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Abstract

We shall give a bound for the orders of the torsion groups of min-
imal algebraic surfaces of general type whose first Chern numbers are
twice the Euler characteristics of the structure sheaves minus 1, where
the torsion group of a surface is the torsion part of the Picard group.
Namely, we shall show that the order is at most 3 if the Euler char-
acteristic is 2, that the order is at most 2 if the Euler characteristic is
greater than or equal to 3, and that the order is 1 if the Euler charac-
teristic is greater than or equal to 7. Moreover for each integer \ = 2,
3 and 4, we shall construct a family of surfaces above whose torsion
groups are isomorphic to the cyclic group of order 2, and whose Euler
characteristics are M.

0 Introduction

In the present paper, we shall give a bound for the orders of the torsion groups
Tors(X) = TorPic(X)’s of minimal algebraic surfaces X’s with ¢? = 2y (0)—1
and x(0) > 2. Here as usual, ¢; and x(O) are the first Chern class and
the Euler characteristic of the structure sheaf, respectively, and the group
Tors(X) is the torsion part of the Picard group of X. We shall also construct
a family of X’s as above with x(O) = A and Tors(X) ~ Z/2 for each integer
2< A< A4

In classification theories of the numerical Godeaux surfaces (i.e., minimal
surfaces of general type with ¢ = 1 and x(O) = 1), one fixes the torsion
group or the fundamental group as an additional invariant, and finds concrete
descriptions for each case . For example, Miyaoka and Reid independently
showed that if the torsion group Tors(X) is Z/5, then the fundamental group
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is isomorphic to Z/5, and the canonical model of the universal cover is a
quintic surface in P3 ([11], [14]). Tt is well-known that the order fTors(X) is
at most 5.

Similar theories have been developed for some other cases of invariants.
For example, minimal surfaces with ¢} = 2 and x(O) = 2 are classified in
[4] and [3], while surfaces with ¢ = 2x(O) — 2 having non-trivial torsion are
studied in [5]. In [12], the author gave a complete description for minimal
algebraic surfaces X’s with ¢ = 3, x(0) = 2 and Tors(X) ~ Z/3.

In the present paper, we consider the case ¢i = 2x(0) — 1, and give a
bound for the orders of the torsion groups Tors(X)’s. Namely, we shall show
that §Tors(X) < 3 for x(0) = 2, that gTors(X) < 2 for x(0) > 3, and that
tTors(X) = 1 for x(0) > 7. We shall also construct a family of examples
with x(0) = X and Tors(X) ~ Z/2 for each integer 2 < A\ < 4. Note that
the line ¢ = 2x(O0) — 1 is parallel to the Noether line, and that the case
X(O) = 1 on this line is that of the numerical Godeaux surfaces. The case
x(0) = 2 and Tors(X) ~ Z/3 is the one for which the author gave a concrete
description in [12]. Thus our bound is sharp for the cases x(0) = 2, 3 and 4.

In order to obtain the bound for the orders of the torsion groups, we use
a method due to Miyaoka and Reid ([11], [14]): we take an unramified cover
corresponding to torsion divisors, and study its canonical map. We employ
Horikawa’s method ([6]) to study the canonical map. In order to construct
the examples X’s with Tors(X) ~ Z/2, we use a combination — though not
exactly, but in a sense — of the Campedelli construction ([1, p.234]) and the
Godeaux construction ([1, p.234]): we take double covers of P! x P!, and
take their quotients by certain free actions of Z/2.

In Section 1, we give some lemmas, and state our main results. In Sec-
tion 2, we study the case Z/3 C Tors(X). In Section 3, we study the case
fTors(X) = 4 or 5, and give a proof of the bound. Finally in Section 4, we
construct the families of X’s with Tors(X) ~ Z/2.

The bound given in this paper is not best possible for the case 5 < x(O) <
6. In the subsequent paper, the author shall give a complete description for
the surfaces of the case x(O) = 4 and Tors(X) ~ Z/2, and exclude the case
5 < x(0) < 6 and Tors(X) ~ Z/2. Throughout this paper, we work over
the complex number field C.
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Let S be a compact complex manifold of dimension 2. We denote by
c1(S), pg(S) and ¢(5), the first Chern class, the geometric genus and the
irregularity of S, respectively. The torsion group Tors(S) = TorPic(S) is
the torsion part of the Picard group of S. If V is a complex manifold, Ky
is a canonical divisor of V. For a coherent sheaf F on V, we denote by
R (F) and x(F), the dimension of the i-th cohomology group and the Euler
characteristic of F, respectively. Let f : V — W be a morphism to a complex
manifold W, and D a divisor on W. We denote by f*(D) and f;'(D) the
total transform and the strict transform of D, respectively. The symbol ~
means a linear equivalence of divisors. We denote by Xy — P! the Hirzebruch
surface of degree d. The divisors Ay and I are its minimal section and its
fiber, respectively. Throughout this paper, X is a minimal algebraic surface
of general type with ¢ = 2x(0x) — 1.

1 Main results and some lemmas

The following is Deligne’s lemma for our case. For a general form of this
lemma, see for example [2, Theorem14].

Lemma 1.1. Let X be a minimal algebraic surface of general type with ¢? =
2x(Ox) =1, and 7w : Y — X an unramified cover of finite degree m. Then
m <6 and q(Y) = 0.

Proof. Apply Noether’s inequality to Y, and use the unbranched covering
trick. O
JFrom the lemma above, we infer the following:

Lemma 1.2. Let X be a surface as in Lemma 1.1 with x(Ox) = . Then
pg(X) =A—1, ¢(X) =0 and §Tors(X) < 6.

The bound given in Lemma 1.2 is not sharp. In this paper, we sharpen
the bound to some extent. Namely, we shall show the following theorem.

Theorem 1. Let X be a minimal algebraic surface of general type with ¢ =
2x(Ox) — 1. Then the following hold :

i) if x(Ox) =2, then §Tors(X) < 3,

it) if x(Ox) > 3, then fTors(X) < 2,

ii1) if x(Ox) > 7, then §Tors(X) = 1.

Moreover we construct a family of examples with x(O) = A and Tors(X) ~
Z,/2 for each integer A\ = 2, 3 and 4. Namely, we shall show the following :



Theorem 2. There exists a family of minimal algebraic surfaces X'’s of
general type with ¢ = 2x(0x) — 1, x(Ox) = 4 — k and Tors(X) ~ Z/2 for
each integer 0 < k < 2.

Meanwhile for the case x(Ox) = 2 and fTors(X) = 3, we have the fol-
lowing theorem. See [12] for a proof of Theorem 3.

Theorem 3 ([12]). Let X be a minimal algebraic surface of general type
with 2 = 3, x(Ox) = 2 and Z/3 C Tors(X). Then both the torsion group
Tors(X) and the fundamental group m (X) are Z/3, and the canonical model
of the universal cover of X is a complete intersection in P* of type (3,3).
Moreover, if a canonical divisor of X is ample, then the number of moduli of
X is 14.

Corollary 1.1. The bound given in Theorem 1 is sharp for the case 2 <
x(0x) < 4.

