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Introduction.

On an analytic rnanifold X, a bundle E is said to be

flat if it is associated to a representation of the fundarnen-

tal group, or, equivalently, if there is an holornorphic inte-

grable connection 'iJ on E. In this article we construct

classes c· (E , V) E: 'H
2p

(X, Z (p) --> ~) '.,' whose images in thep

Deligne cohornology H
2p

(X,Z(p) --->OX ---> ... -.--> nP~1)

are the Chern classes CV(E) in the Deliqne cohornology. In
p

particular their images in H2p(X,~(p)) are the topological

Chern classes c tOP(E) (and their images cDR(E) in
p P

dirnX
HP (X, n~ '--> . .. --> nx ) vanish). Those classes

Cp(E,V) are functorial arid addifive~

The group H
2

(X, Z (1 ) ---> is identified

with the group of isornorphism classes of rank one bundles.

P. Deligne ([1], (1.3)) rernarked that the group

n2
(X,Z(1) -->.Ox ---> n~) is identified with the group o.f

isomorphism classes of rank one bundles with holornorphic

connections (E,V) Therefore one sees that V is inte-

grable if and only' if the class (E,V) lies in

H2 (X, Z (1) ---> n ~) ~ H1 (X, ~*). Our construction rel ies on
X

this observation.

Suppose that E has a filtration by subbundles Ek such

that L
k

= E
k

/Ek -
1

is a rank one bundle and such that V

induces an integrable connection Vk on Lk .

a flat filtration. If we define a product

(:I (p) --> (C) x (:I: (q) -> an --> (Z (p+q) -> <r)

We call this
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which is cornpatible with the standard cup product and Deligne

product, we will define classes c (E,V) as synrnetric sum of:
p

the p-prödtict's of (Lk , V' k) whichmap to' c~op (E) and cg (.E) .

However such a filtration does not exist in general, and

of course i~ one considers a particular splitting morphism

f : P --> X of E, the corresponding canonical fil tration

Ek is not flat. So one has to define a substitute for the

flatness on P .

Assurne first that rank E = 2, and consider the canoni-

cal filtration of f*E on its projective bundle P by 0(1)

morphism

The integrable connection v defines aand 1
0pIx (1 )

.
T : rl p

.
--> n·

T
from the Oe. Rham corno lex of P to

a complex whose image on X is Rf*~~ =. n~x ' the De Rham

(O(t),V)
T

and classes

V defines integrable T-connections

1
and np Ix (1) ,

H
2

( P, Z ( 1) ->

complex of X . Further

V and Vi on o(1 )
T T

and (n~/x(1) ,V~) in

duct by multiplying the

.
nT~ We.define a pro-

class of (n~ Ix (1 ) , VI T) by

C~oP(0(1» to get.a class c
2

(f*E,f*V) EH
4

(P,Z(2) --> n·- T)

whose image in . H4(p,~(2)) is cioP(f*E) This implies in

particular that c 2 (f*E,f*V) = f*C 2 (E,V) for a weIl defined

4class c 2 (E, V) E: H (X, ~ (2) --> (L). It is not hard to compute

Vthe compatibility with C 2 (E)

Tf one has now a flat filtration L 1 c E and L 2 = EIL 1 '

one wishes the above construction gives the same class as be-

fore. As the T-cohomology is not a free

module over H· (X,.ZI; ( .• ) --> a:), one can not apply Hirzebruch-
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Grothendieek's formalism to prove this additivity property.

We show that the restrietion of v to the seetion of P
T

over X eorresponding to L2 is preeisely v2 . This proves

essential~y the additivity wanted.

For a"higher. rank... bundle,one has to repeat this eonstrue-

tion (rank E-1) times. To do this we have to start with ge-

neral integrable T-eonneetions. The neeessary study of formal

operatio~s (like pull-baek ... ) makes the artiele a bit techni-

nal. But basically the general construction follows the same

line as in the rank 2 case. One obtains the existence of simi-

~ar elasses for general integrable T-connections with the

usual properties.

J. Cheeger and J. Sirnons ([3]) constructed in a diffe-

rential geometrie framework classes

when X is a
co

C manifold and E

~ (E) E:':H 29- 1
(X,JR/:E)p

is a flat bundle. Follo-

wing S. Bloch ([2]) their images in the Deligne cohornology

are the classes CV(E) in the unitary case. M. Karoubi ([7])
p

constructed with K-theory and cyclic hornology classes

t (E) E: H2p- 1 (X, G:/Zl' (0» when X is a simpl ieial set andp - -

E is a flat bundle. One rnay ask what is the relationship

1\
between c (E,v), c (E) andp p

sider this question here.

v
Cp(E). However we don't con-

If 0 is a divisor with normal crossings on X, one

rnay perforrn the. same construction for bundles E with an

integrable "logarithmic connection V along D. This leads
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to classes Cp(E,V,D)E H2p (X,Z(p)---> Rj*~) where

j : X - D ---> X is the open embedding, whose images in

2p p-1H (~Z(p) ---> 0x ---> ... ---> nX <D» are the images of

CV(E) Those classes c (E,V,D) are functorial and· additive.
p p

One knows that if X has a Hodge structure and E is of

rank one with vanishing ~tiyah class,. all the hamomorphic con-

nections V on E are integrable. This.can be easily seen

in the language introduced before, namely one has

212H (X,~(1) ---> 0x ---> ~X) = H (X,~(1) ---> üX) The corres-

ponding thing for higher rank bundles is: if·one has a .Hadge

structure, then

H
2 (P,Z(1) --> 0 ---> f*n 1

) = H2(p,~(1) --:;:--d>n·",), provided
P Td X ••

- ,

is a complex, i.e
2

( Td) = O. The latter is·therefore

equivalent to the integrability af V.

I like to thank B. Angeniol with whom.I cornputed the

important point (0.7) same time aga (see (0.8», C. Saule

who told rne a lot about ehern classes in the Deligne cohornology

(and sent me [8]) J.L. Verdier and E. Viehweg for .very

stimulating discussions·. Finally I thank O. Gabber for pein-

ting out to me an error in an earlier version of this werk.
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§ o. Preliminaries.

(0.1) X: analytic manlfold over 0: of c·)Jnpl~x dimension n

D: divisor with normal crossings on X

] : X-D ---> X : open embedding .

A(p) = (2in)P.A . for a Z-module A

nx: holomorphic De Rham complex with Kähler differen­

tial d

holomorphic De Rham complex with logarithmic sin­

gularitiesi it is quasi-isomorphie to Rj*0:([4])

endomorphisms of E .

