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§7.0. Foreword.
Let
|z| > 1, =37/2 < arg(z) < 7/2,log(z) = In(|z|) + i arg(z).

Then log(—z) = log(z) — im, if R(z) > 0 and log(z) = log(—=z) — i, if
R(z) <0.
Let

) Rilew) = fuley) = §<_1><v+k>z<z>k () (0

where [ =0, 1, 2, v € [0,400) N Z. Let

ﬁ[l(t —J)
(2) R(t,v) =% :
Qo(t +J)

where v € [0, +00) N Z,



—+o00

(3) fia(zv) = fialz,v) = Z 2 H(R(t,v))*,

t=14v

where [ =0, 1, 2, |z| > 1 and v € [0, +00) N Z. Since (R(t,v))** for v € N

has in the points ¢t = 1, ..., v, the zeros of the order 2 4 [, it follows that
“+oo

(4) fia(zv) =) 2 TH(R(tv))*,
t=1

fori=0,1,2, |2l >1and v € [0,400) N Z. Let

(5) fz\,/3(z> v) = fiz(z,v) = (log(2)) fiz(z, V) + fia(z,v),
where

+o0 o

o —t [ 9 p2y

) hue) == Y = (50 o)

t=14v
where [ =0, 1, 2, |2| > 1 and v € [0, +00) N Z. Since (R(t,v))** for v € N
has in the points ¢t = 1, ..., v, the zeros of the order 2 4 [, it follows that

+00 o

7 — -t 2 R2+l ¢
) e ==X (G ) 6.0
fori=0,1,2, |21/ >1and v € [0,400) N Z. Let
(8) fis(z,v) = —im fis(z,v) + fis(z,v),
with [ =1, 2, v € [0,4+00)NZ, |z| > 1 and
(9) fis(z,v) =

2_1(10g(z))2fl,2(z, v) + (log(2)) fia(z,v) + fie(z,v) =
= —2_1(10g(z))2fl,2(z, v) + (log(2)) fis(z,v) + fie(z,v),

where
0 9 )
(10) fro(z,v) =271 Z z7 ((a) (R2+l)) (t,v).
t=14v
Since (R(t,v))?*! for v € N has in the points t = 1, ... , v, the zeros of the

order 2+ [, and [ = 1, 2 now, it follows that

(11) Jrs(z,v) =27 Z zt ((%) (R2+l)> (t,v)

t=1+v

forl=1,2, ]2 >1and v € [0,+00) N Z. Let



(12) fl\,/7(27 V) = fl,7(27 V) + (27r2/3)fl,3(27 V)-

with [ =2, v € [0,400) NZ, |z| > 1 and
(13) fia(z,v) =

—37(log(2))’ fia(2, v) + 27" (log(2))* fia(z, v) + fis(z v)+
(log(2))(fus(2,v) + 27" (log(2))* fia(2, v) — (log(2)) fia(z,v)) =
67" (log(2))° fia(z,v) — 27" (log(2))* fia(2, v) + (log(2)) fis (2, v) + fis(z,v) =
(1/6)(log(2))° fra(z, v) + (1/2)(log(2))* fua(z, v)+
(log(2)) fi,6(2, v) + fis(z,v),

where
(14) fig(z,v) = —67" Z z ((E) (RQH)) (t,v).
t=v+1
Since (R(t,v))*"! for v € N have in the points ¢t = 1, ... , v, the zeros of the

order 2 + [, and [ = 2 now, it follows that

(15) fis(zv) =—67"1> 2 ((%) (R2+l)> (t,v)

fori=1,2,|z| > 1and v € [0, +00) N Z. Let
Ro=A11,2,3} & ={1,2,3,5}, R ={1,2,3,5, 7}

Let A be a variable. Let T;, y be diagonal n x n-matrix, i-th diagonal element
of which is equal to A"™! for i = 1, ..., n. We denote by § the operator z-L.
Let further [ = 0, 1,2,k € &, |2] > 1,v € N, and let Y, x(z;v) be the
columnn with 4 + 2/ elements, i-th of which is equal to (v='0)""' f".(z,v),
where ¢ =1, ..., 4 + 21.

Theorem 1. The following equalities hold

(16) AT (5 0)Yik(zv) = Tparn 1 Yig(z0 = 1),

(17) Yii(zv) = Tapo, 1 A7 (2 =) Thvor—140-1 Yiu(z v — 1),

where | =0, 1,2, k€ R, |z] >1,veN,v>2

1+1
(18) AP (zv) = S5 42 vV()
=0
with
1 4 8 —12
. o 1 -4 8
(19) So = 0 O 1 —4
0 O 0 1



(20)

(21)

-1 6 —18 38 —66 10

2

0 -1 6 —18 38 —66
e o 0 16 s s
=10 0o 0 -1 6 -18 |’

0 0 0 0 -1 6

0 0 0 0 0 -1
1 -8 32 —88 102 —360 608 —952
0 1 -8 32 -8 102 —360 608
0 0 1 -8 32 -8 192 —360

e oo 0 1 s w8 19

=10 0 0o 0 1 -8 32 _s88
00 0 0 0 1 -8 32
o0 0 0 o0 o0 1 -8
o0 0 0 0 o0 0 1

A -5 —2 3
R B SV R T
192 1 ¢
3 6 3 0
24 20
oW =41 1 5 1 o|-
0 0 0 0
146 108 —180 268 66 —102
102 146 108 —180 —38 66
o | 66 —102 -2 108 18 38
VIO =1 35 6 12 -5 -6 18
18 38 12 12 2 -6
6 18 20 12 -6 2
210 —516 108 372 —204 0
160 348 -84 —236 132 0
|9 212 60 132 —76 0
VImTW =1 48 108 -36 —60 36 0
6 36 12 20 —12 0
0 -4 12 —12 4 0
102 —306 306 —102 0 0
66 198 —198 66 0 0
o 138 14 14 38 0 0
Vi@ =115 51 _s4 18 00|
6 —18 18 -6 0 0
2 6 -6 2 00




RO)=81 5y 45 20 61 16 43 4 11 |
1124 -1 -20 -5 16 1 -4
4 11 8 -1 4 -5 0 1
14 -7 8 -1 4 -1 0
455 —1020 —113 1552 —603 —628 357 0
300 682 44 —996 404 394 —228 0
185 —428 -3 502 —253 —228 135 O
» 104 246 —16 —316 144 118 —72 0
V(1) =8 51 —124 19 144 —71 =52 33 0|’
20 50 12 -52 28 18 —12 0
5  —12 1 16 -9 -4 3 0
0 -2 8 -—12 8 -2 0 0
100 —1243 972 542 —1028 357 0 0
250 808  —642 —332 653 —228 0 0
156 —489 396 186 —384 135 0 0
» 85 268 —222 —92 203 -T2 0 0
iT2)=81 40 197 108 38 -92 33 0 0]
15 48 —42 —12 33 —12 0 0
A4 13 12 2 -8 3 00
1 4 -6 4 -1 0 00
119 —476 714 —476 119 0 0 0
76 304 —456 304 —T6 0 0 0
45 —180 270 —180 45 0 0 0
» 24 96 —144 96 -24 0 0 O
iTB)=81 0 44 66 44 11 0 0 0
4 16 -24 16 -4 0 0 0
1 -4 6 -4 1 000

176 —249 —-364 545 280 —431 —-76 119
—-119 176 227 =364 —-169 280 45 76
7% —119 —-128 227 92 —-169 —24 45
—45 76 61 —128 —43 92 11 =24

0 0 0 0 0 000

The above matices Ay (z;v), Sy and V,™*(i) have the following properties:

(22)

(23)

(24)

(25)

where

A (2 =) Tygo, 1 A7 (2 v) = Tyyor 1,
Sy Tyyor 1 = (ST Ty 1)~
S Taror, 1 Vi (1) = —(=1)'V, () Tasor, 157
V™ () Ty, 1 V™" (k) = 0T yq 91,1,

1=0,1,2,i€[0,1+]NZ, ke0,1+1]NZ.

Proof. Full proof can be found in [52] — [56].



In [56] I promised to give arithmetical applications of the Theorem 1. I
had given in [58] short deduction of the famous Apéry’s equation from the
Theorem 1 (see correction of misprint there in §7.5 below) . Here I continue
to fulfill this promise and begin the proof of the Theorem 2, which joins the
Apéry’s Theorem and my result in [23], [43] in one Theorem. Let

2€Q, |z| >1L,z=1/2,beN,bz € Z,

= (Z VIR + k(m)z =

2| + (=1)" + 2\/|z\ + ( V2|
fori =0,1,
1
= VI VI 1+ Sl + (ko] =
k=0
VI VI T 14V 2VEE T T4 + 12D,
Lis(z) = (i/z+ (— Zx”/n

fort=0,1,

In((7ajr/2)(2))*€’b)
In((7x(2))2/e3b)

Or(z) =
where k£ =0, 1, 2

(1 — (=1)*)(n(i1(2)/0 (=)
In((7(2))*/e*)

D(b) = {y e R: (=1)*3y > (Ved3b+1)*/(e3b + 1)3) %2 /16¢°D},
where k£ =0, 1, 2,

Oék(Z) = ﬁk +

Lis(x)=(i/z+ (— Zx"/n

where i =0, 1, s €N, [z — 1|+ s> 1,
Ll,l(l):O,
T € ]Ru To € @7 |x1‘ + ‘372‘ > 07

¢i = ¢i(21, 22, 7) = QEi(Z, T, &) = 1 Lo ;(x) + ixo Lo i1 (),

where ¢ = 1, 2. Let further, ¢35 = x1, do(z) = ap(z), ao(x) = as(2),
ai(x) = o (2), Bi(z) = Bu(z) fori=1,2,¢ >0,

and |[1]| denotes the distance from v to Z.



