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H-SURFACES WITH ARBITRARY TOPOLOGY IN
HYPERBOLIC 3-SPACE

BARIS COSKUNUZER

ABSTRACT. In this paper, we show that any open orientable surfaceS

can be properly embedded inH3 as a minimizingH-surface for any
0 ≤ H < 1. We obtained this result by proving a version of the bridge
principle at infinity forH-surfaces. We also show that any open ori-
entable surfaceS can benonproperlyembedded inH3 as a minimal sur-
face, too.

1. INTRODUCTION

In this paper, we are interested in the existence of completeConstant
Mean Curvature (CMC) surfaces inH3 of arbitrary topological type. CMC
surfaces in the hyperbolic3-space has been an attractive topic for the last
two decades. Especially after the substantial results on asymptotic Plateau
problem, i.e. the existence and regularity of minimal surfaces inH3 by An-
derson [A1],[A2], and Hardt and Lin [HL], the generalizations of these re-
sults to CMC surfaces became interesting. In the following years, Tonegawa
generalized Anderson’s existence and Hardt and Lin’s regularity results for
CMC hypersurfaces [To].

Later, Oliveira and Soret studied the question of”What kind of surfaces
can be minimally embedded inH3?” and showed that any finite topologi-
cal type surface can be minimally embedded inH3 where the embedding
is complete [OS]. Then, Ros conjectured that any open surface (not nec-
essarily finite topology) can be properly and minimally embedded inH3.
Very recently, Francisco Martin and Brian White gave a positive answer to
this conjecture, and showed thatany open orientable surface can be prop-
erly embedded inH3 as an area minimizing surface[MW]. While in area
minimizing case, there have been many great results on the realization of a
surface of given topology inH3, there has been no result for CMC case so
far in the literature.

In this paper, we address this problem, and generalize Martin and White’s
result to CMC surfaces (H-surfaces) for0 ≤ H < 1. Our main result is as
follows:
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Theorem 1.1. Any open orientable surface can be properly embedded in
H3 as a minimizingH-surface for 0 ≤ H < 1.

In particular, this shows that any open orientable surface can be realized
as a complete CMC surface with mean curvatureH in H3 where0 ≤ H <
1. Also,H = 0 case corresponds to the area minimizing case mentioned
above [MW]. While generalizing Martin and White’s result toH-surfaces,
we followed a similar but different path (See Final Remarks). In particular,
the outline of the method is as follows.

Like [MW], we start with a simple exhaustion of the open orientable sur-
faceS which is a decomposition into simpler surfacesS1 ⊂ S2 ⊂ ...Sn ⊂ ..
whereS =

⋃∞
n=1 Sn [FMM]. In other words, the surfaceS can be con-

structed by starting with a diskD = S1, and by adding1-handles iteratively,
i.e.Sn+1− int(Sn) is either a pair of pants attached toSn or a cylinder with
a handle attached toSn (See Figure 3). Hence after proving a version of
bridge principle at infinity forH-surfaces, we started the construction with
anH-plane inH3, sayS1. Then, if Sn+1 is a pair of pants attached to
Sn, then we attach a bridge inS2

∞(H3) to the corresponding component of
∂∞Sn. Similarly, if Sn+1 is a cylinder with a handle attached toSn, then we
attach two bridges successively to∂∞Sn (See Figures 4 and 5). By iterating
this process dictated by the simple exhaustion ofS, we construct a properly
embeddedH surfaceΣ in H3 with the same topological type ofS.

After constructing properly embeddedH-surfaces inH3, we turn to the
question of”What kind of surfaces can be nonproperly embedded inH3 as
a minimal surface?”. By placing a bridgebetween the nonproperly em-
bedded minimal plane inH3 constructed in [Co3], and the minimal surface
of desired topological type constructed above, we show thatany open ori-
entable surface can be minimally and nonproperly embedded in H3.

Theorem 1.2. Any open orientable surface can be nonproperly embedded
in H3 as a minimal surface.

The organization of the paper is as follows. In the next section, we will
give the basic definitions and results. In section 3, we will prove a version
of bridge principle at infinity forH-surfaces inH3. In Section 4, we show
the main result, the existence of properly embedded, complete minimizing
H-surfaces inH3 of arbitrary topological type. In Section 5, we will show
the existence of non-properly embedded minimal surfaces inH3 of arbitrary
topological type. In section 6, we give some concluding remarks. Note that
we postpone some technical steps to the appendix section at the end.

1.1. Acknowledgements. I would like to thank Brian White and Francisco
Martin for very valuable conversations and remarks.
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2. PRELIMINARIES

In this section, we will overview the basic results which we use in the
following sections. For further details, see [Co1, Section6]

Let Σ be a compact surface, bounding a domainΩ in some ambient Rie-
mannian3-manifold. LetA be the area ofΣ, andV be the volume of
Ω. Let’s varyΣ through a one parameter familyΣt, with corresponding
areaA(t) and volumeV (t). If f is the normal component of the variation,
andH is the mean curvature ofΣ, then we getA′(0) = −

∫
Σ
2Hf , and

V ′(0) =
∫
Σ
f whereH is the mean curvature.

Let Σ be a surface with boundaryα. We fix a surfaceM with ∂M =
α, and defineV (t) to be the volume of the domain bounded byM and
Σt. Now, we define a new functional as a combination ofA andV . Let
IH(t) = A(t) + 2HV (t). Note thatI0(t) = A(t). If Σ is a critical point
of the functionalIH for any variationf , then this will implyΣ has con-
stant mean curvatureH [Gu]. Note that critical point of the functionalIH
is independent of the choice of the surfaceM since if ÎH is the functional
which is defined with a different surfacêM , thenIH − ÎH = C for some
constantC. In particular,H = 0 is the special case of minimal surfaces and
area minimizing surfaces, for which the theory is very well developed. We
representH = 0 case in brackets [..] in the following definition. This def-
inition describes well why CMC surfaces are considered as generalizations
of minimal surfaces in a certain way.

Definition 2.1. i. Σ is called asH-surface[minimal surface] if it is crit-
ical point of IH [I0] for any variation. Equivalently,Σ has constant mean
curvatureH (0) at every point.

ii. A compact surface with boundaryΣ is aminimizingH-surface[area
minimizing surface] ifΣ is the absolute minimum of the functionalIH [I0]
among surfaces with the same boundary.

iii. A surface (not necessarily compact) is aminimizingH-surface[area
minimizing surface] if any compact subsurface is a minimizingH-surface
[area minimizing surface].

iv. A minimizing H-surface [area minimizing surface]Σ with ∂∞Σ =
Γ is a uniquely minimizingH-surface[uniquely minimizing surface] ifΓ
bounds a unique minimizingH-surface (area minimizing surface) inH3.

Notation: From now on, we will call CMC surfaces with mean curvature
H asH-surfacesand we will assume0 ≤ H < 1 unless otherwise stated.
All the surfaces are assumed to be orientable unless otherwise stated.

Now, we will give the basic results onH-surfaces in hyperbolic space.
The following existence result is given in any dimension.
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Lemma 2.2. [To], [AR] Let Γ be a codimension-1 closed submanifold in
Sn
∞(Hn+1), and let|H| < 1. Then there exists a minimizingH-hypersurface

Σn in Hn+1 where∂∞Σn = Γ. Moreover, any suchH-hypersurface is
smooth outside of a closed set of Hausdorff dimensionn− 7.

Beside the existence results, Tonegawa studied the regularity at infinity
in [To], and obtained the following result.

Theorem 2.3. [To] Let Γ be a collection ofC∞-smooth disjoint simple
closed curves inS2

∞(H3). LetΣ be anH-surface inH3 with ∂∞Σ = Γ.
Then,Σ ∪ Γ is aC∞ submanifold with boundary inH3.

Note also that by using some barrier arguments, it is not hardto show
that if θH is the intersection angle at infinity between anH-surface and the
asymptotic boundaryS2

∞(H3), thencos θH = H [To].
The following fact is known as maximum principle.

Lemma 2.4. Let Σ1 and Σ2 be two surfaces in a Riemannian manifold
which intersect at a common point tangentially. IfΣ2 lies in positive side
(mean curvature vector direction) ofΣ1 around the common point, thenH1

is less than or equal toH2 (H1 ≤ H2) whereHi is the mean curvature of
Σi at the common point. If they do not coincide in a neighborhoodof the
common point, thenH1 is strictly less thanH2 (H1 < H2).

Now, we will quote the following result from [Co2], which is used to
prove the genericity of uniquely minimizingH-surfaces inH3. This lemma
will also be an important tool for us to prove the bridge principle at infinity.

Lemma 2.5. [Co2, Lemma 4.1]Let Γ be a collection of simple closed
curves inS2

∞(H3). Then either there exists a unique minimizingH-surface
Σ in H3 with ∂∞Σ = Γ, or there are two canonical disjoint extremal mini-
mizingH-surfacesΣ+ andΣ− in H3 with ∂∞Σ± = Γ.

Now, we will show that if two disjoint collection of simple closed curves,
sayβ1 andβ2, does not ”link” each other inS2

∞(H3), then the minimizing
H-surfacesT1 andT2 in H3 with ∂∞Ti = βi must be disjoint.

Lemma 2.6.LetΩ1 andΩ2 be two open subsets (not necessarily connected)
in S2

∞(H3) with Ω1 ∩ Ω2 = ∅. Let βi = ∂Ωi be smooth curves. Then, if
T1 and T2 are two minimizingH-surfaces inH3 with ∂∞Ti = βi, then
T1 ∩ T2 = ∅.

