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We define natural operators of Laplace type for a Weyl manifold which transform
conformally. We use "the asymptotics of the hea.t equation for these operators to
construct global invariants in Wcyl geomctry.

O. Introduction

Relations between confonnal anel projective strllctures are of particular interest
in both Inathematics and in mathematical physics. Weyl (1922) attempted a uni
fication of gravitation and electrOIuagnetism in a model of space-tiIue geoll18try
conlbining both strllctures. His particular approach failed for physical reasons but
his model is still studied in Illathematics (see for example Folland (1970), Higa
(1993), Peclcrsen & Swann (1991)) and in mathematical physics (sec for exalnple
Hitchin (1982)).

In this paper l wo shall investigate the elose relations between a WeyI geometry
and the so called Codazzi structurc which is constructed fr01l1 a conformal alld a
projective structure using the Codazzi equations. We shall also study a dass of
operators of Laplace type on Weyl manifolds. We shall investigate their propcrties
undcr gauge transformations and the asymptotic expansion of thc associateel heat
equation traee.

Let C be a confonnal cla...,s of semi Ricmannian Inetrics on a smooth ßlanifold M
of diInension m ~ 2. A second order partial differential operator D is said to bc of
Laplace type ifthe leading symbol of Dis given by h E C. Let C.f(M) be the space
of SIllooth positive functions on Mj this is a group undcr pointwise Inultiplication
anel will be our gauge group. This group acts on Cj if ß E C.f(M) and if h E C,
then h l-t ßh = hß. We suppose givell SOllle auxiliary geometrie structurc 5 on
which Cf(M) also acts. For h E Cand s E 5, we assume givcn a natural operator
D = D{h,.5} on M which is of Laplace type. Let D l-t ßD := D{ßh, ßS} anel let
M (ß) be function multiplication. An operator D is said to transfonn conformally
if

ßD = M({r) 0 D 0 M(~) for a + b = -1. (0.1)
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2 N. Bokan and others

The confoflnal Laplacian is an example of such an operatorj there is no auxiliary
geometrie strueture whieh is required. Let d be the exterior derivative and let 0h
be the co-derivative; this is the adjoint of d relative to the metrie h. Let. h ß := Ohd
on GOO(M) be the ordinary Laplacian. Let r(h) be the scalar curvature of hand
let hO := h ß + (m - 2)r(h)j4(m - 1) be the confonnal Laplacian. Then hO
transfonns conformallYl see for example Branson & Orsted (1986):

3D = M(ß-l-a) 0 hO o M(jr) for a = (m - 2)/4. (0.2)

Let D be an operator of Laplace type. Suppose that h is positive definite. If
t > 0, the operator e- tD is of trace dass in L 2 alld as t j. 00, there is an asymptotic
expansion of the fonn

1'1'L2e- tD ~ Enan(D)t(n-m)/2, (0.3)

see for example Gilkey (1994). The invariants an(D) are locally cOlnputable. If
D transforms confortnally, the confonnal index theorem of Branson & Orsted
(1986) and of Parker & Rosenberg (1987) shows that am(D) = am(ßD) so this
is a gauge invariant of the geometrie structures involved if h is positive definite.
It is possible ta da an analytic continuation and extend these invariants to the
semi Riemannian eategory as weIl.

This paper deals with Cadazzi and Weyl structuresj these are definecl in §1. In
§2, we will define several natural operators of Laplace type for these structures
whieh transfonn confonnally. In §3, we will cmupute t.he invariants of the heat
equatioll for m = 2 and for m = 4 to illustrate the global invariants which arise.

It is a pleasant task to thank M. Kriele and V. Perlik for helpful discussions
on Weyl geometries.

1. Weyl and Codazzi Structures

We begin our discussion by introducing some notational conventions.
La Weyl manifolds: Fix a torsion free connection WV' 1 callcd thc Weyl con
ncction, on thc tangent bundlc of M. Let h bc a semi-Riemannian nwtrie on M.
We asslllne thcre exists al-form B= Bh so that

w\lh = 2Bh 0 h. (1.1)

Let C = C{W} be the confoflual dass defined by hand let T = T{W} be the
corresponding collection of I-forms Bh. We shall identify metrics which differ by
a constant positive factor so there is a bijective correspondence between elenlents
of C alld of T. We will call the triplc W := (w\l,C, T) a Weyl strllcture on M
and we will call (M, W) a Weyl manifold. Let

h M ßh := ßh and BM ßB:= {} + dlnß/2 for ß E G.+(M) (1.2)

definc an action of the gauge group. We note that equation (1.1) is preserved by
gauge cqllivalence allel that Gf(M) acts transitively Oll C anel on T.

