to Viro
(cf. [VZ]).

5.2.1. SU/Jl1Ose timt Fix c :j:. 0. TIJf~IJ

(1) Iwo: H.(Fixc) - Hc~P'-) is ZP.rO on H$!idFixc); its res1.ric:t,ion 1.0

lJo(Fix c) - Ht;"(Y) = lIf)(Y) coinciflf-'s with the incJlIsiuIJ lJOlllOlnor­
plJ i8m (cf r,. 1.2 and :j.1..'J);

(2) a (lloIlIJnmogelH~o"s) dP.lUeIl t :r: E H ~ (Pi xc) represell tecl llY n cycJe

LXi I,dollgs to :F;. = r\(~r hV/'_1 (see fi,I.I) if ami OIJly if there exist

some clJaiw; !Ji, 1 ~ i ::; p, so Umt. NYl = Zu aIJd ()Yi+l = :.t:j + (1 + c~ )Yi
[or i ~ I; t,he da..;,.; of x/' + (1 + (;~) 11" ill H;;V (Y) ff!JJrese.nt.s t.fJeIJ bvp x.

This restllt. is prov~n in [0].

5.2.2. Evillellt Corollal'Y. Fnr illl.\' J! t,lw Firo hOlIJolJlor/JlJisllJ 1)\',. is zero Oll
H >p(Fix c) awl coillcidt~S \I-ir,/' t.he illcJu,.;ioll lJOlIllllllOr/JiJi:;Hl (see 5.1.:/) w/leIJ
re,.;trictecl to l/,,(Fix e) - f11~(Y)'

0.3. Kalillill'~ (;OhOillology speetl'al :'i1~(l'Wllce. Thollgh in applicat.iolls
the homology groll ps ;JI'~ 1110 re "ra Ilsparen t. (\ ml ea.sier to Inall ipllia te w it.h, in
a Illlmber of int.erlllP.flial.p. cOllsiderat.ions it is t.lw coholllology lallguage t.hat is
more COllv(~lliellt, alld gi v~s I.he n~:-:l1 \t.s. In part.iclllar, t.he COIJOlllOlogy spect.ral
sequence lias tlw adv"lItnge t.1l"t. it. carl'if's a GlilOllicalllillll.iplical.ive struct.llre;
we will llse t.his sl,nwt.l1rc~ to ill',rndllc(~ in Cl I'orillal wny alld 1.0 evaillate (in
the gp.ueral c:a.-;e, :-Wt~ APIJ(~lld ix 13) tllp. i I1t,p.l's(~c:f,ioll pai ri llg i11 t.he hOlllology
sjwct.ra I sP.( 111p.llce.

5.3.1. T/Jt!rc t-'xi~f. il fiI/.rat,julI
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a 2Z-graded ....pectra/ Selil/ellr.e (H;, d;), n-/wre

d~: H: - H~-"+I I d~-l'+l 0 d~ = 0,

(H(~, d~) is t.he codJain c01l1p/ex of Y, aw/ H:+ 1 = I\er d~1 Im d~+r- 1 ,

17

awllJOlllollwrlJhisms !w r
: H~ - H-(Fixc)IFr _ 1 such tlJat

(1) bvq UlaIJS H.t isomorphiealIy Oll t.o F qIF q - 1 ;

('2) t.he sppet.ral t:>tH/llenCp.1 hOIJJoIJJorplJisIJJs, a1ll1 filtration are aU natural
wit.Jl resppd tn ef/"i\'arinnt IlIflppings;

(:~) t./l e s]Ject,ral sef/"ence i..., nllllti]Jlicnt.i ve, tlw In 11 ltiplicat.iolJ heing ilJ­

dllced i,y t.he CIlIJ-prndllet in H(~; t.he fi/t.rntiOil ami lJOInolllorphisms
bvq [Jreserve t.he 1IJ uII.iJl/ica t iOll;

(4) 11: (Y) is a graded difJ(~mllt;al1I10/hIlf' Ol'f'r H; (via the cafJ-produet);
the 1101 IlO/o.~\' fi It.ra I. je)lJ flI/tJ IWllIOl i lOriJh ;8111S In'q JJre....erl'l:~ t.he mOlJIJ Je

structure.

This spectrnJ Sell"€nce is dl/al t.o thM. of n.l.l ill tlJ€ foJJowing sense: H! =
Hom(H;; 2Z/2), F r- 1 = I\er[ H- (Fix c) - HOIll(Fr; 2Z/2)], awl d~ ami bvq

Me

dual ta d~-r+l <lwl !)\'q respect.i\·ely.

Tbc coholllology pa rt. of t.b is sl.atp.lllell t. is prOVl ~d in (1\ a]; tolle rp~.,t. is the

standard re Iat. i011 bf't.w(~f'1J d II al COIIOi nology ami IIOlllology objecL'i.

5.3.2. COl'oIlnry. Ir Y is H dosed 'Hlimellsiollal mallifold and Fix c :f. 0,

thell ror aIJ.Y ,., 1 :::; l' ( +00, Olle 11 ClS H;I == 7l / '2, aIJ d tlle protluct m ap
H~ 0 H~-}' - H~ i~ a uoudegt'llemt.e p(ljrillg.

To ollr kuowledge, t.he ollly jlllblicat,ioll whel'f' this I'~sllit. is stat.ecl explicit.ly
is [Ka). It is a straight.forward cOlIseql1p.I1ce of the Poinc.are dllality ami a
simple lellllna Oll spectral Sf'qllf':IlCes w!lieh st.at.es t.hat., given a multiplicative
spectral sequeuce of7l/'2-alg~bra.... , ifforsome l' = 1'0 olle ha.'i ll~ = H~ = ?L/2,
amI the prodlld parillg H~' 0 H;I-,' - H;I is lIolldegellerat.e for ,. = TU, "hen

so it. is for aU l' = "0, ... ,00 (cf. Ll~llIma :1,1.'2).

5.3.3. COl'ollHl'Y (tolle d Hai VP.fsiOIl of 5.:t '2). If Y is a closed H-dimensional

manirold awl Fi xc -=1= 0, tlWII t.lle i1I1.ersecr.;ou pairiIJg in H_(Y) dcscellds t.o a
IJolHlegeIJernf.e l'airillg H;';'" C?) !I';;-'-1' - 'EI'1.·

Poilical'f~ dllalit.y llP.l.\w·~1I collolllOlngy flud homolog)' l,rallslatps ,1).:t'2 iuto

.1).;L1, nloBg with t.Iw ahovf:' proof.
Tlte pail'illg /l,~ (:) H;;:',. - ?L/'2 iul.rodnced ill 5.:t;~ i:-o called below t.he

i u tC"St:C Li () 1t fo 1'7/1.

5.4. Applicatioll to n l"f~nI :-;tl'lldHn~ of 1\ cOillplnx slll'face. Let Y be a
compact. IlOllsillgulat· cOl11Jlll~x Sllrfac:I~ \\'it,11 a n~al sf,fllct.lIre (:: Y - Y. Tllen

the 2Z/'2-hOillology fll11dallJ(~1l1.i11 cla....s [}·i~J nf )'Li = Fix c is \v~1I deli lied.
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504.1. Lellllua. The Stiefel- \VIii tIJey class tlJ2 (Y) S/J fVives to H;V (Y). The
IJfojectiolJ oE l/I~(Y) in H:;'(Y) coilJcides with bv:![YIi ].

P7'oof. As allY ehern or St.ief~I-\Vhit.np.ydass, IIJ:!(Y) is realized by t.he fUII­
dament.al dass of ac-invariant divisor. (The earlif'-st reference which we could
find in the litcrat.llre is rOH]; I,he stat.ellleill. is ha....ed Oll the simple observat.ion
t.hat. Sehn bert. eydes are deli Hcd OVP.r IR ami evelJ over Z.) Thus, IIJ:! survives
t.o H~ pl")" The ot.her part. of I.he lelllma follows frolll f).::\. :l, f).1.4, alJ(l t.he
fact. I.hat. t.!w i111 age of [l"ll} i11 II '.! (Y) co i lleides wi t.h t.he eh aract.erisl. ic cl as,s of
t.he twisted iIltt:l'section forlll (cf. t.he proof of Lellllna..':i 4.1.1 ami 4.1. 2). 0

Let G\, C'.!, ... , Ck be t.he COIllPOIICIlt.S of Yll. Denot.e by (Ci) E Hn(Fix c)
allel [Cd EH'.! (Fix c) t.he da.....~ represell ted by a COlll pOllel1t Ci, all(l cOJlsider
t.he followillS vahlP.S of Vil'O hOlllomoq Ihi:-;JllS:

- bVO(Ci} in H(r;:'PI");
- bVl (l' ami bVl(Ci - Cj) ill fIt(Y) (where tr is an element. of H 1(YII),

alld (Ci - Gj) = (Ci) - (Cj});
- bV2[Ci], bv'.! (I, bV'.!(Ci - Gj), alld IJVAn + (Ci - Gj}) itl H:;-'(}I").

Frolll 5.2.1 and 5.1.:2 jt illllllf'diatfdy fnllows t.hat:

- aU I.hp. ahovf! classps bill. l.iw la...;t, j,hrf':p. are always ,vell defille.d;
- IJV'.! n is defillf':d if .. lid 0111)' if Iw, n = 0, i.e., if in. (I = (1 +c.)m, where

!/l is a erde in Y" 111 I.lw latt.(~r G\SP. In''.! n is represellted by I.he eyde
(1 +c.)!/'.!, wherc '//:! is an,)' :!-cltaill ill )"" such t.hat N./I:! +(1+CO')'//I belollßs
1,0 Ya .. mi reprf'sellt.s n;

- bV'.!(Ci - Cj) is defined if ami ollI,)' if bv, (CI - G~·) = O. The laUer
eI ass is rcp rf'.sen te.d by t.he eqll ivari a 11 t. ci rele (1 + c.) UI, where Ul is a

segment. in 'Y joillillg Cl point. in Ci allel a point. in Cj; it vanishes if
(1 + CO' )!/l uOllllds i11 Y' (fol' SOll W appropl'i at(~ ehoice 01' ud, alld i 11 t IJ is
case IJV:! (Ci - Gj) is reprf':selltC'd I)y (I + f:. )y'.!, wlwn:: !h is any 1-chaill
ill Y wit.h chi'.! =(1 + (;. ),111 ;

- uv'.!(n + (Cj - Cj)) is df':lilled if <llld 0111)' if !lvI Il' = hVI (Ci - ('j); ill t.his
ca.se it. is l'C'prcs(~IIt.('(1 11Y t.ll(~ ey,:lf·. (I + ('. )1I'.!, wllere !h is a 1-dlaiu SllCh
thaI. n./I'.! COllsist:-; of an pqllivariaill. cirdC' represellt.illg hVI (Ci - Cj) alld
a cyde r(~pl'esellting n in }'TI!;.

oue call Sllloot hell all t.be eh ai IIS above. For 0 1Ir pllrpose it. is Sli fficiell t to
sllloothen I.he IJ I i 11 a tllim Iar np.iglt1>0 rhood ~v of I'B ami t.h IIS to represen t. t.he
last. fOH r cl a.~o.;es Iwar l"'m:, by Sill oot.h f':q 11 ivari an t. 1-sllhm (\11 ifolds of Y.

RcuwrJ.:. Ir c. == id Oll Hd },.), t.hcll OIlP. call ignorc t.he term (1 + C.)!ll in t.be
above descri pl.ioll of hv. Tl! is is t.he ca.':ie, f':.g., if Y is a gell~ral ized Enriq 11 es
sllrface.

::tA.2. Illh~l'suetinll llwtrix, Tlw in ',(~rsPd.j01J form Oll H:;-' (),.) =111I1w'.! is
tliaf. defi1l/~d I,y Ta/l/l~ 1, I\'lwn~ (:j, . " . ,CI ar~ ."OlllP. c(HlrI~ct.ed cOI1J!JcmelJt"
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o{YlIl , alJd er, (3 are SOlIle l-dimensional lJOlIlnl0./D' classes in rit. TlJe intersec­
tiolJ er 0 ß is regarded lI.S lUJ demen t o{ Ho (YLi). ~m I ((r 0 ß)[y~J) amI (0' 0 ß)[Cd
are, respect.i l,'ely, t.he t.ntaJ i lJ t.er:~;ect.iolJ IJlllJJ /Jer and i ts part whieh {alls ilJ t.o Ci.
6ij stands for the l\ronecker sYIII/IOI: hii = 1 amI Djj = 0 i{i;f. j. The inter­

section (orrl) ext.PlJ/ls lilJeflrly 1.0 t,lJe d ...l.....·ws o{ t.he [orrlJ bV2 ((r + (Cj - Cj )), n.s
i{bV2 er (Lnd bv 2 (Ci - Cj ) U"f'rt'! weil d(~flIJed.