Theorem 2. There exsist effective positive
Vi1, 22, 7, €) = 7} (2, 11, 7€),
where 1 = 1,2,
’3/0(]}', 5) = 70(Z7 5)7

’~y1(:L’,€) = 71(275)7 5/0(1’7‘5) = 72('275)?

such that, if
z € Dy(b), z1 =1In(2), o =1,

then

(26) max lq]lq™ = (2, €)

for any q € N, if

ZEDk(b), 1 €L, x9 € L, T 7&0,

then

(27) e lqeill g™ > ~ii(z, 21, w0e)

for any q € N,

(28) ma [z, 71, 2| (2] + 2 )4 = (2, )

for any x1 € Z,x9 € 7, for which
‘331‘ + ‘1172‘ > 0.

If z=2=0b=1,k =0, then 4in(e*? — 1) — 4ln2 — 3 = —0,7825... < 0,
1> (2 —1)*/16€® and therfore 1 € Dy(1). Moreover,

$1 =3 =0, g2 = 2((3),
(1) = (1+v2)% (1) = 1,
Bo=ap=1+6/(4In(1+V?2) — 3) = 12,417820...
The inequality (39) takes in this case the following form

124¢(3)[lg°°®** > 70(2, )

and includes Apery theorem; moreover it give for the mesure p({(3)) of irra-
tionality of the number ((3) the estimate

1(C(3)) < 12,417821 + 1 = 13,417821.

This estimate was decreased by several authors; best result, which I know,
belongs to G.Rhinn and C.Viola; they obtain the inequality

1(¢(3)) < 5,513891.



If —z=—-2=>0=1,k =2, then 4in(e* — 1) — 2in(e* + 1) — 4in2 — 3 =
—0,07404... < 0, 1 > (e* — 1)1/(16€3(e® + 1)? and therfore —1 € Dy(1).
Moreover,

¢1 = 221 In(2) 4+ 22((2), 202 = 21¢(2) + 223¢(3),
62 = Qg = 1+

6/(2In(1 +v2 + \/\/§+ 1\/J§ —1) — 3) = 106, 00187...,

and it follows from (28) that The Z-module with generators

= (68) 5= (53) 5= (3) 2= ()

has these four generators as free generators, it is not a Liouville module and
measure of nondiscreteness of this Z- module is not bigger than

By = 106, 00187....

The constant 106,00187... was decreased to 22,42693 in [27] (in Russian)
and in [51] (in English). Theorem 2 was announced in [23], the proof was
published in [26] in Russian. It was not easy job to restore the calculations,
which was made 20 years ago. As it is mentioned above, I split the Proof of
the Theorem 2 in two parts; here is presented the first part.

Let p=v(v+1),

(29) w_o(z;p) =9 — 452 + (30 — 1262)u + (8 — 322)u?,
(30) wo(2z; 1) i= =3 4+ 152 + (=16 4+ 722)p + (—16 + 642) >
(31) wi(z;p) = (=9 + 9z + 1802%) + (3 — 392 — 9622 +

(72 4 1682 — 124822) i+
(—128 — 3682 + 29442%)1i® + (64 + 2562 — 20482%)1i*,

(32) w_1(z;p) = (9 — 92 — 1802%) + (=21 + 57z + 4562%)pu +
(12 — 60z — 2882%)u?,
(33) wo(z; 1) = (8 — 224z + 6962 — 4802%)1i* +

(22 — 2382 + 32022 + 2562°)u® — (76 — 19962 + 780822 — 66562%) ju*+
(48 — 17282 + 81922% — 81922°) 1,

(34) ag,-2(zv) = (v(v —1))° x

(2v+ Dw_a(z;v(v+ 1)) — Bwa(z;v(v + 1)),

(35) apa(z;v) = —ag—2(z;—v —1) = (v + 1) (v + 2))? x



(2 + Dw_alz (v + 1)) + Bws(z v(v + 1)),

(36) ap_1(z;v) = ¥ x

(v +Dw_1(z;v(v+ 1)) —wi(z;v(r + 1)),

(37) apa(z;v) = —ag _1(z;—v —1) = —(v + 1)® x

(v +Dw_1(z;v(v+ 1)) +wi(z;v(r + 1)),

(38) aoo(z;v) = —app(z; —v — 1) = (2v + Dwo(z; v(v + 1)).
Previously I prove the following
Lemma 7.0. The set of all the solutions of difference equation

2

(39) Z aox(z;)y(z;v 4+ k) =0

K=—2

contains the solutions
y(z;v) = foo(zv), y(v) = foa(ziv) for|z| > 1, v € Z,

y(zv) = agi(zv) forz€Ci=1,2, v €L
and
y(z;v) =G5 ;(zv) forz€C, j=0,1,v e,
where of ;(z;v), B5,;(2;v) are specified in [58] for v € [0,+00) N Z, and

O‘S,z‘(ZQ —v—1):= ag,i(ZQ V)

58,;‘(25 -V —= 1) = 63,3'(25 V);
y(z; —v = 1) =y(zv)
for v € [0,400) N Z.
Acknowledgments. I express my deepest thanks to Professors

B.Z.Moroz, 1.I. Piatetski-Shapiro,
A.G.Aleksandrov, P.Bundshuh and S.G.Gindikin for help and support.

§7.1. Difference equations for my auxiliary functios.

The field Q(z, v) has authomorphism w, which turns v into v* = —v — 1.
Clearly, pu¥ = p; if p € Q(z,v), the we denote by p* the result of applying
of w to p. If A is the matrix (in particular row or column), all elements of
which belong to Q(z, v), then we denote by A“ the result of applying of w to
all elements qf A. If Ay, where k =1, ..., n is a sequence of s X s-matrices,
all elements of of which belong to Q(z,v), then

m
HAk, where m =0, ..., n,

k=1



is defined sequentially by means the equalities

0
H Ak = Esa
k=1

where F is unit s X s-matrix,

m m—1

T4 = (H Ak) A

k=1 k=1
for m =1, ..., n. Let aj, ;(2;v) stands in the matrix,
(40) A (zv) = VT Ty AT (250) (Tayann) ™
on the intetrsection of its i-th row and j-th column. Clearly,
(41) aZi,j('Z; v) € Qlz; v,
where [ =0,1,2,i=1,..,4+2,j=1, ... 4+2L Let
(42) Xig(z3v) = Ty Yin(2;v),

where [ =0,1,2, k€ R,i=1,..,4+2], =1, .., 44+ 2l and v € N. Then
according to the Theorem 1,

(43) 1/3+2le,;€(2; v—1)=A/(z;v) X1 k(2 V),

where |z| > 1,1 =0,1,2, k € & and v € N. In [52] — [58] it is proved that
the equality

(44) Xik(z;—v —1) = X1 k(2 v)

extends the set of v, for which is defined X ;(z;v), from [0,400) NZ to Z,
and (43) holds for all the v € Z also. Therefore

(5) = (I X+ 1) = Af (50— 1) Xi(z5 ),
where |z| > 1,1=0, 1, 2, k € K and v € Z. Let further
(46) Qi(z;v;v —m) =

ﬁA(’;(z; v—m-+k),
k=1
(47) Qi(z;v;v +m) =

HAS(z; —v—1+m—k)=(Qizv;v—m)),
k=1

where m = 0, ..., 2+ [, and let g ;(z;v;v + k) denotes the first row of the
matrix Q;(z;v;v+ k) for k = =2 —1, ..., 2+ 1. In view of (43) — (47),

(48) (H(V —m+ k:)) Xip(z;v—m) =

k=1



Qi(z v v —m) X (25 v),

(49) (=)™ (ﬁ(u +14+m— k:)) Xik(zv+m) =

k=1

Qi(z;v;v 4+ m) X k(2 v).

(50) ( (v —m+ k)) fik(zv—m) =

=1

a(zv;v —m) X k(2 v)

(51) (—)™ ( 1 (v+14+m— k:)) Xip(zsv+m) =

=1

a(z;viv+m)fii(zv).

where 2| >1,1=0,1,2, k€ R, veZand m=0, ..., 2+1.

Lemma 7.1. Let L be a field and K be its subfield, such that [L : K| = 2.
Let w denotes the unique non-identity automorhism of the extension L/K.
Let further n € N, ay, ..., Go,p1 are rows with 2n elements lying in L and
such that agyyo_k = (ag)® for k=1, .., 2n+ 1. Let A be a (2n + 1) X 2n-
matriz having ay as its k-th row for k =1, ..., 2n 4+ 1. Let Ay be a result of
removing from A its k-th row, and My = det(Ay), where k =1, ..., 2n + 1.
Then

Mopioj = (=1)"(My)”.

Proof. Let B be a (2n+1) x 2n-matrix having inverse order of rows relatively
to this order in A and let By for K = 1, ..., 2n 4+ 1 be a result of removing
from B its k-th row. Then cleraly

(det(Ap))* = det(By) = (=1)*"*" =V 2det( Ay ya_i)

fork=1,...,2n+1. 1

Let wy,; be independent variables, where k = —2—1, ..., 2+1. Let H;(z;v)
be the (5 4+ 21) x (4 + 2)-matrix having ¢ (z;v + i — [ — 3) as its i-th row.
Let W, be the column, consisting of 5+ 2 elements, i-th of which is equal to
the variable w;_;_3,where ¢t =1, ..., 5 + 2.

We consider the (54 21) x (5 + 2[)-matrix V)(z,v) = (H;(z;v), W;) now.
Let Hl(“)(z; v) be the result of remowing from H,(z;v) its (k + 3+ 1)-th row,
and let

(52) M (2;v) = det (H™ ()

for k = —2—1, ..., 241. Applying the Lemma 7.1 withn = 2+, k = k+ 3+,
we see that

(53) (M (z;0))° = (=1)'M 7 (z0)).



Clearly, (—1)“+lMl(”)(z; v) is cofactor to wy in the matrix Vj(z, v).
Let my(z;v) be the row consisting of 5 + 2 elements, (k + 3 + [)-th of
which is equal to (—1)“+1Ml('{)(z; v), where | =0,1,2, k=-2—1, ..., 2+
Clearly, m;(z; v) is the last row of the adjoint matrix to the matrix V;(z, v).
Hence,

(54) m(z; v)Hy(z;v) = 0my(z; v).

