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Abstract. We define Poisson structures on certain transversal slices to con-
jugacy classes in complex simple algebraic groups. These structures are anal-
ogous to the Poisson structures introduced in papers [5, 13] on the Slodowy
slices in complex simple Lie algebras. The quantum deformations of these
Poisson structures are known as W–algebras of finite type. As an application
of our definition we obtain some new Poisson structures on the coordinate
rings of simple Kleinian singularities.

Introduction

In 1970 Brieskorn conjectured that simple singularities can be obtained as inter-
sections of the nilpotent cone of a complex simple Lie algebra g with transversal
slices to adjoint orbits of subregular nilpotent elements in g (see [2]). This con-
jecture was proved by Slodowy in book [23] where for each nilpotent element e a
suitable transversal slice s(e) to the adjoint orbit of e was constructed.

The simple singularities appear as some singularities of the fibers of the adjoint
quotient map δg : g → h/W generated by the inclusion C[h]W ' C[g]G ↪→ C[g],
where h is a Cartan subalgebra of g and W is the Weyl group of the pair (g, h).
The fibers of the adjoint quotient map are unions of adjoint orbits in g. Each fiber
of δg contains a single orbit which consists of regular elements. The singularities
of the fibers correspond to irregular elements. For irregular e the restriction of the
adjoint quotient map δg to the slice s(e) has some singular fibers, and s(e) can be
regarded as a deformation of these singularities.

In papers [5, 13] using Hamiltonian reduction it was shown that the slices s(e) can
be naturally equipped with Poisson structures and that these Poisson structures can
be quantized. This yields noncommutative deformations of the singularities of the
fibers of the adjoint quotient map. These noncommutative deformations called W–
algebras of finite type play an important role in the classification of the generalized
Gelfand–Graev representations of the Lie algebra g [9, 13].

In this paper we are going to outline a similar construction for algebraic groups.
Let G be a complex simple algebraic group with Lie algebra g. In case of algebraic
groups, instead of the adjoint quotient map, one should consider the conjugation
quotient map δG : G → T/W generated by the inclusion C[T ]W ' C[G]G ↪→ C[G],
where T is the maximal torus of G corresponding to the Cartan subalgebra h and
W is the Weyl group of the pair (G, T ). Some fibers of this map are singular
and one can study these singularities by restricting δG to certain transversal slices
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to conjugacy classes in G. These slices were defined in paper [20], and they are
associated to pairs (p, s), where p is a parabolic subalgebra in g and s is an element
of the Weyl group W .

To describe the Poisson structure on the slice s(e) by means of Hamiltonian
reduction we first recall that the space g∗ dual to g carries the standard Kirillov-
Kostant Poisson bracket. The coadjoint action of the adjoint group G′ of g on g∗ is
Hamiltonian, i.e. this action preserves the Poisson bracket on g∗. One can restrict
this action to a unipotent subgroup N ⊂ G′ associated to the nilpotent element e
as follows.

Let (e, h, f) be an sl2–triple associated to e, i.e. elements f, h ∈ g obey the
following commutation relations [h, e] = 2e, [h, f ] = −2f , [e, f ] = h. Under the
action of ad h we have a decomposition

(1) g = ⊕i∈Zg(i), where g(i) = {x ∈ g | [h, x] = ix}.

Denote by χ the element of g∗ which corresponds to e under the isomorphism g ' g∗

induced by the Killing form. The skew–symmetric bilinear form ω on g(−1) defined
by ω(x, y) = χ([x, y]) is nondegenerate. Fix an isotropic Lagrangian subspace l of
g(−1) with respect to ω. Let

n = l ⊕
⊕

i≤−2

g(i),

and N the Lie subgroup of G′ which corresponds to the Lie subalgebra n ⊂ g.
The restriction of the coadjoint action of G′ to N is still Hamiltonian, and hence

the quotient g∗/N naturally acquires a Poisson structure. We denote by µ : g∗ → n∗

the moment map for this action. Note that the quotient g∗/N is not smooth, and
we understand the Poisson structure on g∗/N in the sense that the set C∞(g∗)N

of N–invariant functions on g∗ is a Poisson subalgebra in C∞(g∗).
In papers [8, 11] it was proved that the reduced Poisson manifold µ−1(χ|n)/N

corresponding to the value χ|n of the moment map can be identified with s(e) under
the isomorphism g∗ ' g induced by the Killing form. This result is known as the
Kostant cross–section theorem. By this theorem the slice s(e) naturally acquires a
Poisson structure, and s(e) becomes a Poisson submanifold of the quotient g∗/N .
As a variety the slice s(e) can be identified with e+z(f), where z(f) is the centralizer
of f in g.

Now we briefly describe the main construction of this paper. As we already
mentioned above algebraic group counterparts of the Slodowy slices s(e) were
introduced in paper [20]. We shall equip these transversal slices to conjugacy
classes in the group G with some Poisson structures. These slices are of the
form NsZs

−1 where s ∈ G is a representative of an element of the Weyl group
W , Ns = {n ∈ N | sns−1 ∈ P}, N is the unipotent radical of a parabolic
subgroup P of G with Levi factor L, P is the opposite parabolic subgroup, and
Z = {z ∈ L | szs−1 = z} is the centralizer of s in L. If the action of s on N
by conjugations has no fixed points then NsZs

−1 is indeed a transversal slice to
conjugacy classes in G (for a precise statement see [20] or Proposition 1 below).
Moreover, the quotient NZs−1N/N with respect to the action of N on NZs−1N
by conjugations is isomorphic to NsZs

−1 (see [20] or Proposition 2 below), and
hence NsZs

−1 is a subvariety of G/N .
Now in order to equip the slice NsZs

−1 with a Poisson structure we recall that
the action of G on itself by conjugations can be naturally put into the context of
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Poisson geometry. Namely, equip the group G with the structure of a quasitriangu-
lar Poisson-Lie group, i.e. with a Poisson bracket on G such that the product map
G × G → G is a Poisson mapping. (A recollection of the results on Poisson–Lie
groups and Poisson geometry used in this paper can be found in Section 2). If
we denote by (g, g∗) the tangent Lie bialgebra of G then one can define the dual
Poisson–Lie group G∗ with the tangent Lie bialgebra (g∗, g). As a manifold the
dual Poisson–Lie group G∗ is isomorphic to a dense open subset in G, and there is
a Poisson group action, i.e. a Poisson map G×G∗ → G∗, called the dressing action.
If we realize G∗ as the dense open subset in G then the dressing action is induced
by the action of G on itself by conjugations. Denote by G∗ the group G equipped
with the Poisson structure induced from G∗. In Lemma 12 and Theorem 13 it is
proved that under some compatibility condition for N , s and the Poisson–Lie group
structure on G the subgroup N ⊂ G is admissible, in the sense that G∗/N is natu-
rally equipped with the Poisson structure induced from G∗, and that the quotient
NsZs

−1 ' NZs−1N/N is a Poisson submanifold in G∗/N . Here as in case of Lie
algebras the quotient G∗/N is singular, and the Poisson structure on G∗/N should
be understood in the sense that the set C∞(G∗)

N of N–invariant functions on G∗

is a Poisson subalgebra in C∞(G∗)
The definition of the Poisson structure on the slice NsZs

−1 is similar to the
definition of the Poisson structure on the Slodowy slice s(e) discussed above, the
variety NZs−1N being a counterpart of the level surface µ−1(χ|n) of the moment
map in case of Lie algebras. We call the Poisson algebra of regular functions on the
slice NsZs

−1 a deformed Poisson W–algebra. The deformed Poisson W–algebras
can be naturally quantized in the framework of quantum group theory. This will
be explained in a subsequent paper.