Let 'lL, v, ... be vector fields Oll M a.nd let h\J be the Levi-Civita connection of
h. Let B be the vector field dual to the I-form B, i.e. h(w, B) = B(w). Let

a(u,v,w) := h((w\lu - h\lu)v,w).

Phil. Trans. R. Soc. Land. A (1996)



Weyl Geometry 3

Since w\7 anel h\J are torsion frce, a(u, v, w) = a(v, u, w). Sincc hVh = 0 anel
since w\7 satisfies equation (1.1), we have

a(u, v, w) + a(u, w, v) + 2B(u)h(v, w) = 0

a(u, v, w) = -B(u)h(v, w) - B(v)h(u, w) + 8(w)h(u, v) (1.3)

w\7 u v = h\7u v - B(u)v - B(v)u + h(u,v)O.

Conversely, if equation (1.3) is satisfied, then w\7 = w\7{h, B} is a torsion free
connection anel equation (1.1) is satisfiod. We gonerate a Weyl structurc frOln
an arbitrary selni-Riemannian metric h allel from an arbit.rary I-form Bby using
equation (1.3) to define w\7 and using the action of Cf(M) defined in equation
(1.2) to generat.e thc cla...qses C and T; see Weyl (1922) or Folland (1970) for
further details.

1.b Curvature: We uso the sign convention of Kobayashi & Nonlizu (1963). Let

wF:= dBh,

wR(u,v):= wV'u w \7v - w\7v
w \7u - wV'[u.vJ' (1.4)

WK(u,v)w:= WR(u,v)w - WF(u,v)w.

By equation (1.2), W F is a gauge invariant. Thc curvature W R of w\7 and the
Weyl dircctional Cllrvature W K are also gauge illvariants. Let h E C(W). Then

h(z; W R(u, v)z) = W F(u, v)h(z, z),

h(wK(u, v)w, w) = 0,

h(w F(u, v)w, z) = h(wF(u, v)z, w),

h(wK(u, v)w, z) = _h(wK(u, v)z, w).

Let HP(M) denote the de Rham cohomology groups of M. If W F = 0, then
[Bh) E ,H1(M) is a gauge invariant.

Theorem 1.1. (Higa (1993)). Tlle following assertions are cq ui valen t:

(i) Wo llave W F(W) = 0 and [Bh] = 0 in H 1(M).
(ii) There cxists h E C{W} such that w\Jh = 0; i.c. w\7 is t1w Levi-Civita

connection of h.

1.c Projective equivalence: Two torsion free connections \l and '9 are said to
be projcctively cquivalellt if their ullparanlCtri~cdgcoclesies eoineide 01' cquiva-
lently (see Eisenhart (1964)) if there exists a I-form 8 so that

'\7vu - \lvu = 8(71.) V +8(v )u.

Let Ric(u, v) = Tr(w H R(w, u)v) be the Rieci eurvature of V. Let

p(u, v) := (Ric(71., v) +.Ric(v, u))/2

(1.5)

be the syllunetrizcd Rieci eurvature. A conllection \7 is said to be Rieci symmetrie
if, and only if, Ric = p. Note timt \7 is Rjcci symmetrie if, and only if, \7 locally
aclmits a parallel volume form; sec Pinkall et al (1994).

Phil. Tmns. R. Soc. Land. A (1996)



4 N. Bokan and others

1.d Codazzi manifolds: A torsion frce eonncct.ion *\7 and a scmi-RieIuannian
metrie h are said to satisfy the Coda1:zi equation or to be Codazzi compatible if

(1.6)

(1.9)

A projectivc dass P of torsion free connections and a conformal dass C of semi
RieInannian metries are said to be Codazzi eompatible if there exists .\7 E P and
h E C which are Codazzi compatible. We extend the action of the gauge group
to define '" \7 f---7 ß\7 where ß\7 is defincd by taking e = d In ß in cqnation (1.5);

ß\7u v = *\7u v + dlnß(u)v + dlnß(v)u.' (1.7)

The Codazzi equations are preserved by gauge equivalence. A Codazzi structure
K on M is a pair (C, P) whcre the conformal dass of sCIni-Rimnannian Inetries C
and the projective dass P are Codazzi eompatible; we shall call (M, K.) a Coclazzi
Inanifold.