Proof: We will basically adapt the technique in [Co2, Theorem 3.2]
to this case. Sinceβi is smooth,Ti ∪ βi is smoothly embedded inH3 by
Lemma 2.3. SinceTi is connected,Ti separatesH3 into two regions, say
H3 − Ti = ∆+

i ∪∆−
i where∂∞∆+

i = Ωi.
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Assume thatT1 ∩ T2 6= ∅. Then by maximum principle (Lemma 2.4),
∆+

1 ∩∆
+
2 6= ∅. SinceΩ1∩Ω2 = ∅, thenW = ∆+

1 ∩∆
+
2 is in the compact part

of H3. Let∂W ∩T1 = Σ1 and∂W ∩T2 = Σ2. Then,∂Σ1 = ∂Σ2 = T1∩T2
is a collection of simple closed curves, sayτ .

Now, recall thatT1 andT2 are both minimizingH-surfaces inH3, and
hence, the compact subsurfacesΣ1 andΣ2 are minimizingH-surfaces with
the same boundaryτ , i.e. IH(Σ1) = IH(Σ2). Now, letS1 be a compact
subsurface ofT1 with Σ1 ⊂ int(S1). DefineS ′

1 = (S1 −Σ1) ∪Σ2. Clearly,
∂S1 = ∂S ′

1. SinceIH(Σ1) = IH(Σ2), then IH(S1) = IH(S
′
1) by con-

struction. AsS1 is minimizingH-surface, andIH(S1) = IH(S
′
1), thenS ′

1

is also a minimizingH-surface with the same boundary. However,S ′
1 has

codimension-1 singularity alongτ . This contradicts to the regularity theo-
rem for minimizingH-surfaces.

Remark2.7. Note that in the lemma above, we can take the open subsets
Ω1 andΩ2 in S2

∞(H3) with the conditionΩ1 ⊂ Ω2. This is because this
would be equivalent toΩ1 ∩ int(Ωc

2) = ∅ which satisfies the assumption in
the lemma (i.e. take the second open setΩ′

2 asint(Ωc
2)). In particular, this

is a nonlinking condition forβ1 andβ2 in S2
∞(H3).

We will finish this section with the following definition.

Definition 2.8. Let S be a noncompact surface. An embeddingϕ : S → X
is proper if for any compact subsetK of X, ϕ−1(K) is compact inS. A
surfaceΣ is properly embeddedin X if there exists a proper embedding
ϕ : S → X with ϕ(S) = Σ. Equivalently,Σ is properly embeddedin X if
Σ = Σ whereΣ is the closure ofΣ in X.

3. A BRIDGE PRINCIPLE AT INFINITY FOR H-SURFACES

In this part, we will generalize the bridge principle at infinity by Martin
and White toH-surfaces inH3 by using different techniques (See Final
Remarks). LetΓ be a finite collection of smooth simple closed curves in
S2
∞(H3). Let α be a smooth arc inS2

∞(H3) which meetsΓ orthogonally,
and satisfyingΓ ∩ α = ∂α. Γ separatesS2

∞(H3) into two regions, say
S2
∞(H3) − Γ = X+ ∪ X− with ∂X+ = ∂X− = Γ (Notice that ifU ⊂ S2

and∂U = γ then∂U c = γ, too.). Of course,X+ or X− may have more
than one component asΓ may not be connected. LetX+ be the region
which containsα. See Figure 1.

LetNǫ(Γ) be theǫ neighborhood ofΓ in S2
∞(H3). LetN+(Γ) = X+ ∩

Nǫ(Γ). Let Nǫ(α) be theǫ neighborhood ofα in S2
∞(H3). Let N+

ǫ (α) =
X+ ∩ Nǫ(α). In other words,N+

ǫ (α) is the component ofNǫ(α) − Γ con-
tainingα. Let Y be the open planar regionN+(Γ) ∪ N+(α) in X+ where
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γ1
γ2
γ3

γ4

γ5

γ6

X+

α

γ1

γ2
γ3

γ4

γ5

γ6

X+

α

FIGURE 1. Let Γ = γ1 ∪ γ2 ∪ ... ∪ γ6 be a collection of simple
closed curves inS2

∞(H3). Then,Γ separatesS2
∞(H3) into two

parts, sayX+ andX− with ∂X+ = ∂X− = Γ. We call the gray
region which contains the bridgeα asX+. In the pictures left
and right, the situations are given when the bridgeα is in different
sides ofΓ.

∂Y = Γ ∪ Γδ. FoliateY by smooth collection of simple closed curves
{Γt | 0 < t < δ} such thatΓt → Γ ∪ α ast ց 0, andΓt → Γδ ast ր δ
(See Figure 2).

Notice that if the endpoints ofα are in the same component ofΓ, then
♯(Γt) = ♯(Γ) + 1 and if the endpoints ofα are in different components of
Γ, then♯(Γt) = ♯(Γ)− 1 where♯(Γ) represents the number of components
of Γ.

γ1

γ2

Γδ

α

Γt

Γ

Γ1
δΓt

α

Γ2
δ

FIGURE 2. The gray region represents an open planar region
Y with ∂Y = Γ ∪ Γδ. {Γt | 0 < t < δ} is a foliation ofY
by smooth curves. The red arcα is the bridge. In the left,α is
connecting different componentsγ1 andγ2 of Γ, and henceΓt is
connected for0 < t ≤ δ. In the right,Γ is connected andΓt has 2
components for0 < t ≤ δ.
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Now, we prove a bridge principle at infinity forH-surfaces inH3. Note
that we postpone some technical steps to the appendix section, which show
that there is no genus on the bridge near infinity by usingH-strips andH-
skillets technique of [MW].

Theorem 3.1. [A Bridge Principle at Infinity]
LetS be a properly embedded, uniquely minimizing connectedH-surface

in H3 where∂∞S = Γ is a finite collection of disjoint smooth curves. As-
sume also thatS has finite genus. Letα be a smooth arc inS2

∞(H3) with
Γ ∩ α = ∂α andΓ ⊥ α. Consider the family of curves{Γt | 0 < t < δ}
constructed above. Then there exists a sufficiently smallt > 0 such that
Γt bounds a unique minimizingH-surfaceSt whereSt is homeomorphic to
S ∪N+

ǫ (α).

Proof: First, by Lemma 2.2, for anyΓt ⊂ S2
∞(H3), there exists a

minimizingH-surfaceSt with ∂∞St = Γt.

Step 1: For sufficiently smallt > 0, St ≃ S ∪N+
ǫ (α).

Proof: In this step, we will mainly use the techniques of [MW]. As
tn ց 0, Stn → T whereT is a minimizingH-surface inH3 with ∂∞T ⊂
Γ∪α. By using the linking argument in [MW], one can show that∂∞T = Γ.
SinceS is uniquely minimizingH-surface with∂∞S = Γ, S = T . Hence
Stn → S and the convergence is smooth on compact sets.

We will use the upper half space model forH3. Assume that forǫn ց 0,
there exists0 < tn < ǫn such thatStn , saySn for short, is not homeomor-
phic to Ŝ = S ∪ N+

ǫ (α). Since the number of boundary components are
same, this meansSn andŜ have different genus.

Let Ra = {0 ≤ z ≤ a} in H3. In the appendix section, we show that
there existsaΓ > 0 such that for sufficiently largen, Sn∩RaΓ has no genus.

Now, let Ka = {z ≥ a} and letSa = S ∩ Ka. Then, sinceSn →
S converge smoothly on compact sets,Sa

tn
→ Sa smoothly. Hence, by

Gauss-Bonnet,Sa
tn

andSa must have same genus. By above, this implies
for sufficiently largen, Stn andS must have the same genus. This is a
contradiction.

Hence, for sufficiently smallǫ′ > 0, we will assume that for0 < t < ǫ′,
St is homeomorphic toS ∪N+

ǫ (α).

Step 2: For all but countably many0 < t < ǫ′, Γt bounds a unique mini-
mizingH-surface inH3.

Proof: In this step, we mainly use the techniques from [Co2, Theorem
4.1]. By Lemma 2.6 (see also Remark 2.7), for any0 < t1 < t2 < ǫ′,
if S1 andS2 are minimizingH-surfaces with∂∞Si = Γti, thenS1 andS2
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are disjoint. By Lemma 2.5, ifΓs does not bound unique minimizingH-
surface, then we can define two disjoint canonical minimizingH-surfaces
S+
s andS−

s with ∂∞S±
s = Γs. Hence,S+

s ∪ S−
s separates a regionVs from

H3. If Γs bounds a unique minimizingH-surfaceSs, then letVs = Ss.
Notice that by lemma 2.6,St ∩ Ss = ∅ for t 6= s, and henceVt ∩ Vs = ∅ for
t 6= s.

Now, consider a short arc segmentη in H3 with one endpoint is inSt1

and the other end point is inSt2 where0 < t1 < t2 < ǫ′. Hence,η intersects
all minimizingH-surfacesSt with ∂∞St = Γt wheret1 ≤ t ≤ t2. Now for
t1 < s < t2, define thethicknessλs of Vs asλs = |η ∩ Vs|, i.e. λs is the
length of the piece ofη in Vs.Hence, ifΓs bounds more than oneH-surface,
then the thickness is not0. In other words, ifλs = 0, thenΓs bounds a
uniqueH-surface inH3.