In case when s is a representative of a Coxeter element in W and P is a Borel
subgroup of G the slice Nss

−1 was introduced by R. Steinberg in [24] (in this
case the subgroup Z is trivial) and the Poisson structure on the slice Nss

−1 was
defined in [19]. Actually this Poisson structure is trivial, and the quantization of
the Poisson algebra of regular functions on Nss

−1 is isomorphic to the center of the
quantized algebra of regular functions on the Poisson–Lie group G∗ (see [21]). This
fact is of primary importance for classification of the Whittaker representations of
the quantum group Uq(g) [22].

Note that the G–invariant functions on G∗ lie in the center of the Poisson algebra
of functions on G∗ [18]. Therefore the intersections of the slices NsZs

−1 with the
fibers of the conjugation quotient map δG : G → T/W are also equipped with
Poisson structures. In particular, if such a fiber is singular our construction yields
a Poisson structure related to the corresponding singularity. In Section 4 we study
in detail the case when s is subregular in G and p is a parabolic subalgebra in g. It
is shown in [20] that in this case the intersections of the sliceNsZs

−1 with the fibers
of the conjugation quotient map may only have simple isolated singularities, and
we show that using Theorem 13 one can equip the slice NsZs

−1 and the coordinate
rings of the corresponding simple singularities with Poisson structures.

In the simplest case when g = sl3, s is a representative of the longest element
of the Weyl group and p is a Borel subalgebra one can calculate the corresponding
Poisson structures explicitly. We show that in this case the singular fiber δ−1

G (1) of
the map δG : NsZs

−1 → T/W has simple A2–type singularity, and the correspond-
ing Poisson structure on the singular fiber is proportional to that obtained in [13]
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for the singular fiber δ−1
g (0) of the adjoint quotient map δg : s(e) → h/W in case

of a subregular nilpotent element e ∈ g.
In general the Poisson structures on the slices NsZs

−1 are difficult to describe
explicitly. In Section 5 we consider the case when s is the reflection with respect to
a long root β and p = g(0)⊕ g(1)⊕ g(2) where the components g(i) are defined by
formula (1) where e is a root vector corresponding to β. In this case the Poisson
structure on the slice NsZs

−1 can be described explicitly. An analogous Poisson
structure on the slice s(e) for a long root vector e in g was considered in [14]. The
quantization of this Poisson structure is related to the Joseph ideal of the universal
enveloping algebra U(g).

This paper was completed during my stay in Max–Planck–Institut für Mathe-
matik, Bonn in April–May 2009. I would like to thank Max–Planck–Institut für
Mathematik, Bonn for hospitality.

1. Transversal slices to conjugacy classes in algebraic groups

In this section we recall the definition of the algebraic group counterparts of the
Slodowy slices and an analogue of the Kostant cross–section theorem for them.

Let G be a complex semisimple algebraic group, g its Lie algebra. Let P be
a parabolic subgroup of G, L its Levi factor, and N the unipotent radical of P .
Denote by p, l and n the Lie algebras of P , L and N , respectively. Let P be the
opposite parabolic subgroup and N the unipotent radical of P . Denote by p and n

the Lie algebras of P and N , respectively.
Let s ∈ W be an element of the Weyl group W of G. Fix a representative of s

in G. We denote this representative by the same letter, s ∈ G. The element s ∈ G
naturally acts on G by conjugations. Let Z be the set of s-fixed points in L,

Z = {z ∈ L | szs−1 = z},

and

Ns = {n ∈ N | sns−1 ∈ P}.

Clearly, Z and Ns are subgroups in G, and Z normalizes both N and Ns. Denote
by ns and z the Lie algebras of Ns and Z, respectively.

Now consider the subvariety NsZs
−1 ⊂ G.

Proposition 1. ([20], Proposition 2.1) Assume that for each x ∈ n and y ∈ n,

x, y 6= 0 there exist k, k′ ∈ N such that Ad(sk)(x) 6∈ p and Ad(sk′

)(y) 6∈ p. Then
the conjugation map G×NsZs

−1 → G is smooth, and the variety NsZs
−1 ⊂ G is

a transversal slice to the set of conjugacy classes in G.

The variety NsZs
−1 is called the transversal slice in G associated to the pair

(p, s). The following statement is an analogue of the Kostant cross–section theorem
for the slice NsZs

−1 ⊂ G.

Proposition 2. ([20], Proposition 2.2) Assume that for each x ∈ n, x 6= 0 there
exists k ∈ N such that Ad(sk)(x) 6∈ n. Then the conjugation map

(2) α : N ×NsZs
−1 → NZs−1N

is an isomorphism of varieties.

The variety NZs−1N is isomorphic to NsZs
−1N and hence the image of map

(2) is isomorphic to NsZs
−1N ' NZs−1N as a variety.



CONJUGATION QUOTIENT MAP 5

Now, following [20], we recall that to each Weyl group element one can naturally
associate some parabolic subalgebras which satisfy the conditions of Propositions
1 and 2. First recall that in the classification theory of conjugacy classes in Weyl
groupW of complex simple Lie algebra g the so-called primitive (or semi–Coxeter in
another terminology) elements play a primary role. The primitive elements w ∈W
are characterized by the property det(1−w) = det a, where a is the Cartan matrix
of g. According to the results of [3] each element s of the Weyl group of the pair
(g, h) is a primitive element in the Weyl group W ′ of a regular semisimple Lie
subalgebra g′ ⊂ g of the form

g′ = h′ +
∑

α∈∆′

Xα,

where ∆′ is a root subsystem of the root system ∆ of g, Xα is the root subspace of
g corresponding to root α, and h′ is a Lie subalgebra of h.

Proposition 3. ([20], Proposition 2.4) Let s be an element of the Weyl group of
the pair (g, h). Denote by the same letter a representative of s in G. Assume that s
is primitive in the Weyl group W ′ of a pair (g′, h′), where g′ is a regular subalgebra
of g and h′ ⊂ h is the Cartan subalgebra of g′. Let p be the parabolic subalgebra in
g defined by p =

⊕
n≥0 gn, where gn = {x ∈ g | [h, x] = nx} for some h ∈ h′. Let

l and n be the Levi factor and the nilradical of p. Denote by P , L and N the Lie
subgroups of G corresponding to Lie subalgebras p, l and n, respectively. Let

Z = {z ∈ L | szs−1 = z}

be the centralizer of s in L, and

Ns = {n ∈ N | sns−1 ∈ P},

where P is the parabolic subalgebra opposite to P . Then the conjugation map G ×
NsZs

−1 → G is smooth, the variety NsZs
−1 ⊂ G is a transversal slice to the set

of conjugacy classes in G, and the conjugation map

(3) N ×NsZs
−1 → NZs−1N

is an isomorphism of varieties.

2. Poisson–Lie groups and Poisson reduction

In this section we recall some results related to Poisson–Lie groups and Poisson
geometry (see [4, 6, 15, 18]). These results will be used in the next section to equip
the slices NsZs

−1 defined in Section 1 with Poisson structures.
Let G be a finite–dimensional Lie group equipped with a Poisson bracket, g its

Lie algebra. G is called a Poisson–Lie group if the multiplication G × G → G
is a Poisson map. A Poisson bracket satisfying this axiom is degenerate and, in
particular, is identically zero at the unit element of the group. Linearizing this
bracket at the unit element defines the structure of a Lie algebra in the space
T ∗

eG ' g∗. The pair (g, g∗) is called the tangent bialgebra of G.
Lie brackets in g and g∗ satisfy the following compatibility condition:
Let δ : g → g ∧ g be the dual of the commutator map [, ]∗ : g∗ ∧ g∗ → g∗. Then

δ is a 1-cocycle on g (with respect to the adjoint action of g on g ∧ g).
Let ckij and fab

c be the structure constants of g and g∗, respectively, with respect

to the dual bases {ei} and {ei} in g and g∗. The compatibility condition means
that
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csabf
ik
s − ciasf

sk
b + ckasf

si
b − ckbsf

si
a + cibsf

sk
a = 0.

