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STABILITY IN VOLUME COMPARISON PROBLEMS
ALEXANDER KOLDOBSKY

ABSTRACT. A comparison problem for volumes of convex bodies
asks whether inequalities fr (¢) < fr(€) for all £ € S*~1 imply
that Vol,(K) < Vol, (L), where K, L are convex bodies in R”,
and fx is a certain geometric characteristic of K. By stability in
comparison problems we mean that there exists a constant ¢ such
that for every ¢ > 0, the inequalities fx(£) < fL(§) + ¢ for all

n—1

¢ € §*1 imply that (Vol,,(K))“* < (Vol,(L))™ + ce.

We prove such results in the settings of the affirmative parts
of the Busemann-Petty and Shephard problems, where fx(§) =
Sk (€) = Vol,,_1 (KNEL) is the section function or fr (&) = Pk (§) =
Vol,,_1 (K|¢4) is the projection function, correspondingly. Here &+
is the central hyperplane perpendicular to ¢, and K¢ is the or-
thogonal projection of K to £&+. We also establish stability in the
section case for arbitrary measures in place of the volume. The
latter allows to extend to arbitrary measures the hyperplane in-
equality in dimensions n < 4.

1. INTRODUCTION

A typical comparison problem for the volume of convex bodies asks
whether inequalities

Tx(§) < fr(é), V¢ e sm

imply Vol,,(K) < Vol,(L) for any K, L from a certain class of origin-
symmteric convex bodies in R", where fx is a certain geometric char-
acteristic of K and Vol,, is the n-dimensional volume.

If fx = Sk is the section function of K defined by

Sk (&) = Vol,_1 (K N&T), £e s

where ¢+ is the central hyperplane in R™ orthogonal to £, the corre-
sponding comparison question is the matter of the Busemann-Petty
problem, raised in 1956 in [BP] and solved in the end of the 1990’s as
the result of a sequence of papers [LR], [Bal, [Gi], [Bo4], [L], [Pa], [G1],
(G2], [Z1], [Z22], [K2], [K3], [Z3], [GKS] ; see [K4, p. 3] or [G3, p. 343]
for the history of the solution. The answer is affirmative if n < 4, and
it is negative if n > 5.
1
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Another example is the Shephard problem with fx = Px being the
projection function

Py (§) = Vol (K€1), e s,

where K|¢4 is the orthogonal projection of K to the hyperplane &*.
The Shephard problem was posed in 1964 in [Sh] and solved soon after
that by Petty [Pe] and Schneider [S1]. The answer if affirmative only
in dimension 2.

Since the answers to the Busemann-Petty and Shephard problems
are negative in most dimensions, one may ask what information about
the functions Sk and Px does allow to compare the volumes in all
dimensions. In the section case an answer to this question was given in
[KYY]: for two origin-symmetric infinitely smooth bodies K, L in R"
and « € [n —4,n — 1) the inequalities

(—A)2Sk(€) < (=A)*2S(€),  vees ! (1)
imply that Vol,,(K) < Vol, (L), while for & < n — 4 this is not neces-
sarily true. Here A is the Laplace operator on R", and the fractional
powers of the Laplacian are defined by

(—A)2f = (J[5 f (@),

1
(2m)"
where the Fourier transform is considered in the sense of distributions,
|z|o stands for the Euclidean norm in R", and the functions Sk and Sp,
are extended in (1) to homogeneous functions of degree -1 on the whole
R™. This result contains the solution to the original Busemann-Petty
problem as a particular case and means that one has to differentiate
the section functions at least n — 4 times in order to compare the n-
dimensional volumes.

The situation is different for projections where a similar extension
does not directly generalize the solution to Shephard’s problem. Yaskin
[Y] proved that for a € [n,n + 1) the inequalities

(AP (€) > (—A)*2Py(8), vEe smt (2)

imply that Vol,(K) < Vol,(L), where the projection functions are
extended to homogeneous functions of degree 1 on the whole R™. The
latter result is no longer true for @ € [n — 2,n), which would be a
natural extension of the solution to the original Shephard’s problem.
Zvavitch [Zv] found a remarkable generalization of the Busemann-
Petty problem to arbitrary measures. Let f be an even continuous
positive function on R", and denote by g the measure on R™ with
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density f. For every closed bounded set B C R"™ or B C &+ define

u(B) = [ fla) e

The result of Zvavitch is that the answer to the Busemann-Petty prob-
lem remains the same if volume is replaced by any measure with pos-
itive continuous density in R™. In particular, if n < 4, then for any
convex origin-symmetric bodies K and L in R" the inequalities

p(KNeEs) <p(Lnet),  Vees!

imply
u(K) < u(L).
This is generally not true if n > 5, as also shown in [Zv].

In this article we study the flexibility of the results mentioned above.
By stability in a comparison result we mean that there exists a constant
¢ such that for any K, L from certain classes of convex bodies and every
¢ > 0 the inequalities

Jx(&) < fo(§) + ¢, vE e sm!

lmply n—1 n—1
Vol,,(K) = < Vol,(L) = + ce.

We also consider separation in comparison problems, where we are look-
ing for a constant ¢ such that for any K, L from certain classes of convex
bodies and every € > 0 the inequalities

fi(&) < fu(§) —e, Ve e gl
imply

Vol,,(K)"+ < Vol (L) — ce.