As Vt ∩ Vs = ∅ for t 6= s,
∑t2

t1
λs < |η|. Hence, for only countably many

s ∈ [t1, t2], λs > 0. This implies for all but countably manys ∈ [t1, t2],
λs = 0, and henceΓs bounds a unique minimizingH-surface. Similarly,
this implies for all but countably manys ∈ [0, ǫ′], Γs bounds a uniqueH-
surface. The proof follows.

Steps 1 and 2 implies the existence of smooth curveΓt with 0 < t < ǫ′

for anyǫ′, whereΓt bounds a unique minimizingH-surfaceSt, andSt has
the desired topology, i.e.St ≃ S ∪ N̂ǫ(α).

4. THE CONSTRUCTION OFPROPERLY EMBEDDED H -SURFACES

Now, we are going to prove the main existence result for properly embed-
ded minimizingH-surfaces inH3 with arbitrary topology. In this part, we

S1

S2
S3 S4 S5

FIGURE 3. In the simple exhaustion ofS, S1 is a disk, and
Sn+1 − Sn contains a unique nonannular part, which is a pair of
pants (e.g.S4 − S3), or a cylinder with a handle (e.g.S3 − S2).



H-SURFACES WITH ARBITRARY TOPOLOGY INH3 9

will mainly follow the techniques in [MW]. In particular, for a given sur-
faceS, we will start with a compact exhaustion ofS, S1 ⊂ S2 ⊂ ...Sn ⊂ ...,
and by using the bridge principle in the previous section, weconstruct the
minimizingH-surface with the desired topology.

In particular, by [FMM], for any open orientable surfaceS, there exists
a simple exhaustion. A simple exhaustionS1 ⊂ S2 ⊂ ...Sn ⊂ ... is the
compact exhaustion with the following properties:S1 is a disk, andSn+1 −
Sn would contain aunique nonannular piecewhich is either a cylinder with
a handle (a torus with two holes), or a pair of pants by [FMM] (See Figure
3).

Hence, by starting with a round circle inS2
∞(H3) which bounds a unique

H-surface inH3 (a spherical cap), adding the bridges dictated by the simple
exhaustion, we get a minimizingH-surface with the desired topology.

Theorem 4.1. Any open orientable surfaceS can be embedded inH3 as a
minimizingH-surfaceΣ.

Proof: Let S be an open orientable surface. Now, we inductively con-
struct the minimizingH-surfaceΣ in H3 which is diffeomorphic toS. Let
S1 ⊂ S2 ⊂ ...Sn ⊂ ... be a simple exhaustion ofS, i.e.Sn+1 − Sn contains
a unique nonannular piece which is either a cylinder with a handle, or a pair
of pants.

Here, adding a bridge to the same boundary component of a surface
would correspond to the attaching a pair of pants. Adding twobridges suc-
cessively to the same boundary component would correspond to the attach-
ing a cylinder with a handle. In particular, ifC is the boundary component
in ∂Sn and the annulusA is a small neighborhood ofC in Sn, thenA ∪ Bn

Sn

Bn
Sn Bn

B̂n

FIGURE 4. If Sn+1 − Sn contains a pair of pants in the simple
exhaustion, we add a bridgeBn so thatSn ∪ Bn ≃ Sn+1 (left).
If Sn+1 − Sn contains a cylinder with a handle, then we add a
handleHn so thatSn ∪ Hn ≃ Sn+1. Here the handleHn is just
successive two bridges, i.eHn = Bn ∪ B̂n (right).
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would be a pair of pants, whereBn is the bridge attached toC. On the other
hand, ifB̂n is a smaller bridge connecting the different sides of the bridge
Bn, letBn ∪ B̂n be the handleHn. ThenA ∪ Hn would be a cylinder with
a handle (See Figure 4).

Recall that ifΣ is an orientable surface of genusg(Σ) with k(Σ) bound-
ary components, then its Euler Characteristicχ(Σ) = 2 − 2g(Σ) − k(Σ).
Notice that by attaching a bridgeBn, we increase the number of bound-
ary components ofSn by 1 and decrease the euler characteristic by1, i.e.
♯(∂Sn+1) = ♯(∂Sn)+1 andχ(Sn+1) = χ(Sn)−1. Hence,g(Sn) = g(Sn+1)
whereg(.) represents the genus of the surface. Similarly by attachinga
handleHn to Sn, we keep the number of boundary components same,
but decrease the euler characteristic by2, i.e. ♯(∂Sn+1) = ♯(∂Sn) and
χ(Sn+1) = χ(Sn) − 2. This impliesg(Sn+1) = g(Sn) + 1 with the same
number of boundary components.

We start the construction with a minimizingH-planeΣ1 (a spherical cap)
in H3 bounding a round circleΓ1 in S2

∞(H3). Hence,Σ1 ≃ S1. Now, we
continue inductively (See Figure 5). Assume thatSn+1 − Sn contains a
pair of pants. Let the pair of pants attached to the componentγ in ∂Sn.
Let γ′ be the corresponding component ofΓn = ∂∞Σn. By construction,
γ′ bounds a diskD in S2

∞(H3) with D ∩ Γn = γ′. Let βn be a smooth
arc segment inD with βn ∩ Γn = ∂βn ⊂ γ′, andβn ⊥ γ′. Now, as
Σn is uniquely minimizingH-surface, andβn satisfies the conditions, by
using the Theorem 3.1, we get a uniquely minimizingH-surfaceΣn+1 with
Σn+1 ≃ Sn+1. Note also that by Theorem 3.1, we can choose the bridge
alongβn as thin as we want. Hence, in the Poincare ball model, we can
get an increasing sequencern ր ∞ such thatBrn(0) ∩ Σn+1 ≃ Sn and
Brn+1

(0) ∩ Σn+1 ≃ Sn+1.

S2
∞

Σ1♯B1

S2
∞

Σ1♯H1

FIGURE 5. Σ1 is a uniquely minimizingH-surface where
∂∞Σ1 is a round circle. IfS2 − S1 contains a pair of pants, we
attach one bridgeB1 alongβ1 toΣ1, and getΣ2 = Σ1♯B1 (left). If
S2 − S1 contains a cylinder with a handle, we attach two bridges
successively toΣ1 and getΣ2 = Σ1♯H1 (right).
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Now, assume thatSn+1−Sn contains a cylinder with a handle. Again, let
γ be the component of∂Sn where the cylinder with handle attached, and let
γ′ ⊂ S2

∞(H3) be the corresponding component in∂∞Σn. LetD be the disk
in S2

∞(H3) with ∂D = γ′ andD ∩Γn = γ′. Like before, letβn be a smooth
arc segment inD with βn∩Γn = ∂βn ⊂ γ′, andβn ⊥ γ′. Now, by Theorem
3.1, we get a uniquely minimizingH-surfaceΣ′

n+1. Again, by choosing the
bridge sufficiently thin, we can make sure thatBrn ∩ Σ′

n+1 ≃ Sn. Now, let
β ′
n be the small smooth arc inD connecting the opposite sides of the bridge

alongβn. Similarly, by using Theorem 3.1, we add another tiny bridge
alongβ ′

n to Σ′
n+1 and get a uniquely minimizingH surfaceΣn+1 where

Σn+1 ≃ Sn+1. Like before, we can find sufficiently largern+1 > rn with
Brn(0) ∩ Σn+1 ≃ Sn andBrn+1

(0) ∩ Σn+1 ≃ Sn+1.
Hence, we get a sequence of uniquely minimizingH-surfacesΣn in H3

such that forrn ր ∞, if m > n, Brn(0) ∩ Σm ≃ Sn. By using the
techniques in [MW] and a diagonal sequence argument, we get alimiting
surfaceΣ in H3 where the convergence is smooth on compact sets.
Σ is a minimizingH-surface inH3 as being limit of minimizingH-

surfaces inH3. Moreover,Σ ≃ S asΣ ∩ Brn(0) ≃ Sn as the convergence
is smooth. Finally,Σ is properly embedded inH3 as for any compact set
K ⊂ H3, there existsrn > 0 with K ⊂ Brn(0), andBrn(0) ∩ Σ ≃ Sn

which is compact. The proof follows.

Remark4.2. Notice that to apply the bridge principle proved in the previous
section, one needs that the original curve must bound a unique minimizing
H-surface. Hence, in order to add the bridges successively, one needs to
get a curve which bounds a unique minimizingH-surface after adding the
bridge. This is the main idea here, and that is why we need the Theorem 3.1
to give a uniquely minimizingH-surface after attaching the bridge.

Remark4.3. If S has infinite topology, then by following the arguments
in [MW, Theorem 4.1], it can be showed that the distinct ends of corre-
spondingH-surfaceΣ are disjoint. Similarly by following the arguments
in [MW, Theorem 4.4], it might be possible to show that∂∞Σ is a smooth
curve except at one point. However, one might need more control in the
asymptotic boundary of the surfaces, as our bridge principle completely
changes the boundary curve at infinity unlike [MW] where the boundary
curve only changes near the bridge.

5. NON-PROPERLY EMBEDDED M INIMAL SURFACES INH3

In this section, we will show that any open orientable surfaceS can also
be nonproperly embedded inH3 as a minimal surface. The basic idea is
by taking the minimal surfaceΣ1 in H3 with the desired topological type
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constructed in previous section, and the nonproperly embedded minimal
planeΣ2 in H3 constructed in [Co3], and ”placing” a bridge betweenΣ1

andΣ2. For this construction, first we need a generalization of thebridge
principle at infinity (Theorem 3.1) for area minimizing surfaces.