By Lemma 1.2, we have only to consider the case fTors(X) < 6. Following
Miyaoka and Reid ([11], [14]), we take an unramified Galois cover Y of X
corresponding to torsion divisors to show Theorem 1. We employ Horikawa’s
method ([6]) to study the canonical map Pk, of Y. In what follows, X
is a minimal algebraic surface of general type with ¢? = 2x(Ox) — 1 and

Let us give a lemma which we shall use in the construction of the families
given in Theorem 2. Let W be a compact connected complex manifold, and
G a group acting on W. Let B be an effective reduced divisor on W such
that B ~ nF for a non-trivial divisor F' and an integer n > 2. Then we
have a Galois cover V' — W of mapping degree n with branch locus B. The
variety V' is a subvariety of the total space of the line bundle F'. We assume
that the divisors B and F' are stable under the action of G. We say that
an action of G on V is a lifting of the one on W if the action of G on V
and that on W are compatible with the projection V' — W. Let us give a
criterion for the existence of a lifting. Let h be a meromorphic function on
W corresponding to the principal divisor B — nF. Then ¢, = (¢*h)/h is a
non-zero constant function for any g € G, and g — ¢, gives a character ¢ of
G. Let Char(G) be the character group of G, and ¥ the endomorphism of
Char(G) given by x — nx. We denote by Im(¥) the image of the morphism
¥ : Char(G) — Char(G).

Lemma 1.3. The action of G on W lifts to one on V', if and only if ¢ €
Im(¥). If c € Im(¥), then there exist exactly fker(¥) liftings of the action of
G, where ker(¥) is the kernel of the morphism W.



Proof. See Appendix. O
For a proof of the following theorem, see [6].

Theorem 4 (Horikawa). Let S be a minimal algebraic surface of general
type with p, > 3 whose canonical system |K| is not composite with a pencil.
We denote by w : S — S a composite of quadric transformations such that the
variable part |L| of |7* K| is free from base points. Then K? > L* > 2p, —4.
Moreover, if K* = L%, then the canonical system |K| has no base points. If
L* = 2p, — 4, then any general member of |L| is a non-singular hyperelliptic
curve.

2 The case Z/3 C Tors(X)

In this section, we study the case Z/3 C Tors(X).

Proposition 2.1. Let X be a surface as in Lemma 1.1 with Z/3 C Tors(X).
Then x(Ox) =X <2

Let X be a surface asin Lemma 1.1 with Z/3 ~ T C Tors(X). We assume
X(Ox) = XA > 3, and derive a contradiction. Assume that x(Ox) = A > 3.

We have an unramified Galois triple cover 7 : Y — X corresponding to the
subgroup T ~ Z/3. We have

K2 =302A—1), p(Y)=3A—1, ¢(Y)=0

by Lemma 1.1. We denote by G = Gal(Y/X) the the Galois group of 7 : Y —
X. We study the canonical map @, : Y — — — P32 and the canonical
image Z = @k, (V) of Y using the action on Y of the Galois group G. Let
|M| and F be the variable part and the fixed part of |Ky|, respectively. We
have a natural isomorphism

H(Y,0y(mKy))~ € H(X,0x(mKx — D,))
x€Char(G)

for each m > 1, where D,’s are the torsion divisors corresponding to the
characters x’s of G. In particular, | Ky| is spanned by the pull-back of divisors
on X, and so are |M| and F. Let p: Y — Y be the shortest one among
all composites of quadric transformations such that the variable part |L| of
|p*M]| is free from base points. We have

" Ky|=[p"M|+p"F =|L|+ E+p"F,

where F' is an exceptional divisor. We take p : Y — Y in such a way that
the action G on Y lifts to one on Y. Since |[M| and F' are spanned by the
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pull-back of divisors on X, we have M? = MF = F? = 0 mod 3. Moreover
we have E? = 0 mod 3, since F is stable under the action of G on Y. It
follows

L*=M*+FE*=LE=-F*=MF=KyF=0 mod 3. (1)

Lemma 2.1. The canonical map g, : Y — — — P2 is a rational map of
degree 2 onto a nondegenerate surface of minimal degree 3\ — 3 in P32,

Proof. The canonical map @, is not birational, since we have K2 —
(3py(Y) —7) =7 —3X < 0. Moreover, by this together with ¢(Y) = 0, the
canonical system | Ky | is not composite with a pencil (see [9, Theorem 1.1]).
It follows

2 K2 1
deg Dpe, = < L p—
UKy T Qg Z V) =2 T a1

hence deg Py, = 2. So by (1), we have L? = 0 mod 6. Meanwhile by
Theorem 4, we have

Ky =302\—1)>L*>2p,(Y)—4=K; — 3.

Thus we have L? = 6\ — 6, hence the assertion follows. O

By the lemma above, we have LE + M F + Ky F = 3, where each term
of the right side of this equality is a non-negative integer divisible by 3.
Moreover by the Riemann-Roch theorem, we have M? + MKy = 2M? +
MF = 0 mod 2, hence MF = 0 mod 6. It follows MF = 0. Thus by
Hodge’s index theorem, we have LE = 3 and F' = 0, which implies that the
morphism p : Y — Y is the blowing-up of Y at three simple base points of
the canonical system |Ky|. We denote by &, = &, op : Y — P2 the
morphism associated with the linear system |L].

We put n = p,(Y) — 1 =3\ — 2. Note that we have n =1 mod 3. Thus
from a classification of surfaces of minimal degree (see [7, Lemma 1.2] or
[13]), we infer the following :

Lemma 2.2. Let Z = g, (Y) C P™ be the canonical image of our surface
Y. Then Z 1s either

Case 1) the Hirzebruch surface Xgq embedded into P™ by \AM—"‘TWF\, where
n —d — 3 is a non-negative integer, or

Case 2) a cone over a rational curve of degree n — 1 in P""' that is, the
image of the Hirzebruch surface X1 by |Ag + (n — 1)I].

Note that the action of G = Gal(Y/X) on Y induces one on Z. We
exclude both Case 1) and Case 2) in Lemma 2.2.



Lemma 2.3. The case 1) in Lemma 2.2 is impossible.

Proof. Assume that the canonical image Z = @, (Y) is the Hirzebruch
surface Xy embedded into P" by |Ag + “=3=2I"|. There exist an unramified
Galois triple cover @ : ¥ — X and a composite r : X — X of quadric
transformations such that r o # = 7 o p and Gal(Y /X) ~ Gal(Y/X) hold.
If d > 1, then the minimal section Ay is the unique (—d)-curves on Z. If
d =0, then we can take 4y in such a way that 4 is stable under the action
of G on Z, since we have G ~ Z/3. In both cases, there exists a member
Ay € |Ag| stable under the action of G on Z. Let @1 : Z — Cy = P! be the
morphism associated with the linear system |I”|. Then the action of G' on
Z induces one on Cy. There exists a point on Cj stable under the action of
G on Cy, since C is rational. Thus there exists a member I} € |I'| stable
under the action of G on Z. The total transforms @} (A4;) and @5 (I}) are
both stable under the action of G on Y, hence the pull-back by 7 of divisors
on X. Thus we have &%(A;) - @%(I}) = 0 mod 3, which contradicts the
equality @7 (4;) - &5 (11) = 2. O

Lemma 2.4. The case 2) in Lemma 2.2 is impossible.