We first prove stability and separation for the section function fr =
Sk under the additional assumption that K is an intersection body.
In the stability result the constant ¢ = 1, but in the case of separation
¢ depends on the inradius of K and on the dimension n. Since every
origin-symmetric convex body in R", 2 < n < 4 is an intersection body,
in these dimensions the results apply to arbitrary origin-symmetric
convex bodies K, L.

We also prove linear stability and separation for the projection func-
tion fx = Pgx under the additional assumption that L is a projec-
tion body. Here in the stability result the constant ¢ depends on n
and on the circumradius of L, while in the case of separation we have

c=+/1/e.
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In order to remove the additional assumptions on the bodies and
make the results work in general in higher dimensions, we prove stabil-
ity and separation in the results from [KYY] and [Y] mentioned above.
We consider the cases where

frx = (—A)*28, a€n—4n-1)
and
fx=(— )a/QPK, a € [n,n+1),

and K, L are arbitrary infinitely smooth convex bodies in R™. In the
stability case the constant ¢ for sections depends only on o and n, while
for projections the constant also depends on the circumradius of L. In
the separation case, ¢ depends only on a and n for projections, and
also depends on the inradius of K for sections.

In Section 4 we prove stability in Zvavitch’s result and apply it to
extend the hyperplane inequality in dimensions n < 4 to arbitrary mea-
sures. The hyperplane problem of Bourgain [Bol], [Bo2] asks whether
there exists an absolute constant C' so that for any origin-symmetric
convex body K in R”

Vol,, (K) ™+ F < ng}q%x Vol,_1 (K N&Y). (3)
The problem is still open, with the best-to-date estimate C' ~ n!/* es-
tablished by Klartag [KI], who slightly improved the previous estimate
of Bourgain [Bo3]. We refer the reader to recent papers [EK], [DP] for
the history and current state of the hyperplane problem.
In the case where the dimension n < 4, the inequality (3) can be
proved with the best possible constant (see [G3, Theorem 9.4.11})):

n—1
n—1 By
Vol,,(K) = |2_

max Vol, (K NE&Y), (4)
with equality when K = B is the Euclidean ball. Here |BY| =
72 /(1 + n/2) is the volume of BY. Note that the constant C in
(4) is less than 1; see Lemma 1. Inequality (4) follows from the af-
firmative answer to the Busemann-Petty problem in dimensions up to
four, just let L be the Euclidean ball in the formulation of the problem.

In Section 4 we prove that inequality (3) holds in dimensions up to
four with arbitrary measure in place of the volume. Our extension of

(4) is as follows: if 2 < n < 4 and K is an origin-symmetric convex
body in R”, then

W) < — ax, w(K NEY) Vol, (K)Y™, (5)
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By analogy with the volume case, one may expect that (5) immediately
follows from Zvavitch’s result. This is not so, the argument does not
work in this case because the measure p of sections of the Euclidean
ball does not have to be a constant. Instead, to prove (5) we establish
stability in the affirmative part of Zvavitch’s result in the following
sense: if 2 < n <4, K and L are origin-symmetric convex bodies in
R", and € > 0 so that for every £ € S"71,

(K NEY) <p(Lneh)+e,

then
ne

n—1
To prove (5), we interchange K and L in the latter result and then put
L = (); see Section 4.

p(K) < (L) + Vo, (K)'/".

In most cases we employ the techniques of the Fourier analytic ap-
proach to sections and projections that has recently been developed;
see [K4] and [KY]. We use a more geometric Radon transform approach
in the case fx = Sk to show the variety of methods; it is also possible
to solve this case with the Fourier transform.

2. STABILITY AND SEPARATION FOR SECTIONS

We say that a closed bounded set K in R" is a star body if every
straight line passing through the origin crosses the boundary of K at
exactly two points different from the origin, the origin is an interior
point of K, and the Minkowski functional of K defined by

|||k = min{a >0: z € aK}

is a continuous function on R".
The radial function of a star body K is defined by

pr(z) = lzlx’,  weR™

If x € S"~! then px(z) is the radius of K in the direction of .
Writing the volume of K in polar coordinates, one gets

1 1 .
Vol (1) =+ [ s = [ o)

The spherical Radon transform R : C(S™1) — C(S™!) is a linear
operator defined by

RiQ=[ s ges

for every function f € C'(S"1).
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The polar formula (6) for the volume of a hyperplane section ex-
presses this volume in terms of the spherical Radon transform (see for
example [K4, p.15]):

Sie(6) = Vol 1 (K N €' = ——R(|- 7@ (1)

The spherical Radon transform is self-dual (see [Gr, Lemma 1.3.3] ):
for any functions f,g € C(S™1)

/Snl RI(€) 9(6) d§ = | J(&) Ry(€) de. (8)

Sn—1
The spherical Radon transform can be extended to measures. Let
i be a finite Borel measure on S"~'. We define the spherical Radon
transform of y as a functional Ry on the space C'(S™!) acting by

(Ru. ) = (. Rf) = / Rf () du(x).

S’nfl
By Riesz’s characterization of continuous linear functionals on the space
C(S™1), Ry is also a finite Borel measure on S™~!. If 1 has continuous
density g, then by (8) the Radon transform of p has density Rg.

