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An I-category structure for crossed chain algebras

Andy Tanks

1 Crossed chain algebras and their pushouts

Let (Crs I (9) be the monoidal eategory of crossed (chain) eomplexes (of groupoids) I wi th terminal
objeet * and (interval' objeet I given by the fundamental erossed eomplex of the zero- and one­
simplex respectively. The initial objeet in Crs is the empty crossed eomplex 0. A homotopy in
Crs is a homomorphism I (9 A '""""* B.

A crossed chain algebra X eonsists of a erossed eomplex X with unit and multiplication given
by homomorphisms 0: * '""""* X and p: X (9 X --+ X satisfying the usual identity and associativity
laws. Morphisms of crossed ehain algebras are crossed complex homomorphisms respeeting the
extra strueture. The eategory so formed is denoted CrsAlg. The crossed eomplex * with unit
and multiplieation structures given by the isomorphisms * ~ * and * (9 * ~ * is both initial and
terminal in CrsAlg.

The forgetful functor U: CrsAlg ~ Crs given by X I-t X has a left adjoint F I where FA
has underlying erossed complex U»>o A0n with unit given by the indusion of * as the O-fold
tensor product and multiplication gi~en by the isomorphisms A0p (9 A0q ~ A0(p+q). Given a
crossed ehain algebra X and a erossed complex homomorphism J: A ~ X I we write J1' for the
corresponding morphism FA ~ X.

Suppose B is a erossed eomplex and X a erossed chain algebra. Then the free product of
algebras X U F B has underlying erossed complex Un>O X (9 (B (9 X)0n and multiplieation given
by px on the inner faetors: -

The algebra maps from X, F B to X lJ F Bare defined using the isomorphisms X ~ X (9 (B (9 X)00 ,

F B ~ U»>o * <9 (B (9 *)0n respectively.
Given also a erossed complex A and homomorphisms k: A --+ B, J: A ~ X, we ean take the

pushout of algebras Y == X II FA F B:

Fk
FA • FB

JT ,I
X .v

Let C == U»>o X (9 (B 0 X)0», the underlying erossed eomplex of the free product, and eonsider
the homomorphisms G, b : C (9 A (9 C ---+ C defined by k and by J and p:

C (9 B (1) C c'------ • C
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Then the pushout Y has underlying crossed complex given by the coequaliser of a and b:

a
C@A@C::::::::C--q-_.y

b

and the unit and multiplication structures on Y are induced by those on C given in the rree product
case. Suppose given a crossed chain algebra Z, a crossed complex homomorphism r: B --+ Z and
a morphism s: X --+ Z, such that the following diagram commutes:

Fk
FA---· FB

s
X----. Z

Then the morphism t: Y --+ Z corresponding to (r, s) may be defined via the homomorphisms

X @ (B 0 X)0 n 50 (r (9 s)0~ z0(2n+l) I--tZ
2n

• Z

Recall that the diagonal approximation map of the Eilenberg-Zilber theorem [4) gives homo­
morphisms'I --+ 'I0n which satisfy the obvious associativity laws and commute with the canonical
map p: 'I --+ *. Using the symmetry of 0 , these give homomorphisms

d(n)
'I0 Al 0 A2 0 ... @ An • I0 Al @ I 0 A2 (9 ... (9 I 0 An

for any crossed complexes All A21 •.. I An. Given crossecl chain algebras X, X' we will say that a
homotopy u: I 0 X --+ X' in Crs respects the multiplication if the following diagrams commute:

P d(2) (j 0 er
'I0* . * 'I0X 0X - 'I0X (9'I0X - X ' 0X'

100x lax, 10 I--tx I--tXI

(j

• X'
er

X''I0X I0X .
The following proposition will be used inductively in the constructions of section 2:

Proposition 1 (a) Suppose given algebms X, X', homomorphisms k: A --+ B, f: A --+ X, a
homotopy (jx: 'I 0 X --+ X I which respects the m ultiplication, and a m011Jhism 1TX: X' --+ X
satisfying 1TX 0 (J'x = p: I (9 X --+ X. Let Y I Y ' be the algebms given by the pushouts