Proof. Assume that the canonical image Z = @, (V) is the image of the
Hirzebruch surface X, 1 by |Ag + (n — 1)I’|. In this case, Z is a cone over
a rational curve Cy ~ P! of minimal degree n — 1 in P*~!. We denote by py
the vertex of Z. Let Ay be the linear system which consists of the pull-back
by @, of all hyperplanes containing py in P". We denote by A and F’, the
variable part and the fixed part of Ay, respectively. Then A = |(n — 1)D|
holds for a linear pencil |D| without fixed components (see [7, Lemma 1.5]).
We have LF' = 0, since ®1(F') C {po}. Thus we obtain 2(n — 1) = L? =
(n —1)((n —1)D* + DF'), hence D* = 0 and DF’" = 2. Meanwhile we have

Ao =P(V) C|L| = P(H"(05(L)))

for a linear subspace V' C H%(Oy(L)). Since the vertex py is stable un-
der the action of G on Z, the subspace V is stable under the action of G
on H°(Oy(L)). We therefor infer, since G ~ Z/3, that V is spanned by
eigenvectors of 75, where 7y is a generator of GG. Thus Ay is spanned by
divisors stable under the action of G on Y, hence so are A and F’. Since
D? = 0, we have a morphism @, : Y — P* ! associated with the linear
system A = |(n — 1)D|. Here the image ®,(Y) = Cy C P! is a nonsingular
rational curve of minimal degree n — 1, and the surface Z is a cone over C|.
The action of G on Y induces one on Cy, since F” is stable under the action of

G on Y. This action on Cy has a fixed points, since Cy ~ PL. It follows that



there exists a member C' € |D| stable under the action of G on Y. Now we

derive a contradiction as follows. Both F’ and C are stable under the action

of G on Y. Then by the same method as in the proof of Lemma 2.3, we

obtain DF’ = C'F" = 0 mod 3, which contradicts the equality DF' =2. O
This completes the proof of Proposition 2.1.

3 The case fTors(X) = 4 or 5 and a proof of
Theorem 1

In this section, we exclude the case §Tors(X) = 4 and the case fTors(X) = 5.
Moreover we shall give a proof of Theorem 1.

Proposition 3.1. Let X be a surface as in Lemma 1.1 with x(Ox) = X > 2.
Then $Tors(X) # 4.

To prove the proposition above, we assume fTors(X) = 4, and derive a
contradiction. Let X be a surface as in Lemma 1.1 with §Tors(X) = 4 and
X(Ox) = XA > 2. We have an unramified Galois quadruple cover 7 : Y — X
corresponding to the torsion group Tors(X). We have

Ky =422 —1), p,(Y)=4rx—-1, ¢qY)=0

by Lemma 1.1. Since K¢ = 2p,(Y) — 2, our surface Y is of one of the several
types given in [10]. We shall exclude all the types for our Y using the action
on Y of the Galois group Gal(Y/X) of 7. First, we have the following lemma.

Lemma 3.1. The canonical system |Ky| has no base points. Moreover, the
canonical map P, Y — P72 is a holomorphic map of degree 2 onto its
image Z = P, (Y), hence deg Z = 4\ — 2.

Proof. We study the canonical map @k, : Y — — — P42 using the
Galois group G = Gal(Y/X). Let |M| and F be the variable part and the
fixed part of the linear system |Ky|, respectively. We denote by p : Y Y
the shortest one among all composites of quadric transformations such that
the variable part |L| of [p*M]| is free from base points. We have

p"Ky| = |p"M|+p"'F = |L|+ E+p"F,

where E is an exceptional divisor. By the same method as in Section 2, we
obtain L? = 0 mod 4. Meanwhile, by the results given in [10, Section 3] (or
Theorem 4), we have

Ky =420 = 1) > L* > 2p,(Y) — 4 =4(2)\ — 1) — 2.
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Thus we obtain L? = K2 = 4(2)\ — 1), which implies that |Ky| is free from
base points. We have deg @, = 2, since py(Y) > 6 (see [10, Section 3]). O

Lemma 3.2. The case A > 3 is impossible. If X = 2, then there exists a
composite of three quadric transformations W — P? such that Z C P% is the
image of the morphism @_g.,, : W — PY associated with the anti-canonical
system | — Kyy|.

Proof. By the results given in [10, Section 3|, Z is either i) the Veronese
embedding into P® of a quadric in P? for n = 8, or ii) the image of P? by the
rational map associated with the linear system |31 — S°°—" z;|, where [ is a
line on P? and ;s are points on P? which are possibly infinitely near. The
case 1) does not occur for our Z, since n = 4\ —2 = 2 mod 4. Thus our Z is
as in the case ii). By n =4\ —2 <9, we obtain A = 2 and n = 6. O

Thus our surface Y is of the type found in Theorem 3.2. of [10]. In what
follows, we assume A = 2.

Proposition 3.2. Let Pk, : Y — Z and P_k,, : W — Z be the morphisms
as in the case A\ = 2 of Lemma 3.2. Then there exists a unique morphism
f:Y — W such that P, = P_k,, of. The branch locus B of f is a member
of the linear system | — 4Ky |. Moreover, the double cover Y' of W branched
along B has at most rational double points as its singularities, and Y is the
minimal desingularization of Y.

Proof. See Horikawa [10, Theorem 3.2]. O

Lemma 3.3. Let f: Y — W be the morphism as in Proposition 3.2. Then
the action of the Galois group G = Gal(Y/X) on'Y induces one on W. This
action on W has the following two properties :

i) W has no (—1)-curves which are stable under the action of G,

it) W has no (closed) points which are stable under the action of G.

Proof. The first assertion is trivial; since ¢_g,, : W — Z is the minimal
desingularization, the natural action of G on Z induces one on W.

Let us show that this action on W has the property i). Assume that W
has a (—1)-curve C” stable under the action of G. Then f*(C") is stable under
the action of G on Y, hence a pull-back of a divisor on X. In particular, we
have f*(C")*> =0 mod 4, which contradicts f*(C")* = —2.

Next, we show that this action on W has the property ii). Assume that
W has a point x stable under the action of G. We denote by ¢, : W, — W
the quadric transformation at x. Take the fiber product Y xy W, of Y
and W, over W, the reduction of this fiber product, the normalization of
this reduction, and the minimal desingularization of this normalization. We
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denote by Y., this minimal desingularization. Then there exists a morphism
fe Y, — W, and a composite p, : Y, — Y of quadric transformations
satisfying f o p, = g, o f,. The action of G on Y induces one on Y, and one
on W,. Now let E, be the exceptional curve of the first kind appearing by
¢z : W, — W. Then the total transform f}(E,) is stable under the action of
G on Y,. Thus by the same method as in the proof of Lemma 2.3, we infer
f#(E,.)? = 0 mod 4, which contradicts f}(F,)* = —2. O

xT

Corollary 3.1. The Galois group G = Gal(Y /X)) is not isomorphic to Z /4.

Proof. Assume that G ~ Z/4. Take an automorphism 7, of W cor-
responding to a generator of G. Then 7y has fixed points, since we have
x(Ow) = 1. O

By the corollary above, we have only to exclude the case G ~ Z/2 S Z/2.
In what follows, we assume that G is isomorphic to Klein’s four-group 7Z/2 &
7]2.