E: veetor bundle of rank r on X

o
End E = 0x Eil End E via

tP _ . .1 trace c.p • id $ lA O
r

with traee c.p0 = 0

(0.2) An holomorphie connection

V: E --> n~ ~ E is a ([-linear morphism verifying. the

Lei1;>nitz-rule

V ().. ·x) = A·V(x) + dA ·x , for A E °x and x E E One

defines

V : nP @ E --> p+1 @.E by
X Qx

V(w@x) = (-1 ) P dw @x + W 0Vx , for w E nP and x E E
X

One says that V is integrable if (n • @ E, V) 1s a eomplex,X.
"1

2 2or equivalently, if the curvature E: HomO .(E,OX Q E) vanishes.
X

The bundle E is said to be flat if same integrable connection..

exists. Flat bundles are in one-to-one eorrespondenee with 10eal

constant systems by the Riemann-Hilbert correspondence

{(E,V)}->{L=Ker'V}, {L} -->{L@Ox·' 1@d}
0:
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(0.3) On a trivializing open cover U, of E on X define
1.

, where

V. by declaring some basis to be flat. Then
1.

V. - V, . E r (U, n u " nx1 '@'EndE)isaCOCYCleWhOseclassin
1 J 1. J

H
1

,(X, n~ 0 End E) is the Atiyah class ' at E of E. Its va-

nishing is the obstruction for E to have an holomorphic con­
p

nection. One ,has cDR(E) = (-1)P trace A atE ('HP(X nP)
p , X

is:the De Rham ehern class. One has

at E = _.1. c DR (E). identity fB. atOE
r 1

If t;., is a cocycle representing the class of E in
1.J

1 -1
H (X ,Gl,~ ( 0X) ), then - t;. ,. •df;,. represents atE

.., 1.J 1.J

. (0.'4) One def ine s a tDE to be the image of a tE in

H
1 (X'()x1<D> n.. End' E) It . h' , th b t t' fH ~ S van1.S 1.ng 1.S e 0 S ruc 1.on or

E to have an holomorphic connection with logarithmic poles

along D

1
by nx<D»

(same definition as in (0.2) where one replaces

Integrable logarithmic connections where studied

by P. Deliqne [4] .

((L?) Def ine P = P(E) = projx( ffi,S'(E)) the projective bundle
n~O

of E, where S· (E) are the symmetrie powers of E ,

f : P ---~ X , 0(1) as the relatively arnpie sheaf uniquely

determined by the exact sequence

(1 )

where

1 q
o ---> np/z (1) ----> f*E ----> 0(1) ----> 0

1
n p/x are the relative holornorphic one forms.
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One has the other fundamental sequence

(0) o --> f*n 1
X

i
-'-> n1 L>p --> o

Denote by 1Tp / X the relative tangent sheaf.

(C .6) The sequence (0.5.0) is an extension class in

H
1 (p,f*n~ 0

1
H

1 (x,n~ 0
1

Tp / X) = Rf*Tp / x)
1 . 1

0 End O
E)= H (X ,nx

Lemma. This class is---
oat E , up to the sign.

Proof. It is enough to see th~t on any trivializing open set

U for E on X, some connection V defines a section of

p , and that n 1 e End O E
U

acts on the connections on u as

does on the sections of p on f- 1 U

V being given, define

C1 01 0 (1) = (1, 1 @ q)f*V
np

where f*v is defined to be on d

via the Leibnitz rule. Then 0 @ 10 (1) is 0p-linear ..

(0.6.1) Claim. -0 is a section of p.

Praof. Let ke be a basis af E on u . Define k kt =q(e )
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A basis 1 f- 1U n (tO *0) is given byof 0p Ix (1 ) on

k k t k 0 One hasx = e - -- e
t O

k (10q) (f *\7 k t k
f*\7eO) - d(:~) . t °(J e 1 (x ) = e - tO

Pa( x~) - Pd(:~) = 1 ( k t k

°= o e - tO e ).
t t

If \7' V+a. with kl E 1 EndE) one has= a. = a. r (u , Qx 0

( (J 1- 0 ) 0 1 (x
k ) (-10q) (aek- t

k 0)= - ae
tO

L (lkttt _ t k

L (l0tt1=
tOt .e

One sees that 1
r trace a. • id acts trivially, and that

(0.7) Assurne E to have an holomorphic connection V. This

def ines a as in (0 .6) and T = 1 + ap is a section of i.

with the notations of (0.6) one has

Define a T-connection V on a sheaf F on P to be a
T

~-linear morphism V : F ---> f*o1 0 F verifying the
T X

T- Leibnitz rule V' (A.X) = A.V (x) + TdA.x ,
T T

and x E F •

Lemma. Tf*v is a T-connection on f*E such that

is a T-connection Vi
T

1
on np Ix (1 ) and
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is a well defined T-connection V on 0(1)"
T

Proof. As - 0 is a section of p ,

(1 ~q)

der

1
(Tf * V) .1 n1 ( 1) = O. Therefore Qp Ix (1 ) isstabl e

p/X
Tf*V, and the quotient (10q)Tf*V is defined.

un-

(0.8) Remark. In an effort to understand conditions for a

bundle to be flat, we computed some time aga (0.6) and (0.7)

with B. Angeniol. The point (0.6) i8 weIl known whereas the

point (0.7) will play an important role in thi8 article.
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§ 1. Some conditions for a bundle tc be flat.

(1.1) Let E be a rank one bundle. Its isomorphism class is

a class in H1 (X,O*) <-~--- H2(X,~(1) ---> 0) say of cocycle
exp

S .. E:: r(u. n U.,O*)
~J ~ J

v
in a Cech cover U

i
.

As --> ... ---> o , the

morphism

H
2

(X,Z(1) ---> n·) ~> H1 (X, ~*)t X

H
2

(X,Z(1)-"--> 0x ---> n~)

~s injective. One considers also the morphism

H
2

(X, 7,l"( 1 ) --.> °x ---> n1 )
X

1
H

2
(X, Z (1 ) -> 0 ) ---> H 1 (X, 0*)

X

Lemma. i) The isomorphism classes cf rank cne bundles E with

holomorphic connections V build a group identified with

H
2

(X, ~ (1 ) ---> °x ---> n1 ) . Denote by (E, V) a class in
X

H
2

(X, Z (1 ) --> °x ---> n1 ) Its image (E) in
X

H
2

(X, Z (1 ) ---> °X) is the isomorphism class of E .

ii) V is integrable if and only if

(E , V) E H
2

(X, ~ ( 1) ---> nX) .