FA Fk • FB

-T
f

F(I0 A) F(10 k~ F(I0 B)

r- i' r-
X I. Y X' I. y'

where 9 = erX 0 (1 0 J). Then there erist a homotopy (J'y: I es> Y --+ Y ' which respects the multipli­
cation and a morphism 1Ty: Y' --+ Y such that the Jollowing diagmms commute:

(J'y
y '

1 0 i
X'

j'
y ''Ifi9B 'I0Y . I0X-I0Y •

]07~ ~ 1T}' uxj (jy 1Tx 1Ty

jl
I0Y

(jy
Y ' X' y '• y • X .y
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(b) Civen also algebras Z, ZI, a homotopy uz: 'L (;9 Z -+ Z' which respects the multiplication, (md
a morphism 7T"z: Z' -+ Z such that 7T"z 0 Uz = P, together with morphisms s: X -+ Z, t: Y -+ Z,
5' : X' --+ Z' such that the diagrams

X
105

X'
5' z''L(;9X-'L(;9Z •

~ Ux Uz 7T"X 7T"z

5'
X' z'

5y ·z • X ·Z

commute, then there exists a unique morphism 01 algebras t': Y' --+ Z' making the following dia­
grams commute:

x'
10t

Y'
t'

Z'1"l8lY-'L0Z .

i'l~ uy Uz 7T"y 7T"z

t'
y ' Z' y ' Z'• • y ·Z

1.'

P roof: (a) Let C I C' be thc free prod ucts X Il F B I X' lJ F (1" (:9 B) and consider Y, y' in terms
of coequalisers in Crs as above. Since 1" <SI (-) preserves colimits, we may specify Ul' by giving
homotopies u', u" as in the following diagram:

0"" u' ;Uy

a' q'
C' 0'L 0 A 0 C' --- C' ----. y'

b'

We define u' vi a t hc homomorph isms u X 18l (1 <SI ux) ein 0 d(2n+ 1) :

Note that u' respects the multiplication since Ux does, and that the following diagrams commute:

X'''-C_-_. C'

Thus the relations 9 = U}' 0 (1 (9 /) and i J
0 u X = Uy 0 (1 <SI i) will follow.
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Now consider the diagrams

1"0 C®A ® C __1_0_k 0_1
__• 'L@C®B0C '--C---....... 1"0 C

(7'

(7'010(7' 0"'010(7'

C I @1"0A0C'
l@k01

• C/ 01"0B0C' c C'•

1"0C0A0C
10101

·1"0C0X®C 10jJ~01 1" C
· 0

d(3) d(3)

FB

I I l@g01,1,1@JJ.x:;!-,01 • C'
C 01"0A0C ------. C 0X 0C -------

The commutativity of the first of these is clear; the second requires the fact that Ux respects the
multiplication on X! X', Thus we put u" = (u' 01 0 u ' ) 0 d(3) and Uy is weIl defined.

By definition of Y, the relation 7rx 0 Ux =P and naturality we have the following diagram:

1"(I 0 A)~ F(I0 B)

F(10nj F(10/l ~
F(1"0 X)~ F(1"0Y)

~ ~r
X' 1fX • X __i__• Y

Then 7ry: Y' --+ Y is defined as the canonical morphism from the pushout , and the relation
1Ty 0 i ' = i 0 1J'x is clear. Explicitly 1Ty may be written in terms of the homomorphisms:

and thus the relation 1T1' 0 Uy =P follows from the diagram below.

1" 0 X 0 (B 0 X)0 n d(~»+I). I 0 X 0 (I 0 B 0 Z 0 X)0n ox@(1 0 (7x)0:

p p0(10p)0»
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(b) For the second part, we note we have the commutative diagram

F(10 k)
F(I0A) • F(I0 B)

F(10 f) F(10/)

F(I 0 X) F(10 i), F(I0 Y) F(l 0 q F(I (9 Z)

uxT

5'
X' • Z'

by our hypotheses and the defini tion of Y. Thus we have a canonical morph ism t' :Y' ~ Z', wi th
5' :::::: t' 0 i' , by the definition of Y ' as thc pushout. Ir we put r :::::: t 01 (and recall that s :::;: t 0i)
we note that t, t' are given by the homomorphisms