The class of intersection bodies was introduced by Lutwak [L]. Let
K, L be origin-symmetric star bodies in R". We say that K is the
intersection body of L if the radius of K in every direction is equal
to the (n — 1)-dimensional volume of the section of L by the central
hyperplane orthogonal to this direction, i.e. for every & € S™~1,

pr(&) = llEll " = Vol (LN ED). (9)
All the bodies K that appear as intersection bodies of different star
bodies form the class of intersection bodies of star bodies.
Note that the right-hand side of (9) can be written in terms of the
spherical Radon transform using (7):

1 1
-1 _ —n+1 — L ||—nt1
Jelid = o [ I = SR 1)

It means that a star body K is the intersection body of a star body if
and only if the function || - || is the spherical Radon transform of a
continuous positive function on S™"~!. This allows to introduce a more
general class of bodies. A star body K in R" is called an intersection
body if there exists a finite Borel measure u on the sphere S™~! so
that || - || " = Ru as functionals on C(S"71), i.e. for every continuous
function f on S™71,

/ el f () d = / Rf(z) du(x). (10)
Sn—l Sn—l
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Intersection bodies played the crucial role in the solution of the
Busemann-Petty problem due to the following connection found by
Lutwak [L]: if K in an origin-symmetric intersection body in R” and L
is any origin-symmetric star body in R", then the inequalities Sk (§) <
Sp(€) for all £ € S™! imply that Vol,(K) < Vol,(L), i.e. the answer
to the Busemann-Petty problem in this situation is affirmative. For
more information about intersection bodies, see [K4, Ch.4], [KY], [G3,
Ch.8] and references there.

In this section we prove the stability of Lutwak’s connection. First,
we need some simple facts about the I'-function.

Lemma 1. For any n € N, the following inequalities hold:

and

\/E<—F(§+1)< ntl
ToreE) Vo2

Proof : For the first inequality see for example [KL, Lemma 2.1].
The second inequality is a simple modification of the lower estimate in
the first, using the property I'(x 4+ 1) = I'(x) of the I-function.

The third inequality follows from log-convexity of the I'-function (see

(K4, p.30]):
r? (g—l—l) gr(nTJr?’)F(n;rl) _ <n42r1) - (n—2|—1)

and
pe (ol <P(ﬁ+1>r(ﬁ) gF2<9+1) 0
5 )= \3 5) — o \3 '

Theorem 1. Suppose that € > 0, K and L are origin-symmetric star
bodies in R™, and K is an intersection body. If for every & € S"~!

Sk(§) < Si(§) +e, (11)

then
Vol,,(K)™+ < Vol (L) +-e.
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Proof : By (7), the condition (11) can be written as

R(|| - [Iz"H)(©) < R(- IZ")(E€) + (n — 1)e, V& € 5™
(12)

Since K is an intersection body, there exists a finite Borel measure p
on S™! such that || - || = Ry as functionals on C(S™1). Together
with (6), (12) and the definition of Ry, the latter implies that

Vol (K) = [ llell " do
:/ ]| 5 d(R,u)(:z:)z/ Rl (&) dp(€)
S’!L 1 S’!L*l
—n—+1 n —
< [ RO © du©) + (=1 [ aute)

= [ Wl el d Ve [ duto). (13)

We estimate the first term in (13) using Holder’s inequality:

1 n=1
[ taleliy e < ([ el ae)” ([ el ao)
Sn—1 Sn— Sn—1

= nVol, (K)#Vol, (L) . (14)

We now estimate the second term in (13) adding the Radon transform
of the unit constant function under the integral (R1(z) = |S"?| for
every ¥ € S"1), using again the fact that || - ||/ = Rp and then
applying Holder’s inequality:

e [ =T [ R@de )

n—1)e
Ot [ el o

. - LN
<O s ([ e as)

| n72‘ B o 21>

_F("—_l) and ‘S" ‘ o)

where

2
are the surface areas of the unit spheres in R*~! and R", correspond-
ingly.
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We get that the quantity in (16) is equal to

(n— DI(%5")

1 ny) 2t
2n (I(3))
by the second inequality of Lemma 1.
Combining the latter inequality with (13) and (14),

nVol,(K) < nVol,(K)#Vol, (L)% + ne (Vol,(K))

3=

e (nVol,(K))™ < ne (Vol,(K))

3=

g

It is known that for 2 < n < 4 every origin symmetric convex body in
R™ is an intersection body (see [G2], [Z3], [GKS] or [K4, p. 73]). This
means that the result of Theorem 1 holds in these dimensions for ar-
bitrary origin-symmetric convex bodies K, L. Moreover, interchanging
K, L in Theorem 1, we prove

Corollary 1. If 2 < n < 4, then for any origin-symmetric convex
bodies K, L in R",

Vol (K)*% = Vol (L)% | < [|Sk — Sillcsnr)-

We now prove the linear separation property of Lutwak’s connection.
Denote by
r(K) = mingegn-1 P (§)
Vol,, (K)Y/»

the normalized inradius of K.

Theorem 2. Let K and L be origin-symmetric star bodies in R™ and
e > 0. Assume that K is an intersection body. If for every & € S™1

Sk(§) < SL(§) — ¢, (17)

n—1 n—1 2
Vol, (K)" < Vol (L) — ’/nL r(K)e.