TAHLE 2

bV2{Ci - Cj} bv:?IY bV2[Cd

bV:!{Ck - Cl) 0 0 Dik + bil

Iw:! /J 0 (n 0 (3) [y~J) (ß 0 ß)[Cd

Iw:?[Cd bit + hjt {O' 0 n)[Ctl Dik,dCd

P1'OOf. Pick same :mlOot.iJ (~qHivari'llll, r~preseIlI.ativp.s (see above) of "wo eie­
ment.s of t.!Je t.allie. By 5.:Ll, I.heir iHI.(~r:->et;"ioll IIlllllber in H:?O·') is eqllal t.o
the iut.ersedion IJllluher of t,11l-~ corff~spondillgc1a..... sPn"l in Hf. ßy a small eqlli­
variant pertllrbat.ioll put. the rp.prf'..'i~lIt,at.i "f'S ill a posi tioll wi thollt. c;ommon
points in ~V \ Fix C (sP.e abov~). Siuce t.he iutersection II1lmbers are cOllsid­
ered mod 1110 1, Olle call iguore all t.lle ilIlagi 11 ary i 11 tp.rsect.ion poi n t.s, whieh
appear ill pairs (cf., for example [1\111], L~lJllna 1.:~), allel cOHIlt.ing the int.er­
sect.iOlI point$ in H' of SOIll~ (llot. ll/-'cl-'ssary eqlli variant now) pert.urbations
of the (;ycles gives the df'sirp.d r~IIJt,. \Vhell cOIlIlt.ing bv:dC;J 0 bV2 ß and
LV2 {Ci] 0 bV2 [Cd, Oll~ sholild take illl.o cOlJsidNal.ioll t.he fac.t t.hat. t.hf' normal
buud Je of Fix c i11 }.- i~ (au 1, i- ) i....Olll orplt ic t.o i t,s tangent IJlInd If'. 0

Rem tl rJ,,'. 0 ne can avoirl t,lie gf'oll1~t.rical a rglll11elJ I.s i11 t.he proof a IICI 1,0 gen­
era.lize t.hc resllit. t.o iligiJer diIlWU .... ioIlH. Sf'e AppP.IHI ix ß.

G. Vmo HO~10r-.IORPIIISr-.'lS IN (a~:-JERALIZED ENRIQUES SURFACES

Recall that. \\'e dp.llot.e hy E a gp.llerill izcd real Enriqlles surface, which IS

supposed to ltavP. 1I0liP.lI1pty real part.: E'i:;. '# 0.
The 111 ai 11 goa I of t.h is scct.i Oll is 1.0 prove PI'oposi t.ions li. 1 allel G.::! below. 111

t.lle proofs we IIse 1\ alillill 's hOlllology SI wel.ral Sf'qu/-'Ilce H:; \Vf' deHote cl iIII H;'
hy ß;.
G.!. Dilll(~llSiollof thl:~ discl'illlill:l.llt :->pnce. Let E !Je ...l.11 (1'1 - d)-surface,
amI let. -0- /,e t./w discrirnillitllt. sflat"(> or t.lw sII/l/at.t.ice 01' cOllj-skew~illnl.riallt
\'eetors in H:?{E; 7l)/ Tors. Tlwll:

d - dilll -0- = () if eitllef

(1) ER lJas n COlJll'0lletlt V:!.IJ+I (i.e., w:?{Ea) '# 0), ur

(1) ER is 1l00Wfip.1J f,a / ,/e JUli / 1/0/.11 1.lw Iw/n"s are llOIH~mI J t.v;
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d - dim D- = '2 jf eir.IJ(~r

( 1) Ea is uOlwrjeu ta/,Je, 1lJ~ (Ea) =0, allf I Olle of the haI Vf~S js em [J t.y, or
(2) Ea i:; orieuta/,le lllllI IHlt.h the hal\'es are lJOuelJl[Jty;

cl - dim 'V- lJlay Ile '2 or 4 if Ea js oricuta/J/e amI one of the hall/es j:; em/,ty.

0.2. Relatiolls hetwccll r~al e0111pOll(~llbl. There js at least oue amI at
most two relnt.ions Iletweeu t.!Je demeut,,,,; ofH;: (E) / 1U~ (E) renljzed IJX the fllll­

dameutal cllLS.~~s of f.1H~ COI1l/Hmellts of Es.. Oue relnt.iou is bvAER] = 102 (E);
the ou/X of.1wr fI()ssihle rP./(lf.j()u is Iw~[E~l)]:= bv~[E~2)] =: 0 (mod tII'2(E)).

G.3. Proof of Prnpositioll G.!.

G.3.1. Lellllua. Let Cl, C'2 111~ t.IVO C01llfH1uent... ofEa. Then bVl (C'l -C~) = 0
jf amI ouJy if t.1Jese t.\I·O cOII/fHHJelJf.s lu-!long t.o t.he .....al/Je. flal[ of Er!..

Pro0f. Pick I,wo poillt.s Cj E Ci ami COllllect t.helll wi th a patll " i 11 E, Sy
5.1.2, bV1 (C't - C~) =0 if alld ollly if the loop f, =(collj ..,.) -1 . ..,. is homologolls
t.o zero in H 1(E). Thus 1)\'1 (Cl - (,''2) =0 if (\lid only if f, lift.s to a loop in X.
Suppose that. G\ E E&l) au<! lift ')' 1.0 a pat.h :y wit.h lohe elldpoiHt.S Cl, (;'2' Thcll
7{ = =:;. (t (1 )=:;) - 1 is a lift of /l wh ich COlllWcts ,Ol (;~ all(l (;'2' It. is a loop i f ami
only if t(1)(;'2 =c:!, i.p.., (;'2 E E~l). 0

G. 3.2. Lelllllla. Let. Ir I/e all P.h~lIWIJt, of 11 1(Ei.). TlwlJ bv 1 Ir i= 0 if alHJ OIJly

if W 0 Ir = I, II'f/l~re w E !Id Eid i... (.Iw dl1lrnct.erist,ic eJellJellt of t,he c(weriIJg

Xa - Ea. JHorecwer, bVl Ir i= U II'/wlJever (l:! = I.

PT"Oof. SilKe H I (E) =2/'2, fl'OII1 G. 1.'2 it. follows !.hat. bv 1 u =0 if allel ollly if
in. u E H I (E) is zero, or, cC)lIivalellt.ly, if wo n = U. The last. assertion follows
from Lemma t.:t'2: if wd Es.) i= 0, then w = HIt{ ER)' 0

G.3.3. Lelllllla. The St.ieJeJ- \ l'hitIJey dlL<;S W:l (E) (",hich, chle to .5.4.1, ahvays
sunrj \'cs to 11:;-' (E)) reJ lre8p.T! t8 a lWllZ/~ro elenWIJ t iIJ H~ (E) ir amI Oll ly j[

either

(1) EB, 11<1... a C01l1flOTWlIt. V'2 .... +1 (i.l~., WAEll)::j:; U), or
(2) Ea is IlOlJOriell t,nl Jh~ aluf Ilot./J t.IJf~ 11 <11 \'e.... are nonemp t.v.

Pronf. ßy:, .:L\ ;LI'<! si IIC(~ 1/!'2 (E) is a charaderistic deIlH:nt. of t.be interHedioll
form, w:!(E) i= 0 in 11:;-'(E) if illI<! ollly if t,hcl'I-! is all elelJiellt. :./: E H .. (EB)
wit.iJ (bv:! x)'2 ::j:; O. At:c:~rdil1g 1.0 :1.4.'2 such a1l :r. Cilll be fOlllld in olle of t.he
following t.hn-e fOl'llls: (i) x = [Cd, wllere G't C ETl is a compOllent of oclel
Euler characl.~ril"t.ic; (ii) ;r. = (\ + (Cl - C''2), wherp. n E H I (EI!.) is all element.
wil,1i n'2 = land bv[ n '# U; (iii) J: = (I' E H dEa) wit.h 0''2 = 1 ami bVl n = U.
In (i) we hav~ Cil..";C'. (I) 01' t.1t{~ Il~llItlJ;1. In (ii), accordillg 1.0 n.:L l, we have
ease ('2). Fillally, (iii) cOIlt.r<1dic:t.s t.o ti.:Lt. 0
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G.3.4. LÜUllUfl. H1 (E) "# °if anti OIJly if ~if.Jwr

(1) Ea is llOllOricnt.all/e, or
(2) ER lJlL'i n c011l!HllIenf. T,,,, or
(:.l) hotlJ f.he lJah'es of EfJ" ure llOlIelllpt,y.

If H~ (E) "# 0, t,lleH t.1lt~ s!Jt~cr.raJ scrluellce coJlapses at H;; ill !mrticuJar,

ß~ - ß~ = O. If H1(E) = 0, t.1Wll (li - ji?, =°or 2 a11l1 ßi =f3;: =O.

p7'(JOf. ßy 5.2.1, fli(E) = I)VI H(dF'ixc). According 1,0 G.a.1 ami (j.:l.2, a
hOlllogeneOils d~lIlell t ;J: EH.. (Ea) wi t 11 I)V 1 :.r. "# 0 is ei I, her 0' E fl l (ETl) wi j, h
w 0 n = 1 (ca.-;~ (1) alld (2) of the lemI1l<1., see 1.:t2) or (Cl - C~), where
Ci C E~) are l.wO cOlllponellt!'j [rolli different halves of Ea (ca.-.e p) of the
lemma).

The Ia.st St.ilt.e.l1lf~l1t. of the lemma is a st,raightJorward consequcnce from
the relat.ions (1(1 = /1r;:, = 1 aud /1r = I ) ;J1 ami from the existence of tlie
110ndegenerate pairing in t.he spectral seqUf!nc.e. In tlie ca.c;;e H1 "# 0 one ha.'i
ß~ - ßf = 0 if H{(E) is killf!d by rP, alld ßj - ßr = 2 if it is killed by (j'J. 0

6.3.5. End of the proof.
8y definil.ion, 2d = (1.. (E) - {Je:'. Acc.ordiug f,o Lerllll1.a 4.:l.1, we have

2dim'D- = h~(E) - h~, wllP.f(~ f;~ = dilll il(c'olJ,i.., l1~(E; ~)/Tors). Theff~fore,

The first. term of tiJis expression is zP.ro if H~ (E) "# 0 alld 2 or 4 ot.herwisc,
s~e ö.~.4. Applyillg Lemma ;L 1.t t.n t.1J{~ p.xncl. sequellces

o- Tors:! HAE; 'E) - H~( E; 2) n ~/'2 - (H:!(E; ~)/ Tors) 0 7l/'2 - 0,

°- I/'J(E: 7l) 07/";'2 - H~(E) - 7l/2 - U

gives t.hal. {i1-f;j is equal to '2 if w'J(E) :.f. 0 in H'j(E), aJl(I it. is equal to 0 or-'2
otherw ise. The COIll bi Hal.ion {Jj -"1 = {} and lilA E) "# 0 in H j (E) is exclllded
by all addi tional argument: the i Ilte('S(~ct.iOIl fonll on 111(E) is nOIl(h'~general.e,

hCllce, wAE), which gellp.rat.es Tors~ H~(E; 7l/2) C HAE), and an arbit.rary
elenlf~nt., wiJich gellp.ratps tllc 11110t.ient. H~(E)/(H~(E; 7l) {9 7l/2) ami t.hus has
a nonzero i 11 tel'se.ct ion wi t h 1II'J ( E), IlIlIst ei t hp.r hot. h sn rvive t.o H~ (E) or bot.h
disappear.

Now t.lle Imullla follows from LP.IIIIIIfl.."; ().:L:~ ami (j.~.4 alld the (mod 2)­
congruellce giVf~1I by Lellllll<L ;'.1.'2 (1). 0

GA. Pl'onf of Propo:-:itioll G.2.
The rel al.ioll IHI~ (EIP<.] = I/!:d E) is g; i \'(~ tl hy Lf~llll na !).4. 1.
SUPPOSf: thaI. h\'~([Cd + ... + [(.'r]) = blJ~(E), k E 7l/2, is Cl relat.ion

other I.hall bv~[E~ll] =: U (illod w:.dE)) or 1,,'~[E~~l] :: 0 (1110<1 l/I~(E)). Tilis
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meaus that. Olle of the c.omponents Ci involved in t.lie rdation, say Cl, belongs
to E~l), alld tllf~re is allol.lH~r C;OlllpOllellt of E&l), :;ay D, wh ich doe; 1I0t. belong
to t.he relat.ion. Then bv:!(C't - D} is wdl detilled, amI. an:ordillg 1,0 !).4.~,

bv:dC1 - D) 0 bV2([Cd + ... + [Cr ]) = 1 alld (bv:!(CI - D)):! = O. On t.he
ot.her halid, w:! (E) sllrvi ves t.o H~ (E), alld, sillce 1/}:! (E) is the characteristic
da"is, one lias bv:!(CI - D) 0 III:!(E) =(bv:!(CI - D)):! =O. This cOIlt.radict"i to
bv:! ([Cd + ... + [C,.]) = ~: w:!(E) alld bv:!(CI - D) 0 Iw:.d [Cd + ... + [er]) =1.

j". Pn.OOF OF THE ~IA IN RESULTS

Below, a.'i in Scdioll 1, E is a gellewlized re,,1 Enri'lues surface wi t.h
nonempl.y real part., conj: E - E is the real st.rllct.ure on E, alld X i~ t.lle
double coverillg of E wit.h !.he EnriqllPs involut.ion T: X - X ami t.wo real
st.rllctllres t( I), tl:!) dP.t.errllilwd by c·ollj.