This condition is symmetric with respect to exchange of c and f . Thus if (g, g∗) is
a Lie bialgebra, then (g∗, g) is also a Lie bialgebra.

The following proposition shows that the category of finite–dimensional Lie bial-
gebras is isomorphic to the category of finite–dimensional connected simply con-
nected Poisson–Lie groups.

Proposition 4. ([4], Theorem 1.3.2) If G is a connected simply connected finite–
dimensional Lie group, every bialgebra structure on g is the tangent bialgebra of a
unique Poisson structure on G which makes G into a Poisson–Lie group.

Let G be a finite–dimensional Poisson–Lie group, (g, g∗) the tangent bialgebra
of G. The connected simply connected finite–dimensional Poisson–Lie group cor-
responding to the Lie bialgebra (g∗, g) is called the dual Poisson–Lie group and
denoted by G∗.

In this paper we shall need a special class of factorizable Lie bialgebras. This
class is slightly smaller than the class of quasitriangular Lie bialgebras. A Lie
bialgebra (g, g∗) is called a factorizable if the following conditions are satisfied (see
[6, 15]):

(1) g is equipped with a non–degenerate invariant scalar product 〈·, ·〉.
We shall always identify g∗ and g by means of this scalar product.

(2) The dual Lie bracket on g∗ ' g is given by

(4) [X,Y ]∗ =
1

2
([rX, Y ] + [X, rY ]) , X, Y ∈ g,

where r ∈ End g is a skew symmetric, with respect to the non–degenerate
invariant scalar product, linear operator.

(3) r satisfies the modified classical Yang-Baxter equation:

(5) [rX, rY ] − r ([rX, Y ] + [X, rY ]) = − [X,Y ] , X, Y ∈ g.

The skew–symmetric operator r on g satisfying the modified classical Yang–
Baxter equation is called the classical r–matrix (or simply r–matrix).

Define operators r± ∈ End g by

r± =
1

2
(r ± id) .

We shall need some properties of the operators r±. Denote by b± and n∓ the image
and the kernel of the operator r±:

(6) b± = Im r±, n∓ = Ker r±.

Proposition 5. ([1, 17]) Let (g, g∗) be a factorizable Lie bialgebra. Then
(i) b± ⊂ g is a Lie subalgebra, the subspace n± is a Lie ideal in b±, b⊥± = n±.
(ii) n± is an ideal in g∗.
(iii) b± is a Lie subalgebra in g∗. Moreover b± = g∗/n∓.
(iv) (b±, b

∗
±) is a subbialgebra of (g, g∗) and (b±, b

∗
±) ' (b±, b∓).

The classical Yang–Baxter equation implies that r± , regarded as a mapping from
g∗ into g, is a Lie algebra homomorphism. Moreover, r∗+ = −r−, and r+ − r− = id.

The skew-symmetric classical r–matrices associated to complex simple Lie alge-
bras were classified in [1]. A closely related class of graded r–matrices was described
in [17]. We shall need this classification in the next section.
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Proposition 6. ([1, 17]) Let g be a complex simple Lie algebra and r a classical
r–matrix on g, i.e. r is a solution to the classical Yang–Baxter equation and r is
skew–symmetric with respect to the Killing form on g. Then the corresponding Lie
subalgebras b± ⊂ g are contained in some parabolic subalgebras p± ⊂ g, b± ⊂ p±,
and the Lie subalgebras n± ⊂ b± contain the nilradicals k± of p±, respectively,
k± ⊂ n±. Moreover, if we denote by b the Borel subalgebra contained in p+ then
p− contains the opposite Borel subalgebra b.

Fix a system Γ of simple positive roots in g associated to the Borel subalgebra b

and denote by h the corresponding Cartan subalgebra contained in b. Denote also by
Γ1,2 ⊂ Γ the subsystems of positive roots corresponding to the parabolic subalgebras
p± so that

p+ = b +
∑

α∈bΓ1

g−α, p− = b +
∑

α∈bΓ2

gα,

where Γ̂1,2 are the sets of positive roots which are linear combinations of elements
of Γ1,2. Let m± be the Levi factor of p±, and l± the semisimple part of m±.

Then there is a one-to-one mapping τ : Γ1 → Γ2 such that

• τ is isometric with respect to the canonical scalar product 〈·, ·〉 on Γ induced
by the Killing form,

(7) 〈τ(α), τ(β)〉 = 〈α, β〉 ;

• for any α ∈ Γ1 there exists a natural number k such that

(8) τk(α) 6∈ Γ1,

and any element X ∈ g can be uniquely represented in the form

(9) X = X+ +X− + (1 − θ)X0 +Xh,

where X± ∈ k±, X0 ∈ m+ 	 h, Xh ∈ h, m+ 	 h is the orthogonal complement
of h in m+ with respect to the Killing form, and θ : l+ → l− is the Lie algebra
homomorphism induced by τ , i.e.

θ(Xα) = Xτ(α), θ(X−α) = X−τ(α), θ(Hα) = Hτ(α), α ∈ Γ1

for the systems of Weyl generators X±α, Hα, α ∈ Γ1 and X±β, Hβ, β ∈ Γ2 of l±,
respectively.

Moreover, the restriction r0 of the operator r to the Cartan subalgebra h leaves
h invariant, r0 : h → h, and we have

(10) rX = X+ −X− + (1 + θ)X0 + r0Xh.

The operator r0 satisfies the properties

(11) (r0 − id)|h∩l+ = (r0 + id)θ|h∩l+ , r
∗
0 = −r0,

and the data (Γ1,Γ2, τ, r0) completely determine the r-matrix r up to an automor-
phism of the Lie algebra g, i.e. every skew–symmetric solution to the Yang–Baxter
equation for the Lie algebra g can be transformed by a suitable automorphism to the
operator defined by formulas (9) and (10) for some data (Γ1,Γ2, τ, r0) satisfying
conditions (7), (8) and (11).

If the tangent Lie bialgebra of a Poisson–Lie group G is factorizable then one
can describe the dual group G∗ in terms of G as follows. Put d = g + g (direct sum
of two copies). The mapping

g∗ → d : X 7→ (X+, X−), X± = r±X(12)
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is a Lie algebra embedding. Thus we may identify g∗ with a Lie subalgebra in d.
Naturally, embedding (12) extends to an embedding

G∗ → G×G, L 7→ (L+, L−).

We shall identify G∗ with the corresponding subgroup in G×G.
Now we explicitly describe Poisson structures on the Poisson–Lie group G and

on its dual group G∗.
For every group A with Lie algebra a we define left and right gradients ∇ϕ,∇′ϕ ∈

a∗of a function ϕ ∈ C∞(A) by the formulae

ξ(∇ϕ(x)) =

(
d

dt

)

t=0

ϕ(etξx),

ξ(∇′ϕ(x)) =

(
d

dt

)

t=0

ϕ(xetξ), ξ ∈ a.(13)

The canonical Poisson bracket on Poisson–Lie group G with factorizable tangent
bialgebra (g, g∗) has the form:

(14) {ϕ, ψ} =
1

2
〈r∇ϕ,∇ψ〉 −

1

2
〈r∇′ϕ,∇′ψ〉 ,

where r is the corresponding r–matrix.
The canonical Poisson bracket on the dual Poisson–Lie groupG∗ can be described

in terms of the original group G and the classical r–matrix r.