5.1. A generalization of bridge principle at infinity for area min imiz-
ing surfaces. Recall that Martin and White’s bridge principle applies to
uniquely minimizing surfaces inH3 [MW]. In particular, if a collection
of smooth simple closed curvesΓ in S2

∞(H3) bounds a unique absolutely
area minimizing surfaceΣ (not necessarily connected) inH3, then for any
smooth closed arcβ isS2

∞(H3) with β ∩Γ = ∂β whereβ meetsΓ orthogo-
nally, then there exists a unique minimizing surfaceΣ̂ with Σ̂ is ”close” and
homeomorphic toΣ ∪N(β).

In this part, we will generalize this result, in particular Theorem 3.1 for
H = 0, and this will be the key component of the construction of nonprop-
erly embedded minimal surfaces inH3 with arbitrary topology.

Definition 5.1. Let Σ1 andΣ2 be two complete uniquely minimizing sur-
faces inH3 with ∂∞Σi = Γi whereΓi is a smooth collection of disjoint
simple closed curves inS2

∞(H3). If there exists a simple closed curveβ in
S2
∞(H3) such thatS2

∞(H3) − β = ∆+ ∪ ∆− andΓ1 ⊂ ∆+ andΓ2 ⊂ ∆−,
then we will callΣ1 andΣ2 areseparated.

Remark5.2. Notice that ifΣ1 andΣ2 are separated, thenΓ1 andΓ2 are
disjoint, and hence,Σ1 andΣ2 are disjoint. On the reverse direction, unfor-
tunatelyΓ1 ∩ Γ2 = ∅ andΣ1 ∩Σ2 = ∅ does not necessarily implies thatΣ1

andΣ2 are separated, e.g. consider two area minimizing catenoidswith the
same rotation axis. Notice also that ifΓ1 andΓ2 are disjoint simple closed
curves (one component), thenΣ1 andΣ2 are automatically separated.

Now assume thatΣ1 andΣ2 are separated. Letα be a smooth closed arc
in S2

∞(H3) connectingΓ1 andΓ2 with α ∩ (Γ1 ∪ Γ2) = ∂α andα⊥Γi. By
using the notation at the beginning of Section 3, letΓ̂ = Γ1∪Γ2 and defineY
as the one side of the neighborhood ofN(Γ̂∪α), i.e.Y = N+(Γ̂)∪N+(α).
Let {Γ̂t | t ∈ (0, δ)} be the foliation ofY whereΓ̂t → Γ1∪Γ2∪α astց 0.

Theorem 5.3. Let Σ1 andΣ2 be two uniquely minimizing surfaces inH3

with ∂∞Σi = Γi. Assume thatΣ1 andΣ2 are separated. Letα be a smooth
closed arc inS2

∞(H3) connectingΓ1 andΓ2 with α ∩ (Γ1 ∪ Γ2) = ∂α and
α⊥Γi. Then for sufficiently smallt, Γ̂t bounds a minimal surfacêΣt in H3

which is homeomorphic toΣ1 ∪ Σ2 ∪N
+
ǫ (α). In particular, Σ̂t is uniquely

minimizing surface in a mean convex subspaceX ofH3.

Proof: There are two steps in the proof. A priori, it is not known
whetherΣ1 ∪ Σ2 is uniquely minimizing inH3. Σ1 ∪ Σ2 may not even be



H-SURFACES WITH ARBITRARY TOPOLOGY INH3 13

area minimizing inH3, see Remark 5.5. In the first step, we will construct a
mean convex domainX in H3 which looks like a neighborhood of a plane
is removed but still connected with a very thin solid cylinder. In the second
step, we will show thatΣ1 ∪ Σ2 is uniquely minimizing inX, and by using
Theorem 3.1, we finish the proof.

Step 1 - Construction of the Mean Convex SubspaceX in H3:

Step 1a - Construction of Igloos:Let β separateΓ1 andΓ2 in S2
∞(H3),

i.e. S2
∞(H3)− β = ∆+ ∪∆− whereΓ1 ⊂ ∆+ andΓ2 ⊂ ∆−. Σ1 separates

H3 into open components, and letΩ1 be the component inH3 − Σ1 with
∂∞Ω1 ⊃ β. Similarly, defineΩ2 as the component inH3−Σ2 with ∂∞Ω2 ⊃
β. LetΩ = Ω1∩Ω2. Then,Ω would be a mean convex subspace ofH3 with
∂Ω ⊂ Σ1∪Σ2. Let∆ = ∂∞Ω ⊂ S2

∞(H3). Then,β ⊂ ∆ and∂∆ ⊂ Γ1∪Γ2.
Consider the handlebodyM = Ω∪∆. By construction∂M is connected,

and it is a genusg surface forg = g(Σ1) + g(Σ2). We claim thatβ ⊂ ∂M
is nullhomotopic inM . Let µ1, τ1, µ2, τ2, .., µg, τg be the generators of the
π1(∂M) whereµi curve is the meridian of genusi, whereτi curve is the
inner circle of genusi. Hence, eachµi is trivial in π1(M). Notice thatβ is a
separating curve in∂M , and it represents the trivial cycle inH1(∂M). This
meansβ is just product of some commutators inπ1(M), i.e.β = [µi1 , τi1] ∗
[µi2, τi2 ]∗..∗[µik, τik ] where[µ, τ ] = µ∗τ∗µ−1∗τ−1. Since each commutator
[µi, τi] is nullhomotopic inM , thenβ = [µi1 , τi1] ∗ [µi2, τi2 ] ∗ .. ∗ [µik , τik ] is
nullhomotopic inM .

Now, letβ+ andβ− are very close curves toβ in S2
∞(H3) in the opposite

sides, sayβ+ ∪ β− = ∂Nǫβ whereNǫβ is the ǫ neighborhood ofβ in
S2
∞(H3) for sufficiently smallǫ > 0. Asβ± nullhomotopic inM , by [MY],

we can define a sequence of least area disksD±
i in Ω with ∂D±

i → β± ⊂
S2
∞(H3). Then, by [A2], [Ga], we obtain two least area planesP+ and
P− in Ω in the limit. Note thatP± are just minimal planes inH3. By
construction,P± ∩Σi = ∅, and indeedP+ (alsoP−) separatesH3 into two
components whereΣ1 andΣ2 belongs to different components.

By the definition ofβ, α ∩ β 6= ∅. By modifyingβ if necessary, we can
assume thatα∩β consists of just one point, sayx. letη = α∩Nǫ(β). Then
η is a short subarc inα betweenβ+ andβ−. Let Sδ(η) = Nδ(η) ∩ Nǫ(β)
be a thin strip inS2

∞(H3) alongη. Let ∂Sδ(η) − (β+ ∪ β−) = η+ ∪ η−.
Defineτδ = (β+ ∪ β− − ∂Sδ(η)) ∪ (η+ ∪ η−) which is a simple closed
curve inS2

∞(H3). Now, we will construct a minimal planeΠ in H3 such
that∂∞Π = τδ andΠ ∼ P+♯ηP

− by using the techniques in [Co3].
Let γ+ andγ− be two round circles inNǫ(β) in the opposite sides ofη.

By choosingγ+ andγ− sufficiently close, we can make sure that there is
a spherical catenoidC in H3 with ∂∞C = γ+ ∪ γ−. Let T (tunnel) be the
”small” component ofH3 − C where∂∞T is union of two small disks in
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τ

Π

η

β+

β−

I

T

FIGURE 6. Π is the least area plane inX = H3 − T where
∂∞Π = τ . In particular,Π = P+♯ηP

− andτ = β+♯ηβ
−.

S2
∞(H3) boundingγ+ andγ−. Let Ω′ = Ω − T . Notice thatΩ′ is mean

convex andτ is nullhomotopic inΩ′ asP+ ∪ P− ∪ Sδ(η) is a disk inΩ
with boundaryτ . Hence, like before, we can define a sequence of least area
disksDi in Ω′ with ∂Di → τ , and in the limit, we get a least area planeΠ
in Ω′. By construction,Π is ”close” toP+ ∪ P− ∪ Sδ(η) [Co3].

Now, Π separatesH3 into two components, and letI be the component
of H3 − Π where∂∞I does not containη. In particular,I looks like an
igloo, eskimo house, with a very tiny door, in the upper half space model
(See Figure 6). LetX = H3 − I. Then,X is a mean convex subspace of
H3 with Σ1 ∪ Σ2 ⊂ X. Notice thatX looks like a two large balls (inside
and outside of the igloo) connected with a very thin solid cylinder, sayneck
(the tiny doorway of igloo). Notice also that whileΣ1 is insideof the igloo,
Σ2 is in theoutsideof the igloo.

Step 1b - Tiny Necks: Notice thatδ represents the width of the bridge
alongη for Π, and asδ gets smaller, we get thinner necks inX. We will
show that when the neck is sufficiently thin, there is no connected minimal
surface going through the neck between the inside and outside of the igloo.
In other words,no minimal surface can pass through the neck.