Suppose that (h, *\7) are Codazzi cOInpatible. Let G := *\7 - h\7 be a (1.2)
tensor and let C be the associated eubie form. Sinee *\7 and h\7 are torsion free,
C is asymmetrie (1.2) tensor and C(u, v, w) = C(v, u, w). The Coelazzi eqllation
(1.G) and this synunetry thcn shows C(u, v, 'UJ) = C(w, v, u). Thus 6 is totally
synunetrie.

Conversely, let h be a semi-Riemannian metrie and let Cbe a totally symmetrie
eubie form. Let *\7 := h\7 + C where C is thc assoeiatcd symInctric (1.2) t.ensor
field. Since C is synunetrie, *\7 is torsion frce anel the Codazzi equations (1.6)
are satisfied. Let \7 := h \7 - C. Note that (* \7 , h, \7) form a eonj ugate tripIe, i. e.

uh (v, w) = h (\7u v, w) + h (v, *\7uw).

1.e Relating Codazzi and Weyl structures: Let W be a Weyl structure.
We use the gauge group Gf(M) to generate a Codazzi structure as follows. Let

C = G{h, B} and C = C{h,O} := h(G(u, v), w) be thc symmetrie (1.2) tensor
field anel associated totally symmetrie cubie form:

C(u, v) := 8(1l)v + O(v)u + h(u, v)B,

C(u, v, w) := 8(u)h(v, w) + B(v)h(w, u) + 8(w)h(u, v). (1.8)

Wo note that we ean reeover efrom equatioll (1.8);

B(u) = (m + 2)-lTr(V f---7 C(u, v)).

Ir ß E Cf(M), let ßC = C{ßh, ßO} and ßC = C{ßh, ßB}.

Lemma 1.2. Let h be a sClI1i-Ricll1Clnnian Ilwtric on M and lct {) be a 1 form.
Let w\7 = w\7 {h, B} and C = C{h, B} be tlle associated Weyl connection and

symmetrie (1.2) tensor field. We 1iSe hand 0 to generate connections 'V = \7 { h, 8}
and *\7 = * \7 {h, B} witb tbc followilJg pfoperties:

0) Tlw connections *\7 := h\1 + C aJld \7 := '9 - C are torsion free, and
(\7, h, *\7) fonns a cOlljugate triple.

(ii) We lwve w\7 and *\7 ;tre projectively cqllivalcnt.
(iii) Wo 11ave hand *\7 are Codazzi compatible.

(iv) We 11ave *\7{ßh,ßB} = ß(*\7{h,B}).

Phil. Trans. /l. sO(;, Lond. A (1996)
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ProoJ. The first assertion follows from the total symmetry of the tensor C.
Equations (1.3) and (1.8) inlply

w\7uv - *\luv = -2B(u)v - 2B(v)u (1.10)

so w\7u and *\7 are projectively equivalent. Since (*\7u h)(v,w) = -2C(1L,v,w),
the Codazzi equation (1.6) now follows from the total synuuetry of C. We usc
equations (1.2) and (1.10) to complete the proof by checking equation (1. 7) holds:

*\7 {ßh, ßB}uv - *\7 {h, B}uv = 2{ßB - B)(u)v + 2(ßB - B)(v)u

= dlnß(u)v + dlnß(v)u. . •

If W is a Weyl structure, we can use Lemma 1.2 to define an associated Codazzi
structure K{W}. Conversely let K be a Codazzi structure. Let

C := *\7 - h\l and O{u) := (m + 2)-ITr(V I-t C(u, v)).

Let W = W{h, O} be thc associated Weyl structure defined by equation (1.3). Ir
ß E Cf(M), let ßh = ßh and let ß(*\7) be defined by equation (1.7). Let Vi be a

loeal orthogonal fraIne; h (Vi: Vj) = 0 for i i- j. Let e= d In ß. Then

" * hB(u) = Eih( ( \7u - \7u)Vi' vd / h{vi, Vi)

=Eih(* \lVi, Vi)/ h(vi, Vi) - Eiu(h(Vi, Vi)) /2h(Vi, vd.