Proposition 7. Denote by G∗ the group G equipped with the following Poisson
bracket

(15) {ϕ, ψ}∗ = 〈r∇ϕ,∇ψ〉 + 〈r∇′ϕ,∇′ψ〉 − 2 〈r+∇
′ϕ,∇ψ〉 − 2 〈r−∇ϕ,∇

′ψ〉 ,

where all the gradients are taken with respect to the original group structure on G.
Then the map q : G∗ → G∗ defined by

(16) q(L+, L−) = L+L
−1
−

is a Poisson mapping and the image of q is a dense open subset in G∗.

Now we recall some facts on Poisson reduction and Poisson group actions. A
Poisson group action of a Poisson–Lie group A on a Poisson manifold M is a group
action A×M →M which is also a Poisson map (as usual, we suppose that A×M
is equipped with the product Poisson structure). In [16] it is proved that if the
space M/A is a smooth manifold, there exists a unique Poisson structure on M/A
such that the canonical projection M →M/A is a Poisson map.

The main example of Poisson group actions is the so–called dressing action. The
dressing action can be described as follows (see [12, 16]).

Proposition 8. Let G be a Poisson–Lie group with factorizable tangent Lie bial-
gebra, G∗ the dual group. Then there exists a unique left Poisson group action

G×G∗ → G∗, (g, (L+, L−)) 7→ g ◦ (L+, L−).

Moreover, if q : G∗ → G∗ is the map defined by formula (16) then

q(g ◦ (L+, L−)) = gL−L
−1
+ g−1,

i.e. the conjugation map G×G∗ → G∗ is a Poisson group action of the Poisson–Lie
group G on the Poisson manifold G∗.
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The notion of Poisson group actions may be generalized as follows. Let A×M →
M be a Poisson group action of a Poisson–Lie group A on a Poisson manifold M .

A subgroup K ⊂ A is called admissible if the set C∞ (M)
K

of K-invariants is a
Poisson subalgebra in C∞ (M). If spaceM/K is a smooth manifold, we may identify

the algebras C∞(M/K) and C∞ (M)
K

. Hence there exists a Poisson structure on
M/K such that the canonical projection M →M/K is a Poisson map. The space
M/K is called the reduced Poisson manifold. In order to shorten the notation we
shall say that M/K inherits a Poisson structure from M even in case when the
quotient M/K is not smooth. In this case the Poisson structure on M/K should be

understood in the sense that the set C∞ (M)
K

is a Poisson subalgebra in C∞ (M).
The following proposition proved in [16] gives a sufficient criterion for K to be

an admissible subgroup of a Poisson-Lie group A.

Proposition 9. Let (a, a∗) be the tangent Lie bialgebra of A. A connected Lie
subgroup K ⊂ A with Lie algebra k ⊂ a is admissible if k⊥ ⊂ a∗ is a Lie subalgebra.

In particular, A itself is admissible. (Note that K ⊂ A is a Poisson–Lie subgroup
if and only if k⊥ ⊂ a∗ is an ideal; in that case the tangent Lie bialgebra of K is(
k, a∗/k⊥

)
.)

Even if M is symplectic the reduced Poisson bracket on M/K is usually degen-
erate. The difficult part of reduction is the description of the symplectic leaves in
M/K. In case of Hamiltonian group actions the appropriate technique is provided
by the use of the moment map. Although a similar notion of the nonabelian mo-
ment map in the context of Poisson group theory is also available [12], it is less
convenient. The following simple assertion may be extracted from [12] and will
serve as a substitute.

Let M be a Poisson manifold, π : M → B a Poisson submersion. Hamiltonian
vector fields ξϕ, ϕ ∈ π∗C∞(B), generate an integrable distribution Hπ in TM.

Proposition 10. Let V ⊂M be a submanifold. Then W = π(V ) ⊂ B is a Poisson
submanifold if and only if V is an integral manifold of Hπ.

Assume that this condition is satisfied. Then the Poisson bracket on W can be
described as follows. Let NV ⊂ T ∗M |V be the conormal bundle of V . Clearly,
T ∗V ' T ∗M |V /NV .

Proposition 11. Let ϕ, ψ ∈ C∞(W ); put ϕ∗ = π∗ϕ |V , ψ
∗ = π∗ψ |V . Let dϕ, dψ ∈

T ∗M |V be any representatives of dϕ∗, dψ∗ ∈ T ∗V. Denote by PM ∈
∧2 T M the

Poisson tensor associated to the Poisson bracket on M . Then

(17) π∗ {ϕ, ψ} |V =
〈
PM , dϕ ∧ dψ

〉
;

in particular, the r.h.s. of equation (17) does not depend on the choice of dϕ, dψ.

3. Poisson Reduction and deformed W algebras

Let G be a complex simple algebraic group, g its Lie algebra. In this section
we equip slices defined in Section 1 with Poisson structures. We keep the notation
introduced in Sections 1 and 2.

Let r be a classical r-matrix on g. Assume that r is skew symmetric with re-
spect to the Killing form on g and equip the group G with the standard Lie-Poisson
bracket (14) associated with this r–matrix. By Proposition 8 the action by conjuga-
tions of the Poisson–Lie group G on the Poisson manifold G∗ is Poisson if G∗ carries
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Poisson bracket (15) associated with the same r-matrix. We would like to show that
the unipotent radical K+ of the parabolic subgroup P+ ⊂ G with Lie algebra p+

introduced in Proposition 6 contains some unipotent admissible subgroups N ⊂ G,
and hence the conjugation action of G on G∗ can be restricted to subgroups N in
such a way that the quotients G∗/N carry natural Poisson structures. Then we
show that under some compatibility conditions the slices NsZs

−1 introduced in
Proposition 1 are Poisson submanifolds of the quotients G∗/N .

Lemma 12. Let G be a complex simple algebraic group, g its Lie algebra and r a
classical r-matrix on g which is skew-symmetric with respect to the Killing form.
Let k+ be the nilradical of the parabolic subalgebra p+ ⊂ g introduced in Proposition
6 for r. Let n ⊂ k+ be the nilradical of a parabolic subalgebra p containing the
same Borel subalgebra as p+. Let N be the Lie subgroup of G corresponding to the
Lie algebra n. Then N ⊂ G is an admissible subgroup in the Poisson-Lie group G
equipped with the standard Poisson bracket (14).

Proof. By Proposition 9 it suffices to show that p = n⊥ ⊂ g∗ is a Lie subalgebra.
Recall that according to formula (12) g∗ can be identified with the Lie subalgebra
r+g + r−g of g + g. Using formulas (9) and (10) one can describe the Lie algebra
g∗ ' r+g + r−g as follows

g∗ ' {(X+ +X0 +
1

2
(r0 + id)Xh ,−X− + θX0 +

1

2
(r0 − id)Xh),(18)

X± ∈ k±, X0 ∈ m+ 	 h, Xh ∈ h}.

In the last formula we use the notation introduced in Proposition 6, and m+ 	 h is
the orthogonal complement of h in m+ with respect to the Killing form.

Using description (18) of the Lie algebra g∗ and recalling that k±, m±, p±, n and
p are direct sums of root spaces with respect to the adjoint action of the Cartan
subalgebra h one can identify p = n⊥ ⊂ g∗ with the following Lie subalgebra in
g + g

p = n⊥ ' {(Z+ + Z0 +
1

2
(r0 + id)Zh ,−Z− + θZ0 +

1

2
(r0 − id)Zh),(19)

Z+ ∈ k+, Z− ∈ k− ∩ p, Z0 ∈ V, Zh ∈ h},

where
V = {Z0 ∈ m+ 	 h : θZ0 ∈ m− ∩ p}.

Now using the Yang–Baxter equation for r and the fact that k± are ideals in p±
and p is a Lie subalgebra in g one checks straightforwardly that the subset in g∗

defined by the r.h.s. of formula (19) is a Lie subalgebra of r+g + r−g ' g∗.
�

Now we restrict the action of G on G∗ by conjugations to the subgroup N ⊂ G
introduced in the previous lemma. By Lemma 12 and the remark before Proposition
9 the space G∗/N inherits a reduced Poisson structure from G∗.