Now, we will use the upper half space model ofH3. Let q+ be the end-
point of η in β+, and letq− be the other endpoint ofη in β−. Let l± be
the tangent line ofβ± at q±. Let P± be the geodesic plane inH3 with
∂∞P± = l±. Clearly,P± cuts through the bridge nearη in Π. By choosing
δ sufficiently small, and translatingP± into η small amount, we can assume
thatP± ∩ Π contains a lineλ± near neck such that one limit point ofλ±

is in η+ and the other endpoint is inη−, i.e. ∂∞λ± ⊂ η+ ∪ η−. LetF+ be
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the component ofP+ − λ+ near the bridge, i.e.∂∞F+ ∩ η 6= ∅. Similarly,
let F− be the component ofP− − λ− near the bridge, i.e.∂∞F− ∩ η 6= ∅.
Clearly,F+ andF− are area minimizing surfaces as they are subsurfaces
of the geodesic planesP+ andP− respectively. However, this does not
automatically implies that their unionF+ ∪ F− is also an area minimizing
surface. In this analogy, one might considerF+ andF− are the inner and
outer doors of the igloo.

For eachδ = 1/m (the thickness of the bridge), we can construct these
planes, and sayF±

m be the corresponding surfaces forδ = 1/m. Now, we
will show that for sufficiently largem, F+

m ∪ F−
m is an area minimizing

surface inH3.
Notice that ifF+

m ∪ F−
m is not an area minimizing surface, then there

are sufficiently large round circlesζ+m ⊂ F+
m andζ−m ⊂ F−

m such that the
area minimizing surfaceζ+m ∪ ζ−m bounds inH3 is not the union of the disks
U±
m ⊂ F±

m with ∂U±
m = ζ±m, but a connected area minimizing surfaceAm

(e.g. annulus) with∂Am = ζ+m ∪ ζ−m. This is because ifU+
m ∪ U−

m is not
area minimizing, then any couple of larger disksÛ+

m ∪ Û−
m with U±

m ⊂ Û±
m

is not area minimizing either. Hence, we can chooseζ+m andζ−m very large
coaxial round circles inF+

m andF−
m . Then, asm → ∞, d(ζ+m, ζ

−
m) → ∞.

However, by [Lo], ifC1 andC2 are distant circles inH3 with d(C1, C2) >
d0, then there is no connected minimal surfaceS in H3 with ∂S = C1∪C2.
As Am is a connected area minimizing -hence minimal- surface, this is a
contradiction. This shows that for sufficiently largem > 0, F+

m ∪ F−
m is an

area minimizing surface inH3.
Hence, we fix a sufficiently largem > 0 with δ = 1/m for the mean

convex subspaceX such thatF+ ∪ F− is area minimizimg.

Step 2:Σ1 ∪ Σ2 is uniquely minimizing surface inX.

Proof of Step 2:Assume that there is an area minimizing surfaceΣ′ in X
different fromΣ1 ∪ Σ2 with ∂∞Σ′ = Γ1 ∪ Γ2. Since bothΣ1 andΣ2 are
uniquely minimizing inH3 by assumption,Σ′ must have a componentS
such that∂∞S * Γ1 and∂∞S * Γ2. In other words, at least one end ofS is
in Γ1 and at least one end ofS is in Γ2. This shows thatS must go through
the neck region ofX nearη.

Recall thatF± = P± ∩X, andF+ ∪ F− is an area minimizing surface,
i.e. any compact subsurface inF+∪F− is area minimizing. Since bothF+

andF− separatesX, by constructionS ∩ F+ 6= ∅ andS ∩ F− 6= ∅. Since
they are all area minimizing, the intersection must be a collection of closed
curves, sayS ∩ F± = σ±. LetS ′ be the compact subsurface ofS between
F+ andF−, i.e. ∂S ′ = σ+ ∪ σ−. LetD+ be the collection of disks inF+

with ∂D+ = σ+. Similarly, defineD−. As S andD+ ∪ D− are both area
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minimizing with same boundaries,|S ′| = |D+|+ |D−| where|.| represents
the area.

Let D̂+ be a large disk inF+ with D+ ⊂ D̂+. Similarly, defineD̂− ⊂
F−. SinceF+ ∪ F− is area minimizing surface, so iŝD+ ∪ D̂−. Define a
new surfaceΣ = (D̂+ −D+) ∪ (D̂ −−D−) ∪ S ′. Hence,

|Σ| = (|D̂+| − |D+|) + (|D̂−| − |D−|) + |S ′| = |D̂+|+ |D̂−|

As D̂+∪D̂− is an area minimizing surface, andΣ has the same area with
the same boundary,Σ is an area minimizing surface, too. However,Σ has
singularity alongσ+ ∪ σ−. This contradicts to the regularity theorem for
area minimizing surface [Fe]. This shows that such anS cannot exist, and
the proof of Step 2 follows.

Finally, sinceΣ1 ∪ Σ2 is uniquely minimizing in the mean convex sub-
spaceX, by using Theorem 3.1, we obtain a uniquely minimizing surface
Σ̂t in X, which is homeomorphic toΣ1 ∪ Σ2 ∪ N+

ǫ (α). The proof of the
theorem follows.

Remark5.4. Notice that in the proof, we can start with uniquely minimizing
surfaces in a mean convex subspaceX of H3. Assume thatΣ1 andΣ2 are
uniquely minimizing surfaces inX, and they are separated inX by a curve
β in ∂∞X which is nullhomotopic inX. Further assume that the bridgeα
is in ∂∞X. Then the whole proof goes through, and we obtain a uniquely
minimizing surfacêΣ = Σ1♯αΣ2 in X ′ = X − Iβ whereIβ is the igloo
overβ in X.

Remark5.5. This is an important generalization of Martin and White’s
bridge principle at infinity, as most of the time, the union oftwo uniquely
minimizing surfaces inH3 may not be uniquely minimizing. Indeed, the
unionΣ1 ∪ Σ2 may not be area minimizing anymore, e.g. letΣ1 andΣ2

be two disjoint geodesic planes inH3 which are very close to each other.
If they are sufficiently close, then the absolutely area minimizing surface
for the union of their asymptotic boundary will not be the pair of geodesic
planes, but instead it will be a spherical catenoid [Wa].

Remark5.6. Notice that in the construction ofΠ, we used the least area
planesP+ andP− in Ω, instead of the least area planes inH3. This is be-
cause the least area planesP± are disjoint fromΣ1 andΣ2 by construction.
However, the least area planes inH3 might intersectΣ1 andΣ2, which com-
pletely fails the construction. Hence, this choice is very important for the
construction of the igloos, as it makes sure that the iglooI is disjoint from
the surfacesΣ1 andΣ2, andΣ1 ∪ Σ2 ⊂ X = H3 − I.
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5.2. The Construction of Nonproperly Embedded Minimal Surfaces.

In this section we will construct nonproperly embedded minimal surfaces
in H3 with arbitrary topology. In particular, we will show the following
theorem:

Theorem 5.7. Any open orientable surface can be nonproperly embedded
in H3 as a minimal surface.

Proof: First, we give a short outline of the proof, and set the notation.
Then, we proceed with the proof of the theorem.

Outline: Let the open orientable surfaceS be given. LetΣ1 be the area
minimizing surface inH3 which is homeomorphic toS by Theorem 4.1 and
[MW]. Let Σ2 be the nonproperly embedded minimal plane inH3 by [Co3].
Further assume thatΣ1 andΣ2 are far away from each other, andS1

n → Σ1

andS2
n → Σ2 are the surfaces in the construction ofΣ1 andΣ2. To construct

nonproperly embedded minimal surfaceΣ̂ with Σ̂ ≃ S, we will alternate the
steps in these constructions, and define a new sequence{Tn} of complete
minimal surfaces, which is roughlyT2n = S1

n♯µS
2
n whereµ is the bridge

betweenΣ1 andΣ2. Then, we show thatTn → Σ̂ is the minimal surface
whereΣ̂ = Σ1♯µΣ2. Hence,Σ̂ will have the same topological type with
Σ1 ≃ S, and it will be nonproper because ofΣ2.

Notation and Setup:LetS be an open orientable surface. As in the previous
section, letS1 ⊂ S2 ⊂ .... ⊂ Sn ⊂ ... be a simple exhaustion ofS given
by [FMM]. Now, let Ŝn be the corresponding uniquely area minimizing
embedding ofSn intoH3. Recall that in the construction in previous section,
if Sn+1 − Sn contains a pair of pants, we are adding a suitable ”bridge at
infinity” to Ŝn in order to getŜn+1, and ifSn+1 − Sn contains a cylinder
with a handle, then we are adding ”two bridges at infinity successively” to
Ŝn in order to getŜn+1. Without loss of generality, letβn represents this
process dictated by the simple exhaustion, and sayŜn+1 = Ŝn♯βn for any
n, i.e. βn represents a bridge ifSn+1 − Sn contains a pair of pants, andβn
represents consecutive two bridges ifSn+1 − Sn contains a cylinder with
handle (See Figure 4).

To recall the construction of a nonproperly embedded planeΣ2 in [Co3],
letPn be the geodesic plane where∂∞Pn be the round circleγn in S2

∞(H3)
with radius1 + 1/n with center(0, 0, 0) (upper half space model). LetP
be the geodesic plane where∂∞P is the round circle with radius 1 with
center(0, 0, 0). Clearly,Pn → P. Now, we define minimal planesEn with
En = P1♯α1

P2♯α2
... ♯αn−1

Pn where♯αn
represents a bridge alongαn at

infinity (See Figure 7). However, the construction of these bridges is very
different from the one in this paper.
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γ

γ1

γ

γ1

FIGURE 7. {γn} is a sequence of round circles inS2
∞(H3)

whereγn → γ. αn is the bridge connectingγn andγn+1 (blue
segments). The small red circles are the bases of the tunnelsTn
(the green tubes in the right) which goes over the bridgeαn.