7.1. P roof of Tlworelll 2.1.1. By t.lle hypot hesis, t.h e flllldamclI tal cl a'iS
of ..\'11) vallishes ill 11:!(X). Oll thf-' ot.lwr halid, it. is eqllal t.o tolle image of t.he
fundamenl.al c1a"s of E~l) IIl1der !.Iw t.ransfer hOlllolllorphism t.r: H:!( E) ­
H'.l (.,\). w hose kerne! is genpra1,~d by 1II:! (E) (s~ Lf!ll1l11il <1. :l.1). ThIlS, t.he
half E~l) r~alizes ('.itlu:~r 0 or w':,!(E) ill II':,!(E). Sillce, a.c:cordillg; to Lem­
ma 5.4.1, l,he ullioll E~I) u E&:!) rpalizf'_"; IIJ:!(E) ill H~(E), t.he half E~:!) real­
izes eit.her lilA E) or O. 111 "Ily ca.s~ a I. lea.st. olle of the t\\'o lud Vf'A'3 realizes zero
in H~(E).

Sllppose t.hat. CI C E&ll is a cOlllponent. of type V:!,(:+l "mi t.hat. E&'2) lias
at least. olle COIll P()IIi~IIt., say, C:!. T!JPIl, hy !"1.4.~ l bv:! [E~l}] 0 bv':,! [Cd = 1 alld
bv:dE&':!)] 0 bvA wdCd + (Cl - C':,!)) = 1, i.c., bot.1i f,1Jc halves realize lIontrivial
c1a.....'>es in 1I?", (E). Th is cOllt,l'adict.ioll pro\'~s t.he firsl. a.<;.sert.ioll.

Sn ppose 1I0W t.!tat each 01' t.h(~ 1,\\'0 hai Vf':" cOll1,aills a Ilollorient.able compo­
[lent C\ C E~i) (which, dlle to t.1J(~ first. staI.Plllent., IIlUS!. be of all eV(~1l genus).
Pick same da-;ses 0i E lide;) wil,1I bVI fli :f:. O. ThclI for bot.h (i,j) = (1,1)
ami (i,j) = (2,1) OIlP. h;L'i IW:!(trj + (CI - C':,!)) 0 l)\':!(E~!)J = 1, whic:h is also
a eOIl "rad ict.ioll. 0

7.2. Pront' of Theol'ems 2.1.2 aud 2.2.1. Let 'p- b~ 1,he discrimillant.
fOril1 of t.hc Slt blat.t.ic:e of COltj. -sk(~\\'-ill V<ll'iallt. \'Pctors in 1I:! (E; LZ) / Tors. FrOlll
Lemma li.I it. follO\\,s !.!Jat.. IIl1df'r 1.11/: hypot.lwsp.:-;, c/- dim'D- = ~ ur 4. Sillce
the dimpilsion is lIollllegal.ive, d ~ 1.

All t.lw cOl1gnlf~llcPs are derivpd I'rolll y(Et;.) == (T(E) + 1 ßrD- (mad Ui)
givp.1I by Lp.lIl1J1a 4.1.:~ (I) (jns!. lik(~ die nl.her cOllgrnellces kllOWlI ill t.opology
of n:al algf-'bmic 11I;\llifolds, d. [J~ h:~], [i\I], lIud [N 1]).

If d = 1, t.hf!lI '[l- = 0 ami ßr D- =O. This givf!s thp. cOllgrllence. Tlie
fact. t.hat. Er:. is 01' type I follows frcHII Corollary 4.1.;).

Ifd~;L t.lJP.1I dilllD- = I. lI(~IlCI~ 'p- = (±&) ;md ßr"D- = ±1.
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If d = 4 alld x( Elld == (1( E) +8 (lIIOd W), t.h~1l Br 'D- = 4 amI dim V- =2.

The only sllch forlIl is th~ Ollf! giv~1I hy t.lle (2 x 2)-mat.rix (l~:.! l~:!). This

form is eVf!lI alld Corollary 4.1.5 applies t.o prove t.hat. Ea is of t.ype I. 0

7.3. Proof of Theol'ClllS 2.2.2 mul 2.2.3. Iu addition to thf! lat.tice L =
H 2 ( E; 1:) / Tors witoll iJ Ivoll! t iOH conj., tolle eigen Iattices L ± of conj. ,and t.heir
cl iscri mina 11 t. forms 'V±, let. IlS consider t.he SII blat. t.ice 111' o[ L+ generatfld by
the dasses ...·1, .. " ~k E L realizNI hy t.hfl spherical componellts of ER (with
some orielltal.iolls), alld dP.110j,f~ by N t.llf~ ort.llogonal cOlllplemeut. 01' /1.1' in L+.
Recall that. L alld all it.s sublat.t.ices are eVP'Il, SP.f! 4.2.:t

7.3.1. LCllUllH. If /11' is flot, primitive in L+, tlwlI ehher ER h(L~ a half {IS}
oftype I \\'il./J I == 0 (nlod 4), or Eß, = kS. it. is (J[(.y/Jt~ I, alJd k == 0 (mod 4). [[
aJI the k s/I},erical COlll/JOllPIJf",,-, cOIl ....t.it.llt.P. O/Jt~ halfof Ea awl, besides~ D- = 0
awl rk N = J.: - 2, I.hell J.~ == 0 (moll K).

Proof. Since Sj 0 Sj = -2hij, llollprilllit.i\'f~lIeSS of Al' means t.hat l.11l~re is
an x E L such that. ~;r. = 81 + ... + .,,/, I > U. (\Ve simplify t.lle notat.ion
all(I assllme t.lmt. t.he relatioll invol Vf>S t,he fi I'st. I componeuts.) Pick such a
relat.ion wi t.h t,he slllallt~st possi Ille Illlillber J of com pOIIP.lltS. TheII, dne 1.0 tL 2
allel ti.:lA 1 cit.hN t.hc first I sphcricill COllipOIlP.llts forlll a half {1S'} of ER of
t.ype I, or {JS} = Ea allel Ea is of I.YP(~ r. Silln~ I = -'2;t~, the first part of the
lemma follows [rom t.he fact. t.hat L+ is an p.\'ell latticer..

Suppose t.hat. all the splwri(:al COIllpollp.lll,s form t.oget.her olle half of Eri,.
As it follows frolli t he Ii rs t, pa rl. of t.ll(~ proof, 11 0 part.i al Sll In of .'t 1 , ... , skis
divisible by 2 (a.'O otllcrwise t.be corrf'sponding compollellL"i would form a half),
allel t,he primitive hllll 1"1

11 of /lI' ill L+ i!'i gfmerated by /11' allel an x E L
slIch th at 2;1; = SI + ... + ...k . Th l1S, t, he discrim i11 an t. form of AI" is the
1I0ndegenerate pmt. of t hp. [(·sl.ricl. ion o[ - ~ (fit + ... + 8t L 0j E 1:/2, 1.0

01 + ... + 0k = O. In particlllnr, dilll disr,~ AI" = J.: - 2 alld discr 1'1" is
all eveu fOrlll. Ir D - =0, t.h(~11 D+ = () all(l L+ is Hili lIIod ular. If, i11 add ition 1

rk N = k - 2, thclI, sillce dilJldiscr N =dillidiscr /1'11/ = J.: - 2, the lattice ~N
is illtegral nml IIl1imoellllar. B(~idf's. it. is even, since so are discr Ai" all(l L+.
Hellce, J.~ =-(1(,H') = cr( ~N) - cr( L +) == 0 (11lOd 8). 0

7.3.2. Lelllllw. lf Al/ i... prillJit.in.> iu L+ ami elilll discr [\1/ + dim 'V- >
dim discr N J t.llelJ eit./ler Ea lliL<; a /Iillf {IS I J or ER = 15', where I =1= 0 amI
I == '2 f/ (!I) (lIIod 4) Fe ,r SO 111 e llOlJ t.ri \' j;d dem eil t. y E 'v -. Ir, ilJ add i tiolJ, I = k,
clim D- = 1. ami rk N = J.: - I J t.lJelJ J.: == Br D- (Illod R).

RU/Lrl7k Ir dilll 'V- = 1, j,hen 'D- cOllf,aill"'; only olle Ilout.rivial element" ami

'. A~ it r"lI"ws fr"llI I.h~ ~xi."il.~w·~ of .~qlli\':II·ialll I'P.PI'~P.lIl.Jltiv~s ur t.lu: Ch~nl dn....... l'!ll,
cL !j.4.1, L + is ~\'P.II fur 111 I)' Col!l p:u:t ""IlI"l.~x (ilnd ~\'~II ljllfl."iiculllph:x) sllrfn.c~ wi 1,1. .'\ real
St.I'IH:tUI'P..
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'2q(y) = BrD- (lIIad 8). 111 all cases y = 4!J- (moc! L-) for some e1enlfmt
!J- E L -, ami '1.fJ(Y) :;:: ~.'I:' (illod 4). -

PHIOf. Denote by 11 !.he primij,i\'~ hllll 01' L - $ AI' in L. Sinc~ 1"1 alld N are
t.be orthogonal COIII plelllellts 01' p.ach ot.iJer in t.he Hili mod ular eveJl lat.t.ice L,
t.heir discrilllillallt. fOrllls are allti-isolllet.ri(~. Oll the at her hand, d im discr ,\1 '+
dim V- > dim discr N =dim discr /11 by the hypotheses, ami, IJence, L - $ All
is 1101. primitive ill L alld the subgronp f' C discr 1"1' (see 3.3.4) is nOIlt.riviaL
for seme' > 0 t.!Jp.re exisL'i a JI element. !I_ E L - whir.h represent,s allOlIzero
demen t, !I E cl iscr All so t.hat I.he cl i'L'i."i S = ~ (!I_ + .... 1 + ... + SI) belongs 1.0 L.
Tlten ..... + '" + ..... / = ,0; + COld. s. Tltus .0;1 + ... + ..../ vanishp-s in H(L) amI
t.herefore t.!Je element rf!alized hy the correspoudillg , spherical compOlJellt.s
of Ea in iJ (HA E, u.:)) is fÜ tlu'~r 0 or J/}:!.

Olle t.o n.2 alld ti.:L4, eit.iJer tIlPse COlllpoHellts form a half of Ea, or EI! = JS
amI' = ~~. Furt,hel'lllore, '1.IJ(Y) == ~y~ == ~(""l + ... + sd:l == , (mod 2).

If t.he additiollal aSslllllptiollS I~old, t.1;ell discr 1\-1 is an even discriminant.
form of dimensioll (~: - I). Thf~l'efore. as ill 7.;~.1, ~N is an illtegral even
llllimodlliar !nt.t.ice and k - BI'D- == a( bN) :: 0 (moci 8). 0

Now, in order 1.0 COlllpld,p' tlie proof or theorems ~.::!.'1. allel '1..'1..:~. cOllsider
separatfdy t.he d ifrerell t. ca....~.