Let X, x(z;v) be a column, consisting from 5 + 2 elements, (34 [ —m)-th of
which is equal to

<H(V—m—|—/€)) fir(z; v —m),

k=1

and (3 + [ 4+ m)-th of which is equal to

(—1)" (H(w L4m — kr)) fi(z0+m),

k=1

where m =0, ..., 2+ [. It follows from (50), (51) that

(55) Xik(zv) = H(zv)Xie(zv).

It follows from (54), (55), that

(56) mu(z; )X k(2 v) = mu(z;v)Hi(2v) X k(25 v) = 0.

Let

m 3+21
(57) A _n(zv) (H v—m+k) ) (=)™ M, ™(z;v),

m 3+21
(58) Apm(ziv) = (H(V +m+1-— k)) (—1)lMlm)(z; v),
k=1
where m =0, ..., 24 [. Since,
m 3+21 v m 3+21
(H(u—m+l{:)> (™| = (H(V+m+1—k:)> ,
k=1 k=1
it follows from (53) that
(59) (A0 (z5w) = (-4 (zv)

forl =0,1,2, k=—-2—1, ..., 2+ [. Clearly,

(60) Ae(zv) € Qlz; V]



for i =0,1,2, k =—-2—1, ..., 2+, and in view of (56),

2+1

(61) Z A k(2 V)lek(Z; v+k)=0

K=—2—1

for |z| > 1,1 =10,1,2, k € R, v € Z. In view of (5), (8), (9), (12) and (13),
that
241

(62) S Az finlzv+8) =0

K=—2-1

for |z] >1,1=0,1,2, k€ & :=[1,4+ 21N Z,v € Z. In view of (99) in [58],

241
(63) frot2i(%;v) (Z of(z;v) Zﬂ(l/z)) — Bz v),

where |z| >1,1=0,1,2, 7€ [0,1+NZ, v EZ,

+oo g,
z
Liv;(1/2) =) pvres
n=1
and oy ;(z;v), B(z;v) are specified in [58] for v € [0,4+00) N Z and
(64) iz —v = 1) = ag(zv)
(65) 58,;’(25 —v—1):= 55,;’(@ v)

for v € [0,400) N Z. Since the functions

1, Li(1/2), ..., L,(1/2), ...
compose a linear independent system over C(z,v) (see for example [37],62 )

it follows from (62) that

2+1

(66) Z Aie(zv)af(zv 4+ k) =0

r=—2—1
for € C,1=0,1,2,i € [1,24+|NZ, v EZ,

241

(67) Z Ape(z0) B (v 4+ k) =0

K=—2—1
for € C,1=0,1,2,5€[0,14+1]NZ, v eZ. So,
y(v) = fiorej(zv) for |2 > 1,1=0,1,2, € [0,1+1NZ, v €L,
y(v) = of(zv) for € C,1=0,1,2,i € 1,2+ 1NZ, v €L
and
y(v) =B ;(zv)for 2€ C1=0,1,2, € [0, 1 +|NZ, v EZ
satisfy to difference equation

241

(68) > A(zv)y(zv+ k) =0.

K=—2—1



§7.2. Proof of the Lemma 7.0.

It is sufficient to prove that
(69) AL (2 0) = 128(2 — 1)3(2v + 1)ag..(2;v)

for k = =2, —1, 0, 1, 2. Let q;; x(%; v;v + k) stands in Q;(z;v;v + k) on the
intetrsection of its i-th row and k-th column, where

1=0,1,2, k=-2—1,-1,0,1,2+0,i=1,...,4+2 and k=1, ..., 4+ 2l.

Let, as before = v(v + 1), 7 = v+ 5. In view of (140) — (145) in [58],

(70) q071,1(z; v,V — ]_) — aaLl(z; V) = V?’ + 2(16V3 + 12V2) =
1 3
—5 gk~ 22— 12zp+7(1+ p+ 4z + 16zp),
(71)

Qi1(ziv,v+1)=a5 i, (z—v—1)=—1" =3 -3v -1+
2(—161° — 361° — 24v — 4) =
1 3

—5—§,u—2,z—12zu—7(1+u+42+162#):

(aé,m('z? v))* = (qo11(20,v = 1)¥ = (qo1,1 (25, v — 1))%,
(72) Qoi2(zv,v—1) = aam(z; V) = —4v* + 2(—2007 — 24v) =

—2 —4p+22 —20zpu + t(4 — 42)

(73) Q220 v+ 1) =ag, (2 —v—1) =

— 4 — 8y — 4+ 2(—200% — 16V +4) = —2 —4p + 22 — 20zp — (4 — 4z2) =
(a3,1,2(23 V) = (%,1,2(23 v,v—1))%,

(74) Qo13(z;v,v —1) = ag,3(z;v) =8 + 2(—8v + 12) =

8 — 4+ 2(—87 + 16) = —4 4 16z + 7(8 — 82),

(75) Q132 v,v+1) =ag,3(2—v—1) =
—8v — 8+ z(8v +20) = =87 — 4 + 2(87 + 16) =
—4+ 162 — 7(8 = 82) = (ag, 3(%; 1)) =
(qo13(z5v,v = 1))%,

(76) Qaa(zv,v—1) = a5, 4(zv) = =12+ 122 =

ag4(z—v —1) = qopalz;v,v +1) =

(ag,1.4(2:v))" = (@aa(zv,v — 1)),



apo1(2v) = z(—12v* — 81%),
apo0(2; V) = v? 4+ 2(161° + 1607),
ago5(zv) = =47 + 2(40° — 8v),

ago4(2;v) = 8v — 8zv,
ap31(z;v) = 2(8v° + 4,
ap39(2;v) = z(—12v* — 81%),
ap33(2v) = V3 422,
aps4(2v) = —4% + 4207,
ap41(2v) = —42",
a(’§7472(z; v) = 82V57
ag43(zv) = —Az0t,
ag4(2;v) = Ve,

ag 11 (zv—1)=1" =3 +3v -1+

2(161° — 361 + 24v — 4),

ag1o(zv —1) = =40 + 8y — 4 + 2(—200° + 16v + 4),
ag13(z;v —1) =8v — 8 + 2(—8v + 20),
apr4(zv —1) = =12 + 12z,
g1 (20 — 1) = 2(—120* + 400° — 4817 + 241 — 4),

apoo(z;v—1) = V=37 +3v—1+

2(161° — 320 + 16v),



(95) agos(zv —1) = —40% + 8y — 4 + 2(4” — 16v + 12),
(96) apo4(zv) =8V —8 = 8z(v — 1),

(97) ag5q(zv —1) = 2(8V° — 36" + 640° — 5607 + 24v — 4),

(98) ag50(zv —1) = 2(—120* +400° — 481° + 241 — 4),
(99) agss(zv—1) =v> =307 + 30 — 1 + 2(4° — 8v + 4),
(100) ags4(zv —1) = =47 + 8y — 4 + 2(4% — 8v + 4),
(101) a3,471(z; v—1)=

2(—4v° + 240° — 600" + 801* — 601/% + 24v — 4),

(102)

ag40(zv — 1) = 2(8V° — 400" + 80v° — 80v* + 40v — 8),
(103) agas(zv —1) = 2(—4v* + 160° — 240”4+ 16v — 4),
(104) ag 4z —1)=1" =32 +3v — 1.
(105) qo1(z; v —2) = agy (20— ag (25 v) +

aé,l,z(z; v— 1)“3,2,1(25 V)+a8,1,3(z; v— 1)“3,3,1(25 V)+a8,1,4(z; v— 1)“3,4,1(25 v) =
—v2 4+ 30 — 3% + 8 2(—1207 4+ 481° — 120 — 1680° + 1920°)+
22(—480% +1920% — 1441* — 2881° + 3841° = 4 + 144z + 1442+
((18 4 888z + 124822) 11 + (15 + 1272z + 230422 p® + (1 + 1922 + 3842%) 1P+
(—8 — 2882 — 28822)t + (—20 — 1200z — 19202% )t + (—6 — 7442 — 14402°)t?,

(106) Qoaa(zviv+2) = a9y, (2 —v —2)ag (2 —v — 1) +
ag1,2(2 =V = 2)ag o (23 —v — 1) + ag 5(2; —v — 2)ag g, (5 —v — 1)+
agq4(z;—v —2)aj 4 (2 —v — 1) = 4 + 144z + 1442+
(18 + 888z + 12482 + (15 + 12722 + 23042%)pi* + (1 + 1922 + 3842%)p*—
(—8—2882—2882%)7 — (—20—12002 —192022) 7t — (—6— 7442 — 14402*)7p* =
(qopa(zv,v —2))”

(107) Qo2(2 Vv = 2) = agy4 (250 — Dag (25 v) +



ag 12z v = 1)agao(2v) + agy 5(zv — Dag 5 (2 v)+
a8,174(2; V= 1)a374,2(2; v) =
4% — 1603 + 200" — 81° + 2421 — 100207 + 4821° + 292201 — 36007+
962%v — 4322717 + 5442°1° 4 962%0* — 4482%1° =
—3+ 30 — 305 + 18 — 12207 + 4820% — 1220 — 16820° + 192205 —

482212 + 1922213 — 144220* — 288222 + 3842210 =

24 + 240z — 2642% + (88 + 1312z + 642%)p + (40 + 11922 + 121622) i+

(—48 — 4802 + 5282%)7 + (=80 — 16162 — 9922%) 71+ (—8 — 3602 — 4482%) 7142,

(108) Qop2(zviv +2) = a5, (2 —v = 2)ag, 5(z—v — 1) +

a8,1,2(29 -V — 2)“8,2,2(Z§ —v—1)+ a871,3(z; -V - 2)@8,372(% —v — 1)+
a3,1,4(z§ -V - 2)(13,472(23 —v—1)=
24 + 240z — 2642% + (88 + 1312z + 642%)pu + (40 + 11922 + 121622 u*—
(—48 — 4802 —5282%)7 — (=80 — 16162 —99222) 7t — (—8 — 3602 — 4482% )T pu* =