ßB{u) - e(u) = Eih{ß\lu - *\7u )Vi,Vi)/2h(Vi,Vi)

-Ei{u(ßh(Vi, vd)/ßh(Vi, vd - U(h(Vi' vi))/2h(Vi, vd)

= Ei8(u)h(Vi, vd/2h(Vi' Vi)

+8{vdh(u, vi)/2h(Vi, Vi) - m8(u)/2 = 8(11.)/2.

This is the transfonuation law givcn in cquation (1.2) anel thus the Weyl structure
is invarialltly dcfined. Since B{h, C{h, B}} = 8, W{K{W}} = W so wc rnay
recover the Weyl structllre frOIn the associated Codazzi structure. However, if
we start with a Codazzi structure K, then C{h, O{h, C}} i- C in general so
!C{W{K}} =I- !C. For a given Coda~zi structure K, let

B(h)(u) := (m + 2)-lTr{v H C(u, v)) where C := *\7 - h\7.

Use equation (1.3) to generate a Weyl st.rlleture W frOln {h, O}, let Cl := Cl (h, 0)
bc the syuuuetric (1.2) tensor defined by equation (1.8), and let 7 := CI - C.
Then Tr(v H ,(u, v)) == 0 i.e. , is apolar. The set of all Coclazzi structures (C, P)
giving rise to a given Weyl struetllre is parmnetrizcd by thc apolar (1.2) tensors.

2. Second order differential operators on Weyl manifolds

2.a Relating curvatures: Let V' be a torsion free connection and let h be a
semi-Riemannian metric on M. Let T(h, \7) := Trh 'V P be the contraction of the
Ried tensor of \7. We let r(h) = r(h, h\7). Let 0h bc the co-derivative defined by
h; ohB = _{h\7iB)i. Let IIBII~ bc thc norm2 of8. We omit the proofofthe following
Lemma as it is a straightforward application of formulas from Eisenhart (1964).

Lemma 2.1.

Phil. Trans. R. Soc. Land. A (1996)



6 N. Bakan and athen;

(i) Let h be a selni-RielnanlliRn llletric on M alld let 8 be a 1 form. Let
W \7 = W \7 {h, e} be tlle associ<! ted Wcy1 connection, let C = C { h, [}} be the
associated sYlll1netric (1.2) tensor fjeld, and let *\7 = h\7 + C be tlle associated
connection wllic11 is projectively equivalent to w\7. Tllen

(a) T(h, w\7) = T(h) - 2(rn - l)oh8 - (m -1)(rn - 2)11[}11~

(b) T(h, *\7) = T(h) + (m - l)(m + 2)llell~.

(ii) Let V alld \7 be projective1y equivalent. Let 8;vu = u(8(v)) - 8(\7uv)
denote the cOlllponents of the cOVltI'iant derivative \78. Tllen

(a) R(u, v)w = R(1l., v)w + 8;wuv - 6;wvu + d8(u, v)w + 6(v)8(w)u

-8(u)8(w)v.
(b) p(u, 'W) = p(u, w) - (m - 1)(8iuw + 8;wu)/2 + (m - 1)8(u)8(w).

2.b The normalized Hessian: Let V' be a torsion free eonnection on the tangent
bundle of M. Let S2 (T· M) denote the spaee of symmetrie (0.2) tensors. We define
the Hessian H = H f\7}, the uormalized Hessian 11. = 1I.(V'), aud the trace of the
nonnalized Hcssian V = V{h, V'} by

H(f)(u, v) := u(v(f)) - df(V'uV) : COO(M) ---+ S2(T* M),

1I.(f) := H(f) + (m - 1)-1 f p: COO(M) ---+ S2(T* M), (2.1)

V f := -Trh(1I.) : COO(M) ---+ COO(M).

Therc is anothcr w.B:~ to think of the operator V which is lIseful. lf 'l/J is a 1
form, then Oh'l/J = -h1

] V'i't/Jj = -TrhhV''ljJ. We generalize this operator to define
0h V' = -TrhhV' alld thc associat.cd Laplacian b.,°h r7 = 0", vd. Thon

, t v t

V'df(u,v) = u(df(v)) - df(\7u v) = H(f)(u,v),

V = b.,~,\7 -.: T(h, V')/(nt - 1).