Now assume that the conditions of Proposition 2 are satisfied for N and for some
s ∈W , whereW is the Weyl group of G. Then the quotientNZs−1N/N ' NsZs

−1

is a subspace of the quotient G∗/N which carries the reduced Poisson bracket. We
would like to investigate under which conditions NZs−1N/N ' NsZs

−1 ⊂ G∗/N
is a Poisson submanifold in G∗/N .

Theorem 13. Let G be a complex simple algebraic group, g its Lie algebra and
r an r-matrix on g which is skew-symmetric with respect to the Killing form. Let
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k+ be the nilradical of the parabolic subalgebra p+ ⊂ g introduced in Proposition 6
for r. Let n ⊂ k+ be the nilradical of a parabolic subalgebra p containing the same
Borel subalgebra as p+ ⊂ g. Let N be the Lie subgroup of G corresponding to the
Lie algebra n. Assume that the conditions of Proposition 2 are satisfied for N and
for some representative s of an element s ∈ W , where W is the Weyl group of G.
Then N is an admissible subgroup of G, and NsZs

−1 is a Poisson submanifold of
G∗/N if and only if the following conditions are satisfied

Ads−1(k− ∩ p) ⊂ n + z, Ads−1θ |V = id (mod n + z), [z, V ] ⊂ n + z,(20)

Ads−1r− |h −r+ |h= 0 (mod n + z), [z, b− ∩ h] ⊂ n + z.

Proof. By Proposition 10 it is sufficient to check that the Hamiltonian vector fields
generated by N -invariant functions on G∗ are tangent to NZs−1N iff conditions
(20) are satisfied.

Let ϕ ∈ C∞ (G∗)
N

. Then ϕ (vg) = ϕ (gv) for all v ∈ N , g ∈ G∗, and hence
Z = ∇ϕ − ∇′ϕ ∈ p. Since ∇′ϕ(g) = Ad g−1(∇ϕ(g)) we can rewrite the Poisson
bracket (15) on G∗ in the following form:

{ϕ, ψ}τ (g) = 2 〈r+Z − Ad g(r−Z),∇ψ(g)〉 .

Thus using the right trivialization of TG the Hamiltonian field generated by ϕ can
be written in the following form:

(21) ξϕ (g) = r+Z − Ad g(r−Z).

According to formulas (12) and (19) we also have

(22) r+Z = Z+ + Z0 +
1

2
(r0 + id)Zh , r−Z = −Z− + θZ0 +

1

2
(r0 − id)Zh,

where the components

Z+ ∈ k+, Z− ∈ k− ∩ p, Z0 ∈ V, Zh ∈ h

are uniquely defined by decomposition (9).
Now assume that g ∈ NZs−1N , g = ncs−1n′, n, n′ ∈ N , c ∈ Z. Then from (21)

and (23) we deduce that

(23) ξϕ
(
ncs−1n′

)
= Z+ + Z0 + r+Zh − Ad

(
ncs−1n′

)
(−Z− + θZ0 + r−Zh).

On the other hand, in the right trivialization of TG the tangent space Tncs−1n′NZs−1N
is identified with n + z + Ad

(
ncs−1n′

)
n .

Now using the fact that z ⊂ l, where l is the Levi factor of p, and n is an
ideal in p one checks straightforwardly that the vector field (23) is tangent to
Tncs−1n′NZs−1N at each point ncs−1n′, n, n′ ∈ N , c ∈ Z if and only if conditions
(20) are satisfied.

�

Note that for any X ∈ g and any regular function ϕ on G the functions 〈∇ϕ,X〉
and 〈∇′ϕ,X〉 are regular. Therefore the space of regular functions on G is closed
with respect to Poisson bracket (15). Now assume that conditions (20) and the
conditions of Proposition 2 are satisfied for the unipotent radical N of a parabolic
subgroup P of G, for some r–matrix r and some representative s of Weyl group
element s. Since by Proposition 2 the projection NZs−1N → NsZs

−1 induced
by the map G∗ → G∗/N is a morphism of varieties, Proposition 11 implies that
the algebra of regular functions on NsZs

−1 is closed under the reduced Poisson
bracket defined on NsZs

−1 in the previous theorem. We call this Poisson algebra
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the deformed Poisson W–algebra associated to the triple (r, s, p) and denote it by
W(r,s,p)(g).

Now to each Weyl group element we associate a natural transversal slice which
can be equipped with a Poisson structure. First, following Proposition 3, we con-
struct a parabolic subalgebra p of g associated to element s ∈ W in such a way
that the semisimple part of the Levi factor l of p is contained in the centralizer of
s in g.

Assume as in the end of Section 1 that s is primitive in the Weyl group W ′

of a pair (g′, h′), where g′ is a regular subalgebra of g and h′ ⊂ h is the Cartan
subalgebra of g′. In our construction we shall use some generic elements h ∈ h′

that we are going to define now. Let ∆⊥ be the subset of the root system ∆ which
consists of the roots orthogonal to h′,

∆⊥ = {α ∈ ∆ : α ⊥ h′}.

Obviously, ∆⊥ is a root subsystem of ∆. Since s is contained in the Weyl subgroup
W ′, and elements of W ′ act trivially on the orthocomplement of h′ in h, ∆⊥ consists

of the roots which are fixed by the action of s. Denote by ∆̃ the complementary

subset of ∆⊥ in ∆, ∆̃ = ∆ \ ∆⊥ and by ∆̃′ the orthogonal projection of ∆̃ onto

h′. The set ∆̃′ is a finite subset of the real form h′
R

of h′, the real span of simple
coroots in h′. Let Π be the union of hyperplanes in h′

R
which are orthogonal to the

elements of ∆̃′,

Π = ∪
α∈e∆′Vα, Vα = {x ∈ h′R : α(x) = 0}.

Let h be an arbitrary element of h′
R

which belongs to the complement of Π in h′
R
,

h ∈ h′
R
\Π. Denote by p the parabolic subalgebra of g associated to h, p =

⊕
n≥0 gn,

where gn = {x ∈ g | [h, x] = nx}. By the choice of h the semisimple part m of
the Levi factor l of p is the semisimple subalgebra of g with the root system ∆⊥.
Therefore m is fixed by the action of Ads, where we denote a representative of the
Weyl group element s in G by the same letter. Thus m is contained in the set of

fixpoints of the operator Ads. In fact in this case z = m⊕hz and z∩h = h′⊥, where

hz is a Lie subalgebra in the center of l and h′⊥ is the orthogonal complement of h′

in h with respect to the Killing form.
Moreover, if we denote by N and Z the subgroups of G corresponding to the

Lie subalgebras n and z and by Ns the subgroup of N defined by Ns = {n ∈ N |
sns−1 ∈ N}, where N is the opposite unipotent subgroup of G then, according to
Proposition 3, the corresponding variety NsZs

−1 ⊂ G is a transversal slice to the
set of conjugacy classes in G, and the conjugation map

(24) N ×NsZs
−1 → NZs−1N

is an isomorphism of varieties.
Note that according to the definition of Ns the dimension of the slice NsZs

−1

is equal to l(s) + F + dim h′⊥, where l(s) = dim Ns is the length of s in W with
respect to the system of simple positive roots associated to the Borel subalgebra
contained in p, i.e. the number of the corresponding simple reflections entering a
reduced decomposition of s in W , and F is the number of fixed points of s in the
root system ∆.