(%,1,2(25 v, v — 2))w

(109) Qops(z;viv —2) = agy (230 — L)ag 5(2;v) +

ag12(zv=1)ag5(2v)+ag 1 3(2v—1)ag s 5(2v) +ag 4(zv=1)aga5(zv) =
—8v +40v* — 641° + 320" — 122 + 44zv + 42v* — 20020° + 22420" —
4827 4 2882% — 6562712 + 6722°1° — 2562%* =
72 4 180z — 9842% + (200 + 752z — 21762%)p + (32 + 2242 — 25622) i+
(—144 — 3842 + 18722%)7 + (—128 — 6482 + 11842%) 74,

(110) Qo1 3(z Vv +2) = a5, 1(2;—v — 2)ag, 3(z;—v — 1) +

ag1,2(2 =V = 2)ag5(2; = = 1) + g, 5(2; = = 2)ag 3 5(2; —v — 1)+
ag1,4(2 =V = 2)ag 4 3(z; —v — 1) =
144 + 408y + 4241% + 1920° 4 320" + 3722 + 14602v + 194821% 4 109621°+
22420 — 19202% — 46402%y — 42082°1* — 16962°1° — 256271 =
72 4 180z — 9842% 4 (200 4 752z — 21762%)p + (32 + 2242 — 25622) > —
(—144 — 3842 + 18722%)7 — (—128 — 6482 + 11842%) 7 =
(901,3(z5 v, v —2))¢

(111) Qo2 viv = 2) = agy (20 — Dagy 4(25v) +

aé,l,z(z; u—l)a(’;,274(z; V)+a8,1,3(z; u—l)a(’;,374(z; V)+a8,1,4(z; u—l)a(’;,474(z; v) =

12 — 68 + 13202 — 8813 + 362 — 188zv + 348212 — 232213 —



482% + 2562% — 4802717 + 3202%1° =
156 + 4202 — 57622 + (264 + 6962 — 9602%) 11 + (—288 — 7682 4 10562%)7+
(—88 — 232z + 3202°) 7y,

(112) Qopa(zviv +2) = a5, (2 —v = 2)ag 4(z—v — 1) +

ap19(2; =V = 2)ag o 3(2; —v — 1) +agq 3(2; —v — 2)ag 3 5(2; —v — 1)+
ag14(2; =V —2)ag453(2;—v —1) =
300 4 804z — 11042 + (596 + 1580z — 21762)v + (396 + 10442 — 144022)1*+
(88 + 232z — 3202%)1° = 156 + 420z — 5762° + (264 + 6962 — 9602%)u—
(—288 — 768z + 10562%)T — (—88 — 232z + 3202%)7p =
(qoaa(z;v,v —2))°.

We put Héo)(z; v) = Hy(z;v), where Hi(z;v) for [ = 0,1,2 is defined in the
section 1, i.e. Hoo(z;v) is the 5 x 4-matrix such that its i-th row coincides
with the row ¢j(z;v +i —3) for i = 1, ..., 5. We will transform below the
matrix Héo)(z; v) in other 5 x 4-matrices Hék)(z; v), where k =1, ..., 14; we
denote by i_zgfi)_g(z; v) and i_iék;) (z; v) respectively the i-th row and j-th column
of the matrix Hék)(z; v); we denote by Hék’i_3)(z; v) the matrix, which one
obtains by remowing from Hék)(z; v) its i-th row. Let hgfi)_&j(z; v) denotes
the polynomial, which stands in of the matrix Hék)(z; v) on the intersection
of its i-th row and j-th column. We put, finally,

M (z;0) = det(HS (2;0)),

M9 (z;v) = det(H™ (2;v))

(113) AF(z0) = K((v + (5 +1)/2)> M (2 0))
(114) AW (zv) = (v + 8P (v + & + 1P MI (20)),
for k = -1, 1,

(115) A (=) = M (z30) = det(HS™ (z0)),

where £ =1, ... 14. Clearly,
(116) AU (zv) = Aoulziv),

where A; . (z;v) are defined (57), (58) for k = =2 —1, ..., 2+ 1.
In view of (116) and (59),
(117) AP zv) = (AP (zv))*

for k = -2, -1, 0, 1, 2.
It follows from (76), (111), (112) that 4(z — 1) is a common divisor of all
the elements of the last column of the matrix H " (z;v). Let HS"(z; 1) be the



matrix, which one obtains after division of all the elements of last column in
the matrix H(()O)(z; v) by 4(z — 1). Then

(118) hil s 4(z0) = 3= hil) (zv) = (B, 4 (23 0))%,

(119) h o 4(zv) =
—39 — 144z + (=66 — 2402)p + (72 + 2642)7 + (22 + 802) T =
—3 4 17v — 3302 + 220% + (=12 4 64v — 1200% + 801°)z,
(120) hih (2 v) =
—39 — 144z + (—66 — 240z)p — (72 + 2642)7 — (22 4 80z)Tp =

(h(()%)—zA(Z? V))w>
(121) M (z0) = 4z = DM (z0),

where i =1, ..., 5, k = =2, —1, 0, 1, 2. We denote by Hé2)(z; v) the matrix,
which apears after replacement of second column in the matrix H(()l)(z; v) by
the sum h&%(z; v)+ ZMh(()g(z; v). Then

(122) ) o(zv) = 2(2 — 1) +

12u(z — 1) —47(2 — 1) — 16pu7(2 — 1),

(123) hi)o(z0) = 2(2 = 1) + 12u(z — 1) + 47(z — 1) +

16p7(z — 1) = (h§ 5(% 1)),

(124) he o o(zv) =

24 + 240z — 2642% + (232 + 16722 — 190422) pu+
(440 + 26962 — 31362°)u” + (64 + 4482 — 5122%)p°+
(—48 — 480z + 52822)T + (—368 — 2384z + 275222 ) ur+
(—264 — 16562 + 19202%) u?T,

(125) hyo(zv) =

24 + 240z — 2642% + (232 + 16722 — 19042%) u+
(440 + 26962 — 31362%) pu® + (64 + 4482 — 51222 u® — (—48 — 4802 + 5282%)7—
(—368 — 2384z + 275222\t — (—264 — 16562 + 192022 p1 =

(h(()?)—zg(Z? V))w>



(126) M (z0) = 4z = DM (z0),

where i = 1, ..., 5, k = =2, —1, 0, 1, 2. In view of (122) — (125), 2(z — 1)
is a common divisor of all the elements of the second column of the ma-
trix HéQ)(z; v). We denote by Hég)(z; v) the matrix, which one obtains after

division of all the elements of second column in HéQ)(z; v) by 2(z —1). Then

(127) h$ L o(z0) =14 6u(z — 1) — 27 — 8pr,
(128) h(()?g(z; v)=14+6p+27(z—1)4+8ur(z—1) =

(h(()?)—1,2(2§ V))w>

(129) By g (i) =
—12 — 1322 + (=116 — 9522)p + (=220 — 15682) >+
(=32 — 2562)p° + (24 + 2642)7 + (184 + 13762) u7 + (132 + 9602) %7,
(130) hisa(zv) =

—12 — 13222 4 (=116 — 9522) 1 + (—220 — 1568z) >+
(—32 — 2562)u* — (24 + 2642)T — (184 + 13762)u7 — (132 + 9602) T =

2 w
(h((),)—Q,z(ZQ v))”,
(131) My (z0) = 8(= = 1)* M5 (5 0),
where i =1, ..., 5, k = -2, —1, 0, 1, 2. Let Hé4)(z; v) be a result of replace-

ment of third column in the matrix Hé?’)(z; v) by Eff%(z; v) — 42;;58%(,2; V).
Then

(132) h((f)_m(z; v) =4z — 8z — 4 + 8,

O e (b
(133) hoi3(z;v) = 4z + 827 — 4 — 87 = (hy 1 3(2;v))
(134) B Laa(2iv) =

72 4 3362 — 4082% 4 (200 + 10162 — 12162%) u+
(3242242 — 2562 + (—144 — 6722 + 81627)7 + (—128 — 7362 + 86427 uT,

(135) h$s(zv) =

72 + 3362 — 4082% 4 (200 + 10162 — 12162%)u+
(3242242 — 25622 — (—144 — 6722 +81622)7 — (—128 — 7362 4 86422 ) ut =

(h((f)—z?)(z? V)<,



(136) M (z0) = 8(2 = 1)’ Mg" ™ (z0),

where i =1, ..., 5, k = =2, —1, 0, 1, 2. In view of (132) — (135), 4(z — 1) is
a common divisor of all the elements of the third column in Hé4)(z; v). We
denote Hé5)(z; v) be the matrix, which one obtains after division of all the
elements of third column in H(g4)(z; v) by 4(z — 1). Then

(137) hé?)_m(z; v)=1-217 =2,

(138) W (zv) =142 = (BY) | 4(z0))¥ =20+ 2
0,1,3\~» - - 0,—1,3\~» -

(139) h$ o 5(2;0) = =18 — 102z + (=50 — 3042)u +

(=82 — 642)u” + (36 + 2042)T + (32 + 2162)ur =
2v — 10nu? + 161° — 8v* + (8v — 44v? + 881° — 641%)z,
(140) h’y (2 v) = —18 — 1022 4 (=50 — 3042)u +

(—82 — 642)p® — (36 + 2042)7 — (32 + 2162)u7 = (h§) 5 4(2: 1)),

(141) M (z0) = 32(2 = 1 MP (z;),
where i =1, ..., 5, k = =2, —1, 0, 1, 2. In view of (118), (127) and (137)
he) s 5(z5v) = By y(2iv) = 6 — 8pr,
he 1 o(zv) = h§ s (2iv)—
2Mh(()?)—1,4(25 v) = —8ur,

h((f)_l,z(z; v)— (14 6M)h((i’)_1,3(z; V) = dur
and, finally,

(142) BhiyL12(2:v) = 3+ 120k 5(zv) -
2uh((f)_174(z; v) =0.

