DOUBLE SPACE WITH DOUBLE LINE

Ivan Cheltsov

Abstract. We describe birational maps of a singular double cover of P^3 ramified in sextic with a double line into Fano 3-folds with canonical singularities, elliptic fibrations and fibrations on surfaces of Kodaira dimension zero.

§1. Introduction.

Let γ : V → P^3 be a double cover ramified in sextic S ⊂ P^3, such that S is smooth outside of some line L ⊂ S and S has singularities of type x^2 + y^2 = 0 ⊂ C^3 in the generic point of line L. Then V is smooth outside of proper transform L̃ ⊂ V of line L and has singularities of type A_1 × C in generic point of L̃. Variety V can be given by equation

u^2 = x^2p_4(x, y, z, t) + y^2q_4(x, y, z, t)

in weighted projective space P(1, 1, 1, 3), where p_4 and q_4 are homogeneous polynomials of degree four, x, y, z and t are homogeneous coordinates of weight one and u is a homogeneous coordinate of weight three. Pencil of planes in P^3 passing through L defines a pencil P, such that normalization of general surface in pencil P is a smooth del Pezzo surfaces of degree two. Consider a restriction f : X → V on V of blow up of smooth curve L̃ ⊂ P(1, 1, 1, 3).

Remark 1.1. We will assume that X is smooth and p_4(0, 0, z, t) = q_4(0, 0, z, t) = 0 has eight different homogeneous solutions, which defines eight points O_i ∈ L̃ for i = 1, . . . , 8.

Hence, V is a Fano 3-fold with Q-factorial canonical singularities and Picard group Z, divisor K_V is Cartier, −K^3_V = 2, linear system | − K_V | is free, ϕ_{|−KV |} = γ, K_X = f^∗(K_V ), pencil | − K_X − E| gives a fibration τ : X → P^1 on del Pezzo surface of degree two, f has eight reducible fibers Z_i = Z^0_i ∪ Z^1_i over points O_i, where E is an exceptional divisor of f, curves Z^0_i and Z^1_i are smooth and intersect each other transversally in one point.

Remark 1.2. Blowing up curve Z^k_i and making Francia antiflip in proper transform of curve Z^{1−k}_i we get a birational map from V to a 3-fold with nef and big anticanonical

Author would like to thank A.Borisov, A.Corti, M.Grinenko, V.Iskovskikh, M.Mella, J.Park, Yu.Prokhorov, A.Pukhlikov, V.Shokurov and L.Wotzlaw for helpful conversations.

All varieties are assumed to be projective, normal and defined over the field C.

divisor, which gives a birational map ρ_{i,j} : V � V_{i,k}, where V_{i,k} is a Fano 3-fold with canonical singularities and −K^3_{Vi,k} =^1_2 (for details see §4).

The purpose of this paper is to prove the following two results.

� � Let ρ : V � P^2 be a dominant rational map, whose general fiber is an elliptic curve. Then there is a rational map α : P^2 � P^1, such that α ∘ ρ = τ ∘ f^{−1}.

� � Fano 3-fold V is not birationally isomorphic to any Fano 3-fold with canonical singularities except V itself and sixteen 3-folds V_{i,k} for i = 1, . . . , 8 and k = 0, 1.

Note, that the claim of Theorem 1.3 can not be improved. Indeed, let C be a section of fibration τ and H_C ⊂ | − K_X + τ^∗(O_P1 (n))| be a linear system of surfaces passing though section C for n ≫ 0. Then the general fiber of rational map ϕ_{HC} : X � Z_C is an elliptic curve, surface Z_C is rational, resolution of indeterminacy of map ϕ_{HC} gives an elliptic fibration with a section and there is a natural rational projection α_C : Z_C � P^1, such that α_C ∘ ϕ_{HC} = τ. On the other hand, the following result was proved in [1].

� � Let Y be a projective variety, g : Y → R be a morphism with a section onto a smooth curve, r_1, . . . , r_k ∈ R be closed points, such that Y_i = g^{−1}(r_i) are smooth and separably rationally connected, y_i ∈ Y_i be closed points. Then there is a section C ⊂ Y of morphism g, such that y_i ∈ C for i = 1, . . . , k.

Moreover, fibration τ always has a section due to the following result in [2].

� � Let Y be a smooth, proper and geometrically irreducible surface over a field F, where F is a C_1-field and Y is rational over an algebraic closure of F. Then Y has a point in F.

Therefore, fibration τ : X → P^1 has huge set of sections. Moreover, for two general enough sections C_1 and C_2 of τ rational maps ϕ_{HC1} and ϕ_{HC2} give non-equivalent^1 elliptic fibrations. Therefore, the claim of Theorem 1.3 can not be improved, but it can be clarified by means of the following result of [3], because the structure of the group of birational automorphisms of a del Pezzo surface of degree two was described in [4-5].

� � Let Y be a smooth del Pezzo surface of degree two with P ic(Y ) ∼= Z defined over a field F, ρ : Y � V be a birational map and ω : V → R be a fibration on elliptic curves. Then there is a birational automorphism σ of surface Y and birational morphism α : W → X, such that K^2_W = 0, divisor −K_W is nef, linear system | − nK_W | is free, ϕ_{|−nKW |} is an elliptic fibration for some n ∈ N and ϕ_{|−nKW |} ∘ σ is equivalent to ω.

Birational transformations into elliptic fibrations were used in [6-7] during the proof of potential density^2 of rational points on Fano 3-folds, where the following was proved.

1Fibrations τ : U → Z and τ̄ : Ū → Z̄ are equivalent in case there are two birational maps α : U Ū and β : Z Z̄, such that τ̄ ∘ α = β ∘ τ and α induces an isomorphism of the generic fibers of τ and τ̄.

2Rational points of a variety X defined over a number field F are potentialy dense if for some finite extension K/F set of K-rational points X(K) are Zariski dense in X. 2

� � Rational points are potentially dense on all smooth Fano 3-folds, with the possible exception of the family of double covers of P^3 ramified in a smooth sextic surface.

The possible exception appears in Theorem 1.8 due to the following result of [3].

� � Let γ̄ : V̄ → P^3 ramified in smooth sextic. Then V̄ is not birational to elliptic fibrations and canonical Fano 3-folds except itself, all birational maps of V̄ into fibrations on surfaces of Kodaira dimension zero are induced by pencils in | − K¯_V |.

Other rationally connected varieties that can not be birationally transformed into elliptic fibrations were described in [3] and [8-10]. The following result was proved in [11].

� � Let γ̃ : Ṽ → P^3 ramified in sextic S̃ ⊂ P^3, such that S̃ is smooth outside of one point O ∈ S̃ and has singularities of type A_1 in O. Then Ṽ is not birationally isomorphic to any Fano 3-fold with canonical singularities except 3-fold Ṽ , every birational transformation of Ṽ into a fibration on surfaces of Kodaira dimension zero is given by a pencil of K3 surfaces in | − K_Ṽ |, 3-fold Ṽ is birationally isomorphic to a unique elliptic fibration, which is given by lines in P^3 passing through point O.

Birational geometry of V was studied in [12], where the following result was proved.

� � Fano 3-fold V is not birationally isomorphic to a fibration on rational surfaces different from τ : X → P^1 and sequence 1 → Γ → Bir(V ) → G → 1 is exact, where Γ is a free product of Bertini involutions of a generic fiber of τ considered as a smooth del Pezzo surface of degree two with Picard group Z over the field C(x), group G is a group of fiberwise birational automorphisms of τ acting biregularly on generic fiber of τ.

In particular, 3-fold V is not rational. The following result was proved in [13].

� � Suppose that every fiber F of τ is smooth along every curve C ⊂ F , such that γ ∘ f(C) is a line and γ ∘ f|_C is an isomorphism. Then V is not birationally isomorphic to any Fano 3-fold with terminal Q-factorial singularities and Picard group Z and there is an exact sequence of groups 1 → Γ → Bir(V ) → Aut(V ) → 1, where Γ is a free product of Bertini involutions of a generic fiber of τ considered as a smooth del Pezzo surface of degree two with Picard group Z over the field C(x).

The following result was proved in [14].

� � Let τ_1 : X_1 → P^1 and τ_2 : X_2 → P^1 be fibrations on del Pezzo surfaces of degree two, α : X_1 � X_2 and β : P^1 → P^1 be birational maps, such that β ∘ τ_1 = τ_2 ∘ α, birational map α induces an isomorphism of generic fibers of fibrations τ_1 and τ_2, both varieties X_1 and X_2 are smooth. Then birational map α is biregular.

� � Sequence 1 → Γ → Bir(V ) → Aut(V ) → 1 is exact, where Γ is a free product of Bertini involutions of a generic fiber of τ considered as a smooth del Pezzo surface of degree two with Picard group Z over the field C(x).

We will prove Corollary 1.14 in §6 and we will also prove the following result. 3

� � Let E ⊂ X be a smooth surface, L be the only line on sextic S passing through one of points θ(O_i) ∈ P^3, ρ : V � P^1 be a rational map, whose general fiber is an irreducible surface of Kodaira dimension zero. Then there are birational automorphism σ of 3-fold V and pencil P ⊂ | − K_V |, such that ρ ∘ σ = ϕ_P .

Proofs of Theorems 1.3-1.4 and 1.15 use method of super-maximal singularity of [15].

Remark 1.16. Linear system | − (k + 1)K_X − kE| is free for k ≫ 0 and gives a double cover of P roj(O_P1 ⊕O_P1 ⊕O_P1 (1)) ramified in surface R_X ∼ 4M +2H, where M and H are tautological sheaf and fiber of projection to P^1 of P roj(O_P1 ⊕O_P1 ⊕O_P1 (1)) correspondingly.

Example 1.17. Hypersurface u^2 = x^2(x^4 +z^4 +t^4)+y^2(y^4 +z^4 +2t^4) in P(1, 1, 1, 3) fits all conditions of Theorems 1.3-1.4 and 1.15, where x, y, z and t are homogeneous coordinates of weight one and u is a homogeneous coordinate of weight three.

§2. Movable log pairs.

In this chapter we will consider properties of movable log pairs introduced in [16].

Definition 2.1. Movable log pair (X, M_X ) is a variety X together with a movable boundary M_X , where M_X =

∑_n

i=1 a_iM_i is a formal finite linear combination of linear systems M_i on variety X without fixed components, such that all a_i ∈ Q_{≥0}.

Every movable log pair can be considered as a usual log pair by replacing every linear system with either its general element or with the apropriate weighted sum of its general elements. In particular, for a given movable log pair (X, M_X ) we may handle movable boundary M_X as an effective divisor and we will say that K_X + M_X is a log canonical divisor of movable log pair (X, M_X ). Moreover, in the rest of this chapter we will assume that log canonical divisors of all considered log pairs are Q-Cartier divisors.

Remark 2.2. For a movable log pair (X, M_X ) we can condsider M^2_X as a well defined effective codimension-two cycle in case X is a Q-factorial.

Strict transform of a movable boundary is well defined for any birational map.

Definition 2.3. Movable log pairs (X, M_X ) and (Y, M_Y ) are birationally equivalent if there is a birational map ρ : X � Y , such that M_Y = ρ(M_X ).

Discrepancies, terminality, canonicity, log terminality and log canonicity can be defined for movable log pairs in the same way as for usual ones (see [17]).

Remark 2.4. Application of Log Minimal Model Program to a canonical and terminal movable log pairs preserves their canonicity and terminality correspondingly.

Every movable log pair is birationally equivalent to a log pair with canonical singularities and singularities of a movable log pair coincide with singularities of the variety outside of the base locuses of the components of the boundary. 4

Definition 2.5. Proper irreducible subvariety Y ⊂ X is called a center of canonical singularities of movable log pair (X, M_X ), if there is a birational morphism f : W → X and such f-exceptinal divisor E_1 ⊂ W , that

K_W + f^{−1}(M_X ) ∼_Q f^∗(K_X + M_X ) + k∑ i=1 a(X, M_X , E_i)E_i,

inequality a(X, M_X , E_1) ≤ 0 holds and f(E_1) = Y , where a(X, M_X , E_i) ∈ Q and E_i is an exceptional divisor of birational morphism f.

Definition 2.6. CS(X, M_X ) will denote a set of all centers of canonical singularities of movable log pair (X, M_X ) and CS(X, M_X ) will denote a locus of all centers of canonical singularities of movable log pair (X, M_X ).

In particular, movable log pair (X, M_X ) is terminal ⇐⇒ CS(X, M_X ) = ∅.

Definition 2.7. Proper irreducible subvariety Y ⊂ X is called a proper center of canonical singularities of movable log pair (X, M_X ), if there is a birational morphism f : W → X and such f-exceptinal divisor E_1 ⊂ W , that

K_W + f^{−1}(M_X ) ∼_Q f^∗(K_X + M_X ) + k∑ i=1 a(X, M_X , E_i)E_i,

inequality a(X, M_X , E_1) ≤ 0 holds, f(E_1) = Y and Y is contained in the base locus of some component of movable boundary M_X , where a(X, M_X , E_i) ∈ Q and E_i is an exceptional divisor of birational morphism f.

Definition 2.8. CS(X, M_X ) will denote a set of all proper centers of canonical singularities of movable log pair (X, M_X ) and CS(X, M_X ) will denote a locus of all proper centers of canonical singularities of movable log pair (X, M_X ).

Remark 2.9. CS(X, M_X ) = CS(X, M_X ) ∪ CS(X, ∅), in particular, in case when X has terminal singularities CS(X, M_X ) = CS(X, M_X ).

Definition 2.10. Singularities of log pair (X, M_X ) is semi-terminal if CS(X, M_X ) = ∅.

Remark 2.11. Suppose singularities of movable log pair (X, M_X ) is semi-terminal, then for small enough ϵ ∈ Q_{>1} singularities of movable log pair (X, ϵM_X ) is still semi-terminal.

Definition 2.12. Number

κ(X, M_X ) = { dim(ϕ_{|nm(KW +MW )|}(W )) for such n ≫ 0, that |n(K_W + M_W )| ≠ ∅, − ∞ when |nm(K_W + M_W )| = ∅ for all natural numbers n.

is called Kodaira dimension of movable log pair (X, M_X ), where (W, M_W ) is a movable log pair with canonical singularities, which is birationally equivalent to (X, M_X ), and m ∈ N, such that divisor m(K_W + M_W ) is Cartier. 5

� � Kodaira dimension of a movable log pair is well defined and does not depend on the choice of the birationally equivalent canonical movable log pair.

Proof. Suppose two movable log pairs (X, M_X ) and (Y, M_Y ) have canonical singularities and M_X = ρ(M_Y ) for some birational map ρ : Y � X. Consider natural m_X and m_Y , such that divisors m(K_X + M_X ) and m(K_Y + M_Y ) are Cartier. To prove the claim we should show that either |nm_X (K_X + M_X )| = |nm_Y (K_Y + M_Y )| = ∅ for all natural n, or ϕ_{|nmX (KX +MX )|}(X) = ϕ_{|nmY (KY +MY )|}(Y ) for big enough natural numbers n. Let W be a variety and g : W → X and f : W → Y be birational morphisms, such that ρ = g ∘ f^{−1}. Then K_W + M_W ∼_Q g^∗(K_X + M_X ) + Σ_X ∼_Q f^∗(K_Y + M_Y ) + Σ_Y , where M_W = g^{−1}(M_X ), Σ_X and Σ_Y are exceptional divisors of g and f correspondingly and canonicity of (X, M_X ) and (Y, M_Y ) implies effectivity of Σ_X and Σ_Y . Let k be big enough and divisible enough natural number. Then effectivity of Σ_X and Σ_V implies that dimensions of linear systems |k(K_W + M_W )|, |g^∗(k(K_X + M_X ))| and |f^∗(k(K_Y + M_Y ))| are the same and in case they are not empty ϕ_{|k(KW +MW )|} = ϕ_{|g}∗_{(k(KX +MX ))|} = ϕ_{|f} ∗_{(k(KY +MY ))|}, which implies the claim. □

By definition Kodaira dimension of a movable log pair is a birational invariant and a non-decreasing function of the coefficients of the movable boundary.