Now using theorem 13 we equip the variety NsZs
−1 ⊂ G with a Poisson struc-

ture. Let b be the Borel subalgebra of g contained in p and k the nilradical of b.
Denote by b and k the opposite Borel and nilpotent subalgebras of g. One can



CONJUGATION QUOTIENT MAP 13

verify straightforwardly that the r matrix for which the conditions of Theorem 13
are satisfied with s and N fixed above is

(25) r = Pk − Pk +
1 + s

1− s
Ph′ ,

where Pk, Pk and Ph′ are the orthogonal projection operators, with respect to the

Killing form, onto k, k and h′, respectively. In case of r-matrix (25) the subalgebras
p± and k± introduced in Proposition 6 are p+ = b, p− = b, k+ = k, k− = k, the
subsets Γ1,2 ⊂ Γ are trivial, so that m± = h, and r0 = 1+s

1−s
Ph′ .

Note that in case of r–matrix (25) the only nontrivial condition arising in The-
orem 13 is

Ads−1r− |h −r+ |h= 0 (mod n + z).

This condition fixes r0 completely.
Now Theorem 13 implies that the the slice NsZs

−1 inherits a Poisson structure
from the Poisson manifold G∗ associated to r–matrix (25). We denote by Ws(g)
the corresponding deformed Poisson W–algebra W(r,s,p)(g). We also call Ws(g) the
W–algebra associated to the Weyl group element s.

4. The algebra Ws(g) in case of subregular s and simple singularities

Let G be a simple complex algebraic group. Recall that simple singularities
correspond to some irregular points of the fibers of the conjugation quotient map
δG : G → T/W generated by the inclusion C[T ]W ' C[G]G ↪→ C[G], where T is a
maximal torus of G and W is the Weyl group of the pair (G, T ). More precisely,
if one restricts the conjugation quotient map to a transversal slice S to the set of
conjugacy classes in G of dimension rank G + 2, δG|S : S → T/W , then any fiber
δG|

−1
S (t), t ∈ T/W may only have isolated singularities which are rational double

points. In [20] we introduced suitable transversal slices of dimension rank G+ 2 in
G and constructed simple singularities in terms of these slices. These slices are of
the type considered in Proposition 1. In this section using Theorem 13 we equip
these slices with Poisson structures. We start with the geometric construction of
the slices of dimension rank G+ 2 suggested in [20].

Proposition 14. ([20], Proposition 4.3) Let G be a complex simple algebraic
group with Lie algebra g, b a Borel subalgebra of g containing Cartan subalgebra
h ⊂ b, T is the maximal torus of the Borel subgroup B ⊂ G corresponding to the
Borel subalgebra b, N is the unipotent radical of B, B is the opposite Borel subgroup
in G. Let W be the Weyl group of the pair (g, h). Denote by Γ = {α1, . . . , αr},
r = rank g the corresponding system of simple positive roots of g and by ∆ the root
system of g. For each root α ∈ ∆ we denote denote by sα ∈ W the corresponding
reflection. Let s the element of the Weyl group of g defined as follows (below we
use the convention of [7] for the numbering of simple roots)

• for g of type An−1, g = sln,

s = sα1
. . . sαl−1

sαl+αl+1
sαl+2

. . . sαn−1
, (l = 1, . . . n− 2),

• for g of type Bn, g = so2n+1,

s = sα1
. . . sαn−2

sαn−1+αn
sαn

,

• for g of type Cn, g = sp2n,

s = sα1
. . . sαn−2

s2αn−1+αn
sαn

,
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• for g of type Dn, g = so2n,

s = sα1
. . . sαn−4

sαn−3+αn−2
sαn−2+αn−1

sαn−1
sαn

,

• for g of type E6,

s = sα1
sα2+α3

sα4
sα5

sα3+α6
sα6

,

• for g of type E7,

s = sα1
sα2

sα3+α4
sα5

sα6
sα7

sα4+α7
,

• for g of type E8,

s = sα1
sα2

sα3
sα4+α5

sα5+α8
sα6

sα7
sα8

,

• for g of type F4,

s = sα1
sα2

sα2+2α3
sα3+α4

,

• for g of type G2,

s = s3α1+α2
sα2

.

Denote a representative for s in G by the same letter, s ∈ G.
Then s is subregular in G and the the conditions of Propositions 1 and 2 are

satisfied for the pair (b, s), and hence the variety NsZs
−1, where Z = {z ∈ T |

szs−1 = z}, Ns = {n ∈ N | sns−1 ∈ B}, is a transversal slice to the set of
conjugacy classes in G and the map N ×NsZs

−1 → NZs−1N is an isomorphism
of varieties. The slice NsZs

−1 has dimension r + 2, r = rank g.

Now we recall the construction of simple singularities using the previous propo-
sition.

Proposition 15. ([20], Proposition 4.4) Let g be a complex simple Lie algebra,
G a complex simple algebraic group with Lie algebra g, b a Borel subalgebra of g,
T is the maximal torus of the Borel subgroup B ⊂ G corresponding to the Borel
subalgebra b, N is the unipotent radical of B, B is the opposite Borel subgroup in
G, and W the Weyl group of the pair (G, T ). Let s be the element of the Weyl
group of g defined in Proposition 14. Denote a representative of s in G by the same
letter. Let Z = {z ∈ T | szs−1 = z} and Ns = {n ∈ N | sns−1 ∈ B}.

Then the fibers of the restriction of the adjoint quotient map to the transversal
slice NsZs

−1 to the conjugacy classes in G, δG : NsZs
−1 → T/W , are normal

surfaces with isolated singularities. A point x ∈ NsZs
−1 is an isolated singularity

of such a fiber iff x is subregular in G, and NsZs
−1 can be regarded as a deformation

of this singularity.
Moreover, if t ∈ T , and x ∈ NsZs

−1 is a singular point of the fiber δ−1
G (t), then

x is a rational double point of type h∆i for a suitable i ∈ {1, . . . ,m}, where ∆i are
the components in the decomposition of the Dynkin diagram ∆(t) of the centralizer
ZG(t) of t in G, ∆(t) = ∆1 ∪ . . .∪∆m. If ∆i is of type A, D or E then h∆i = ∆i;
otherwise h∆i is the homogeneous diagram of type A, D or E associated to ∆i by
the rule hBn = A2n−1, hCn = Dn+1, hF4 = E6, hG2 = D4.

Now we equip the slices defined in Proposition 14 with Poisson structures. Let
p = b be a Borel subalgebra of g containing Cartan subalgebra h and s a represen-
tative of the element of the Weyl group of the pair (g, h) defined in Proposition 14.
Then the nilradical n = k of b is a maximal nilpotent subalgebra of g. Denote by
N the Lie subgroup of G corresponding to n, by b and k the opposite Borel and
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nilpotent subalgebras of g and by z⊥ the orthogonal complement to z in h with
respect to the Killing form. Then one can easily verify that the r matrix for which
the conditions of Theorem 13 are satisfied with s and N fixed above is

(26) r = Pk − Pk +
1 + s

1 − s
Pz⊥ ,

where Pk, Pk and Pz⊥ are the orthogonal projection operators, with respect to the

Killing form, onto k, k and z⊥, respectively. Remark also that z = 0 in all cases
except for g = sln when z = C(ωl − ωl+1), where ωl and ωl+1 are the fundamental
weights dual to αl and αl+1, respectively (here we keep the notation of Proposition
14). Therefore z⊥ = h in all cases except for g = sln.

Now Theorem 13 implies that the the slice NsZs
−1 inherits a Poisson structure

from the Poisson manifold G∗ associated to r–matrix (26). Note that by Proposition
15 the slice NsZs

−1 is a deformation of a simple singularity. Therefore the cor-
responding algebra W(r,s,p)(g) = Ws(g) can be regarded as a Poisson deformation
of the simple singularity. Note that the regular functions which are invariant with
respect to the action of G on G∗ by conjugations lie in the center of the Poisson
algebra of regular functions on G∗ (see [18]). The restrictions of these functions to
the slice NsZs

−1 lie in the center of the Poisson algebra Ws(g). Therefore the fibers
of the map δG : NsZs

−1 → T/W also inherit Poisson structures from NsZs
−1. In

particular, the Poisson structures on the singular fibers generate Poisson brackets
on the coordinate rings of Kleinian singularities.