7.3.3. Thc cas(~ ER = ~.S' (TlwonHlI 2.2.2). COlile....satt.i-Severi illequality
x(Ea) :::;; h1.1(E) gives d ~ :~ + h'1·0(E). [-IPolIce d ;::: :~ ami, if d = :~, t.hen
t7'(E) = '1. - b2 (E). In ..he laUer 1:<I..... /-'. Cl c:alculat.ioll IIsing Lelllma 4.a.l shows
t.hat. L - is a posit.ive definit.e Ial.t.ice 01' rilllk 1 amI L+ is a Ilegative definite
lat.t.ice of rall k '21.: - l. In pi! rt.i(:ulil r, d i111 ,[)- =1 alld BI' D- = 1. By 4. t.:l,
tltis im pi ies t.h al. ~. == I (11lOel 4). Tb is cOllgrll P,lIce exclll df'_"i, in part iCHI ar, l. he
tiecolld choice ER = 15', I :: U (illnd 4) in Lell1l1la 7.:l.1. Tlle theorem follows
IIOW fWIll 7.;L 1 allel 7.:L '2, wh ich cover I.IIt: t.wn possi bi Ii I.i(~s for !H ' and bot.h
gi ve the saille decOilIpositioll {41)S'} U {( 4/J + 1)S} (wit.!J , = 411 + 1 i 11 the laUer
ca.->e). 0

7.5. Tlw cnse Ea = \I'.!." U kS' (Theormu 2.2.3). Frofll Lemma 4.:\.1 (1) it
follows that. rk L+ = '1.k +d - '2 allel, iJellCp., dilll discr N ~ rk N =k + d - '1.. lf
d = 0, toilelJ L+ i~ a 1Il1illlOdlllill·latl.ice alld dimdiscr Al' > dimdiscr N. Hence
1H' canllol. he prillJit.ive alld 7.:LI appli(~s. Corollary 4.1.!'i gives the lIlissing
informat.ion: Ea is 01' t,yPf~ I. If d = 1, tIlP.ll dim'V- = l ami dillldiscrN :s;
~: - 1, aud I.he tit.~tP.IIlf',lIt. follo\\'.'l frolll 7.:C 1 alld i.:L'2. The pOtisihility "~: == U
(l1lod 4), E&'1) is of t.ypP. I" far ~:ll) = () al'isP$ from t.lip. ca.se WIH~1I /11 / is IlOt.
prilllit.i\'f~: I.!tell ~: = /.:('1) lllllst lH~ c1ivisihln 11Y '1. If d =~, t.llen D- is olle oft.lle
forllls giVf:1I iu Tahle:C 'p- == () is t,h~ ~xc(:pt.ional case 01' Thp.onml :2.'2.:1 whell
~~('·n Illay IH~ trivial. (111 fad, k l '1) is t.rivial in I.his ca.-,:P, sillce dimD- = cl- '2
amI ~ ilccord ing f.n rA~1 11111 a (i. I, Ef'l. 11 HIS l. co lIsist. of a si 11 glc: hai f.) r 11 all t.he
01. her ca."i('~"; 7.:t I illld 7.:L '1. gi \'(~ all t.h~ vlllll/'s of ~:(:!) ( 1II od 4) Iisl.ed i 11 Table 1.
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Odd fOrlllS

'p- BrD-

0 0

(~)EB{~) '2

(~)EB{-~) 0

(-~) EB (-~) -'2

Even forms

D- Br'V-

C~2 1~2) 0

C~2 in 4

The r~lIlalJllllg ease d = :~, f, = ±:~ follows from Theorem 1.~.1, see the
remark in 1.~. (Though, dlle to (i.1i aBd 4 .l.:~, in tlJis ease dilll'P- = ;{, ami
olle can also apply 7.:1.'2,)

Fillally, to decide w IlP.t.lll~r ty!'('. l i 11 (1) ami (:~) is InlJlI or Ird it SB f1ices
to Ilotice I.hat., 11 nder I.he hy pot.heses, 111:1 ( E) n~presp.lll.s a 1I0nt.ri vi al element.

in Hf(E) (SP.f~ Lp.ll1llla fi.:l.:q ami, hellct~, a half is of t.ype InL>. if alld only if
it.s fundamental das.<; vallisiJps ill Il~ (E), i .P.., if it. belongs t.o t.he kernel of

t.he in t.ersect.ioll form. lJsi 11 g f).4. '2 Olle call ea.si Iy see t.h at. t he spherical half

realizp..s 1II:1(E); hCllce, it is oftypelrd. 0

8. CONSTRUCTION

8.1. Genernl iden (see [1\ h D] for d(~t<l iI... ). Let X be t.he J..: :~-Sll rface ob­
t.aiued as the douhle covering of Y = ep! x Cpl branche<! over a uOIl-singular

eil rve C C Y of bi-degff~e (4, 4) . Dellotf~ hy s: Y - Y t.he Cart.esian prod­
ud of t.he Ilont.rivial invoilitions (11 : 11) I- (-It : 11) of t,he fadors. If C is
s-sYllllllel.ric, .'; lift.s 1,0 t.WO difren~lIt. involut.ions Oll X, which COllllllllte wit.h

the deck tl"l.Ilslat.ioll rl of X - }". Ir, b~sid~s, C tloe..... 1I0t. pn.ss "hrough the
fixed point.s of .'i, t.h~1I p.xact.ly Olle of tlwsp. two involut.ions, which we denote

by r, is fixed point. fl'ee (s~, e.g., (11] or [ßPV]), ami, hellce, the orbit. space

E = X/r is all Enriqups slll'face.

SlIPP0SP.: !lOW t.hat Y is pqllipppd wit.h a rpal stnlcl.lIre C.Olljy which COITI­

mut.es wit.h ~, ami C: is a f(~al cllr\'(~. ThclI ,'i 0 cOllj), is anot.her real structllre

Oll Y an<! C. \Ve dp.llote I.IH~ real I'0i 11 I. S(~ts of t.hesp. "wo st.fIId.urp.s by y~i)

ami cI,:), i = l, '2 (i = l corrpslHllldillg 1,0 cOIl.i\,) alld ..all t.helll the haioe"
of Y alld C I'f::oipf'ct.ively. The involut.iolls con.i\' alld S 0 cOllj\, lift. t.o four
different cOllllllllt.ing I'(~;}I stl'llct.llfl':-l (l( I}, I.('.!) = r 0 1.(1), rl 0 1.( 1), ami rl 0 I.(:J))

Oll X, w It ich, i 11 t.1l rn, df'sc~1HI t.o t.\\'o rr.<l I st.rnct.lI res on E; we call t.hem I, he
(;xpo.'iitiolt." of E. A choke 01' alt p.xposi t.ioll is dr.terlIlilled oy a choice of olle
of t.ILe two lift.ings ,.cl), tV) of COII.h' 1.0 X.

\Ve t1se for )" a qll<ldric in Cp~ I'f~al iu rf>slwd. to t.he st.andard cOll1plex
cOlljllgal,ioll illvolut.ion alld illvariant in n~sp{-'ct. 1.0 the real symmet.ry.'i: Cp:J -
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Cp~, (Xo: xl: :1:1: X:i) t-- (XO: Xl: -x:z: -:1:3)' Since t,he bi-degree of C is even,
C~i) separatf'n" }.~j) iuto t.wo part.s, which have C~) as t.heir common bOllndary

(at. least. Olle of t.he tWQ part~" is nOIl-elll pt.y lInies." l't) is em pt.y). The fixed

point. set. Xf) of lt i ) is t.lie flull-back of one of t.lie part.s. Thus, a choice of t( 1)

is eqllivalenl, t.o 'l dlOice of Olle of t.he t.wo parts of YJ 1), alld, since t(:l) == TO/'( 1),

t.he laUer deterlllillf'~" as weil j,IH~ part ofl·~1) whose puH-back is Fixt(:!). This

correlat.ioll is easi Iy controlled d lIe 1.0 t.lie fact. t.hat X&l) and X~:!} are disjoint.

ami, hence, t.lle pli 11-b;u:k of a point. of }-~ 1) n YJ:l) is contained in exactly olle

of t.he sets X~1), X&1 1• (Not.e timt. in all the examples we use here t.he above
in tersect ion is not. em pt.y.)

Ta c:oul"l.rnct. t.lLe brallch Cllr\'f~ C E Y we sl,arl, wit.h a sillgtllar ....-symmet.rie

CII rve C' E Y, gi VPoII hy a IJ eq lIa I.ion J = 0, a 11(1 pert.1I rb it 1.0 the eil rve C
gi ven by f + f h = 0; i1erf~ f 'lud h are 1JoIlIOl;(~lleOIlS real bi-cl egree (4, 4)
polynom ia Is ei t.hf:r bot.h ....-sy IIlmet,ric or bot" s-l"kew-symmetric ami t is a
small real parameter. A11 t.h~ f<lets Iwcessary 1,0 cOllsl.rllcl. apert111' bat.ion amI

1.0 conI.rol it.s topology Ciln Iw fClIllId i11 [1\ It 0, Sect.. 4].

8.2. Tlw di.stl'ill1ltinlls of 2V1U~:S'. H, sllflict-'S 1.0 coustl'lIct. t.11f~ distribut.ions
{u5} U {2Vi UbS} and {VI UaS} U {Vi UbS} wil.li (a,b) = (l,~{), (2,2), or
(:l, 1); thc resl. is cOllstl'lIct,cd in [1\110]. \V~ start. wif,h t.he Pollipsoid Y given by

., '} 'J ., I I . I r-' r. C-; I ;:-, I C-
X ö =Xi + ;r.~ + x ~ aJl( t. le slllgll ar cllrve .' = {-'I U 1, \'w' lere {..-j ilm 1 are
cut, on Y by xi = U ami 2(;I:~ - xi) = x~ I'(~pecl.ively (see Fig. 2 (a), which

reprcsents I.h~ two halVf's of Y, which are both topological sphere8, aJl(I C.
The two hla(~k dots in each figllfe are tllf~ lixe(L poiut$ of t.he I'estrict.ioll of .'i

to the cOI'rf'spoudillg Iinlf.) To pert.urb C: WP. take for h t.he equat.ion of a I~­

clegree (4, 4) s-sy1llluet.rie I'f~al CI I rye \\' 1I ich i II tersecl.s t.he t.wo real haI ves of CI
at. eight poillts (t.lJe T'fl1llijictlliou Jloinl.'i); all these pointH II111Sl, be out.side of

t.he ovals or (;2 aud different frOlll 1,11f~ fixed points of.:...... Theu, lIuder a proper

choiec of tlw.,?igll of (, the portiollsof tlJe f(~al part. of C\ wh ich are ci t1wr inside

t.he ovals of C:'.! or Ilet. WP.-ell pai rs of I, 1I p, I'a III ificat.ioll IlOi 11 f.s dOll ble, (lIld t.lie rest.

of Cl disappears (see, e.g;., Fig. 2 (b), whieh correspollds 1.0 I.he distl'ibllt.ion
{:tS"} U {2 Vi U S}; t.o obt.ain tolle ot.h~r d ist.ri blll.iolls not.e t.!lat. olle or bol,h t.lle

ovalssllrrolllldillg t.he fix~d points ca 11 bp. 1Il00'p.d 1.0 t.he 'Jeft. halid' half, alld the

pai r of sIlIall ovals can bp. 1lI0ved 1.0 t.!le 'I' iglt t. hand' haI f). If "he p-xposi I. ion is

chosen so tllal. X~1) cov~rs "he illl.prior 01' t.lw I.wo ovals snrfOulldillg t.he fixed

poilll.s of 8, t.hell I,liese t.wo ovals prodllCf~ t.bPo Vi COIllPOIWlll,s of E'&..; I.he other
pai rs of sy111 IlIef.l'ic ovals pl'Od IICf~ sp hp.rps.

8.3. Thc dist.ributions of 2V:J ul~.)', 'fIH~ distrihut.iolls cOllst.rllcl.~d here are
{V:! U oS} U {\/1 U bS'} for all (fI, ,)) P.XCf:1'1. (0, U), (4,0), (2,2), <lud (0,4). (The
first. except.ioll is fOlllld in [KIID], t.lll~ ot.lwrs, in [N2], see t.he relnill"k at. the eml

of :l.:L) Ld. V bp t.lw hypf:rho!oid ;J;Ä = ;1:f+:I:~-;r.j, all(llet C= C\ UC'1, where
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(a)

FlnURE :2

(b)

Cl alld C''J are given, re:-;pectivdy, by :t~ = U amI (2X3 - X2)2 = ((T.~ + x~)
for :-;ome sIllall r~al ( > U (sP.e Fig. ;{ (al. whieh repn~sents the projectiol1s
of t.he affine part. :to :f; 0 of )-~1) and }.~ 2) 1.0 t.he p1an:s (;Ln : ;r: 1 : J:3) amI

(:r.o : ;r:l : iX2) rf'spcctivp.ly; note that t.he right half of C't coincides with t.he
visi ble COllll ter of )-12). Tlw ....-:-;y mlllet rie real pert.n rba t.i ve ter III is chosen

so t.hat. its zero :--~t dOf'n" Hot illter:--nct. t.he right. half of Cl ami illt.erseds it.s
left Ilaif at. 4(a - 1) pOillts, u = 1.:2, ;~, locatell elose to tlle fixed points of s.