Definition 2.14. Movable log pair (V, M_V ) is called a canonical model of a movable log pair (X, M_X ), if there is a birational map ψ : X � V , such that M_V = ψ(M_X ), log canonical divisor K_V + M_V is ample and (V, M_V ) has canonical singularities.

� � Canonical model of a movable log pair is unique if it exists.

Proof. Suppose that both movable log pairs (X, M_X ) and (V, M_V ) are canonical models and M_X = ρ(M_V ) for some birational map ρ : V � X. Let W be a variety and g : W → X and f : W → V be birational morphisms, such that ρ = g ∘ f^{−1}. Then K_W + M_W ∼_Q g^∗(K_X + M_X ) + Σ_X ∼_Q f^∗(K_V + M_V ) + Σ_V , where M_W = g^{−1}(M_X ) = f^{−1}(M_V ) and Σ_X and Σ_V are exceptional divisors of birational morphisms g and f correspondingly. Canonicity of log pairs (X, M_X ) and (V, M_V ) implies effectivity of divisors Σ_X and Σ_V . Let n be big enough and divisible enough natural number, such that divisors n(K_W + M_W ), n(K_X + M_X ) and n(K_V + M_V ) are Cartier divisors. Then effectivity of divisors Σ_X and Σ_V implies that ϕ_{|n(KW +MW )|} = ϕ_{|g}∗_{(n(KX +MX ))|} = ϕ_{|f} ∗_{(n(KV +MV ))|} and ρ is an isomorphism, because K_X + M_X and K_V + M_V are ample. □

Kodaira dimension of the canonical model equals to the dimension of the variety.

§3. Preliminary results.

As we already mentioned in the previous chapter, movable boundaries can be considered as effective divisors and movable log pairs can be considered as usual ones. Therefore, we may use log pairs containing movable components. We will not assume any restrictions on the coefficients of the boundaries, in particular, boundaries may not be effective unless effectiveness is explicitly stated.

We will assume that log canonical divisors of all log pairs are Q-Cartier divisors.

Definition 3.1. For a log pair (X, B_X ) and birational map f : V → X log pair (V, B^V ) is called a log pull back of log pair (X, B_X ) if B^V = f^{−1}(B_X ) −

∑_n i=1 a(X, B_X, E_i)E_i and equivalence K_V + B^V ∼_Q f^∗(K_X + B_X ) holds, where a(X, B_X , E_i) ∈ Q and E_i is an exceptional divisor of birational map f.

Definition 3.2. Proper irreducible subvariety Y ⊂ X is called a center of log canonical singularities of (X, B_X ), if there are birational morphism f : W → X and divisor E ⊂ W , such that E is contained in the support of effective part of divisor ⌊B^Y ⌋.

Definition 3.3. LCS(X, B_X ) will denote a set of all centers of log canonical singularities of log pair (X, B_X ) and LCS(X, B_X ) will denote a locus of all centers of canonical singularities of log pair (X, M_X ).

Consider log pair (X, B_X ), where B_X =

∑_k i=1 a_iB_i, B_i are effective and prime divisors on variety X, a_i ∈ Q. Choose a birational morphism f : Y → X, such that W is smooth and union of all proper transforms of divisors B_i on Y and f-exceptional divisors forms divisor with simple normal crossing. Morphism f is called a log resolution of (X, B_X ) and we have K_Y + B^Y ∼_Q f^∗(K_X + B_X ) for a log pull back (Y, B^Y ) of (X, B_X ).

Definition 3.4. Subscheme associated with ideal sheaf I(X, B_X ) = f_∗(⌈−B^Y ⌉) is called a log canonical singularities subscheme of log pair (X, B_X ) and denoted as L(X, B_X ).

Support of subscheme L(X, B_X ) is exactly the locus LCS(X, B_X ). The following result is a famous vanishing theorem of V.Shokurov.

� � Let (X, B_X ) be a log pair, B_X be an effective, H be a nef and big divisor on X, such that D = K_X + B_X + H is Cartier. Then H^i(X, I(X, B_X ) ⊗ D) = 0 for i > 0.

Proof. R^if_∗(f^∗(K_X + B_X + H) + ⌈−B^W ⌉) = 0 for i > 0 by relative Kawamata-Viehweg vanishing (see [17]). Degeneration of local-to-global spectral sequence and

R^0f_∗(f^∗(K_X + B_X + H) + ⌈−B^W ⌉) = I(X, B_X ) ⊗ D

imply that for all i

H^i(X, I(X, B_X) ⊗ D) = H^i(W, f^∗(K_X + B_X + H) + ⌈−B^W ⌉),

but H^i(W, f^∗(K_X +B_X +H)+⌈−B^W ⌉) = 0 for i > 0 by Kawamata-Viehweg vanishing. □ 7

For any Cartier divisor D on X we have the exact sequence

0 → I(X, B_X ) ⊗ D → O_X (D) → O_{L(X,BX )}(D) → 0

and Theorem 3.5 implies the following two connectedness theorems of V.Shokurov.

� � Let (X, B_X ) be a log pair, B_X be an effective, divisor −(K_X + B_X ) be nef and big. Then locus LCS(X, B_X ) is connected.

� � Let (X, B_X ) be a log pair, B_X be an effective, divisor −(K_X + B_X ) be g-nef and g-big for some morphism g : X → Z with g_∗(O_X ) = O_Z . Then LCS(X, B_X ) is connected in the neighbourhood of any fiber of g.

The following result is Theorem 17.4 of [18].

� � Let g : X → Z be a morphism of normal varieties, D_X = ∑ i∈I d_iD_i be a divisor on X, h : V → X be a resolution of singularities of X, such that g_∗(O_X ) = O_Z , divisor −(K_X + D_X ) is g-nef and g-big, codimension of every subvariety g(D_i) ⊂ Z is greater or equal then 2 in case d_i < 0, union of all divisors h^{−1}(D_i) and all h-exceptional divisors forms a divisor with simple normal crossing. Then locus ∪_{aE ≤−1}E is connected in a neighbourhood of every fiber of morphism g ∘ h, where rational numbers a_E are given by Q-rational equivalence K_V ∼_Q f^∗(K_X + D_X ) + ∑ E⊂V a_EE.

Proof. Let f = g ∘ h, A = ∑ a_E >−1 E and B = ∑ a_E ≤−1 E. Then

⌈A⌉ − ⌊B⌋ ∼_Q K_V − h^∗(K_X + D_X ) + {−A} + {B}

and R^1f_∗O_V (⌈A⌉ − ⌊B⌋) = 0 by relative Kawamata-Viehweg vanishing (see [17]). Hence, natural map f_∗O_V (⌈A⌉) → f_∗O_{⌊B⌋}(⌈A⌉) is surjective. On the other hand, every irreducible component of divisor ⌈A⌉ is either h-exceptional or a proper transform of some D_j with negative d_j . Therefore, h_∗(⌈A⌉) is g-exceptional. Thus f_∗O_V (⌈A⌉) = O_Z and there is a surjection O_Z → f_∗O_{⌊B⌋}(⌈A⌉), which implies that ⌊B⌋ is connected in a neighbourhood of every fiber of morphism f, because divisor ⌈A⌉ is effective and has no common component with divisor ⌊B⌋. □

In the previous chapter in Definitions 2.5 and 2.6 we defined the center of canonical singularities of movable log pair, set of centers of canonical singularities of movable log pair and locus of canonical singularities of movable log pair. Actually, movability of a boundary has nothing to do with all these notions, but we defined them for movable log pairs on purpose, because they are used mostly for movable log pairs and they arrise naturaly in certain constructions related with movable log pairs. Therefore, we will use these notions for regular log pairs as well.

� � Let (X, B_X ) be a log pair, B_X be an effective boundary, Z be a center of canonical singularities of log pair (X, B_X ) and H be an effective irreducible Cartier divisor on variety X, such that Z ⊂ H, H is not a component of B_X , both X and H are smooth in the generic point of Z. Then Z ∈ LCS(H, B_X |_H ). 8

Proof. Let f : W → X be log resolution of (X, B_X + H) and Ĥ = f^{−1}(H). Then

K_W + Ĥ ∼_Q f^∗(K_X + B_X + H) + ∑ E≠Ĥ

a(X, B_X + H, E)E

and by assumption {Z, H} ⊂ LCS(X, B_X + H). Therefore, application Theorem 3.8 to the log pulback of (X, B_X + H) on W gives Ĥ ∩ E ≠ ∅ for some divisor E ≠ Ĥ on W , such that f(E) = Z and a(X, B_X , E) ≤ −1. Now equivalence

K_Ĥ ∼ (K_W + Ĥ)|_Ĥ ∼_Q f|^∗_Ĥ (K_H + B_X |_H ) + ∑ E≠Ĥ

a(X, B_X + H, E)E|_Ĥ

implies the claim. □

Next result is Theorem 3.1 of [19], it is so useful that we will provide a proof from [19].

� � Let H be a smooth surface, O be a point on surface H, M_H be an effective movable boundary on surface H, a_1 and a_2 be non-negative rational numbers, Δ_1 and Δ_2 be irreducible and reduced curves on surface H, which are intersecting normally at point O. Then O ∈ LCS(H, (1 − a_1)Δ_1 + (1 − a_2)Δ_2 + M_H ) implies inequality

mult_O(M^2_H ) ≥

{ 4a_1a_2 in case a_1 ≤ 1 or a_2 ≤ 1

4(a_1 + a_2 − 1) in case a_1 > 1 and a_2 > 1

and inequality is strict if log pair (H, (1 − a_1)Δ_1 + (1 − a_2)Δ_2 + M_H ) is not log canonical in the neighbourhood of point O.

Proof. Let D = (1−a_1)Δ_1 +(1−a_2)Δ_2 +M_H and f : S → H be a birational morphism, such that surface S is smooth and

K_S + f^{−1}(D) ∼_Q f^∗(K_H + D) + k∑ i=1 a(H, D, E_i)E_i

where E_i is f-exceptional curve, a(H, D, E_i) ∈ Q and a(H, D, E_1) ≤ −1. Then birational morphism f is a composition of k blow ups of smooth points.

Suppose that the claim is proved when a_1 ≤ 1 or a_2 ≤ 1. We may assume that a_1 > 1 and a_2 > 1. Define rational numbers a(H, E_i), m(H, M_H , E_i) and m(H, Δ_j, E_i) by means of ∑_k

i=1 a(H, E_i)E_i ∼_Q K_S − f^∗(K_H ),

∑_k i=1 m(H, M_H , E_i)E_i ∼_Q f^{−1}(M_H ) − f^∗(M_H ) and also

∑_k

i=1 m(H, Δ_j, E_i)E_i ∼_Q f^{−1}(Δ_j ) − f^∗(Δ_j ). Then

a(H, D, E_i) = a(H, E_i) − m(H, M_H , E_i) + m(H, Δ_1, E_i)(a_1 − 1) + m(H, Δ_2, E_i)(a_2 − 1)

and we may assume that m(H, Δ_1, E_1) ≥ m(H, Δ_2, E_1). Therefore,

−1 ≥ a(H, D, E_1) ≥ a(H, E_i) − m(H, M_H , E_i) + m(H, Δ_2, E_i)(a_1 + a_2 − 2) 9 and O ∈ LCD(H, (2 − a_1 − a_2)Δ_2 + M_H ). This implies mult_O(M^2_H ) ≥ 4(a_1 + a_2 − 1), because we assumed that the claim holds for log pair (H, (2 − a_1 − a_2)Δ_2 + M_H ).

We may assume that a_1 ≤ 1. Let h : T → H be a blow up of point O and E be an exceptional curve of h. Then f factors through h, such that f = g ∘ h for some birational morphism g : S → T , which is a composition of k − 1 blow ups of smooth points. Then

K_T + (1 − a_1)Δ̄_1 + (1 − a_2)Δ̄_2 + (1 − a_1 − a_2 + m)E + M_T ∼_Q h^∗(K_H + D),

where Δ̄_j = h^{−1}(Δ_j ), m = mult_O(M_H ) and M_T = h^{−1}(M_H ).

In case k = 1 we have S = T , E_1 = E and a(H, D, E_1) = a_1 + a_2 − m − 1 ≤ −1. Thus

mult_O(M^2_H ) ≥ m^2 ≥ (a_1 + a_2)^2 ≥ 4a_1a_2

and we are done. Therefore, we may assume that k > 1 and g(E_1) is a point P ∈ E.

We have P ∈ LCD(T, (1 − a_1)Δ̄_1 + (1 − a_2)Δ̄_2 + (1 − a_1 − a_2 + m)E + M_T ) and there are three possible cases: P ∈ E ∩Δ̄_1, P ∈ E ∩Δ̄_2 and P ∉ Δ̄_1 ∪Δ̄_2. Moreover, by induction we may assume that the claim holds for log pair (T, (1 − a_1)Δ̄_1 + (1 − a_1 − a_2 + m)E + M_T ) in case P ∈ E ∩ Δ̄_1, for log pair (T, (1 − a_2)Δ̄_2 + (1 − a_1 − a_2 + m)E + M_T ) in case P ∈ E ∩ Δ̄_2 or for log pair (T, (1 − a_1 − a_2 + m)E + M_T ) in case P ∉ Δ̄_1 ∪ Δ̄_2, because all conditions of the theorem are satisfied in on of these cases and g consists of k − 1 blow ups of smooth points. Moreover, mult_O(M^2_H ) ≥ m^2 + mult_P (M^2_T ).

Consider case P ∈ E ∩ Δ̄_1. Then by induction

mult_O(M^2_H ) ≥ m^2 + 4a_1(a_1 + a_2 − m) = (2a_1 − m)^2 + 4a_1a_2 ≥ 4a_14a_2.

Consider case P ∈ E ∩ Δ̄_2. If either a_2 ≤ 1 or a_1 + a_2 − m ≤ 1, then we can proceed as in previous case. Thus, we may assume that a_2 < 1 and a_1 + a_2 − m < 1. Then

mult_O(M^2_H ) ≥ m^2 + 4(a_1 + 2a_2 − m − 1) > 4a_2 ≥ 4a_14a_2.

Consider case P ∉ Δ̄_1 ∪ Δ̄_2. Then by induction

mult_O(M^2_H ) ≥ m^2 + 4(a_1 + a_2 − m) > m^2 + 4a_1(a_1 + a_2 − m) ≥ 4a_14a_2,

which completes the proof. □

Most applications use the following simplified version of Theorem 3.11.

� � Let H be a smooth surface, O be a point on H, M_H be an effective movable boundary on surface H and O ∈ LCS(H, M_H ). Then mult_O(M^2_H ) ≥ 4 and equality holds only if mult(M_H ) = 2.

The following result is a Corollary 7.3 of [20].