Proof : The proof goes along the same lines as that of Theorem 1,
with the difference that now we need a lower estimate in place of the
upper estimate (16). Similarly to (13) and (14), we get

then

nVol,(K) < nVol,(K)#Vol,(L)+ — (n — 1)e /S _dp(a). s

Similarly to (15),
(n—1)e

(=D [ ) = S [ el da,
5 S
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and, since ||z||" = pr(x) for x € S"~! using the definition of r(K)
we estimate the latter by

o e(n = Dr(K)Vol, (K)~ [5"!|
- [Sm2]

= er(K)nVol, (K)»

(we multipiled and divided by n and now use I'(x 4+ 1) = 2I'(z) and
the third inequality of Lemma 1)

L T L [ 2
:&TT’(K)HVOI”(K)"\/%% > &t'r’(K)nVoln(K)E n—:—rl
Combining this with (18), we get
n—1 2
nVol,(K) < nVol,(K)=Vol,(L)*+ — ner(K)Vol,(K)= :1'
n

We now pass to stability in the comparison result from [KYY]. The
goal here is to establish stability of volume comparison in dimensions
higher than 4 without the assumption that K is an intersection body.
We use the techniques of the Fourier approach to sections of convex
bodies that has recently been developed; see [K4] and [KY].

The Fourier transform of a distribution f is defined by (f, ¢) = (f, ¢)
for every test function ¢ from the Schwartz space S of rapidly decreas-
ing infinitely differentiable functions on R™. For any even distribution

A

f, we have ()" = (2m)"f.

If K is a star body and 0 < p < n, then || - || is a locally inte-
grable function on R™ and represents a distribution. Suppose that K
is infinitely smooth, i.e. || - |x € C*°(S™™!) is an infinitely differen-
tiable function on the sphere. Then by [K4, Lemma 3.16|, the Fourier
transform of || - || is an extension of some function g € C>(S™!)
to a homogeneous function of degree —n + p on R". When we write
(]I - ||;(p)A (€), we mean g(£), £ € S"'. If K, L are infinitely smooth
star bodies, the following spherical version of Parseval’s formula was
proved in [K5] (see [K4, Lemma 3.22]): for any p € (—n,0)

)" Y () = (970)
[0y @1 © = o

Sn=

][l da.
1 (19)
A distribution is called positive definite if its Fourier transform is a

positive distribution in the sense that (f,$) > 0 for every non-negative
test function ¢. The following was proved in [KYY]:
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Lemma 2. ([KYY, Lemma 2.3]) Let K be an origin-symmetric convex
body in R™. Assume that a € [n —4,n — 1), then |z||%" - |z|5* is a
positive definite distribution on R™.

If K is infinitely smooth, by Lemma 2 and [K4, Lemma 3.16], the
Fourier transform (|z|;|lz||%")" is an extension of a non-negative in-
finitely differentiable function on S™~! to the whole R”.

Theorem 3. Lete >0, a € [n—4,n—1), and let K and L be origin-
symmetric infinitely smooth convex bodies in R™, n > 4, so that for
every £ € S™1

(—A)* 28k (§) < (—A)*25L(E) +e. (20)
Then

n—1

Vol,,(K)™ < Vol (L)% + ce,
where

c=cla,n) =

Proof : It was proved in [K1] that
_ 1 —n+1\A n—1

Extending Sk () to R™ as a homogeneous function of degree —1 and
using the definition of fractional powers of the Laplacian we get

1

_A/2 - = (lzl®lzllzA
(~A7285(8) =~ () 0).

therefore

(27) Vol (K) = (27)" /

all a5 da

n—

= e [ (el ol el
= [ el el Ot 0)as

=wln=1) [ (ol lallZ ) O)=A)"Si(6)db.

Here we used Parseval’s formula on the sphere (19). By Lemma 2,
(Jx|3¥|z|| )" is a non-negative function on S"~!, and we can use (20)
to estimate the latter quantity:

<nln=1) [ (el O)(-8) 5 0)as
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datn=1e [ (ol O, (22

Repeating the above calculation in the opposite order, we get that the
first summand in (22) is equal to

)" [ el ol < (2ol (1) Vol (1)
Sn—1 (23)

by Holder’s inequality.
To estimate the second summand in (22), we use the formula for the
Fourier transform (in the sense of distributions; see [GS, p.194])
20+ 3 ()

—n+to A —a—
(’l’|2 - +1) (9) - F(n—a—l)Q |9‘2 1'

2

Again using Parseval’s formula and then Hoélder’s inequality,

[qn_1<|x’5“||w|!}1>A(9)de

F(n—a—l) . B e
~ g TeE el ©) (el ™)" )0

(2’/’()”F(n_a—1) -
- 2 [ el

- 2etlpsr(2H)

(2m) T (2=2=L) |Sn1) 5 o\
< : [ el da

20+ s [ (&4L)

(2m)"D(2=5=0) |1 .
- 2a+17:%1“(a_+1) (nVol, (K))
2

Combining this with (22) and (23), we get

(27)"nVol,(K) < (2m)"nVol, (K)# Vol, (L)

2

201w [(%H)

el = Do DS IS 7 ey

which implies the result.
O

For o < m — 4 the statement of Theorem 3 is no longer true, simply
because the comparison result itself does not hold, as shown in [KYY].
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The corresponding separation result looks as follows:

Theorem 4. Lete > 0, o € [n—4,n—1), K and L be origin-symmetric
infinitely smooth convex bodies in R™, n > 4, so that for every £ € S™~!

(—A)* 28k (€) < (—A)*25,(E) —e. (24)
Then
Vol,, (K)™+ < Vol (L) — ce,
where
m(n — DI("=5=)
= T (T (z)

Proof : Following the proof of Theorem 3, we get
(27)"nVol,(K) < (2m)"nVol, (K)# Vol, (L)

—rln=1e [ (el el (0)00.