Proof. i) This is Deligne:' s point of view.
v

In some Cech qover V is given by one forms 1w. E r (U. , nx)
1 ~

-1
verifying S .. ·d~ .. = w

1
.-w

J
.• (s . . ,w.) is the class wanted.

1J 1) 1) 1

It is isomorphie to the class of (O,d) if and only if they
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-1
w. = f. · df .

1. 1. 1.

f. E f(U. ,0)
1. 1.
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verifying ~ ..
1.J

and .

ii) The curvature

if and only if

° 2 ndW i E H (X ,''X --> ... --> "X) vanishes

2
·.(E,V) EKer(H. (X,I;(1) -> 0 --;..

X

= H
2

(X,Z (1) --> ,,~) .

102 n
"X) d> H (X,nx -> · .-> "X)

(1.2) In this language it 1s easy to see the weIl known

Claim. If X has an Hodge structure, then

H1 (X, a;'~) = H2 (X,:I (1) --> 0 --> n1 ) Therefore if E isX X

a rank one bundle with vanishing Atiyah class, all the holo-

rnorphic connections on E are integrable.

Proof. The second statement is a trivial consequence of the

first one.

One has the comrnutative square

Z ( 1 ) --> 0 --> ,,1

~ td
1

~ ( 1 ) --> 0

1da
n2 --> ... --> on

t20 1__> nn --> ... --> n

This gives a commutative diagram

H
2

(X(1) --> 0 --> ( 1 )
H (d

1
)

HO(02 n
> --> ... -->n )

i i
H(d O) H1 (Q 1 2 n

H
2

(:E ( 1 ) -> 0) -->n --> ... ---> 0 )
>
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The first statement is equivalent to H(d,) = o. The image

of H (da) is eontained in H' (n 1.) and therefore 'mee"t·s" in

0' the injeetive image of HO (02 ---> ... ---> On) This im-

plies H(d,) = 0

('.3) Let E be a bundle of rank r with an holomorphie

connection 'iJ. Introduce T, (0(1),V )
T

and

as in (0.7). Define the T-flat sections to be these which

are annih:Llited by a T-connection. If (-rd) 2 = 0 , denote by

n • = 0p ---> f*:n" ---> ... ---> f*nn the -r-Rham complex.
T Td X Td X

Lemma.

i) One has

ii) One ha s Rf* 'iJ' = V
. T

iii) (Td) 2 = 0 if and only if 'iJ2 is 0p-linear. In this
T

case, T : 0' --> f*01 extends to a morphism of cam-p X

plexes T :')lp --> n· . This defines a morphism
T

Rf*([p ---> <Lx in the derived category. One has

Rf n· = n·* J X

iv) One has 'iJ2 = 0 if and only if v2 = 0 In this case
T

has 'iJ,2 0 o(, ) and 1one = Moreover np Ix (1 ) are ge-
T

~nerated' ·by T-flat sections.

Proof.

i) As one just has to see that

This is a Ioeal condi tion on X • On an open set U on X ,
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one has

ii) As in i) , one just has to see As f*E is

the sheaf generated by relative global sections of 0(1) , and

as IJ
T

::: (10q) Tf*lJ, this is equivalent to see f,., (Tf*lJ) :::: IJ •

This is the same as in i)

iii) , for

A E 0 and x E 0 (1) •
P

n~ is additively generated by elements y:::: A·dw, for

w t n~-1 ,,'. A E Op Then Tdy == TdAA Tdw , whereas

Td(A·Td~)'::::TdAATdw+A(Td)2w If (Td)2:::: 0 then

Tdy :::: Td(A-Tdw) . In other words, one has a morphism of complexes

T : n· --> n·
P T

iv) If 1J2 :::: 0 then E == L ~ 0x where L is a local constant
CI: ksystem, and ry :::: 1 ~ d Then Tf*1J :::: 1 0 Td If e is a

basis of L on U one has (with the notations of (0.7))

Td(t~) = 0 . Therefore (Td) 2 :::: 0 . This implies
t,. 2

0 well iJ2 \71 2
0(Tf*\7) :::: , as as :::: :::: .T T

Conversely if 2
0 then f v2 iJ2 O. One'iJ. :::: , :::: :::: may gene-T * T

rate o (1 ) by t k and 1 by k which T-flatnp Ix (1 ) x are

sections.

( 1 • 4 ) Remark. To that
2

0 implies (Td) 2 0see \7 == ::::

(which means that n· is a complex) , one does not need in iv)
T

the description of E by its flat sections. If k ise any
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basis of E on U , one has in the notations of (0 .7)

Td(t~) 1 (L wkst S t k
LwÜStS )=

~O ~üt 5 5

für w
kt the connection matrix of 'V on U .

Therefore one has

(
k) k5 5 k5 [. 5S I 5 I t S . 05 I SI]

(T d) 2 !:- =-Ldw ! + Lw Lw ~ - - Lw t
t Ü 5 t O 5 5' tO tO 5'

t k 05 [ S s' 5 lOS' t S ' ]

Lw LW !--I wo·
tO Si"~ tO s' t

Applying the integrability condition,

dw,k~ + I w ks wst = 0, one finds (Td) 2 = ° .
5

(1 .5) If
2(T'd) = 0, one has as in (1.1) an i~jection

(O,Td) i5 the trivial (integrable) T-connection. One c'onsiders

the morphisffi'

H2(p,~(1)

t
H

2
(P, Z (1 )

-->

-->
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T

and (F' 'iJ I ), T
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two rank one bundle5 with (inte-

grable) T-conneetion5, define the (integrable) T-connection on

F "€I F I : 'iJ €I 'iJ ( e€le I) = 'iJ e €Ie' + e @ 'iJ I e I • i f lP: F I --> F
T TI T T

i5 a 0p-morphism, define on F ' the (integrable) T-conneetion:

tP * 'iJ ,( e I) = V (lP (e) )
T T

Then ~ i5 an isomorphism from

"(F ' VI) to" (F,V) if it 1s an isomorphism from F ' to F, T T

Lemma. i) The isomorphism elasses of rank one bundles F with

T-eonneetions 'iJ build a group identified with
T

H2(p,~(1) ---> Op ---> f*o1) Denot~ (0(1),V) the elass
Td X T

defined in (0.7) Its image in H2(p,~(1) ---> Op) i8 the

isomorphism class of 0(1)

ii) Assume that (Td)2 = o. Then V i5 integrable if and

only if (0(1) ,V
T

) E H2(p,~(1) -> n~~.