� � Let X be a smooth 3-fold, O be a point on X, M_X be an effective movable boundary on X and O ∈ CS(X, M_X ). Then mult_O(M^2_X ) ≥ 4 and equality holds only if mult_O(M_X ) = 2. 10

Proof. Let H be a general very ample divisor on X containing O. Then O is a center of log canonical singularities of log pair (H, M_X |_H ) by Theorem 3.9. On the other hand,

mult_O(M_X ) = mult_O(M_X |_H ) and mult_O(M^2_X ) = mult_O((M_X |_H )^2)

and the claim follows from Theorem 3.11. □

Actually, statement of Theorem 3.12 can be explained in much more geometric way.

� � Let X be a smooth 3-fold, O be a point on X and M_X be an effective movable boundary on 3-fold X, such that singularities of log pair (X, M_X ) are canonical and O ∈ CS(X, M_X ). Then there is a birational map f : V → X, such that V has terminal Q-factorial singularities and morphism f contracts exactly one exceptional divisor E to point O and K_V + M_V ∼_Q f^∗(K_X + M_X ), where M_V = f^{−1}(M_X ).

Proof. Number of different divisorial discrete valuations ν of the field of rational functions of X, whose center on X is point O and whose discripancy a(X, M_X , ν) is non-positive, is finite due to canonicity of log pair (X, M_X ). Therefore, we may consider birational morphism g : W → X, such that 3-fold W is smooth, g contracts k divisors,

K_W + M_W ∼_Q g^∗(K_X + M_X ) + k∑ i=1 a_iE_i,

movable log pair (W, M_W ) has canonical singularities and set CS(W, M_W ) does not contain subvarieties of ∪^k_{i=1}E_i, where M_W = g^{−1}(M_X ), g(E_i) = O and a_i ∈ Q. Applying relative version of Log Minimal Model Program to movable log pair (W, M_W ) over X we may assume that W has terminal Q-factorial singularities K_W + M_W ∼_Q g^∗(K_X + M_X ) due to canonicity of (X, M_X ). Applying relative Minimal Model Program to W over X we got the neccesary 3-fold and birational morphism. □

The following result was conjectured in [21] and proved in [22].

� � Let X be a smooth 3-fold, O be a point on X, f : V → X be a birational morphism, such that V has terminal Q-factorial singularities and morphism f contracts exactly one exceptional divisor E to point O. Then f is a weighted blow up of O with weights (1, K, N) in suitable local coordinates on X, where natural K and N are coprime.

Moreover, Theorem 3.12 was proved in [21] up to the existence of Theorem 3.14 in the following way, which explains the geometrical nature of the inequality in Theorem 3.12.

� � Let X be a smooth 3-fold, O be a point on X, M_X be an effective movable boundary on X, O ∈ CS(X, M_X ), f : V → X be a weighted blow up of point O with weights (1, K, N) in suitable local coordinates on X, such that K_V +M_V ∼_Q f^∗(K_X +M_X ), where naturals L and N are coprime and M_V = f^{−1}(M_X ). Then the following holds

mult_O(M^2_X ) ≥

(K + N)^2 KN = 4 +

(K − N)^2 KN ≥ 4 11 and K = N implies that f is a regular blow up of O and mult_O(M_X ) = 2.

Proof. On V we have K_V ∼_Q f^∗(K_X )+(N+K)E and M_V ∼_Q f^∗(M_X )+mE for f-excep-tional divisor E and m ∈ Q_{>0}. Thus, m = K +N and mult_O(M^2_X ) ≥ m^2E^3 =^{(K+N)2}_{KN} . □

§4. Construction of birational map ρ_{i,k}.

In the notations of §1 let g : W → X be a blow up of Z_{1,0}, G be a g-exceptional divisor and Z̄_{1,1} be a proper transform of Z_{1,1} on W . Then K_W · Z̄_{1,1} = 1.

� � N¯_{Z1,1/W} ∼= O¯_{Z1,1} (−1) ⊕ O¯_{Z1,1} (−2).

Proof. Let N¯_{Z1,1/W} ∼= O¯_{Z1,1} (m) ⊕ O¯_{Z1,1} (n) for m ≥ n and H be a general enough surface in linear system | − K_W | passing through curve Z̄_{1,1}. Then H is a smooth K3 surface, m + n = −K_W · Z̄_{1,1} − 2 = −3 and exact sequence 0 → N¯_{Z1,1/H} → N¯_{Z1,1/W} → N_{H/W} |¯_{Z1,1} → 0 implies n ≥ −2. Thus, n = −2 and m = −1. □

Let h : U → W be a blow up of curve Z̄_{1,1}, F be a h-exceptional divisor and G_U be a proper transform of divisor G on 3-fold U. Then F ∼= F_1, K_U ∼ (g ∘ h)^∗(K_X ) + F + G_U , anticanonical linear system | − K_U | is free and morphism ϕ_{|−KU |} : U → P^2 is an elliptic fibration with quasi-sections F and G_U .

Remark 4.2. Elliptic curves in fibers of ϕ_{|−KU |} are mapped to lines on P^3 passing through point O_1 by morphism θ ∘ f ∘ g ∘ h and ϕ_{|−KU |} is induced by projection from point O_1.

Let C ⊂ U be an exceptional section of F ∼= F^1. Then C lies in fibers of ϕ_{|−KU |}. � � N_{C/U} ∼= O_C (−1) ⊕ O_C (−1).

Proof. Let N_{C/U} ∼= O_C (m) ⊕ O_C (n) for m ≥ n. Then m + n = −K_U · C − 2, but exact sequence 0 → N_{C/F} → N_{C/U} → N_{F/U} |_C → 0 implies n ≥ −1. Hence, m = n = −1. □ Let p̂ : Û → U be a blow up of C, R be a p̂-exceptional divisor, p̌ : Û → Ǔ be a blow down of R ∼= P^1 × P^1 to a curve Č, such that p̌ ∘ p̂^{−1} is not biregular. Then p̌ ∘ p̂^{−1} is a flop in curve C, linear system | − Kˇ_U | is free and ϕ_{|−KǓ |} ∘ p̌ = ϕ_{|−KU |} ∘ p̂.

Remark 4.4. Proper transform F̌ ⊂ Ǔ of F is P^2 with normal bundle O_P2 (−2). Therefore, we can contract ȟ : Ǔ → W̌ divisor F̌ to a singular point P ∼=^1_2 (1, 1, 1). � � W̌ is projective.

Proof. Antiflip ȟ ∘ p̌ ∘ p̂^{−1} ∘ h^{−1} is a log flip for log terminal log pair (W, ϵ| − K_W |) for small enough rational ϵ > 1, which implies the claim. □ 12

� � Base locus of | − Kˇ_W | consists of P and −K^3_{W̌} =^1_2 . Proof. Linear system | − Kˇ_W | is a proper transform of free linear system | − Kˇ_U |, which implies that base locus of linear system | − Kˇ_W | consists of point P . Equivalence

Kˇ_U ∼_Q ȟ^∗(Kˇ_W ) + 1 2 F̌

and equalities K^3_Ǔ = 0 and F̌^3 = 4 imply −K^3_{W̌} =^1_2 . □

Hence, divisor −Kˇ_W is nef and big, linear system | − nKˇ_W | is free for n ≫ 0 and gives birational morphism ϕ_{|−nKW̌ |} : W̌ → V_{1,0}. Therefore, we constructed a birational map ρ_{1,0} = ϕ_{|−nKW̌ |} ∘ ȟ ∘ p̌ ∘ p̂^{−1} ∘ h^{−1} ∘ g^{−1} ∘ f^{−1} : V � V_{1,0}, where V_{1,0} is a Fano 3-fold with canonical singularities and −K^3_{V1,0} =^1_2 .

Remark 4.7. Actually, singularities of V_{1,0} are terminal and non-Q-factorial. Constructions of ρ_{i,k} : V � V_{i,k} are identical to the construction of ρ_{1,0}.

§5. Proof of Theorem 1.3.

In the notations of §1 suppose the existence of birational transformation β : V � Y and fibration π : Y → P^2, whose general fiber is connected smooth elliptic curve, and suppose there is no rational map α : P^2 � P^1, such that α ∘ ρ = τ ∘ f^{−1}. In the rest of this chapter we will derive a contradiction. Put ρ = π ∘ β and consider linear system |π^∗(D)|, where D is a very ample divisor on P^2. Let D_V = β^{−1}(|π^∗(D)|). Then D_V ⊂ | − nK_V | for some natural number n. Consider movable boundary^1_n D_V .

� � CS(V,^1_n D_V ) ≠ ∅.

Proof. Suppose (V,^1_n D_V ) is semi-terminal. Then for some ϵ ∈ Q_> 1_n log pair (V, ϵD_V ) is a canonical model and κ(V, ϵD_V ) = 3, but κ(V, ϵD_V ) = 2 by construction of D_V . □ Therefore, set CS(V,^1_n D_V ) contains either a point or a curve on V . Remark 5.2. D_V is not contained in the fibers of any dominant map χ : V � P^1. � � CS(V,^1_n D_V ) does not contain smooth points of V .

Proof. Suppose CS(V,^1_n D_V ) contains a point O ∉ L̃. Take general H_O ∈ |−K_V | passing through O. Then 2n^2 = H_O · D^2_V ≥ n^2mult_O(D^2_V ) ≥ 4n^2 by Theorem 3.12. □ � � Suppose CS(V,^1_n D_V ) contains a curve C ≠ L̃. Then −K_V · C = 1. 13

Proof. Inequality mult_C (D_V ) ≥ n is equivalent to C ∈ CS(V,^1_n D_V ). Thus, for general enough divisor H in the base free linear system | − K_V | inequalities

2n^2 = H · D^2_V ≥ mult_C (D^2_V )H · C ≥ mult^2_C (D_V )H · C ≥ n^2H · C

imply −K_V · C ≤ 2. Suppose −K_V · C = 2. Then mult_C (D^2_V ) = mult^2_C (D_V ) = n^2 and support of one-dimensional cycle D^2_V coincide with C. By construction ϕ_{DV} (V ) = P^2 and there is a point P ∈ V , such that P ∉ C and linear subsystem D_P ⊂ D_V of surfaces in linear system D_V passing through P has no fixed components. Hence, in set-theoretic sense we have P ∈ D^2_P ⊂ D^2_V = C, which is a contradiction. □

� � CS(V,^1_n D_V ) does not contain a curve C with C ∩ L̃ = ∅.

Proof. Let C ⊂ V be a curve, C ∈ CS(V,^1_n D_V ) and C ∩ L̃ = ∅. Then γ(C) ⊂ P^3 is a line and γ|_C is an isomorphism by Lemma 5.4.

Suppose that γ(C) ⊄ S. Let H_C ⊂ | − K_V | be a linear system of surfaces passing through curve C, H_C be a general enough surface in H_C and C̃ be curve on 3-fold V , such that C̃ ≠ C and γ(C̃) = γ(C). Then H_C is smooth K3 surface containing C and C̃, on surface H_C we have C^2 = C̃^2 = −2 and C · C̃ = 3, base locus of H_C consists of C ∪ C̃ and

D_V |_{HC} = mult_C (D_V )C + mult_{C̃} (D_V )C̃ + R_{HC} ,

where R_{HC} is a movable boundary on H_C . Hence, equalities

n = D_V |_{HC} · C̃ = 3mult_C (D_V ) − 2mult_{C̃} (D_V ) + R_{HC} · C̃

imply mult_{C̃} (D_V ) = mult_C (D_V ) = n and R_{HC} = ∅. Therefore, set CS(V,^1_n D_V ) contains curve C̃ as well and R_{HC} = ∅ implies that D_V lies in the fibers of ϕ_{HC} , which is impossible.

Suppose γ(C) ⊂ S. Let g : W → V be a blow up of curve C, G be a g-exceptional divisor and D_W = g^{−1}(D_V ). Then | − K_W | is a pencil and its base locus consists of smooth rational curve C̄, which is a section of ruled surface g|_G : G → C. Take general enough divisor H¯_C in linear system | − K_W |. Then H¯_C is smooth K3 surface and

D_W |_{HC̄} = mult¯_C (D_W )C̄ + R_{HC̄} ,

where R_{HC̄} is a movable boundary on H¯_C . On surface H¯_C we have C̄^2 = −2 and

D_W |_{HC̄} ∼_Q nC̄ + (n − mult_C (D_V ))G|_{HC̄} ,

which implies mult¯_C (D_W ) = mult_C (D_V ) = n and R_{HC̄} = ∅. Now R_{HC̄} = ∅ implies that linear system D_W lies in the fibers of map ϕ_{|−KW |} : W � P^1, which is impossible. □

� � Suppose L̃ ∉ CS(V,^1_n D_V ). Then CS(V,^1_n D_V ) does not contain curves.

Proof. Curve L̃ is not contained in the base locus of D_V , because set CS(V,^1_n D_V ) does not contain curve L̃. In particular, proper transform D_X of linear system D_V on X is a 14 linear subsystem of | − nK_X |. We must show that set CS(X,^1_n D_X ) does not contain curves on 3-fold X not contained in E. Suppose CS(X,^1_n D_X ) contains a curve C ⊂ X, which is not contained in E. Then Lemmas 5.4 and 5.5 imply γ ∘ f(C) is a line, γ ∘ f|_C is an isomorphism and C ∩ E ≠ ∅.

Suppose that γ ∘ f(C) ⊄ S. Let H_C ⊂ | − K_X | be a linear system of surfaces passing through C, H_C be a general element in H_C , Z be a fiber of f over f(C) ∩ L̃ and C̃ be curve on X, such that C̃ ≠ C and γ ∘ f(C̃) = γ ∘ f(C). Then H_C is smooth K3 surface containing curves C ∩ C̃ ∩ Z, where Z = Z^0_i ∪ Z^1_i in case f(C) ∩ L̃ = O_i and Z is irreducible otherwise. On surface H_C we have Z^2 = C^2 = C̃^2 = −2, Z · C = Z · C̃ = 1 and C · C̃ = 2,

D_X |_{HC} = mult_C (D_X )C + mult_{C̃} (D_X )C̃ + Δ_Z + R_{HC} ,

because base locus of pencil H_C consists of Z ∪ C ∪ C̃, where Δ_Z is an effective divisor, whose support is Z, and R_{HC} is a movable boundary on H_C . Therefore, on surface H_C

R_{HC} ∼_Q (n − mult_C (D_X ))C + (n − mult_{C̃} (D_X ))C̃ + nZ − Δ_Z

and intersection form of curve in Z ∪ C̃ is negatively defined. Therefore, boundary R_{HC} is empty and mult_{C̃} (D_X ) = mult_{Z̃} (D_X ) = n. On the other hand, R_{HC} = ∅ implies that linear system D_X lies in the fibers of ϕ_{HC} , which is impossible.

Suppose that γ ∘ f(C) ⊄ S. Let g : W → X be a blow up of curve C and G be a g-exceptional divisor and D_W = g^{−1}(D_X ). Then | − K_W | is a pencil and its base locus consists of Z̄ and C̄, where C̄ is a section of ruled surface g|_G : G → C and Z̄ is a proper transform on W of the fiber of f over f(C) ∩ L̃, which consists of two smooth rational curves in case f(C) ∩ L̃ = O_i. Take general H¯_C in | − K_W |. Then H¯_C is smooth and

D_W |_{HC̄} = mult¯_C (D_W )C̄ + Δ¯_Z + R_{HC̄} ,

where Δ¯_Z is effective divisor,whose support is Z̄, and R_{HC̄} is a movable boundary. On H¯_C

D_W |_{HC̄} ∼_Q nZ̄ + nC̄ + (n − mult_C (D_X ))G|_{HC̄}

and intersection form of curves in C̄ ∪Z̄ is negatively defined. Therefore, R_{HC̄} is empty and equalities mult¯_Z (D_W ) = mult¯_C (D_W ) = mult_C (D_X ) = n hold. However, R_{HC̄} = ∅ implies that linear system D_W lies in the fibers of map ϕ_{|−KW |} : W � P^1, which is impossible. □

� � Suppose CS(V,^1_n D_V ) does not contain L̃. Then set CS(V,^1_n D_V ) does not contain points on 3-fold V different from points O_i.