Let g : W = W5 — P2 = W, be the composite of three quadric transfor-
mations as in Lemma 3.2. We have ¢ = ¢; o ¢ 0 ¢q3, where ¢; : W, — W;_; is
a quadric transformation of W;_; at x; for each 1 <7 < 3. We denote by E;
the exceptional curve of the first kind appearing by ¢;. By E!, we denote the
strict transform on W of E;. We use the same symbol E; for the total trans-
form on W of the exceptional divisor E;. We determine the configuration of
x;’s using the following lemma.

Lemma 3.4. Let C be a (—d)-curve on W which is not exceptional with
respect to q. If 0 < d < 2, then C is a strict transform on W of a line on P?
passing exactly d + 1 of the three points x;’s.

Proof. Let [ be a line on P2. We have C' ~ myq*(l) — Zf’zl m; E; for
certain integers m;’s, where ¢*(l) is the total transform of [ by ¢q. Note that
m; > 0 for any 1 < ¢ < 3, since C' is not exceptional with respect to g. We
have

3 3
mg—me:—d, 3m0—2mi:2—d, (2)
i=1 i=1

since C? = —d and CKy = d — 2. By the equalities above, we obtain

3 3
55 m24 Y (mi—my)? > (mitd—2)2 = 9d+ 4(2 — d)* < 18,
i=1

1<i<j<3 i=1

hence Z?:l m?2 < 3. Thus, we have m? = m; for any 1 <4 < 3. From this

together with the equalities (2), we infer my = 1 and Zf’zl m; = d-+1. Thus,
we have the assertion. O
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Now, we study the configuration of z;’s. First, we consider the case in
which no two of the three points x;’s are infinitely near. This case is divided
into the following two cases : the case 1-1) and the case 1-2).

1-1). The case in which no line on P? includes the set {z1, z2, z3}. In
this case, W has no (—2)-curves. There exist exactly six (—1)-curves on W,
that is, three exceptional divisors of the first kind appearing by ¢ and three
(—1)-curves coming from lines on P2.

1-2). The case in which the three points x;, 7o and x5 lie on a line on P2
. In this case, {E1, Fs, F3} is the set of all (—1)-curves on W. The Galois
group G acts on the set {E}, Ey, E5}. Since G is isomorphic to Klein’s four-
group, at least one of the F;’s is stable under the action of G on W, which
contradicts the property i) in Lemma 3.3. Thus the case 1-2) is excluded.

Second, we consider the case in which x; and x5 are distinct points on
P2, and the point x3 is infinitely near to zo. Let Ly, be the unique line on
P? passing the two points x; and x5. This case is divided into the following
two cases : the case 2-1) and the case 2-2).

2-1). The case in which z3 does not lie on the strict transform (g o
q2); (L12) by q1 0 gz of the line Ly 5. Let Lg3 be the line on P? whose strict
transform (q; o g2);(L23) passes z3. In this case, the strict transform FE is
the unique (—2)-curve on W, and there are exactly four (—1)-curves on W:
E1, Fs, ¢;'(L1s), and q;*(La3). Let ¢ : W — W’ be the blowing down of
two (—1)-curves F3 and ¢, '(L;2). Then W’ is isomorphic to the Hirzebruch
surface Xy of degree 0, where we may assume Ay = ¢.(E}) and I' = ¢, (E1)
are a minimal section and a fiber of Xy — P!, respectively. Note that 5 and
¢ '(L12) are the only (—1)-curves on W intersecting Fj. Thus F3+q, ' (L1)
is stable under the action of G = Gal(Y/X) on W, which induces an action on
W’. Since G ~ Z/2®7/2, there exists a non-trivial element gg € G such that
both E3 and ¢, '(L2) are stable by the corresponding involution go|y of .
Then ¢'(E3), ¢'(¢; ' (L12)), and Ay = ¢.(E}) are all stable by the involution
go|lw of W' corresponding to go. From this, we see easily that at least one
out of the three curves Ey, E}, and ¢;'(L ) lies in the fixed locus of gl
Moreover, if E} is in the fixed locus of go|w, then so is a curve ¢'*(A), where
A € |Ap| is a certain member distinct from Ay. This shows that the branch
divisor B € | — 4Kyw/| of f intersects the fixed locus of go|w, since ¢'*(A),
Fy, and ¢;'(L15) are non-singular rational curves with selfintersection 0,
—1, and —1, respectively. Take a point z € B fixed by go|w. Then since
the double cover Y’ in Proposition 3.2 has at most rational double points as
its singularities, the set f~!(z) includes a fixed point of the automorphism
go € Gal(Y/X), which contradicts the definition of 7 : ¥ — X. Thus the
case 2-1) is excluded.

2-2). The case in which z3 lies on the strict transform (g; 0 ¢2);*(L12) by
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q10¢o of the line Ly 5. In this case, { ), ¢, '(L12)} is the set of all (—2)-curves
on W, where g, (L) is the strict transform of L;5 by ¢q. The curve Ej is
the unique (—1)-curve intersecting all (—2)-curves on W, hence stable under
the action of G. This contradicts the property i) in Lemma 3.3. Thus the
case 2-2) is excluded.

Finally, we consider the case in which all z;’s are infinitely near, namely,
the case in which x5 is infinitely near to x1, and x5 is infinitely near to x,.
Let L2 be the unique line on P? such that z, lies on the strict transform
q1;*(L12). Note that W has no (—3)-curves, since the anti-canonical system
| — K| has no fixed components. Thus, x5 does not lie on the strict transform
q2, ' (E1). This case is divided into the following two cases: the case 3-1) and
the case 3-2).

3-1). The case in which z3 does not lie on the strict transform (g o
¢2): "(L12) by q1 © ¢o. In this case, {E], E4} is the set of all (—2)-curves
on W, hence E| N E} is a point stable under the action of G on W. This
contradicts the condition ii) in Lemma 3.3. Thus the case 3-1) is excluded.

3-2). The case in which z3 lies on the strict transform (g, 0 g2); ' (L12) by
¢1 © g2. In this case, F3 is the unique (—1)-curves on W, hence stable under
the action of G on W. This contradicts the property i) of Lemma 3.3, and
the case 3-2) is excluded.

Thus we have the following.

Lemma 3.5. The three points x;’s are in a general position. Namely x1, xo
and x5 are distinct three points of P? which do not lie on a line. The surface
W has exactly sixz (—1)-curves, that is, E;’s for 1 < i < 3 and the strict
transforms q;'(Li ;) for 1 < i < j < 3, where L;; is the unique line on P?
passing x; and x;.