Proof. i) We mimic (1.1)
v

F on some Cech cover, then

-1
such that u

aß
·Tdu

aß
= w

a
- w

ß

wanted.

If

V
T

U
aß

is a cocyele representing

is given by wEr (U f*n 1 )
0. 0.' X

Then (Uaß'w a ) 1s the class

Thi5 class is isomorphie to ( 0 , Td)

= f · f- 1
0. ß

if and only if they are

and W = f- 1 ·Tdf
0. a Cl

=

ii) By (1 .3) iv) , v2 = 0 if and only if v2
- 0

T

This is equivalent to 0 = Tdw
a

E HO(p,f*n~-->

or (0(1),V) E Ker(H 2 (p,Z(1) ---> 0 ---> f*(1)
T t P X

H2(p,f*n~ ---> .. , ---> f*O~))

H2 (P,Z(1) ->0·)
T
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(1.6) Claim. If X has an Hodge structure, and E is a bundle

2on X with an holomorphic connection V such that . (Td) = 0,

then one has H2(p,~(1) ---> 0·) = H2 (P,Z(1) ---> 0 ---> f*n 1 )
T P Td X

In particular v2 = 0 if and only if (Td)2 = a •

Proof. The- second statement is a trivial consequence of the

first one.

From the commutative diagram

Z (1 ) -->0 ---> f*o1

1
p X

ld 1Z (1 ) -->'0p

tda
f*n

2
---> · .. --> f*nnx x

!2
0

1 nn+r-1---> 0p ---> ·.. -->P

1 1
f*n 1 --> f*n

2
---> · .. ---> f*nnx x x

one has the cornrnutative diagram

2 1 H. (d1 ) 0 ?
H CE

1
(1) ~Op -> f*nxl --------------> H (f*nx ->..-> f*n~)

t
2 1 1 n+r--1 1 1 n

H (Z(1) -> Op) > H (Qp - > •• -> n p ) --> H (f*n ->.. -> f*OX) .
H(da) H(T) x

The first statement is equivalent to H(d
1

) = O. The image

of H(d O)

H(T)H(d
O

)

i5 contained in

is contained in

therefore the image of
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It meets in ° the injective image of

H
O(f*n 2 > > f*nn)

~'x · .. -- U x Therefore one has H(d 1 ) = 0 .

Rernark. Compare (1.3)iv) and (1 .6)

In general has \72

° if and only if '2
0 Withone = 'iJ = .

T

an Hodge structure, one has \72 = ° if and only if (Td) 2 = °.
This is slightly weaker. This corresponds to (1.2)
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§ 2. Characteristic classes of a bundle E with an integrable

connection

(2.1) Let Y be a smooth analytic variety. Let (Ak , k~O) be

a complex such that there is a morphism of complexes

o· -->. A· where AO
Gy'

k 1
= Ak is a quotient bundleT = AAY .

of ok . Define B
1

= Ker T : 0 1 --> A1 . As the differential
Y y

of A· is the factorization on A· of Td , write simply Td

for it.

A bundle F is said to have a T-connection if there is a

~-linear morphism V : F --> A 1 ~ F verifying the T-Leibnitz

ru1 e VT ( A• x) =:).. • VT (x) + Td ( A) @ x .

V
T

is said to be integrable if 0
2 = 0v •
T

F is said to be generated by T-flat sections if locally sec-

tions x generate F with 'V x = 0 .
T

In this.case one may

find a cocycle representing F with

(G,Td) is the trivial (integrable) T-connection. As in (1.5)

is inthe isomorphism class of (F,V)
T

H2 (y,Z(1) -->Gy ---> A1), and V
T

2 = 0

(F,V') is in H2 (y,Z(1) --> A·)
T

if and only if

(2.2) One has the standard operations for bundles with

T-connections.

Let Fand F I be bundles with (integrable) T-connections

V and V'
T T

One defines (integrable) T-connections on
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9..
AF

F ~ F' by'iJ ~'iJ I(f~fl) = 'iJ (f)~f'+f@'iJ'(f')
T T T T

Ho mOy (F ,F ' ). by ('iJtD) (f) = VI tD(f) - (j)('i/ f)
T T

Denote by the connection on Ho~Ö (F,Oy) = F V
•

Y

If (F , 'i/ )
T

and (F I V'), T are cf rank one, of cocycles (u B'w )a a

and (u~ß'w~) , then (F0F',VT0'i/~) is cf cocycle

(u 0: B•u ~ B' Wo: + w~ ) Ther e f ere (F €I F I , 'i/ T ~ 'i/ ~ ) = (F, 'iJ T) + (F' , 'i/ ~ )

in H
2

(Y,Z(1) -> Oy -> A 1 ) (resp. in H
2

(y,_Z(1) -> A·))

Similarly (pv,V v ) = -(F,'i/) in H2 (Y,Z(1) ---> Oy ---> A1 )
T T

(resp. H2
(Y,LZ(1) -> A·))

A filtration Pk-1 cFk

bundles Fk such that

of a higher rank bundle F by sub-

'i/ TFk C A1 ~ Fk is said to be T-compa-

tible (T-flat if v2
= 0) • This defines

T
(integrable)

T-connections 'i/
T, k

An exact sequence 0 ---> F ' --> F --->F II --> 0 is said to

be T-compatible (T-flat) if the filtration F' CF is.

(2.3) Let g : Z --> Y be a morphism between two manifolds,

an Fand T be as in (2.1). Define the exact sequence

One has the exact sequence

g*A 1
pI

---> n~,T ---> n~/y ---> o
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Claim. r ·extends -to ·a morphism of complexes r

dB 1
c B1AO~

Proof.

One has

One has

The kernel of nk
---> nk is generated byZ Z,T

·One has to see that d(g*B1An~-') c g*B1An~·

1 -1 1
Write g*B = Oz {9_1 9 B

9 0y

+ Oz 0 -1 (B 1A n1)A nk - 1
-1 9 y Z

9 .Gy

c *B 1 ("\k9 A HZ

Denote by .!d the differential on

One defines the r-connection

g*V g*F --> n z
1 e g*F

T ,:r 0
z

by writing g*F Oz 0_ 1
-1= 9 F

9 Oz

and g*V
T

(A0tp) = rdA 0 q>+ A0 -1
q-1'iJ tp

Oz
- T

9 Oy

for -1 and A E OztPEg F

One has (rd) 2 = 0
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is the image of in

As (rd) 2 = 0 , g*v
T

is integrable if 'iJ
T

is, and g*F is

generated by r-flat sections if F is generated by T-flat

sections.