Proof. Let O be a point on V , which is a center in CS(V,^1_n D_V ). Then O is contained in curve L̃ by Lemma 5.3. On the other hand, curve L̃ does not belong to the base locus of linear system D_V due to L̃ ∉ CS(V,^1_n D_V ). In particular, proper transform D_X of linear system D_V on X is a linear subsystem of | − nK_X | and movable log pair (X,^1_n D_X ) is a log pull back of movable log pair (V,^1_n D_V ). Therefore, there is an irreducible fiber Z of ruled surface f|_E : E → L̃, such that set CS(X,^1_n D_X ) contains either Z or a point P ∈ Z. 15

Suppose set CS(X,^1_n D_X ) contains curve Z. Let g : W → X be a blow up of Z, linear system D_W be a proper transform of D_X on W and G be a g-exceptional divisor. Then

D_W ∼ g^∗(−nK_X ) − mult_Z (D_X )G

and mult_Z (D_X ) ≥ n. On the other hand, anticanonical linear system | − K_W | is free and gives an elliptic fibration ϕ_{|−KW |} : W → P^2. Let C be a general enough fiber of elliptic fibration ϕ_{|−KW |}. Then D_W · C = 2n − 2mult_Z (D_X ). So, mult_Z (D_X ) = n and linear system D_W lies in the fibers of elliptic fibration ϕ_{|−KW |}. Thus, fibration π and ϕ_{|−KW |} are equivalent elliptic fibrations. Moreover, there is a projection from a point α : P^2 � P^1, such that α ∘ ϕ_{|−KW |} ∘ (f ∘ g)^{−1} = τ ∘ f^{−1}, which contradicts our initial assumption.

Suppose CS(X,^1_n D_X ) contains a point P ∈ Z. Then D^2_X = mult_Z (D^2_X )Z + C_X , where support of one-dimensional effective cycle C_X does not contain curve Z and

mult_P (D^2_X ) = mult_Z (D^2_X ) + mult_P (C_X ) ≥ 4n^2

by Theorem 3.12. On the other hand, Z · F = 2 and D^2_X · F = 2n^2, where F is a fiber of fibration on del Pezzo surfaces of degree two τ. In particular, mult_Z (D^2_X ) ≤ n^2 and inequality mult_P (C_X ) ≥ 3n^2 holds. Let H be a general enough divisor in | − K_X | passing through curve Z. Then H does not contain any irreducible component of C_X and

2n^2 = H · C_X ≥ mult_P (C_X ) ≥ 3n^2,

which is a contradiction. □

Let D_X be a proper transform of linear system D_V on 3-fold X, F be a fiber of del Pezzo fibration τ : X → P^1. Then K_X ∼ f^∗(K_V ), F ∼ −K_X − E and D_X ∼ f^∗(−nK_V ) − mE, where m = mult_{L̃}(D_V ).

� � m < n.

Proof. Inequality m ≥ n implies m = n and ϕ_{DX} = τ, which is impossible. □

Let μ =^1_{n−m} and r =^m_{n−m} . Then K_X + μD_X ∼_Q rF .

Remark 5.9. r > 0 ⇐⇒ m > 0 ⇐⇒ L̃ ∈ CS(V,^1_n D_V ).

� � CS(X, μD_X ) ≠ ∅.

Proof. Suppose (X, μD_X ) is terminal. In case r > 0 log pair (X, ϵD_X ) is a canonical model for some ϵ ∈ Q_{>μ}, but κ(X, ϵD_X ) ≤ 2 by construction of D_V . In case r = 0 movable log pair (V,^1_n D_V ) is terminal, which contradicts Lemma 5.1. □

The following result is well known (see [15]).

� � Let C be a curve in CS(X, μD_X ), such that C is contained in the fibers of del Pezzo fibration τ. Then log pair (X, μD_X ) is canonical in the generic point of C. 16

Proof. Let F be a fiber of τ containing C and L_F be a general enough curve on F , such that γ ∘ f(L_F ) is a line in P^3, which is contained in the plane γ ∘ f(F ) ⊃ L. Then

2(n − m) = D_X · L_F ≥ mult_C (D_X )(L_F · C)_F ≥ (n − m)(L_F · C)_F ,

which implies that either γ∘f(C) is a line in P^3 and γ∘f|_C : C → γ∘f(C) is an isomorphism or inequality mult_C (D_X ) = n − m holds and log pair (X, μD_X ) is canonical in the generic point of C. Hence, we will assume γ ∘ f(C) is a line in P^3 and γ ∘ f|_C is an isomorphism.

Suppose that F has singular point O ∈ C. Let L_O be a general enough curve on F , such that γ ∘ f(L_O) is a line in P^3, which passes through the point γ ∘ f(O) and is contained in the plane γ ∘ f(F ) passing through the line L. Then curve L_O is singular in point O and

2(n − m) = D_X · L_O ≥ mult_C (D_X )mult_O(L_O) ≥ 2(n − m),

which implies mult_C (D_X ) = n − m and (X, μD_X ) is canonical in the generic point of C.

Suppose that fiber F is non-singular along the curve C. Let C̃ be a smooth rational curve in fiber F , such that C̃ ≠ C and γ ∘ f(C̃) = γ ∘ f(C). Then

D_X |_F = m_C C + m_{C̃}C̃ + R_F

for such natural numbers m_C ≥ mult_C (D_X ) and m_{C̃} ≥ mult_{C̃} (D_X ), that R_F is an effective divisor on surface F , whose support does not contain curves C and C̃. On surface F

D_X |_F ∼ (n − m)C + (n − m)C̃

and C^2 = C̃^2 = −1. Morover, on surface F inequalities R_F · C ≥ 0 and R_F · C̃ ≥ 0 hold, which imply m_C ≤ n − m and m_{C̃} ≤ n − m. Therefore, log pair (X, μD_X ) is canonical in the generic point of curve C. □

The following result is classical and due to [4-5].

� � There is a composition σ of Bertini involutions of generic fiber of τ, such that log pair (X, μ_σσ(D_X )) has canonical singularities in codimension one, where μ_σ ∈ Q_{>0} and equivalence K_X + μ_σσ(D_X ) ∼_Q r_σF holds for some non-negative rational number r_σ.

Proof. Suppose mult_C (D_X ) > n − m for some curve C ⊂ X, which is not contained in the fibers of τ due to Lemma 5.11. Let F be a general enough fiber of τ. Then

2(n − m)^2 = D^2_X · F ≥ mult_C (D^2_X )C · F ≥ mult^2_C (D_X )C · F > (n − m)^2C · F,

which implies C · F = 1. Therefore, we may consider X to be a smooth del Pezzo surface of degree two with Picard group Z defined over an algebraically non-closed field F = C(x), consider C to be F-point of X and consider D_X to be a linear system without fixed curves on X, such that D_X ⊂ |(m − n)K_X | and mult_C (D_X ) > n − m.

Linear system | − K_X | does not contain curve Z, such that Z is singular in C, because otherwise 2(n − m) = Z · D_X > mult_C (Z)(n − m). Therefore, point C is not contained 17 in ramification divisor of double cover ϕ_{|−KX |} : X → P^2. Let g : W → X be a blow up of F-point C and E be an exceptional divisor of g. Then morphism ϕ_{|−2KW |} is a double cover. Consider involution χ of W interchanging fibers of ϕ_{|−2KW |}. Easy calculations show that χ^∗(g^∗(−K_X )) ∼ 3g^∗(−K_X ) − 4E and χ^∗(E) ∼ 2g^∗(−K_X ) − 3E. Involution χ induces birational and non-biregular involution ψ_C of X known as Bertini involution.

Let μ_{ψC} be a positive rational number, such that K_X + μ_{ψC} ψ_C (D_X ) ∼_Q 0. Then

μ_{ψC} = μ 3 − 2mult_C (D_X )μ , which implies μ_{ψC} > μ =^1_{n−m} . Therefore, we may repeat construction of Bertini involution for log pair (X, μ_{ψC} ψ_C (D_X )) in case log pair (X, μ_{ψC} ψ_C (D_X )) is not canonical. Thus, for a composition σ of Bertini involutions of surface X we obtain a log pair (X, μ_σσ(D_X )), such that K_X + μ_σσ(D_X ) ∼_Q 0 and^1_{μσ} ∈ N. Hence, we may assume that rational number μ_σ is minimal for all possible combinations of Bertini involutions and (X, μ_σσ(D_X )) is canonical.

Consider X as a 3-fold. We obtained a composition σ of Bertini involutions of generic fiber of τ, such that (X, μ_σσ(D_X )) has canonical singularities in generic fibers of curves not contained in the fibers of τ, where μ_σ ∈ Q_{>0} and K_X + μ_σσ(D_X ) ∼_Q r_σF for some rational number r_σ. Now we may apply Lemmas 5.1-5.6 and Lemmas 5.10-5.11 to linear system f ∘ σ(D_X ) instead of linear system D_V to get inequality r_σ ≥ 0 and to prove that singularities of log pair (X, μ_σσ(D_X )) are canonical in codimension one. □

Birational automorphism σ commutes with τ, therefore, we may substitute birational map β with β ∘ σ^{−1} and assume that (X, μD_X ) is canonical in codimension one.

� � r > 0.

Proof. Suppose that r = 0. Then L̃ ∉ CS(V,^1_n D_V ) and set CS(V,^1_n D_V ) contains some point O_i by Lemma 5.7. We may assume i = 1. Therefore, set CS(X,^1_n D_X ) contains either a point P ∈ Z_1 or a component of Z_1 = Z^0_1 ∪ Z^1_1 , where Z_1 is a redicible fiber of birational morphism f over O_1. Let D_1 and D_2 be general enough surfaces in D_X . Then

n^2(Z_1 + 2C) ≡ n^2K^2_X ≡ D_1 · D_2 = mult_Z0_1 (D^2_X )Z^0_1 + mult_Z1_1 (D^2_X )Z^1_1 + C_X + R_X ,

where C is a curve in fibers of τ with −K_X · C = 1, C_X is an effective one-cycle on X contained in the fibers of τ and R_X is an effective one-cycle on X, whose components are not contained in the fibers of τ.

Suppose that set CS(X,^1_n D_X ) contains some point P ∈ Z_1. Then Theorem 3.12 implies inequality mult_P (D_1 · D_2) ≥ 4n^2. On the other hand, Z^0_1 · F = Z^1_1 · F = 2 and

2n^2 = D_1 · D_2 · F = mult_Z0_1 (D^2_X ) + mult_Z1_1 (D^2_X ) + R_X · F,

where F is a fiber of τ. In particular, mult_Z0_1 (D^2_X )+mult_Z1_1 (D^2_X ) ≤ 2n^2 and equality holds in case R_X = ∅. Let H_{Z1} be a general enough surface in linear system | − K_X | passing through Z_1. Then H_{Z1} does not contain irreducible components of C_X and R_X . Thus,

H_{Z1} · (C_X + R_X ) ≥ mult_P (C_X ) + mult_P (R_X ) ≥ 4n^2 − mult_Z0_i (D^2_X )δ^0_P + mult_Z1_1 (D^2_X )δ^1_P , 18 where δ^i_P = mult_P (Z^i_1). However, H_{Z1} · (C_X + R_X ) = 2n^2. Hence, cycle R_X is empty, equality mult_P (C_X ) = H_{Z1} · C_X = 2n^2 holds and either point P is a point of intersection of curves Z^0_1 and Z^1_1 and equality mult_Z0_1 (D^2_X ) + mult_Z1_1 (D^2_X ) = 2n^2 holds or point P is contained only in one component Z^k_1 of Z_1, mult_Zk_1 (D^2_X ) = 2n^2 and mult_Z1−k_1 (D^2_X ) = 0, but both multiplicities mult_Z0_1 (D^2_X ) and mult_Z1_1 (D^2_X ) are always positive, because D_1 · Z^0_1 = 0 and D_1 · Z^1_1 = 0. Thus, point P is an intersection Z^0_1 ∩ Z^1_1 and

mult_Z0_1 (D^2_X ) + mult_Z1_1 (D^2_X ) = 2n^2,

but equalities mult_P (C_X ) = H_{Z1} · C_X = 2n^2 imply that effective cycle C_X is contained in the fiber F_P of τ, which passes through point P . By construction ϕ_{DX} (X) = P^2 and there is a point O ∈ X, such that O ∉ F_P ∪ E and linear subsystem D_O ⊂ D_X of surfaces in linear system D_X passing through point O has no fixed components. Hence, in set-theoretic sense we have O ∈ D^2_O ⊂ D^2_V ⊂ F_P ∪ E, which is a contradiction.

Suppose set CS(X,^1_n D_X ) contains both curves Z^0_1 and Z^1_1 . Let g : W → X be a blow up of curve Z^0_1 , and h : U → W be a blow ups of proper transform of curve Z^1_1 , linear system D_U be a proper transform of D_X on U. Then | − K_U | is free and gives an elliptic fibration ϕ_{|−KU |} : U → P^2. Let C be a general enough fiber of ϕ_{|−KU |}. Then

D_U · C = 2n − mult_Z0_1 (D_X ) − mult_Z1_1 (D_X ),

which implies that D_U lies in the fibers of ϕ_{|−KU |}. Thus, fibration π and ϕ_{|−KU |} are equivalent and there is a map α : P^2 � P^1, such that α ∘ ϕ_{|−KU |} ∘ (f ∘ h ∘ g)^{−1} = τ ∘ f^{−1}, which contradicts our initial assumption.