The difference with the proof of Theorem 3 is that now we have to
estimate

/ (el 1) (6)d6
Sn—l

from below. In the same way as in Theorem 3 we write this integral as

(27T>nr(n—a—1) .
2 [ el de
Snfl

2atizs ()

The latter integral is greater or equal to r(K) (Voln(K))% |S"1| . The
result follows.

O

3. STABILITY AND SEPARATION FOR PROJECTIONS

We need several more definitions from convex geometry. We refer
the reader to [S2] for details.

The support function of a convex body K in R" is defined by

hie(@) {feR’Er:llgﬁ(Fl}(x’ &), weR
If K is origin-symmetric, then hg is a norm on R".

The surface area measure S(K, -) of a convex body K in R" is defined
as follows: for every Borel set E C S"!, S(K, E) is equal to Lebesgue
measure of the part of the boundary of K where normal vectors belong
to E. We usually consider bodies with absolutely continuous surface
area measures. A convex body K is said to have the curvature function

fr: 8" =R,
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if its surface area measure S(K, -) is absolutely continuous with respect
to Lebesgue measure o,_; on S" !, and

dO’n,1

so fr is the density of S(K,-).

By the approximation argument of [S2, Th. 3.3.1], we may assume
in the formulation of Shephard’s problem that the bodies K and L are
such that their support functions hx, hy, are infinitely smooth functions
on R™\ {0}. Using [K4, Lemma 3.16] we get in this case that the

Fourier transforms hg, hy, are the extensions of infinitely differentiable
functions on the sphere to homogeneous distributions on R" of degree
—n — 1. Moreover, by a similar approximation argument (see also [GZ,
Section b)), we may assume that our bodies have absolutely continuous
surface area measures. Therefore, in the rest of this section, K and L
are convex symmetric bodies with infinitely smooth support functions
and absolutely continuous surface area measures.

The following version of Parseval’s formula was proved in [KRZ]| (see
also [K4, Lemma 8.8]):

[ m@h©d= e [ mopw e @

Sn—1
The volume of a body can be expressed in terms of its support func-
tion and curvature function:

= fx € Ly(S"71),

1

Vol,,(K) = - /Sn—l hi(z) fx(x) dz. (26)

If K and L are two convex bodies in R"™ the mized volume Vi(K, L)
is equal to
1 . Vol (K +eL)— Vol,(K)

n e—+0 g

We use the following first Minkowski inequality (see [K4, p.23]): for
any convex bodies K, L in R",

Vi(K, L) > Vol, (K)™Y/"Vol,, (L)' (27)

The mixed volume can also be expressed in terms of the support and
curvature functions:

1

Vi(K, L) = - /S b file) dr. (28)

Let K be an origin-symmetric convex body in R™. The projection
body 11K of K is defined as an origin-symmetric convex body in R"
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whose support function in every direction is equal to the volume of the
hyperplane projection of K to this direction: for every 6 € S"~1,

huk (0) = Vol,_, (K|0Y). (29)

If L is the projection body of some convex body, we simply say that L
is a projection body.

Both Petty [Pe] and Schneider [S1] in their solutions of the Shephard
problem (see the introduction) used the connection with projection
bodies: if the body L (with greater projections) is a projection body
then the answer to the question of the Shephard problem is affirmative
for any body K. We now prove the stability of this connection.

Define the normalized circumradius of L by

R(L) = maxgegn—1 pL(§)
Vol, (L)+

Theorem 5. Suppose thate > 0, K and L are origin-symmetric convex
bodies in R™, and L is a projection body. If for every & € S™1

Pr(§) < Pr(§) + -, (30)

then
n—1 27T

Vol,, (K)"“ < Vol, (L) + ~ R(L)e.

Proof : It was proved in [KRZ] that

Pul€) = —<Tx0),  Vee s, ()

where fx is extended from the sphere to a homogeneous fuggtion of
degree —n — 1 on the whole R", and the Fourier transform fx is the
extension of a continuous function Px on the sphere to a homogeneous
of degree 1 function on R"™.

Therefore, the condition (30) can be written as

RO <@ +e,  Vees (32

It was also proved in [KRZ] that an infinitely smooth origin-symmetric

convex body L in R” is a projection body if and only if Ez < 0 on the
sphere S™~1. Therefore, integrating (32) with respect to a negative
density,

/ I ()F1(€) de > / T (€)Fr () de + me / ho(€) de.
Snfl S’nfl Snfl
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Using this, (26) and (25), we get

Vol (1) = )" [ @) do= [ B9 de
> [ R ds e [ Rl ds

Sn—1

ey [ @) desre [T de 69

We estimate the first summand from below using the first Minkowski
inequality:

(2m)" /Sn1 hi(z)fx(x) de > (2m)"n (Vol, (L))

Sl=

(Vol,,(K)) ™" .
(34)

To estimate the second summand in (33), note that, by (31), the Fourier

transform of the curvature function of the Euclidean ball

n+l
Fa€) = —nVol, (B ) = -~ Vee sl

L%

where By~ ! is the unit Euclidean ball in R"~!. Therefore,

—~ (ot —~
e [ m@d=—t) [ Rk

m 2

= — W”F<nT+1) x) fa(x) dx
et [ b)) d

T2
(ntl

= —(2m)"e (n21)/ hi(x) dx
T 2 Sn—1

ey R(L) (Vol,,(L))*

T 2
VAR(L) (Vol, (L))" T(*5)
L3 +1) ’
where we again used Parseval’s formula, the fact that fo = 1, and a
simple estimate hy(z) < R(L) (Vol, (L))~
Combining this with (33) and (34), and using the third inequality of
Lemma 1, we get

(27)"nVol, (L) > (27r)"n (Vol,,(L))* (Vol,,(K))“+

A / R ) (Vol,,( €,
n

—(2m)"e

Sn—l‘

—(2m)"ne

:M—‘

which finishes the proof.
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We now prove the corresponding separation result.