(2.4) Set Z = P(F) the projective bundle of F. One has

the other exact sequence

·0 -.->

Define as in

by 0 @ 1 =

1 q
QZ!y(1) ---> g*F ---> 0(1) ---> 0

"(0.6)" 0 ·:'.n~/y --> ni,-r

(1 @q) g*v
T

By the same computation as in (0.6.1) one has

-0 is a section of pi .

In this case,

One obtains a section

is ernbedded in

TI = (1 +p'a) n1 __> g*A1
Z ,T

which may be written with the notations (0.7) as

T'rd(t
k

) = ..! (1 @q) (g*'iJ e k _ t
k

g*'iJ e O)
t O t O T tO T

(2.5) Assume now that V is integrable.
T

By' (1.4) one has (T l rd)2 = o. This defines (1.3)iii)

a morphism of complexes
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where the differential on g*A- is defined by ~trd. As in

( 1 .3) one has Rf f*A - = A· •
*

The morphism ~Ir defines a

morphism in the derived category ~'r: Rg*~Z ---> A· •

(2.6.) Further one may define: ~'r-connections V~'r and

1
Q~lr on 0(1) and nz/ y (1) by

Q 1

~ 'r

Q
~'r = (1 ~q)1"g*V

~

They are integrable if Q
T

is

(2.7) Through the rest of § 2, one considers on a manifold

X a morphisrn of complexes 1'0 : n~ ---> A· as in (2.1) and

a bundle E with an integrable TO-connection V •

On the projective bundle P(E) one has defined r~O and in-

tegrable rTO-connections on o(1 ) and 1 Onenp (E)/x(1) .
may repeat this construction (rank E-1 ) times.

One has the following data on the flag bundle of E which we

call f: P ---> x, with f the splitting morphisrn.

i) There 1s a morphism l' : 0 1 --> f*A 1 with (1'd) 2 = 0 .p

The complex A· = Op ---> f*A 1 --> --> f*An verifies
~ Td Td

Rf A· = A· . If T O = identity (which means E flat)* l'
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One has Rf o· = n·* -r X

T

extends to a morphism of complexes

n~ --> n·
P -r

11) The int~grable -rO-connection V defines an integrable

T-connection (f*V)T on f*E. The canonical filtration

0= EO C ••• C Er = f*E" of f*E 1s T-flat (see 2.2) • This

defines an integrable -r-connection V on the splitting rank-r,k

one bundle Lk .. = Ek /Ek- 1 ' and therefore a class

(Lk,V-r,k) E: H
2

(P, Z(1) --> A~) whose image in ~(P,Z(1) -~ Op)

is the isomorphism class of L
k

(and whose image in H
2

(P,Z(1))
I

1s C~oP(Lk) , the topological ehern class ((2.1)) This,
v

clas8 1s represented on same Cech cover by

(u k
ß

' w k) € r (U ß' 0*) x r (U , A1 ) s uc h tha t
a a a a T

-1
öu = 0 , U .•Tdu = öw, .Tdw = 0 . •

(2.8) The Deligne complexes (see [1]) on a manifold Z are

Z(p)v = Z(p~ ----> Oz ----> ..•. ---> n~-1

= cone(~(p) mFP > nz·)[-1la+i

where a: Z(p) ---> ~ is the natural ernbedding and

is the Hodge-Deligne F-filtration. There i8

a product

~(p)v x Z(q)V --> Z(p+q)V

which is uniquely defined by
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if deg x = 0

xdx' if deg x > 0 and· deg Xl = q .

o otherwise,

for x' homogeneous in ~(p)v and x' homogeneous in Z(q)V .

In the cone language this corresponds to

(nffifEiw). (n'ef'ffiw') = (n-n'+f.f ' ,a(n) .w'+wAi(f)) for

and w' E G·:

This defines a product in the cohomology

and therefore classes

C~(f*E) € H2p(~Z(p)V) on the flag bundle P of E .

Define Z(p)V T = Z(p) ---> A
O

---> A
1

-,-'->
I 0

__> AP- 1 •

One has the morphism Ta Z(p)v ---> Z(p)V T
I a

(2.9) On a" manifold Y with a rnorphism T: Gy --:;> A· as

in ( 2 • 1 ) I . de fine z (p) = Z (p) _T_> A·'
T

and a product

Z(p) x Z(q) ---> ~(p+q)
T T T

by (X,Xl) = T(X) .x l if deg x = 0

for x and

o
Xl

otherwise

hornogeneous in ~(P)T and Z (q) •
T
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This defines a T-product in the T-cohomology

HP I (7L (p) ) x Hg I (Z (q) )
T T

--> HP '+q'(1t(p+q) )
T

v
as one easily sees in the Cech representation.

Write

y = (yp.l+yP '1 + ••• ) ECP' (Z(p» +cPI~1 (0) + •••

P ' pi pl-1 p'-1such that 6y = 0, TY = öy Tdy =

_ ql q'-1
similarly for z - (z,z , ... ).

Then

p' q I pi q" -1 p' q 1-2
yz = (y • z y. z , y • z , ••• )

E CP'+q'(~(p+q» + 'CPI+qL1(0)

p'-2öy etc. . ..

This fullfilies trivially the cocycle condition.

11 11 1212For pi =q' = 2, p=q= 1, yz-zy= (O,ö{y.z »,Td(y.,z ) -ö(y.z -z.y »
is a co-boundary.

Therefore the T-product H
2

(2t (1) ) x
T

H
2

(Z ( 1) )
T

is commutative.

The T-EEoduct factorizes over the product

~ (p) x ~ (q) -> Z (p+q)
T T

defined

by . (x,x') --> T (x) • x' •

Therefore the T-product in the T-cohomoloqy factorizes over

the product

H
PI

(I; (p» x Hq' (Z (q) ) ->
T

which is defined by T (x)·x' .

pl+q'
H (Z (p+q) )

T
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Finally the product on ~(P)T rnap5 to the cup-product

Z{p) . Therefore the T-product in the T-cohornology rnap5 to

the cup-product in cohornology: the following diagrarn

HP' (z (p) ) x Hq ' (:E (q) )
T T

1
-->

pl+ql
H ,(71 (p+q) T)

1
P I ql p'+ql

H (71{p» x H (71{q» ---> H (Z(p+q»

i5 conunut~tive.