Suppose CS(X,^1_n D_X ) contains either Z^0_1 or Z^1_1 . We may assume CS(X,^1_n D_X ) contains curve Z^0_1 . Let g : W → X be a blow up of curve Z^0_1 , G be an exceptional divisor of g and linear system D_W be a proper transform of D_X on W . Then log pair (W,^1_n D_W ) is a log pull back of log pair (X,^1_n D_X ). Therefore, singularities of log pair (W,^1_n D_W ) are canonical. Moreover, in case when singularities of log pair (W,^1_n D_W ) are not terminal there is a curve C_W ⊂ W , such that C_W ∈ CS(W,^1_n D_W ) and C_W is not contracted by g, because set CS(V,^1_n D_V ) does not contain smooth points of V due to Lemma 5.3, set CS(X,^1_n D_X ) does not contain points in irreducible fibers of f by Lemma 5.7 and we already proved that set CS(X,^1_n D_X ) does not contain points in Z_i. Moreover, set CS(X,^1_n D_X ) does not contain curves different from Z^k_i by Lemmas 5.6-5.7 and we assumed C_W ≠ Z^1_1 . Therefore, either curve C_W dominates Z^0_1 or C_W = Z^k_{j≠1}. On the other hand, D_1|_{HZ1} · Z^1_1 , where H_{Z1} is a general surface in | − K_X | passing through Z_1. Therefore, mult_Z1_1 (D^2_X ) > 0. Hence,

2n^2 = D_1 · D_2 · F ≥ mult^2_{CW} (D_W ) + mult^2_Z0_1 (D_X ) + mult^2_Z1_1 (D_X ) > 2n^2,

which is impossible and log pair (W,^1_n D_W ) is terminal. Let ȟ ∘ p̌ ∘ p̂^{−1} ∘ h^{−1} : W � W̌ be an antiflip in curve Z^1_1 in the notations of §4 and Dˇ_W be a proper transform of linear system D_W on W̌ . Then singularities of movable log pair (W̌ ,^1_n Dˇ_W ) are terminal as well, 19 because (K_W +^1_n D_W ) · Z^1_1 = 0 and antiflip in Z^1_1 is a log flop for (W,^1_n D_W ). Thus, for small enough ϵ ∈ Q_> 1_n singularities of (W̌ , ϵDˇ_W ) are still terminal and equivalence

Kˇ_W + ϵDˇ_W ∼_Q ( 1 n − ϵ)Kˇ_W

holds. Divisor −Kˇ_W is nef and big by Lemma 4.6. Therefore, | − nKˇ_W | is free and gives birational morphism ϕ_{|−nKW̌ |} : W̌ → V_{1,0} for n ≫ 0, where V_{1,0} is a Fano 3-fold with canonical singularities and −K^3_{V1,0} =^1_2 . Morphism ϕ_{|−nKW̌ |} contracts curves having trivial intersection with −Kˇ_W . Thus, every curve contracted by ϕ_{|−nKW̌ |} has trivial intersection with divisor Kˇ_W + ϵDˇ_W as well and log pair (W̌ , ϵDˇ_W ) is a log pull back of (V_{1,0}, ϵD_{V1,0} ), where D_{V1,0} is a proper transform of Dˇ_W on V_{1,0}. In particular, log pair (V_{1,0}, ϵD_{V1,0} ), is canonical and κ(V_{1,0}, ϵD_{V1,0} ) = 3, but κ(V_{1,0}, ϵD_{V1,0} ) ≤ 2 by construction of D_V . □

Let h : U → X be a birational morphism with smooth U and regular β ∘ f ∘ h. Then

K_U + μD_U ∼_Q h^∗(rF ) + k∑ i=1 a_iE_i,

where D_U is a proper transform of linear system without fixed components D_X on U, divisor E_i is h-exceptional and a_i is rational. Consider finite or empty subset J ⊂ P^1, such that for one of divisors E_i with a_i < 0 its image on X is a point in the fiber of τ over the point in J . For every point λ in J we have rational equivalence

h^∗(F_λ) ∼ h^{−1}(F_λ) +

k_λ∑

j=1 b_j E_j,

where b_i is a natural number and F_λ is a fiber of τ over λ. Finally, let I = ∪_{λ∈J} I_λ, where for every λ ∈ J let I_λ ⊂ {1, . . . , k} be a finite subset, such that i ∈ I_λ if and only if h(E_i) is a point in fiber F_λ and a_i < 0.

The following result is famous super-maximal singularity of [15].

� � r + ∑ λ∈J min{^{ai}_{bi} | h(E_i) ∈ F_λ and a_i < 0} ≤ 0.

Proof. Suppose the claim is false. Then there are positive rational numbers ϵ and c_λ, such that r = ϵ + ∑ λ∈J c_λ and c_λ + min{^{ai}_{bi} | h(E_i) ∈ F_λ and a_i < 0} > 0. Then

K_U + μD_U ∼_Q h^∗(ϵF ) + ∑ λ∈J ( h^∗(c_λF_λ) + ∑ i∈I_λ

a_iE_i ) + ∑ i∉I

a_iE_i

and for every λ ∈ J divisor h^∗(c_λF_λ) + ∑ i∈I_λ aiEi is effective by the choice of positive

rational numbers c_i and divisor ∑ i∉I aiEi is effective, because (X, μDX ) is canonical in

codimension one. Let C be a general fiber of ρ ∘ f ∘ h. Then K_U · C = 0, because C is an elliptic curve, and D_U · C = 0 by construction of linear system D_V . Thus, we have

(K_U + μD_U ) · C = h^∗(ϵF ) · C + ∑ λ∈J ( h^∗(c_λF_λ) + ∑ i∈I_λ

a_iE_i ) · C + ∑ i∉I

a_iE_i · C = 0 20 and, therefore, h^∗(ϵF )·C = 0 due to generality in the choice of C. Hence, there is a rational map α : P^2 � P^1, such that α ∘ ρ = τ ∘ f^{−1}, which is impossible by our assumption. □

� � Singularities of log pair (X, μD_X ) are not canonical.

Remark 5.16. Geometric meaning of Proposition 5.14 is simple: for any set of positive rational numbers {c_λ}_{λ∈J} with r = ∑ λ∈J c_λ we have CS(X, μD_X − ∑ λ∈J c_λF_λ) ≠ ∅.

Let Z be a fiber of f|_E : E → L̃ and C be a curve in fibers of τ with −K_X · C = 1.

Remark 5.17. NE(X) = R_{≥0}Z ⊕ R_{≥0}C and F · Z = E · C = 2 and K^2_X ≡ Z + 2C.

Equivalence μD_X ∼ −K_X + rF implies μ^2D^2_X ≡ Z + (2 + 4r)C. For two general enough divisors D_1 and D_2 in linear system D_X consider effective one-cycle

T_0 = μ^2D_1 · D_2 = Z_X + ∑ λ∈P^1

C_λ,

where all components of effective one-cycle Z_X do not lie in the fibers of τ and every component of effective one-cycle C_λ lies in the fiber F_λ of τ over the point λ ∈ P^1.

Remark 5.18. −K_X · ∑ λ∈P^1 Cλ = 2+4r ≤ 2+4 ∑ λ∈J max{^{−ai}_{bi} | h(E_i) ∈ F_λ and a_i < 0}.

� � There is ω ∈ P^1 and a h-exceptional divisor E_t, such that h(E_t) is a point O in the fiber F_ω of τ over ω, inequalities −K_X · C_ω ≤ 2 − 4a_t/b_t and a_t < 0 hold, where a_t/b_t = min{^{ai}_{bi} | h(E_i) ∈ F_ω and a_i < 0}.

Remark 5.20. Inequality −K_X · C_ω ≤ 2/p − 4a_t/b_t holds, where p is a cardinality of J .

Remark 5.21. Log pair (X, μD_X +^{at}_{bt} F_λ) is canonical in O and in equivalence

K_U + μD_U + a_t b_t h^{−1}(F_ω) ∼_Q h^∗((r + a_t b_t

)F ) + k∑ i=1 a(X, μD_X + a_t b_t

F_λ, E_i)E_i.

log discripancy a(X, μD_X +^{at}_{bt} F_λ, E_t) vanishes, so, we have O ∈ CS(X, μD_X +^{at}_{bt} F_λ) and there are only finite number of divisorial discrete valuations with center O on X, whose corresponding log discrepances vanishes, and all of them are associated to h-exceptional divisors E_j, such that a_j /b_j = a_t/b_t, and instead of E_t we always can take one of them.

Therefore, we have a point ω on P^1, fiber F_ω of fibration on del Pezzo surfaces of degree two τ : X → P^1 over ω, birational morphism h : U → X, h-exceptional divisor E_t, whose image h(E_t) is a point O on fiber F_ω and inequalities −K_X · C_ω ≤ 2 − 4a_t/b_t and a_t < 0 hold, where C_ω is a component of cycle T_0 = μ^2D_1 · D_2 lying in F_ω, divisors D_1 and D_2 are two general elements in linear system D_X , rational number a_t is defined through

K_U + μD_U ∼_Q h^∗(rF ) + k∑ i=1 a_iE_i 21 and natural number b_t is defined through h^∗(F_ω) ∼ h^{−1}(F_ω) +

∑_k i=1 b_iE_i, where D_U is a proper transform of D_X on U, divisor E_i is h-exceptional, a_i ∈ Q and b_i ∈ N.

� � Fiber F_ω is non-singular in point O.

Proof. Suppose F_ω is singular in O. Let L_O be a general curve on F_ω, such that γ∘f(L_O) is a line in P^3, which passes through γ ∘ f(O). Then L_O is singular in O and

2(n − m) = D_X · L_O ≥ mult_O(D_X )mult_O(L_O) ≥ 2mult_O(D_X ),

but a_t < 0 implies mult_O(D_X ) >^1_μ = n − m. □

� � mult_O(D_X ) ≤^2_μ = 2(n − m).

Proof. Let O ∈ L_O be a general curve on F_ω, such that γ ∘ f(L_O) is a line. Then

2(n − m) = D_X · L_O ≥ mult_O(D_X )mult_O(L_O) ≥ mult_O(D_X ),

which implies the claim. □

Numbers a_t and b_t depend only on divisorial discrete valuation associated to divisor E_t, they are log discrepancy of (X, μD_X ) and multiplicity of F_ω correspondingly. In particular, they do not depend on h. Therefore, we may choose h to be a composition ψ_{1,0} ∘· · ·∘ψ_{N,N−1} of birational morphisms ψ_{i,i−1} : X_i → X_{i−1} for i = 1, . . . , N and X = X_0, which have the following properties: morphism ψ_{1,0} is a blow up of point P_0 = O; morphism ψ_{i,i−1} is a blow up of a point P_{i−1} ∈ G_{i−1} for i = 2, . . . , K, where G_i = ψ^{−1}_{i,i−1}(P_{i−1}); birational morphism ψ_{K+1,K} is a blow up of a curve P_K ⊂ G_K ; birational morphism ψ_{i,i−1} is a blow up of a curve P_{i−1} ⊂ G_{i−1} for i = K + 2, . . . , N, which does not lie in the fibers of morphism ψ_{i−1,i−2}|_{Gi−1} ; divisorial discrete valuation associated to divisor G_N coincide with divisorial discrete valuation associated to E_t.

Put ψ_{j,i} = ψ_{i+1,i} ∘ . . . ∘ ψ_{j,j−1} : X_j → X_i for j > i and ψ_{j,j} = id_{Xj} . Consider proper transforms G^j_i = ψ^{−1}_{j,i} (G_i) ⊂ X_j for j ≥ i, linear systems D_{Xi} = ψ^{−1}_{i,0} (D_X ) on X_i and proper transforms F^i_ω = ψ^{−1}_{i,0} (F_ω) ⊂ X_i for i = 0, . . . , N. We have equivalences

K_{XN} + μD_{XN} ∼_Q ψ^∗_{N,0}(rF_ω) + N∑ i=1 a(X, μD_X , G_i)G^N_i

and ψ^∗_{N,0}(F_ω) ∼ F^N_ω +

∑_N

i=1 b(X, F_ω, G_i)G^N_i , where number a(X, μD_X , G_i) is rational and number b(X, F_ω, G_i) is natural. By construction a(X, μD_X , G_N ) = a_t, b(X, F_ω, G_N ) = b_t,

−K_X · C_ω ≤ 2 − 4a(X, μD_X , G_N )/b(X, F_ω, G_N )

and a(X, μD_X , G_N ) < 0. Moreover, due to Remark 5.21 we always may assume that inequality a(X, μD_X , G_N )/b(X, F_ω, G_N ) < a(X, μD_X , G_i)/b(X, F_ω, G_i) holds for i < N. 22

Remark 5.24. Apriori, we should consider 3-fold X_i to be either quasiprojective or singular for i > K, but inequality a(X, μD_X , G_N ) < 0, Remark 5.21 and Lemma 5.23 implicitly imply that curve P_K is a line in G_K ∼= P^2 and curves P_i are sections of ruled surface ψ_{i−1,i−2}|_{Gi−1} : G_{i−1} → P_{i−1} ∼= P^1 for i > K.

The main object of the rest of the chapter is effective one-cycle

T_0 = μ^2D_1 · D_2 = Z_X + C_ω + ∑ ω≠λ∈P^1

C_λ,

where all components of Z_X do not lie in the fibers of τ, every component of C_λ lies in the fiber F_λ of τ over the point λ ≠ ω and C_ω ⊂ F_ω. Inequality a(X, μD_X , G_K ) < 0 implies inequality mult_O(T_0) > 4 by Theorem 3.12, but mult_O(Z_X ) ≤ F_ω · Z_X = 2. Therefore, we have inequality mult_O(C_ω) > 2, which is rather strong condition, but unfortunately it seems not to be strong enough to get a contradiction.

Remark 5.25. 2 < mult_O(C_ω) ≤ −K_X · C_ω ≤ 2 − 4a(X, μD_X , G_N )/b(X, F_ω, G_N ).

The following construction is due to [15] and [20]. Let every exceptional divisor G_i be a vertex of an oriented graph Γ and arrow G_j → G_i means that G_j is joined with G_i by an oriented edge, which goes from vertex G_j to vertex G_i, and let

G_j → G_i ⇐⇒ j > i and P_{j−1} ⊂ G^{j−1}_i ⊂ X_{j−1},

thus, in particular, we always have G_i → G_{i−1} for i = 1, . . . , N.

Remark 5.26. In case when discrete valuation of G_N coincide with discrete valuation of exceptional divisor of a weighted blow up of point O with weights (1, K, N) in suitable local coordinates on X and coprime natural K and N graph Γ is a chain due to [22], which simply means that G_j → G_i ⇐⇒ j = i + 1.

Let P (i) be a number of paths in Γ from G_N to G_i for i ≠ N and P (N) = 1. Then

a(X, μD_X , G_N ) = K∑ i=1 P (i)(2 − ν_i) + N∑ i=K+1

P (i)(1 − ν_i),

where ν_i = mult_{Pi−1} (μD^{i−1}_X ). Put T^j_0 = ψ^{−1}_{j,0} (T_0), Z^j_X = ψ^{−1}_{j,0} (Z_X ), C^j_ω = ψ^{−1}_{j,0} (C_ω) and

m^i_{T0} = mult_{Pi−1} (T^{i−1}_0 ), m^i_{ZX} = mult_{Pi−1} (Z^{i−1}_X ), m^i_{Cω} = mult_{Pi−1} (C^{i−1}_ω ),

where i = 1, . . . , K. Let D^i_1 = ψ^{−1}_{i,0} (D_1), D^i_2 = ψ^{−1}_{i,0} (D_2) and T_i ⊂ G_i ∼= P^2 be an effective one-cycle on 3-fold X_i for i = 1, . . . , N given by relation

μ^2D^2_{Xi} ≡ μ^2D^i_1 · D^i_2 = ψ^{−1}_{i,i−1}(μ^2D^{i−1}_1 · D^{i−1}_2 ) + T_i

and T^j_i = ψ^{−1}_{j,i} (T_i) for j ≥ i. Then μ^2D^i_1 · D^i_2 = T^i_0 + T^i_1 + · · · + T^i_{i−1} + T_i, for i = 1, . . . , K. 23

Let m_{i,j} = mult_{Pj−1} (T^{j−1}_i ) and d_i be a degree of T_i in P^2 ∼= G_i for j > i = 1, . . . , K. � � ∑_{i−1} j=0 m_{j,i} = ν^2_i + d_i for i = 1, . . . , K.

Proof. Taking general hyperplane section of X_{i−1} through point P_{i−1} we reduce the claim to the well known result on multiplicity of intersection on smooth surface. □ � � d_K ≥

∑_N

i=K+1 ν 2 i deg(ψ_{i−1,L}|_{Pi−1} ).