By Lemma 3.3, we obtain a group homomorphism g : G — Aut(W)
corresponding to the action of G on W, where Aut(W) is the group of analytic
automorphisms of W. We study the conjugacy class of u(G) in Aut(W). Let
(Xo : X1 : X5) be a homogeneous coordinate of P? such that x; = (1:0:0),
g =(0:1:0)and z3 = (0:0:1). For (a,b) € C* x C*, we denote by
©(a,p) the automorphism of W corresponding to the automorphism (X : X :
X5) — (Xo: aX; : bX;) of P2, Then we have an exact sequence

0—-C*xC* — Aut(W) — Dg — 0, (3)

where Dg is the dihedral group of degree 6. Here, the morphism C* x
C* — Aut(W) is given by (a,b) — @44, and the morphism « : Aut(W) —
D¢ corresponds to transitions of six (—1)-curves on W. Let ¢, and ¢, be
automorphisms of W which correspond to the Cremona transform (X : X :
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Xy) — (XoXo @ XoX; @ X3X3) and the automorphism (Xy @ X7 @ X3) —
(X0 : Xo: X3), respectively. Then we have the following equalities:

(900)6 = 1dW> (907')2 = ldw, Po ©Pr 0Py O P = 1dW>

where the morphism idy, is the unit of the automorphism group of W. Thus
the short exact sequence (3) splits. Putting 0 = a(p,) and 7 = a(p,), we
see that o and 7 form a set of generators of Dg.

1). First, we consider the case #§(a o pu)(G) = 4. In this case, the sub-
group (aou)(G) is a Sylow 2-subgroup of Dg, hence conjugate to a subgroup
(03, 7) C Dg generated by ¢® and 7. Thus, replacing ¢ : W — P? if nec-
essary, we can take the morphism ¢ in such a way that the subgroup u(G)
is generated by ¢3 o ey and ¢; o Pe1) in Aut(W), where b € C and
¢ € C are certain non-zero constants. Then two points of W corresponding
to (1:1/(evb) : 1/v/b) and (1 : —1/(cVb) : —1/4/b) € P? are stable under
the action of G on W, which contradicts the property ii) in Lemma 3.3. Thus
the case 1) is excluded.

Second, we consider the case f(ao u)(G) = 2. The dihedral group Dg has
exactly three conjugate classes which are represented by elements of order 2,
namely, those represented by o2, 7 and o7 respectively.

2-1). The case in which the subgroup (« o p)(G) is conjugate to (o®) in
Dg. In this case, we can take the morphism ¢ in such a way that the subgroup
1(G) is generated by ¢2 0 (4 and ¢ q) in Aut(W), where a, b, ¢, and d are
certain non-zero complex numbers with ¢? = d> = 1. We have (c,d) # (1,1),
since the case (¢, d) = (1, 1) violates the property ii) in Lemma 3.3. Thus by
equalities

Po © (903 © SO(a,b)) o 90;1 = 902) O Paa), Po © P(-1,1) © SO;l = ©(-1,-1),
07" 0 (950 V) Yo = Yo 0Py, Py OPU1) O P = P(-1,-1)s

we have only to consider the case (¢,d) = (—1,—1). In this case, the (—1)-
curve By = ¢~ 1(z;) is a component of the fixed locus of the automorphism
©(ed) = P(-1,-1)- We denote by 1y € G = Gal(Y/X) the automorphism of
Y corresponding to ¢(_,_1). By equivalence B ~ —4Ky, where the curve
B is the branch divisor of f : Y — W as in Proposition 3.2, we see that
BN Ey # 0, which shows existence of a fixed point z € B of ¢(_;,_1). Now
since the double cover Y in Proposition 3.2 has at most rational double points
as its singularities, the set f~!(z) includes a fixed point of the automorphism
o € G of Y. This contradicts the definition of 7 : Y — X, hence the case
2-1) is excluded.

2-2). The case in which the subgroup (a o u)(G) is conjugate to (1) in
Dg. In this case, replacing ¢ if necessary, we can take the morphism ¢ in
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such a way that the subgroup (« o p)(G) is generated by 7 in Dg. Then the
(—1)-curves E; and ¢, '(Lg3) are stable under the action of G on W, which
contradicts the property i) in Lemma 3.3. Thus the case 2-2) is excluded.

2-3). The case in which the subgroup (« o u)(G) is conjugate to (o3 o T)
in Dg. In this case, replacing q if necessary, we can take the morphism ¢ in
such a way that the subgroup (a o pu)(G) is generated by o o 7 in Dg. Then
by equalities (0 o 7)(¢;*(L12)) = F2 and (03 o 7)(q; (L13)) = Es, we see
that two points ¢, '(L;2) N Ey and ¢, (L1 3) N E3 are stable under the action
of G on W. This contradicts the property ii) in Lemma 3.3. Hence the case
2-3 is excluded.

3). Finally, we consider the case in which #(«ou)(G) = 1. In this case, any
(—1)-curves on W are stable under the action of G on W, which contradicts
the property i) in Lemma 3.3. Hence the case 3) is excluded.

Thus we have proved the following lemma, which, together with Lemma
3.2, completes the proof of Proposition 3.1:

Lemma 3.6. The case A = 2 in Lemma 3.2 is impossible.
Let us exclude the case §Tors(X) = 5.

Proposition 3.3. Let X be a surface as in Lemma 1.1 with x(Ox) = A > 2.
Then §Tors(X) # 5.

Proof. Let X be a surface as in Lemma 1.1 with x(Ox) = A > 2 and
Tors(X) ~ Z/5, and 7 : ¥ — X the unramified Galois cover of degree 5
corresponding to Tors(X). Then Y is a minimal algebraic surface of general
type with K2 = 2p,(Y) — 3 and p,(Y) = 5A — 1 > 9. Thus the canonical
system |Ky| has a unique base point ([8, Section 1]), and this base point is
a fixed point of any automorphism of Y. This contradicts the assumption
that 7 : Y — X is an unramified Galois cover of degree 5. O

PROOF OF THEOREM 1.

Now we are ready to prove Theorem 1. Let X be a minimal algebraic
surface as in Theorem 1 with x(Ox) > 2. Since Z/3 C Z/6, we have
fTors(X) # 6 by Proposition 2.1 and Theorem 3. Thus by Lemma 1.2,
Propositions 2.1, 3.1 and 3.3, we have i) and ii) in Theorem 1. The bound
iii) immediately follows from the following theorem due to Xiao. O

Theorem 5 (Xiao, Corollary 4 in [15]). Minimal regular surfaces of
general type with ¢ < (8/3)(x(0) — 2) are algebraically simply connected.

4 A family of X’s with Tors(X) ~ Z/2

In this section, we construct a family of X’s as in Lemma 1.1 with x(Ox) =
4 — k and Tors(X) ~ Z/2 for each integer 0 < k < 2. Let W = P! x P! be
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the Hirzebruch surface of degree 0, and (X, : X;) and (Y, : Y1) homogeneous
coordinates of P1. We define an involution ¢y of W by

to: ((Xo : X1), (Yo : Y1) = (X1 : Xo), (Y1 : Yp)).

We put 2 = X;/Xy and y = Y1/Y,. Let G be a group of automorphisms
of W generated by ty. Then G ~ Z/2 acts naturally on W, and W has
exactly 4 fixed points of 1o, namely p; : (z,y) = (1,1), po : (z,y) = (1,—1),
ps : (z,y) = (—=1,1) and py : (z,y) = (—1,—1). Let ¢ : Wy — W be the
blowing-up of W at 2k + 2 points wy, . . ., Waky2, Where {waj11fo<j<k Is a set
of distinct k£ 4 1 points on W \ {p1,...,ps}, and waj1o = to(wgj+1) for each
integer 0 < 5 < k. The action of G on W lifts to one on W,. We denote
by EY = ¢ '(w;) the exceptional curve of the first kind lying over w; for
1 <i<2k+2 Let ¢ : Wy — Wy be the blowing-up of W} at two points w)
and w}, where w/, € EY and w) = 1p(w!) € EY. We denote by EY = ¢~ (w))
the exceptional curve of the first kind lying over w} for i = 1,2. We use the
same symbol E? for the total transform on W; of the divisor EY. We put
g=gqoq : Wy — W. Note that the action of G on W lifts to one on Wj.