(2.10) Define the characteristic clas5es of {f*E,f*V} ~

(

c (f*E,f*V)' =
P

(Lk,VT,k)

p-th svnunetric function of

H2p (p, X (p) )
T

f 0 r E a 5 in (2 • 7 ) •

(2.11) Denote by a p the rnorphisrn

(O
p -->

1"d
... --> f*AP- 1 )

by T the morphism

(Op ---> ... --> ~Pp-1) --> {O > > f*AP- 1 }u p~ ••• -- ,

by Z(p)V,~ the cornplex

O ' p-1
~(p) ---> P --> .... --> f*A

Td

and sirnilarly for T O
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. Proposition. One has

V
TC (f*E) = a e (f*E,f*9)

p P P

v.
Proof. Cornpute it in the Ceeh representation. One rnay repre-

sent (L
k

9 . k) by
, T,

with k· k
Tn = 0\1 ,

k kexpv = u = eocyele of L
k

,Tdv = OW, Td w= 0 .

rnay be repres~nt~d by the symmetrie SUffi ofThen c p (f*E,f*9)

k
1

k k
1(n .•• n P, T(n )

k 1 k k 1 k 1 k
T(n p- )·v P, T(n ) ... T(n p-) w P, 0 .•. )

in C 2p(X (p)) + C 2p-1 (0) + C 2p-2 (A 1 ) + ...
T

Now eV(f*E) rnay be represented by the symmetr,ie SUffi of
P

k
1

k k
1 k 1 k k

1 k 2P(n ... n , a(n ) ... a (n P- ). v' P , a (n ) ... a(n p- ) .

k 1 k
v p- d v P, •.. , in

c 2p (~(p)) + C2p- 1 (0) + c 2p - 2 (n~) + ••• •

Then e (f*E,f*9) - TcV(f*E) rnay be represented by the symmetrie
p p

surn of

k
1(O,O,o(T(n )

k k k
p-2 p-1 PT(n ) v w)

k -2 k -1 k k 1 k 3 ."k 2
T (n p ) w p w p - 0 (T (n ) ~ •• T (n p- ) v p-

This is preeisely a coboundary.

k p_1 k p .
w w) , •• •
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Remark that if L k is generated by T-flat sections, then

the computation"is trivial; one has w = 0 and Tdv = 0 .

(2.12) If g: M ---> X is the projective bundle of E,

then one has ( [1 ], 1. 7 .2)

1 2 . .
9 - Hq - J (X, Z (p-j) V) • 0 (1) ]

o s j s r-1

o :;; q - 2j

o ~ P - j

The Deligne cohomology of M is a free module over the Deligne

cohomology of X, with bases 0 (1 ) j, 0:;; j ~ r-1 By taking

the coefficients of the expansion of O(1)r , one defines the

Chern classes c~ (E) E H2p (X, Z (p) V) • Wi th the formalism of

Hirzebruch-Grothendieck ([S]) , one proves they are functorial
-

and additive, and thereby verify f- 1c V(E} = cV(f*E} , where
p p

cV(f*E} was defined in (2.8) (see [1],1.7.2 and 1.7.3) .
P

The image of cV(f*E}
P

in H2p(p,~(p}} is the topological

Chern class ctoP(f*E) = f- 1c tOP (E)
p p

image of "C~(E) in H
2p

(X,Z(p» .

where c tOP'(E) is the
p

(2.13) The formula (2.12) is no langer true for the

T-cohomology: is not a free module over

H· (X,X(·) ) . Therefore orie can not use Hirzebruch-Grothen­Ta
dieck's formalism to prove that our classes cp(f*E,f*V)

verify the standard properties af Chern classes.
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The rest of this chapter is essentially devoted to the defi-

nition of classes c (E,V) on X (2.15) , to the proof ofp

the functoriality (2.16) and the additivity (2.17) , and to

some simple comments (2.20), (2.21) and (2.22) .

(2.14) Lemma. With the notations of (2.7) and (2.9) , one

has the following commutative diagram of exact sequences

Proof. Just write

= cone(Z(p)Z (p)
T

a p I
'V

Z (p)V =
,T

-->

cone(X(p) ---> (Op --->
'[d

... --> (AP- 1 )) [-1]
T

and remember that

. .
(2.15) Theorem. Let E be a bundle of rank r on a mani-

fold X with an integrable TO-connection v. They are

classes c (E,V) E H2p (X,X(P)T) whose images in
p 0

H2p(X,~(P)V ) are the images by Ta of the ehern classes,TO
C~(E) E H2p(X,~(p)v) in the Deligne cohomology, and whose
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images in H2p(X,~(p» are the topological ehern classes.

ctoP(E)
p

Proof. The T-product is cornpatible with the cup-product

(2.9). Therefore the image of cp(f*E,f*V) in H2p (P,Z(p»

is precisely· f-lctop (E) This shows via (2. 14) that
p

c (f*E,f*'V) = f- 1c (E,'V) for a classp p

c (E, V) E H2p (X, ~ (p) T) which is uniquely determined ~
p a

Its image· Cl in H2p (X,Z(p)V T) verifies, a

f - 1 c I = a c ( f *E , f *V )
P P

V= TC (f*E)
P

-1 V= T f c (E)
p

One has the commutative diagram

(2.11)

(2.12)

-1
H

q
(X,;Zl (p) V) c > Hq(P,Z(p)V)f

Ta I lT
V.

-1 Hg(X,X(p)v ) c > Hg (p, z (p) V )f ,Ta ,T

Therefore

This proves also that the image of Cp(E,V) is the topological

class c top (E) .
P

(2.16) In this point we want to prove the functoriality .

Let g: Y ---> X be a morphisrn between two manifolds, and
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E be a bundle with an integrable ,. O-connection on X (:2. 1 ) '. As

in ( 2 • 3 ) 1"0 defines a morphism 1"' o · --> n· Write for0 y Y , T 0 .
simplicity A'·=O· I and set B ,1 :::::: im g*B 1 in 0

1 Let
Y, l' 0 Y

110
, A"

kr : A' • --> A"· be a morphism of complexes with A :::::: Oy

is a quotient bundle of Alk . Set BI 1c B,,1:::::: KeJt(ni _> A" 1) Then

rg*v :::::: rv i is ~ weIl defined integrable TÖ-connection on

g*E :::::: E'

Define

for

-1 ·g A

"1' 11

o
by

.. n· All •• y --> .

-1 0 -1 1
g A > 9 A --> ... _as a cornple~ of ~-modules.

