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A Hadamard-Cartan Theorem for Metrlc Spaces

by

Conrad Plaut

A corollary of the Rauch Comparison Theorem ([CE]) 1s that,

in a Riemannian mnnifold M of sectionnl curvature $ K, the

exponen t ial map at any po 1nt p has max lmol rank on B ( 0, n/IK) c

T. One can then "lift" the metric of M to B(O, n/!K) , 80 that
p

exp
p

becomes a 10c81 lsometry. For K $ 0 thie procedure ylelds 8

covering map from Rn to M snd proves the Hadamard-Cartan Theorem.

The main resul t of this paper is thnt the existence of a

"lift" of the distance fUBetion can be proved using onIy general

distance-angle eomparisons, whieh· allowe thc Hndnmnrd-Cartnn

Theorem to be generalized to the elass of inner metrie spnces of

locally boullded eurvnture. Th1s lifting of the metrie is nlHo

applied in [PI] tq eonstruet a 10eal action in the tangent space

similar to Gromov's "fundamental pseudogroup" ([GLP]).

An inner metric spllce (X,d) 1s n mctrlc spncc X with

distanee·d such that for all x, y e: X, d(x,y) is the infimum of

the lengths of curves a Joining x alld y in X. Such spaces oceur,

in particular, as Gromov-lIausdorff 1 im! ts ([ 0]) of Riemanni an

. manifolds, and understanding their geometry can be useful in

convergence and finiteness problems. For example, the

Convergence Theorem for Riemannian manifolds of bounded sectional

curvature (above and below), volume (below) and diameter (abave)

( [GW] , [Pe]) follows ensily from: the results of ([N]) (cf.

comments in [P2 J and [PD]). The main theorem in the present

paper implies that the Gromov-Hausdorff limit of Rlemunninn



n-manifolds Mi having a) sectionnl curvature ~ k und ~ K
l

, with

K
i

-) 0, b) volume ~ v, and c) diameter ~ D, is covered by ~n.

A few definitions and will be recalled below. For more

details, and examples, see [P2]. All curves are assumed

param e te r i z e d prop 0 r ti 0 n al t 0 arcl eng t h . Let X be a 10cally

compact, metrically eomplete inner metric space. Every pair of

points x, y E X ean be conncctcd by n minimal clIrvc WhOBC lcngth

realizes d(x, y); a curve which ii locally minimizing is called a

geodesie. The notation 1 i9 reserved for a geodesie from n to
eb

b. In aspace with locally·bounded eurvature ([P2J) there exiats

an angle a(l, fJ) between any two geodesics 1, ß starting at a

eommon point, snd. every point x € X 1s conta1ned in a strictly

convex ball B, that is, every y, z E B ean be joined by a unique

minimal curve 1 y 1 ng in D. For any K, Lhe lIpper (resp. lowcl')

comparison radius
K

C (x) (resp. i8 defined to be the

Iargest r such thnt the following hold fol' nllY curves lab' ""ac in

B(x, r) (SK ia the simply conllccted two dimensional space form of

constant aectional curvnture ~i):

Al. There i5 a uniquely determined (up to congruence)

triangle ABC in SK (resp. SK) wlth AB = d(a, b), BC = d(b, 'cl,

and AC = d(8, c), Bnd this triangle satisfies

A2. There 1s a uni quely determined (up to congruence)

tri angle A' B' cf (resp. S) wlth sl"de B'd
K

of minimal

length, such that A' B' = d(a,b), = d(a, c) , llnd

a(-v -v) - a("'tI "'tI) and tlJis triandle satisfies d(b, c) ~
'ab' lao - lAB' I Ac ' 0

(resp. :;) B' C' •
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For any fixed K, the upper and lower comparison radii are

either everywhere infinite, or continuous into [0, ~). At each

point x in aspace of locnlly bounded curvature there exist K, k

K
such that c (x) > 0 and ck(x) > O.

The following lemma is well known ([CE])j it is etnted here

because it 19 used several times later.

the distBnce Be 1s a monotone increas1ng function of

Lemma 1.

<
-1/2n· K ,

For a triBngle ABC in BK having side 1engths

the angle at A, on [O,n).

A (geodes1c) triangle is a set of three geodesics

(lab,lao,lbc)· By Al, every triangle T of minimal geodesics in a

region of curvature ~ K satisfies the following property:

Property A. There exists a triangle T' in BK whose sides

are geodesics having the same lengths as the sides of 1', such

that the angles of T' are ~ the corresponding angles in 1',

Definition.
K

Let c > 0 on U (assumed compBct), Bnd let E be

the Lebesque number for the cover of U by (open) balls wlJich are

regions of curvature :s: K of maximal radius. A triangle

(1 1 ' 12 ' 1
3

) in U such th8t ,{ = .t(1 ) Bnd ,{ = .t (1
2

) Bre both <
1 1 2

n//K is cal1ed thin iE for all t, d (1 t (t) I 1
2
(t)) :s: 8 =

Any triangle in U whose sides are minimal curves of length (

25 18 contained in a region of curvature S K. Furthermore, if T

18 a th1n triangle, thcn there exists a triaogle T' in SK whoae

sides are minimal geodesics having the same lengths aa the sides

of T.
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Thin Trianglea Lemma. Let U be a relatively compact subset

of II mctrlcally comJ)lcLl' ilHJCl' motric spncc 01' loeall)' lJOUIJuccJ

curvature. If K
C > o on the closure of u tlJen every thilJ

triangle (y l' Y2' Y3) in U such that Y3 i5 minimal satisfies

Property A.