Lemma 4.1. Assume that the configuration of the k+ 1 points wa;ji1’s (0 <
j < k) and that of w) are sufficiently general. Then there ezists a reduced
curve Bl on Wy satisfying the following five conditions :

1) By € [q" (840 +8I") = X215 3(E) + EY) — D 3<i<okto AE7),

2) ByNg  (EY) =0 fori=1,2,

3) Byng '({p1,. .. pa}) =0,
4) B)) has at most negligible singularities,
5) Bj is stable under the action of G on W.

Note that Y s ;o0 4E7 = 0if k = 0. We shall give a proof of the lemma
above at the end of this section. We define a reduced curve By on W5 by

By,=B,+ Y q.(E).
i=1,2

Then B, is stable under the action of GG, and singularities of By are at most
negligible ones. Moreover we have By ~ 2F5, where

Fy~q (400 +40) = Y (E)+2EY)— > 2E).
i=1,2 3<i<2k+2

Let fa 1 Yo — W5 be the double cover of W, with branch locus Bs, and
Y — Y5 the minimal desingularization of Y. Then we obtain a surjective
morphism f : Y — W, of mapping degree 2 with branch locus B;. We have
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f*(q’;1~(E?)) — 2F; for a (—1)-curve E; on Y for each i = 1,2. We denote

by p: Y — Y the blowing-down of the two (—1)-curves F; and F5. Then we
see easily that

Ky =202(4 k)= 1),  x(0y)=2(4—k). (4)

Lemma 4.2. Assume that the configuration of the k+ 1 points wa;ji1’s (0 <
Jj < k) and that of wy are sufficiently general. Then the fized part of the
canonical system |Ky| is Y2, ,2E;, and the variable part of |Ky| is free
from base points. In particular, Y is minimal.

Proof. Since W is a rational surface, we have | Ky | = f*|Kyw, + I3, where

Fy+ Kw, ~ @20 +20) = Y E/ = Y E.

i=1,2 3<i<2k+2

We study the linear system |Kyy, + F5|. We denote by L,, the unique member
of |I'| passing w;, and by M,, the unique member of |A| passing w;, where
1< <284 2.

First, we give a proof for the case k = 0 or 1. Assume that £k = 0 or 1.
The linear system |7*(Ag + ') = >,y 5 BY[ + 17 (A0 + ') = Y gcicopsn Bi
is a subsystem of |Fy + Ky, |. Note that both L, + M, and L., + M, are
members of |Ag + ['| passing w; and wy. Thus the fixed part of |g*(Ag +
D) =3BV 18 200, ¢>'(E?), and the variable part of |§*(Ag 4+ I") —
>ic1o BY| is free from base points. Moreover |§*(Ag + I') = > J5cicopi Bl
is free from base points. Thus the assertion follows for the case k = 0 or 1.

Next we give a proof for the case k = 2. Take a member Cy of |24 + I
passing the 5 points wy, ws, wy, ws and wg. This is possible, since dim |24+
I'l = 5. Let Cy be a member of |24+ I'| passing the 5 points wy, ws, ws, ws
and wg. Then the 4 members C) + Ly,,, Co+ Ly, t5(C1)+ Ly, = 15(C1+ La,)
and ¢§(Cy) 4 Ly, = t5(Co + Ly,) of 240 + 21I"| pass the 6 points wy, ..., ws,
hence they are corresponding to members of |Ky, + F3|. We use these 4
divisors to study the canonical system | Ky |.

Let C7, CY and D be effective divisors on W satisfying C; = C] + D and
15(Cy) = CY+ D, where C and C} have no common irreducible components.
Then we have (§(D) = D and C7 = §(C7). Let us show that D = 0,
namely, that C} and ¢{(C}) have no common irreducible components, on the
assumption that the configurations of ws;i1’s (0 < j < 2) are sufficiently
general. We see easily that if the configuration of the 3 points wsj1’s (0 <
j < 2) is sufficiently general, then the following five conditions are satisfied :

i) no members of |24, + | stable under ¢y pass the 3 points wy, ws, ws,

ii) each member of |Ay| contains at most one out of the 6 points wy, . . . , w,
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iii) each member of || contains at most one out of the 6 points wy, . . ., wg,

iv) no members of |Aq + I'| stable under ¢y pass the 2 points ws and ws,

v) no members of |24y + I'| passing the 4 points ws, ..., ws are tangent

to L, at w.

Assume that D € |2A¢+ I'|. Then D € |24+ I'| is stable under ¢y, and
passes the 3 points wy, ws, ws, which contradicts the condition i). Thus we
have D ¢ |24+ I|.

Assume that D € |24|. Then we have C; € |Ao| + |AQo| + |I'], which
contradicts the conditions ii) and iii). Thus we have D ¢ [24].

Assume that D € |Ag + I'|. Then C] € |Ay| contains at most one out
of the 5 points wy, ws, ..., ws by the condition ii). Thus, since ¢5(D) = D,
the divisor D passes the 4 points ws, wy, ws and wg. This contradicts the
condition iv). Thus we have D ¢ |Aq+ I'|.

Assume that D € |Ag|. Then D is a member of |Ay| stable under .
Note that wy,...,ws € W \{p1,...,ps}, where {p1,...,ps} is the set of all
fixed points of ¢y on W. Thus by the condition ii), the divisor D contains
none of the 6 points wy,...,ws. It follows that both C] and C} = ¢§(CY)
contain the 4 points ws, wy, ws and wg, which contradicts C] - C{ = 2. Thus
we have D ¢ |A|.

Assume that D € |I'|. Then we have C; € |Aq| + |Ao| + |I'|, which
contradicts the conditions ii) and iii). Thus we have D ¢ |I'].

Thus, by the argument above, the divisors C; and ¢§(C}) have no common
irreducible components. Moreover C and L,, have no common irreducible
components by the conditions ii) and iii). By the condition v), we have
Cy N Ly, = wy + wy for a certain point w; # w; on W. It follows

(C1 + Lu,) N (19(Ch) + Luy) = wr +ws + Y wy,

1<4i<6

where wg = to(wr). {From this we infer that the fixed part of |Ky, + Fy| is
D ic10 ¢~ (EY), and that the base locus of the variable part of |Ky, + Fb|
is at most ¢! ({wy, ws}) on the assumption that the configuration of the 4
points wy, ws, ws and w] are sufficiently general.