Roughly, one needs to drill out a tunnelTn which is the region inside
a minimal catenoid inH3 where its ends are small circles in the opposite
sides of the bridgeαn. Then,En is a least area plane in the mean convex
subspaceXn = Xn−1 − Tn with ∂∞En = Γn whereΓn = γ1♯γ2♯...♯γn.
Notice that whileΣ2 is a least area plane in the mean convex subspaceX∞
of H3, it is just a minimal plane inH3.

Construction of the SequenceTn: Now, we are inductively building the
sequence of minimal surfacesTn in H3, which will give us the desired non-
properly embedded minimal surfacêΣ, i.e. Tn → Σ̂. Note that we will
construct the first four surfacesT1, T2, T3, T4 of the sequence explicitly. The
construction of the remaining surfacesTn in the sequence will be clear.

In the construction above, we translate ”right” the construction ofΣ1 by
the parabolic isometryϕ2(x, y, z) = (x+2, y, z). Hence,Ŝ1 is the geodesic
plane where∂∞Ŝ1 is the circleη of radius1 with center(2, 0, 0). Similarly,
we translate ”left” the construction ofΣ2 by the isometryϕ−2(x, y, z) =
(x − 2, y, z). Hence,P1 is the geodesic plane where∂∞P1 is the circleγ1
of radius2 with center(−2, 0, 0).

Let T1 = Ŝ1. Let µ be the arc[0, 1]× {0} × {0} in S2
∞(H3), connecting

∂∞Ŝ1 and∂∞P1. Since botĥS1 andP1 are uniquely minimizing surfaces in
H3, and they are separated (say by the round circleλ1 with center(2, 0, 0) of
radius 3/2), we can use Theorem 5.3 to get a minimal surfaceT2 = Ŝ1♯µP1.
By Theorem 5.3, note also thatT2 is a uniquely minimizing surface in the
mean convex subspaceX1 of H3 with X1 = H3 − I1 whereI1 is the igloo
overλ1 (See Figure 6).
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As T2 is a uniquely minimizing surface in a mean convex subspaceX1,
by applying Theorem 3.1, we getT3 = T2♯β1 whereβ1 represents the col-
lection of bridges, or handles (successive two bridges) in the construction
of Σ1 as in the proof of Theorem 4.1. Hence,T3 is homeomorphic toS2 in
the simple exhaustion, and uniquely minimizing surface inX1.

Now, we defineT4. Letα1 be the arc connectingγ1 andγ2 in the construc-
tion of Σ2 (See Figure 7).T3 andP2 are uniquely minimizing surfaces in
the mean convex subspaceX0, and they are separated by the round circleλ2
with center(−2, 0, 0) of radius7/4). Hence, we can apply the generalized
version of the bridge principle at infinity (Theorem 5.3 and Remark 5.4) to
T3∪P2 once again, and we get a uniquely minimizing surfaceT4 = T3♯α1

P2

in a mean convex subspaceX2 = X1 − I2. Here,I2 represents the igloo
overλ2.

After defining the first4 surfaces in the sequence, we can construct the
remaining surfaces in the sequence inductively as follows.

By induction,T2n is uniquely minimizing inXn. Hence, by applying
Theorem 3.1, defineT2n+1 = T2n♯βn whereβn represents the correspond-
ing bridges, or handles in the construction ofΣ1. Hence,T2n+1 is homeo-
morphic toSn+1 in the simple exhaustion, and uniquely minimizing inXn.

DefineT2n as follows. By induction,T2n−1 is uniquely minimizing in the
mean convex subspaceXn−1. SincePn is uniquely minimizing inH3, it
is automatically minimizing inXn−1. Notice that by convex hull property
for anyn,m > 0 In ∩ Pm = ∅. Hence,T2n−1 andPn are uniquely min-
imizing in Xn−1 and they are separated by the round circleλn with center
(−2, 0, 0) of radius1+ 2n+1

2n(n+1)
. Letαn−1 be the arc connectingγn−1 andγn

in the construction ofΣ2 (See Figure 7). Then, by applying Theorem 5.3,
we obtainT2n = T2n−1♯αn−1

Pn which is a uniquely minimizing surface in
Xn = Xn−1 − In whereIn is the igloo overλn.

Nonproperly Embedded Minimal Surfaces with Arbitrary Topology: Let
X∞ =

⋂∞
n=1Xn be the mean convex region inH3. AsIm ∩ Tn = ∅ for any

m > n by convex hull property,Tn ⊂ X∞. SinceX∞ ⊂ Xn for anyn, Tn
is a uniquely minimizing surface inX∞. Then the limit surfacêΣ = T∞
is an area minimizing surface inX∞ and hence a minimal surface inH3.
Clearly, Σ̂ has the same topological type with the given surfaceS by the
construction, i.e.̂Σ ≃ Σ1♯µΣ2. Σ̂ is nonproper as the closure ofΣ̂ is Σ̂ ∪P
whereP is the geodesic plane inH3 with ∂∞P is a round circle of radius1
and center(−2, 0, 0). The proof follows.
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6. FINAL REMARKS

In this paper, we first generalize Martin and White’s result on the exis-
tence of complete area minimizing surfaces inH3 of arbitrary topological
type. In particular, they showed that ifS is an open orientable surface, then
there exists a complete proper embedding ofS intoH3 as an area minimiz-
ing surface [MW]. We generalize this result by showing that there exists a
complete proper embedding ofS into H3 as anH-minimizing surface for
0 ≤ H < 1. Note that hereH = 0 corresponds to the area minimizing case.

When generalizing their result, our approach is mainly similar, but tech-
niques are very different in some particular steps. In both papers, when
constructing the topology of the given surface, the main tool is the bridge
principle. In order to use this bridge principle, both approach needs the
original surface to be uniquely minimizing to start with. Also, to apply this
bridge principle again, the resulting surface after the bridge attached should
be uniquely minimizing, too.

In order to ensure the uniqueness after the bridges attached, while Martin
and White use the analytic tools, namelyL∞ stabilitycondition on the sur-
faces, we use the generic uniqueness tools developed in [Co2], which are
more topological. On the other hand, in order to prove the resulting surface
after the bridge attached has the desired topology, Martin and White uses
strips and skillets idea from the the original bridge principle theory devel-
oped by White [Wh]. In particular, they used these tools to show that there
is no genus developed in the bridge when attaching. Similarly, in this paper,
we followed their methods for the same step, and generalizedtheir minimal
strips, and skillets idea asH-strips and skillets in the appendix.

While in section 3, we showed the existence of properly embeddedH-
surfaces inH3 of arbitrary topological type, in the following section, we
generalize Martin and White’s result in a different direction. Especially af-
ter Colding and Minicozzi’s proof of the Calabi-Yau Conjecture [CM], the
nonproper embeddings of minimal surfaces became very interesting. We
show that ifS is an open orientable surface, then there exists a complete
nonproper embedding ofS into H3 as a minimal surface. We show this
by ”placing a bridge” between the area minimizing surface oftopological
type ofS like above, and a minimal plane constructed in [Co3]. First of all,
unfortunately this surface is not area minimizing but just minimal in H3 by
construction. It would be an interesting question whether there exists a non-
properly embedded area minimizing surface inH3 of arbitrary topological
type.
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On the other hand, while we can construct properly embeddedH-surfaces
of arbitrary topological type inH3, the same techniques do not apply to con-
structnonproperly embeddedH-surfacesin H3. In particular, in the con-
struction above, we have this nonproperly embedded minimalplane, and
we are attaching it via a bridge to the area minimizing surface of topolog-
ical type ofS. However, in0 < H < 1, a similar nonproperly embedded
H-plane does not exist to start with. This is simply because the construc-
tion in [Co3] does not apply to0 < H < 1 case, because of the orientation
issues. In Section 4, a summary of this construction is given, and when
we can attach the minimal planesPn andPn+1 via bridge and get another
minimal plane. However, forH-planes this is not possible. When we at-
tach correspondingPH

n andPH
n+1, the bridge does not connect the convex

sides. In particular, when one end connects to anH-surface, the other end
connects to−H-surface, hence the construction fails very seriously. On
the other hand, Meeks, Tinaglia and the author showed the existence of the
nonproperly embeddedH-plane inH3 for 0 ≤ H < 1, which is an infi-
nite strip spiraling between twoH-catenoids [CMT]. It might be possible
to apply the construction above with this nonproperly embeddedH-plane,
which would show the existence of nonproperly embeddedH-surfaces in
H3 of arbitrary topological type.