We denote by Hé6)(z; v) the matrix, which apears after replacement of the
second column in the matrix H(g5)(z; v) by

8hos(2iv) — (3+ 12u) A3 (2 v) — 2uhi) (2 ).
Then, in view of (142), (29), (30),

(143) Bl o(z:0) = 0 = A 5(250) = (Bl o2 0))°

(144) h$) 5oz 0) =



18 — 90z + (96 — 4322) 11 + (96 — 3842) >+
(=36 + 1802)7 + (—120 + 5042) 7 + (=32 + 1282)7u® =
—2Bwa(z;v(v+1)) + 22U+ Dw_o(z;v(v + 1)) =
—72 — 3364 — 288% + (144 + 384y + 96*) T+
(2 — 1)(—90 — 4324 — 3844% + 7(180 + 5044 + 1281%) =
— 4% + 8% + 160" — 320° + (40 — 8v° — 64v* + 1280°)2 =
96nu’ — 48" + (128nu’® — 64v* — 8% + 41*) (2 — 1) =
402v — D127 4 (161° — 1) (2 — 1)) =
20°(2v — 1)1 (2 v),

where
(145) hi(zv) =2 — 8V — 22 + 32072,
(146) hisa(zv) =
18 — 902 + (90 — 4322) 1 + (96 — 3842) > —
(=36 + 1802)7 — (=120 + 5042) 7 — (=32 + 1282)7u* =
(o 502 0))" =
—2Bwa(z;v(r+1)) — U+ Nw_o(z;v(v + 1));
» 2 .
(147) MO () = 2 - 1P M (20,

where i =1, ..., 5, k = =2, —1, 0, 1, 2. Clearly,

6 6 6
h((),)—2,2 (z;v) h((),)—2,3(25 V) h((),)_u(z; v)

M(S&Q)(z; v) = det 0 1—-27 3 =
0 1427 3

and, in view of (147),

(148) M (z;0) = —128(2 — 1)*hy, ,7.
It follows from (114), (148), (35) and (144) that

(149) AP (v) = (v + 1) (v + 2° MO =

128(2 — 1)*(2v + 1) (v + 1)3(v + 2)* x
(2v+ Dw_a(z;v(v +1)) + 3wa(z;v(v+ 1)) =
128(2 — 1)3(2v + 1)aga(z;v) =
—256(2 — 1)3(v + 1)*(v + 2)** (1207 + (160° — 1)(z — 1)) (4 — 1) =
—3072(z — 1)* (v + ) (v + 1) (v + 2)**(2v — 1)—



—256(z — 1)*2v + (v + 13 (v +2)%) (4v + 1)(4v — 1)(2v — 1).
Therefore, according to the Lemma 7.1 and (34) — (35),

(150) AP (z0) = (AP (2 0)) =

128(2 — 1)*(2v + 1) (v + 1) (v + 2)*x
(v + Dw_a(z;v(v+1)) — Bwa(z;v(v+1))) =
128(2 — 1)*(2v + 1)ag _a(2;v) =
—3072(z — 1)*u+ 1) (v — 1)* (v + 1)*(2v + 3)—
256(z — D)*(2v + 1) (v — 1)*(v + 1)%(4v + 3)(4v + 5)(2v + 3).

In view of (149) and (150), the equality (69) is proved for k = +2.
We denote by Hé7)(z; v) the matrix, which apears after replacement of
the last row in the matrix Héﬁ)(z; v) by

1 -
1 (h63(z:0) = B ().

Then, in view of (144), (146), (139), (140), (119), (120),
(151) h$ (2 v) =

18 — 90z + 60 — 252z + 16> — 64pz =
18 4 60v + 7607 + 321° + 160" + (=90 — 252 — 31602 — 1280° — 64v?)z =

2h\2/,1(zﬂ V)?

where
(152) hy(z;v) = 9+ 30v + 380° + 161° + 8v' +

2,1

(—45 — 126v — 1580° — 641° — 320%)z,
153 R (z0) = —18 — 1022 — 164 — 108z =
0,2,3
—18 — 16v — 161* + (=102 — 108 — 1081%)z,

(154) B (z0) = =36 — 11 — 1322 — 40uz =

0,2,4

—36 — 11y — 112 — (132 + 40v + 400?)z,
(155) MY (2 0) = ar MY (25 0),

We denote by H(gg) (z; v) the matrix, which apears after devision of the second

row in the matrix Hé7)(z; v) by —2v and multiplication of the last column of
the obtained matrix by —2v. Then, in view of (119) and (154),

(156) h$) g (2 v) =

6v — 34v% + 660° — 440" + (24v — 12807 4 2400° — 160v%)z,



(157) hiya(z ) = =36 — 11p + (—1322 + 140p2 =

T2v + 2207 + 220° + (264v + 80v* + 80v°)z,

(158) M (z0) = MV (23 0).
We denote by H(()g)(z; v) the matrix, which apears after replacement of the
last column in the matrix Hés)(z; v) by l_iéﬁ(z; V) — 3]%?%.
Then, in view of (156), (139), (157), (153),
(159) iy 4(z0) = =42 +180° — 200" +

(47 — 240° + 320%)z = 207 (2nu — 1)hy (2 v),

where
(160) hy(zv) = =bv + 24 (8v — 2)z,
(161) hity (2 V) = 54+ 1200 + 700% + 220° 4
(306 + 588v + 404v* + 80v°) 2 = 2hy} (2 v),

where
(162) hyo(2v) =

27 + 60v + 3507 + 1102 + (153 + 294v + 20202 + 400%) 2,
(163) M (z0) = MV (23 0).
Since

h)o(z;0) = B 4(2:0) = hya(zv) = 0,
h(()?)—l,z(ZS v) = h(()?)—1,4(25 v) =0,
i1 (zv) = by 4(z0) = 1,
it follows from (144), (145), (159), (160), (151), (152), (161), (162) that

(164) MY (z0) = 4220 — 1) det(H™Y),

where

Further we have
(165) hi(zv) — (dv + A5 (zv) =

1207 — 3v = 3h{3(z;v),

(166) hyi(zv) — (v 4+ Dhyy(zv) =



—18—138v—2371% —1350% —361* — (198410320 + 153617 +912nu’ + 19204 ) 2 =
3hs3 (2 v),

where
(167) hWi(zv) = vhii(zv), with i3 (z;v) = v — 1,
(168) hy3(z;v) =

—6 — 461 — T90? — 450° — 120" — (66 + 344v + 51202 + 3041° + 64v%)z.
In view of (164)

(169) MY (z;0) = 12020 — 1) det(H"?),

where ) .
HV2 — hlv,l(ZS V) hY,z(Z? v)v
hsi(zv) hys(zv)v)

Further we have

(170) RS (0w — 2503 (25 0) = B0,

171 hyl(z;v)v —22hY2 (2 v) = hy3 (2 v)v,

2,2 2,1 2,2

where

(172) h3(z;v) = 2 = v, hys(zv) =

27v + 601 + 3507 + 11v* + (12 + 2450 + 45207 + 2920° + 64v%) 2+
(132 + 688v + 10241% 4 608v° + 1280%) 2%
Therefore, in view of (167), (171), (172), (169),

(173) M (2 0) = 120°(2v — 1) det(H?),
where 5 3
V3 — hY,l(ZQ V) hl,Q(ZQ V) '
hsi(zv) hys(zv)
In view of (167), (172), (168), (173),
(174) his(zv) == h3(zv) + hi(zv) =1 -,
(175) hyy(z;v) == hyd(zv) + hii(zv) =

—6 — 19nu — 19v% — 100® — v* — (54 + 99v + 600 — 120%) 2+
(132 + 688v + 10241% + 608° + 128v*) 2%,

176 MY (z:0) = 120220 — 1) det(HY4),
0



where

In view of (167), (174), (168),

(177) h5(zv) = 3 (zv) + 4h{5(z;v) = 3,

(178) hsi(z;v) == h3(2;0) + 4hys(z0) =

—30 — 1220 — 15507 — 850° — 160" — (282 + 740v + 7520% + 3520° + 64vt) 2+
(528 4 27521 + 40961 4 24320° + 5120%) 22,

(179) M (z;0) = 120720 — 1) det(H),
where
3 1—v
V3 __
) 1= (histon) niscein)

Therefore, in view of (180), (178), (175),
(181) det(H"®) = 3hy5(z;v) + (v — 1)h{}(zv) =

(12 + 35v — 241% — 1000° — 720" — 160°+
(120 + 161v — 1681* — 436nu” — 288nu* — 641°) 2+
+(—132 — 160w + 172802 + 3488v° + 2304v* 4 5120°)22) =
(2v 4+ 3)(4 + 9 — 140 — 241° — 8v*)+
(2v 4 3)(40 4 27v — 74v* — 961° — 320*) 2+
(2v + 3)(—44 — 24v + 5920% + T681° 4 25614) 2% =
120(2v + 3) (1 + 42v + 540° + 180°) + (2 — 1)(2v + 3) x

(=4 + 3v + 51802 + 6720° + 224v* + (—44 — 24v + 5920° + 7681° + 25611 2).
In view of (179), (180), (31), (32), (37),

(182) MY (21 0) = 6(40° — 20%) det(H"®) =
—6(wi(z;v(v+ 1))+ 2v+ Dw_1(z;v(v + 1))).
In view of (179), (182) (158), (155), (147),

32
(183) MO (z0) = (- 1347 MY (z:v) =

—128(z — 1)*(2v + 1) ((wi(z;v(v + 1)) + 2v + Dw_1(z;v(v + 1)) =
256(z — 1)*(2v + 1)v2(2v — 1) det(H"®) =
3072(z — 1)*(2v + 1) (2v — 1)(2v + 3)(1 + 42v + 540° + 18°)+
256(z — 1)*(2v + 1)(2v + 3) x



(—4 + 3v + 51802 4 6720° 4 224v* 4 (—44 — 24v + 59207 + T681° + 2561%)2).
In wiew of (113), (183), (182),(183),

(184) APV (zv) = v+ 1M (z30) =

—128(z — 1)*2v + D (v + D*(wilz; v(v + 1) + (2v + Dw_1(z;v(v + 1)) =
128(2 — 1)*(2v + 1)ag(z;v) =
3072(z — 1)*(2v + 1) (v + 1)32(2v — 1)(2v + 3)(1 + 42v + 541% + 180°)+

256(z — 1)*(2v + 1)(2v + 3) (v + 1)3x

(—4+ 30+ 51807 4 6720° + 224" + (—44 — 24v + 5920% + T68v° + 2561%)2) =

3072(z — 1)*(2v + 1)p(4p — 3)(27u — 24+ (9u + 3)(2v + 1))+

128(z — 1)*(2v + 1)(2v + 3) (v + 1)* x

((448+4-5122)p® — (84+962) 1+ 59+ 162+ ((224+2562) 1 — 67— 1042) (2v+1)).