Proof. For i > K consider T_i as a subscheme in G_i. Let d_i be an intersection of T_i in G_i with a general enough fiber of ψ_{i,i−1}|_{Gi} . Then d_i ≥ mult_{Pi} (D^2_{Xi} )deg(ψ_{i,i−1}|_{Pi} ) for i > K and mult_{Pi} (D^2_{Xi} ) = ν^2_{i+1} + d_{i+1} for i ≥ K. Therefore, we have inequalities

d_K ≥ mult_{PK} (D^2_{XL} ) ≥ N∑ i=K+1

ν^2_i i−1∏ j=K deg(ψ_{j+1,j}|_{Pj+1} ) = N∑ i=K+1

ν^2_i deg(ψ_{i−1,K} |_{Pi−1} ),

which is what we need. □

One can prove that curve P_K is a line in G_K ∼= P^2 and deg(ψ_{i−1,L}|_{Pi−1} ) = 1 for i > K. � � d_K ≥

∑_N

i=K+1 ν 2 i . Consider a restriction of P (i) to [1, K] ⊆ [1, N]. Let Q : [1, K] → N be a function, such that Q(i) a number of oriented paths in Γ, which goes from G_N to G_i, where i = 1, . . . , K.

Remark 5.30. Q(i) = ∑ G_j →G_i P (j) = ∑ G_j →G_i Q(j) +

∑_{j>K}

G_j →G_i P (j) ≥ ∑ G_j →G_i Q(j). � � ∑_K

i=1 Q(i)m_{0,i} ≥

∑_K i=1 Q(i)ν^2_i + Q(K)d_K .

Proof. For j = 1, . . . , K multiply

∑_{j−1}

i=0 m_{i,j} = ν^2_j + d_j of by Q(j). Take a sum K∑ j=1 j−1∑ i=0 Q(j)m_{i,j} = K∑ j=1 Q(j)ν^2_j + K∑ j=1 Q(j)d_j

and change the order of summation K∑ j=1 j−1∑ i=0 Q(j)m_{i,j} =

K−1∑ i=0 K∑ j=i+1

Q(j)m_{i,j},

where m_{i,j} ≤ d_i in case 1 ≤ i < j ≤ K. Moreover, m_{i,j} > 0 ⇐⇒ G_j → G_i. Hence, K−1∑ i=0 K∑ j=i+1

Q(j)m_{i,j} ≤ K∑ j=1 Q(j)m_{0,j} +

K−1∑ i=1 ∑ G_j →G_i

Q(j)d_i ≤ K∑ j=1 Q(j)m_{0,j} +

K−1∑ i=1 Q(i)d_i, 24 therefore,_K ∑ j=1 Q(j)m_{0,j} +

K−1∑ i=1 Q(i)d_i ≥ K∑ j=1 Q(j)ν^2_j + K∑ j=1 Q(j)d_j

and finally_K ∑ j=1 Q(j)m_{0,j} ≥ K∑ j=1 Q(j)ν^2_j + Q(K)d_K ,

which is what we need. □ � � ∑_K

i=1 P (i)m_{0,i} ≥

∑_N i=1 P (i)ν^2_i .

Let Σ_0 =

∑_K

i=1 P (i) and Σ_1 =

∑_N

i=K+1 P (i). Then elementary calculus implies K∑ i=1 P (i)m_{0,i} ≥ N∑ i=1 P (i)ν^2_i ≥

(2Σ_0 + Σ_1 − a(X, μD_X , G_N ))^2 (Σ_0 + Σ_1) ,

because

∑_N i=1 P (i)ν_i = 2Σ_0 + Σ_1 − a(X, μD_X , G_N ).

By definition m_{0,i} = m^i_{T0} = m^i_{ZX} +m^i_{Cω} for i = 1, . . . , K and m^i_{Cω} = 0 for i > M, where natural number M ≤ K is the biggest with P_{M−1} ∈ F^{M−1}_ω . Moreover, mult_O(Z_X ) ≥ m^i_{ZX} for all i = 1, . . . , K and mult_O(C_ω) ≥ m^i_{Cω} for all i = 1, . . . , M. Therefore, we have

mult_O(Z_X )Σ_0 + mult_O(C_ω)Σ^′_0 ≥

(2Σ_0 + Σ_1 − a(X, μD_X , G_N ))^2 (Σ_0 + Σ_1) , where Σ^′_0 =

∑_M

i=1 P (i). On the other hand, we have mult_O(Z_X ) ≤ F_ω · Z_X = 2 and

mult_O(C_ω) ≤ −K_X · C_ω ≤ 2 − 4a(X, μD_X, G_N )/b(X, F_ω, G_N )

and b(X, F_ω, G_N ) ≥

∑_M

i=1 q_iP (i) ≥ Σ^′_0, where q_i = mult_{Pi−1} (F^{i−1}_ω ) for i = 1, . . . , M. Combining all inequalities together we get

2(Σ_0 − Σ^′_0)(Σ_0 + Σ_1) + (Σ_1 + a(X, μD_X , G_N ))^2 ≤ 0,

which implies a(X, μD_X , G_N )) = −Σ_1 and Σ_0 = Σ^′_0. Moreover, equality N∑ i=1 P (i)ν^2_i =

(2Σ_0 + Σ_1 − a(X, μD_X , G_N ))^2 (Σ_0 + Σ_1)

holds, which is possible only when ν_1 = ν_2 = · · · = ν_N = ν. Hence, we have

ν(Σ_0 + Σ_1) = N∑ i=1 P (i)ν_i = 2Σ_0 + Σ_1 − a(X, μD_X , G_N ) = 2(Σ_0 + Σ_1), 25 which implies ν = 2. Every inequality above must be an equality. In particular, cardinality of set J is one by Remark 5.20. Thus, fiber F_ω is the only fiber of τ, such that singularities of log pair (X, μD_X ) are not canonical in points of fiber F_ω. Moreover, equality

−K_X · C_ω = 2 + 4r = −K_X · ∑ λ∈P^1

C_λ

implies that all effective one-cycles C_λ are empty for λ ≠ ω. Equivalence

T_0 = Z_X + C_ω ≡ Z + (2 + 4r)C,

where Z is a fiber of f|_E : E → L̃ and C is a curve in F_ω with −K_X · C = 1, implies that support of cycle Z_X are contained in fibers of f|_E. In particular, O ∈ F_ω ∩Z_δ, where Z_δ is a fiber of f|_E : E → L̃ over some point δ ∈ L̃. However, equality 2 = F_ω · Z_X = mult_O(Z_X ) implies that support of cycle Z_X is contained in Z_δ, which must be reducible. Thus, point δ is one of the points O_i and Z_δ = Z_i = Z^0_i ∪ Z^1_i . On the other hand, D_X is not composed from a pencil, because ϕ_{DX} (X) = P^2. Therefore, there is a point P ∈ X, such that P ∉ F_ω ∪ E and linear subsystem D_P ⊂ D_X of surfaces in linear system D_X passing through point P has no fixed components. Hence, we have P ∈ A ∩ B for two general enough divisors A and B in D_P . However, we can substitute divisors D_1 and D_2 in linear system D_X by A and B correspondingly. Therefore, in set-theoretic sense

P ∈ A ∩ B ⊂ F_ω ∪ E,

which is a contradiction. Thus, we proved Theorem 1.3.

§6. Proof of Theorem 1.4.

In the notations of §1 suppose the existence of birational transformation β : V � Y , such that Y is canonical Fano 3-fold. In this chapter we will prove the following.

� � There is birational automorphism σ of V , such that σ is a uniquely defined composition of Bertini involutions of a generic fiber of del Pezzo fibration τ and either β ∘ σ is biregular or β ∘ σ = α ∘ ρ_{i,k} for some biregular automorphism α of V_{i,k}.

� � Either Y ∼= V or Y ∼= V_{i,k}.

� � Sequence 1 → Γ → Bir(V ) → Aut(V ) → 1 is exact, where Γ is a free product of Bertini involutions of a generic fiber of τ considered as a smooth del Pezzo surface of degree two with Picard group Z over the field C(x).

Let D_V = β^{−1}(D_Y ), where D_Y = | − tK_Y | for t ≫ 0. Then D_V ⊂ | − nK_V | for some natural n. Let D_X be a proper transform of D_V on X and F be a fiber τ : X → P^1. Then

D_X ∼ f^∗(−nK_V ) − mE ∼ −nK_X − mE ∼ f^∗(K_V ) ∼ n(F + E) − mE, 26 where n > m = mult_{L̃}(D_V ) ≥ 0. Let μ =^1_{n−m} and r =^m_{n−m} . Then K_X + μD_X ∼_Q rF .

Remark 6.4. m = 0 ⇐⇒ r = 0 ⇐⇒ μ =^1_n ⇐⇒ L̃ ∉ CS(V,^1_n D_V ).

� � CS(X, μD_X ) = ∅ implies β is biregular.

Proof. Suppose r > 0. Then log pair (X, ϵD_X ) is a canonical model for some small enough rational ϵ > μ. Therefore, κ(Y, ϵD_Y ) = κ(X, ϵD_X ) = 3 and (Y, ϵD_Y ) is canonical model as well. Hence, birational map β ∘ f is biregular by Theorem 2.15, which is a contradiction, because −K_X is not ample.

Suppose r = 0. Then μ =^1_n , log pair (X,^1_n D_X ) is a log pull back of log pair (V,^1_n D_V ) and L̃ ∉ CS(V,^1_n D_V ). Thus, log pair (V,^1_n D_V ) is semi-terminal. Then log pair (V, ϵD_V ) is a canonical model for small enough ϵ ∈ Q_> 1_n . Therefore, κ(Y, ϵD_Y ) = κ(V, ϵD_V ) = 3 and log pair (Y, ϵD_Y ) is a canonical model. Hence, map β is biregular by Theorem 2.15. □

� � Let C be a curve in CS(X, μD_X ), such that C is contained in the fibers of del Pezzo fibration τ. Then log pair (X, μD_X ) is canonical in the generic point of C.

Proof. See the proof of Lemma 5.11. □

� � There is a uniquely defined composition σ of Bertini involutions of generic fiber of τ, such that log pair (X, μ_σσ(D_X )) has canonical singularities in codimension one.

Proof. See the proof of Lemma 5.12. □

Remark 6.8. We may replace birational map β by a composition β ∘ σ^{−1} and assume that singularities of log pair (X, μD_X ) are canonical in codimension one.

� � Suppose singularities of log pair (X, μD_X ) are canonical. Then r = 0.

Proof. Let r > 0. Then κ(X, μD_X ) = 1, but κ(Y, μD_Y ) ∈ {−∞, 0, 3} by construction, which contradicts the birational invariance of Kodaira dimension. □

Let h : U → X be a birational morphism with smooth U and regular β ∘ f ∘ h. Then

K_U + μD_U ∼_Q h^∗(rF ) + k∑ i=1 a_iE_i,

where D_U is a proper transform of linear system without fixed components D_X on U, divisor E_i is h-exceptional and a_i is rational. Consider finite or empty subset J ⊂ P^1, such that for one of divisors E_i with a_i < 0 its image on X is a point in the fiber of τ over the point in J . For every point λ in J we have rational equivalence

h^∗(F_λ) ∼ h^{−1}(F_λ) +

k_λ∑

j=1 b_j E_j, 27 where b_i is a natural number and F_λ is a fiber of τ over λ. Finally, let I = ∪_{λ∈J} I_λ, where for every λ ∈ J let I_λ ⊂ {1, . . . , k} be a finite subset, such that i ∈ I_λ if and only if h(E_i) is a point in fiber F_λ and a_i < 0.

� � r + ∑ λ∈J min{^{ai}_{bi} | h(E_i) ∈ F_λ and a_i < 0} ≤ 0.

Proof. Suppose the claim is false. Then there are positive rational numbers ϵ and c_λ, such that r = ϵ + ∑ λ∈J c_λ and c_λ + min{^{ai}_{bi} | h(E_i) ∈ F_λ and a_i < 0} > 0. Then

K_U + μD_U ∼_Q h^∗(ϵF ) + ∑ λ∈J ( h^∗(c_λF_λ) + ∑ i∈I_λ

a_iE_i ) + ∑ i∉I

a_iE_i

and for every λ ∈ J divisor h^∗(c_λF_λ) + ∑ i∈I_λ aiEi is effective by the choice of positive

rational numbers c_i and divisor ∑ i∉I aiEi is effective, because (X, μDX ) is canonical in

codimension one. Thus, κ(U, μD_U ) ≥ 1, but κ(Y, μD_Y ) ∈ {−∞, 0, 3} by construction, which contradicts the birational invariance of Kodaira dimension. □

� � r = 0.

Proof. Let Z be a fiber of f|_E : E → L̃ and C be a curve in fibers of τ with −K_X ·C = 1, choose two general enough surfaces D_1 and D_2 in D_X . Then NE(X) = R_{≥0}Z ⊕ R_{≥0}C and

μ^2D_1 · D_2 = Z_X + ∑ λ∈P^1

C_λ ≡ Z + (2 + 4r)C,

where all components of effective cycle Z_X do not lie in the fibers of τ and every component of effective cycle C_λ lies in the fiber F_λ of τ over λ ∈ P^1. Therefore,

−K_X · ∑ λ∈P^1

C_λ = 2 + 4r ≤ 2 − 4 ∑ λ∈J min{ a_i b_i

| h(E_i) ∈ F_λ and a_i < 0}

by Proposition 6.10. Suppose r > 0. Then there is ω ∈ P^1, such that

−K_X · C_ω ≤ 2 − 4a_t/b_t,

where a_t/b_t = min{^{ai}_{bi} | h(E_i) ∈ F_ω and a_i < 0}. Now we can repeat all arguments and constructions of the previous chapter starting from Lemma 5.22 to get a contradiction. □

� � L̃ ∉ CS(V,^1_n D_V ).

� � CS(V,^1_n D_V ) = ∅ implies β is biregular.

Proof. Suppose (V,^1_n D_V ) is semi-terminal. Then for some ϵ ∈ Q_> 1_n log pair (V, ϵD_V ) is a canonical model and κ(Y, ϵD_Y ) = κ(V, ϵD_V ) = 3. Hence, log pair (Y, ϵD_Y ) is a canonical model as well. Therefore, rational map β is biregular by Theorem 2.15. □

Remark 6.14. Linear system D_V is not contained in the fibers of any dominant rational map χ : V � Z, where dimension of Z is two or one. 28

� � CS(V,^1_n D_V ) does not contain curves and smooth points of V .

Proof. See the proofs of Lemmas 5.3-5.6. □

� � CS(V,^1_n D_V ) does not contain points different from O_i.

Proof. Let O be a point on 3-fold V , such that O ∈ CS(V,^1_n D_V ) and O ≠ O_i. Then O is contained in curve L̃ by Lemma 6.15, but L̃ ∉ CS(V,^1_n D_V ). Hence, CS(X,^1_n D_X ) contains either an irreducible fiber Z of f|_E : E → L̃ over point O or a point P ∈ Z.

Suppose set CS(X,^1_n D_X ) contains curve Z. Let g : W → X be a blow up of curve Z, linear system D_W be a proper transform of linear system D_X on 3-fold W and G be an exceptional divisor of g. Then linear system |−K_W | is free, morphism ϕ_{|−KW |} is an elliptic fibration and D_W · C = 2n − mult_Z (D_X ) for general fiber C of ϕ_{|−KW |}. Thus, D_W lies in the fibers of ϕ_{|−KW |}, which is impossible.