One other very interesting question coming out of the construction of
nonproperly embedded minimal surfaces is the a generalbridge principle
at infinity for complete, stable minimal surfacesin H3. The bridge principle
at infinity developed in [MW], or in this paper is just for uniquely mini-
mizing surfaces. One suspects that a more general version might be true. In
particular, it is a very interesting question whether the bridge principle at in-
finity is true for globally stable minimal surfaces (orH-surfaces) inH3, i.e.
if Σ1 andΣ2 are globally stable minimal surfaces inH3 with ∂∞Σi = Γi,
andα is an arc inS2

∞(H3) betweenΓ1 andΓ2, then is there a complete sta-
ble minimal surfacêΣ = Σ1♯αΣ2 with Σ̂ ∼ Σ1 ∪ α ∪ Σ2? It is reasonable
to expect to use the tools (like igloo trick) in the proof of Theorem 5.3 to
employ the techniques inthe original bridge principle for stable minimal
surfaces[Wh]. Recall that to prove the original bridge principle forstable
minimal surfacesΣ1 andΣ2 where∂Σi = Γi andα is an arc connecting
Γ1 andΓ2, one first constructs a small mean convex neighborhoodN of
Σ1 ∪ α ∪ Σ2 in the ambient space. Then, the area minimizing surface inN
boundingΓ = Γ1♯αΓ2 ⊂ ∂N is a minimal surface very close toΣ1∪α∪Σ2

because of the choice ofN . Hence, if one can construct the appropriate
mean convex neighborhoodX of Σ1 ∪ Σ2 ∪ α in H3, and solve the Plateau
problem inX for Γ = Γ1♯αΓ2 ⊂ ∂∞X, it would give the desired surface,
and prove the bridge principle at infinity in full generality.
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7. APPENDIX: H-STRIPS ANDH-SKILLETS

In this part, we will show that there is no genus developed in the bridge
near infinity in Theorem 3.1. We will use the notation of Section 3. In
particular, letΓ0 be a collection of simple closed curves inS2

∞(H3) which
bounds a uniqueH-surfaceT . Let α be the bridge andΓt be a foliation of
positive part of the neighborhoodNǫ(Γ∪α) with Γt → Γ0∪α astց 0. Let
St be minimizingH-surface inH3 with ∂∞St = Γt. Then, as in section3,
there exists a sequencetn ց 0 with Stn → T . SaySn = Stn andΓn = Γtn .
Let Ra = {0 ≤ z ≤ a} in H3. In this section, we will prove the following
lemma:

Lemma 7.1. There existsa > 0 andN > 0 such that for anyn > N ,
Sn ∩Ra has no genus, i.e.Sn ∩ Ra ≃ Γ0 × (0, a]

Proof: Assuming thatH-strips andH-skillets are uniquely minimizing
H-surfaces (proved below), the proof is as follows. Similar to [MW], as-
sume on the contrary that for anya > 0, there exists a subsequenceSn∩Ra

has genus. Then, let∆n be the component ofH3 − Sn which contains the
bridgeα. SinceSn ∩Ra has genus, then∆n ∩Ra must be a nontrivial han-
dlebody, i.e. it is not a3-ball. Hence, there must be a pointpn in Sn ∩ Ra

where the normal vectorvpn =< 0, 0, 1 > pointing inside∆n.
Letpn = (xn, yn, zn). Consider the isometryψn(x, y, z) =

1
zn
(x−xn, y−

yn, z) which is a translation by−(xn, yn, 0) first, and homothety by1
zn

later.
Then, consider the sequence of minimizingH-surfacesS ′

n = ψn(Sn) and
p′n = ψn(pn) = (0, 0, 1). Let Γ′

n = ψn(Γn) = ∂∞S
′
n. After passing to a

subsequence, we get the limitsS ′
n → S ′, p′n → p′ = (0, 0, 1) ∈ S ′, and

Γ′
n → Γ′. Note also that by construction the normal vector toS ′ at p′ is
vpn → v′p =< 0, 0, 1 > pointing inside∆′.

Then like [MW], there are 4 possibilities.Γ′ is either a line, a T-shape,
the union of two parallel lines or the boundary of a skillet. If Γ′ is a line
or a T-shape, thenS ′ would be a half plane which makesθH angle with the
xy-plane, i.e.S2

∞(H3). Hence, the normal vector cannot be< 0, 0, 1 > for
any point inS ′.

If Γ′ is the union of two straight lines, thenS ′ must be anH-strip for
−1 < H < 1 asH-strips are uniquelyH-minimizing. However, there is no
normal vector< 0, 0, 1 > onH-strips pointing inside∆′. Similarly, if Γ′ is
the boundary of a skillet, thenS ′ would be anH-skillet for−1 < H < 1 as
H-skillets are uniquelyH-minimizing. Again, as there is no normal vector
< 0, 0, 1 > onH-skillets pointing inside∆′, this is a contradiction.
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Now, following [MW] and [Wh], we defineH-strips andH-skillets in
H3, and show thatH-strips andH-skillets are uniquely minimizingH-
surfaces with special asymptotic boundaries.

First, we defineH-strips. We use the upper half space model forH3.
Hence,S2

∞(H3) = {z = 0} ∪ {∞}. With this notation, letβǫ be union of
two straight lines parallel tox-axis inxy-plane in upper half space model,
i.e. βǫ = β+

ǫ ∪ β−
ǫ = {(x, ǫ, 0)} ∪ {(x,−ǫ, 0)}. Let Ω be the region in

S2
∞(H3) between these two lines, i.e.Ω = {(x, y, 0) | |y| ≤ ǫ}. Notice that
βǫ is union of two round circlesβ±

ǫ in S2
∞(H3) where they touch each other

at one point (∞) in Poincare ball model (See Figure 8). LetΣǫ be a mini-
mizingH-surface with∂∞Σǫ = βǫ (Lemma 2.2). We callΣǫ anH-strip.

Claim: H-strips are uniquelyH-minimizing.

Proof: Fix ǫ, and letβǫ = β. By [To], there exists a minimizingH-
surfaceΣ with ∂∞Σ = β. First, notice that for sufficiently smallǫ, Σ is
connected. To see that, ifΣ is not connected, thenΣ = P+

H ∪ P−
H where

P±
H is the minimizingH-surface with∂∞P±

H = β±. Notice that asβ+ and
β− are both round circles inS2

∞(H3) (Poincare ball model),Σ+ andΣ− are
both spherical caps corresponding to0 ≤ H < 1. In particular, in upper
half space model,P±

H would be half planes withP+
H = {y = H√

1−H2
z + ǫ}

andP−
H = {y = − H√

1−H2
z − ǫ} which makes angleθH with S2

∞(H3) [To].
Now, letCH be the sphericalH-catenoid (see [Go]) with∂∞CH = γ+∪γ−

whereγ± are two small round circles in opposite sides ofβ+ ∪ β−, e.g.γ±

η0

ηH

θHS2
∞(H3)

β−
ǫ β+

ǫ

β+
ǫβ−

ǫ

∞

p− p+

FIGURE 8. In the left, if ΣH is anH-strip with ∂∞ΣH =
β+
ǫ ∪ β−

ǫ for −1 < H < 1, thenΣH = ηH × R whereηH is
a smooth arc inyz-plane with endpoints(ǫ, 0) and (−ǫ, 0), and
which makes angleθH with S2

∞(H3). In the right, the linesβ+
ǫ

andβ−
ǫ are pictured in the Poincare ball model, wherep± corre-

sponds to points(0,±ǫ, 0).
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is the circle of radius0 < δ < ǫ with center(0,±2ǫ, 0). In particular,
C0 intersectsP±

0 in two round circlesτ+ ∪ τ− which bounds two disks
D+ ∪ D− in P+

0 ∪ P−
0 , and an annulusA in C0. For sufficiently small

ǫ > 0, and appropriate choice ofδ, C0 is a least area catenoid by [Wa].
Hence,|D+|+ |D−| ≥ |A| and it is easy to show thatP+

0 ∪ P−
0 is not area

minimizing by a swaping argument. Similar comparison argument with
the sphericalH-catenoidCH shows thatP+

H ∪ P−
H is not a minimizingH-

surface. Hence, the minimizingH-surfaceΣ with ∂∞Σ = β+∪β− must be
connected.

Now, assume thatΣ is not uniquely minimizingH-surface. Then by
Lemma 2.5, there exists canonical minimizingH-surfacesΣ+ andΣ− with
∂∞Σ± = β+ ∪ β−. In particular, letΩ−

i ⊂ S2
∞(H3) be an exhaustion

of Ω by compact connected regions, i.e.Ω−
1 ⊂ Ω−

2 ⊂ ..Ω−
i ⊂ .. with

Ω =
⋃∞

i=1Ωi. Let ∂Ω−
i = α−

i , andΣ−
i be the minimizingH-surface with

∂∞Σ−
i = αi by Lemma 2.2. Then, asα−

i → β+ ∪ β− by construction,
there is a convergent subsequenceΣ−

i → Σ− whereΣ− is a minimizing
H-surface with∂∞Σ− = β+ ∪ β−. Similarly, one can defineΣ+ by using
a decreasing sequence of regionsΩ+

i in S2
∞(H3) with Ω+

i+1 ⊃ Ω+
i ⊃ Ω and

Ω =
⋂∞

i=1Ω
+
i . Defineα+

i andΣ+
i → Σ+ similarly. Moreover, by Lemma

2.5,Σ+ andΣ− are canonical and independent of the choices of{Ωi}.
Now, consider the parabolic isometryϕt of H3 which is a translation

alongx-axis, i.e.ϕt(x, y, z) = (x + t, y, z). Clearly,ϕt fixesβ+ andβ−

for any t, i.e. ϕt(β
±) = β±. Let ϕt(Σ

−) = Σ−
t . Clearly,∂∞Σ−

t = ∂∞Σ−

for any t. On the other hand,Σ−
t is the limit of Σt

i with ∂∞Σt
i = αt

i =
∂Ωt

i = ∂ϕt(Ωi). However,Σ− is canonical, and it is independent of{Ωi}.
Hence for anyt, Σ−

t = Σ−. As Σ− is invariant underϕt, this shows that
Σ− = η− × R whereη− is a smooth simple arc inyz-plane with endpoints
(ǫ, 0) and(−ǫ, 0) andR represents thex direction inH3 upper half space
model. Similarly,Σ+ = η+ × R (See Figure 8).