Theorem 6. Suppose that e > 0, K and L are origin-symmetric convex
bodies in R™, and L is a projection body. If for every & € S™1

Pr(§) < Pr(§) — ¢, (35)

then
€

Vol,,(K)™+ < Vol, (L) — 7
Proof : Similarly to the proof of Theorem 5, we get (33), but with
negative sign in front of ¢ :

(2m)"nVol, (L) > (2#)"/

Sn—1

hi(x)fx(z) dv — me /Snl ﬁ;(ﬁ) df(-%)

The difference with the proof of Theorem 5 is that now we need an
upper estimate for

e e — (oo LCE)
we [ B de=—Caye—ste | hu@)hta) do

™ 2
Using the first Minkowski inequality (27), the latter is
(3 ,
< —(2m)"ne—== (Vol,, (L))" (Vol,(By)) ™

m 2

D) (ol ()t < ~ 200

(P2 +1)" Te

by the first inequality of Lemma 1. In conjunction with (36) and (27),
(28), this implies the result.

3=

= —(27T)nn5 (VOln<L))

|

We end this section by formulating the stability version of the re-
sult from [Y] mentioned in the introduction, which treats projections
in arbitrary dimension without the additional assumption that L is a
projection body. The proof follows the lines of the proof of Theorem
5 with changes corresponding to those in the proof of Theorem 3; we
leave this proof to the willing reader, as well as the separation result
in this case. Let us just mention that one has to use the fact that
for every a € [n,n + 1) the distribution |x|;“h.(x) is positive definite,
which is explained in [Y].
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Theorem 7. Lete >0, a € [n,n+ 1), K and L be origin-symmetric
infinitely smooth convex bodies in R™, n > 3, so that for every & € S~ !
(—A)*2Pp(€) < (—=A)*?P(6) +e.

Then . .
Vol,,(K)“ < Vol (L)% + ce,

where

L(*=5=) [S" ' R(L)

c= -
20t1me (2 )n

Note that this is no longer true if @ < n, because the underlying
comparison result fails, as shown in [Y].

4. A HYPERPLANE INEQUALITY FOR ARBITRARY MEASURES

We start with stability in Zvavitch’s result, and for this we need
some more facts about distributions. L. Schwartz’s generalization of
Bochner’s theorem (see, for example, [GV, p.152]) states that a distri-
bution is positive definite if and only if it is the Fourier transform of a
tempered measure on R". Recall that a (non-negative, not necessarily
finite) measure p is called tempered if

[ (ke duta) < o0

for some 3 > 0.

If 0 < p < mn, then || - || is a locally integrable function on R"
and represents an even homogeneous of degree —p distribution. If this
distribution is positive definite for some p € (0,n), then its Fourier
transform is a tempered measure which is at the same time a homoge-
neous distribution of degree —n + p. One can express such a measure
in polar coordinates:

Proposition 1. ([K4, Corollary 2.26]) Let K be an origin-symmetric
convez body in R™ and p € (0,n). The function || - || represents a
positive definite distribution on R™ if and only if there exists a finite
Borel measure jig on S™ ' so that for every even test function ¢,

[ elioy = [ ([T etdgar) duoto)

It was proved in [GKS] (see [K4, Corollary 4.9]) that

Proposition 2. If 2 < n < 4 and K is any origin-symmetric con-
vex body in R", then the function || - || represents a positive definite
distribution.
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For any continuous function f on the sphere S~ ! denote by f-r—"*!
the extension of f to an even homogeneous function of degree —n + 1
on the whole R”. It was proved in [K4, Lemma 3.7] that the Fourier
transform of f-r~"*! is equal to another continuous function g on S™~*
extended to an even homogeneous of degree —1 function ¢ -7~! on the
whole R™ (in fact, ¢ is the spherical Radon transform of f, up to a
constant). This is why we can remove smoothness conditions in the
Parseval formula on the sphere [K4, Corollary 3.23] and formulate it
as follows:

Proposition 3. Let K be an origin-symmetric conver body in R™.
Suppose that || - ||* is a positive definite distribution, and let jio be the
finite Borel measure on S™! that corresponds to || - || " by Proposition
1. Then for any even continuous function f on S™1,

/ (f -+ ™ )6) dpo(8) = / 161 £(6) do.  (37)
Sn—l

Sn—1
Finally, we need a formula from [Zv], expressing the measure of a
section in terms of the Fourier transform. This formula generalizes the
corresponding result for volume; see (21).

Proposition 4. ([Zv]) Let K be an origin-symmetric star body in R",
then, for every & € S,

A
|2/l =

urne) = (g [ e (B )a) o,
0

EaP

where the Fourier transform of the function of x € R™ in the right-hand
side is a continuous homogeneous of degree —1 function on R™\ {0}.

The following elementary fact was used by Zvavitch [Zv] in his gen-
eralization of the Busemann-Petty problem.

Lemma 3. Let a,b > 0 and let a be a non-negative function on
(0, max{a, b}] so that the integrals below converge. Then

a a b b

/t”_la(t)dt—a/t”_Qa(t)dt < /t“‘la(t)dt— a/tn_Za(t)dt.
0 0 0 0 (38)
Proof : The inequality (38) is equivalent to
b b
a/t"_Qa(t)dt < /t"‘la(t)dt.