Thus V generalizes thc conformal Laplacian to Wcyl and Codazzi geomctry.

Lemma 2.2. Let (R, p, H, 11., V) and (ßR, ßP, ßH, ß1I., ßV) be defined hy (h, \7)
and (ß h, ßV'), wlwre \7 is torsion [ree.

(i) ßR(u, v)w = R(u, v)w + ßH(ß-l )(v, w)u - ßH(ß-l )(u, w)v.
(ii) ßP = P + (m - l)ßH(ß-l).
(iii) ß-IßH(ßf) = H(f) - fßII(ß-I).
(iv) ß-1ß1I.(ßf) = 1-l(f)·
(v) ßV(f) = V(ß-l f).

Praa]. Let 1J = Inß, let <Pu = u(1)), let <jJuv = (uv)(<jJ), alld let 8 = dlnß. Then

(8 iWU - 8(u)8(w))v = (1)uw - tP\7u w - 8(u)8(w))v

= _ßH(ß-l)(u,w)v

Since d8 = 0 and 8 iUW = 8;wu, (i) and (ii) follow frmn LemIna 2.1. We compute:

ß- 1ßH(ßf)(u, v) = ß- 1(ßf)(uv) - ß-1(ß\7uv)(ßf)

= fuv + tPufv + 1Jvfu + tPuvf + 1>u1Jvf - <P(vuv)! - f(vuv)

-2<pu<Pvf -1>vfu -1Jufv

Phil. 7hms. R. Soc. J.ond. A (1996)



Weyl Geometry 7

= H(f)(u,v) - fß(ß-l)(U1J) + fßC'VUv)ß- 1

= H(f)(u,v) - fßH(ß-l)(U, v).

This provcs (iii)j (iv) foHows frmn (iii). We completc the proof by cmuputiug
iD(ßf) = -Trßh (ß1i(ßf)) = -ß-1Trh(ß1i(ßf)) = - Trh(1i(f)) = V(f)· •

2.c Natural operators: Let K bc a Codazzi structure, let (h, *\7) E K, and
let w\7 be the Wcyl conncction defined by K. We recall the definition of thc
normalized Hessian from §2.band define:

(i) Let *V := V {h, * \7} be the traee of the normalized Hessian of *V' .
(ii) Let Wv := V{ h, wV'} be thc t.raee of thc normalized Hcssian of wV'.
(iii) Let W ~ := -TrhwV'd be thc sealar Laplacian of w\7.
(iv) Let hO := -Trhohd + (1n - 2)r(h)/4(7n - 1) bc the conformal Laplacian.

The following Lenllna is IlOW inlmediat.e:

Lemma 2.3. TlJe operators *V, WV, w~, and hO transforllJ conformally:
(i) jiV = M(ß-l )WV.
(ii) ßV = *VM(ß-l).
(iii) ji~ = M(ß-l)Wß.

(iv) 3D = M(ß-l-u)hDM(ßu) for a = (m - 2)/4.

2.d Heat equation asymptotics: Suppose that h is positive definite. We let
x = (x 1, ..• , x m ) be local coordinates on a closed man ifold M of dimension m. Let
Oj = 8/8x i

. Let

D := _(hijOiOj + Akok + B) (2.2)

be an operator of Laplace type on Coo(M) where Ak and Bare smooth functions
on M. The invariants an(D) defined in cquation (0.3) are locally COlllputable;
they vanish for n odd, see Gilkey (1994) for details. Let dVh be thc lueasure
determined by h. For n even, there exist smooth local invariants an(x, D) so that

an(D) = IM an(x, D)dvh(X), (2.3)

We l'efer to Gilkey (1975, 1994) for the proof of the following assertion giving
combillatorial fol'nmlas for these inval'iants. Let T(h), Ilhpll~, and Il h RII~ be the
scaIal' curvatul'e, the nonn2 of the Ricci cul'vature, and norm2 of the fuH cul'vaturc
tcnsor for the Levi-Civita connection defined by h.