Suppose CS(X,^1_n D_X ) contains a point P ∈ Z. Then D^2_X = mult_Z (D^2_X )Z + C_X , where support of one-dimensional effective cycle C_X does not contain curve Z and

mult_P (D^2_X ) = mult_Z (D^2_X ) + mult_P (C_X ) ≥ 4n^2

by Theorem 3.12. On the other hand, Z · F = 2 and D^2_X · F = 2n^2, where F is a fiber of fibration on del Pezzo surfaces of degree two τ. In particular, mult_Z (D^2_X ) ≤ n^2 and inequality mult_P (C_X ) ≥ 3n^2 holds. Let H be a general enough divisor in | − K_X | passing through curve Z. Then H does not contain any irreducible component of C_X and

2n^2 = H · C_X ≥ mult_P (C_X ) ≥ 3n^2,

which is a contradiction. □

� � Suppose O_i ∈ CS(V,^1_n D_V ). Then β is either α ∘ ρ_{i,0} or α ∘ ρ_{i,1} for some biregular automorphism α of V_{i,0} or V_{i,1} correspondingly.

Proof. We may assume i = 1. Let Z_1 = Z^0_1 ∪Z^1_1 = f^{−1}(O_1). Then CS(X,^1_n D_X ) contains either a point P ∈ Z_1 or a component of Z_1. Moreover, we may repeat all arguments of the proof of Lemma 5.13 and assume that set CS(X,^1_n D_X ) consists of curve Z^0_1 and log pair (W,^1_n D_W ) is terminal, where g : W → X is a blow up of curve Z^0_1 and D_W is a proper transform of linear system D_X on 3-fold W . We will show that β = α ∘ ρ_{1,0} for some biregular automorphism α of V_{1,0}.

Let ȟ ∘ p̌ ∘ p̂^{−1} ∘ h^{−1} : W � W̌ be an antiflip in curve Z^1_1 in the notations of §4 and Dˇ_W be a proper transform of linear system D_W on W̌ . Then singularities of log pair (W̌ ,^1_n Dˇ_W ) are terminal as well, because (K_W +^1_n D_W ) · Z^1_1 = 0 and antiflip in Z^1_1 is a log flop for log pair (W,^1_n D_W ). Thus, for some ϵ ∈ Q_> 1_n log pair (W̌ , ϵDˇ_W ) is terminal and

Kˇ_W + ϵDˇ_W ∼_Q ( 1 n − ϵ)Kˇ_W ,

where −Kˇ_W is nef and big by Lemma 4.6, linear system |−nKˇ_W | is free and gives birational morphism ϕ_{|−nKW̌ |} : W̌ → V_{1,0} for n ≫ 0. Morphism ϕ_{|−nKW̌ |} contracts curves having 29 trivial intersection with −Kˇ_W . Therefore, log pair (V_{1,0}, ϵD_{V1,0} ) is a canonical model and equalitites κ(V_{1,0}, ϵD_{V1,0} ) = κ(Y, ϵD_Y ) = 3 hold. Hence, (Y, D_Y ) is also a canonical model, but D_{V1,0} = ρ_{1,0}(D_V ) by construction. Thus, ρ_{1,0} ∘ β^{−1} is biregular by Theorem 2.15. □

Therefore, we proved Theorem 1.4.

§7. Proof of Theorem 1.15.

In notations of §1 suppose that E ⊂ X is smooth, line L be the only line on sextic S, which passes through one of point θ(O_i) ∈ P^3, and there is a birational map β : V � Y and fibration π : Y → P^1, such that general fiber of π is connected smooth surface with numerically trivial canonical divisor. We will find birational automorphism σ of 3-fold V and pencil P ⊂ | − K_V |, such that ρ ∘ σ = ϕ_P , where ρ = π ∘ β.

Remark 7.1. Some arguments of §5-6 fail in this chapter.

Let D_V = β^{−1}(|τ^∗(O_P1 (1)|). Then D_V ⊂ | − nK_V | for some n ∈ N.

� � CS(V,^1_n D_V ) ≠ ∅.

Proof. Suppose (V,^1_n D_V ) is semi-terminal. Then κ(V, ϵD_V ) = 3 for some ϵ ∈ Q_> 1_n , but birational invariance of Kodaira dimension implies κ(V, ϵD_V ) = 1. □

� � CS(V,^1_n D_V ) does not contain smooth points of V .

Proof. Suppose CS(V,^1_n D_V ) contains a point O ∉ L̃. Take general H_O ∈ |−K_V | passing through O. Then 2n^2 = H_O · D^2_V ≥ n^2mult_O(D^2_V ) ≥ 4n^2 by Theorem 3.12. □

� � Suppose CS(V,^1_n D_V ) contains a curve C ≠ L̃. Then γ(C) is a line in P^3.

Proof. Inequality mult_C (D_V ) ≥ n is equivalent to C ∈ CS(V,^1_n D_V ). Thus, for general divisor H in linear system | − K_V | inequalities

2n^2 = H · D^2_V ≥ mult_C (D^2_V )H · C ≥ mult^2_C (D_V )H · C ≥ n^2H · C

imply −K_V · C ≤ 2. In case −K_V · C = 1 image γ(C) is a line in P^3. Thus, we may assume that −K_V · C = 2, equalities mult_C (D_V ) = n and mult_C (D^2_V ) = n^2 hold, curve γ(C) is a conic in P^3, map γ|_C : C → γ(C) is an isomorphism and support of D^2_V consists of C.

Suppose that C ∩ L̃ = ∅. Let g : W → V be a blow up of curve C, let G be an exceptional divisor of g and D_W be a proper transform of D_V on 3-fold W . We claim that effective divisor g^∗(−3K_V ) − G is numerically effective. Suppose γ(C) ⊄ S. Consider a curve C̃ ⊂ W , such that γ ∘ g(C̃) = γ(C) and g(C̃) ≠ C. Then (g^∗(−2K_V ) − G) · C̃ = −2 and curve C̃ is the only curve in the base locus of linear system |g^∗(−2K_V ) − G|, which proves that g^∗(−3K_V ) − E is numerically effective. Suppose that γ(C) ⊂ S. Then base locus of linear system |g^∗(−2K_V ) − G| is contained in G. Let s_∞ be an exceptional section 30 of ruled surface g|_G : G → C. Numerical effectiveness of g^∗(−3K_V ) − G follows from inequality (g^∗(−3K_V ) − G)|_G · s_∞ ≥ 0, but elementary properties of blow ups imply

(g^∗(−3K_V ) − G)|_G · s_∞ = 6 + s^2_∞ 2 and G^3 = 0. We have to show s^2_∞ ≥ −12. Let N_{C/V} ∼= O_C (m) ⊕ O_C (n) for m ≥ n. Then

m + n = deg(N_{C/V} ) = −K_V · C + 2g(C) − 2 = 0

and exact sequence 0 → N_{C/S̃} → N_{C/V} → N_{S̃/V} |_C → 0

imply n ≥ deg(N_{C/S̃}) = −6, where S̃ = γ^{−1}(S). So, s^2_∞ = n − m = 2n ≥ −12 and effective divisor g^∗(−3K_V ) − G is numerically effective. Therefore, we have inequality

6n^2 − mult_C (D_V )(6mult_C (D_V ) + 4n) = (g^∗(−3K_V ) − G) · D^2_W ≥ 0,

which is a contradiction. Hence, C ∩ L̃ ≠ ∅.

Let Ĉ = f^{−1}(C) and h : U → X be a blow up of curve C, let H be an exceptional divisor of h, D_U be a proper transform of D_V on U, let D_1 and D_2 be two general enough divisors in linear system D_U and r = E · Ĉ = 2 − F · Ĉ, where F is a fiber of τ. Then

T_U = D_1 · D_2 = ∑ O_i≠δ∈L̃∩C

p_δZ_δ + ∑ O_i∈L̃∩C

(p_{i,0}Z̄^0_i + p_{i,1}Z̄^1_i ) + C_H ,

where Z_δ is a proper transform on U of an irreducible fiber of f over point δ ∈ L̃, Z̄_{i,k} is a proper transform on U of a component of fiber Z_i = Z_{i,0} ∪ Z_{i,1} of f over O_i, integers p_δ and p_{i,k} are non-negative, support of cycle C_H is contained in H. Moreover, equality

(2 − r)n^2 = h^∗(F ) · D^2_U = ∑ 2p_δ + ∑ p_{i,0} + ∑ p_{i,1}

holds, because cycle C_H is contracted by h due to mult^2_C (D_V ) = mult_C (D^2_V ). However, effective divisor h^∗(−3K_X ) − H is not numerically effective. Nevertheless, we always have

(h^∗(−3K_X ) − H) · T_U ≥ −H · C_H − ∑ p_δ − ∑ p_{i,0} − ∑ p_{i,1} ≥ (r − 2)n^2 ≥ −n^2

and, therefore, we have

6n^2 − mult_C (D_V )(6mult_C (D_V ) + 4n) = (h^∗(−3K_X ) − H) · T_U ≥ −n^2,

which is a contradiction. □

� � Suppose CS(V,^1_n D_V ) contains a curve C with −K_V · C = 2. Then there is a pencil P of K3 surfaces in linear system | − K_V |, such that ρ = ϕ_P . 31

Proof. Image of C on P^3 is a line due to Lemma 7.4. Thus, there is a pencil P ⊂ | − K_V | of surfaces passing through curve C. Let g : W → V be a resolution of indeterminacy of rational map ϕ_P , such that W is smooth and there is unique g-exceptional divisor G, which dominates curve C, let D_W be a proper transform of D_V on W and D_W be a general enough fiber of morphism ϕ_P ∘ g : W → P^1. Then equality mult_C (D_V ) = n implies

D_W |_{DW} ∼ k∑ i=1 a_iG_i,

where a_i are non-negative integer numbers and every divisor G_i is g-exceptional, whose image on V is a point on curve C. On the other hand, linear system D_W has no fixed components, which implies that ϕ_{DW} = ϕ_P ∘ g. Therefore, ρ = ϕ_P . □

� � Suppose that CS(V,^1_n D_V ) contains a curve C with C ∩ L̃ = ∅. Then there is a pencil P in linear system | − K_V |, such that ρ = ϕ_P .

Proof. See the proof of Lemma 5.5. □

� � Suppose that set CS(V,^1_n D_V ) does not contain curve L̃ and contains some curve C on 3-fold V . Then there is a pencil P ⊂ | − K_V |, such that ρ = ϕ_P .

Proof. See the proof of Lemma 5.6. □

� � CS(V,^1_n D_V ) contains either a curve on V or some point O_i.

Proof. Suppose the claim is false. Then Lemmas 7.3-7.7 imply existence of point O ≠ O_i, such that O ∈ L̃ and O ∈ CS(V,^1_n D_V ). Proper transform D_X of linear system D_V on X is a linear subsystem of linear system | − nK_X | and set CS(X,^1_n D_X ) contains either an irreducible fiber Z of birational morphism f over point O or a point P ∈ Z.

Suppose CS(X,^1_n D_X ) contains a point P ∈ Z. Then D^2_X = mult_Z (D^2_X )Z + C_X , where support of one-dimensional effective cycle C_X does not contain curve Z and

mult_P (D^2_X ) = mult_Z (D^2_X ) + mult_P (C_X ) ≥ 4n^2

by Theorem 3.12. On the other hand, Z · F = 2 and D^2_X · F = 2n^2, where F is a fiber of fibration on del Pezzo surfaces of degree two τ. In particular, mult_Z (D^2_X ) ≤ n^2 and inequality mult_P (C_X ) ≥ 3n^2 holds. Let H be a general enough divisor in | − K_X | passing through curve Z. Then H does not contain any irreducible component of C_X and

2n^2 = H · C_X ≥ mult_P (C_X ) ≥ 3n^2,

which is a contradiction.

Suppose Z ∈ CS(X,^1_n D_X ). Let g : W → X be a blow up of Z, let D_W be a proper transform of D_X on W and G be a g-exceptional divisor. Then | − K_W | is free and ϕ_{|−KW |} is an elliptic fibration. Let C be a general fiber of ϕ_{|−KW |}. Then D_W ·C = 2n−mult_Z (D_X ), 32 which implies that D_W lies in the fibers of ϕ_{|−KW |}. Moreover, set CS(W,^1_n D_W ) does not contain curves, which are not contracted by τ ∘ g, because otherwise 2n^2 = D^2_X · F ≥ 3n^2, where F is a fiber of τ. We already proved that set CS(X,^1_n D_X ) can not contain points in irreducible fibers of f. Suppose that set CS(X,^1_n D_X ) contains some point P_i on reducible fiber Z_i = Z^0_i ∪ Z^1_i of f. Let H_{Zi} be a general element in | − K_X | passing through Z_i and n^2(Z_i + 2C) ≡ D_1 · D_2 = mult_Z0_i (D^2_X )Z^0_i + mult_Z1_1 (D^2_X )Z^1_i + C_X + R_X , where D_1 and D_2 are general divisors in D_P , C_X is an effective one-cycle on X contained in the fibers of τ, R_X is an effective one-cycle on X, whose components are not contained in the fibers of τ, C is a curve in fibers of τ with −K_X · C = 1. Then 2n^2 = H_{Z1} · (C_X + R_X ) ≥ mult_P (C_X ) + mult_P (R_X ) > 2n^2, because mult_Z0_i (D^2_X ) + mult_Z1_i (D^2_X ) + R_X · F = 2n^2, cycle R_X is not empty by assumption and inequality mult_{Pi} (D_1 · D_2) ≥ 4n^2 holds by Theorem 3.12. Therefore, singularities of log pair (W,^1_n D_W ) are terminal. Hence, for small enough ϵ ∈ Q_> 1_n log pair (W, ϵD_W ) is terminal as well and κ(W, ϵD_W ) = 2, but κ(W, ϵD_W ) = 1 by construction of D_V . □ Let D_X be a proper transform of D_V on X and F be a fiber of τ : X → P^1. Then D_X ∼ f^∗(−nK_V ) − mE ∼ −nK_X − mE ∼ f^∗(K_V ) ∼ n(F + E) − mE, where n > m = mult_{L̃}(D_V ). Let μ =^1_{n−m} and r =^m_{n−m} . Then K_X + μD_X ∼_Q rF .

Remark 7.9. r > 0 ⇐⇒ m > 0 ⇐⇒ L̃ ∈ CS(V,^1_n D_V ). � � CS(X, μD_X ) ≠ ∅.

Proof. Suppose (X, μD_X ) is terminal. In case r > 0 log pair (X, ϵD_X ) is a canonical model for some ϵ ∈ Q_{>μ}, but κ(X, ϵD_X ) ≤ 1 by construction of D_V . In case r = 0 movable log pair (V,^1_n D_V ) is terminal, which contradicts Lemma 7.1. □

� � Let C be a curve in CS(X, μD_X ), such that C is contained in the fibers of del Pezzo fibration τ. Then log pair (X, μD_X ) is canonical in the generic point of C.

Proof. See the proof of Lemma 5.11. □ � � There is a composition σ of Bertini involutions of generic fiber of τ, such that log pair (X, μ_σσ(D_X )) has canonical singularities in codimension one, where μ_σ ∈ Q_{>0} and equivalence K_X + μ_σσ(D_X ) ∼_Q r_σF holds for some positive rational number r_σ.

Proof. See the proof of Lemma 5.12. □ 33

Composing β with σ^{−1} we may assume that (X, μD_X ) is canonical in codimension one.