Note that the latter inequality also holds in the case a > b.
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O

The measure of a body can be expressed in polar coordinates as
follows:

(K = /K Fu) du = / ||7”Kt"1f(tx)dt e, (39)

We are ready to prove the stability.

Theorem 8. Let [ be an even positive continuous function on R™, 2 <
n <4, p is the measure with density f, K and L are origin-symmetric
convex bodies in R™, and € > 0. Suppose that for every & € S 1,

pKNE) <p(Lnet) +e. (40)

Then

n(K) < p(L) + —

c Vol (K)'/". (41)

Proof : First, we rewrite the condition (40) using Proposition 4:

B A

llzll i
et [ ()|
0

A

D)
Mellz,

< (et oo ()| @+ ne
0

|17|2

for each £ € S™1L.

We integrate the latter inequality over S™~! with respect to the mea-
sure o corresponding to the positive definite homogeneous of degree
—1 distribution || - || by Proposition 1:

lz|o A
Tzl
prn [ eap (1
slh% !t (i) | @ ante
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and now apply the spherical Parseval formula, Proposition 3:

[Ellrs
[ el | [ et | a
gn—1 0
"
< [alit | [ eraa | doene [ duote)
gn-1 0 st (42)
By Lemma 3 with a = ||z|', b = ||z||;" and a(t) = f(tz),
[Elrs [Elrs
[t @ttt [ e
0 0
(el lzll
< / 1 f () dt — |22 / 2 f(t)dt, V€ ST
0 0
Integrating over S~ we get
[Ellrs Ellrs
/ /t”_lf(tx)dt dx — / || /t”_Qf(tx)dt dx
g1\ D g1 0 (43)
llzl* (Ellr
g/ /t"lf(t:c)dt iz — / || /t”2f(tq:)dt da.
Sn—1 0 Sn—1 0
Adding inequalities (42) and (43) we get
[EPg
/ /t”_lf(tx)dt dx
Sn—1 0
)"
g/ /t”lf(tx)dt dx—|—7r€/ ld“°(£)’
o
gn—1 0

and, by the polar formula (39), the latter can be written as

W(K) < (L) + e / dpio(€).

Sn—1
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[t remains to estimate the integral in the right-hand side of the latter
inequality. For this we use the formula for the Fourier transform (in
the sense of distributions; see [GS, p.194])

ot
—n A m™ 2 1
|25 i (&) = == 1€lz -
( ) L")

Again using Parseval’s formula, Proposition 3,

e [ ol = e Lo 0 ©due

22
mel'(%52) 3 mel(%521) . 1/n gt
= [ el < ([ eliae) s
2m 2 Sn—1 Y ) gn—1
where we also used Holder’s inequality. Here
22
Snfl — -
S ey

is the surface area of the unit sphere S"~'. Now use the polar formula
for volume (6) and apply Lemma 1 to get the desired estimate.

|

Theorem 8 does not hold true in dimensions greater than four, simply
because the answer to the Busemann-Petty problem in these dimen-
sions is negative. Note that in the case of the volume (f = 1), the
result of Theorem 8 is weaker than what is provided by Theorem 1.
In fact, in the case of volume the estimate of Theorem 8 follows from
the estimate of Theorem 1 by the Mean Value Theorem applied to the
function h(t) = t™/ (=1,
Interchanging K and L in Theorem 8, we get

Corollary 2. Under the conditions of Theorem 8, we have
[(K) — p(L)|

< max_[pu(K NE) — p(LNED)| max (Voln(K)%,Voln(L)
n — 1 cesn-1

)
Now to prove inequality (5) simply put L = ) in Corollary 2:

K Né&L) Vol, (K)Ym.
n_lgg%zgu( N&™) Vol (K)

p(K) <
The author does not know whether the inequalities of Corollary 1 and
Corollary 2 hold in higher dimensions (maybe with an extra absolute
constant in the right-hand side). Note that this question includes the
hyperplane conjecture as a particular case.



STABILITY OF VOLUME COMPARISON 23

Acknowledgement. I wish to thank the US National Science Foun-
dation for support through grants DMS-0652571 and DMS-1001234,
and the Max Planck Institute for Mathematics for support and hospi-
tality during my stay in Spring 2011.

REFERENCES

[Ba] K. Ball, Some remarks on the geometry of convex sets, Geometric aspects of
functional analysis (1986/87), Lecture Notes in Math. 1317, Springer-Verlag,
Berlin-Heidelberg-New York, 1988, 224-231.

[Bol] J. Bourgain, On high-dimensional mazimal functions associated to convex
bodies, Amer. J. Math. 108 (1986), 1467-1476.

[Bo2] J. Bourgain, Geometry of Banach spaces and harmonic analysis, Proceedings
of the International Congress of Mathematicians (Berkeley, Calif., 1986), Amer.
Math. Soc., Providence, RI, 1987, 871-878.

[Bo3] J. Bourgain, On the distribution of polynomials on high-dimensional convex
sets, Geometric aspects of functional analysis, Israel seminar (198990), Lecture
Notes in Math. 1469 Springer, Berlin, 1991, 127-137.

[Bod] J. Bourgain, On the Busemann-Petty problem for perturbations of the ball,
Geom. Funct. Anal. 1 (1991), 1-13.