Lemma 2.4. Let h be a lliemannian llletric. Let D be an operator of Laplace
type as givell ill equation (2.2). Let hr ijk be the Cl1ristofel SYlllbols of tlw Levi-
Civita cOllllectioll h V'. There exis ts a uniq ue cOllnection V' = \7 { D} Oll Coo (M)
alld a ullique fUllction E = E{D} E Coo(M) so tllat D = _(Tr(V'2) + E). Let
W = W { D} and !1 = !1 {D} be thc cOllllectiol1 1- form lind CllIVHt ure of \1. Tllel1

(i) Wi = hij(Aj + hrkljhkl)/2.
(ii) E = B - hij(ßiWj + WiWj + hrijkwk ).
(iii) ao(x,D) = (47r)-m/2.
(iv) a2(x, D) = 6- 1(47r)-m/2(r(h) + 6E).
(v) a4 (x, D) = 360- 1(47r)-m/2{60r(h)jkk + 60r(h)E + 180E2

+30g!1ij!1ij + 12r(h);kk + 5r(h)2 - 211hpll~ + 211 hRII~}.

Phil. Trans. R. Soc. Land. A (1996)
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We cornpute the endorllorphism E and thc curvaturc f1 for the four natural
operators discussed in Lemnla 2.3.

Lemma 2.5. We have .
(i) E{*V} = {(m + 2)r(h, w\7) - (rn - 2)r(h)}/4(rn -1).
(ii) f1{*V} = -(rn + 2)wF/2.
(iii) E{w1J} = -(rn - 2)Ohe/2 - (rn - 2?llell~/4 + (m - l)-lr(h, w\7).
(iv) f1{WV} = -(rn - 2)wF/2.
(v) E{Wß} = -(rn-2)ohe/2-(rn-2)21Iell~/4, alld f1{Wß} = -(rn-2)wF/2.
(vi) E{hD} = -(rn - 2)r(h)/4(m - 1), emd f1{hD} = O.

Proof. Let Vi be a local coordinate fraIne for the tangent bUBdie. Wc compute

- *H(f)(Gi, Gj) = Giojf - *rijkakf

TrhC H + (rn _l)-hp) = -hij(GiOj - *rijkGk + (m -l)-l*Pij).

Consequently Ak{*V} = -hij*rijk and B{*V} = (m - l)-lr(h, *\7). Therefore

kl h" kl' "w{*Vh = hijh ( fkl J - ·rklJ )/2 = -hijh Ck/ /2 = -(rn + 2)Od2.

We cOlupute f1{·V} using equation (1.4). Wo cmupute E{·V}:

E{*V} = B - hij (Wj;i +WiWj)

= r(h, *\7)/(m - 1) - (m + 2)OhB/2 - (rn + 2)21IBII~/4

= r(h)/(m - 1)-+ (rn + 2)IIBII~ - (m + 2)Oh8/2 - (rn + 2)21IBII~/4

= {4r(h) + (m + 2)(rn - 1)(-20hB - (rn - 2)IIBII~)} /4(rn - 1)

= {4r(h) + (m + 2)(r(h, w\7) - r(h))}/4(rn - 1).

We use equation (1.3) and arguc as above to see
W W kl h . W .

w{ Vh = w{ ß}i = hijh ( f kl
J - fkl J )/2

kl . "
= -hijh aktJ /2 = -(m - 2)Od2.

The cmuputation of E and n for w1J allel W ß is llOW ilumediate. The connection
defined by 0hd is Hat aud the elldomorphism defined by Ohd is zero. Thus we have
that n{hO} = 0 and E{hD} = -(rn - 2)r(h)/4(m - 1). •

3. Invariants of Codazzi and Weyl structures

3.a The conformal index theorem: We refer to Brallsoll & Orsted (1986) and
to Parker & Rosenberg (1987) for the proof of the first assertion in the following
Lemlna. The second assertion follows [rmn thc first assertion and frmn Lemma
2.3.

Lemma 3.1.
Ci) Let D be an operator of Laplacc type. Let ßD = M (ßU) 0 DoM (ß~ l-U) .

Then am(ßD) = am(D) and am -2(x, ßD) = ß(2-m)/2am_2 (x, D).