One has a natural ma~ of ~-complexes

This defines

p : g-1 (% (,p) l' ) ---> 7l (p) 1" 11

.. 0 0

-1
pg --> 2p

H (Y, ~ (p) 11 )

1" 0

Proposition. i) One has -1
C p (E I ,V I

)Pg c (E,V) =
P

r r
ii) One has c

1
(E,V) :::::: (AE, AV) as defined

in (2.15) and (2.2) .

Proof. The second statement is a consequence of the first.

If i) is true, then one has

2L (p) •
1"

One has
r r

'(Af*E A(f*V) ), ,. =(@L.,ßlV' .)
j J j 1",J

::: L(L . , V . )
j J T , ]

:::::: c 1 (f*E,f*V)

-1
:::::: f c

1
(E,V)

by construction

( 2 ," 2 )

(2.10)

(2.15)

r r·
Therefore one has (AE,AV):::::: c

1
(E,V)
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Let us prove the first statement. Consider the cartesian product

h
p'--> P

fll
Y --> X

g

where p is "the flag bundle of E and pi is the flag bundle

of EI (2.7) . The canonical filtration E'k (resp. splitting Lk)
of fl*E I is the pull-back by h of the canonical filtration

Ek (resp. splitting

On p and pi one has n· --> A·p '( and '(" Opl --> A ll •
11

'(

as defined in (2.7)

One wants to see that there is a natural map

pi h -1~ (p) -> ZL (p) 11
'( '(

such that the image by pi of

is (LI"V 11 .) in H2(PI,~(1) 11)
] '(, ] T

Assume that P = P(E) and pi: pi (EI) (this means that

rank E :iI 2)

One has the comrnutative diagram of exact sequences

o --> h*f*A 1 --> h*n 1 /f*B 1 --> h* 1 --> '0
p np / X

1 1 11

o --> fl*A lI1 0
1 /f l *B 1l1 1 --> 0--> --> np'/ypi
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Recall that a is defined by

1 > f*EQp/X(1)

lf*v
a @ 1 . n1/f*B 1 o f*Ep

11 81 q

n1 /f*B 1 o 0 ( 1 )p.

This gives a commutative di!3-grarn

h*A 1 h*f*A 1 < h*T .h*n;/f*B\=T

1 (0 )

A,1 fl*A" 1 <
TI n1/f'*B 1I1 <_a_ n1 I f I *B 1

1=TI P pi

One has T'oh*f*V = T'f'*g*V

Define C1 = Ke~ n1
---> A1 Then h*(f*V) is a connection

p T T

with values in n;,/h*c1 . Define the rnorphisrns r' and r"

n1 If ' *B ,1
pi

r l

--> r"---> All •
T I1

One has r"r' = TIO. Therefore one has

( 1 ) r"h*("f*V) = TI~h*f*V
T

Call V and VI the integrable T-connections onT T

Op (1 ) and 1 and 'V ' 11 the integrable 11np Ix (1 ) , \}
T II T -connec-T

tions on Op I (1 ) and 1
np I Iy (1 )
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;:: V
T

II

;:: ry I 11

T

such that

Now (0) irnplies that the map

weIl defined rnaps of cornplexes

pI: h-1~ (p) . ---> Z (p) 11
T T

h-1Ak IIk
--> A n

T T

h- 1A· --> All.
T T

II

extends to

and

p , (0 p ( 1) , 'iJ T ) :::: ( 0P I (1 ) , VTI) and

pI (n~/X(1) ,V~) ;:: (n~'/y(1) ,V~II)

One repeats the construction inductively for

(n~Ix (1 ) , V~ ) and (n~ I /y ( 1 ) , V~ 11 )

(2.17) The next points (2.18) and (2.19) are devoted to

the following additivity property.

Let o ---> (G,V) --> (E,V)
TI

--> (E, V) --> o

be a T O~flat sequence (all 2.2)), wi th r:::: rank E and

s :::: rank G

Proposition. ·One has c p (E,V):::: L c
k

(G,V) .c,t (F ,V)

k+R;;::p

To prove it we need a standard geornetrical compatibility of

the flag bundles of F,G,E and further we need that this compa-

tibility respects the complexes lZ(p) •
T
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(2.18) We consider the flat exact sequence and

P(F) P(E)

E ~ / E'

X

The surjectiye morphism e::*E ---> 0p(F) (1) defines an injection

] : P(F) -> P(E) such that j*Op(E) (1) = 0p(F) (1) ([6]) •

One obtains the following commutative diagram of exact sequences

o
~

e::*G

o
t

e::*G

•
v v

j*qE1 '
> 0p(F) (1)o --> Qp(E)/x(1) I ----> e::*E --> 0

P(F)

I e::*n
(*) "

v

1 qp
0p(F) (1)o --> np (F)/x(1) -"--> e::*F > ---> 0

1 1
0 0

Call and the sections defined in (2.4) • E'*V

connection with values in ("\1 / '*B1
Hp (E) E and we have

j*E'*V = E*V by construction. Call j*e::'*v simply the re-

E*nj*a @ 1 =
E

sttiction of E'*V

One has

to P (F) .

e::*nj*(1 &lqE)

= (1 @ qF) E *'1



··36-

Therefore the diagram

1
1 ~P(F) > c*A1

°p(E) Ip(F)

is commutative and extends to the commutative diagram

0·'
P. (E) IP (F)

I

Especially the restrietion of the TE-connection of

0p(E) (1) to P(F) is the TF-connection of 0p(F) (1),

and the vertical~left hand side sequence of (*) is an exact

sequence of integrable TF-connections. This shows that our

situation is inductive. We repeat the previous first step to

reach the following state at the (r~(s+1»-st step.