Under a proper ch"aice of t.he :--igll of tlle perturbat.ion, the right. half of Cl
doubles allel t.he ramifieatioll poillt.s gelleral,e 1(a - 1) ovals which do not
cont.ain the tixed poillt$ of .... (Fig. :{ (h)). TIJf~ eXJlositioll is r.liosen so that
t.he two strips cOIlI,ainillg the lixNl point.s (Jf .... iu t.he I'ight. Iinlf }"~'J} 01' }-' are
covere<1 by .\12); t.llf'!SP. t.\VO st.ri ps prod lief' t. he COIll pOilen toS V2 of Ea., Thlls
we obtaill tlle distl'ilmtiolls {V2 U a."} U {V2 U bSl wit.h (l =1, 2,;~ and b=1.
To COllst.rllcl. surfaces wil,1i h = U, we replace C 2 wit.h "he curve given by
(2:1:3 - 1:2)2 = ((;r.~ - xi) for SOIlW sundl real ( > 0; t.his makes t.he t.wo ovals
at t.he top of the front. side (and t.lw hOt.t.Olll of I.lw back side) of Fig. ;{ (a)
ami (b) (Ii~appear.

(a)

uu

(b)

FiCi URE ;{

uu

8.4. Thc distrihlltiollS ur VI U Vi U kS. 11. sllffices t.o cOllst.rud t.he distri­
but.ions {V:J U V1 U (/S'} U {hS'} aud {V{ U fLS'} U {\l1 U IJS} wit.h :2 ~ a + b ~ 4
and a ~ 1; t.lw n'st is fOlllld in (1\110]. (In fad, IH~rc we also COVcf the case
1 ~ a + h ~ :L) LeI, llS star!. wit.h a qllart.ic Q C llt.p2 wit.h (k + 1) real
compollelll.s, I ~ ~7 ~ ;{, uhtallH'd by Iwrt,lll'hillg t.IH~ union 01' "wo COllies (see

Figll re 4; i 11 Urde r 1.0 I'pd lIce t.llf-~ 11111111 H~r of f(~al COIII pOlIeIl t.s olle s hOllld eil all ge
!.!Je perf, 11 rbal. iOIl so I,h a t I, wo 01' t.h n~e 11 pper ova I:; r0 CI 11 a. si ngle oval), Pick an
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oval 0 (l.he low~t. olle in Fignre 4) and dcnote by L t.!Je double t.angent. 1.0 0
and by LII , U ~ (l ~ 1.:, allother tangeIlt., whieh t.oget.her wit.h L separat.f'~'i in
t.he real pro.iedi\'f~ plane 0 frOiIl (l ot.her oVills of Q.

FWURE 4

::!(k - a) ovals

FIGURE 5

\Ve lJIake use of the follm""ing t.edlllical n-·slIlt., whose proof we post.pone 1.0

t.he end of t.h is sect.ioll.

8.4.1. LeullllH. Tlw uuion LU La Cilll IJe pert.llrhe.d to an irredllcihle conic I....
wlJiclJ is st.iJl f.illlgent. t.O 0 M. t.lJree point.., lJas no of.lJt~r real intersectiou points
wit,lJ Q, aml sru:h Umf. 0 is jn /.lw outer jJart. of t.he oval of f{.

Let A' Iw t.bc eOIl ie gi veu IJy t. he h~11I1ll a. Consider t.lle dOll hle cover f'
of t.he project.ive plalle bralldwd OVN /\'. Denote hy ii t.he deck t.ranslat.ioll
involution, by I~' il.s fixed poiul. seI. (wh ich projPttri 1.0 h"), ami by Q thc pull­
back of Q. Dlj(~ t.o.'i (cf. ~.l). eaeh of f!, Q allel J~' hn....; /'wo l'eal IJal Vf'..... f'4 1) is

t.he hyperboloid showlI in Figure :1: Qftl) lias a compollf:nt. (t.he »1I11-back 01' 0)
wit.h three 1I0lH!egellcrate double poillt:-; i 11 R~I) ami (I.: - (L) pairs 01' symllletrie
ovals. The ot.IJ(~r half fJ:!1 is au ellip:-;oid in ",hieh Q~:!) lias (l pairs of ovalri

disjoillt. fro 11 I I~l:!l. Nmv (Y, s) is oht.aill('d frolll (f' ..;;:) hy t.he followillg real
.~-sYllllllel.rie bi rat.ioual I.rallsl'orllla l.ion: we Illow 11 p t.he t.hree sillglliar poi nts
of Ci ami !.hen hlow down !.he proper I.rallsfol'lllS of R ami the two gelleratrices
GI, G:! of f" tlll'ougil olle 01' t.llp. siuglilar poillts (11101'e precisely, t.llrollgll t.be
si 11 gul ar pai 111. whose image i11 b: p:! is close 1.0 t.he t.illlgellcy (>oi 11 t of L(j ami 0).
Let C be tolle l.rauriforlll of Ci, I t. is ea...y /'0 Sl~ t.hat. C&l) cOllsists of a large

oval Ö (t.Il("; l,rallsforln of t.11I~ sill~l1lar COIlI POIWIlt.) sllrrollllding (I.: - a) pairs of
SY"11 l1el.ric ovals alld 1.11I'f~p. isolal,f'd duuhle points: OIW (the i 11 lage of R) is fixed
\llIder 11, alld "lw t.wo ot.hel·s (1.11P. i IIwges of GI, G:!) al'(~ sy 111 IIII":t.ri c. TIII~ ot.hcr

half C~:!) cOllsist,s of /l pai I'S of OVi1ls alld all isolatml doull!c poilil. (thp. image

of !\'). :\11 t.lle ovalri hut. 0 ,HP. 1101. IwstNI illld do 1l0t. slIrrollud t.he singular

poillts 01' (:. Fillally, we Ilf~l't.\lrl) D 1.0 a Ilollsillglliar symmetrie CUfve C
(sef: 4 .:l.l i11 [I": 110]); t.lle fi xed dOll hle poi 111.) '" hich prod ueeri t. he VI eom pOilen t.
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of t.he result.ing EnriqlleH sllrface, call be made t.o pop IIp in eit.her side, and
t.lie t.wo sYlIlIlletrir. dOll ble point.s may ei ther form a pair of symmetrie ovals or
disappear. TllllS, t.he c1ist.ri bllt.iolls obt.ailled are {VJ U Vi U(k - u+[)S} U{u5}
anel {V3 U (~: - Cl + [)8} U {VI U aS}, where [ =0,1.

P1'OO/0/ Lr:11I111fl 8.4.1. Givf'-II al1 imaginary point. 11 E Q, deRne an invo­
hlt.ion I'u of a Zariski opell :-lIhset. of tlt~ sYlllmetrie power S:iQ in t,he fol­
lowi ng \Vay: for a gene.rie t.ri 1I1 e (;r. 1 , :r ~, XJ) E .':?Q there is a Illl iqHe con ie
throllgh 11, It, xl, x:.!, ;[:3; it iut.ersects Q at. t.llree more point.s YI,lJ:.z, .iJ31 ami we
let, 1'11 (x I, ;,t:~, :z;a) = (YI, lJ:.!, lJJ)' Clearly, tolle above conic is tangent t.o Q at
Xl, x'.!, X;i if aud ollly if (Xl, x:.!, :1:3) is a fixed point of {III'

DeHot.e I)y (t 1 , (L'.! ,(t3 t.!Je th ree tau gelley poi 11 ts of L u Lu alld Q, and by 11

olle of t.he two imaginary int.erscdion point.:" of Ln ami Q. Then t.he graph r v
of 1'11 int.ersects the diilgonal ~ C S;iQ X 83 Q at. (l =((LI, (12, (l3) X (al, fL2, (IJ)

transversally. (Note thaI, SJQ is smoo!'h at !.his poillL) Indeed, let PI, !}2 be
the t.wo projectiolls.S:JQ x S~"Q - 83 Q, aud let ej be sOllle real gf:lleral.ors of
t.he tallgf:1l t. spaces T.I, Q, w11 ich \VI-;' I'(~ga rd ilS basis v~ct.ors of 7( <11 ,(I:.,";,) 83 Q .
Then TII~ is :"palln~d by J}i Üj + j}~ej, i = 1,:2, ;{, allel T'I r" is spann~d by
lJiej + Hill~Ci, i = 1, 1, ;~, wit.h SOlll~ l'~nl (ri < U. (To sef: that., olle can Illove
Olle poiBt, at. a t.illlp.; t,lwlI thf: COllie is st.ill I't~dlldbl{~, alld it. is ~a..;;y 1.0 est.illlate
t.he tallgent. veetor:-.) TIHlS, for nllY othPor poillt. ,/ elose t.o v t.he graph of Pli'
also hfls a lIuique (<lud lJf:lIce r(~al) iHf.{~rS{~ctioll point, with ~ clos~ to (l, i.e.,
tlIere is a real COllie I{ t.hrollgh ,,' t.angent, t.o Q at. t.hree real points elose
Lo (l1,(l~l(lJ. If t1H~ line (v'ii' ) is Hot, I.nngellt 1.0 Q, t.his c.onic is irredllc.ible.
Finally, 1.0 coutrol t.he t.opology (adually, "0 choose oue of the two possible
real cl irect.iolls of t.he pert.1I rbat.ioll), j IlSt. Ilot~ t.!J at. 1\" has 110 real intersect.ion
poi nt.s wi t,h (Vi ii / ); hellce, t his IiHe Iif'S on t,sid(~ of t he oval of f{, and if v' is
chosen so I.lmt, (11' ii') in""ersect:,, 0 al. t.wo real points, then 0 is also ou tsid~. 0

Rt:lI/(lrk. Tlw, involution utiliz{',d in (,lw (ll'Oof i:- silililar 1,0 thaI, from [GH,
Sect. 7), where it, is Hsed for a silllilar pllrpose. 11. also S~~IIlS possible 1.0 apply
Shllst.in's approach [SiI].

ApPENDIX A.
VIH.O 1I()r-.IOMOH.PHIS~'IS AND S;\lITIl EXACT SEQlJENCE

A.1. Viro 11OlllOlJlOrph iSlllS HIH1 (I iff(~l'ell t ials. Rpcall timt t.he Sm illt cx·
(Jcl .'i(:/j tI t;U Cf: of a ;Z:/2-:-paCf~ (Y, f:) i:- t.llI~ exact. :-eqllf:llc~

~ /./1'(\'") rd_l,r. I (\rl D' )
1 --- I I' 1 ,['IXC -,

wher~ Y' = ))(' i:-; the orhi t. :-pac(~, i11: Fix (: - ).' is the i lldusioll, pr: )., ­
}." is t.he pr()jf~di()lI, t.1': Il,,(}"', Fix(;) - 1l,,(Y) is "lw transfer lIIar, alld
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rel: H,,(Y') - H,.(Y', Fixe) is t.h~ r~lat.ivizat.ion map. The conn~ct,ing homo­
morph ism ~ is ddllled <lS follO\\'s. GiV~1l a r~1 at.ive cycle y' i11 (Y', Fi xc), lift
it. to a chaill y ill Y. Thf':l1 ()y =N!I + tr =for some cyde =in (Y', Fix e), and
we let. ~!J' =dy' $ =.

Vire hOIlIOIllOl'phislll~ amI tllp- diffp-r~nt.ials of I\:alillin 's spectral seqllence
are iucorporated i11 the SlIJit.h exact sequencI:. To exl.ract them, olle ~hOldd

regarcl bot.h tl;, alld IwI' a.., a.dd i I.i ve rel at iOHS (i.e., par t.i al many- val lied homo­
Illorphisms) 1J,.(Y) - H,.+r-lP··) ami H.. (Fixc) - HpC'r'), ami consider t.he
relat.ion ~-l: HI'{Fixc) $ H,.(Y', Fixe) - H,,+dY', Fixe) inverse to Ö (see,
e.g., [rvIcL] for t.lw not.ion of addil.ivf': relat.ion ami its properties).

A.l.l. Pl'opo:--itioll. TlJe dilfer(~llt.jals of !\lL1ÜliIJ '8 spectral selJlJenCe awl Vi­
ro IJOllloIlJOrpIJisw... , regardetl lL'" nddiU \'t' relations tl;.: Hp (Y) -'" H,,+r- dY)
ami Iw,.: H .. (Fix c) - lI/, p'") rPS/Jer. ti wdy, are givell 11'y

r/;' = t.rl'+"_1 o(~ -1,..-1 0 pr
"

1)\'"(:Lj~,, ;l:d =in" ;1:" + trI' !J;"

llnd

wlJere, ill t.1,e laHer eflllnf.ioll, Xi E H j (Fix c) amI !~, E ll/, (Y', Fix c) is tlefiIJed

recllrsivP./y vi« y:) =0, Y:+1 = ,j.-l(;r.j t-b!I;) E Hi+dY', Fixe).