In general the Poisson structure on NsZs
−1 and the Poisson bracket on the cor-

responding algebra Ws(g) are difficult to calculate. We shall consider the simplest
nontrivial example when one can do that explicitly.

The first nontrivial example of Poisson deformed W–algebras appears in case
when g = sl3, We are going to describe the slice NsZs

−1 and the algebra Ws(sl3)
explicitly. We use the usual matrix realization of the Lie algebra sl3 by complex
3 × 3 traceless matrices,

sl3 = {X ∈ Mat3(C), tr X = 0},

and take h to be the subalgebra of traceless diagonal matrices, and n the subalgebra
of lover triangular matrices.

If s is the longest element in the Weyl group of the pair (g, h) then one can
choose a representative s ∈ SL(3) of this element as follows:

(27) s =




0 0 1
0 −1 0
1 0 0


 .

The Lie group Z of the h–component z of the centralizer of s consists of the matrices
of the following form

(28) Z = {




t 0 0
0 t−2 0
0 0 t


 , t ∈ C

∗},

and the Lie group Ns coincides with N in this case, N = Ns = {n ∈ N | sns−1 ∈
P}. The transversal slice NsZs

−1 can be described explicitly using (27) and (28),

(29) NsZs
−1 = {S =




0 0 t
0 −t−2 α
t β γ


 , t ∈ C

∗, α, β, γ ∈ C}.
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The algebra of regular functions on the slice NsZs
−1 is generated by four func-

tions ϕα, ϕβ , ϕγ , ϕt,

ϕα(S) = α, ϕβ(S) = β, ϕγ(S) = γ, ϕt(S) = t, S ∈ NsZs
−1.

In order to describe the Poisson algebra Ws(sl3) we have to calculate the Poisson
brackets of these functions. According to Proposition 11 we have to findN -invariant
extensions of ϕα, ϕβ , ϕγ , ϕt and then calculate their Poisson brackets in the Poisson
algebra of regular functions on G∗.

Introduce functions ϕα, ϕβ , ϕγ , ϕt on G∗ as follows

ϕα(g) = g2
13(g11g23 − g13g21) + g23,

ϕβ(g) = g32 − g12g
−3
13 (1 + g2

13g33),(30)

ϕγ(g) = g11 + g22 + g33 + g−2
13 ,

ϕt(g) = g13,

where

(31) g =




g11 g12 g13
g21 g22 g23
g31 g32 g33


 ∈ SL(3).

One can check straightforwardly that the functions ϕα, ϕβ , ϕγ , ϕt are invariant
with respect to the action of N on G∗ by conjugations and that their restrictions
to NsZs

−1 coincide with ϕα, ϕβ , ϕγ , ϕt, respectively.
Now according to Proposition 11 the Poisson brackets of the functions ϕα, ϕβ , ϕγ , ϕt

in the Poisson algebra W(r,s,p)(sl3) are equal to the restrictions to NsZs
−1 of the

Poisson brackets of ϕα, ϕβ, ϕγ , ϕt regarded as functions on the Poisson manifold
G∗. These Poisson brackets can be calculated using Poisson brackets of functions
ϕij , ϕij(g) = gij , where g ∈ SL(3) is given by formula (31).

From formula (15) and from the definition (25) of the r-matrix we have

{ϕij , ϕkm} = ϕimϕkj(εik + εmj) + 2δim
∑

l>i

ϕklϕlj −(32)

−2δjk

∑

l>j

ϕilϕlm + ϕijϕkm(δim − δjk),

εij =





1 if i > j
0 if i = j
−1 if i < j

.

Now Proposition 11, formulas (32) and (30) imply that

{ϕα, ϕβ} = 2(ϕ2
t − ϕ−4

t − ϕ−2
t ϕγ),

{ϕt, ϕα} = ϕtϕα,

{ϕt, ϕβ} = −ϕtϕβ ,(33)

{ϕt, ϕγ} = 0,

{ϕγ , f} = {ϕ−2
t , f}

for any regular function f = f(α, β, γ, t). Poisson brackets (33) completely deter-
mine the Poisson structure of the Poisson algebra Ws(sl3).

Now we describe the associated Poisson structures on the fibers of the conjuga-
tion quotient map δG : NsZs

−1 → T/W , where T is the maximal torus in G with
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Lie algebra h. The fibers of the adjoint quotient map are the intersections of the
level surfaces of the regular class functions on G with the slice NsZs

−1.
Recall that the regular functions which are invariant with respect to the action of

G on G∗ by conjugations lie in the center of the Poisson algebra of regular functions
on G∗ (see [18]). The restrictions of these functions to the slice NsZs

−1 lie in the
center of the Poisson algebra Ws(sl3).

In case of g = sl3 there are two algebraically independent G–invariant functions
on G∗, ϕ1(g) = trg and ϕ2(g) = trg2. The restrictions ϕ1 and ϕ2 of these functions
to NsZs

−1 can be expressed in terms of ϕα, ϕβ , ϕγ , ϕt as follows

ϕ1 = ϕγ − ϕ−2
t ,(34)

ϕ2 = 2ϕ2
t + ϕ−4

t + 2ϕαϕβ + ϕ2
γ .

If we denote by Zc1,c2
the Poisson ideal in Ws(sl3) generated by the elements

ϕ1 − c1 and ϕ2 − c2 then the quotient Ws(sl3)/Zc1,c2
is a Poisson algebra which can

be regarded as Poisson algebra of functions on the fiber of the conjugation quotient
map δG : NsZs

−1 → T/W defined by the equations ϕ1(S) = c1, ϕ2(S) = c2, S ∈
NsZs

−1.
In particular if c1 = c2 = 3 the corresponding fiber is singular and lies in the

unipotent variety of G. If we introduce new variables x = t2α, y = t2β, z = t2 + 1
then the elements of the singular fiber satisfy the following equations in NsZs

−1

γ =
1

z − 1
+ 3, z 6= 1,(35)

z3 + xy = 0.

The first equation in (35) allows to eliminate γ, and the second equation defines
A2–type simple singularity according to the A-D-E classification.

If we introduce the functions ϕx, ϕy, ϕz ∈ Ws(sl3)/Z3,3 on the singular fiber of
the conjugation quotient map by

ϕx(x, y, z) = x, ϕy(x, y, z) = y, ϕz(x, y, z) = z

then their Poisson brackets in the Poisson algebra Ws(sl3)/Z3,3 take the form

{ϕx, ϕy} = 6(ϕz − 1)ϕ2
z,

{ϕz , ϕx} = 2(ϕz − 1)ϕx,(36)

{ϕz, ϕy} = −2(ϕz − 1)ϕy.

(37)

Poisson structure (36) on the singular fiber of the conjugation quotient map is
proportional to the Poisson structure on the singular fiber of the adjoint quotient
map δg : s(e) → h/W derived in [13] for the Slodowy slice s(e) at a subregular
element e ∈ sl3, the coefficient proportionality being ϕz − 1.