One has the commutative diagram

i l

D(F) > Z'

where D(F) is the flag bundle of F,i' is injective. On

Z' one has the'canonical "half-splitting ll of
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E : E~ CE~+1 c ••• cE~ ~ h*E

such that i'*E' ~ f*Gs

i'*E' /E
1{ k-1 for s+1~k:;;r

where Fk is the canonical splitting of p

o ~ F cF c cp
s s+1 · · · r

~ f*F

the morphism defined inCall . T p : üD(F) ---> A~p

'th k - f*Ak Rf A·
WJ. AT (P) - '* T (P)

the rnorphism in Z ' defined in (2 .5)

and

and

(2. 7)

11· ---> A·
T 1 : Z' . '(1

( 2 . 7) • The f i 1-

tration Ek (Fk ) is '(1'- (T
F
-) f1at. The restriction of the

integrab1e T1-connection ~T1,k

the integrable TF-connection

on

~T k
F'

EI/E' to D(F)
k k.-1

on Fk /Fk _ 1 ·

is

One has the cornrnutative diagram of cornplexes

ni, !D(F)

This defines a rno~phisrn ~(p) ----> Z(p) . The
T 1 ID(F) Tp

c1asses (Ek'/Ek
l l' ~ k) in H

2
(Z',Z(1) ) are rnapped to

- T 1 , T

the c1asses (Pk/Fk-1' ~ ) in H
2

(D (F) , ~ (1 ) )
Tp/k T F

(2.19) Consider now the cartesian square
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y i
Z--->

ßl ihn

D (F) ~> Z'

where y. iso the flag bundle of f*G, Z is the flag bundle of

E~. Of course Y = D (F) x xD (G) and Z is also the flag

bundle of E. Write Ek the canonical filtration of

h*E = h"*h I *E..• Then 0 = EO C E1 C ••• cEs = hll*E~ i5 the cano-

nical filtration of hll*E'
s and E = h"*E I

k k for 5+1Sk;:;;r.

and set Fk = ß*Fk • One

and i*Ek /E k _ 1 = Fk/F k-1

Call 0 = GO.cG1 C ••• cGs = y*G

canonical filtration of y*G,

has i*E
k

= Gk for Osk;:;;s

5+1 ;:;; k Sr.

= ß*f*G = i*E thes

for

Call TI.: the morphisrn defined in (2.7) (with

respect to f*G and on D (F)) •

One has A,~, = y*A
k and RY*A~, = A· • Call T : rlz --> A~

the .rnorphisrn def ined in (2 • 7) (wi th respect to hll*E 1

S
and

T1 : OZI ---> A~1 or if one prefers, with respect to

and TO : rlx ---> A·)

h*E

We apply now the functoriality (2.16) There is a morphism

p' ~(P)T ---> Z(P)T' which' sends the class of

2
(Ek/Ek-1,VT,k) in H (Z,Z(P)T) to the class of

-(F'/F ' .. V ). for
k k-1 I T', k

(Gk/Gk-1,VT1,k) for

s+1~k;:;;r

o ~ k ;:;; s in

or to the class of

2
H (Y,.Z(p) I)

T
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By the functoriality again, one knows that

y-1 c (F, Q) = c (y *F , (y * v) I) and
p p T

y-1 c (G,Q) = c (y*G, (y*V)T')
P P

Therefore one obtains

P ' i-
1c (h*E (h*V) ) =P , T

I y - 1c k (G,v ) • y ~1 eR. (F', V' )

k+R.=p

-1 \'The later is y L ck(G,V') ·C~(F,Q)

k+R.=p

This finishes the proof.,

(2.20) Corollary. Let g : Y ---> X be as in (2.16) Assurne

that (g*E,rg*V') has a TU o-flat filtration (Ek,rg*v = ?k)

For C(Ek /Ek _ 1 ,Vk) ~ ~ ci (Ek/Ek_i'V'k) one has
-1 ~

pgc(E,V') = ~ C(Ek /Ek _ 1 ,V'k) ·

Proof. Apply the functoriality and the additivity.

(2.21) Corollary. Let X be a smooth projective variety.

Let 0 ~ (G,V) ---> (E,V) ---> (F,V) ---> 0 be a flat exact

sequence with rank E = r and rank G = s. Then

c (E,V') is torsion for p~ sup(s,r-s)+1 .
p

Proof. One has (( 2 '. 1 7) and (2. 9) ), assuming r-s < p 'and s < p

c (E, V) = Ip
k+R..=p
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AS C tkoP (G) . t . f k 1 d~ S ors lon or ~ an as R. < P ,

(2.21) .

Remark. This implies (2.15) that the image

torsion also..

(2.22) Multiplicativity_

one obtains

cD (E) is
P

Let E and F be two bundles. on X with integrable T O-connec­

tions 'iJ and 'V I • Consider a morphism f : P --> X realizing

L. of E,M. of F with integrable '[-connections
l . ]

One has the splitting of f*(E0F) :.by L. @M. ,
~ J

a splitting

'Vi and 'Vj •

of f* (:'V~'V I )
T

by 'iJ. @ 'iJ ~ •
l ]

Then one has

= n (1+[(L.,'iJ.) + (M.'V~)].t)
.. l l J ]
l,]

1 ~ i 1< • • • < i k :i rank E

L:f- 1c (E0F,V@V ' ) ·tP
P

15 ao

I f- 1c (~E,~'V) -tP
P

p '= 0

= n (1+[(L. ,v. )
l1 l1

+ ••• + (L. v. )].t) ..
lk lk

c (E, V )
P

(2.23)

P v v= (--1'.) c (E , V )
P

One summarizes the previous statements for standard

flat bundles_

Theorem. Let E be a flat bundle on X with an integrable

connection 'iJ • There are classes c' (E,V) c:::.u2p (X,2t(p) --> 0:)
P
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are the classes CV{E), whosep

are the ehern classes CtoP{E) . They
p

are functorial and additive. The class c 1 (E,V) is the iso-

r r 2
morphisrn class of (AE,AV) in H (X,X(1) --->~) . Moreover

whose images in H
2p

{X,Z{P)V)

2images in H (X,Z{p))

Co (E, \7) 'i's .. torsion' for' p f.: 2 as soon as E has a flat splitting

by "rank one bundles (and X i5 projective) .
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§ 3. Logarithmic theory.

Let D be anormal crossing divisor on X and j: X-D --- > X

be the open embedding. One may perfarm the whole theory of §2

for bundles E with integrable T '~connections '.'1 with loga­o
"rithmic poles along D .

The set-up is the following.

One has a commutative diagram

Ta
-----> A·

VI v
0·<0> --> A·

T O,D D

with as in (2 • 1 ) and O 0 A k
P = AD, D is a quotient

bundle of Ok<D> . One defines

Theorem. They are classes

ap Z (p) D -----> 7L (p) V D T
,Ta ' , 0

c D(E,v) E H
2p

(X,Z(p)0 )
p, , T 0

are functorial and additive such that

which

in 2p
H (X,~(p)V D ), , Ta Far standard

l'I

logarithmic connections, one has

cp,D(E,V) E H
2p

(X,Z(p) --> Rj*G:) and apcp",o(E)

V 2pimage of c (E) in H (X,~(p) ---> 0 ---> ... --->
P

i5 the

"1oP- <D»
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