� � CS(V,^1_n D_V ) contains some curve on V .

Proof. Suppose the claim is false. Then L̃ ∉ CS(V,^1_n D_V ) and set CS(V,^1_n D_V ) contains some point O_i by Lemma 7.8. We may assume that i = 1. Therefore, Lemma 7.10 implies that set CS(X,^1_n D_X ) contains either a point P ∈ Z_1 or a component of Z_1 = Z^0_1 ∪ Z^1_1 , where Z_1 is a redicible fiber of birational morphism f over O_1. Let D_1 and D_2 be general enough surfaces in D_X . Then

n^2(Z_1 + 2C) ≡ n^2K^2_X ≡ D_1 · D_2 = mult_Z0_1 (D^2_X )Z^0_1 + mult_Z1_1 (D^2_X )Z^1_1 + C_X + R_X ,

where C is a curve in fibers of τ with −K_X · C = 1, C_X is an effective one-cycle on X contained in the fibers of τ and R_X is an effective one-cycle on X, whose components are not contained in the fibers of τ.

Suppose that set CS(X,^1_n D_X ) contains some point P ∈ Z_1. Then Theorem 3.12 implies inequality mult_P (D_1 · D_2) ≥ 4n^2. On the other hand, Z^0_1 · F = Z^1_1 · F = 2 and

2n^2 = D_1 · D_2 · F = mult_Z0_1 (D^2_X ) + mult_Z1_1 (D^2_X ) + R_X · F,

where F is a fiber of τ. In particular, mult_Z0_1 (D^2_X )+mult_Z1_1 (D^2_X ) ≤ 2n^2 and equality holds in case R_X = ∅. Let H_{Z1} be a general enough surface in linear system | − K_X | passing through Z_1. Then H_{Z1} does not contain irreducible components of C_X and R_X . Thus,

H_{Z1} · (C_X + R_X ) ≥ mult_P (C_X ) + mult_P (R_X ) ≥ 4n^2 − mult_Z0_i (D^2_X )δ^0_P + mult_Z1_1 (D^2_X )δ^1_P ,

where δ^i_P = mult_P (Z^i_1). However, H_{Z1} · (C_X + R_X ) = 2n^2. Hence, cycle R_X is empty, equality mult_P (C_X ) = H_{Z1} · C_X = 2n^2 holds and either point P is a point of intersection of curves Z^0_1 and Z^1_1 and equality mult_Z0_1 (D^2_X ) + mult_Z1_1 (D^2_X ) = 2n^2 holds or point P is contained only in one component Z^k_1 of Z_1, mult_Zk_1 (D^2_X ) = 2n^2 and mult_Z1−k_1 (D^2_X ) = 0, but equality D_1 · Z^0_{1−k} = 0 implies mult_Z1−k_1 (D^2_X ) > 0. Thus, P = Z^0_1 ∩ Z^1_1 and

mult_Z0_1 (D^2_X ) + mult_Z1_1 (D^2_X ) = 2n^2,

but mult_P (C_X ) = H_{Z1} · C_X implies that C_X is contained in the fiber F_P of τ passing through P . Moreover, mult_P (D_X ) = 2n by Theorem 3.12. Consider V as a hypersurface

u^2 = x^2 4∑ i=0 p̄_i(x, y, z)t^{4−i} + y^2 4∑ i=0 q̄_i(x, y, z)t^{4−i}

in P(1, 1, 1, 3), where p̄_i and q̄_i are homogeneous polynomials of degree i, x, y, z and t are coordinates of weight one and u is a coordinate of weight three, such that curve L̃ is given by x = y = 0 and point O_1 is given by x = y = z = 0. Then either q̄_0 or p̄_0 vanishes by definition of O_1 and due to our initial assumption that there are exactly eight different 34 points O_i. Suppose q̄_0 = 0. Then linear form q̄_1(x, y, z) does not vanish due to smoothness of 3-fold X. Moreover, q̄_1(0, 0, z) does not vanish due to smoothness of E. Therefore, pencil P in linear system | − K_V | given by equation Ax + Bq̄_1(x, y, z) = 0 does not have base components, where A and B are complex numbers. Let P_X be a proper transform of pencil P on 3-fold X and D_X be a general element in P_X . Then

mult_P (D_X ) = 2, D_X ∼ −K_X , mult_P (D_1 · D_X ) = 4n

and we can apply previous calculations to effective one-cycle D_1 · D_X instead of effecive one-cycle D_1 · D_2. Therefore, D_1 · D_X ⊂ E ∪ F_P . Let O ∉ E ∪ F_P be a general enough point on surface D_1 and D_X be a surface in pencil P_X passing through P . Then D_1 = D_X , because surfaces D_1 and D_X are irreducible. Therefore, D_V = P, but set CS(V, P) contains some curve, which contradicts our assumption.

Hence, we may assume that set CS(X,^1_n D_X ) does not contain points on X and contains either both curves Z^0_1 and Z^1_1 or only one of them. However, in all these cases we can apply arguments from the proofs of Lemmas 7.8 and 5.13 to derive a contradiction. □

Remark 7.14. We may assume that r > 0.

Let h : U → X be a birational morphism with smooth U and regular β ∘ f ∘ h. Then

K_U + μD_U ∼_Q h^∗(rF ) + k∑ i=1 a_iE_i,

where D_U is a proper transform of linear system without fixed components D_X on U, divisor E_i is h-exceptional and a_i is rational. Consider finite or empty subset J ⊂ P^1, such that for one of divisors E_i with a_i < 0 its image on X is a point in the fiber of τ over the point in J . For every point λ in J we have rational equivalence

h^∗(F_λ) ∼ h^{−1}(F_λ) +

k_λ∑

j=1 b_j E_j,

where b_i is a natural number and F_λ is a fiber of τ over λ. Finally, let I = ∪_{λ∈J} I_λ, where for every λ ∈ J let I_λ ⊂ {1, . . . , k} be a finite subset, such that i ∈ I_λ if and only if h(E_i) is a point in fiber F_λ and a_i < 0.

� � r + ∑ λ∈J min{^{ai}_{bi} | h(E_i) ∈ F_λ and a_i < 0} ≤ 0.

Proof. Suppose the claim is false. Then there are positive rational numbers ϵ and c_λ, such that r = ϵ + ∑ λ∈J c_λ and c_λ + min{^{ai}_{bi} | h(E_i) ∈ F_λ and a_i < 0} > 0. Then

K_U + μD_U ∼_Q h^∗(ϵF ) + ∑ λ∈J ( h^∗(c_λF_λ) + ∑ i∈I_λ

a_iE_i ) + ∑ i∉I

a_iE_i

and for every λ ∈ J divisor h^∗(c_λF_λ) + ∑ i∈I_λ aiEi is effective by the choice of positive

rational numbers c_i and divisor ∑ i∉I aiEi is effective, because (X, μDX ) is canonical in 35 codimension one. Let O be a general enough point in general enough fiber D_O of ρ ∘ f ∘ h and C be a proper transfom on U of a general enough irreducible curve in general enough fiber of π, such that C contains point O. Then K_U · C = 0, because canonical divisor of the general enough fiber of π is numerically trivial by assumption, and D_U · C = 0 by construction of linear system D_V . Thus, we have

(K_U + μD_U ) · C = h^∗(ϵF ) · C + ∑ λ∈J ( h^∗(c_λF_λ) + ∑ i∈I_λ

a_iE_i ) · C + ∑ i∉I

a_iE_i · C = 0

and, therefore, h^∗(ϵF ) · C = 0 due to generality in the choice of curve C. Let F_C be a fiber of τ ∘ h passing through O. Then h^∗(F ) · C = 0 implies C ⊂ F_C . On the other hand, both surfaces D_O and F are irreducible due to generality of the choice of O. Hence, generality in the choice of C implies F = D_0, which is impossible, because Kodaira dimension of surface F is −∞ and Kodaira dimension of surface D_0 is zero. □

Let Z be a fiber of f|_E : E → L̃ and C be a curve in fibers of τ with −K_X · C = 1, choose two general enough surfaces D_1 and D_2 in D_X . Then NE(X) = R_{≥0}Z ⊕ R_{≥0}C and

T_0 = μ^2D_1 · D_2 = Z_X + ∑ λ∈P^1

C_λ ≡ Z + (2 + 4r)C,

where all components of effective cycle Z_X do not lie in the fibers of τ and every component of effective cycle C_λ lies in the fiber F_λ of τ over λ ∈ P^1. Therefore,

−K_X · ∑ λ∈P^1

C_λ = 2 + 4r ≤ 2 − 4 ∑ λ∈J min{ a_i b_i

| h(E_i) ∈ F_λ and a_i < 0}

and there is ω ∈ P^1 and a h-exceptional divisor E_t, such that h(E_t) is a point O in the fiber F_ω of τ over ω, and for a_t/b_t = min{^{ai}_{bi} | h(E_i) ∈ F_ω and a_i < 0} inequality

−K_X · C_ω ≤ 2 − 4a_t/b_t

holds. Thus, we can repeat all arguments of §5 starting from Lemma 5.22 except the last one, because linear system D_X is a pencil. Therefore, in notations of §5

T_0 = Z_X + C_ω, a(X, μD_X , G_N )) = −Σ_1, Σ_0 = Σ^′_0, b(X, F_ω, G_N ) = Σ_0, r =

Σ_1 4Σ_0

, ν_i = 2,

support of cycle Z_X is contained in some reducible fiber Z_i = Z^0_i ∪ Z^1_i of f and

mult_O(Z_X ) = 2n^2, mult_O(C_ω) = 2 + 4r, −K_X · C_ω = mult_O(C_ω), m^i_{T0} = m^0_{T0} .

Remark 7.16. Fiber F_ω is a double cover of θ ∘ f(F_ω) ∼= P^2 ramified in possible singular quartic curve, therefore, smoothness of F_ω in O and −K_X · C_ω = mult_O(C_ω) imply that support of cycle θ ∘ f(C_λ) is a unique line in P^3 passing through point θ(O_i) ∈ L. 36

� � O = Z^0_i ∩ Z^1_i .

Proof. Suppose O ≠ Z^0_i ∩ Z^1_i and O ∈ Z^k_i . Then support of C_ω consists of smooth rational curve C ⊂ X, such that −K_X · C = 1 and O ∈ C. However, we have

D_X |_{Fω} ∼ (m − n)K_{Fω} ∼ (m − n)K_X |_{Fω}

and mult_O(D_X |_{Fω} ) ≥ 2(n − m), where F_ω is considered as double cover θ_{Fω} : F_ω → P^2 ramified in quartic curve S_{Fω} ⊂ P^2, which is smooth in point θ_{Fω} (O). Therefore,

D_X |_{Fω} = 2(n − m)C,

which implies θ_{Fω} (C) ⊂ S_{Fω} . In particular, θ_{Fω} (O) ∈ S_{Fω} , which implies O = Z^0_i ∩ Z^1_i . □

� � K = 1.

Proof. Let K ≠ 1. Then P_1 is a point. Equality m^0_{T0} = m^1_{T0} implies that P_1 is contained in proper transform of Z^k_i on X_1 and support of Z_X consists of Z^k_i . Therefore, proper transform of cycle C_ω on X_1 can not pass through point P_1, because curve Z^k_i intersects any curve in the support of cycle C_ω transversally due to smoothness of E and due to

E · C_ω = −K_X · C_ω = mult_O(C_ω),

which implies m^0_{T0} > m^1_{T0} . □

Remark 7.19. Equalities ν_i = 2 imply that graph Γ is a chain, Σ_0 = 1 and Σ_1 = N − 1.

Restriction of D_{X1} on G_1 ∼= P^2 is rationally equivalent to O_P2 (2(n − m)). On the other hand, equality mult_{P1} (D_{X1} ) = 2(n − m) holds. Therefore, D_{X1} |_{G1} = 2(n − m)P_1 and P_1 is a line on G_1 ∼= P^2. Equality b(X, F_ω, G_N ) = Σ_0 implies P_1 ⊄ F^1_ω. Therefore, restriction of linear system D_{X1} on surface F^1_ω has multiplicity at least 2(n − m) in point P_1 ∩ F^1_ω , which implies that D_X |_{Fω} = 2(n − m)C_0, where C_0 ⊂ F_ω is a smooth rational curve passing through O, such that equality −K_X · C_0 = 1 holds. Thus, curve θ ∘ f(C_0) is a line on S, which pass through point O_i. Hence, θ ∘ f(C_0) = L and C_0 = F_ω ∩ E due to our initial assumption, which contradicts smoothness of E. Therefore, we proved Theorem 1.15.

References

[1] Kollár J., Rational curves on algebraic varieties (1996), Springer-Verlag. [2] Manin Yu., Cubic forms, Nauka, 1972.

[3] Cheltsov I., Log pairs on birationally rigid varieties, Jour. Math. Sciences 102 (2000), 3843–3875. [4] Manin Yu., Rational surfaces over perfect fields, Publ. Math. IHES 30 (1966), 55–114. [5] Manin Yu., Rational surfaces over perfect fields II, Mat. Sbornik 72 (1967), 161–192. [6] Bogomolov F., Tschinkel Yu., On the density of rational points on elliptic fibrations, J. Reine Angew.

Math. 511 (1999), 87–93.

[7] Harris J., Tschinkel Yu., Rational points on quartics, Duke Math. Journal 104 (2000), 477–500. [8] Ryder D., Elliptic and K3 fibrations birational to Fano 3-fold weighted hypersurfaces, Thesis (2002). 37

[9] Cheltsov I., Log pairs on hypersurfaces of degree N in P^N , Mathematical Notes 68 (2000), 131–138. [10] Cheltsov I., On smooth quintic 4-fold, Mat. Sbornik 191 (2000), 139–162. [11] Cheltsov I., A Fano 3-fold with unique elliptic structure, Mat. Sbornik 192 (2001), 145–156. [12] Grinenko M., Birational properties of pencils of del Pezzo surfaces of degree 1 and 2, Mat. Sbornik 191 (2000), 633–653.

[13] Grinenko M., On the birational rigidity of some pencils of del Pezzo surfaces, Jour. Math. Sciences 102 (2000), 3933–3937.

[14] Grinenko M., On fiberwise surgeries of fibrations on a del Pezzo surface of degree 2, Russian Math.

Survey 56 (2001), 753–754.

[15] Pukhlikov A., Birational automorphisms of three-dimensional algebraic varieties with a pencil of del Pezzo surfaces, Izv. Math. 62 (1998), 115–155.

[16] Alexeev V., General elephants of Q-Fano 3-folds, Comp. Math. 91 (1994), 91–116. [17] Kawamata Y., Matsuda K., Matsuki K., Introduction to the minimal model problem, Adv. Stud. Pure Math. 10 (1987), 283–360.

[18] Kollár J. et al, Flips and abundance for algebraic threefolds 211 (1992), Astérique. [19] Corti A., Singularities of linear systems and 3-fold birational geometry, L.M.S. Lecture Note Series 281 (2000), 259–312.

[20] Pukhlikov A., Essentials of the method of maximal singularities, L.M.S. Lecture Note Series 281 (2000), 73–100.

[21] Corti A., Factorizing birational maps of threefolds after Sarkisov, J. Alg. Geometry 4 (1995), 223–254. [22] Kawakita M., Divisorial contractions in dimension 3 which contracts divisors to smooth points, Invent.

Math. 145 (2001), 105–119.

E-mail: cheltsov@yahoo.com