I:>. "0(r0,,)0" .0.(2 +1) jjZ~"
X 0 (B 0 X)'O'n ------_" Z'o' n -------" Z

,,11:>.(1.o.r.o.,,1)0-. 1.0. (oz I:>. 1)0" 1:>.(2 +1) 'I ~"X' l8l (I l8l B l8l X')0 n
'0' '0' '0' _ Z' 0 (I l8l Z ® Z')0n

'0' '0' • Z''O' 0 r Zl • Z'

respectively. Recalling the descriptions of uy 1 1Ty above, the required relations Uz o(10t) :::;: t' OUy 1

1TZ 0 t' :::;: t 0 1Ty thus follow from 'the diagrams

z 0 X l8l (B ® X)0 n 1_0_"_i&I_(r_i&I_"l_0_"__• I 0 z@(2n+1)

oz

:.;I ..

IJozl • Z'

"'@(li&1 r 0,,1)0" • Z' 0 (I ® Z l8l ZI)0 0

10(0.01)...1

Z,i&I(2n+l)

.0. "li&I(li&1 r 0,1)@- .0. 1i&1(oz01)@" .0.(20+1) /I I:
h Z'X' 0 (I (9 B (9 X')'O'o " Z' ® (1: l8l Z l8l zl)'O'n " Z''O' _z~_.

'll"Z

x 0 (B (0 X)0 n "0(r0")@" " Z ® (Z l8l Z)i&I n ~. Z0(20+1) /lz
2ft

Z

which commute by the naturality of the diagonal approximation, by the relations Uz 0 (1 05) =
5' 0 Ux 1 1TZ 0 5' = 5 0 1Tx, 1TZ 0 Uz = p, and since Uz respects the multiplication and 1TZ is an
algebra morphism.

For uniqueness, suppose [11: Y ' --+ Z' is another Illorphism satisfying the required relations.
Then t" 0 gT = t" 0 ur 0 F(10 /) = uI 0 F(l ® t) 0 F(ll8lf) and t ll

0 i' :::;: 5', so t" = t' by the
universal property of the pushout. 0
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2 Cofibrations and cylinders in CrsAIg

We first recall the notion of a crossed complex homomorphism of relative free type [2]. Let Er
be the free crossed complex on one generator in dimension T, and let xr:sr-i --+ Er be the
indusion into Er of its (T - 1)-truncation. We write Z for the dass of arbitrary coproducts of the
homomorphisms x r . Then a homomorphism k: C --+ D in Crs is said to be of relative free type if
there exists a sequence of pushouts

Zn
An -----. Bn

Yn

Zn I
Dn ----....... Dn+ i

for n ~ 0, with Da =C, Yn arbitrary, Zn E Z, such that k is given by the canonical homomorphism

C----· CO m(Do~Dl~D2~D3-"-)

A crossed complex D is termed free if the homomorphism 0 --+ D is of relative free type.
We define a cofibration in CrsAlg to be any transfinite composite of pushouts of morphisms

of the form Fg for 9 of relatively free type. Clearly the dass of cofibrations is closed under
pushouts, composition and isomorphism. For X an arbitrary crossed chain algebra, we will write
X/CrsAIgc for the category with objects the cofibrations with domain X and with a.rrows i --+ i'
thc algebra morphisms j which satisfy j 0 i = e. An arrow of X/CrsAIgc is termed a cofibration
if the underlying algebra morphism is a cofibration.

A crossed chain algebra X is termed cofibrant if the unique morphism * --+ X is a cofibration.
Note timt */CrsAIgc is just the full subcategory of CrsAlg on the cofibrant objects.

Suppose i: X --+ Y is a cofibrat,ion in C rsAlg given by a sequence of pushouts 1/J = (1/Jx) xE)..

for same infinite regular cardinal A, as fellows:

FA,o:
Fk,..

• FE,..

fJ 1/J,..
-Tf,o:

Y,..
z,. I

• Y,..+i

where Y a =X, each k,. is a homomorphism of relative ffee type , and i is the canonical morphism
X --+ colim Y" .

~).. . .
Suppose also we are given a crossed chain algebra X' together with a homotopy ux: I0X --+ X'

which respects the multiplication and a morphism lI'x:X' --+ X satisfying 1fx 0 Ux = p. We uso
transfinite induction to define for each ordinal t\, E A a pushout

together with a homotopy u,..: 'L 0 Y,.. --+ y~ which respects the multiplication and a morphism
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11'",.: y/", -+ Y,. whieh make the following diagrams eommute:

UIi, 10 ili, '1

'L® B", 'L®Y,. y' y'
t",

• y~+1. 'I 0 yli, - 'I 0 yli,+l
'"

,.