5. The algebra Ws(g) in case when s is the reflection with respect

to a long root

In this section we explicitly describe the Poisson structure of the algebra Ws(g)
in case when s is the reflection with respect to a long root in the root system of g,
p = g(0) ⊕ g(1) ⊕ g(2), the components g(i) are defined by formula (1) where e is
the root vector corresponding to the long root, and r is the standard r–matrix on
g (see [6]).
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Let h be a Cartan subalgebra of g, and let ∆ be the root system of g relative
to h. Let Γ = {α1, . . . , α`} be a basis of simple roots in ∆. If g is not of type A
or C, there is a unique long root in Γ linked with the lowest root on the extended
Dynkin diagram of g; we call it β. For g of type An and Cn we set β = αn. Choose
root vectors e, f ∈ g corresponding to roots β and −β such that (e, [e, f ], f) is an
sl2-triple and put h = [e, f ].

The action of the inner derivation ad h gives g a short Z-grading

(38) g = g(−2) ⊕ g(−1) ⊕ g(0) ⊕ g(1) ⊕ g(2), g(i) = {x ∈ g | [h, x] = ix}

with g(1)⊕g(2) and g(−1)⊕g(−2) being Heisenberg Lie algebras. One knows that
g(±2) is spanned by e and f , respectively. Denote by ze the centralizer of e in g.
The Lie algebra ze inherits a Z-grading from g, ze = ze(0)⊕ze(1)⊕ze(2), ze(i) = g(i)
for i = 1, 2, and the component ze(0) is the orthogonal complement to Ch in g(0)
with respect to the Killing form. In particular, ze(0) is an ideal of codimension 1
in the Levi subalgebra g(0).

The graded component g(1) has a basis z1, . . . , zs, zs+1, . . . , z2s such that the
zi’s with 1 ≤ i ≤ s (resp. s + 1 ≤ i ≤ 2s) are root vectors for h corresponding to
negative (resp. positive) roots, and

[zi, zj ] = [zi+s, zj+s] = 0, [zi+s, zj ] = δijf, (1 ≤ i, j ≤ s).

Fix the nondegenerate invariant form ( · , · ) on g such that (e, f) = 1. This
enforces (h, h) = 2. It is well-known the restriction of ( · , · ) to h is nondegenerate
and induces a W -invariant scalar product on h∗. More precisely, for all λ, µ ∈ h∗

we have (λ, µ) = (tλ, tµ) where tλ, tµ ∈ h are such that λ = (tλ, · ) and µ = (tµ, · ).
Put λ(α) = 2(λ, α)/(α, α) for all λ ∈ h∗ and α ∈ ∆. Since ( · , · ) is a multiple of
the Killing form of g, there is a constant c ∈ C× such that β(x) = c(h, x) for all
x ∈ h. The equality β(h) = 2 = (h, h) now shows that c = 1 and tβ = h. Hence
(γ, γ) = 2 for all long roots γ ∈ ∆.

By construction the conditions of Propositions 1 and 2 are satisfied for p =
g(0) ⊕ g(1) ⊕ g(2), n = g(1) ⊕ g(2) and s = sβ , and hence the variety NsZs

−1 is a
transversal slice to the set of conjugacy classes in G, and the map N ×NsZs

−1 →
NZs−1N is an isomorphism of varieties. Note that in the considered case l = g(0)
and z = ze(0) since ze(0) is the orthogonal complement to Ch in g(0). Moreover
from the definition of grading (38) it follows that the Lie algebra ns coincides in
this case with n, and NsZ = Ze, where Ze is the centralizer of e in G with respect
to the adjoint action.

Now let b be the Borel subalgebra of g contained in p, k the nilradical of b, and k

the opposite nilpotent Lie subalgebra of g. As we mentioned in the end of Section
3 the conditions of Theorem 13 are satisfied for r = Pk − Pk + 1+s

1−s
PCh, s and p

defined above, and hence the slice NsZs
−1 = Zes

−1 inherits a Poisson structure
from the Poisson manifold G∗ associated to r–matrix r. Note that since s|Ch = −id
the r–matrix r actually coincides with the standard r-matrix on g, r = Pk −Pk (see
[6]). Using Proposition 11 we shall explicitly calculate the Poisson structure of the
corresponding algebra Ws(g).

To each function ϕ on the slice Zes
−1 we associate its N–invariant extension ϕ∗

to NZs−1N . Since for N and s fixed above the map inverse to (2) sends every
element nzs−1n′ to n′nzs−1, n, n′ ∈ N , z ∈ Z, we have

(39) ϕ∗(nzs−1n′) = ϕ(n′nzs−1)
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We shall also use the function ϕ′ on Ze associated to ϕ by the formula ϕ′(nz) =
ϕ(nzs−1), n ∈ N , z ∈ Z.

Let ϕ, ψ be two functions on the slice Zes
−1. In order to calculate their Poisson

bracket in the algebra Ws(g) we have to find, according to Proposition 11, the
differentials dϕ∗, dψ∗. We shall use the left trivialization of the tangent bundle TG.
In this trivialization the tangent space Tnzs−1Zes

−1 to the slice Zes
−1 at point

nzs−1 is identified with n + z + Ad(sz−1n−1)n = n + z + n, Tnzs−1G = n + z + n.
Let ei be a basis of n, e∗i the dual basis of n, fi a basis of z, and f∗

i the dual basis
of z. Put g = nzs−1. Recalling definition (39) and the fact that s centralizes z we
have

dϕ∗(g) =
d

dt
|t=0

( ∑

i

ϕ∗(getei)e∗i +
∑

i

ϕ∗(getfi)f∗
i +

∑

i

ϕ∗(gete∗

i )ei

)
=

=
d

dt
|t=0

( ∑

i

ϕ∗(eteig)e∗i +
∑

i

ϕ∗(nzetfis−1)f∗
i +

+
∑

i

ϕ∗(nzetAds−1e∗

i s−1)ei

)
=(40)

=
d

dt
|t=0

( ∑

i

ϕ′(eteinz)e∗i +
∑

i

ϕ′(nzetfi)f∗
i +

∑

i

ϕ′(nzetAds−1e∗

i )ei

)
=

= Pn∇ϕ
′(nz) + Ads∇′ϕ′(nz),

where Pn is the orthogonal projector onto the subspace n in g, and ∇ϕ′, ∇′ϕ′ are
the left (right) gradients of ϕ′ regarded as a function on the Lie group Ze.

Now using formula (40), Proposition 11, formula (15) for the Poisson bracket on
G∗ and the relation ∇ϕ(g) = Adg∇′ϕ(g) we obtain that

{ϕ, ψ}(nzs−1) = 〈r∇ϕ′(nz),∇ψ′(nz)〉 + 〈r∇′ϕ′(nz),∇′ψ′(nz)〉 −

−2 〈r−∇
′ϕ′(nz),∇ψ′(nz)〉 − 2 〈r+∇ϕ(nz),∇′ψ′(nz)〉 −(41)

−2 〈∇′ϕ′(nz),Ads∇ψ′(nz)〉 + 2 〈∇ϕ′(nz),Ads∇′ψ′(nz)〉 +

+ 〈Ad(nz)∇′ϕ′(nz),∇ψ′(nz)〉 − 〈∇ϕ′(nz),Ad(nz)∇′ψ′(nz)〉 .

Identifying the slice Zes
−1 with the Lie group Ze we can simply write the formula

for the Poisson bracket on Ze induced by Poisson structure (41),

{ϕ′, ψ′}(nz) = 〈r∇ϕ′(nz),∇ψ′(nz)〉 + 〈r∇′ϕ′(nz),∇′ψ′(nz)〉 −

−2 〈r−∇
′ϕ′(nz),∇ψ′(nz)〉 − 2 〈r+∇ϕ(nz),∇′ψ′(nz)〉 −

−2 〈∇′ϕ′(nz),Ads∇ψ′(nz)〉 + 2 〈∇ϕ′(nz),Ads∇′ψ′(nz)〉 +

+ 〈Ad(nz)∇′ϕ′(nz),∇ψ′(nz)〉 − 〈∇ϕ′(nz),Ad(nz)∇′ψ′(nz)〉 .
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