Proof. To prove t he fi rst a....sel·t.ioll, pick a cyde ;1:" i 11 Y ami cOllsider some
cycles Y~ ill (Y', Fix (:), I/ :s; i :s; IJ + ,. - l, reprr:sp.llting t.he it.era.t~d (>ull-baeks
(~-1)i -J' (0 EB pr J:,,). By t.h~ deli Ili tioll of ,j.. for i > 11 one get.s ay: = 0 aud
there are some dlaills Yi ill Y :inch thaI. pr!Ji = !Ji allel {)Yj = t.r Yi-l for i > TJ·
Now, replacing ~adl !~ wit.1i Yi aud IIsillg t.lie-fact thaI. t.ropr = 1 + c.. , olle
obt.ai 118 the defi lIi "iOH of d;' given i11 ;L 1.1.

The seeond a.''iertioH is proved silllilarly: n'e sl.nrt with a seqllcnce of cy­
eies J:j in Fix c, 0 :s; i .:;;;; lJ, dloose relative cycles !I; in (Y', Fix c) so t.hat.
o.lI:+1 = ;J:j $ y;, ami lift. t.h~lll 1.0 dlilius !Ji iu Y; t.his gives the definit.ion
of bvp given ia fi.:!.1. 0

A.2. Whitehcafl (seIui-t:xaet) tl'ipltls. Acc:ording to Proposit.ion A.:!.l
the relat.ions t.r oD. - r+ 1 0 pr form a seqUf:>nce of di fferent.ial rclal.iolls iu t.he
sense of Puppe, se~ (P), w Itich gP.IWI'i1 tes Kalinin's spect.ral sequeuce. Thlls
the lau.er Cilll Iw deri v~d fl'OIll t.he Sill i l.h (~xad. !jflqH~llce. Below, ill A.:{, we
describe l.h is deri vp.d spect.ral :-;1'ql\(~IlC(~ i11 a cl irflct. way. For t.his pllrpose,
\\'e lIeed a sligiJt. IllOdific:al,ioll of t.lw IlJachilJ(~ry of flxact cOllples (see [Ma] or
[trieL]). SOIIW e1l~lll~lltS of t,hi~ Illodilkat.ioll art': cOIlt.aillt:~d in (\Vh].

A.2.1. Ddillitioll. A Whift.!u/If! (.~(:lIIi-t·X(/(:t) fril'lr C = (IJ, D, D; (\', (J, ,)
is a t.riallglc

C:
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of abeliall grollps "lid hOllloll1orphisms which is exac;l, at D and iJ and such
that. (1) D is 'l slIbgroll P of iJ, 'lud (:2) l' 0 (j = O.

The Jwmo[o9Y 91'OUP of C is H(C) =Ker;/ Im ß.

G iveu such aC I olle call deHlle t.!Je dn';1!(:d 11';Jlh: C' =(H', D', EJ'; 0:', ß',;')
a.s foliows. COllsider d =;30,: II - H ami lel. H' = Ker d/ Iin d, rY = Im U',

amI D' =EJ' n D. The Hew lI1aps (t' allel " are iHcI \leed by (}" ami, respect.ively,
amI ß' is gi ve 11 by (J' ={3 0 (}" - 1 (i 11 t, he seuse t. hat, ß'd' = ßd, where d' =('al).

A.2.2. Pl'oposi tiOll. Tlle deri \'t~d f,rifJll~ ofCl \VIJir.dleltd (,riple is weJJ defilJerl
alJd is a \VIJit,ehead f,rifJh~. TIHm;:~ is aIJ exact Sp.qllp.IJce

o - [Y/D' - tJ/D - il(C') ~ H(C) - 0,

wIJere the middJe lJOlllolJlorphi"'JJl D/ D - iJ(C') is iluluced ll'y ß, awl the
otlJers are tIJe lJaf,urat ]Jrojecf.iolJs.

P7'Oof. Bot.11 t.he 'L<;..-.ertioll~ cau he proverl hy diagram chasing in tlle 1111­

l.ial \Vhit.ehead tri<lllgie. (The exad seql1ellCp. in qlleljt.ion is, in fact, t.he

Ker - eoker seq\lellce for D'- D .!!.... Km )'.) 0

Due 1,0 A.:2.2 , st.<lrt.illg wit.h a \Vhit.dlf~ad t.riple C = Cl, OHe can deRne the
seqllellce Cf' = (CI'-I)' of df~ri"pd triplf's <lud, ;L'-; Ilsllal, its limit

cex..: H N

.11"";0/ " 1''''

""u

which is st.ill a \Vhit.pIH~ad t.riplp wil.h (jN = 0 allel n('O.) out.o. TIJe terms Hr

of Cr ami cl iffereH ti als (r : Irr - Ir deli Ilf~d nbovp form a spectral seq Ilenee,
which converges 1,0 H N

. From t,h~ sprolld part 01' A.2.2 it. follows t.hat t.hpre

are t.wo filt.rat.iolls

H(C.-.:J) :> HO :> ir 1 :> .

iJ/D = j:H:> j:l ::J .

amI t.he isolllOl' pli iSllIS

,wlwre 11 1' = (>\m'[H(CfXi
) - ir(CI'+I)j, ami

, wlwre ):1' = 11ll[L)1'+1 / DI·+1 - D/D],

ind I1ced by (JI'+ 1 esI.a bl ish all iSOIliorph iS1l1 of 1.1 H~ <lssoci ated graded groll ps
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RCu/(Lf·J.·. Notp. t.hat. in gp'lIp.ral, iio -=F H(CI'XJ) ami nl'~o H" i:- O.

A.2.3. Pl'opol'Oitioll. Let C IH~ MI eXll.ct. t.ri/Jle (i.P.., H(C) =0) witlJ llilpo­
tell t (X Ci, e., tlwre is ll. / Josi ti l'e iII teger H sllch timt n Ti y = 0 OlJ all the ele­

melJ t,s !I E D OlJ whi clJ it is weH deli lJed). T1Jell there are fllJ it.e flUm tiolJS

o= ]n+l C ... C ]1 C jtJ = D/D ll.lHJ °= fIn+1 C ... c fIt C HO = H rxJ

ami lUl iSOlIJOr/,hisllJ Gr:t (D / D) :!: GrFi !Jcv of tim associaterl grnded grollps.

Proof. By t.lw hypot.Ii/:~8is, Oll i~ idelltically zero Oll Dn. Thus tJn+1 == D,,+1 =°amI ..,.n+ 1 = 0; hence, C'"" = Cn +1 ami iJ (CrxJ) = lJ cv =H"+ 1 = JI (("+ 1),

amI, ia part.iclllar, ifu+l =0. I3psides, it(C) =0, ami Ums iiO =H'X). D

A.3. The spedral seqllCllCe dcrived frou! the Sluith exact seqllellce.
Given n ~ /2-space (Y, c), i t ... Sill it, h exact Sl~quence 0 bviolls Iy [orms an exact.
t.riple

ill.+tr/

J1.(Fixc) $ J1.(Y'; Fix(:)

"'" rdo pr.

Ir bot.h Y' ami Fix c have h01l1ol.opy t.ype of filii t.P. d i lIlp.lIsiollal cell complex­
es, •.!Ieir homolog)' are graded grollpS wil.h d('grf'~ hOlilldcd from bol.h above
and bclow, <Il1d Ll, beillg a IHilp 01' degr~e -1, is llilpot.eHt. Hence, accord­
i ng to Propol'Oi I,iou A. ~ .:\, Olle nbt.ai IIS a sp~:I.ral s~q lIeuce H! = H. (}") ~
H. (Fix c). I Ilsf.f~11l1 of tllf·~ 11011 hOIIlOg~lwollS filt.rat.ion :FP ami Viro 1I011101110r­

phisllis Iw/ : :FI ' - Hlr:-' Proposil.ioll A.~.:l providf'::' t.he llOlliogeneolls filt.ra-

t.ions j~' Oll H q ( Fi xc) alld i/~' Oll H'; ami i:iOl11or pli isms fJl;: :t~' / j~'+1 --

H~ P /1"/1'+1
q+r' 9+,"
Let. :F~' be I.he iuwge of :F<J+1' n II ~</(Fix c) in :F'l+11 / F9+I,+I. For Tl fixed

t.lle groll ps F,~_j farin a fil trnt.ioll Oll Fr / F"+ 1, ami simple cOl11paring Propo­
sition A. L.I ami definit.ions in A.2 give:-.i I.he followillg I'esnlt.:

A.3.1. Proposition. T/Je a/llll't-! "'''fJt~ctral ..../~I/'Je1JCI~ c()ilJcidt~ with !\;dilJilJ '8

sp€ct.raJ ....el/llellet-! H~' (Y'), J! ~ I. il/Jd t.lwn· art-! i~01"orfJ!li"'l"s F~' / F~'~l ~

j~'/j~'+l ",!lieh HJake l.1u" Ic)lJolI'illg diagr<lllJ rnlJHllut,e:

F/' / :FI'+ I
Iov'I+1' /11' / iJI+ 1

q 'I-I '1+1' q+,'

~l

:fl'/F/'+i
I'IP /1 1' / fi,'+i'I

q 'I </+/' </+1'

Hf.mark. 111 partiel11ar, Propositioll :\.:1.1 g,iv(~s all altel'llative proof of t.he
faet I.h a 1. Vi ro 110111 01110 rph iSlllS i 11 cl IlC(~ iso I 11 tl rplt iSlllS or t.he ilssoci al.ed graded
groups.
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Re ma1'1.. Note t.h at, like H~' (Y) alld d~, the Vi ro iJomolllorph isms alld ti 1­
trat.ion F" call ue deriw,:eI algebraically from t.he SlIlith exacl sP.<luellce (cf.
P roposi t.ioll A .1.1). To do t.1t at. Olle call lIse t he follow ing properties of t.!Je
origiual exact tripIe: E, Ö, allel D are graded groups witll bOlillCled elegree;
ß ami l' are 11011101 110rph iSlllS of d(~gree U; n is a hOl 1101 norph ism of degree -1;
alld iJ is rep rp_<;e 11 ted as a direet 811111 iJ =D EB (fJ / D).

ApPENDIX ß. KALININ'S INTERSECTION FORM

D.1. The loenl cnse. I": al i11 iII'S spect.ral seqlIence nlld, in part.ielll nr, Vi ro
hOmOIllOL'phisIIIS ad 111 iI, 11.11 olwiolls relative version. \Ve make IIse of such a
version t.o do SCHilf' ealclllat.iolls ill n neighborhood of t.!Je fixed point set. Then,
in t.he lIext. slIbsect.ioll, we apply the rpslIlt. obtained 1,0 establish (iu t.he global
case) a relat.ioll het.wee.n I\alinill's illt.ers~ction form (a, b) t- (bv. a 0 bv. b),
a, b E H.(F) ami t.lle PoiJl(~are illl.ersectioll forlll (x, y) t- x 0 y, ;I;, y E H.(F),
see Theorem n. ~.1..
D.l.l. Lfmnua. Let v fle all III-dimensional vector bundle (wer ll. nlJit,e cell

cOillplex F , 1l.1Itl Ie.t. T MAI! iJT fit! (.he ;L.....ociilt.ed disk a1lt1 sphere IJIlwlJes,
res/ ,ect.i ,'eIy, 811/'/'/iel! l1'i th tlw all t.ipodal i lJ \'0111 t.ioH. ThelJ the IJOlJ1oloJ;Y fil­
trat.iolJ F· lL')t,'uciaf,ed I\'itll [\ahflill '.... ....l't-ld.ral ~t!(IIJe1lce of (T, AT) ;8 give1l hy
Fm+p =w(V)-1 n H~J,(FL wlJere w(v) = I + IIlt (v) + 1lJ:!(v) + ... is t.he (,ot.al
8t.iefel- \ Vhit.lJp.y d;L>;s (Ir v.

p7'(wf. Gi ven a !.opologieal ~pan,,: ).' wi 1.i1 in \'01 11 I.ioll c:: Y - Y aud an iut.e­
ger 1., 0 :::; L; ~ 00, d~llot.p. by }"k tll/~ l.wisl.p.eI proel lll~t.