1°1~ ~ 11'" Ii, u.[ 0',.+1 11'",. 11'" Ii, +1

'1UIi, I y'
1.,.

• y~+1 yli,
1,.

• y,.+1'L0 V,. • V,. Yli, ,.

Let 0'0 = Ux and 11'"0 = 11'"X. Having defined u,. and 11'" Ii, , we give lj;~ by putting g", = U'" 0 (10 !"')
and then U,.+l and 11'"1i,+1 are defined by applying proposition 1(a) to 'I/J,., 1/J~. For a limit ordinal
1\, :S A, u,. and 11'"", are those induced by the 0',.1 and 11'",.1 for 1\,' E K.

From [2] we know that homomorphisms of relative free type are c10sed under tensoring with free
objeets and in partieular with 'I. Thus 'IjJ' = ('I/J~)"E>' generates a cofibration in CrsAlg, termecl
the relative cylinder on (i, ux) and written i~x: X' -+ lox Y. Note that the eonstruction respects
the identity and composition of cofibrations. Also we have a homotopy uy =u>.:'L 1&1 Y -+ lox Y
whieh respeets the m ul ti plication and a morphism 11'"y = 1r>. : 10 x Y -+ Y such that the following
diagrams commute:

10' i~x Uy
'I 0 X ----.:.. 2 0 }' X' • lox Y 'LI&IY - JoxY

Ux Uy 11'"X 11'"}' ~ 1r}'

'1

X' lox
• lox y X .y Y

These are termed the shift and projection maps respeetively.
In the special case X' =X, with ux: 'I 0 X -+ X and 11'"x: X -+ X given by p and the identity

respeetively, the cofibration i~x is termed the relative cylinder on i written i /:X -+ IxY.
Let 0'0,0'1: Y -+ 'I ® Y be the homomorphisms given by t.he two inclusions * -+ 2. Note that

the homomorphisms aren may be written as d(n) 0 O'r: yen -+ 20 yen -+ ('I ® y)0n and that
po a r ;:;; 1y for r = 0,1. It follows timt composing 0'010'1 with the shift map gives morphisms of
crossed chain algebras l.O,l.1: V -+ Ix V such that 11'"y 0 l.r is the identity on Y for r = 0,1.

Suppose we have another cofibration W -+ Z and a commutative diagram F as below.

w . Z

To define the relative cylinder on the morphism of cofibrations F, writ.e t,. for the composit.e
Y,. -+ Y -+ Z and note timt tl( = t"+l 0 i,. for each ordinal K E A. We use transfinite induction to
define morphisms t~: V' Ii, -+ Iw Z, K :S A, which satisfy

y' 2 ~)}',. ~ 20 Z Y'
t'Ii,

• Iw Z
'" J(,

.,

~ U,.. Uz rr.[ Irr
zI,.

t' tli,
y~+l -IwZ y' '" • IwZ Yl( .Z

t~+l
n
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Let to be the composite X -+ W -+ Iw Z; the relation to0 erx = erz 0 (1 0 to) follows from the
diagram

T,0X-T,0W-IesZ

p p erz

x ---..... W --_. IwZ

together with F, Having defined t~ for K E A, we let t~+l be the unique morphism satisfying the
required relations giyen by proposi tion 1(b), For K. ~ A a limit ordinal, t~ is that induced by the
t~/ for ,..,' E K,

Writing It for t>., we have a morphism of cofibrations 1F satisfying 1t 0 ery = erz 0 (1 0 t) and
1rZ 0 lt = t 0 1ry:

10t It
X • Ix Y I0Y -T,®Z Ix Y • Iw Z

IF It er)' erz ~yl 1rz

1t t
W • Iw Z IxY-1w Z Y ·Z

In certain situations the above constructions coincide:

Proposition 2 Suppose i: X -+ Y, j: Y -+ Z are cofibrations and let i', (j 0 i)' be the relative
cylinders on i I j 0 i with corresponding sh ift maps ery, erz. Then the morphism I j obtained from
(1, j) regarded as a morphism of cofibrations i -+ (j 0 i) is itsel! a cofibration, given by the relative
cylinder j' on (j, ery).