By the same method as in the case of C'1, we see that if the configuration
of wy, ws, ws and w] are sufficiently general, then

(Co + Lu,) N (1§(Ca) + Luyy) = wh + wiy + H wy,

1<i<6

where w;, € L, and wg € L,, are certain points on W. It follows that the
base locus of the variable part of | Ky, + F| is at most ¢! ({w?, wg}). Thus
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the assertion follows for the case k = 2, since we have {wr, wg} N {w}, wi} =
0. O]

In what follows, we assume that the configuration of the £ + 1 points
wsj+1’s (0 < j < k) and that of w] are sufficiently general as in Lemma 4.2,
hence that Y is minimal. We put

Fy=q() 2L, + M) = Y (B} +2E)— > 2E],

i=1,2 i=1,2 3<i<2k+2

where L,,, and M, are the divisors as in the proof of Lemma 4.2. Then the
divisors By and F3 are stable under the action of G. Let h be a meromorphic
function on W; corresponding to the principal divisor By — 2F,. Then ¢,, =
(t5h)/h is a non-zero constant. We use the same symbol p; for the point on W,
lying over the fixed point p; € W of ¢o. Since {p1, ..., ps}Nsupp(By—2F) =
(), we infer h(p;) # 0, hence ¢,, = 1. Thus by Lemma 1.3, there exist exactly
two liftings to Y5 of the action of G on W,.

Lemma 4.3. There exists a unique free action of G on Y which is obtained
by lifting the action on Wy. This action on'Y induces one on'Y free from
fixed points.

Proof. The fiber f;*(p;) is a set of 2 points for each 1 < i < 4. We take
the unique lifting to Y5 of the action of G such that the induced action of G
on fy'(p1) is free from fixed points. We obtain an action of G on f;*(p;) by
restricting this lifting. Since {p1,...,ps} is the set of all fixed points of the
action of G on W, it only needs to show that the action of G on f, '(p;) is
free for any 2 <1 < 4.

Let Lg be a member of || given by x — s = 0, and M, a member of |Ay|
given by y — s = 0 for each s € P! = CU {oo}. Then we have ¢~ '(L;) ~ P!
and Og-1(,)(F2) =~ Op1(4). Putting U; = ¢ '(L1) \ {p:} (i = 1,2), we have
g L) = UZ.:L2 U;. For each i = 1,2, we take a coordinate z; on U; such
that ¢ : z; — —z; on U; and z;29 = 1 on U; N Uy hold. Note that the fixed
point p; € Us is given by 2z = 0, and that the fixed point py € U; is given by
z1 = 0. Let [J;_, , Ui x C be the total space of the line bundle Og-1(r,)(F3).
We take a fiber coordinate (; on U; x C such that

G
G = A (5)
Let g; = 0 be a defining equation of Bs|;-1(z,) on U; such that g; = ga/25.
Then f, (7' (L;)) is a subvariety of Uiy, Ui X C locally defined by ¢ —g; =
0. Since Bs is stable under the action of G, the function t{g1/g1 = tg2/g2 is
holomorphic on g~!(L;), hence a constant. jFrom this together with g»(p;) #
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0, we infer tg; = g; for i = 1,2. Thus, since the action of G on f; (p;) is
non-trivial, the automorphism of f,'(g(L1)) corresponding to ¢y € G is
given by (z2,(2) — (—22, —(2) on Us x C. By this together with (5), we see
that this automorphism is given by (z1,¢1) — (—21,—C(1) on Uy x C. Thus
the action on f, !(py) is free from fixed points.

Note that we have py, p3 € ¢ ' (M;) and p3,ps € ¢ *(L_1). Using M; and
L_; in place of Ly, we see that the action of G on f, *(p;) is free for i = 3,4

in the same way. Thus the assertion follows. O

Proposition 4.1. Let X be a quotient of Y by the free action of G given
in Lemma 4.3. Then X is a minimal algebraic surface of general type with
3 =2x(0) -1, x(0) =4 — k and Tors(X) ~ Z/2.

Proof. Since the projection 7 : Y — X is an unramified Galois cover
of degree 2, we infer from (4) and Lemma 4.2 that X is a minimal surface
with ¢ = 2x(0) — 1, x(0) = 4 — k and Z/2 C Tors(X). The isomorphy
Tors(X) ~ Z/2 follows from Theorem 1. O

Finally, we give a proof of Lemma 4.1. We take the homogeneous coordi-
nates (X : X7) and (Y} : Y1) as in the beginning of this section such that w;
is given by (z,y) = (0,0). Let C3 be the unique member of |Ay + I'| whose
strict transform on Wy passes w}. Then Cj is defined by pz 4+ vy = 0 for
certain constants p and v € C. The point wy;4; is given by (z,y) = (o, 5;)
for each integer 1 < j < k, where a; and 3; € C are certain constants.

Put n(Xo, X1; Y0, Y1) = n(X1, Xo; Y1, Ys) for each homogeneous poly-
nomial 7n(Xy, X1;Yp, Y1) € HY(Ow(lAg + mI')) of bidegree (I,m). Then
n +— 1" gives an involution of H°(Oy (IAg + mI")), and this involution in-
duces an action of G = (19) =~ Z/2 on H°(Ow (I4¢ +mI)). Let V,, be
the space consisting of all elements in H°(Oy, (1A¢ + mI")) stable under this
action. We denote by A , = P(V ) the subsystem of |IAy + mI’| cor-
responding to the subspace V(fm) If D is an effective divisor on Wy, we
denote by A?l_,m)(D) the space consisting of all members C’s of Aam) such
that ¢*C' — D is effective. We put /Iam)(D) = q" (A, (D)) — D. More-

over we put AT = /1@8)(22.:172 3(EY + EY) + D s<i<okt2 4EY) and AT =

/I?é,s)(z:z‘:lz 3(E] + EY) + D s<i<ont2 AED).

PRrROOF OF LEMMA 4.1.

First, we give a proof for the case kK = 1. In what follows, we assume that
aq, 31, p and v are sufficiently general. Then we have dim /12572)(Zi:172(E? +

EY)+ 35, ) = 1. Tt is casily verified that the base locus of this linear
pencil is {w; }1<i<a U {wg, w1}, where the point wy is given by
_ Bi(ppr +van) _ar(pb +vag)
r = and y=
pon + v pon + v
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and w1 = to(wy). We use the same symbol w; for the point on W5 lying over
w; € W, where i = 9,10. It is also easily verified that A}, (35, 3, E) is
free from base points. Thus from

3L (D (B + EY)+ Y B+ A, (> E) c AT,

i=1,2 i=3,4 i=3,4

we infer that the base locus of A% is at most {wg, w1o}. Meanwhile, since
15(C3) passes wy, we have

2(C3+ 1(C5) + Lay + Loy + Mg, + Myj5,) € AY,

where L, and M, are the divisors as in the proof of Lemma 4.3 for each
s € CU{oo}. Thus, since C3 + 15(Cs) + Lo, + L1ja, + Ma, + M3, passes
neither wy nor wyy, we infer that the linear system AT is free from base
points. By Bertini’s theorem, any general member B} of A* satisfies all the
conditions given in Lemma 4.1.

Next, we give a proof for the case k = 0. In what follows, we assume that
and v are sufficiently general. Then we have dim /1&2) (s (BP+EY)) = 2.

It is easily verified that /Flvzgg)(zi:m(E? + EY)) is free from base points. We
therefor infer, since we have

3/15,2)(2 (EY + E/)) + q"Afyq) C A,

i=1,2

that AT is free from base points. Thus any general member B of AT satisfies
all the conditions given in Lemma 4.1.