Therefore, according to the Lemma 7.1, (36) — (37),

(185) APV (z0) = (AP (2 0)) =

—128(z — 1)*2v + D (wi(z;v(v + 1)) — v + Dw_1(z;v(v + 1)) =
128(2 — 1)*(2v + 1)ag _1(2;v) =
—3072(z — 1)*(2v + 1) (4p — 3)(27u — 2 — (9 + 3)(2v + 1)) —

128(z — D*(2v + 1)(2v — 1) x

((448+4-5122) 1u* — (844962) pu+59+ 162 — ((224+2562) u—67—1042) (2v41)) =

+3072(z — 1)* Qv + 1) (v + 1)**(2v — 1)(2v + 3)(5 — 12v + 18v%)—

128(z — 1)*(2v 4+ 1)(2v — 1)1* x

((448+5122)p? — (84 +962) 1459+ 162 — ((224+2562) pu — 67— 1042) (2v + 1))

with p=rv(v +1).

In view of (184) and (185), the equality (69) is proved for k = £1.

We denote by Hélo)(z; v) the matrix, which apears after sequential re-
placement of the first, second, fourth and fifth rows in the matrix Hé6)(z; V)
respetively by

_ 1 - h
RG22 v) = () (z5v) = B o(5v)),

_ 1 _ _

ho 2 (zv) = - (h) (2:v) = b (230)),

_ 1 - _

Rot (z:v) = S (3 (z: ) + B0 (z:0)) =
hoa (25v) + 27 %, (2 0)

_ 1 — _

hos (z:0) = 5 (hoa(2:v) + hga(2:0)) =

hoa(z5v) + 2700 (2 v)



Then, in view of (70), (71),

(186) ho' (z0) = —(1 + p+ 42 + 1621) /2,
1 3
(187) hon(zv) = —5 = Sp—2z = 122,

in view of (143), (70), (71),

(188) hoha(7:v) = o pa(2;v) =0,

in view of (137), (138),

(189) ho (71 v) = B pa(ziv) =1,

in view of (118),

(190) ho2ra(zv) = 0, heu(zv) =3,

in view of (105), (106),

(191) h(()lo2 W(zv) = hé% (z;v) = 4+ 1442 + 1442% +

(10 + 6002 + 9602%)u + (3 + 372z + 7202%)u*

(192)
hiish (2;v) = 4+ 144z + 14422 4 (18 + 8882 + 124822) 1 +

(15 + 12722 + 23042%)p® + (1 + 1922 + 3842%)
in view of (144), (146), (151),

(193) WL (2 v) = hi% (2 v) = his (2 v) =
18 — 90z + 60 — 252z + 16p% — 64p°z,

(194)
hilsh(2;v) = 18 — 90z + 96 — 432z + 964% — 384722,

in view of (139), (140), (153),
(195) hf2(z v) = ho 23(Z§ v) =

hly (2 v) = —18 — 102z — 16 — 1082y,

(196)
hiy(zv) = —18 — 1022 — 50 — 3042p — 8% — 642417,
in view of (119), (120), (154),

(197) h§'%y 4 () = hiy 4(2;v) = —36 — 11 — 1322 — 40pz,



(198) hlsy(z;v) = his 4(zv) = —39 — 144z — 66 — 2402y,
and, cleraly,
(199) MO (z:0) = 1672 M3 (2, 1) =

(164 + 4) M 100 (2: ).

We denote by H(()H)(z; v) the matrix, which apears after sequential replace-
ment of fourth and fifth rows in the matrix Hélo)(z; v) respetively by

7 (11 7 (10 7 (10
ho (zv) = B (z0) — B8 (2 0)),

- 1
3% (z;v) = —x
0,2 M

(B9 (2 0) = h§' (2 v) + (42 + DAY (2;0)).
Then, in view of (186), (187), (188), (189), (190),

(200) hoth (zv) = —p — dzp,

(201) hoith(zv) = hith(2v) = 0, B (2 0) = 3,
in view of (191), (192), (200),
(202) hilah (z;v) = 7+ 280z + 27222 +

(12 4 900z + 15842%)pu + (1 + 1922 + 3842%)
in view of (193), (194), (201),

(203) hob(2;v) == hilah(2;v) = 36 — 180p + 804 — 32021,
in view of (195), (196), (201),

(204) hyo(ziv) = h(()g’)?)(z; v) =—34— 196z — 8u — 64zp,
in view of (197), (198), (201),

(205) hilah(2;v) = =55 + 2002,

and, clearly,

(206) MO (zv) = uMTO (z;0), MO0 (z;0) =

(164 + 4) MUY (2 1),

We denote by Hém)(z; v) the matrix, which apears after replacement of the
first column in the matrix Héll)(z; v) by

7(12 (11 11 (11
WD (z0) = BeY (2 0) — BSY, (2 0)R8S) (2 0)).



Then, in view of (189), (191), (195),
(207)  BGha(zv) = by, (2 0) = Bty ()R (25 v) =

—5+ 572 — 6022 — (7 — 3192 + 722 — (5 — 1902 + 1442%) 2,
in view of (189),

(208) W21 (zv) = bSO (2 v) —
héi)m(zs V)h(()%g)z?)(z; v) =0,
in view of (189), (201), (200),
(209) hoh (2 v) = hos (z0) = ho 21 1 (2 )Ry (25 0) =
hih (z50) = —p — 4zp,
in view of (189), (202), (204),
(210) i (ziv) = hib) (ziv) — R, (5 0)RE s (25 v) =

—10 + 1142 — 1202% — (9 — 482z + 1122%)pu — (3 — 962 + 1282%) %,

and
(211) M6,0)(z;v) = p(16p 4+ 4)M12,0)(2; v).

We denote by Hélg)(z; v) the matrix, which apears after replacement of the
first column in the matrix H(gu)(z; v) by

Row (z:v) = 3ho. (230) = hh (z:0)hos (2 0)).
Then, in view of (209), (207), (197),
(212) W (z5v) = b, (zv) =
3h. 2 1(2 ) — hiith ()RS 4 (2 0) =

—15 4+ 1712 — 1802% — (57 — 6812 + T442%) — (26 — 4862 + 59222)u?,
in view of (209), (208), (190),

(213)
2 0
h(()%i)m(ZS v) = 3h(()2)1,1(25 v) — h(()h,)l(Z? V)h(()%—)m(z? v) =0,

in view of (209), (208), (190),
(214) hoth (z0) = 387, (z0) — B (2 0)RE )y (23 0) = 0,
in view of (209), (210), (205),

(215)

13 12 12 11
ot (20) = By (2 0) = 3hilah (23 v) — WD (2 V)RS (25 v) =



—30 + 342z — 3602% — (82 — 10262 + 11362y — (9 — 2882 + 3842%)1?,

and

1
(216) My (1) = (160 +4) Mg (2 ).
In view of (213), (214), (188), (189), (190), (201) ,

he?) (25 0) = Wi (2 v) = 0,

0 12(2,1/) h(()lom(z"/)zoa
ﬁﬂ%@—hﬁﬂzw—O

Daslzv) = he0 () = 1,
hﬁﬂaw hVs(zv) =0

0 14(2, V) = h(()1014(z' V) =0,
hSDh(ziv) = by (ziv) = 3;

therefore, in view of (212), (215), (193), (203),
(217) M§* (z;v) = 3det(H),
where
o= (M
In view of (212), (215),
(218) W3 () =
(ha1(z5v) = 2h71 (23)) /1 =

(WSS (23 v) = 2082, (2 0)) /1 =
32 — 336z + 35222 + (43 — 684z + 80022 )/,L;
in view of (193), (203),

(219) hy3(zv) =
(hyy(zv) — 2005 (25 0)) /=

(haa(25v) = ho 2o (5 0)) /1 =
—40 4 184z — (32 — 128z) .
In view of (216), (217),

(220) M (2 v) = p*(16p + 4) det(H?),

where



In view of (212), (218),
(221) hiS(zv) == 4h5 (2 v) +
At (23 v) + (2u+ 5)hyi (2 v) =
4h§Py 1 (2;0) + (200 + 5)Ry2 (23 1) = 100 — 9962 — 10402+

(51 — 13682 + 172822)p — (18 — 5762 + 7682%)p%:
In view of (193), (219),

(222) W) =
(4hD5(zv) + (2 + 5)hb3 (2 v)) /8 =
(4h((fg)2,2(z; v)+ (2u + 5)h§722(z; v))/8 = —16 4+ 70z,
(223) hy%(zv) == hs(zv)) /8 =

(—40 + 1842 — (32 — 1282)p) /5 = —5 + 232 — (4 — 162) ),
In view of (221) — (223), (220),