(ii) \Ve bave tllat am(*V), am(wV), am(Wß), and am(hD) are gauge invariants
oE a COdäZZi strllcturc Je.
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3.b Heat invariants: We apply Lemma 2A in dimensions rn = 2 and m = 4; we
refer the reader to Gilkey (1975) for the formulas which would pennit a similar
calculatioll in diIuensioIl 1n = 6. Let X(M) be the Euler-Poincare characteristic
of M. The ehern Gauss Bonnet theorem yields

X(M2) = (411")-1 lAI T(h)(x)dvh(X)

X(M4
) = (3211"2)-1 IM{llhRIJ~ - 411 h pIIÄ + T(h)2)}(X)dvh(X)

Theorem 3.2. Let diIu(M) = 2. Tllen
(i) a2(""D) = X(M)/6 + (411")-m j 2 IM T(h; w\7)(X) dVh(X).
(ii) a2(WV) = x(M)/6 + (47T)-m/2 JM T(h, w\7)(X)dVh(X),
(iii) a2(W6) = X(M)/6.
(iv) a2(hD) = X(M)/6.

Prao/. Ir m = 2, then E{*"D} = T(h, w\7). Thus

a2(*"D) = (47r)-1 /6 I M { 7(h) + 6T(h, w\7)}(x)dv(x).

This proves the first assertion, the others follow similarly. •

Theorem 3.3. Let diIn(M) = 4. Let hW be tlw Weyl confoTlI1al eurvature.
TlleI}

(i) a4(*"D) = -X(M)/180 + (41f)-2(360)-1 IM{31IhWII~ + 2701l w FII~

+457(h, w\7)2}dvh (x).
(ii) a4(w"D) = -X(M)/180 + (47r)-2(360)-1 JM{31IhWI1~ + 301l w FII~

+45T(h, w\7)2}dvh(X),
Oii) a4(Wß) = -X(M)/180 + (47f)-2(360)-1 JM{31IhWII~ + 301l wFII~

+57(h, w\7)2}dvh(X).
Ov) a4(hD) = -X(M)/180 + (47r)-2(360)-1 IM{31IhWII~}dvh(x),

Praaf. We use Leml11as 2.4 and 2.5. Let [ := IlhRII~ - 41lhpll~ + 7(h)2 be the
normalized integrand of the ehern Gauss Bonnet theorCIn in diluension 4. We
complete the proof by computing:

IlhWII~ := Il hRII~ - 211hpll~ + 7(h)2/3, 211hRII~ - 211hpll~ = 3h W - [,

E{*"D} = (37(h, w\7) - T(h))/6, E{w"D} = (37(h, w\7) - 7(h))/6 ,

E{Wß} = (T(h, w\7) - 7(h))/6, E{hD} = -7(h)/6,

57(h? + 607(h)E{*"D} + 180E{*V}2 = 457(h, W\7)2,
57(h? + 60T(h)E{w"D} + 180E{WV}2 = 457(h, W\7)2,

57(h)2 + 60r(h)E{Wß} + 180E{W6.}2 = 57(h, W\7)2,

57(h)2 + 60r(h)E{hD} + 180E{hD}2 = 07(h, W\7)2,

30110{*V}II~ = 2701l w FII~, 3011f!{w"D}II~ = 301lw FII~,

3011f!{W6}11~ = 3011 w Fll~, 301!f!{hO}I[~ = O. •

Remark 3.4. We eRn illustrate Lemma 3.1 byeomputing

~2 (x, *V{ßh, ße}) = ß-1a2(x, *"D), U2(X, WV{ßh, ße}) = ß-1U2(X, W"D) 1

a2(X, W ß) = 0, alJel a2(X, hD) = O.
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3.c Global invariants: If j is a scalar invariant, let j[M] := IM j(X)dVh(X),
The Euler characteristic is a topological invariant of M which does not depend
on the Codazzi structure. The following Corollary is now imnlediate:

Corollary 3.5.
(i) The il1variants 7(11" W\7)2[M], II W FII~[M], &l1d II h WIIÄ[M] of a Weyl struc

ture on M are detennined by X(M) alld by tlle spcctrum of tl1C operators *V,
WV, and Wb..

(ii) We have 327f2X(M4) ~ 457(11" W\7)2[M] +27011 W FII~[M] - (47f)2360a4 (*V)
with equality iE, and only iE, the dass C is conformally Bat.

(iii) We Imve 327f2X(M4) ~ 457(h, w\7)2[MJ + 31IhWII~[M] - (47f)2360a4(*V)
with equality iE, and oIlly if, tbe lel1gtll curvature W F =O.

Rernark 3.6. We can use the fonnulas of TlworClns 3.2 and 3.3 to extend tlle
invariants am fronl tl1e Rielnannian to tlle semi-Riemannian category; tllis CRn
be done for any m.
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