(8.1.2)

where !J: SOk Sk is the allt.ipodal illvolut.ion Oll tlle st.andard sphere Sk.
It. is clear (see, e.g., [0]) timt Tk allel (nT)k are, resp~tively, the disk ami
the sphere. blllldies a....."ocial.p.d wit.h v 0) lJ over Fl; = F X IRp/,:, where 'I is the
lautologicallillear Imllelle ovp.r IRj}. Ld. 11; E HdIRpk) be t.he gellf~rat.ors. (\Ve
let. hi = () for i < U01' i > ~:.) 111 [0] it. is showll tltat a slIffieiellt cOllditioll for a
cla.'is LXi, Xi E lfdF), 1,0 hfdong to Fq is t.hat. "hp. image of LXi 0 hq- I - i in
Hq-I (T'I' iJTq ) IlJHler the illcillsion Illap lJ. (F'I) - H. (Tq , rrr'l) sllollid vallish.
(lu (0] only tlie absolut.e case is (~ollsielered, lmt. t.he proof works in the relat.ive
case wit.hollt .. ny c1.auge.) The. illclnsioll Illil]) f{. (F'I) --- H. (Tq 1 aT'I) is equal
to the cOlllposil.ioll of t.lle 1Illlll.iplicilt.ioll hy Will (v 011) = L 1/Ij(v) Cv hm

-
i amI

Thom isolllorphislll, alld sjH~tlil.g 0111. t.11I~ Ilroelild. w", (v 18 I,) n L Xi I8Iti/-t-i
al\(l t.aki IIg iut.o accolIlIl. "hp. codrici(~lll.s of tho:-p- of hj which are nol ident.ically
zero i 11 H. (n:t p"') shows \, ha I, t.lw a bovp. S 11 fFir.i (~Il 1. cond it.ioll is eq 11 ivalen t. to
w(v) n L :ri E H~'1_m(F), i.e., L Xj E !/I(v)-l n H~q-m(F). A pT'ion, t.he
slIhgroliP obt.ai 1IP.f1 is only a port.ioll 01" F9, hllt. COIll paring the dimensions
shows t.hal., in fact, t.h(·sf' 1.\\'0 sllhgWllps roincide. 0
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B.1.3. COl'ollal'y. Let. F, v, T. and NT I,Po lL":1 in Lemma B. 1.1, all/I let
th: H '1+ 111 (T, fJT) - Hy(F) IJP. t,/1e TIJ O(rJ ;...( Jll wr{llJ isn J. TlJ en (nr <lny cl fL')S

lJ E H'l(F) one IJiL" bvq+m(w-1(v) na) = t.h- 1
lJ.

Pro,,! The rpsllil. has ac:l.lIally Iwen provf'd for I.hf' ea,.')e whcn F is a tj­

dimensional poly llf~droll wi th H y(F) = ?!./'2, ami (l is t.he generat.or of t,he
latter grollp: in t.!Jis case w- 1(1/) n (l is l.!Je ollly nOIlt.rivial element. in Fq+m,
1.11- 1

(l is thf' 0111)' Ilontri vial eh~lllellt, in H Y+III (T, lJT), alld bV'/+III: F,/+III ­
Hq+m (T, aT) is illl isolllorph is 111. 111 general, Olle call fi ud a si ngul ar q­
dimensional polyhpdl'OII f: P - F wit.h IIq (P) gellf'rated by a single ele­
Olen t, [P] so t.hal. a = f. [PJ . Thf' rf'SIlIt, follows t.lWIl rrom t.lw nat.u ml i I,y
of bv. ami I.h. 0

D.2. The glohal casc.

D.2.1. Tlwol'eu1. Let }., /Jp II SUJOOt,Jl dosed N -dimensional mani[o/d witIJ

a Sl1Ioot.1J i 11 1/0/" tiOll c: Y - Y, <t/lf I let, F =Fix c IJe tlJe Fixed {loin t set o( c.
TIJe1l [or any (,wo c/fLo.;,sPS a E FI' lllld lJ E Fq OIJe lms

w(v) n (00 h) E FI'+q-N

and
1)\'1' a 0 hv<;, h = \l\'I,+y_N[lII(V) n (u 0 iJ)],

lVlJerc w(v) is t.lw t,otal .I.if.it>[el- \VhiUwy cJiL..... u[ the lJorlilill IJIlmlle v of F
i 11 Y·.

First, 1p.1. lIS PI'OVj~ t.hp. followillg 1(~1l1l1l<l:

D.2.2. Leullua. Ld, Y, c, and F 11f-~ llS 1l/,oWl. Delwte l/y Dy : H· (Y) ­
H,. (Y) and DF: 11· (F) - H. (F) t.lle Poincilre dllit/ity lI/allS i1l Y amI F
resfJect.ively, and /'y Dr : f1·(F) ~ H.(F) f./lt~ lJlal' n t- n n (w-1(v) n [FD.
TlJelJ:

(1) Dr. illlJrICCS i,""Olllorl'IJislll'" F,v _I' - FI';
(:n gi\'f'!Il:r: E F,,, Olle JUL"I/vN-1'(D;:I\W,,;I:) == D;:l;r. lIIod FN-l'-l'

Proof. Frolll I.hp. lIal.llfillil,y or Kaliuill 's SIH'ct.fi1l seqUt'!l1ce all(l Corollary B.l ::~

it. follows ..hat the oilly lIo11trivial i-dP.llIP.lIt. of F N is w-1(v) n [F] <'1.11(1, hp'llce,
[Y] = bv N ( 1/1- 1(1J) n [FJ). T 11 Il~, Dr is t.he III 111 f.i pi icatioll by tlle generator

of F N ; hencc, i I, lllaps FN -f' La FI'. Flll't.llPflIlOrp., Dr. is 11.11 isornorphisllI (as
com posi t iOll or Poi 1Ieil rp. d 11 al i I.y alld !I II d l.i plieil t iOH by all i 11 vmt.i ble elf'mell1.),
and campari 111; t,lll~ diIlH~II:->i()lIs shows t.hal. :->0 i:-> i ts rp.st,rict.ioll 1.0 :FN -I' - FP.
(R.ecall thaI. diIl1F,v_" =dilllF" dne tu rl.;Ll amI !i.;L:!.)

Frolll the al)O"I~ il. follows I.hat. D,. hv N
-q (D;: 1 Iwq ;I:) E F1" ami olle has

(seI': rl.:Ll (<1)):

1)\'1' (D,. h"N-I' (D y1 11"1' ;I:)) = Dy1 I/v/.;r; n [Y] ::;;: I>v/• :1:;
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since Ker Iw,. = :F1+ 1, t.his givf>~ Dr; bv N
- 1' (Dy I bvp x) == x mad .1'p+1. 0

Prno! oJ Thwrnu 8.2.1. ßy the ddillit.ioll, w(lI) n (u 0 b) = D;l u nb E
.1'N-p n:F'/ C :F',+q-N, ami a dired. calculabon lIsing Lemma 8.2.2 (2) shows
that. bVp+'i- N (D;l u n b) =Dy I bvp (l n bVq b = Iwp (l 0 bVq b 0

\Ve wOllld li ke 1,0 also 1I1f>IIt.ioll t.he followiug illllnediate COllseCjllf>IlCe of B.1.1
amI B.l.:l:

D.2.3. Pl'opo:-oitioll. Let. Y, c, F, nud v /,e ilS iu Theorem 8.2. Pick 11 COJrl­

['OlleIJ t. Fi C F of d i lJJp.IJ,,,·i{HJ (N - 111), alul dp.lwte IJ'y i 11 i: Fi - Y the ilJclusiolJ .

ThelJ F'i n H. (Fil C w- I (v) n H~q-m (Fd, awl for alJ.V cliiSS u E :Fq OIJe lHl..,
in~ bvq a = [w(v) n u]q_m IF,' where ill! is the iuverse Hopf lJOl1lomorphisrn awl
[. ]q-m stalIds for t.he (" - 1II)-dillJeIJsiOlJRl C01"lHlIH~IJf. of a llOlIIlOl11ogeueolls
IwtnoJogy cla.........

P1'Oof. The ti rst. sl,at,f'IIIf> 11 t. follows l'l'l) III j, Ill~ 11 al.\I ral iI.y of the fi It ral.ioll ami
Lem ma B.1.1 appi ied 1.0 v IF;. To proV(~ t. he SPcolld aue j liSt. nol.e tiJ at. in~ is t he
com posi l. ion of t.he ndat.i \' iza I. io 11 hOlllo 1110 rp hiS11l H q (Y) - H9 (Ti , lJTi) alld
TllOlll isomorpli iSIll H" ('n , iJ~) - H"_111 (Fj), ami apply Corall ary B.2.2. 0

ApPENDIX C.
VIRO 1I0MOl-,lORPIIISl-,·ts AND STEENROD OPERATIONS

Let. Y bp. a gODel t.opological ~pacp. (Sf-'t> t.hfl first. paragraph of Sf>dion 5)
wit.h an illvolnt.ioll c.

Recall t.lte original cOlIst.rudioll 01' h:aliuill 's speetral seqllellce (see [Ka]
or [D] for det.ai Is). COllsider the li 11mt.ioll Y",-, - ~ pC"V = 8 00

/ (l (see B.1. 2 for
t.he defi lIi t.ion of Y",,) ami it.s OOl'el-Sene spect.ral sequence H!. = H. (Y) (9

H. (IR. pt'"XI) => H. (Yr"'-J). For q big (~Ilollgh, t.l1e cap-prodllcl. by t.he gellf>rnf.or h E
flI (IRpCV) defilw~'" isolllorphisllls 11;'.,,+1 - H;'" alld j{ ,,+ 1(Y("Q) - H" (}I'r"'-J), see
[BoJ. Fllrl.lJf>f1l1ore, t.ljf-~ cOlnposit.ioll ur l,he I\\Il1l1et.h fonnllia ami t.lie hom0­
IllorpiIislIl illduced hy t.lle incillsioll (Fix c)......., = Fix c x IF.pf"'w,j L-o Y"" defines all

isomorphism fI q(}"(XJ) = H .. (Fix c.), lor.. eit. ßy definit.ion! I\alinin's spect.ral
seqllenCf~ is tbc ~.;f.i1bilizat.ioll H;'(Y) = li.w H;'" => {{.(Fix c) = Um H'l(Y'""').

Sinc:e in t.!Iis paper we art> Illainly dealillg; wit.h hOlllology grollpS, let. IlS

consider homolog)' St.eeurod opl~raf,iolls S'It: II/,(Y) - Hl'-dY), which, at.
least whclI Y ha.... fillite homology in (~;lCh dilliellsioll, are jnst. dual t.o tlle
cohomology Sl.cellrod sqllan~s Sql: 1J 1'-I(y) - 1l I'(Y') (sef> {SE] für det.ails).

As it. is kllOWIl (S('e, for p.xalllpll~, [~kC, TlwOI'el1l (i.IO]L l.he Borel-Serre
speetral sec jlwnce H. (Y) c) H ~ (!P.". p"-') => 11. (Y,,-,) rf'speds Steellrod operations:

C.!. Lnullua. IlJ t.he n()f(~l-,','t'j'n' ....lll~ct.ra/ eIJ"elJce 11.(Y) 0 H.(IRpC'V) ~
H. (Y'XJ L t.here are smHe IWt 11ral llUll JOII/CJr/ l}, i ·lJI... (fHm wlogy S't.eeIJ rod O/lera-

(.iOIJs) S'It: H~,~ - H~_t,., t ~ O. so t.JJat

(1) S'It COllJIIJllt.e. wit.!J t.1w di/ferf'lJf,i;d..... i.e., Sqt O(r = (r 0 Sqt;
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(2) for each ,. ~ 1 tJle operat.ious Oll H::-1 coincide wit.1J tlwse iIHlllced
IIY Sq, Oll H:. \,ill (1);

p) tJle operations Ull H;. = fI .. (}·") (~H.(IRp('>.J) are defilled IIY the St.een­
rod operations Oll )." via Sql (:r 0 "8) = Sq, x (~ h 8 ;

(4) Sq, cOln'I~Qre ta t.he StP.lmrod ol't-?rat.ioIJs ;11 r~.

C.2. Defiuitiou. Giveii x E Hp(Y) ,1IId t ~ 0, define tlie 1/Icighff/ Stff:'U7'(U/

o]H:ratiou &i,x = LO::;;j~t (~:J') Sqj x, where P > JI + t is a power cf 2. (The

binomial codficiellts do not. depend on P l see l e.g., Lemma I.2.ß in [SE].)

C.3. Tlu~()reill. The S't,/·t-?llrod oI1f~ratjous llat.llrally de.~1HI to HZO (Y) so

I.hat [ar allY ;r. E :F
"

aud I ~ 0 olle },rt.<; Sq, !lvI' ;r. =!w,.-1 Sq,:r..

p7'(JOf Pick SOlnp. P > , + dilll Y which is Cl power 01' 1. Since H;'q dops
IIOt. depelld Oll '/ :;$> (J, OIiP. ca II repl aCf~ t.he sta hi Iizat.ioll h0111 oll1ol'ph iSll1s
nlt: H;',l/+I - H;'" wit.h nlt P

; H;',l/+p - H;:l/' whieh COllllllute wil,h Sq, ami,
hence, iIId \lee SOl 11 e opera t.ioll Oll H;' ()." ). (Illdeed l \llIder t.he a.-;SlI m pt.ion Oll P

olle h a.s SI i "P =U for 1 :::; j :::; ,., illI<! Ca!' I.an forlll1l1 a appl ies.) TiJe iJld Ilced
operaball depellds Oll t.he initial I'OW; if Olle starts with Stlt : H;'p - H;_I,Pl
it. obviollSly eoincidps wit.h t.!Jat. illduced by Sq/: H,,(Y) - H,.-dY').