[BP] H. Busemann and C. M. Petty, Problems on convex bodies, Math. Scand. 4
(1956), 88-94.

[DP] N. Dafnis and G. Paouris, Small ball probability estimates, 1ps-behavior and
the hyperplane conjecture, J. Funct. Anal. 258 (2010), 1933-1964.

[EK] R. Eldan and B. Klartag, Approzimately gaussian marginals and the hyper-
plane conjecture, preprint, arXiv:1001.0875.

[G1] R. J. Gardner, Intersection bodies and the Busemann-Petty problem, Trans.
Amer. Math. Soc. 342 (1994), 435-445.

[G2] R. J. Gardner, A positive answer to the Busemann-Petty problem in three
dimensions, Annals of Math. 140 (1994), 435-447.

[G3] R. J. Gardner, Geometric tomography, Second edition, Cambridge University
Press, Cambridge, 2006.

[GKS] R. J. Gardner, A. Koldobsky and Th. Schlumprecht, An analytic solution
to the Busemann-Petty problem on sections of convex bodies, Annals of Math.
149 (1999), 691-703.

[GS] 1. M. Gelfand and G. E. Shilov, Generalized functions, vol. 1. Properties and
operations, Academic Press, New York, 1964.

[GV] 1. M. Gelfand and N. Ya. Vilenkin, Generalized functions, vol. 4. Applications
of harmonic analysis, Academic Press, New York, 1964.

[Gi] A. Giannopoulos, A note on a problem of H. Busemann and C. M. Petty
concerning sections of symmetric convex bodies, Mathematika 37 (1990), 239
244.

[GZ] E. Grinberg and Gaoyong Zhang, Convolutions, transforms, and convex bod-
ies, Proc. London Math. Soc. (3) 78 (1999), 77-115.

[Gr] H. Groemer, Geometric applications of Fourier series and spherical harmonics,
Cambridge University Press, New York, 1996.

[K1] B. Klartag, On convex perturbations with a bounded isotropic con- stant, Geom.

Funct. Anal. (GAFA) 16 (2006), 1274-1290.



24 ALEXANDER KOLDOBSKY

[K1] A. Koldobsky, An application of the Fourier transform to sections of star
bodies, Israel J. Math. 106 (1998), 157-164.

[K2] A. Koldobsky, Intersection bodies, positive definite distributions and the
Busemann-Petty problem, Amer. J. Math. 120 (1998), 827-840.

[K3] A. Koldobsky, Intersection bodies in R*, Adv. Math. 136 (1998), 1-14.

[K4] A. Koldobsky, Fourier analysis in convex geometry, Amer. Math. Soc., Prov-
idence RI, 2005.

[K5] A. Koldobsky, A generalization of the Busemann-Petty problem on sections
of convex bodies, Israel J. Math. 110 (1999), 75-91.

[KL] A. Koldobsky and M. Lifshits, Average volume of sections of star bodies,
Geometric aspects of functional analysis, 119-146, Lecture Notes in Math.,
1745, Springer, Berlin, 2000.

[KRZ] A. Koldobsky, D. Ryabogin and A. Zvavitch, Projections of convex bodies
and the Fourier transform, Israel J. Math. 139 (2004), 361-380.

[KYY] A.Koldobsky, V. Yaskin and M. Yaskina, Modified Busemann-Petty problem
on sections of convex bodies, Isracl J. Math. 154 (2006), 191-207.

[KY] A. Koldobsky and V. Yaskin, The interface between convexr geometry and
harmonic analysis, CBMS Regional Conference Series in Mathematics, 108,
American Mathematical Society, Providence, RI, 2008.

[LR] D. G. Larman and C. A. Rogers, The existence of a centrally symmetric convex
body with central sections that are unexpectedly small, Mathematika 22 (1975),
164-175.

[L] E.Lutwak, Intersection bodies and dual mized volumes, Adv. Math. 71 (1988),
232-261.

[Pa] M. Papadimitrakis, On the Busemann-Petty problem about convez, centrally
symmetric bodies in R™, Mathematika 39 (1992), 258-266.

[Pe] C. M. Petty, Projection bodies, Proc. Coll. Convexity (Copenhagen 1965),
Kobenhavns Univ. Mat. Inst., 234-241.

[S1] R. Schneider, Zu einem problem von Shephard iber die projektionen konvezer
Kérper, Math. Z. 101 (1967), 71-82.

[S2] R. Schneider, Convez bodies: the Brunn-Minkowski theory, Cambridge Uni-
versity Press, Cambridge, 1993.

[Sh] G. C. Shephard, Shadow systems of convex bodies, Israel J. Math. 2 (1964),
229-306.

[Y] V. Yaskin, Modified Shephard’s problem on projections of convex bodies, Israel
J. Math. 168 (2008), 221-238.

[Z1] Gaoyong Zhang, Centered bodies and dual mized volumes, Trans. Amer. Math.
Soc. 345 (1994), 777-801.

[Z2] Gaoyong Zhang, Intersection bodies and Busemann-Petty inequalities in R*,
Annals of Math. 140 (1994), 331-346.

[Z3] Gaoyong Zhang, A positive answer to the Busemann-Petty problem in four
dimensions, Annals of Math. 149 (1999), 535-543.

[Zv] A. Zvavitch, The Busemann-Petty problem for arbitrary measures, Math. Ann.
331 (2005), 867-887.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MISSOURI, COLUMBIA, MO
65211
E-mail address: koldobskiya@missouri.edu