Finally, we give a proof for the case k = 2. In what follows, we assume
that aq, as, (1, B2, p and v are sufficiently general. Then we see easily that
dim /12572)(21956 E?) = 1, and that the base locus of this linear system is
{w; }1<i<¢ U {w11, w12}, where the point wy; is given by

= (5182 — 1) (12 — ) and ~ (anan — 1) (a1 — agfh)

(51 — B2) (g — B12) Y7 an —an)(onas — Bifs)

and w2 = f(w11). We use the same symbol w; for the point on Wy ly-
ing over w; € W, where i = 11,12. The linear system A}, (3, o(E] +
EY) + 3 5cic EY) has a unique member Cy. The divisor Cy is smooth at
w1, ..., we, wi; and wye, since any distinct 2 members of Azrzg)(Zlgz‘gﬁ E?)

intersect each other transversally at these 8 points. We denote by Cj the
strict transform on Wy of Cy. Then we have Cy = §*(Ca) — 3o,y o(E) +
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EY) = > scice Y. Tt is also easily verified that dim /123’2)(239.@ E?) =2,
and that this linear system has no base points. Thus from

3Gy (D (BY+EY)+ > B+ Aba (> Ef)C AT,

1=1,2 3<i<6 3<i<6

we infer that the base locus of A* is at most Cl.

The linear system Aj (37, 2 3E] + > 5., 2E7) has a unique member
Cs. By the same method as in the proof of Lemma 4.2, we see that C4 and
Cs have no common irreducible components. Thus we have

C4 N C5 = W13 + W14 + Z ?)UJZ -+ Z 2wi, (6)

i=1,2 3<i<6

where wy3 is a point on W and wyy = to(wyz). I {wis, wia} = {ws, wy}
holds for general ay, ..., v, then we have {wq3, w14} = {ws,ws} for general
aq,...,v, which is a contradiction. Thus we have {wi3, w4} N {ws, wy} = 0.
In the same way, we see {wi3, w14} N{ws, ws} = 0. By the defining equation
of C5, we obtain mult,,, Cs = 3. Thus, since the defining equation of Cj is
independent of p and v, we infer that {wi3, w14} N {wy, wy} = O for general
i and v. Moreover by the defining equation of Cy and that of C5, we obtain
CyNA{p1,...,ps} =0 and C5 N {wyq, w2} = 0. Tt follows

{wig, wia} N {wy, ..., we, wir, wr2,p1,...,pa} = 0. (7)

Let us use the same symbol w; for the point on W5 lying over w; € W for
i = 13,14. Then from (6), (7) and

20, 5D BB+ ) 2E)) C AT,

i=1,2 3<i<6

we infer that the base locus of A% is at most Cy N Cs = {wy3, w14}, where
Cs = 7 (C5) = Y019 3E) — Y50 2B is the strict transform on W of Cs.

Now let us show that w3 and w4 are at most ordinary double points
of general members of AT using the argument above. Let Cg be a general
member of Af 5 (32,6 E). We denote by Co = 7" (C6) — 2. 1<icq EY the
strict transform on W5 of Cg. Then since

A D B + M0 (BVH B+ ) BY)

1<i<6 i=1,2 3<i<6

+ AL (D BEY+ ) 2E) C AT,

i=1,2 3<i<6
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the divisor 3, ;6 Ci + >, , 207 ' (E?) is a member of A*. By Cyn Cg =
{wy1, w12} together with (6) and (7), we infer that both wy3 and wyy are
ordinary double points of >, . ¢ C; + Zi:m 2q’*_1(EZQ). Thus w3 and wyy
are at most ordinary double points of general members of At. Hence any
general member B) of A satisfies all the conditions given in Lemma 4.1. [

Remark 1. Note that if £ = 0 or 1, then the isomorphism class of the quartet
(Wo, tolwe, ¢4(Ba), >y 5 E) depends only on the isomorphism class of X.
This is verified as follows. In the construction of X above, the morphism
7 : Y — X is the unramified double cover corresponding to Tors(X), and
p: Y — Y is the shortest one among all composites of quadric transfor-
mations such that the variable part of p*|Ky| is free from base points. The
morphism @ _ g, og'of is the canonical map of Y, where &_ K, © Wo — PO
is the anti-canonical map of Wy. We have deg ®_ Kw, = 1 for k = 0,1 and
deg @_k,,, =2for k =2. Thusif k =0 or 1, then Wy is the minimal desingu-

larization of the normalization of the canonical image Z = & K},(Y) C P52k,
since @, contracts no (—1)-curves. Now since the divisor 3, _, , E on Wj
is the image by ¢’ o f of the fixed part of p*| Ky |, we infer from the argument
above that the isomorphism class of the quartet (Wo, to|wy, ¢4(Bz2), > iy 5 E7)
depends only on the isomorphism class of X. Note also that ¢’ : Wy — W,
is the blowing-up of Wy at all non-negligible singularities of ¢/ (Bs).

APPENDIX

Let us give a proof of Lemma 1.3. We use the same symbol g for the auto-
morphism of W corresponding to g € G. Let {U;}icr be an open covering of
W such that the divisor F'is given by f; = 0 on U;, where f; is a meromorphic
function on U;. We take {U,};c; in such a way that there exists a left action
of G on I such that g(U;) = U,.,; for any g € G. Let U;c;U; x C be the total
space of the line bundle F, such that (p,(;) € U; x C and (p,(;) € U; x C
give the same point on U;e,;U; x C, if and only if ; = (f;/f;)(p)(;- We denote
by 7 : Uje;U; — W the natural projection.

We take a system (h;);c; of defining equations of B such that h; =
(fi/fi)*h; on U; N U; hold. Here h; is a holomorphic function on U; for
each i. Then the variety V is defined by (/* — h; = 0 on U; x C. Since
hi/f* = h;/f}' gives a meromorphic function on W corresponding to the
principal divisor B — nF', we have

9 hgi = cg(g" fgi/ 11)" i (8)

on U; for each g € G, where ¢ : g — ¢, is the Character of G given in Lemma
1.3. Take a constant ¢, € C* satisfying ¢ = ¢;. Then

(p, i) = (9(p), Cgi) = (9(p); ¢4 (9" fgi/ i) (P)Gi)
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gives an automorphism of U;c;U; x C. This automorphism induces that of
V', say 1),, since (8) holds.

Now assume that the action of G on W lifts to that on V. We denote
by ¢, the automorphism of U;e;U; x C corresponding to g € G. Then from
g = (g0, ") othy and o (pg 04, ") =7, we infer that ¢, is given by

(p, Gi) = (9(p), Cgi) = (9(P), Xg(g" foi/ F1) (P)Ci), 9)

where x, € C* is a constant such that xj = ¢,. Since g — ¢, is an action of
G, we see that x : g — X, is a character of G. Thus we have ¢ € Im(¥).
Assume conversely that ¢ € Im(¥). We define an automorphism ¢, , of
V by (p,G) = (9(p), Cgi) = (9(p), Xg(g" fgi/ fi) () Gi) for each x € &~ (c) and
g € G. Then it is easily verified that ¢, : g — ¢, 4 is a lifting of the action
of G on W. The set {¢y}ycw-1(c) is that of all liftings of the action of G on
w. O
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