Proof. For asch k = 1,2 partition Y
k

into m minimal

segments l'ki of length < 0, where l) ie as in the definition of

"thin triangle, 11 with end points denoted by aki and a
k
(I+1)' Let

a
l J denote a minimal geodesic from to which is, far

li - jl 1 , unique and of length < 26, The angles

satisfy ( [R] , [P2] ) =

Finally, let ßki denote the

segmen t of Yk from p to Bk I' and Ti J denote the tr iungle w i th

sides Q fJ and a T
l1

lies in a region cf curvature .:!>: K""'u' 2J' IJ'

and therefore has Property'A. Assume T
il

has Property A for some

i ~ 1, and denote the objects on T~ I by adding primes to the

notation for tha corresponding obJects on 1'11' Uy the

observa tion preceding the lemma, T has a represen ta ti vc
(1+01

T' in SK having the required side lengthsj only lhe three
(1+1)1

angle conditions need be established.

Extend ß~ 1 past a ~ 1 ta a minimal curve of length t( ßt( 1+1) ) ,

denoting by Y~ I the added segmen t and a
tt

1+1) the new end poin t.

By Property A, which implies

a ( Y' a' ) ~
1 I' t I by A2 and Lemma 1 ,

I t now follows f rom Lemma 1 tha t the ang 1e

condition holds of A similar

argument proves the angle condition for a(ß 1 (1+1)'(X(1+1)1)' For

the last angle, choose gcodesics 13;1'

4
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common end point a;1 having the lengths of their unprimed

counterparts and such that a(ß
2 J '

= und

= o:(a' 0' )
I J I ( I ., ) I • Then Property A and Lemma 1

Since

~ a(ß
21

, 0(
11

) + a(a
ll

, a( )J., )I

Property A is now established for T
(1.-1)1

by the triangle

inequality and Lemma 1. An analogous argument shows that

Property A for T
( 1.-0 I

implies Property A for and

the induction step i8 finished.

Aspace X of locally bounded curvature 1s said to have

curv8 ture ;!; Kif eve ry po in t i s con tained in a reg ion 0 f

curvature S K. X i8 aaid to be geodesically complete if every

geodesic in X i8 defined on all of R.

Theorem 1. Suppose (X,d) 15 a geodesically complete inner

metric 5pace with curvlIture S K Bnd locally boundcd below, lllJd

let r =n/(K if K > 0, or r = 00 otherwise. Then there exists an

n such tlJa t for el1ch p € X, thera j 5 11 mllppi IJg CX]>P

w1th the following properties:

Rn -) X

a) exp (tv) 1s an l1rc1ength pl1rl1meterization of 11 geodesic
p

l
y

starting at p, for all v € Rn with IIvll = 1,

b) for every v, ft" ~ 0, the angle between v and w i~ 0: (r
y

, l
w
)'

c) there exists an equivalent metric d'

that eXPploCo,r) i5 a 10ea1 isometry.

n '
on B(O,r} eRsuch

Proof. Different proofs of

5
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properties a) und b) can be found in [Be], [P2], und [PD]. The

domain of exp will be denoted by T .
. p . p

Suppose exp is not locally I-Ion B(O, r) c T .
p p

Then there

exiat diatinct vectors vo' v" v
2
"" E Tp such that vI -) va and·

= for all i, j. But then far sufficiently

large i, the geodesics eXPp(tv
l

») and eXPp(tvo )' together with a

minimal geodesie from eX Pp ((I-C)v
l

) to eX Pp(I-c)vo ) form thin

triangles TI, C which, for small c, viola te the Thin Tr iangles

Lemma.

Define a new metric on B(O,r) ae follows: For any x, y €

B(O,r), let d'(x,y) d inr {t(exp (a», where the infimum is taken
p

over all curves in B(O,r) from x to y. The fact that exp 1s a
p

local homeomorphism implies that cl' is ametrie, and is

equivalent to the Euclidean metric on H(O,r). Moreover, very

ahort minimal curves can always be lifted via ex p
p ' and so

eXPpIB(O,rJ 1s a local 1sometry.

Letting K = 0 in Theorem 1 the exponential map is a loeal

isometry on all of (Rn,d')i [R], Satz 7, §27, implies that such a

map is a coverlng map. In ether words:

Carollary 1. The universal cover of any geodesically

complete inner metric space with curvature sOund locally

bounded below 15 homeomol'phic to Euclidean space.
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