i'
X .y X • IxY

1 j 1 /1 Ij

X
J 0 l

·Z Y
(j 0 i)'

• Ix Z

Proof: Suppose i is given by the sequence of pushouts (t/J,<;),o;e>. as above, and let i'<;-+>'1 i~-+>.

be the canonical morphisms Y,<; -+ Y, Y~ -+ Ix Y for each ordinal K :::; A. Then the morphisms
j~: Y~ -+ IxZ in the construction of Ij are defined via proposition l(b) from the morphisms
j,o; = j 0 i,o;-+>.: Y,<; -+ Z, We will show by transfinite induction that j~ = j' 0 i~-+>. for all I\, ~ A,
For K, =0 this is just (j 0 i)' =j' 0 i'. If thc result holds for K, E Athen the following diagrams
commute:

1 es i"'+1-+>" 10"
Y' I®Y",+l • I0y--l.I®Z,<;

;/I~l... i' J,<; er ...+1 ery erz
,<;r>.

" j'
Y~+l " • IxY • Ix Z Y~+l

l"'+l-+>'
• Ix Y • Ix Z

1,<;+1-+>. j'

(as does the corresponding diagram for 11' instead of er) and so j~+l = j' oi~+l-+>' by the uniquencss
part of proposi tion 1(b), For a limit ordinal K ::; A the resul t follows from the resul t for all 1\,' E K.

o
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Proposition 3 The relative cylinder construction is functorial.

Proof: Pu tting j = 1 in the previous proposition gives I j = j' = 1, so I preserves identity
morphisms between cofibrations.

Suppose giyen cofibrations X -t Y, W -t Z, U -t V and morphisms of coRbrations F, G,
GoF:

X---....• Y

F It(1)

w---..... z

w----. Z

G It(2)

u----. V

x .y

GoF It = t(2) 0 t(1)

U .V

Suppose X -t Y is given by (tP"')"'E>' and write t~l) = t(1) 0 i ...-tA, t ... = t 0 i"'-+ A as usual. Note

that t(2) 0 t~l) = t... for each ordinal I\, :5 A. We show inductively 1t(2) 0 t~l)1 = t~ for a11 I\, ~ ..\,

which gi ves JG 0 JF = J(G 0 F). For I\, =0, this fo11ows from the cOf!1mutativity of the diagram
1G. If the result holds for I\, E A, we have the following commutativc diagrams:

10 t(l) 10t(2)
Y~+} 'L@Y...+1 ...+~ 1:@ Z ·1:0V

y(L'~... t... ... 0',.+1 O'z av

J (1) I 1t(2)
Y~+l -IwZ • luV Y~+1

t ...+1
• 1w Z • luV(1) I It(2)

t ...+1

plus a corresponding diagram for 1r. Thus the result holds for I\, + 1 by the uniqueness in the
definition of t~+l' The result for a limit ordinal I\, :$ A follows from thc result for all 1\,' E K as
usual. 0

Corollary 4 The relative cylinder X -t Ix Y on a cofibmtion X -t Y lS weil defined up to
isomorphism. 0

Let Cof(CrsAlg) be the category whose objects are cofibrations of crossed chain algebras and
whose morphisms are commutative diagrams F as above. Then we have a relative cylinder flUlctor
1 on Cof(CrsAlg), together with natural transformations LO, L} : id -t 1 and 1r : 1 -t id such that
1r 0 Lr = 1 for r = 0, 1. In particular, we have 1, Lr 1 1r on V j CrsAIgc ' for any algebra V, and by
proposition 2 I takes cofibrations to cofibrations in V jCrsAIgc '

Proposition 5 The relative cylinder functor preserves pushouts 0/ cofibrations in V jCrsAIgc '

Proof: Given an arrow a: b -t c and a cofibration i: b ---7 i 0 b, the pushout of i along 0 in
V jCrsAIgc is given by i: c -t i 0 c where i is the pushout of i along a in CrsAIg. Suppose
i is given by the sequence of pushouts (tP... )... e>. as usual, and define morphisms a... :Y ... -t Z,.
inductively by setting a,.+l to be {.he pushout of a ... along i ... , with ao = Cl.

b . X .y Fk,.
y ...