(224) M (2 v) = 8% (4p + 1) det(H?),

where

In view of (218), (221) — (223),
(225) hfﬁ (z;v) =
(M3 (z0) + (1 + 2)hy5(20)) /3 =
28 — 314z + 3702% + (17 — 4562 + 5762%)pu — (6 — 192z + 2562%) 12,
(226) hyi(zv) =

(h53(zv) + (1 + 2)hy5(2v)) /3 =
9 — 1062 + 1252% + (13 — 2242 + 2722%) .
In view of (221) — (226), (224),

(227) M (2 ) = 24p>(Ap + 1) det(H),

where

In view of (222) — (226), (227),
(228)  det(HM) = WA () ks (=) — Wy (= )i (=) =

4 — 112z + 3482% — 2402° + (11 — 119z + 16022 + 1282%) u—



(38 — 998z 4 390422 — 33282%) 1% + (24 — 8642 + 40962% — 40962°) 1>
Therefore, in view of (115), (147), (227), (33),(38),

(220) A0 = MOV (z50) = 2o~ 1PME (510) =
256.%(z — 1)3(4p + 1) det(H™) = 128(2 — 1)*(2v 4+ 1)%wy (2, 1) =
128(2 — 1)3(2v + 1)ago(z;v) =
—3072(z — 1)*12(2v + 1)(70p* — 321 — 15)—
256(z — 1)* 1% (2v + 1)(2402% — 1082 + 4)—
256(z — 1)*u?(2v + 1)(169 + 2882 + 1282%)u—
256(z — 1)*u?(2v + 1)(422 — 5762 + 33282%) pu* —
256(z — 1)*u?(2v + 1)(864 — 40962%)u* =
—3072(z — 1)’ (v + 1)*(2v + 1)2(700* + 1400° + 380% — 32v — 15)—
256(z — 1)* (20 + 1) x
256(z — 1)*u?(2v + 1)(2402% — 1082 + 4)—
256(z — 1)*u?(2v + 1)(169 + 2882 + 1282%) ju—
256(z — 1)*u?(2v + 1)(422 — 5762 + 33282%) p*—
256(2 — 1)* 1 (2v + 1)(864 — 409622) .
In view of (229), the equality (69) is proved for £ = 0. The Lemma 7.0 is

proved.

§7.3. Properties of the obtained difference equation in
the case [ = 0. Comparison with the previous results.

It follows from (29) — (38) that the equivalent to equation (39) difference
equation

(230)

> =1/(16(42 = 1)(v + 1/2)Magu(z; v)y(z; v + K) = 0,

r=—2

where |z| > 1, v € Ny, is a difference equution of Poincaré type, and charac-
teristic polynomial of this equation is equal to

(231) To(2: M) =

1—4(82 + 1A+ (25627 — 1922 + 6)A* — 4(8z + 1)A* + A%

In (231) is represented the exact form of difference equation of Poincaré
type, existence of which I had proved in [43] (see [43], Lemma 3.1.9), and I
proved there (see [43], §2) that n? runs trough the roots of of characteristic
polynomial of this equation, when 7 runs trough the roots of the polynomial

(232) D"(zn) = (n+ 1)* — 2%z =



nt +4n 4 (6 — 162)n* + 4n + 1

I want to check this assertion. Let oy and o} are k-th elementary symmetric
sums of the roots respectively of the polynomials Ty(z; A) and D”*(z; 7). Then

o) =oh =—4,0) =6— 162,
o1 = (o) — 200 =16 — 12+ 322 = 4(82 + 1),
oy = (05)* — 207 05+
207 = 36 — 1922 + 25627 — 32 + 2 = 6 — 1922 + 25627,
o3 = (03)* — 2050, =
16 — 2(6 — 162) = 4(8z + 1)

So, our assertion is checked.

87.4. Where is hidden one of fundamental solutions in
the case [ =0, z = 1.

According to the Lemma 3.2.1 in [43], for any x € N the four sequences
(233) (g (=1 RYE), (B0, (L + WHES),
where 1 = 1,2, j = 0,1, compose a linearly independent system over C. But
a(0,1%(1;v) = —Resi—oo ((R(t; v))?) = 0.

Where is hidden one of fundamental solutions of the equation (39), if z = 17
Let we study this situation more detailed. According to the Lemma 7.0,

2 (z;v 4+ K)

«
(234) Z aox(z; 1) 0l P

Kr=—2

:O’

where z # 1. We turn z to 1 now. Then we obtain the equality

2
d *
(235) ) aoﬁ(1;y)%(1;y+m) —0.
r=—2

*
daml
dz

Therefore y(v) = (1;v) is a solution of the equation

2

(236) Z aox(L;v)y(v+ k) = 0.

r=—2

In view of (92) and (101) in [58],

(237) HR(Ev)? =Y (Z aﬁ) =

i=1 k=0

o (1) +



z 1
_k y + J)— _
( (=kao ke + @02k0) =y k)

- 1
(Z(—kao,z,k,u)m> )

k=0
since

—Resi—oo (t(R(t;v))?) = 1,
it follows that

v

(238) 1= Z(—kao,1,k,u + 0 2ky) =

k=0

dOéoJ

dz
Therefore y(v) = 1 is a solution of the equation (236). This allow us to check
previous calculations once more. We must check the equality

(L;v) + ap2(1;v).

2+1

(239) > Agk(liv)=0.

K=—2—1

According to the Lemma 2.0, (149), (150), (184), (185),
apa(l;v) = —24(v + 1) (v + 2)*v*(2v — 1),

ag_o(1;v) = =243 (v — 1)3(v + 1)*(2v + 3),
ao1(1;v) = 24(v + 1)*03(2v — 1)(2v + 3)(1 + 42v + 54v? + 18v%),
ao_1(1;v) = 24(v + 1)**(2v — 1)(2v + 3)(5 — 12v + 18%),
apo(1;v) = =243 (v 4+ 1)%(2v + 1)(700* + 1400° + 380% — 32v — 15)
We must check the equality

P):=w+2%Q2v—-1)+wv-1>3*wv+1)(2v+3)-

(2v — 1)(2v + 3)(1 + 42v + 54v* + 181°)—
(2v —1)(2v + 3)(5 — 12v + 18°)+
(2v + 1)(700* + 1400° + 38> — 32u — 15) =
(v+2P%v2v—1)+ v -1>3*r+1)(2v+3)—
(2v — 1)(2v + 3)(6 + 30v + 5dv® + 360°)+
(2v + 1)(700* + 1400° 4 38% — 320 — 15) = 0

If P(v) # 0, then, clearly, deg(P(v)) < 4, moreover, P(v) € R[v|, therefore
it is sufficient to check equality P(v) = 0 in the points v = 0,1, —1,7. We
have

P(0)=—3+3+15—15=0, P(1) = 27 — 630 + 3 x 201 = 0,

P(=1)=3+3x (—6) + 15 =0,



P(i) = —(2+d)* —2(1 —9)%(3 + 2i) — (=7 + 41)(—48 — 6i)+
(2i+1)(17 — 172i) = —(—7+ 24i) + 4i(3+2i) — (360 — 150i) + 361 — 138i = 0.
So, P(v) = 0. Let

dag
Rov) o= 02 (1),
(240) P (v) =1, P(v):= aég(l; v),

Psy(v) = By ,;(1;v)forj =0, 1.

Lemma 7.4.1. For any k € N four sequences
(241) {P(1; 5+ k) }i2S,

where i =1, 2, 3, 4 compose a linearly independent system over R.

Proof. First we prove that for each k € N four sequences (241) compose
a linearly independent system over Q. Suppose the contrary. Then there
exist kK € N a; € Z, where i = 1, ..., 4,such that

4
> ail >0
i=1

and

4
(242) o= a;P(v=0,
=1

where v € N, v > k. We let in (92) in [58]

C)é;’i(l/) - aON,i,kJ/

Let p is prime number, p > 5. According to the Lemma 9 in [39], and, in
view of (3.2.39) in [43],

(243) aga(p) = 1,a7,(p) € 4+ pZ,

(244) apa(p) €P°Z k=1,...,p—1.
Therefore, according to (101) in [58], and, in view of (252),
(245) Py(p) € 5+ pZ.

We denote by ord,(z) additive p—adic valuation on Q such that ord,(p) = 1.
In view of (3.2.35) in [43],

(246) ordy(ag,(p) +2/p) = 0, ordy(a,,(p) —2/p) >0,

(247) ordy(ag(p)) > 1, k=1,...,p—1



In view of (102) in (58), (3.2.38) in [43], and in view of (243), (244), (246),
(247),

(248)  ord, (P3+u<p> - ZZ (") %) > 1,
(249) . )

ord, <;; (/HA—l)%_; <M+:—1>O‘§§+(f>> > 1,
(250)

o ((Z () ) (") o ) =i

where = 0, 1. It follows from (240), (245), (248) — (250), that

(251)
ord,(Py(p)) = ordy(Py(p)) = 0, ordy(Psy,(p)) = =2 — i,

where p = 0, 1. According to (251), if in (242) a4 # 0, then ord,(c) = —3, if
in (242) a3 # 0,a4 = 0 then ordy(c) = —2, if in (242) ay # 0,a3 = a4 =0
then, clearly lim (s) = co. So, for each x € N four sequences (241) compose

a linearly independent system over Q. Consequently the composed by these
sequences 4 x N infinite matrix contain an invertible submatrix. W
Corollary. For any k € N four sequences

(252) {P(1; 5+ k) }2S,
where i =0, 2, 3, 4 compose a linearly independent system over R.

§7.5. Corrections in the previous my papers.

Of course, the (184) in §6.5 of Part 6 must have the form
(v+ D3y (v + 1) +Py(v — 1) = (1T + 5107 + 27w + 5)y(v).

instead of
(v+1)%y(Lv+1) +vyr — 1) = (1702 + 5107 + 27w + 5)y(v) (341° + 8502

In (3.2.48) in [43] must stand

ordy(Pry(=1,p)) = p— 1, ordp(Psu(—1,p)) = =2 — p,
instead of
ordy(Priu(—1,p)) =1 = p, ordy(Psyu(=1,p)) =2+ p.