Now, consider the hyperbolic isometryψλ(x, y, z) = (λx, λy, λz). Let
ψλ(Σ

−) = Σ−
λ , and henceΣ−

λ = η−λ × R whereη−λ = ψλ(η
−). Let λ0 =

sup{λ | η−λ ∩ η+ 6= ∅}. Clearly,ψ1 is the identity map, and1 ≤ λ0 < ∞.
However, this impliesΣ−

λ0
andΣ+ has tangential intersection as one lies in

one side of the other. This contradicts to the maximum principle, Lemma
2.4.

Now, we defineH-skillets, and show that they are uniquelyH-minimizing.
Again, we use the upper half space model. First, we define its asymp-
totic boundaryΓ in S2

∞(H3). Let u : (−∞,−1) ∪ (1,∞) → R+ be a
smooth convex functionu′′(x) ≥ 0 such thatu(x) = 0 when|x| ≥ 2 and
u(x) → ∞ when|x| → 1. DefineΓ = graph(u) in thexy-plane, and let
Ω = {(x, y) |y ≤ u(x)} ∪ [−1, 1]×R, i.e. ∂Ω = Γ. Similarly, defineΩǫ =
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ψǫ(Ω), Σǫ = ψǫ(Σ), andβ±
ǫ = ψǫ(β

±) whereψǫ(x, y, z) = (ǫx, ǫy, ǫz)
is the dilating isometry. Sinceψǫ keepx, andy axis fixed,Σǫ is another
H-skillet with a very thin handle (See Figure 9).

It is easy to see thatΓ is star shaped inS2
∞(H3) with respect to the star

point p∗ = (0,−δ, 0). Note also that in Poincare ball model,Γ looks like
union of two star shaped curvesβ+ andβ− (with different star points) where
they touch each other at one point (∞) (See Figure 9).

We claim thatΓ bounds a unique minimizingH-surfaceS, which we call
H-skillet.

Claim: H-skillets are uniquelyH-minimizing.

Proof: First notice thatS is connected. IfS is not connected, then it
would bound two symmetric uniquely minimizingH-surfacesP+ andP−

with ∂∞P± = β± as they are both star shaped curves [GS]. Similar toH-
strip case, it is possible to find a sphericalH-catenoidCH with ∂∞CH =
γ+ ∪ γ− whereγ± are the round circles of radiusc with centers(c+ 2, c+
2, 0) and(−c−2, c+2, 0). Similar toH-strip case,CH transversely intersect
bothP+ andP− in simple closed curves. Again for suitable choice ofc,
we get a contradiction as before. The existence of such ac can be seen by
using the isometryψǫ, asψǫ(Γ) = Γǫ has width2ǫ instead of2 along the
skillet handle.

Now, assume thatΓ bounds more than one minimizingH-surface. Then
as before, there are canonical minimizingH-surfacesS− andS+ by Lemma
2.5. Here, we take the exhausting sequence of regions{Ω−

i } in the side of

θH

Σǫ
H

p−

p+

β+
ǫ

β−
ǫ

β+β−

∞

p− p+

FIGURE 9. In the left,Σǫ
H is anH-skillet with ∂∞ΣH = β+

ǫ ∪
β−
ǫ for −1 < H < 1. In the right, the linesβ+ andβ− are pictured

in the Poincare ball model, wherep± corresponds to points
(0,±2ǫ, 0).



26 BARIS COSKUNUZER

pǫ, i.e.
⋃∞

i=1Ω
−
i = Ω, and for anyi, pǫ ⊂ Ω−

i , and this sequence gives the
canonicalS−. ConsiderS+ andS− in Poincare ball model ofH3. Near the
infinity point, the part ofΓ which corresponds to the skillet edge (x-axis) is
smooth, sayτ . In other words, letτ ⊂ Γ∩Nǫ(∞) and∞ ∈ τ whereτ ⊂ Γ
is the smooth piece. Notice thatτ is an arc in the great circle ofS2

∞(H3)
corresponding tox-axis in upper half space model, i.e. in the upper half
space modelτ = {|x| > C andy = 0}∪{∞}. LetT+ = S+∩Nǫ(∞) and
T− = S−∩Nǫ(∞) in the Poincare ball model for some smallǫ > 0. By the
proof of Lemma 2.3, both surfacesT+ andT− are graphs overτ × [0, ρ)
for someρ > 0. Note that asS+ andS− are disjoint, so areT+ andT−.

Now, consider the hyperbolic isometryψλ(x, y, z) = (λx, λy, λz) again.
By construction, for some sufficiently largeλ0, for anyλ ≥ λ0, ψλ(S

−) =
S−
λ would intersectS+. Hence for sufficiently largeλ1, T

−
λ1

∩ T+ would be
an infinite lineκ in upper half space model. Hence, in Poincare ball model,
κ is asymptotic to the point∞, andκ is a simple closed curve inH3 with
∞ ∈ κ. Let D−

λ1
⊂ T−

λ1
andD+ ⊂ T+ be theH-surfaces with boundary

κ. Notice that bothD
−
λ1

andD
+

are both embedded compact disks with
boundaryκ in Poincare ball modelH3.

Now, we will get a contradiction via maximum principle by movingD+

towardsD−
λ1

by isometry. In particular, letφt be the parabolic isometry
which fixes the point0 (origin in the upper half space model) inS2

∞(H3),
and translatesH3 along the great circle inS2

∞(H3) which corresponds to the
y-axis in upper half space model. Then,φt(∞) = qt whereqt is a point in
a great circleσy in S2

∞(H3) corresponding toy-axis, i.e. qt = (0,−Ct, 0)
in the upper half space model. Here(0,−Ct, 0) is the image ofqt in the
conversion of Poincare ball model into upper half space model wheretց 0
impliesCt ր ∞. Then,φt(τ) = τt is an arc in a round circleξt in S2

∞(H3)
corresponding to the great circle going through0 and (0,−Ct, 0), i.e. ξt
corresponds tox2 + (y + C/2)2 = C2/4 in the upper half space model.
This is becauseφt(σx) = ξt by the definition of the parabolic isometryφt.

Let φt(D
+) = D+

t . Then, for sufficiently smallt > 0, D+
t ∩ D−

λ1
6= ∅

and lett1 = sup{t | D+
t ∩ D−

λ1
6= ∅}. Then,D−

λ1
andD+

t have tangential
intersection in an interior point, and one lies in the one side of the other.
However, as bothD−

λ1
andD+

t areH-surfaces, this again contradicts to the
maximum principle by Lemma 2.4.

Remark7.2. Notice thatH-strips andH-skillets are defined for−1 < H <
1 instead of0 < H < 1. This is because depending on whether the side we
are attaching the bridge is the convex side or concave side ofthe original
surface, theH-strips orH-skillets can be either positive (0 < H < 1 and
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mean curvature vector points downwards along the skillet handle) or neg-
ative (−1 < H < 0 and mean curvature vector points upwards along the
skillet handle). In particular for0 < H < 1, consider the+H-skillet S+

H

asymptotic toP+
H = {y = + H√

1−H2
z} and the−H-skillet S−

H asymptotic

to P−
H = {y = − H√

1−H2
z}. Then,∂∞S

+
H = ∂∞S

−
H = Γ define above, and

the skillet handles are in the same side (+y-axis). However, in+H-skillet
S+
H , the skillet goes towards the skillet handle, whereas in−H-skillet S−

H ,
the skillet goes away from the skillet handle (See Figure 9-left). Similarly,
in +H-skillet S+

H , the mean curvature vector points downwards along the
skillet handle, while in−H-skillet S−

H , the mean curvature vector points
upwards along the skillet handle.

To see these situations in our constructions in Section 3 and4, letΣ1 be
the uniquely minimizingH-surface (a spherical cap) with∂∞Σ1 = Γ1 is
a round circle of radius1 with center(0, 0, 0) in upper half space model.
Let α be an arc in the unit disk withα ∩ Γ1 = ∂α, andα ⊥ Γ. By using
Theorem 3.1, we get a uniquely minimizingH-surfaceΣ2. Then, along the
bridge the mean curvature vector points upwards, hence the bridge looks
like −H-strip. In other words, near the endpoints of the bridgeα, one sees
thatΣ2 looks like−H-skillet S−

H . This is true for any bridgeα which is in
the bounded side ofS2

∞(H3)− ∂∞Σ1 in upper half space model.
However, if the endpoints of the bridgeα are in different components

of ∂∞Σ whereΣ is a uniquely minimizingH-surface, then after applying
Theorem 3.1, we get a uniquely minimizingH-surfaceΣ′. However this
time, along the bridge the mean curvature vector points downwards, hence
the bridge looks like+H-strip. In other words, near the endpoints of the
bridgeα, one sees thatΣ2 looks like+H-skillet S+

H . Again, this is true for
any bridgeα which is in the unbounded side ofS2

∞(H3) − ∂∞Σ in upper
half space model. In particular, the second bridges in the handle cases are
examples of this situation.
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