Z,.
• Y ...+1V FA ... -FB,.

~ I"
f; 7/;,.

-T
a j,. a,. a,.+1

ill:r r... ri' ~ZW YII: . • Y ...+1 Zf:, • ZII:+1
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Then i' is the composi te of the pushouts of F k I( along a ... 0 l!, and SO by proposition 2 Ii and 1i'
are given by sequences of pushouts ifJ and <p aa below.

F(I<9 A ... )
F(l@k ... )

• F(I<9BI() F(I0 A... )
F(10k ... )

" F(I<9 B... )

I T I ! T I - T(Oy... 01@/.. ) ifJ ... (0 y...+ I 010J,,)T (oz" 010t"O/")) <PI( (0%,,+1 01 @(a .. +1O/.. ))

! r J r J
Vi Ji ..

• Y~+1 Z' Ii..
• Z~+1... K.

Now consider the following diagrams for /'i, E A:

I Ii... I
Y" --------+1 VK.+1

I 1I... ,
Z" --------_1 Z"+l

From the rel ations I a ... 0 GY" = (]'z" 0 (1 0 aK.) the outer rectangles are j ust the pushouts <P... ,and
the upper squares are the pushouts ifJ". Thus the lower squares are also pushout squares and we
are done. 0

Giyen a cofibration i: X -+ Y as usual l and homotopies (T X : 'L 0 X -+ X I l (Tl;: 'L 0 X I -+ X"
which respect the multiplication , we can define the double relative cylinder on (i, (]'x l er);) as the
relative ey!inder on (i~x ' (Tl; ). As a cofibration this is giyen by the sequence of pushouts 1/J" as
folIows:

'" r-
Y " 1" I y ",,----------_1 K.+l

where er~ = (T~ 0 (1 (9 er,,). Ir t:I <9 I ~ I 0 I is given by the symmetry of 0, and TX is
an endomorphism of X" satisfying 0"5 0 (10 1) = Ta 00"5, we can define inductively from t , TX

endomorphisms T" of y~ satisfying er~ 0 (r <9 I) = r" 0 (]'~.

TK.
y;' -----" y~'

The induced morphism 1'\' on Io~IoxY is termed the interchange map, and taking erx =c1x =Ix
we get, a natural transformation r: 11 -+ J1 in X/CrsAlgc ' Since the morphisms Lr I h r : Ix Y -+
Ii- V can be defined via the homomorphisms * <9 I 0 y ... -+ I 0 I <9 y,. -+ Y~', Z<9 * (9 YI( -+
I <9 I <9 YK. -+ Y~' respectively, we have r 0 lL r = Lr and T 0 Lr = lL r for r = 0,1.

10



3 The homotopy extension property in Crs and CrsAIg

A homomorphism k: C -+ D is said to have the homotopy extension property (HEP) in Crs if,
given homomorphisms a: D -+ Z, b: 'I(9C -+ Z such that bocyo = aok I there exists a homomorphism
b': 'I (9 D -+ Z satisfying b' 0 (1 0 k) = band b' 00'0 = a.

Suppose x: V -r X, y: V -+ Y are cofibrations in CrsAlg, and write x', 11 for the corresponding
relative cylinders. Then an arrow i: x -7 y is said to have the homotopy extension property (HEP)
in V /CrsAlgc if, given arrows c: y -r Z, d: x' -+ z such thai d 0 La = co i, there exists an arrow
d': y' -7 Z satisfying d' 0 Ii = d and d' 0 La =c.

X ,y

LOj Ji LOj

I~
Z

Note that by the symmetry of 'I, it is equivalent to use 0'1, LI instead of O'a, La in the above
definiLions.

Proposition 6 Suppose every homomorphism 01 relative Iree type has the HEP in Crs. Then all
cofibmtions haue the HEP in V / CrsAlge .

Proof: Suppose i , C, d are as above , with i a cofibration given by a pushout sequence 1/J as usua!.
We define inductively morphisms d,.: Y~ -+ Z satisfying d,. 0 La = co i,.-+>. and d,. = d,.+l 0 i~.