References.



[1] R.Apéry, Interpolation des fractions continues
et irrationalite de certaines constantes,
Bulletin de la section des sciences du C.T.H., 1981, No 3, 37 — 53;
[2] F.Beukers, A note on the irrationality of ((2) and ¢(3),
Bull. London Math. Soc., 1979, 11, 268 — 272;
[3] A.van der Porten, A proof that Euler missed...Apéry’s proof of the irrationality of {(3),
Math Intellegencer, 1979, 1, 195 — 203;
[4] W. Maier, Potenzreihen irrationalen Grenzwertes,
J.reine angew. Math., 156, 1927, 93 — 148;
[5] E.M. Niki§in, On irrationality of the values of the functions F(x,s) (in Russian),
Mat.Sb. 109 (1979), 410 — 417;
English transl. in Math. USSR, Sb. 37 (1980), 381 — 388;
[6] G.V. Chudnovsky, Pade approximations to the generalized hyper-geometric functions
I,J.Math.Pures Appl., 58, 1979, 445 — 476;

[7] Transcendental numbers, Number Theory,Carbondale,
Lecture Notes in Math, Springer-Verlag, 1979, 751, 45 — 69;

8] , Approximations rationelles des logarithmes de nombres rationelles
C.R.Acad.Sc. Paris, Série A, 1979, 288, 607 — 609;

[9] , Formules d’Hermite pour les approximants de Padé de logarithmes

et de fonctions binémes, et mesures d’irrationalité,
C.R.Acad.Sc. Paris, Série A, 1979, t.288, 965 — 967;
[10] Un systrhe explicite d’approximants de Padé
pour les fonctions hypérgéometriques généraliesées,
avec applications a I'arithmétique,
C.R.Acad.Sc. Paris, Série A, 1979, t.288, 1001 — 1004;
[11] Recurrenses defining Rational Approximations
to the irrational numbers, Proceedings
of the Japan Academie, Ser. A, 1982, 58, 129 — 133;
M2 On the method of Thue-Siegel,
Annals of Mathematics, 117 (1983), 325 — 382;
[13] K.Alladi and M. Robinson, Legendre polinomials and irrationality,
J. Reine Angew.Math., 1980, 318, 137 — 155;
[14] S.Eckmann, Uber die lineare Unagbhangigkeit der Werte gewisser Reihen,
Results in Mathematics, 11, 1987, 7 — 43;
[15] M.Hata, Legendre type polinomials and irrationality mesures,
J. Reine Angew. Math., 1990, 407, 99 — 125;
[16] M.Hata, A new irrationality mesure for {(3),
Acta Arithmetica, XCII, 1 (2001), 47 — 57;
[17] George Rhinn and Carlo Viola, The group structure for {(3).
Acta Arithmetica, XCVII, 3 (2001), 269 — 293;
[18] A.O. Gelfond, Transcendental and algebraic numbers (in Russian),
GIT-TL, Moscow, 1952;
[19] O.Perron, Uber die Poincaresche Differenzengleichumg,
Journal fiir die reine und angewandte mathematik,
1910, 137, 6 — 64;
[20] A.O.Gelfond, Differenzenrechnung (in Russian), 1967, Nauka, Moscow.
[21] A.O.Gelfond and I.M.Kubenskaya, On the theorem of Perron
in the theory of differrence equations (in Russian),
TAN USSR, math. ser., 1953, 17, 2, 83 — 86.
[21] L.A.Gutnik, On linear forms with coefficients in N((1 + N),
Max-Plank-Institut fir Mathematik,
Bonn, Preprint Series, 2000, 3, 1 — 13;

22) | On the Irrationality of Some Quantyties Containing ¢(3) (in Russian),
Uspekhi Mat. Nauk, 1979, 34, 3(207), 190;
23] | On the Irrationality of Some Quantities Containing ((3),

Eleven papers translated from the Russian,
American Mathematical Society, 1988, 140, 45 - 56;

[24) | Linear independence over Q of dilogarithms at rational points
(in Russian), UMN, 37 (1982), 179-180;



english transl. in Russ. Math. surveys 37 (1982), 176-177;
, On a measure of the irrationality of dilogarithms at rational points
(in Russian), VINITI, 1984, 4345-84, 1 — 74;
, On the smallness of some linear forms
(in Russian), VINITI, 1987, 6279-B87, 1 — 23,
, To the question of the smallness of some linear forms
(in Russian), VINITI, 1993, 2413-B93, 1 — 94;
, On linear forms, whose coefficients are logarithms
of algebraic numbers (in Russian),
VINITI, 1995, 135-B95, 1 — 149;
, On systems of vectors, whose coordinates
are linear combinations of logarithms of algebraic numbers
with algebraic coefficients (in Russian),
VINITI, 1994, 3122-B94, 1 — 158;

, On the linear forms, whose
coefficients are A - linear combinations
of logarithms of A - numbers,

VINITI, 1996, 1617-B96, pp. 1 — 23.

, On systems of linear forms, whose
coefficients are A - linear combinations
of logarithms of A - numbers,

VINITI, 1996, 2663-B96, pp. 1 — 18.

, On linear forms, whose coefficients
are Q-proportional to the number log 2, and the values
of {(s) for integer s (in Russian),
VINITI, 1996, 3258-B96, 1 — 70;
, The lower estimate for some linear forms,
coefficients of which are proportional to the values
of {(s) for integer s (in Russian),
VINITI, 1997, 3072-B97, 1 — 77;
, On linear forms with coefficients in N((1 4+ N)
Max-Plank-Institut fir Mathematik, Bonn,
Preprint Series, 2000, 3, 1 — 13;
, On linear forms with coefficients in N((1 4+ N)
(the detailed version,part 1), Max-Plank-Institut fiir Mathematik,
Bonn, Preprint Series, 2001, 15, 1 — 20;
, On linear forms with coefficients in N{(1 + N)
(the detailed version,part 2), Max-Plank-Institut fiir Mathematik,
Bonn, Preprint Series, 2001, 104, 1 — 36;
, On linear forms with coefficients in N((1 4+ N)
(the detailed version,part 3), Max-Plank-Institut fiir Mathematik,
Bonn, Preprint Series, 2002, 57, 1 — 33;
, On the rank over Q of some real matrices (in Russian),
VINITI, 1984, 5736-84; 1 — 29;
, On the rank over Q of some real matrices,
Max-Plank-Institut fiir Mathematik,
Bonn, Preprint Series, 2002, 27, 1 — 32;
, On the linear forms with coefficients
proportional to zeta values(in Russian),
VINITI, 1999, 3207-B99; 1 — 71;
, On linear forms with coefficients in N((1 4+ N)
(the detailed version, part 4), Max-Plank-Institut fiir Mathematik,
Bonn, Preprint Series, 2002, 142, 1 — 27;
, On the dimension of some linear spaces
over finite extension of Q (part 2),
Max-Plank-Institut fiir Mathematik, Bonn, Preprint Series,
2002, 107, 1 — 37;



[43] — On the dimension of some linear spaces over Q (part 3),
Max-Plank-Institut fiir Mathematik, Bonn,
Preprint Series, 2003, 16, 1 — 45.

[44] —  On the dimension of some linear spaces over Q, (part 4)
Max-Plank-Institut fiir Mathematik, Bonn,
Preprint Series, 2003, 73, 1 — 38.

[45] — On linear forms with coefficients in N¢(1 + N)
(the detailed version, part 5),
Max-Plank-Institut fiir Mathematik, Bonn,
Preprint Series, 2003, 83, 1 — 13.

[46) — On linear forms with coefficients in N¢(1 + N)
(the detailed version, part 6),
Max-Plank-Institut fir Mathematik, Bonn,
Preprint Series, 2003, 99, 1 — 33.

(47— On linear forms with coeflicients in N¢(1 + N),
Bonner Mathematishe Schriften Nr. 360,
Bonn, 2003, 360.

[48] — On the dimension of some linear spaces over Q, (part 5)
Max-Plank-Institut fiir Mathematik, Bonn,
Preprint Series, 2004, 46, 1 — 42.

[49] — On linear forms with coefficients in N¢(1 + N)
(the detailed version, part 7),
Max-Plank-Institut fir Mathematik, Bonn,
Preprint Series, 2004, 88, 1 — 27.

[50] —— On the difference equation of Poincaré type (Part 4).
Max-Plank-Institut fiir Mathematik, Bonn,
Preprint Series, 2004, 129, 1 — 28.

1] On the measure of nondiscreteness of some modules,
Max-Plank-Institut fiir Mathematik, Bonn,
Preprint Series, 2005, 32, 1 — 51.

[52] [52] —— | On some systems of difference equations. Part 1.
Max-Plank-Institut fiir Mathematik, Bonn,
Preprint Series, 2006, 23, 1 — 37.

53]~ On some systems of difference equations. Part 2.
Max-Plank-Institut fiir Mathematik, Bonn,
Preprint Series, 2006, 49, 1 — 31.

G4 — On some systems of difference equations. Part 3.
Max-Plank-Institut fiir Mathematik, Bonn,
Preprint Series, 2006, 91, 1 — 52.

[55] — On some systems of difference equations. Part 4.
Max-Plank-Institut fiir Mathematik, Bonn,
Preprint Series, 2006, 101, 1 — 49.

[56) — On some systems of difference equations. Part 5.
Max-Plank-Institut fiir Mathematik, Bonn,
Preprint Series, 2006, 115, 1 — 9.

[57] -, On the Diophantine approximations of logarithmes in cyclotomic fields.
Max-Plank-Institut fiir Mathematik, Bonn,
Preprint Series, 2006, 147, 1 — 36.

58] —, On some systems of difference equations. Part 6.
Max-Plank-Institut fiir Mathematik, Bonn,
Preprint Series, 2007, 16, 1 — 30.

E-mail: gutnikQgutnik.mccme.ru