Since Sqt is natural, il. OIl1y 1'p.lIlaillS to f'valuat.p. it Oll, saYl ff p(Fix c),"", =
H p(Fix cx lRp""'). For aB delllp.llt. ;I:0!Jp_", ;I: E H,,( Fix cL t.he Cart.aH forll1ula
gives

amI, aft,p.f drol'pillg; t.he It fadol's, olle obt,ai IlS Sqt J:. 0

Applying tlll~ last. n~~llil. 1,0 I.IHl Bockst.eiH hOlllOlllorphism Sql gives;

C .4. C ol'llllnry. For auy cl il.."'.. ;I: = Li ~1' :r. j E :FP oue IUls

C.,:}. Clll'ollm'y" Ir 1J = 2. t./W/I (,"'t-:'P. 1,lw I1ot.al,lo/J 1fI :jA) Sql bv~[Cd =
bVl wdCd ilud Sill IN:!(o + (f.'j - Cj}) = IlVI fL

Rt:.7l1rJl'k. 111 l:·/~Iwl·;d. HI~d)'") is iI slIbqllotieut. grollI' 01' 1l1'-dY). If it. is a

~mbgrollp, COl'OlIary CA al!ows I.() find all I,he da....."p.s in Hf';'(Y) \vilie" havl-l an
integral represenl.ative. For ~~Xillllplp., t.his ilpplit-'s whelJ l' =2 l Y is COlllleeted l

alld c.. aet.s t.ri viillly 011 f{ dY).
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In th is set::t.ioll we <k,'ill me t.lm t, E sa t.isfif'_o; all t.lle nx ioms of general izeel
Enriqlles slirfaces (see 1.2) except the rf'qllin~mellt. wAE) i= U, i.e., E is tlle
orbit. spaCt-~ of a gf~Heralized I{:~-sllrface X Gy a tixeel poiHt free holomorphie
involll t.ion T: X - X, alld IIJ',! (E) = (). t\:; i11 t,he ca...;e 1/J',! #- 0, t.he components
of ER llIay 1)/:, of olle of t.he tYlws S'!I' Vii' or T.q (see l.:l). Note tImt Es. has
HO 1I0llorifmt.able COmpOIlf'llts of odd gellus (i.e., V',!.q+ I), as t.he fllildament.al
dass of slIch a cOIllpollellt. would have square 1.

Obvioll:;IYl all tlle resllll.s of S(~c:t.iolls 4 anel ti, wit.h 'w',J (E)' I'eplaced wit.h
'generator 01' Tors',! HAE; Z)', are st.ill valid for t.his dass of surfaces.

0.1. SUl'fnees with llOllOl'inlltnhlc l'm\l part. Below, for hrevil.y, we sny
t.hat. E.. or Et;) i:-: of t.ype f if it.s flllldilllwlltal cla.'i."l belongs to t.he image of
Tors',! H',!(E; Z) in I!',!(E).

0.1.1. Thnol'{HIl (cf. Tlworelll :2.1.:2). Ir ER; is 1lC1IlOrielJtallle, t/Hm ETJ. COIJ­

sist.s of a ....iIJgle Iwlf nrHI 1.lw u'st,rietiolJ •.\'3 - Ea of t.he IJrojectioTl X - E
is tlJe ariell tat.iOll d(mhip. ('(weri"g (i .e., t.Jwre is llO cOnJ IH)JJelJ ts of type Tg ).

Be..,ides. E is 1111 (AI - d) -,'·mrface. d ;:: :2, (ll/( I

(1) ir d = '1.. t.llt~lI .d Eed == a( E) (ll1od Ui) nIJd Er! is of type l;
(2) ifd = :~. r.!JelJ x(EIId == a(E) ±:2 (mo<! lU);
(:l) if d = 4 amJ x( Ea) == a( E) + ~ (lllOd WL t.JWlI Ea is of (V/le l.

Proof Pick ... 1I01l0l'iell table COl1l POIlP.11 t. c: I C Efi) ...mi a d isoriell t.i ng cyde
n E H1(C'r). Ir Ek',!l #- 0, :-my, E~~) :> C~, then [lw',!(n + (CI - (,'2))]2 = 1. If
tllere is ... 11 orient.ahle COIII pOil eil t. CI a Ild a cl ClSS jJ E H dc:3 ) wh ich eloe.') not.
v... 11 islt i 11 Ifd E), t. hen [lw ~ ((l' + 11)F = l. In both t.he cases we COllst.rllct.eel
a cla.'iS :I: E H7"'(E) with :I:',! = 1; l.his cOl1l.radic.l.s t.o thp, a.<;sllrllpt.ion thaI,
w:!(E) =U.

From CoroIlCl"y C.;) il, follows t.1J af, , Illld(~r I.lw hypol.hese.... of t.he t.heon-:m,
bv',! x call bp. rep"es(~llted by all illtf~g;r...l cych~ for any ;r E :F',!. Illdeed, sillce

Ea has ollly Olle half, t.IH~rc art-' 110 da...;sps 01' f,he forlll bv',!((~ + (Ci - Cj)),
ami, sincc wAE) = U, each nOlloriBIlt....ble compOllelit Gi of ER is of evell
genus (othmwise OIlP. wOllld have (bv',![Cdf = I); IWTli~e, bVl wdCd = 0,

ami C.5 appl if'_-;. ThIIS. J-I~ (E) is a SIl bq 1I0t.i eil t. of iI (H ',! (E; Z)), allel, si IIce
H',! (E) do('s have Ilollillt.(~gl'al cl i1S.Sf'1ol , dilll 11- < d (l'Öl-'e Lemma!) .1.'1. for the
den 11 i t iOH of 'D - ). DIIf~ t.o f, h(~ (lIIOd :2) -collgruellce (Lemma ;1.1.:2) it IllIlSt. he
cl iIII 'D - =tl - :l, a ud I.l\l~ n~sl. of I, h(~ proof rp. peaf,s t. haI. of Theormn :2. ~.1. 0

D.2. SnrfaCH!'l with oriel1tnhl,~ l't~al part.

D .2.1. Theol'ell1 (d. TIll'orellls :2 .1.:2 'lud :2. :l.1). If E is all (JH - tl)-surface
lVith orh~IJt,a/lle rt~al /lilrt. ami t-'it.1//'r E'L is f,ri\'ially clH'ered IIY XIl (i.e.) r.here
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is 110 COlllpOllelJ t,s of t,ype T..,} or E'3, COIIsists nf [L sillgle linlE, tlJelJ tl ~ 2 awl

(I) iE tl = :l~ thell X(EIl) =: (1'( E) (ll1od W) ilml ER is of type I;
(2) if tl = ;{, (.heu X(EIR ) =: (1'{E) ±:l (mari lti);
(:~) if tl =4 ilml x(Ea) =: (1'(E) + 8 (mad WL t.lieu Ea is oE tYJ,e I.

D.2.2. Tlwol'eIU (cf. TllPorell1 2.:L2). Let. E !le au (1\-1 - ;~)-SlJrfllCe witli
EB. = I.:S. Th eu Ea = {4/ J.)') U {( 4'1 + 1)S}, 1/{)t.1, tlw 11 all/es I,eiug lJ ouem p ty
lIu/ess I.: =: 1 (moc! 8).

0.2.3. Theol'mu (cf. Theorem 2.2.:~). Let Ea = T y U I.:S. Suppose t.hat E is
au (Al - tl) -SI1rf.'lce alll I .\' (Ea) =: (1 (E) + 2b (mac! 1(i). TheIJ for all t.he l/al !les

oE (tl, 6) list,ed ilJ Taille I ilJ 2.1 aue lltlS Ea = {T.</ U ~:(l) S} U {.L/:!) S}, wliere 1.:(2)

(mad 4) is gil/Cll in t,he ta/de aml A:(:!) '# 0 wit.h t.JU? [lossihle eXCI:?pt.iou o[ the

case d =2. b =0, Ea is 01' t,ypp I. Bpsidf'S. t.Jwrf>; are t.he fol1owjlJ.~ addif,iolJal
restric tious:

(1) iftl =0, tlwll flOf,h t./u! llil1\/f'S (wo' \I'P/l a.>; EB. it,sdf) are of f,ype I;

(:l) ifd =U, t.hell k(l) '# 0 IlIJ/PX.... ~: =: 0 (lJIod ~);

(:{) iE d = I ami .(:0) = 0, f,11e1J t-!ir,lwr k =: ti (moc! 8L or ~: =: °(mac! 4)
nud E~:!) is 01' type I.

Pf'(Jo! af Thcorf:lIIs D.2.1, D.2,2, ami D.2.;~ rp'pf:ats that of Theorems 2.2.1,
2.2.2, ami 2,2.:~ rpspf~di Vf~ly ami is IJ;\..'·;(~d Oll t.he lI1odificat.ian of Lemmas (L 2
and (j.I given IJdow (Lell1ma.s 0.2.4 and D.2.!i rcspectively), 0

D. 2.4. LClluun. Tlwre is at. ll','L",t Oll e lln d at lIIost t. wo rel11 tiolls Ilet. ween the
images of t.lw COIJl[WIWIII,s of [Eal in fl~(E)flors:!HAE; Z). Q,W relnt.ioll
is [Ea] = 0; t.lw onl.\' ot.her IH)."... i/lle re/at.ion is [E~i)] = [E~:l)l = 0,

Proof. Thf: rda I.ioll [Eal = 0 follows 1'1'0111 IA~llIll\a !).4.1. An elelJlellt. vanishes
in fl;;o (E) f Tnr.,,'1 fl:! (E; Z) iI' a 11(1 OJlly ir it, alllli hi Int.es all l.hp iIltegral da...,Sf'~O;

in H;: (E), i .e, I all "he c1a."'....I~s (~xc:(~pt. Iw:! (0 + (Ci - Cj)) wi t.h IJv I (Ci - Cj) =
bv} n 1= U (sep, Corollal'Y C.!»). Ir Iw:![Cd+'" =0 is a rf:lat.ioll, Cl C Eki ), amI

thf:rf: is allot.lwr COlllpOlJellt. D 1 C Et1) I l.hell bv:! (C't - Dd o(bV'1[Cd+ ... ) = I,
which is a cOIlt.radicl.ioll. 0

D.2.5. LeulluH. I.d E IJe an (Al - 11) -.';lI rface wi th oriell t.a/l/t-! real 1mrt,
autI let. 'V- Iw t.he tliscrillliuft/Jt. form of t,lw Sll/l/at.t.ice of conj-skew-invariant

\'ectors in H'1(E;Z)fTors, TlwlI:

d =dillJ "[)- jr EM. Im,.; II CUlIlfHJ/Jt-!lIf, T!I llud Il(Jf,JJ t.ll/! lJa/ves art~ 1I01lell1/lty;

d = 2 + dilld1 - ir eif,Jwr

(1) Ea h,'L" a corll/HHlelJr, T." amI nru: or 1.lw lutl\'es is elll[,ty, or

(2) Ea lliL'i 110 COllJ/JO/WIIt..... 1'." awl Ilf)t.h t./w llilJw~s are lJOllt-!lllpty;

d = 2+ cl i 111 'p - ur 'I + di 111 D - i f Eil. lJil.<.: 110 ('(ll/JPOtWIl ts T.q <LW JOlle 01' t.1J e

IHllves i..... elllpty,
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Proo! is f'~-;..,eHt.i" lIy I.he salile as thaI. of Lemma ().l, \\·it.h Lemmas ö.3.3
ami G.:.L4 I'~Jllaced wi t,h t.he followillg st,at.elll~lll,s (wIH~l'e t.he first. olle follows
rrom Corollary C.;), ami t.he :-;econd olle is 0 hviolls) :

D.2.G. Ei!. IJf~ilJg orif'I1 t.al Ile, Tors:! H:! (E; Z) lIoes IJot vaIlisiJ i 11 H:.;o (E) (i. e.,

there ES a lJ<miIlt,egrnl c/iL-;S iIl H~ (E)) jf amI oIlly if EI. lms 11 COlIJlJOIIP.I1t 1'.q
ami IlOt,h t,!Je llilh'ei llre I1OIWlll/Jt.y.

D. 2.7. EI. Ileillg orieIl t,al I/e, Hr (E) =1= 0 j f Rll tl oIlI.y ir ei tlJer

(1) Ea !Jas a COlll/JOIJ€IJ t~ 1'.'1' or

(1) IIOt,!J UJe !Jah'es are IHH/ellJJJ fy.

Rt:U/aT!'. Probably, Olle GlIl 1~lIrorcc Tllf'orp.1ll D.2.:{ t.aking iuto aCCOIlIlt. t.he
c1as.'i repl'eselll.ed by t. he COI JI pOlIeIl t. T,q.
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