Let da = d. Given d"" we define a homomorphism e",: 'I 0 B,.. -r Z by the HEP for k", and hence
a morphism d,.+I: Y~+l -+ Z by the definition of Y~ as a pushout:

k,..
A,.---. B",

I0A",

l~

1x.+1-+>. y.

c

d,.
Z•

F(I0 A",) F(10 k,.~ F('I0 Bx.)

gJ 1/J~
-Tg,.

" r, eTy '
Ix.

,.. • Y,.+l '"

Z

It remains to show that dX.+l 0 La = co ix.+l-+>" On precomposing each side wit,h f", and with i,..
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we have the following commutativc diagrams:

Y...+1
La

I Y~+l Y"'+1
to

• Y~+1

1 ,~ 1... i~l ~
Uo e", [,0 y' d,. ZB", I@B", • Z Y", '" .

1 / 1", ~ /
Y"'+1

t,.+l-+>. IY Y"'+1
t...+l-+>' .y

Thus the result follows. 0

Proposition 7 All homomorphisms 0/ relative /ree type have the HEP in Crs.

Proof: We prove the result for the addition of a single generator en to a crossed complex C.

y

C k ~D

k
C----. D

aol aol
10 k 0

IüC~

Z

For n = 0 we have sn-I::::; 0, so b' may be defined via b: I 0 C --+ Z and a 0 Ti 0 p: I 0 E O --+ E O --+
D --+ Z.

For n ::::; I, let s(e1 ), t(e1) E Co be the images under y of 0, 1 E 50. Then I0 D is the crossed
complex with generators °18> eI

l 10 eI, e1 @ e1 and i 0 c E I0 C, subj ect to the following relations:

s(r0e l ) = r@se l

t( r 0 e1
) l' 0 tel

t(el@e l ) lC8He l

02(e l @ el ) = (1 @ e1)-1 0 (eI 0 se l )-1 0 O@e l
0 e l @te l

for l' = 0 1 1, together with the standard relations in I0 C [4]. Note that sa(e l ) = b(O 0 seI) =
sb (e1 @ se1) and ta (e 1) = sb(e10 te1) similarIy. Then b' is defined on the generators as foliows:

b' (0 0 e l
) a(e l

)

b' (1 0 el ) b( e1 0 seI) -1 0 a (e 1) 0 b( e1 0 tel)

b' (e 1 0 e1
) idb(10te1)

b'(i@c) = b(i@c)

The boundary relations are clear, as are b' 0 0'0 ::::; a and b' 0 k ::::; b.
For n :;::: 2 1 let sIE Cl be the image under y of the generator of 51 1 and wri te eO for t (s1).

Then I0 D is the crossed complex with generators 00 e2 , 10 e2 , el 18> e2 and i €I c E I @ C,
subjeet to the relations

t(1'0e2
)

Ih(r 18> e2
)

t(e l 0 e2
)

83 (e l @ e2
)

1'0 eO

1'@ sI

l@eo

(10 e2)-1 0 (018) e2 )e l0e
o

0 (eI 081)-1
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for r = 0,1, plus the relations in Z 0 C. Then b' is defined by:

b'(O 0 e2 )

b'(l 0 e2
)

bJ (eI ® e2)

b' (i 0 c)

= a(e2
)

a( e2 )b(e 10eO) 0 b(e1 0 5 1)-1

= idb(10 eO )

= b(i0c)

The boundary relation (hb'(l ® e2 ) =b'o2(1 ® e2) follows from

si nee 02 a (e 2
) = a (02 e2

) = b(0 ® SI). The other relations are elear.
For n 2: 3 the constructions differ from the n =2 case only in very minor ways, For example,

the triviality of On_1Sn-1 is used instead of ssl = ts 1 = eO in showing onb(e1 0 s(n-1)) = b(l ®
s(n-1))-1 0 On(a(en)b(e10eO)). 0

A similar technique can be used to prove the relative cylinder axiom for ,crossed chain algebras.
First we need the fact that for any homomorphism k: C --+ D, the canonical homomorphism

D Uc (2 <&> C) llc D - 2 <&> D

is also of relative free type; this is quite straightforward. Now suppose i: x --+ y is a cofibration in
V jCrsAlgc given by a pushout sequence 1/J as usual. Then the canonical morphism

Y Ux IvXLIx Y - IvY

is a cofibration also, given by the pushout sequence tP as below.
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